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ALMOST REDUCIBILITY OF QUASIPERIODIC SL(2,R)-COCYCLES IN
ULTRADIFFERENTIABLE CLASSES, AND AN APPLICATION TO THE
REGULARITY OF THE LYAPUNOV EXPONENT

MAXIME CHATAL, CLAIRE CHAVAUDRET

ABSTRACT. Given a quasiperiodic cocycle in sl(2,R) sufficiently close to a constant, we prove
that it is almost-reducible in ultradifferentiable class under an adapted arithmetic condition on the
frequency vector. We also give a corollary on the Holder regularity of the Lyapunov exponent.

1. INTRODUCTION

Let d > 1 and w = (wy,...,wq) € R? a rationally independent vector (meaning that no non
trivial integer combination of the (w;);—1,. 4 can vanish). We will assume that sup; |w;| < 1. We
will note T¢ := RY/Z4 and 2T¢ := R?/27Z¢. Let A : T¢ — sl(2,R) be in a certain class of continuous
matrix-valued functions. We call quasi-periodic cocycle the solution X : T? x R — SL(2,R) of
the differential linear equation

(1)

One of the main motivations for studying quasi-periodic cocycles is the study of quasi-periodic
Schrédinger equations

{ 4XHO) = A0+ tw) X1(0)
X%0) = Id

—y"(t) + q(0 + tw)y(t) = Ey(t)
where ¢ : TY — R is called the potential, and £ € R the energy. It gives rise to a cocycle with
values in SL(2,R). The cocycle is said to be a constant cocycle if A is a constant matrix. A
quasi-periodic cocycle as in (1) is said reducible if it can be conjugated by a quasi-periodic change
of variable Z : T¢ — SL(2,R) to a constant cocycle, that is to say, if there exists B € sl(2,R)
such that, for all § € 2T% :
0,72(0)=A0)Z(0) — Z(0)B

In general, it is important to require the change of variables Z to be regular enough. Is this
paper, we will be interested in the perturbative setting, that is to say, in quasi-periodic cocycles
close to a constant :

(2)

where A € sl(2,R) and F : T¢ — sl(2,R) is of ultra-differentiable class and small enough, with a
smallness condition depending on w.

Reducibility is a strong property and reducibility results generally require many assumptions.
Here we are interested in a weaker property which is almost reducibility. A cocycle like (2) is said

{ LXHO) = (A+ F(0 + tw)) X!(0)
X00) = Id

Key words and phrases. quasi-periodic cocycles, ultradifferentiable class, almost reducibility, Lyapunov expo-
nents, quasi-periodic Schrédinger equation, integrated density of states, Brjuno-Riissmann condition, small divisors,
diophantine condition, KAM method.
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almost-reducible if it can be conjugated by a sequence of quasi-periodic changes of variables to a
cocycle of the form ) B

%Xt(ﬁ) = (A (0 + tw) + F,(0 + tw)) X'(0)

X(0) = Id

where A, is reducible and F,, is arbitrarily small.

Ultra-differentiability : To quantify the regularity of F € C**(T%, s/(2,R)) and the size of the
sequence (F},) above, we introduce the weight function A : [0, +00[— [0, +00[ which we will assume

to be increasing and differentiable. Expanding F in Fourier series F(8) = ez F(k)e2 ™50 we
will say that F'is A-ultra-differentiable if there exists r > 0 such that

|Fly = |F|s, = > | F (k)] < o0
kezd

where |k| is the sum of the absolute values of the components of k, and we will denote F' €
U.(T?, sl(2,R)) = Uy (T4 sl(2,R)). To make this space a Banach algebra, we will require A to
be subadditive :

Az +y) < Az) +A(y), Va,y>0

If A =1d, it is the analytic case.

Remark 1.1. The standard definition of ultra-differentiable functions involves Denjoy-Carleman se-
quences, that is, real sequences satisfying certain conditions which act as bounds on the successive
derivatives of a given function. However, the above definition, introduced by Braun-Meise-Taylor
([6]), can be linked to Denjoy-Carleman classes (see [12], Theorem 11.6). Since Fourier series
appear naturally in the problem considered here, we chose to use Braun-Meise-Taylor classes as a
starting point.

Non-resonance condition on the frequency: An often studied situation is the case where
the frequency vector w if Diophantine (which we denote by w € DC(k, 7)), for some 0 < k < 1
and 7 > max(1,d — 1) :

|(k,w)| > vk € Z4\{0}

Ikl
where (-, ) is the standard Euclidean inner product. It was proved by Eliasson [10] that in the
analytic case, if w € DC(k, T), and F' is sufficiently small, Equation (2) is almost reducible. This
result was improved by Chavaudret [9] who proved that the convergence occurs on analyticity
strips of fixed width (whereas Eliasson’s theorem gave the convergence on strips of width going to
7Zero).

One of the aims of the present paper is to weaken this arithmetic condition by introducing the
approximating function

U : [0, +oo[— [0, +00]

with W > id (which is not restrictive since it is satisfied by the diophantine condition). We will
assume ¥ to be increasing, differentiable and satisfying, for all z,y € [1, +o0],

U(z+y) > V(z)+U(y)
thus for all n € N, and for all z > 1, ¥(nx) > n¥(x). In our problem, w will satisfy the following
arithmetic condition for some x €]0,1] :

[(k,w)| =

K

d
s TReZA0)




(notice that the case W(.) = |.|", is the Diophantine case).
We will require the following condition:

log W(t) B
St A@) 0.
e N(6) ln (1)
o0 t)InU(t
/0 TAGE dt < 400

This condition, known as the A-Brjuno-Riissmann condition, will be denoted by w € BR(k).
This coincides with the well-known Brjuno condition if A is the identity.

If A is elliptic, an almost reducibility theorem was given in [4].

