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Almost reducibility of quasiperiodic SL(2, R)-cocycles in
ultradifferentiable classes

Maxime Chatal*
and
Claire Chavaudret!

May 24, 2022

Abstract: Given a quasiperiodic cocycle in sl(2,R) sufficiently close to a constant, we prove that it is almost-
reducible in ultradifferentiable class under an adapted arithmetic condition on the frequency vector. We also give
a corollary on the Holder regularity of the Lyapunov exponent.

1 Introduction

1.1 Presentation of the result

Let d > 1 and w = (wi,...,wq) € R? a rationally independent vector (meaning that no non trivial integer
combination of the (w;);—1.. 4 can vanish). We will assume that sup, |w;| < 1. We will note T¢ := R¢/Z% and
2T¢ .= R4/27%. Let A : T? — sl(2,R) be in a certain class of continuous matrix-valued functions. We call

quasi-periodic cocycle the solution X : T¢ x R — SL(2,R) of the differential linear equation

{ LX10) = A0+ tw) X (0) 1)
X00) =1d
One of the main motivations for studying quasi-periodic cocycles is the study of quasi-periodic Schrédinger
equations
—y"(t) + (0 + tw)y(t) = Ey(t)
where ¢ : T — R is called the potential, and E € R the energy. It gives rise to a cocycle with values in SL(2,R).
The cocycle is said to be a constant cocycle if A is a constant matrix. A quasi-periodic cocycle as in (1) is said

reducible if it can be conjugated by a quasi-periodic change of variable Z : T? — SL(2,R) to a constant cocycle,
that is to say, if there exists B € sl(2,R) such that, for all § € 2T :

0.7Z(0) = A0)Z(0) — Z(0)B

In general, it is important to require the change of variables Z to be regular enough. Is this paper, we will be
interested in the perturbative setting, that is to say, in quasi-periodic cocycles close to a constant :

X00) = 1d (2)

where A € sl(2,R) and F : T¢ — si(2,R) is of ultra-differentiable class and small enough, with a smallness condition
depending on w.

Reducibility is a strong property because it implies that the dynamics will be easily described by the constant
equivalent of the system, in particular the Lyapunov exponents, the rotational properties of the solutions, the
invariant subbundles etc. On the counterpart, reducibility results generally require many assumptions. Here we
are interested in a weaker property which is almost reducibility. A cocycle like (2) is said almost-reducible if it can
be conjugated by a sequence of quasi-periodic changes of variables to a cocycle of the form

{ A XH0) = (A, (0 + tw) + Fo(6 + tw)) X (0)
X0(0) = Id

{ §X1(0) = (A+ F(0 + 1) X (0)
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where A,, is reducible and F,, is arbitrarily small.

A quantitative version of almost reducibility, that is, almost reducibility together with estimates on the changes of
variable, can have interesting corollaries such as approximate solutions, density of reducible cocycles, regularity of
Lyapunov exponents.

Ultra-differentiability : To quantify the regularity of F' € C>(T%, sl(2,R)) and the size of the sequence
(F,,) above, we introduce the weight function A : [0, 4o00[— [0, +oo[ which we will assume to be increasing and
differentiable. Expanding F" in Fourier series F'(0) = >, <4 E(k)e k0 we will say that F is A-ultra-differentiable
if there exists 7 > 0 such that

|Fly = [Flas = ) 1E (k)27 <00
kezd

where |k| is the sum of the absolute values of the components of k, and we will denote F' € U,.(T%, sl(2,R)) =
Ua (T4, s1(2,R)). To make this space a Banach algebra, we will require A to be subadditive :

Az +y) <A(@) +Aly), Vo,y=>0

If A =id, it is the analytic case.

Remark 1.1. The standard definition of ultra-differentiable functions involves Denjoy-Carleman sequences, that is,
real sequences satisfying certain conditions which act as bounds on the successive derivatives of a given function.
However, the above definition, introduced by Braun-Meise-Taylor ([8]), can be linked to Denjoy-Carleman classes
(see [21], Theorem 11.6). Since Fourier series appear naturally in the problem considered here, we chose to use
Braun-Meise-Taylor classes as a starting point.

Non-resonance condition on the frequency: An often studied situation is the case where the frequency
vector w if Diophantine (which we denote by w € DC(k, 7)), for some 0 < k < 1 and 7 > max(1l,d — 1) :

(k)| = =, ¥k € Z%\{0}
k|7

where (-,-) is the standard Euclidean inner product. It was proved by Eliasson [13] that in the analytic case, if
w € DC(k, 1), and F is sufficiently small, Equation (2) is almost reducible. This result was improved by Chavaudret
[11] who proved that the convergence occurs on analyticity strips of fixed width (whereas Eliasson’s theorem gave
the convergence on strips of width going to zero).

One of the aims of the present paper is to weaken this arithmetic condition by introducing the approximating
function

U : [0, +o0[— [0, +00]

with U > id (which is not restrictive since it is satisfied by the diophantine condition). We will assume ¥ to be
increasing, differentiable and satisfying, for all z,y € [1, +0o0],

U(z+y) = ¥(z)+ V(y)
thus for all n € N, and for all x > 1, ¥(nz) > n¥(x). In our problem, w will satisfy the following arithmetic

condition for some x €]0,1] :
K

|k, w)| = . Vkez\{0}
W(|k])
(notice that the case ¥(.) =|.|™, is the Diophantine case).
We will require the following condition:
log W(t
og¥(t) _,

totoo A1)
and
dt < +o00

/°° A (&) In W (t)
o A@®?

This condition, known as the A-Brjuno-Riissmann condition, will be denoted by w € BR(k). This coincides
with the well-known Brjuno condition if A is the identity.

If A is elliptic, an almost reducibility theorem was given in [5].

The purpose of this article is to show the following theorem:



Theorem 1.2. Let 1o > 0, Ag € sl(2,R) and Fy € U,,(T%,sl(2,R)). Then, there exists o depending only on
Ag, k, A,V 1o such that, if
|F0|’I"[) S EO

then for all € < e, there exist

e 1=>0,(¢ 6]07 %[;

e Z.c U, (T4 SL(2,R)),
Ae € sl(2,R),

o A F. €U, (T4 sl(2,R)),
Y. € Uy (2T4, SL(2,R))

such that

1. A, is reducible to A. by e, with ||, < e3¢,

2. |Fel,. <e,
3. lim._,or: >0,
4. for all € TY,

awZa(e) = (AO + FO(H))ZS(H) - Za(e)(Aa (9) + Fa(e))

S

1ZF —1d|,, <e
Moreover, either ¥, becomes constant as € — 0, or there exist arbitrarily small € such that ||A|| < ke®.

This theorem states almost reducibility in an ultradifferentiable class with the same weight function as that
of the initial system, but with a smaller parameter r.. Notice however that the parameter r. does not shrink to
0. In order to achieve this, the resonance cancellation technique is similar to the one in [11]. Notice that, for
topological reasons, a period doubling is necessary in order to preserve the real structure. This phenomenon was
already observed in [10].

1.2 Discussion

Almost reducibility in itself is an interesting property of quasi-periodic cocycles, in particular the quantitative
version. A perturbative almost reducibility result in arbitrary dimension of space was given in [13], in the analytic
framework, under a diophantine condition on the frequency vector. A quantitative version of perturbative almost
reducibility, in a similar framework, was then proved in [11]. Using a technique developed in [1], in [16], Hou and
You managed to remove the diophantine assumption on the frequency vector, in case it is 2-dimensional (d = 2);
thus the result became non perturbative if not global (see also [20] for a non perturbative reducibility result). It is
yet unknown whether arithmetical conditions can be removed in case d > 2. However in the analytic case, for any
number of frequencies, it is known that the diophantine condition is not optimal for reducibility results and can
be replaced by the Brjuno-Riissmann condition (see [17], [12]). Here we give an almost reducibility result in which
the arithmetical condition coincides with the Brjuno-Riissmann condition in the analytic case.

Concerning the functional framework, a few results were known in the Gevrey class. The reference [11] contains
almost reducibility in the Gevrey class as well, under a diophantine condition. The reference [15] gives a result on
rigidity of reducibility in the Gevrey class, under a diophantine condition (see also [18] on Gevrey flows). But a
simultaneous extension of Eliasson’s reducibility result in [14] to more general ultradifferentiable classes and to a
weaker arithmetical condition, which is linked to the considered class of functions, was given in [5] (see also [6] for
a result in a hamiltonian setting). Here, we obtain this generalization for almost reducibility, the proof of which is
more technical. The link between the arithmetical condition and the functional setting is similar to the one in [5],
and also coincides with the Brjuno-Riissmann condition in the analytic case.