The purpose of this article is to show the following theorem:

Theorem 1.2. Let 7y > 0, Ay € sl(2,R) and Fy € U, (T4 sl(2,R)). Then, there exists g,
depending only on Ag, k, A\, ¥V, 1o such that, if

| Folre < €0
then for all € < g, there exist
e r.>0, (€0, é[,
o 7. €U, (T4 SL(2,R)),
o A €5l(2,R),
o A, F. cU, (T sl(2,R)),
o . € U,.(2T% SL(2,R))
such that
(1) A. is reducible to A. by V., with |¢.|,. < e 3¢,
(2) |Fel,. <e,

(3) lima_m’f’a > 0,
(4) for all § € T?,

awZe(e) = (AO + FO(H))ZE(Q) - Za(e)([le(e) + Fe(e))
(5)

9

|Z{-§tl - Id|7"s S 56_0

Moreover, either W, becomes constant as € — 0, or there exist arbitrarily small € such that
| ALl] < KeS.

This theorem states almost reducibility in an ultradifferentiable class with the same weight
function as that of the initial system, but with a smaller parameter r.. Notice however that the
parameter r. does not shrink to 0. In order to achieve this, the resonance cancellation technique
is similar to the one in [9]. Notice that, for topological reasons, a period doubling is necessary in
order to preserve the real structure. This phenomenon was already observed in [8].

As found out by Avila-Jitomirskaya ([2]), in the case of a Schrédinger cocycle, a quantitative
almost reducibility result can be used to prove Holder regularity of the Lyapunov exponent and
of the density of states. Thus, our main result has the following corollary:

Corollary 1. Under the assumptions of Theorem 1.2, the Lyapunov exponent is %-Hdlder contin-
wous at A+ F.

A corollary on %-H(’jlder regularity of the integrated density of states is also given in section
13.2.
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Comments on the proof: The proof of the main result relies on the well-known KAM
algorithm: a step of the algorithm will reduce the size of the perturbation to a power of it,
by means of a change of variables which might be far from identity (if resonances have to be
cancelled), but is still controlled by a small negative power of the size of the perturbation. The
order at which one removes resonances to avoid small divisors has to be suitably chosen in order to
decrease the perturbation sufficiently while having a sufficient control on the change of variables.
One also has to shrink the parameter of the ultradifferentiable class at every step, and in order
to have a strong almost reducibility result (i.e a sequence of parameters not shrinking to 0), the
A-Brjuno-Riissmann condition comes naturally.

If resonances are cancelled only finitely many times, then the change of variables remains close
to identity at every step afterwards, which gives reducibility. Otherwise, the constant part of the
system itself becomes small, with an estimate which is used in the proof of the corollary 1.

The main theorem, which is Theorem 12.1 below, is proved by iterating arbitrarily many times
the Lemma 11.1 below; Lemma 11.1 gives a conjugation between to systems A + F' and A+ F
where both A and A’ are reducible maps and F’ is smaller than F, with a controlled loss of
regularity.

The proof of Lemma 11.1 can be sketched by the following diagram:

Ton PpleTleXe - = Dy eX1 o=t - = T o
A+F — A+ F  —  A+F — Av+FF — .. —> A+ F (A A+EF = A+F
Lemma 10.2 Lemma 9.3 Lemma 9.3
where A, Ay, ..., A; are constant matrices, A, Ay, ..., A, are reducible, and F, F, F}, F; are small.

No non resonance condition is required on A, making it necessary to construct the change of
variables ® which will remove resonances, but may be far from the identity (Lemma 7.1). However,
once this is done, the matrices Ay, ..., A;_; remain non resonant enough in order to reduce the
perturbation a lot without having to remove resonances again.

The superscripts on the arrows refer to the changes of variables. The changes of variables with
an exponential expression are close to the identity, therefore the total conjugation, from A+ F to
A’ + F'_is close to identity, which makes it possible to obtain the density of reducible systems in
the neighbourhood of a constant.

2. NOTATIONS

The notation E(x) will refer to the integer part of a number z.
If FF € L*(2T%) and N € N, the truncation of F' at order N (denoted F) is the function we
obtain by cutting the Fourier series of F' :

Im|<N

In order to simplify the notation throughout this paper, we will write W(-) for ¥(] - |), and A(+)
for A(]-1).
We will denote by || - || the norm of the greatest coefficient for matrices.



3. DECOMPOSITIONS, TRIVIALITY

We take the following definitions from [9], describing decompositions of R? and triviality, which
will avoid to double the period more than once.

Definition 3.1 (Decomposition). o If A € sl(2,R) has distinct eigenvalues, we call A-
decomposition a decomposition of R? as the direct sum of two eigenspaces of A. If L
is an eigenspace of A, we write o(A|) the spectrum of the restriction of A to the subspace
L. We shall denote by £4 the decomposition of R? into two distinct eigenspaces of A, if
the related eigenvalues are distinct.

o If R? = L @ Lo, for all u € R?, there exists a unique decomposition u = u; + us, u; €
Li,uy € Ly. For i = 1,2, we call projection on L; with respect to L = {Li, Lo}, and we
write P£ the map defined by Pfu = u;.

Recall the following lemma on estimate of the projection (see [10]) :

Lemma 3.2 ([10]). Let &' > 0 and A € sl(2,R) with k'-separated eigenvalues. There exists a
constant Co > 1 such that, for any subspace L € L = L4,

16
c
IPEN < Co( )
Remark 3.3. The estimate given in [10] is more general since it also concerns matrices A with a
nilpotent part. Here the setting in s/(2,R) makes the estimate a little better.

Definition 3.4 (Triviality). Let £ = {L;, Lo} such that L; @ Ly, = R?. We say that a function
¢ € CO(2T? SL(2R)) is trivial with respect to L if there exists m € $7Z% such that for all § € 2T,

¢(9) — e2i7r(m,€>Pfl + €—2i7r(m,€>P[L/‘,2
If |m| < N, we say that ¢ is trivial of order N.

Remark 3.5. o If oy, 1)y : 2T¢ — SL(2,R) are trivial with respect to £, then the product
Y1)y is also trivial with respect to £ since, for all L # L', PFP5 = 0.

e If 9 is trivial with respect to a a decomposition £ of R?, then for all G € C°(T¢, sl(2,R)),
we have YGy~! € C(T?, sl(2,R)). Indeed, notice that if ¢ = e*™(m) PE 4 e=2m(ms) pL
for some m € 127, then

w—l — e—2i7r<m,v>Pf + €2i7r<m,v>Pf
1 2
(it’s a simple calculus to check that with this expression, 19~ =+l = I.) Then,

¢G¢_1 _ (e2i7r(m,->Pfl + 6—2i7r<m,v>Pf2)G(e—2iﬂ(m,->Pfl + 62i7r(m,->sz)
= P[ GPf, + P[,GP[, + ¢¥™™) PL GPL, + e ™™ PL GPf

2

which is well defined continuously on T¢. Hence the function 1 will avoid a period doubling.

4. CHOICE OF PARAMETERS

In this section, we define all the constants and parameters used in this paper.

{ 8 = 100000
= 15
Let for all r,e > 0,
|
Nr,e) = A~ (2220l

wr
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1
N || Y
Rire) = 30— )
K" () = ket
Pre) = — 500] log |

TA(R(r,e)N(r,e))
5. SMALLNESS OF THE PERTURBATION
Let 7o > 0, Ag € sl(2,R), Fy € U, (T%, sl(2,R)).
Assumption 1. The functions A, ¥ satisfy
In W(¢)

e A(t)
and gq is small enough as to satisfy conditions of lemma 10.1 below and:

=0

1508 log &0 1508 /+oo N () In¥(t)
TAoU—1(e¢)  mClog(20) Ju—r;)  A(t)?

These conditions depend on 7y, A, V.

dt<’l“()

We shall define the following sequences of parameters used throughout the iteration:

&k = E(()%)k
50| log e
A(Ny) = A(N(ry, 21)) = 50[log 2|
Tk
1
= S
Ry, := R(ry, er) SN (o) (ex")

and
il 50| log &;|
=T ) TA(R(rs,e) N (15, 1))

1=0

Lemma 5.1. Under either the Assumption 1, the sequence ry converges to a positive limit.

Proof. Notice that, for all k, and since A is subadditive,
1 < 3

1

Then
500|log ey Z1506|log<€k|
WA(Rka) - k>0 7TA(3Rka)
k
< 1500 3 (26)"| log &g
T k>0 A(?)Rka)
(26)*|1log &¢|
Z —1(~—¢
o AP (eg"))
1500] log &g | 1500 log &g /+°° (26)*
= Ao \If_l(GJC) T 0 A(\II_I(EO_C(%)”))

D

k>0

1500
<

™

dx



With the change of variable ¢ := (26)*

1500|log &9 1506 | log &9 /+°° t 1 gt
T Ao U1 ) T 1 AT (g5Ch) tlog(26)
1500| log &g | 1500| logeg| [t 1
= - —————dt
mAoW-l(eg)  mwlog(20) Ji A(TL())
With the change of variable v := ¥~(g; ")
1500] log &g | 1500| logeg| [+e° 1 U’ (v) o
T Ao U-(g¢)  wlog(20) Jui;4) A(v) —(logegT(v)
15061 log o 1506 /+oo v
T aAoU-1(g¢)  mClog(20) Jurey¢) Av)¥(v)
After integrating by parts,
3 500 log e < 1504] log &g 1500 a log(g5¢)
=0 TA(RRNE) T Ao Ul(ep¢)  mClog(20)" A(T1(5))
oo AN(v)log ¥ (v
(5.1) /111(504) Alv)log W(v) 3&(1})2 ( )dv]
1500 log &0 1504 /+°° AN (v)log \Il(v)dv
T Ao Ul(6¢)  mClog(20) Jumreg  Afv)?

. . log¥(v)
provided vllgi-noo W

limit. O

= 0, thus the assumption 1 implies that (ry) converges to a positive

Remark : We naturally find the Bruno-Riissmann condition with respect to weight function A,

/
which is the convergence of / Mdv.
A(v)?

6. ELIMINATION OF RESONANCES

Given a matrix A, a useful technique in the KAM iteration will be to remove the resonances in
the spectrum of the matrix A. To characterize the non-resonance of z € C (depending on w, a
constant £’ > 0 and on an order N € N) we will write z € BRY (') if and only if :

vk € ZN\{0}, 0<|k| <N = |z — 2in(k,w)| >

W (k)
Definition 6.1. We will say that A has BRY (x') spectrum if
o(A) ={a,d'} = a—a € BRY(K)
In particular, if the eigenvalues of A are iav and —ia with o € R, A has if BRY (x') spectrum if
2ia € BRY (1)
Remark 6.2. If A has real eigenvalues a, o/, then for all N € N, A has BRY (k)-spectrum because

o — o' = 2im{m, w)| > [2im(m, w)| > i

Lemma 6.3. Let o € R, N € N* and x’ = ﬁ There exists m € %Zd, Im| < %N such that,

if we denote o/ = o — 2m(m,w), then 2ia’ € BRY(x') and if m # 0 then |o'] < %'
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Proof. We want to remove the resonances between iov and —ia. If 2ia € BRL{Y ('), let m =0 and
we are done. Otherwise, if there exists m’ € $Z% with |m’| < N such that

K
|2c0 — 2 (m/,w)| < e
then let m = ™ and 2o/ = o — 2m(m,w). It’s a simple calculus to check that, in this case,

2 N
|2¢/| < K/, hence o < %' Now, for all k& € %Zd, k<N,

12ia — 2im(k,w)| >

Then 2io/ € BRY (x)). O
Lemma 6.4. Let « € R. Forall R R, N € N, N > 1, R > 2, there exists m € %Zd, Im| < %N

such that, if we denote K" = and o = a—2m(m,w), then 2ia/ € BREN (k") and if m # 0

K
U(3RN)
then |o/| < %”

Proof. If & € BREN(x"), then m = 0. Otherwise, apply the previous Lemma with N = N and
k' = K" to obtain |m| < 3N such that |a — (m,w)| < &. Therefore for all 0 < |k| < RN,

I > > K ERUES
12/ — 2w (k,w)| > |27 (k,w)| — K 0 K =10

and then 2ia/ = 2ia — 27 (m,w) € BREN (k). O
7. RENORMALIZATION

We want to define a map ® which conjugates A to a matrix with BREV (") spectrum.