1.3 Comments on the proof

The proof of the main result relies on the well-known KAM algorithm: a step of the algorithm will reduce the
size of the perturbation to a power of it, by means of a change of variables which might be far from identity (if
resonances have to be cancelled), but is still controlled by a small negative power of the size of the perturbation.
The order at which one removes resonances to avoid small divisors has to be suitably chosen in order to decrease
the perturbation sufficiently while having a sufficient control on the change of variables. One also has to shrink the
parameter of the ultradifferentiable class at every step, and in order to have a strong almost reducibility result (i.e
a sequence of parameters not shrinking to 0), the A-Brjuno-Riissmann condition comes naturally.

If resonances are cancelled only finitely many times, then the change of variables remains close to identity at every
step afterwards, which gives reducibility. Otherwise, the constant part of the system itself becomes small.

The main theorem, which is Theorem 12.1 below, is proved by iterating arbitrarily many times the Lemma 11.1
below; Lemma 11.1 gives a conjugation between to systems A + F and A’ 4 I/, where both A and A’ are reducible

maps and F’ is smaller than F', with a controlled loss of regularity.

The proof of Lemma 11.1 can be sketched by the following diagram:

_ _ “1lp-1.Xg - _ oX Xi— —1g—1 _ _ _ _

A+F a4 r” 2% A+ R 2 a0+ S 0 S 4+ RS A+ R=A+F
Lemma 10.2 Lemma 9.3 Lemma 9.3

where A, Ay, ..., A; are constant matrices, A, Ay, ..., A; are reducible, and F, F, F;, F; are small.

No non resonance condition is required on A, making it necessary to construct the change of variables ® which
will remove resonances, but may be far from the identity (Lemma 7.1). However, once this is done, the matrices
Ajq,...,A;_1 remain non resonant enough in order to reduce the perturbation a lot without having to remove
resonances again.

The superscripts on the arrows refer to the changes of variables. The changes of variables with an exponential
expression are close to the identity, therefore the total conjugation, from A + F to A’ + F”, is close to identity,
which makes it possible to obtain the density of reducible systems in the neighbourhood of a constant.

2 Notations

The notation E(x) will refer to the integer part of a number z.
If F e L?(2T%) and N € N, the truncation of F at order N (denoted F'V) is the function we obtain by cutting
the Fourier series of F' :
FN(H) _ Z F(m)e%w(k,9>
|m|<N

In order to simplify the notation throughout this paper, we will write U(-) for ¥(|-|), and A(-) for A(|-]).
We will denote by || - || the norm of the greatest coefficient for matrices.

3 Decompositions, triviality

We take the following definitions from [11], describing decompositions of R? and triviality, which will avoid to
double the period more than once.

Definition 3.1 (Decomposition). o If A € sl(2,R) has distinct eigenvalues, we call A-decomposition a decom-
position of R? as the direct sum of two eigenspaces of A. If L is an eigenspace of A, we write o(AjL) the
spectrum of the restriction of A to the subspace L. We shall denote by £4 the decomposition of R? into two
distinct eigenspaces of A, if the related eigenvalues are distinct.

o IfR2 =1, P Lo, for all u € R?, there exists a unique decomposition u = u; + us,u1 € L1,ug € Ly. For
i = 1,2, we call projection on L; with respect to L = {L1, L2}, and we write PLLi the map defined by Pfiu = Uu;.

Recall the following lemma on estimate of the projection (see [13]) :



Lemma 3.2 ([13]). Let " > 0 and A € sl(2,R) with £'-separated eigenvalues. There exists a constant Cy > 1
such that, for any subspace L € L = L4,

1
IPEIl < Co()°

Remark 3.3. The estimate given in [13] is more general since it also concerns matrices A with a nilpotent part.
Here the setting in sl(2, R) makes the estimate a little better.

Definition 3.4 (Triviality). Let £ = {L1, Lo} such that L; @ Lo = R2. We say that a function ¢ € C°(2T?, SL(2R))
is trivial with respect to L if there exists m € %Zd such that for all § € 2T¢,

w(a) _ e?iﬂ'(m,@)Pfl + e—2i7r<m,0)Pf,2
If |m| < N, we say that 1 is trivial of order N.

Remark 3.5. o If 91,99 : 2T — SL(2,R) are trivial with respect to £, then the product 11, is also trivial
with respect to £ since, for all L # L', PFPF, = 0.
o If 9 is trivial with respect to a a decomposition £ of R?, then for all G € C°(T?, sI(2,R)), we have Gyt €
Co(T4, s1(2,R)). Indeed, notice that if ¢ = 62“’<m">Pf1 + 672”(’”“>PL‘2 for some m € 174, then
’(/1_1 _ e—2i7r<m,»)Pf,l + ein(m,->Pf2

(it’s a simple calculus to check that with this expression, 1 ~1 = ¢ =1 = I.) Then,

wwal _ (62i7r(m,~)Pfl + 672iﬂ(m,->PfQ)G(efﬂw(mg)Pfl + 62i7r(m,~)P52)
= Pf GPE, + Pf,GPF, + ¥ L GPF, + e~ 2™ 2m) pL GPf,

which is well defined continuously on T?. Hence the function v will avoid a period doubling.

4 Choice of parameters

In this section, we define all the constants and parameters used in this paper.

{ 0 = 100000
(=17
Let for all r,e > 0,
_1,50|loge]
N = A (/—==
(r;¢) ( r )
1
= gl
R = g ¥
K" (e) = reS
) = — 500|loge|

7A(R(r,e)N(r,e))

5 Smallness of the perturbation

Let ro > 0, Ag € sl(2,R), Fy € U, (T4, sl(2,R)).
Assumption 1. The functions A, ¥ satisfy

In W(t)

N Y R

and ¢¢ is small enough as to satisfy conditions of lemma 10.1 below and:

dt <rg

1506] log &9 1508 /+°° AN () In ¥ (2)
mA o \Ilfl(eac) ¢ log(26) T=1(e5 ) A(t)?



These conditions depend on 7o, A, U.

We shall define the following sequences of parameters used throughout the iteration:

A(Ng) == A(N(rg, 51@)) =

Ry == R(rg,ex) =

and

k—1

cp = Eé%)k
50| log x|
TTk
1
\ijl —¢
3N(T;€,Ek) (Ek )

500|log &,

TR =T0 — Z: 7A(R(ri, ;)N (r,€:))

0

Lemma 5.1. Under either the Assumption 1, the sequence 1, converges to a positive limit.

Proof. Notice that, for all k, and since A is subadditive,

1
A(Rka) > gA(?)Rka) =

Then

Z 500|log x| < Z 1?&)((21{20%\&;;@;
us £ Nk

7A(RNy)

k>0 k>0

1 3
<
A(Rka) - A(3Rka)

26)*|log 20|

1500 = (
<
- Z A(3Rka)

k>0

k
< 15052 (26) |10gii0|
k>0 A(\Ijil(gk ))

1506 log eo|

T Ao U1(eC)
With the change of variable ¢ := (26)*
1506 | log e |

T Ao U1(e)C)
1506 log e |

T Ao U1(e°)
With the change of variable v := ¥~1(e; ")
1506 log e |

T Ao Ul(e)C)
1506 log eo|

1506 log &0 /+°° (26)* e
T o A PY)
1505|1og50|/+°° t 1
™ 1 A(U1(g5¢h)) tlog(20)
1506|logeo| [T 1 "
mlog(20) J1  A(W-1(g5h)
1508|logeo| [T°° 1 U’ (v) ’
mlog(20) Jy-1(c-¢) Av) —(Clogeg¥(v)

T Ao U1(eC)
After integrating by parts,

1508 oo U (v)
——d
¢ log(29) /pl(é—o() A()¥(v) Y

Z 500] log e < 1506 log e | 1504 a log(gg )
= TARRNK) T wAo Wl (e,¢)  mClog(20)" A(W1 (g, )
too N (v)log ¥(v)
————d
- /\Pl(soc) A(v)? vl
1506 log &g | A (v) log ¥ (v)

dv

T Ao U1(g) )

log ¥
provided ’UEIJ,I}OO Oi (U()v)

1506 /+°°
7T<10g(25) @71(554) A(’U)2

= 0, thus the assumption 1 implies that (ry) converges to a positive limit.

(5.1)



Remark : We naturally find the Bruno-Riissmann condition with respect to weight function A, which is the
convergence of/Al(v) 1og‘ll(v)d
nvergen — " dv.
i AQ)?

6 Elimination of resonances

Given a matrix A, a useful technique in the KAM iteration will be to remove the resonances in the spectrum of the
matrix A. To characterize the non-resonance of z € C (depending on w, a constant s’ > 0 and on an order N € N)
we will write z € BRY (') if and only if :

d < — 92 >
VheZN{O}, 0< [k < N = |2 - 2inlh,w)| 2 g

Definition 6.1. We will say that A has BRY (x’) spectrum if
o(A) ={a,d'} = a—a € BRY (K')
In particular, if the eigenvalues of A are ia and —ia with o € R, A has if BRY (k) spectrum if
2ia € BRY ()

Remark 6.2. If A has real eigenvalues «, o/, then for all N € N, A has BR) (k)-spectrum because |a — o/ —

2im(m, w)| > |2im(m,w)| > ey

n N such that, if we denote

Lemma 6.3. Let « € R, N € N* and ' = ———. There exists m € 3722, Im| <
' T(3N)
o =a—2m(m,w), then 2ia’ € BRY (k') and if m # 0 then |o/| < %/

1
2

Proof. We want to remove the resonances between ia and —ia. If 2ia € BRiY (k'), let m = 0 and we are done.
Otherwise, if there exists m’ € $Z% with |m/| < N such that

K
[2c0 — 27 (m/, w)| < TE)
then let m = mT, and 20/ = a — 27(m,w). It’s a simple calculus to check that, in this case, |2a’| < &/, hence
o’ <& Now, for all k € 329, k < N,
K K
|2ia’ — 2im(k,w)| > T K > 0

Then 2ia’ € BRY (). O
Lemma 6.4. Let « € R. For all R€ R,N € N, N > 1, R > 2, there exists m € %Zd, |m| < %N such that, if we
denote £ = m and o/ = a — 21(m,w), then 2ia’ € BREN (") and if m # 0 then |o/| < &

Proof. If a € BREN (k") then m = 0. Otherwise, apply the previous Lemma with N = N and &’ = " to obtain
Im| < N such that |a — (m,w)| < ’””7” Therefore for all 0 < |k| < RN,

1"
20/ — 21 (k.| > 127k W) — K > —— >
20" — 27 (k,w)| > |27 (k,w)| — & OO

and then 2ia’ = 2ia — 27 (m,w) € BREN (k). O




7 Renormalization

We want to define a map ® which conjugates A to a matrix with BREY (k") spectrum.

Lemma 7.1. Let A € sl(2,R),R > 2,N € N\ {0}. Ifx" = m and A has K'"-separated eigenvalues, then
there exists a map ® € C°(2T%, SL(2,R)) which is trivial with respect to La (the decomposition into eigenspaces of
A), and a constant Cy > 1 such that,

1. For all 7' > 0,
|(I)i1|rl < 2006277./\(%)7" (L)G

K://

2. If A is defined by the following condition: for all @ € 2T,

D.,®(0) = AD(9) — B(A)A
(note that A actually does not depend on ), then |A — A|| < «N and A has BREN (k") spectrum.
3. For any function G € C°(T4, sl(2,R)), we have @GP~ € CO(T?, sI(2,R)).
4. If A+ A then ||A|| < 3x".

Proof. Let m given by Lemma 6.4 with « the imaginary part of an eigenvalue of matrix A. If the eigenvalues of A
are in R, then m =0 and ® = I.
Otherwise, let L1 be the invariant subspace associated to i, Lo associated to —ia and let for all § € 2T¢,

@(9) _ e2iﬂ'(m,9>PfIA + 672iﬂ<m"9>PfQA
For all ¢, since the eigenvalues of ®(f) are complex conjugate, we have ®(f) € SL(2,R), and from Lemma
6.4, A has BREN (k") spectrum (since the eigenvalues of A are +i& obtained from lemma 6.4 where +ia are the
eigenvalues of A). Moreover, the spectrum of A— A is {£2im(m,w)} and |2im(m, w)| < 7N (remind that |m| < LN,
and that we supposed |w| < 1) whence 2. Moreover, because |m| < 1N, and from Lemma 3.2,

™ DYy 1 6 e oYy
Bl < (1P, ||+ 1P, )™ 5 < 205 (=) 2™ (E)

whence 1. The property 3 follows from the triviality of ® (see the remark 3.5).

For the estimate in 4, notice that if A # A, that is to say if the spectrum of A was resonant, ® # I conjugates A
to A. In particular, from lemma 6.4, the two eigenvalues i& and —i& of A (which are the eigenvalues of A translated
by 2im(m,w)) satisfy i — (—ic)| < " and then [|A]| < 1x”. O

Definition 7.2. A function ® satisfying conclusions of lemma 7.1 will be called renormalization of A of order
R, N. Here the resonance is removed up to order RN whereas the estimate involves an exponential of A(%) and
T(3RN).

8 Cohomological equation

In order to define a change of variables which will reduce the norm of the perturbation, we will first solve a linearized
equation, which has the form:
Vo € T, 9, X(0) = [4, X(0)] + N — F(0), X(0) =0 (8.1)

Here A € sl(2,R), therefore either it has real non zero eigenvalues, or it is the zero matrix, or it is nilpotent, or
it has two eigenvalues ia,, —iar, @« € R*. Only in the latter case can A be resonant.

Assume the eigenvalues are different (so, either they are distinct reals or they are complex conjugates). Let
L1, Ly be the eigenspaces. For all L, L' € {L;, Lo}, define the following operator:

Ap o gl(2,R) = gl(2,R), M — Ap M := AP, M — MPp, A

It will be necessary to compute the spectrum of every Ay, 1 to estimate the solution of the linearized equation.
This is done in the following lemma:



Lemma 8.1. Let L, L' € {Ly, L2}, B the eigenvalue associated to L and v the eigenvalue associated to L'. The
spectrum of Ar.r is {8, —v,8 —,0}. Moreover, the operator Ay, 1+ is diagonalizable.

Proof. Let P € GL(2,C) such that P~'AP = ( g 2 ) Notice that {3,7} C {B,7}. Denote by E;; the
elementary matrix which has 1 as the coefficient situated on line i and column j, and 0 elsewhere.

Case 1: L # L'. Here {f,7} = {B,7}. Without loss of generality, assume 3 = (,7 = 7, that is to say,
L=1L,,L' = Ly. Then P;, = PELlP_1 and P = PEg,gP_l. Thus PELlP_1 is an eigenvector associated to I}
and PFE 5P~ is an eigenvector associated to —. The matrix PE; 2 P~1 is an eigenvector associated to 8 —7 and
PE> 1P~ lis in the kernel.

Case?2: L=L"= L. Here 3 = v = 3. Then PELlP_1 and PE272P_1 are in the kernel and PEl,gP_l, PE271P_1
are eigenvectors associated to S and —f respectively.

Case 3: L = L' = Ly. This case is very similar to the previous one. O

Now assume 0 is the only eigenvalue of A. If A is the zero matrix, then ad i = 0. Otherwise A is nilpotent and
in this case one has the following lemma:

Lemma 8.2. Assume A is nilpotent. Then the operator ad ; has rank 2 and norm less than 1, and is nilpotent of
order 3.

Proof. Let P be such that P~1AP = ( 8 (1)

ad;PE 1P~ ' = —PE9sP~! and ad ; PE>1 P™! = P(E11 — E2)P ™1, therefore ad ; has norm less than 1.
A A A
This also implies that ad%(PEMP_l) =0 and ad%(PEgylP_l) = 0. Finally ad ; is nilpotent of order 3. O

) . Then PE12 P~ and P(E1; + Fa2)P~! are in the kernel. Moreover

Proposition 8.3. Let N € N, v’ €]0, s], 7 €]0, ][ Let A € s1(2,R) with BRY (k') spectrum. Let F € U,.(T%, sl(2,R)).
Then there exists a solution X € U,(T¢, sl(2,R)) of the equation
v € T4, 0,X(0) = [A, X(0)] + EN — F(0), X(0)=0 (8.2)

The truncation of X at order N is unique.
Moreover,

1. if A is diagonalizable with distinct eigenvalues, let L ; = {L1, Lo} (the decomposition into eigenspaces of A)
and ® = PE e*™(m:) 4 PE e=2mm) for some m € 374, |m| < N, such that for i € {1,2}, |PF| < 252,
then

N 1 -
@71 X0, <4C3 () P w(N)[@ T P,

2. szl is nilpotent,

- 3 .
K], < SN,
3. ifad; =0, then

- 1 .
X < ~WN)|E,

Proof. About existence, uniqueness and continuity of X € sl(2,R) on T?, the proof is the same as [11], proposition
3.2. We now have to show the estimate which also follows from [11] and we will adapt the proof to ultra-differentiable
setting.