Lemma 7.1. Let A € sl(2,R),R > 2,N € N\ {0}. If " = m and A has K"-separated

eigenvalues, then there exists a map ® € C°(2T¢, SL(2,R)) which is trivial with respect to L4 (the
decomposition into eigenspaces of A), and a constant Cy > 1 such that,

(1) For all v > 0,
e N ! 1 6
[©5!|,r < 263 (=)

(2) If A is defined by the following condition: for all 0 € 2T¢,

0,0(0) = AD(9) — B(9)A
(note that A actually does not depend on 6), then ||[A — A|| < 7N and A has BREN (k")
spectrum.
(3) For any function G € C°(T% sl(2,R)), we have @GP~ € C°(T?, s1(2,R)).
(4) If A A then ||A]| < 1x".

Proof. Let m given by Lemma 6.4 with o the imaginary part of an eigenvalue of matrix A. If the
eigenvalues of A are in R, then m =0 and ® = 1.

Otherwise, let L; be the invariant subspace associated to ic, Lo associated to —ia and let for
all § € 2T,

(I)(e) _ e2i7r(m,€)PflA + e—2i7r<m,9>PfQA

For all 0, since the eigenvalues of ®(6) are complex conjugate, we have ®(¢) € SL(2,R), and
from Lemma 6.4, A has BREN (k") spectrum (since the eigenvalues of A are +ia obtained from
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lemma 6.4 where i are the eigenvalues of A). Moreover, the spectrum of A— A is {£2im(m, w)}
and |2im(m,w)| < 7N (remind that |m| < N, and that we supposed |w| < 1) whence 2. Moreover,
because |m| < N, and from Lemma 3.2,
/ 16 /
D < (1Pral + [ Pral)®™ 5 < 20y () e
whence 1. The property 3 follows from the triviality of ® (see the remark 3.5).

For the estimate in 4, notice that if A # A, that is to say if the spectrum of A was resonant,
® # I conjugates A to A. In particular, from lemma 6.4, the two eigenvalues i& and —id of
A (which are the eigenvalues of A translated by 2im(m,w)) satisfy |id — (—i@)| < & and then
IA| < Sk O

Definition 7.2. A function ® satisfying conclusions of lemma 7.1 will be called renormalization
of A of order R, N. Here the resonance is removed up to order RN whereas the estimate involves
an exponential of A(5) and U(3RN).

8. COHOMOLOGICAL EQUATION

In order to define a change of variables which will reduce the norm of the perturbation, we will
first solve a linearized equation, which has the form:

(8.1) Vo € T¢, 0,X(0) = [A, X(0)] + FN — F(0), X(0) =0

Here A € sl (2,R), therefore either it has real non zero eigenvalues, or it is the zero matrix, or it
is nilpotent, or it has two eigenvalues 1o, —ta,, & € R*. Only in the latter case can A be resonant.

Assume the eigenvalues are different (so, either they are distinct reals or they are complex
conjugates). Let Ly, Ly be the eigenspaces. For all L, L' € {L;, Ly}, define the following operator:

App o gl(2,R) = gl(2,R), M — Ay M := APLM — MP, A

It will be necessary to compute the spectrum of every Ay ;s to estimate the solution of the
linearized equation. This is done in the following lemma:

Lemma 8.1. Let L, L' € {Lq, Ly}, B the eigenvalue associated to L and ~y the eigenvalue associated
to L'. The spectrum of A 1 is {8, —, —,0}. Moreover, the operator Ar 1/ is diagonalizable.

Proof. Let P € GL(2,C) such that P~'AP = g g . Notice that {3,7} C {8,7}. Denote by

E; ; the elementary matrix which has 1 as the coefficient situated on line ¢ and column j, and 0
elsewhere. ~ -

Case 1: L # L'. Here {#,7} = {B,7}. Without loss of generality, assume § = 5,7 = 7,
that is to say, L = Ll,L/ = Ly. Then P;, = PE171P_1 and P, = PE272P_1. Thus PE171P_1
is an eigenvector associated to [ and PE,,P! is an eigenvector associated to —y. The matrix
PELQP_I is an eigenvector associated to B — v and PE271P_liS in the kernel.

Case 2: L =L = Ly. Here =~ = B Then Pﬂl,lP_l fmd PE2’2P_1 are in the kernel and
PE, 2P~ PEy P71 are eigenvectors associated to 3 and —f3 respectively.

Case 3: L = L' = Ly. This case is very similar to the previous one. U
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Now assume 0 is the only eigenvalue of A. If A is the zero matrix, then ad i = 0. Otherwise A
is nilpotent and in this case one has the following lemma:

Lemma 8.2. Assume A is nilpotent. Then the operator ad; has rank 2 and norm less than 1,
and is nilpotent of order 3.
Proof. Let P be such that P~'AP = ( 8 (1) ) Then PE;,P~! and P(E1; + Eop)P~! are in the
kernel. Moreover ad ;PE;1P~' = —PE;;P~" and ad ; PEy P! = P(Ey; — Ey) P!, therefore ad 5
has norm less than 1.

This also implies that ad%(PE;1P~") = 0 and ad®(PE,;P~") = 0. Finally ad; is nilpotent of
order 3. U

Proposition 8.3. Let N € N, ' €]0, s],7 €]0,ro[. Let A € sl(2,R) with BRN (k') spectrum. Let
F € U, (T4 sl(2,R)). Then there exists a solution X € U,(T% sl(2,R)) of the equation

(8.2) v € T, 0, X (0) = [A, X(0)] + FN — F(0), X(0)=0
The truncation of X at order N is unique.
Moreover,

(1) if A is diagonalizable with distinct eigenvalues, let L3 = {Ly, Lo} (the decomposition into
eigenspaces of A) and ® = PF e*™m) + PE e=2mm) for some m € 1Z%, |m| < N, such
that fori € {1,2}, | PE|| < 252, then

13

- 1 -
XD, < 4002(9) U(N)|® FD|,

(2) if A is nilpotent,

X, < Sw(N)IF,

K3

(3) if adz = 0, then
3 1 _
X, < Lw()|F),

Proof. About existence, uniqueness and continuity of X € sl (2,R) on T, the proof is the same
as [9], proposition 3.2. We now have to show the estimate which also follows from [9] and we will
adapt the proof to ultra-differentiable setting.

Case 1: A has two k'-separated eigenvalues. Let & = PL162”<’”1"> + PL26_2”<m1"> where Ly
and L, are the eigenspaces of A, and |mi| < N. For all L,/ € L, let the linear operator
Apr o gl(2,R) — gl(2,R), M + Ap M := APLM — M Py, A. We decompose (8.2) into blocks,
and we get for all L, L' € L,

A

0,(PLX(0)Pp) = AL PLX(0) Py + PL(EN — F(0)) Py
Then for all m € 327, 0 < |m| < N,

2

2im (m, w)(PLX (m)Pr) = App(PLX (m)Py) + PLE(m)Py
Let

Ap = (2ir(m,w)] — AL 1)
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By Lemma 8.1, o(AL 1)) = {a — o/,a, —a/,0;a € 0(A),a' € o(A1)}, therefore o( Ay 1 —
2im(m, w)I) = {a — o/ — 2im(m,w), a — 2ir{m,w), —a’ — 2ir(m,w), —2ir{m,w);a € o(AL),o’ €
a(fl| 1) }. Moreover Ay ;/ is diagonalizable, therefore Ap as well, with non zero eigenvalues, and
4511 = max{|3]. 8 € o(A5)) = max{l7| .7 € o(Ap)}.

Since Voo € 0(A|L), ' € o(Aj), |a — o — 2im(m,w)| > ﬁ;n) (form e Z*if L=L", me ;2% if
L # L), then

) _ U(m
I(@imtm, ) — A7) < ()
Finally, for all 0 < |m| < N,

YOR)Y |y By )

Denoting by mj, the vector appearing in ¢ along the projection onto L, this estimate implies:

| PLX () Py|| = ||(2im{m,w) — Ap.) " PLE(m) Pyl < (

|PLXe2i7T(mL—mL/7->PL/|r/ = Z ||PLX(m —my + mL/)PL/||e27TA(m)TI
|m—mr+mp/|<N
3 (| — ,
< Z HPLF(m_mL+mL/)PL/||62”A(m)7‘ (\m m/L—FmL D
lm—mp+mp/|<N K
U(N -
(83) < %|PLF62Z7T(mL—mL/,.>PLI|TJ

We finally estimate |®~1 X ®|,..

|(I)_1Xq)‘r’ — | Z PL(I)_qu)PL"r’ — | Z PLXeQiW<mL—mL/,.>PL,|T,
LL'eL LL'eL
therefore, from (8.3),

T(N)

/

- V(N ~
Z |PLF€2m<mL_mL”'>PL/|T = ( ; ) Z ‘PL(I)_lF(I)PL/‘T
LL'el K prec

therefore, since ||Pp|| < i?g, we get the result

|PIX D, <

- 1.\13 1=
DX P, §4C§(;) U(N)|® FD|,.

Case 2: A is nilpotent. One has to estimate the inverse of the operator 2im(m,w)l — ad ;. By
Lemma 8.2,

(8.4) (2im(m,w)I — adz)™" = (2im{m,w)) "I + (2im(m,w)) " ad;

Therefore

1(2im(m, w)I — adz) 7| < 3[2im (m, w)|~

Finally, for all 0 < |m| < N,

1X (m)| = || @i {m, ) — Ap )~ F(m) | < 3(

Thus,
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. 3 .
X < SWNPIE],
Case 3: The operator to invert is just 2im(m,w)l, which makes the estimate much simpler.

O

9. INDUCTIVE LEMMA WITHOUT RENORMALIZATION

Before stating the inductive lemma, we will need this next result which will allow us to iterate
the inductive lemma without needing a new renormalization map at each step.

Lemma 9.1. Let &' €]0,1], F € sl(2,R),& = |F||, N € N, A € sl(2,R) with BRN (') spectrum.
If

§<( I<L/ _ )2 1~
TB2(1+ Al w(N)

then A+ F has BRf(?’T“/) spectrum.

Proof. If & € o(A + F), there exists a € o(A) such that |o — &| < 4(||A|| + 1)&2 (see 9], lem
4.1). Since A has BRY (') spectrum, for all o, o/ € o(A+ F), for all m € 1Z%, 0 < |m| < N
I{/
W (m)

which is satisfied by assumption. O

la — o — 2im(m,w)| > — 8(||A|| + 1)ez

We have to check that 8(]|A| + 1)é2 <

4\Il(m

Lemma 9.2. Let N > 1. If L = {Ly, Ly} is a decomposition of R? into supplementary subspaces,
and ® is trivial with respect to L of order N, then for all 0 < 1’ < r and all G € U,(T?, sl(2,R)),

|(I)_1( G3N>(I)| <€—27rA )(r—r' ‘(I) IG(I)|
Proof. Write ® = Pf e*™mi) 4 PE e?imimi) iy € 174, then

|(I) (G G3N q)‘ Z PL G3N)€2i7r<mL—mL,7.>P§ |T,
L,L'eL
= IS PE(G — G)(k —my + my) PE ™0
kezd L,L'
=> 1> PF(G G3N)(k; mp + my)PE||2AE)r 2mAw) =)
kezd L,L'

Now if |k| < N, then for all L, L' € £, |k —my, +my| < 3N, and X pep PE(G— GIN)(k —my, +
mp)PE = 0, therefore

27HG = G|y < TN ST ST PEG(k — my, o+ my ) Pl e
|k|>N L,L'eL

<e 2 A(N)(r' —r) Z PCG62Z7T mr—my, PC| _627TA )(r'—r) |q> 1G(I)|
L, L'el

We can now state the first inductive lemma, which does not require a renormalization map.