Case 1: A }}as two k’-separated eigenvalues. Let ® = IDLlezi’T(’”l"> + PL26_2”<"‘1"> where L, and Ly are the
eigenspaces of A, and |mi| < N. For all L, L’ € Ly, let the linear operator Ar - : gl(2,R) — gl(2,R), M +
Ap M = AP M — M Pr,A. We decompose (8.2) into blocks, and we get for all L, L' € L 3,

A

8W(PL)~((9)PL/) = AL)L/PLX(Q)PL/ + PL(FN — F(O))PL/



Then for all m € £Z¢, 0 < |m| < N,
2i7‘r<m, w)(PLX(m)PL/) = AL)L/(PLX(’ITL)PL/) + PLF(m)PL/
Let
Ap = (2im(m,w)] — Ap 1+)

By Lemma 8.1, o(AL /) = {a — o,a,—a/,0;a € O'(A‘L),O/ € U(/Iu/)}, therefore o(Ar, 1 — 2im(m,w)I) =
{a—a' —2in(m,w), a—2iT(m, w), —a’ — 2im(m, w), —2ir(m,w);a € o(A)), ' € o(A)1)}. Moreover Ay 1 is diag-

onalizable, therefore Ap as well, with non zero eigenvalues, and ||A5!|| = max{|8|, 8 € o(Ap")} = max{|y|~',y €
o(Ap)}. ) ) /

Since Vo € 0(Aj), 0’ € o(A|), |o — o’ = 2im(m,w)| > i (for m € Z4f L =L me i2%if L # L), then

, - v(m)
I(@imtm. ) — g )7 < ()
Finally, for all 0 < |m| < N,
2 . 1 2 \Il(m) i
1P X (m) Pr|| = [[(2im(m, w) = Ap,p) ™ PLF(m) Pu|| < (—52) [ PLE(m) P |

Denoting by my, the vector appearing in ® along the projection onto L, this estimate implies:

|PLX82i7T<mL7mL”'>PL/|T/ = Z HPL)?(m —my + mL’)PL/ ||e27rA(m)r’

[m—mg+mp/ |<N

2 v B l
< Y PE(m—mp )Py e YmZme )
|m—mp+mp/|<N -
U(N) -
= %|PLF€2”<mL‘"‘L'“>PLIITI (8.3)

We finally estimate |®~' X®|,...

|(I)71X(I)|r’ :| Z PL(I)*lX'(I)PL,lT, :| Z PLXGQiTr(mLme/,)PLl'TI

L,L'el L,L'eLl
therefore, from (8.3),
5 U(N _y (N ~
|¢71X¢|'N S IE;/I ) Z |PLF€2’L7T<mL*mL/,.>PL/|T — I(il ) Z |PL¢71F¢PL’|T
L,L'el L,L'el

therefore, since || P|| < 2}5;}, we get the result

- 1 .
DX D], < 4C2 (=) P U(N)| S FD),.
K
Case 2: A is nilpotent. One has to estimate the inverse of the operator 2im(m,w)I — ad ;. By Lemma 8.2,

(2im(m,w)I —ad ;)" = (2im(m,w)) "I + (2im(m,w)) tad ;

8.4
(2im(m, w>)_2adi~‘] (8.4)

+

Therefore

(i (m,w)T — adz) || < 3[2i (m, w)| >

Finally, for all 0 < |m| < N,

10



1 (m) || = | im(m,w) — Ap1r) " F(m)] < 3(
Thus,

- 3 5 =
Xl < SU(NIF,

Case 3: The operator to invert is just 2im{m,w)I, which makes the estimate much simpler.

9 Inductive lemma without renormalization

Before stating the inductive lemma, we will need this next result which will allow us to iterate the inductive lemma
without needing a new renormalization map at each step.

Lemma 9.1. Let &’ €]0,1[, F € sl(2,R),& = ||F|, N € N, A € s1(2,R) with BRY (x') spectrum.
If
K 1

< ( ) —
TR0+ (AT w(N)?

My

)

then A+ F has BR§(3T”/) spectrum.

Proof. 1f & € o(A+ F), there exists a € o(A) such that |a —a| < 4(||A|| + 1)é2 (see [11], lemma 4.1). Since A has
BRYN (x") spectrum, for all a, o/ € o(A + F), for all m € 32,0 < |m| < N,
o — o — 2im(m,w)| > —— — (4] + 1)&H
— o — % A
T w(m)
We have to check that 8(||A| + 1)éz < ﬁlm), which is satisfied by assumption. O

Lemma 9.2. Let N > 1. If L = {Ly, Ly} is a decomposition of R? into supplementary subspaces, and ® is trivial
with respect to L of order N, then for all 0 < r' < r and all G € U.(T%, sl(2,R)),

|(I)_1(G _ G3N)(I)|T/ < 6—27TA(N)(T—7")|(I)—1G(I)|T
Proof. Write ® = Pfle%”(ml"> + PerQi’T(ml*'>, my € %Zd, then

27N G = G| =| > PL(G—GN)emimemmu) phy
L,L'eL

= Z I Z Pf(GT@N)(k —my +mL’)Pf/||627TA(k)T/

kezd L,L’
S PEGTE i+ g B O )
kezd L,L’

Now if k| < N, then for all L, L' € £, [k — my +mp/| < 3N, and 3, e PE(G = G3N)(k — my, +mp ) PE =0,
therefore '

271G = G*N)@l,y < AT N TN T PEG(R —my, +mp ) PE [T
|k|>N L,L'eL

< e?TrA(N)(r'—r)' Z P5G62iﬂ<mL_mL/">Pf/|r _ e27rA(N)(r'—r)|q)—le)|T
L,L’eLl

We can now state the first inductive lemma, which does not require a renormalization map.

Lemma 9.3. Let

11



« £>0,7>0,0<r <1,NeN" ¥ <7,
o FeUxT?sl(2,R)), A € sl(2,R).

If
1. A has BRN (x) spectrum,
2.

2
32(1+ IIAII)) U(N)?
then there exist

e X € Ux(T4,sl(2,R)),
o« A €sl(2,R),

such that

1. A’ has BRN( ') spectrum,

2. |A - A|| <&,
If F' € U= (T4, s1(2,R)) is defined by

V0 € T 8,eX O = (A + F(0))eX® — X0 (4 + F'(9)), (9.1)

then we have the following estimates :

If A has two dzﬁerent eigenvalues, zf@ is of the form ® = Pp e?™ (™) 4 Pp e=2(m:) where Ly, Ly are the

’67

_ 1,13 a1
| 1Xc1>|f/g4cg(§) V(3N)|® ' FD|7,

|~ 1F'<I>|T/ <4C2e\<1> 1X P (_) 1o~ 1F<I>| [ —27A(N)(7—7")

HOTIED| W (3N)(2e + €l P Xl

If A is nilpotent:

b.
3 NI
X < S WEN)|Fly,
6.
|F'|7 < ie\Xlw|p|~[e—2m(z\7)(;_;/)
T = I{g 4
+|F|F\I/(3N)3(2€ —+ e‘Xli’ )} .
7. 1
X |7 < =U(3N)|F),
K
8.

|F/|f/ < EGIX‘“”|F|;[e_2”A(N)(F—f’)
K
+| [0 (3 )(26+6|X‘AT)]

In any case, there is the estimate

12



100X 7 < 2||A|| [ X3 + | Fl
Proof. By assumption, A has BRf(fi’) spectrum, so we apply Proposition 8.3 with N = 3N. Let X € U(T¢, sl(2,R))

a solution of } o .
Vo € 2T 0,X (0) = [A, X ()] + F3N(0) — F(0)

satisfying the conclusion of Proposition 8.3. This obviously implies the property 9.

Let A’ := A+ F(0). We have A’ € sI(2,R) and HA A'H = HF( )||, and then property 2. With assumption (2)
we can apply lemma 9.1 to deduce that A’ has BRN ( ) spectrum, and then property 1.

If F is defined in equation (9.1),

Fl=eX(F - B39 4 e XF(eX — Id) + (=X — Id)F(0) — e Z o ZX (F3N — po)XF11 (9.2)
E>2 " 1=0
e Case 1: A has two different eigenvalues : Let ® be as required, then
D F' D5 < el® X2 |@7H(F — F3N)D|5 + | ED|| B X D (20 + P X))
From proposition 8.3, estimate 1,
1 . -
21X P < [B71XD|; < 4O§(E)13\IJ(3N)|<1>*1F<I>|f
whence (3); and from lemma 9.2, since 7 < 7,
|(I)71(F _ FSN)‘I)|;/ < 67271-A(J\7)(7’77”)|q)71ﬁvq)|i
which finally gives
|(b 1F (b|"/ < e‘q) X@‘T/[ 727TA(N |¢ 1F¢|T
+|<1>—1F<1>|f4c§(;)13W(3N)|q>—1ﬁq>|,:(2e + el X))
< 402l X Pl ( ) P10 ED| [e 2 AT L1671 ED| W (3N) (2e + el X2 )]
hence 4 holds.
e Case 2: A is nilpotent : (9.2) implies
|F' |7 < X1 [|F — B38| + | F|7| X |5 (2¢ + €l X1#)]
From proposition 8.3, estimate 2,
3 ~ 3=
| X7 < X7 < 5\11(3]\]) |F'|7
which is estimate 5. Moreover, from Lemma 9.2,
|F . F3N|;/ < 6_2FA(N)(7:_f/)|F|;
Therefore, similarly to the previous case, we get
| < 3 Xl | B [e 2 AN =)
(A — [{'/3 ks
+|F|7U(3N)3(2¢ + el X17)]

which is estimate 6.
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e Case 3: adj = 0 : From proposition 8.3, estimate 3

[ X|r < —UEBN)|F|;

x|

which is estimate (7), and similarly to the two previous cases, we get the estimate (8):
|F/|f/ S EGIX"’.‘/ |F~‘|f [6_27TA(N)(F—'F')
K

+|F |- (3N)(2e + eX17)].