Lemma 9.3. Let

©&>0,f>00<k <1,NeN# <7,
o e Ux(T% sl(2,R)), A € sl(2,R).
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If
(1) A has BRN(x') spectrum,
(2)

/

S _ K 2 1
PO < (G am) wiy

then there exist
e X € Ux(T?, sl(2,R)),
o A esl(2,R),
such that
(1) A has BRY (32 spectrum,

4

(2) |A - Al <¢,
If F' € Ux (T, s1(2,R)) is defined by

(9.1) VO € T 0,eX D = (A4 F(0))eX?D — XD + F'(6)),

then we have the following estimates :

If A has two different eigenvalues, if ® is of the form ® = Pp e*™m) 4 Py e=2mm:)

where Ly, Ly are the two eigenspaces of A, |m| < N and ||Pp,|| < 2560,

(3)

_ 113 S
D' X P|x §4C§(;) U(3N)|® FD|;,

(4)
Pl < acgen e (1)t [
+|<I>—1Fc1>|f\11(3N)(26 4 eloixely )]
If A is nilpotent:
(5) 3
Xl < UGN,
(6)
|F |7 < ielx‘ﬁ|F~’|~|:e—27rA(N)(F_f’)
T = KJ3 7
HEU(BN)*(2e + eXI)]
[f CLdA~ =
(7) 1
X|pr < WEN) .
(8)
|F'|i < 16|X\W|F|~[e—27rA(]\7)(f«_;«/)
T = P 7
HE[W(3N) (26 + X)),
In any case, there is the estimate
(9)

10,X |7 < 2||A|| |X|5 + |F|w.
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Proof. By assumption, A has BRf:7 (k') spectrum, so we apply Proposition 8.3 with N = 3N. Let
X € U(T?, sl(2,R)) a solution of

V0 € 2% 0,X(0) = [A, X (0)] + F3¥(9) — F(0)
satisfying the conclAusion of Proposition 8.3. This obviously implies tbe property 9.
Let A’ := A+ F(0). We have A’ € sl(2,R) and ||[A — A'|| = ||F(0)], and then property 2.
With assumption (2) we can apply lemma 9.1 to deduce that A’ has BRY (2) spectrum, and

then property 1.
If F” is defined in equation (9.1),

~ o ~ 2 1k_1 o 2
(9.2) F''=e M (F—F*N)+e X F(eX—Id)+ (e —Id)F(0)—e ™ > P ST XHFN-F(0) X
k>2 =0
e Case 1: A has two different eigenvalues : Let ® be as required, then
1O F' D < el XU (|0 (F — P3N + |D DB X B (26 + el X))

From proposition 8.3, estimate 1,
-1 < |p-1 < 402 1y13 N\ -1 F
D' XDy < |d' XD < 400(5) U(3N)|®~ FD|;
whence (3); and from lemma 9.2, since 7 < 7,
|(I) ( F3N>(I)| L < 6_27FA(N)G_;/)‘(I)_1F(I)|;
which finally gives
‘(I)_IF/(I)|7:/ < e|<I>*1X<I>\7;/[ =27 A(N)(F—7 ‘(I) lF(I)|
+|<I>‘1F<I>|f403(—,) BN O (2e 4 el X))
< 402Xl ( ) (@7 FP|; [e 2 AN 4 |0 [T (3N) (26 + €l X))

K

hence 4 holds.

e Case 2: A is nilpotent : (9.2) implies

||z < Xl | — B3N |5 4 | FI2| X | (26 4 eX17)]

From proposition 8.3, estimate 2,

[ X[r < |X|r < 5 VBN F;

3
which is estimate 5. Moreover, from Lemma 9.2,

|F F3N| < 6—27TA (7’ 7 |F|
Therefore, similarly to the previous case, we get
|F/| < iepﬂﬁ |f7’| _ [6—27rA(N)(f_f’)
ro = /{:3 7
+|F|zW(3N)?(2e + e‘X|F')}

which is estimate 6.
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e Case 3: adz = 0 : From proposition 8.3, estimate 3
X]s < SWEN)|F;
which is estimate (7), and similarly to the two previous cases, we get the estimate (8):
'] < %emf By [e2rate—)

+HF|: W (3N)(2¢ + 1)),

10. INDUCTIVE LEMMA WITH RENORMALIZATION

The following Lemma is used to define the smallness assumption on ¢, mentioned in section 5.
This smallness assumption shall be sufficient for Lemmas 10.2 and 11.1.

Lemma 10.1. Let [ = 56. There exists eg > 0 depending on Cy, C' Kk, by and Ds, such that, for
all € €]0, ], the following inequalities hold for all 2 < j <1 :
In lemma 10.2

1 85 3 _1

(101) —ReT28 4 862 < Z,%«m

403 —13¢ -3¢ _1-2¢ z
(102) F&f 9 9 <es
(10.3) 80381—%—%(81005 + 361_6C) < E%_‘K_%

In lemma 11.1
_ _ K 576
(10.4) £1-576¢ < (2C,) 96(7(;)
32(e72 +1)
5 3k
(10.5) 83—4—18 S( 4(]05 : _ )2€2<
214+ (1 +m)e"2 4e21)
) 3Vj £ ~C
(10.6) e < ( = G) A ) e
32(1+e2 + (L4 m)e™5 + 20 @' —a)
_ 1 13 (5yj-1, 506 5yi-1 5

(107) 256035 14{(@) 5(4)J (€l +5(4)J )§€(4)J

4 0

! o
(10.8) e% 4 e % + Zg(%)l_ﬁ < e ¢
i=1
1 5 1

(10.9) 5&54 + 26171 < ket
(10.10) g5 et 4 e << e X

(10.11) 4e2HE 49058 < ¢



16 MAXIME CHATAL, CLAIRE CHAVAUDRET

(10.12) %7 4 2% < 7

Proof. Equations in lemma 10.2

Equation (10.1) holds for

Equation (10.2) holds for
4C2\ %
e < ( i ) o
Equation (10.3) holds if

025432( 1008 35288) <t o 8C2 (1% 4 35%) < gsor
therefore, if we have

864

24025m < 1 431

{ 802 1006 < 18431
864

which is satisfied if s
e < (48C%) 215
then inequality (10.3) holds.
Equations in lemma 11.1

Equation (10.4) holds if
K

1 1 1
Ti52 saz < (2C)) " ®
gTIsE + g861 < ( 0) 6 %

which is satisfied if

=]

etz < £(2C,) 7% e < (&)12(20,) 1
64 4
< & TN e< (:2)364(2C;) 144
Equation (10.5) is satisfied if

e m (1% 4 (14 m)e5)2 < (

For ¢ <1, we have
145+ (1+m)e3 < dme
then we need

5 1 3I<L
].6 2_2—=-5C < 2
T < (e
which is satisfied if
3K 2119
< ( )1728

5127TC()
Equation (10.6) is satisfied if

5\ 5 3 . K
GV =gs—4C(1 4L 2% 4 (1 ~§ 4ot m)2 < (D)2 (2
€ (I+e2 4+ (1+me 242 ) _(4) (3200)

If e <1, then

mll\

14+e2 + (147)e™ 5420179 < Ame”
then it’s enough to have



which is satisfied if
3 K 3456

< ((2)208 21 2110
S CUNSTr=rnl)
Equation (10.7) holds if

4 131y, C
2563 ()"0 (=2

We will first show that, for all j € [2,1], and for ¢ small enough,

YB3 4+ @) < M

e + e < s @
Since [ = 56, this condition is satisfied if for all j € [2,[] if
2 < e3(D)
2 <3

j—1_ 508
7

which holds if

then equation (10.7) is satisfied if
1

4 . C 51— 4 , 1
256CH(5) S0 (C0) < MDY e < (25608750 T RT

K
Now, as Cp > 1 and 0 < k < 1, since € < 1,

(240015)W N (24035)14,;%(%) _ (240015 861

/€13 - /‘€13 I‘€13
and o
1861 4 —134 4. 1437696
(_)14<7T12<3)H > (_)14<—T1g<ﬁ)4 - (_)—W
3 3 3

Finally, equation (10.7) is satisfied with

178 (— ) 5545

< 240015 1128 4 _ 1437696
€= ( Kr13 3

Equation (108) iS Salisﬁed lf
23 < 5_ 1 ¢
€25 + e 2 + 254 18 < g7 5,

So if we have

£ = et e < (iio)iééi

me s < de7¢ & e < (TP

2t < Le¢ e < (2%)%
then equation (10.8) holds.
Equation (10.9) holds for

K\ 3t
e < (Z)

Equation (10.10) holds if

g—% < %5—2@‘ e < (%)1152

B <le® o0 e<(w

R e < (L)

17
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Equation (10.11) holds if

1061 864
{Se Zf = {20
2e1s < 5€ < (Z)l
and then equation (10.11) holds.
Since, for £ < 1 we have €5 < 2, equation (10.12) holds if
45% < a%
that’s it to say, if
1
< —.
© = 256
Now define ¢y in order to satisfy conditions (10.1) to (10.12).
U
Lemma 10.2 (Inductive lemma with renormalization). Let
o Aesl(2,R),
o7 >0,
o A F el ( daSl(2aR))a¢ € UT(QTd> SL(2aR));
° |F| =¢,
[ ]
50|1
N = A—l( | Og€|)
r
[}
R= iw—l(s—f)
3N
[ ]
) _ 500]loge|
TA(RN)
Assume v > 0. Let k" = m = keS. Suppose that € < gy which was defined in Lemma
10.2 and
(1)

< 96 K" 576
=< 0™ (A n)

(2) A is reducible to A by 1,
_<
(3) Al <e73,
(4) for all G € C°(T%, s1(2,R)), ¥ "1Gy € CO(T4, sl(2,R)),
(5) [, < e,
then there exist
e 7' € Un(T% SL(2,R)),
o A F' € Un(T¢ sl(2,R)),
o ' € U,(2T% SL(2,R)),
o A €5sl(2,R)
satisfying the following properties :
(1) A" is reducible by ' to A,
(2) for all G € C°(T%, sl(2,R)), ¥'~1Gy' € CO(T4, sl(2,R)),
(3) A" has BRfN(4 k") spectrum, where Cy was defined in Lemma 7.1,
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(4)

0,7 = (A+F)Z' — Z'(A + F')
(5) |4 < [|A| + % + 7N,
(6)
125 — Id|,) < €5

(7) for all s >0,

Wl < 20 () e
97 < 200( ) D,

(8) [, < g—g—%e%/\(%)r;

(9) |67 F'y < et
(10) If moreover the spectrum of A is not BRIN ("), then || A']| < 2k”,
(11) If the spectrum of A is BREN (k"), we have ® = I, then ¢’ = and A = A, and then

P2 < e
0,71 21 )]0 < e,
Proof. Algebraic aspects
If A has a double eigenvalue or x”-close eigenvalues, let ® be defined on 2T¢ as constantly equal

to I and let A = A. Otherwise, let ® a renormalization of A of order R, N given by lemma 7.1.
Let A € sl(2,R) such that

Vo € 2T, 9,0(0) = AD() — B()A
so ||A — /~1|| < 7N and A has BREN (k) spectrum. Notice that in this case, A is not nilpotent.
Let ¢/ = ¢®, and
F = Q//_lﬁ’@b'

Moreover, ® is trivial with respect to L4 :

(1013) b = PflAeziW<m,'> + P52A6—2i7r<m,v>

with |m| < N and || P,|| < ,,6 Since & is trivial with respect to L4, for all s > 0, Lemma 7.1
implies

1\ ,
(10.14) 51|, < 200(7) (2N ()s
K

which gives property 7.
Let ¢/ = ¢®. Let G € C°(T%, sl(2,R)), then by triviality of ®, ®~*G® € C°(T?, sl(2,R)), and
by the assumption 4, ¢ ~'Ge)’ € C°(T?, s1(2,R)). Therefore the property 2 on ¢’ holds.