10 Inductive lemma with renormalization

The following Lemma is used to define the smallness assumption on €y mentioned in section 5. This smallness
assumption shall be sufficient for Lemmas 10.2 and 11.1.

Lemma 10.1. Let ! = 56. There exists eg > 0 depending on Cy, C' k, by and D5, such that, for all e €]0,¢eq], the
following inequalities hold for all 2 < j <1 :
In lemma 10.2

%Ii&'ﬁ et < %f%ﬁ (10.1)
4C3
F§€713g673g8172g <&t (10.2)
80351_2“% (1000 4 31-6¢) < ¢34 (10.3)
In lemma 11.1
£1-576¢ < (200)—96( 7’2 )576 (10.4)
32(e~% + 1)
3k €
5
ei=m < ( 16 )% (10.5)
321+ (1 +me"2 e21)
) 3)j k€
0w < ( Ty (10.6)
321 +e2 + (14 m)e 3+ Y7 @) ~%)
_ 1 13 (5)i-1, 505 5yi-1 5y
256C 3¢ 14<((§)j —) e (e + 07 <) (10.7)
4 Co
!
e pmei 4 Y e®d < ¢ (10.8)
=1
1 ¢4 9.3-2 ¢
he +2e1738 < ke (10.9)
_< 23 —C —2¢
g7 42 4t <e (10.10)
4e72XHR poedw < (10.11)
%7 + 2% < et (10.12)

14



Proof. Equations in lemma 10.2

Equation (10.1) holds for

Equation (10.2) holds for

Equation (10.3) holds if
025432( 1005 4. 35%) < g o 8C2 (1900 4 35%) < ¥

therefore, if we have

—2 864

24005388 < iegd

{ 02 1006 5431
864

which is satisfied if
£ < (48C32) 3t
then inequality (10.3) holds.

Equations in lemma 11.1

Equation (10.4) holds if

which is satisfied if .
gmisz < 6%(200)_6 ole < (6_11)1152(20 )~192
c e e < (&)564(20,) 144
Equation (10.5) is satisfied if

3K

5__
1 1 1 < 2,
AE (1B 4 (1 me )R < ()
For € <1, we have
1+e2 4+ (14w § < 4me s
then we need 3
1 K
167233 %¢ < 2
e (138,
which is satisfied if
3Kk | 2110
7)1728
5127 Cy
Equation (10.6) is satisfied if
5yi— : 5 3
e 1_9_16_44(1 +eft 1+ (1 +7T)€_% +2:8 )2 < (1)2](3;00

If e <1, then
1

1+¢e% +(1+me” § 42179 < dme”

MIJ\.

then it’s enough to have

3 K
16m2e3—T5—4C—C < (2)2:104 2
LR <(3) (—3200)

which is satisfied if
3 K 3456

< 2208 2\\ 2119
e < ((3) (1387, )
Equation (10.7) holds if
Co

KR

25602( YIBU=D (Z2) 132 4 (1)) < MR

15



We will first show that, for all j € [2,1], and for ¢ small enough,

which holds if

then equation (10.7) is satisfied if

25603(3) 2000 < MBI o ¢ < (2m6087(5) 0 (1)) BT
K K
Now, as Cyp > 1 and 0 < k < 1, since € < 1,
15 1 15 1 15
(2if;o )5471—12(%)1'*1 > (21(1:;? )144—1—12(%) — (242?3? )_%
and )
J— 13-4
(%)14{—1—12(%)171 > (%)14{— 51 = (%)*%
Finally, equation (10.7) is satisfied with
< 240&5 —1728 4 _ 1437696
e (SSL) )
Equation (10.8) is satisfied if
35 + e 5 —1—2(5%7ﬁ <e ¢
So if we have o
g2 < Le¢ < (fo)iééi
Te~5 < ¢ & e < (F)0
2% < e¢ £ < ()5
then equation (10.8) holds.
Equation (10.9) holds for
e < (f) e
!
Equation (10.10) holds if
% < %5—24 e < (%)1152
e <le® e e<(5)W
meC < e e < ()12

Equation (10.11) holds if

and then equation (10.11) holds.
7 1
Since, for € < 1 we have €5 <2, equation (10.12) holds if

that’s it to say, if

Now define ¢q in order to satisfy conditions (10.1) to (10.12).
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Lemma 10.2 (Inductive lemma with renormalization). Let

« A€sl(2,R),
o >0,
e A Fe U, (T, s1(2,R)), ¢ € U.(2T?, SL(2,R)),
* |F|T = 57
N = A—l(M)
r
) 1
=P 1(e¢
R 3N (e7%)
,_ . 506|loge]
7A(RN)
Assume v’ > 0. Let k' = \IJ(%RN) = keS. Suppose that e < g¢ which was defined in Lemma 10.2 and
! 96 K" 576
e <(2C) (i
A=)

2. A is reducible to A by 1,
5. Al < &5,
4. for all G € C°(T9,5l(2,R)), Gy € CO(T4, s1(2,R)),
5. [pF, < e,
then there exist

e 7' €Uy (T? SL(2,R)),

o A F' €U (T4 sl(2,R)),
. ¢/ €U, (2T4, SL(2,R)),
o A€ sl(2,R)

satisfying the following properties :
1. A’ is reducible by o' to A’,
2. for all G € CO(T?, s1(2,R)), ¥'~1Gy' € CO(T?, sl(2,R)),
3. A’ has BRfN(%Ka”) spectrum, where Cy was defined in Lemma 7.1,

4.

0.72' =(A+ F)Z' = Z'(A + F')

v

AN <A+ eF 7N,

|Z'E — Id|,. < &9

7. for all 8 >0,
— 16 TA(Y)s’
[@" 9l < 260 () et )

_ 116 ona(dyy
B < 20 () e

So

) |'(/Jlil|r < E_C_%G%TA(%)T,

. |1/}71F/1/}|T‘/ < et

NS
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10. If moreover the spectrum of A is not BREN (k") then ||A'|| < 3x”,

11. If the spectrum of A is BREN (k"), we have ® = I, then v’ = ¢ and A=A, and then
|w—lzlil,¢| , < 68%
|aw(1/)_1zlil1/))|r’ < 5%7
Proof. Algebraic aspects

_ If A has a double eigenvalue or k"-close eigenvalues, let ® be defined on 2T¢ as constantly equal to I and let
A = A. Otherwise, let ® a renormalization of A of order R, N given by lemma 7.1. Let A € sl(2,R) such that

Vo € 2T4,9,,®(0) = AD(H) — ®(9)A
so ||A — A|| < 7N and A has BREN (k") spectrum. Notice that in this case, A is not nilpotent. Let ¢’ = 1)®, and
F = w/—lﬁvw/
Moreover, @ is trivial with respect to L4 :
O = pfre?mime) 4 plae=2inim:) (10.13)

with |m| < N and ||Pg,|| < % Since ® is trivial with respect to L4, for all s’ > 0, Lemma 7.1 implies

116 ,
1BE|, < QOO(F) 2 A (H)s (10.14)

which gives property 7.
Let ¢’ = ¢®. Let G € C°(T%, sl(2,R)), then by triviality of ®, #~1G® € C°(T¢, sI(2,R)), and by the assumption
4,4 ~1GY € CO(T, s1(2,R)). Therefore the property 2 on ¢ holds.

Moreover,
IFO)] < [Flo < @@~ ol lo[¢™ ol Flo
Therefore by (10.14) and by assumption 5,

IE )] < 212 (200 (=) .

K/H

1"

, _ . 576 _
Since e < (2C) QS(W) < (2C))~K"570 | we get

IF(0)]| < &2,

Since A has a BREN (k") spectrum, we want to apply lemma 9.3 with

then we need

1 1 Ii” 2
g2<R§<_ﬂ____T{ﬁ
Co 32(1+ |4

or sufficiently

1 K/ 2
el=2mw < (— EC)
—\Co 321+ ||A||+7N)
which holds true if

1 1 IQN 2
el2-d < (%
CO 32(2 + 7T)
(where we have used the assumption that ¥ > id), which holds true by assumption 1. Therefore we can apply
lemma 9.3 to get the maps X € U,.(T4,sl(2,R)), F' € U..(T%,sl(2,R)), and a matrix A’ € sl(2,R) such that

18



"

o A’ has BRfN(iéo) spectrum,
23

o ||[A"— Al < &< 3t (because 1 —2¢ — & > 23), which implies that
14" — Al < |4 = A|| + | A— A]| < &3 + 7N

and thus

23

A"l < |All 4+ €21 + 7N

which is property 5,
o DueX =(A+ FeX —eX (A + F). B
Let F' = 'F'(¢/)~' € CO(T%, s1(2,R)) and A’ € U,(2T%, s1(2,R)) such that

6ww/ _ A/w/ _ w/AI
(which means that A’ is reducible to A’, hence Property 1 with ¢’ := +®). Then the function Z’' :=
PeX ()1 € CO(T?, SL(2,R)) is solution of
0.2 = (A+F)Z' - Z/(A + F')

hence Property 4. This conjugation also implies that A’ € CO(T?, s1(2,R)).
o if A has two different eigenvalues, since ® is trivial with respect to £4 which is identical to £ 7, by Lemma
9.3 and the expression (10.13),

-1 4C5° P —1
DXD 1, < =L W(3RN)|®ED Y,

I{ng

and

4048 - ~ / - _
|¢F/¢71|r’ S T%GFDX{) 1|T/ (|®F¢71|T [6727TA(RN)(T‘7T) + |®F¢71|T\I/(3RN>(26+6|<DX<I) 1|T/):|
K

otherwise if A is nilpotent,
3 ~
Xl < S UERNP|F,

and
|F'|, < ie\Xlwuﬂ e~ 2rARN)(r=r")
= K:S r

+|F|, U(BRN)?(2¢ + el X11)]

and if ad ; = 0,
1 -

[X|rr < —W(BRN)|F],

and

'], < 1oixi. ||, [e AN =)
K

+|F|, W(3RN)(2¢ + ¢/ X1)].

Notice that in any case (since ® = I if A is nilpotent or ad ; = 0), we have

4015 B
|®X®!|,, < —=U(3RN)*|OF® |, (10.15)
K
and
4045 - . , . -
DD, < L el ®XOT o 1|, [ AENC—) L 1P|, W (3RN)?(2e + €l*X® 1] (10.16)

13
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Estimates

Estimate of ¥/, ¥’ ~1 A’

With the assumption e < (2C0) %% (—fF—

|, < e w2 AT
and similarly for ®~1. Moreover since |¢|, < £7¢, we get property 8:
'] = [0y < [],|®], < &6 mmAEY

and similarly for ¢~!. Notice that this inequality remains true if ® = id.

Notice that if ® # I (that is to say if the spectrum of A is resonant), then from lemma 7.1 we get || A|| < $x”
and then for € < gy defined in lemma 10.1 (see equation (10.1)),

14| < LAl + [ F)]
< lmaq el

1 1 845
< —KEeT728 | 864
-2

< §551728 = §,{”
4 4
and property 10 is satisfied.

Estimate of Z'*! — I, ¢~1(Z'#1)y) and its derivative

Since F' = (4)®) "1 Fyy®, then

|PFOL, = [ Py < |Flpe 2 =l7% (10.17)
Recall the estimate (10.15):
4015 N
|PX D, < ngllf(3RN)3|<I>F<I>‘1|T (10.18)

therefore by (10.17), and for € < g¢ defined in lemma 10.1 ((see equation (10.2)),

5
0 o—16¢1-2¢ < o3 (10.19)

ac}
—1
X, < —%

then .
e|<I>X<I>’1|T/ < &8 <2
We now estimate |Z' — I|,» = |[¢®(e® — I)(y®)~!|,.. From (10.19),
DX D — Id|, < e|®XP |, < ecF

Then .
12" = Iy = [p®eX (@)1 = Id|,r < [l | @™ O — Td|, [ip "0 < ee¥ 72

hence property 6 is satisfied. If ® = I, we have
G 7N = T e (@) T = e,
therefore

z
[ 2l < JeX | < ef?
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which is the first part of the property 11. Now Lemma 9.3 also states that if ® = I (that is, A= A),

|an|T’ < 2||A|| |X|T’ + |F|r’
which implies that

100X | < 2||A|le® + 7% < 5 (2)|A] 4+ 1)

and by the assumption 1, ,
|6wX|T/ S €5.

Therefore,
z
10 (71 Z/P) | = |0 (X)X | < =¥ et <3
hence property 11.
Estimate of ¢ 1F/¢p = OF'd~ !
From Equation (10.16),

|<I>F’<I>_1|T/ < 4C2e|<I>X<I>’1|T/(@)13|(I)Fq)—l|r[6—277A(RN)(T—T')
0 K

H@FD [, W(BRN)3(2e + €l®X® 1)

Moreover, by definition, we have A(RN) = M, thus

w(r—r’)
’
6—27TA(RN)(T‘—’I‘) _ 51005

! )576

W and \I/(3RN) :Eig,

and then, because we assumed ¢ < (200)796(

[PF'®7!], < 8C3e™ 9! "X (199 1 §P(3RN )% %),

Thus
|DF'® 1], < 8C2e' %55 (1000 4 1760y < 3

Hence property 9 holds for ¢ < g as defined in lemma 10.1 (see equation (10.3)).

11 Inductive step
Let’s define the following functions which will be used for the complete iterative step :

K (e) = reS
N(re) = A’1(5O| 10g5|)

R(r,¢)

~ 3N(r, a)\y—l(g_c)
500| loge|
7A(R(r,e)N(r,e))

' (re) =1 —

Note that these definitions match with lemma 10.2.
Lemma 11.1. Let

« A€sl(2,R),

e 7>0,

s A Fe U, (T%, s1(2,R)), ¢ € U.(2T?, SL(2,R)),
o |F|, =¢.

Suppose that
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1. € < gg, where ey is defined in Lemma 10.1,

" >0,

A is reducible to A by 1),

for all G € C°(T4, s1(2,R)), v~ 1Gwy € CO(T?, sl(2,R)),

[t < et

6. || A <e 3,
then, there exist

o 7' €U (Td,SL(2,R)),

o A F' € Un(T% sl(2,R)),
o ' € U.(2T¢, SL(2,R)),

o A €sl(2,R)

satisfying the following properties:
1. A’ is reducible to A’ by 4/,
for all G € C°(T4, s1(2,R)), v~ tGwy € CO(T?, sl(2,R)),
|F" | < %,
|/ F ] < =25

JA| < Al +e7¢ < em@D)3,

S o

0.72' = (A+ F)Z' - Z'(A + F'),

|Z"* — Id|,n < 0.

8. If moreover the spectrum of A was not BRE"N () (k"(g)), we actually have ||A’|| < K" (e);

9. If the spectrum of A was BRE(T’E)N(T’E)(IQ”(E)), we actually have v’ = 1) and then
[~ 2| < (1 4 2¢)e® (11.1)

and

|0 (™ ZE ) | < e

Proof. Removing the resonances and first step

Let R= R(r,e), N = N(r,e), k" = r"(r,€), r"" = 1"(r,¢). Since " = ke, | A|| < e~% and ¢ < g as defined in
Lemma 10.1 (see equation (10.4)),

1-576¢ < (9¢7,) 96 ko \576
S = 0O )

therefore ”

< 20— )"
e < (2C0) (32(||A||+1))

and the assumption of lemma 10.2 is satisfied. We can apply lemma 10.2 to get:
o 7y €U,y (T SL(2,R)),
2
e Y €U, . (2T% SL(2,R)),
2

. 41 (S 81(2,R),
L] Al S ULT” (Td,SZ(Q,R)),
2
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e and Fy; = (¢/) ' Fyo, with F} € Upier (T4, s1(2,R))
such that
1. A; is reducible to A; by 1/,
2. for all G € CO(T?, sl(2,R)), '~ 1Gy’ € CO(T4, s1(2,R)), which implies that Fy € C°(T¢, sl(2,R)),

3. Aj has BRfN(%g—/;) spectrum,

4,
VAR (A + F)Zl — Zl(zzll + Fl),
5. )
A1l < Al + €2 + 7N, (11.2)
6. 8
|2 = Id| < &3, (11.3)

7. for all s’ > 0,
— 1 6 onrA(L)s’
W/ 1¢|S, < 2OO(F) e2 (%)

_ 116 ona(dyy
[0 s < 200 (=) ™)

]. |'l//i1|r” S E—C—9—166271'A(%)r,

9.
|¢71F_‘11/)|r” < Eia

10. If the spectrum of A was not BREN (k) || A1]| < 4x";
11. If the spectrum of A was BREN (k”), we actually have ¢’ = ¢ and then
T
W 2 | < e
10 (¥ ZE )| < €3 (11.4)
Second step : iteration without resonances

We will now iterate lemma 9.3 a certain number of times, without renormalization.

Let [ = B(22199%)y _ 56 which satisfies
log(3)

D < 2MARN)(r=r) 1005 < (3)
Define for all j > 0, the sequences 53» =e®c=% and r; = “LQT” — j’”;lr” . Thus r{, = 7"+27"” and r) = 1" <r.
We want to iterate [ — 1 times lemma 9.3, from j = 2, with

=~ A
. ‘2_5;'717
C T
* :Tj717 ”
I _ (3\j—1K
° KL_(Z)J Ty’
« N =RN,
. F::ijla
. A:Ajflv
— =1,
e &=y Y,
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First iterate of lemma 9.3: From

[ Rl < et
and

_ 1.6 1 _ 1.6 .
|"// 1¢|0§2Co(p) <e 9167 |¢ 1¢/|0§2CO(F) <e 9167

then A ) -
VO] < [/ blolo~ ol Fuailo < 1%

As A; has BRfN(%g—/;) spectrum, to apply lemma 9.3 we need

(%)Z_/; )2 1
32(1+[[As)” W(RN)?

Bl

sfﬁg(

and since . . .
| Ar]l < |A|| + €% + 7N <e7% +e2 e ¢

this last inequality comes from the fact that ¥ > id, which implies that N = U~ (¢=¢) < ¢7¢), this remains
y

) 3R
true if

32(1+ (7 +1)e=S +¢%) W(RN)?

which holds for ¢ < g as in lemma 10.1 (see equation (10.5)).

|~

INEY
It

gia < (

Iteration of lemma 9.3
If for some j > 2

5071 (3 2]
E(i)]_ﬁ < ( 23 -t 5_ 1 ) )
3201+ 8 1 (Lt me< 1 2:5- %)) U(RN)

which holds true for € < g as in lemma 10.1 (see equation (10.6)), then

. "
, (3 & 1

2
e: < — .
’ (32(1+ 1A+ 3205, si)) V(RN)?

Let j > 2 and assume that A;_; has BRfN((%)jflg—/;) spectrum, F;_; € Urgiz(Td,sl(Q,R)), and

1E5-1(0)]] < €

o TR ], <

We obtain via lemma 9.3 functions Fj;, X; € Uy,_, (T, sl(2,R)) and a matrix A; € sl(2,R) such that
1. Aj has BRfN((g)jg—/;) spectrum,
2. 14l < A2l + &5,

3.
Qo™ = (Ajor + Fj1)e™ — ™ (45 + Fy),

4. the following estimates hold:

o if A;_; has two different eigenvalues:

_ _ 1 13 _ _
|¢ 1¢/ le 1¢|T}71 S4Cg(m) \IJ(?)RN)|1/) 11/)/Fj¢/ 11/}|r;71;
4 Co
1 13 [0 X a9 " el

= 1ep’ jw/—lwmil <4CE( Y ]‘_11/,/_11“”{72

(31

[e72mAEN) (G 2=rj1) 4 |¢711/1’Fj711/)”11/)|r;,2‘I’(?’RN)(26 +

24
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o if A;_; is nilpotent:
3 3
(Xl < 5 YEBRN)|Ej—ile
3 | X5 - ‘ —27 —r | X5 |’V‘l,
Filyy, < S By [N a0 Fy ) WERNP e+ )],
o ifady;, , =0:
1
[ Xilry < —WERN)|Fjalr
1 1x;- 1\ —on e [ X1l
|Fj|rg-,1 < ;6 |F] 1|r [ 2mA(RN) (52 =7 1) +|Fj—1|r;72‘1’(3RN)(26+€ 1*1)}.
Notice that in any case we have
_ _ 1 13 _ _
[T X §4C§(W) YBRN)[~ W' F) ™l (11.5)
0
¢/71¢|T;72
(11.6)

1

° 13 |97 X, 1T w\/ Ly
§4OO(W) Y,
4 Co

11/}/—11/}|T;72\IJ(3RN)},

[~y j¢/71¢|r;71
)+ 8|yt Fy—

[6727TA(RN)( =T

so we will use these estimates to iterate lemma 9.3
=96 ( __ k" ___ o6 1,/ —1 _))
||A||+1)) and [~ Y Fj_qp "l , < el give

Estimates ¢ < (2C)) (32(
—1 .,/ . r1—1
[~ Y X1 1/J|T;,72 S )

[ —27A(RN) (7" Ti o r 1)

Hence from (11.6)
_ _ 3RN) 13,  _ _
[~ Fy gl < 64-4C50 (3RN)(( ()] - ,3) [T i) T L
1 Co
HY T Fa ]
< 256CRU(BRN) 1 () (D)
(4)] Co
Since U(3RN) = £ ¢ and ¢ < g defined in lemma 10.1 ((see equation (10.7))
o Fy gl < e (11.7)
We will now estimate ||F;(0)|| to iterate lemma 9.3
1E5 ()] < [Fjlo = 10" )™ ¢ F " (") o < [0~ ol plole ™ o o'~ b,y
therefore . o
[E5 O < [~/ Jo 9 ploe®” < @73 =<,
(11.8)

— 1 times.

and we can iterate lemma 9.3, [
Equations (11.7) and (11.5) imply that
[~ X, < €

and
[ X T Yl < g

Conclusion :
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Let Z = eX2...eXi+1 € U, (T4, SL(2,R)). B B
Let Z' = Zy'Zyp' =1, A" = Ajq, F' = Fiyq, F' = ¢'F'+ =1 (hence Property 2) and A’ such that
&ﬂﬁ/ = A/d/ - wlAlv

then

0,7' =(A+ F\7Z' — Z'(A' + F'),
hence the properties 1 and 6 hold.
We have
0,2 =(A1+F1)Z — Z(Ai41 + Fi41)

and since for all j > 2, we have

o Jj—1 ) j—1
1A < Ayl + D e F < Ay + ) @™ = Ay + > ¢, (11.9)
=1 =1

then

! l
1) < AL+ e < Al + &3 47N+ YD,

i=1 i=1
Remind that ¥ > ¢d implies

=
IA
™
|
[N

and then, since ||A| < e,

A < Al +e¢ <2e7¢ < e7¢

thus the property 5 holds if € < gy as defined in lemma 10.1 (see equation (10.8)).

Moreover,

)l+1

[~ Fia 1)y < e (11.10)

and since [ = 56, one has

_ _ 5141 557
9 Fryad) ™ oy < |9l |0 1|T{5(4) < DA 2

thus the property 3 holds. In the case the spectrum of A was resonant, the function ® used in lemma 10.2 is not

the identity and we have

l
I < [l + ) el <

=1

1 5
/Q//(ﬂ €) + 26/1 < 5/{5< 4 2627% < kel = HN(T, B

N =

since € < g as defined in lemma 10.1 (see equation (10.9)), whence the property 8.

Estimates
Now we will show property 4 : [1/*],., < g720¢C
We know that |¢)/*!|.. < e ¢~ 523" But, by definition of A(N) = 20L&l

T ’
e2m\(%)r < 2T A(N)r < £100/loge| _ _—100
therefore
|1//i1|r~ < £ C—g5—100 < 28,
which is Property 4. Now we will show the property 3. One has
_ 7 3 7 B 3 B B B 500
|F/|T” = |1//F/1// 1|r“ = W“/J 11/)/F/1// 11/)1/} 1|r” < |¢|r|¢ 1|r|1/1 11//F/1// 1w|r” <e 2<5(4) < 526
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where the last inequality uses equation (11.10), which gives property 3.

According to the estimate .
|Zit1 - Id|7«// <egv

obtained in (11.3), we get

+1
12" = Tl < |20 = Tdlyg + | Zalog |01 10 ™ D J0™ 0 X~
j=2
+1
8 8
<ed 4 (e9 + 1) Y [T XG0
j=2

Therefore, by the estimate (11.8) and by definition of I = E(%)_OT‘;)),
6

|Z/ _ Id|,,,// S Eg + (E% + 1)28/18724‘ S 51_90
hence 7.

Proof of the property 9
We now have to estimate 1)~'Z’1 and its directional derivative in the case A has a BRf(T’E)N(T’E)(H”(E))
spectrum. In this case ® = I and ¢ = ¢/, therefore ¥ ~'Z'yp) = =1 Z19pZ. Therefore

|1/)7lz/1/)|r” < |7/}71217/}|T”|Z|r“ < (1 + 25)|Z|T”-
(where the last inequality comes from (11.3)). Moreover,
|Z|r” = |H§:;12€Xk|r”-

Now for all k € [2,1], we have seen in (11.8) that | X[ < €}.

Therefore
I+1

|Z] < [T X | < edanma e < 2

and finally,
[ 2"l < (14 2¢)e.

The estimate of 1p~*Z'~ 11 is obtained in a similar way. This gives the property (11.1).
Moreover,

|6w(¢_1zlw)|r” < |5w(¢_121¢)Z|r~ + W_lzlwacu(zﬂr” < 5%|Z|T” +(1+ 25)|6w(z)|r”
where the last inequality comes from (11.4). Now

1 141
|6W(Z)|T‘// S Z |ank|'r” H e‘Xj‘r” .
k=2 j=2
For all k € [2,1+ 1], by construction of X,

5\k_ 1
100 X5l < 20 ARl [ Xl + [Filor < 20 Ag]|| Xpelr + D"~

Now for all k& € [2,] + 1], by the estimate (11.9), the estimate (11.2) and condition 3 of this lemma, for ¢ < g
given by lemma 10.1 (see equation (10.10)),

Akl < eF pef e <X

therefore for € < gy given by lemma 10.1 (see equation (10.11)),
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~

1 I+1 I+1
|ank|T” < 22 HAkH|Xk|T” + Z |Fk|r”

k=2 k=2 k=2
I+1 I+1
<2 Z el + Z e
k=2 k=2
<e¢

and finally, for € < g¢ like in lemma 10.1 (see equation (10.12)),

100, (01 2/ < 267 4+ 2eF < e
The estimate of 9, (v 12 /_11/1) is similar, which gives property 9. O

12 Almost reducibility

Here we complete the proof of the main theorem.
Theorem 12.1. Letrg >0, A € sl(2,R) and F € U, (T¢,sl(2,R)). Then, if
|F| <o
where ¢ satisfies the assumptions above, and
Al < 5%,
then for all € < g, there exist

e 1.>0, k. €N,

e Z. €U, (T4 SL(2,R)),

o« A, €5l(2,R),

o A, F. €U, (T sl(2,R)),
o Y. € U, (2T, SL(2,R)),

such that
1. A, is reducible to A. by 1., with |y, |, <7,
2. |Fel,. <e,

3. for all € T?,

0, Z:(0) = (A + F(0))Z:(0) — Z=(0)(A:(0) + F.(0))

“zle

123 —1d],, <e

Moreover, either |0,Z.|,. is bounded as ¢ — 0 and A + F is a reducible cocycle in U,_ (T sl(2,R)) for some
Too > 0, or for all € < g¢ there exists &' < € such that

[ Aer|| < re'.

Proof. Remind parameters (P) defined in section 11 and define, for all k € N, k > 1,

k—1
ey o 508 log &
Ek =€y 3 TE:I=To ; TA(R(ri,e:)N(rs,€4))

Notice that, by Lemma 5.1, under assumption 1, for all £ € N, r; > 0.
We can apply a first time lemma 11.1. There exist

e 7y €U, (T SL(2,R)),
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o Ay, [} €U, (T4 sl(2,R)),
o A€ 81(2,R),
o g € Uy, (2T SL(2,R)),

such that

A; is reducible to A; by v,
for all G € CO(T%, sl(2,R)), ¥y ' Gyo € CO(T?, s1(2,R)),
|F1|r1 S 51;

Wt <er®,
Al <e; 7,
for all 9 € T

0,21(0) = (A+ F(0))21(0) — Z1(0)(A1(0) + F1(0)),

9
|2~ Id),, <&

if moreover A had a BRE(0:=N(o:20) (72 1y} spectrum,

g " Z1tholr, < (14 2e0)e?®

and if not,
[A1]l < " (e0)

and .
|5w(¢61Z1¢0)|r1 S 53'

Iterative step : let k > 1 and

Aka Fk S Urk (Tda 81(27 R))a
A € SZ(Q,R),
Yp_1 € U, (2T? SL(2,R)),

such that

Ay, is reducible to Ay, by ¥,_1,

for all G € CO(T?, sl(2,R)), ¥ ', Gor—1 € CO(T, s1(2,R)),
| Fie|ry, < €ks

WE | < €1

_s
[Akll < & *-

We can one again apply lemma 11.1 to get

Zk+1 S UrkJrl (Td, SL(2,R)),
Ak+17 Fk+1 € UTk+1 (Tda 51(27R))a
Ak+1 S SZ(Z,R),

Yy € Uy, (2T, SL(2,R)),

such that

Ak+1 is reducible to A1 by g,
for all G € CO(T%, sl(2,R)), v ' Gy € CO(T, sl(2,R)),
|Fk:+1|7‘k+1 < €kt1,
i s < €t
_<
Akl <epfys
for all € T?, - - - -
OuwZi+1(0) = (Ar(0) + F1(0)) Z1(0) — Zi+1(0)(Ak+1(0) + Fr11(0)),
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+1 15
Zypr — Ldlryyy S &p°

Tk+1

o if moreover Ay had a BRf(Tk’E’“)N(”’Ek)(m"(ak)) spectrum,

Vet Zrr 1Vt < (14 2e5)e** (12.3)
and if not,
[ Akl < K"(ex)
and
1
|3w(1/);ilzk+ﬂ/fk+1)|m+1 <ep. (12.4)
Result: Let € < g and k. € N such that |F|£26)k5 <e. Let
Le =121 Ly,
Ae = Ay,
e — F‘kE
"/’a "/’ks
Te =Tk

then the properties 1 and 2 hold. Moreover for all § € T?,
0uZ:(0) = (A+ F(0))Z:(0) — Z=()(A=(0) + F-(0))

and the property 3 holds. Notice that, for all k' > k., if || Ax,_ || < xe® (which is satisfied if, for example, the matrix
Apj.—1 was resonant), then

k/
JApll < Akl + D e <rK"(e) +2e < 26"(e).
i=ke+1

We also have . .
|Zl:|:1 - Idlrs S 601_0 = |Zl|T5 S 1+ 601_0

Let k € N and suppose that for all j <k —1,
|Z1...Zj|,. <2

then
Ck ‘= |Zl .. .Zk - Id|r€ S |Zk,1 - Id|TE|Z1 ce Zk71|7«5 + |Z1 ce Zk,1 - Id|r€

9
<2625+ gt

which implies

k=2 .
CkSQE el <4el’.
i=0

Finally
9
(Zy...Z1)E — 1|, <el°

hence the property 4 holds. Reducible case

Suppose that there exists k such that for all &' > k, 1 = t; (which means that for all ¥’ > k, Ay has a
BRg(Tk"E’“/)R(T"/’E"/)(fi”(sk/)) spectrum). Then
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o
®

=1
E—1 ke k—1 ke
=a.([[ 201 2 + (1 2z0o.(I] 2
1=1 j:l_c 1=1 J:E
k—1 ke k—1 ke
= ([T 201 20) + (1] 20)0u (T | ¥ty " Zswse ) (12.5)
i=1 j=Fk i=1 =k
k—1 ke k—1 ke
:6w(H Zi)( Zj)+(H Z;)[0u( E) H 1/13'_12 Y+
=1 j=k =1 j=k—1
ke ke
Vedu(T] 05 Z ot + v [T Z5w) 00 (i M),
j=k j=k

thus

k-1
1002l < |0.(]] 20) rEIHerEJrIHZIrEIwk re Hw LZio) 105
i=1

j=k
E—1
+1 [T Zil-.| Hw 'Zi3) e |65 . |t
=1
E—1
+ | H Z |T5 Hw 1Z w] |7‘5|aww 1|"‘5|¢k}|7‘5
=1 j=k

Since the factors | T[E2 Ziln. 100 TIS Zilrs (N1 Z3) s (951 [907 s |0t . |00007 . are bounded uni-
formly in € (here we use (12.3)), there exist K7, K5 > 0 independent of & such that

ks
10w Zelr. < K1+ Kol 0 ([ [ 5 200l
j=k

Moreover, by (12.4) and (12.3),

Hw ' Zj1b;) |TE<Z|8 Oz [T 1y Zals

k<i<k.
i#j
k 1
E 1 || (1 4 2e5)e%
j=k  k<i<ke
i)

therefore

and finally, |0,,Zc|,. is bounded as € — 0. In this case, Z. and 0,,Z. have adherent values; let Zo, be an adherent

value of Z.. Since
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&J(Zﬂﬁ;}) = (A + F)Za"/]l} - Zawk(Aa + wglpawl})
(where A. € sl(2,R)), and since all factors except A, are known to converge in a subsequence, then there exists a
constant A € sl(2,R) such that
and thus A + F is actually is a reducible cocycle in U, (T, sl(2,R)) for some 74, > 0.
Non reducible case
If the system A + F is not reducible, then for all & > 1, there exists k' > k such that A, does not have a

BRSY ™ (k" (e))) spectrum. In this case, || Ay 41| < 5" (ex) = Kef,.
o

We will now show a density corollary.

Corollary 12.1 (Density of reducible cocycles close to a constant cocycle). Let 1o > 0, A € sl(2,R), and G €

_s
Ury (2T, 51(2,R)) such that |G — Al,, < g9 and ||A|| < g, % with o as in 10.1, and satisfying the assumption 1.
Denote

dt.

1506 log o} 1508 /+°° A (1) In W (t)
mAo \I/_l(ea<) 7( log(26) U-1(e59) A(t)?
Then for all € > 0 there exists H € U,(2T%, sl(2,R)) such that |G — H|, < e and H is reducible.

p=To—

Proof. Apply theorem 12.1 with F = G—A. Since p < 7., we in particular get matrices Z. € U,(T?, SL(2,R)), A, F. €
U,(T4,sl(2,R)) and A, € sl(2,R) such that

o A, is reducible to A,

o 0,Z.=(A+(G—-ANZ. —Z(A. + F.) = GZ. — Z.(A. + F.),
. |ZE, <14 <2,

* |F€|p < %

Let H := G — Z.F.Z-'. We have )
OuZe =HZ. — Z-A.

and then H is reducible to A. (as A. is). Moreover, H satisfies

|H - G|, =|Z2-"F.Z|, < A|F.|, <e.
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