Moreover,
IEO)] < [Flo < |@1o]® o[trlo] ™ o Flo
Therefore by (10.14) and by assumption 5,

1F0)] < e ()"
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. _ o\ 5T -
Since £ < (2Cp) 96(W) < (20) %4576 we get

LE(0)] < e %%,

Since A has a BRAN (k") spectrum, we want to apply lemma 9.3 with

then we need

" 2
< 1 K C)
€ 8 < | — ———¢
Co 32(1+ ||A])

or sufficiently

1 " 2
SR <|="- i g
Co 32(1+ ||A[|+7N)

2
el%T < 1 “7”524
CO 32(2—|—7T)

(where we have used the assumption that ¥ > id), which holds true by assumption 1. Therefore
we can apply lemma 9.3 to get the maps X € U, (T4, sl(2,R)), F’ € U,.(T%, sl(2,R)), and a matrix
A" € sl(2,R) such that

o A’ has BREN (3"‘ ) spectrum,
o |4 — A|| <& < e (because 1 —2( —

which holds true if

L > 23) which implies that

|4/ — Al < |4 = Al + A - 4] < B 17N
and thus N,
[AY] < [JA]l + &2 + 7N

which is property 5,

¢ Jpe* = (A+ F)eX —eX(A + F'). B
Let F' = ¢/F'(¢/)~ € CO(T%, sl(2,R)) and A’ € U,(2T%, sl(2,R)) such that
aww/:A/w/_w/Al
(which means that A’ is reducible to A’, hence Property 1 with ¢’ := ¢®). Then the
function 7’ := ¢'e* (/)71 € CO(T?, SL(2,R)) is solution of
0,7 = (A+F)Z' — Z/(A + F')

hence Property 4. This conjugation also implies that A" € CO(T?, s1(2,R)).
e if A has two different eigenvalues, since ® is trivial with respect to £, which is identical

to £, by Lemma 9.3 and the expression (10.13),

ACH

-1
[@XP |, <

U(3RN)|®FD7,

and
4C5°

@D < e

X (|OF D, [ 2 ENE ) @ FOT! |, W(3RN) (2 + X )]

otherwise if A is nilpotent,

3 .
1 X |, < = U(3RN)?|EF),
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and
[Pl < 2 el | [e2mamm—)
r = /{:3 r

+|F|, W(3RN)*(2¢ + l¥1)]

and if ad; = 0,
1 5

[X|w < —WERN)|F|,

and

|F'|,» < le‘X|r"|F~’|r|:6—27TA(RN)(7‘_7«/)
K

+HF|,W(3RN) (2 + eX)].

Notice that in any case (since ® = I if A is nilpotent or ad; = 0), we have

4015 ~
(10.15) [PX O], < - V(3RN)?| DL,
K
and
(10.16)
4C15 —1 ~ A / ~ —1
@F' D,y < — 2 el®XO I | QD1 [ 2 AN 4 @ PO, W(3RN) (2 + X )]
K
Estimates

Estimate of U/, U'~1 A’

1

. . 576
With the assumption & < (QC’O)‘%(”;'?) , we have

|q>|r < 8—%62WA(%)T
and similarly for ®~!. Moreover since ||, < e7¢, we get property 8:
']y = [$®], <[], |B], < e o>

and similarly for ¢’~1. Notice that this inequality remains true if ® = id.

Notice that if ® # I (that is to say if the spectrum of A is resonant), then from lemma 7.1 we
get | A|l < 1k and then for € < gy defined in lemma 10.1 (see equation (10.1)),

1A < AN+ 11E(0)]

< Lpetpermds
-2
1 1 845

< —RETT® 4 gB6d
3 3
< - Tro8 — — "
< he 1"
and property 10 is satisfied.
Estimate of Z'*' — I,¢~'(Z*')1) and its derivative

Since F' = (y®)~'Fy®, then
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(10.17) | DFOY, = [ Fo| < |Flpe™2 =e=%

Recall the estimate (10.15):

4035
(10.18) |dX D7, < 3 U(3RN)®|OED,
therefore by (10.17), and for € < g( defined in lemma 10.1 ((see equation (10.2)),
-1 4055 —16¢ .1-2¢ z
(1019) |®X¢ |T’ S —135 15 S es
K
then

7
—1 o
6‘CI>XCI> |r’ < 668 < 2

We now estimate | 2" — I],» = [¢®(eX — I)(y»®)7"|,». From (10.19),

DX ! — Id|, < €] XD, < et
Then 7

12" = Il = [p®eX (@) — Td]y < []]@eX D — Td] |0 < 5

hence property 6 is satisfied. If & = I, we have

VT2 =T e (@) Ty = e,
therefore ]

(W 2] < e < e
which is the first part of the property 11. Now Lemma 9.3 also states that if & = I (that is,
A=A),
|an|T” < 2||A|| |X|T” + |F|T”

which implies that

10,X |, < 2||Alle® + % < 25 (2] A + 1)
and by the assumption 1,
10, X |, < &5,
Therefore,

oo~

4
5

|8w(¢_1Z/¢)‘r’ = |8W(X)6X‘T/ S ee I

D=

<e
hence property 11.
Estimate of ¢ 'F'¢) = OF'P~!

From Equation (10.16),

|(I)F/(I)_1‘7«/ < 4Cge|q>X<I>*1|r (00)13|(I)F(I) 1‘ [ —27A(RN)(r—r")

HOFD !, W(3RN) (2 + !X )]

Moreover, by definition, we have A(RN) = w thus

—27A(RN)(r—r') _ 1008

e g
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"

576
W) and \Ij(gRN) = E_C,

and then, because we assumed ¢ < (200)_96(

|OF'® |, < 8C2e me "% (1% 4 QU (3RN)?! %),
Thus
|OF' D], < 8C2e 255 (1000 4 176¢) < o5
Hence property 9 holds for ¢ < gy as defined in lemma 10.1 (see equation (10.3)).

11. INDUCTIVE STEP
Let’s define the following functions which will be used for the complete iterative step :

K" (e) = ket
50| 1
N(r,e) = A_1(7| og5|)

wr

(P) R(re) = - N(lr SV
7505| log e

~ 7A(R(r,e)N(r,¢))
Note that these definitions match with lemma 10.2.

r"(re) =7

Lemma 11.1. Let
o Aesl(2,R),
o >0,
o A,F € U (T4 sl(2,R)), ¢ € U,(2T% SL(2,R)),
o |[F|, =e.
Suppose that

(1) € < ey, where gg is defined in Lemma 10.1,
(2) r" >0,
(3) A is reducible to A by 1),
(4) for all G € C°(T?, sl(2,R)), v=1Gvy € CO(T4, s1(2,R)),
(5) |5, < e,
(6) |A] <&,
then, there exist
L IVANS UTN(Td, SL(Q,]R)),
o A F' € Uun(T? sl(2,R)),
e ¢ € U, (2T SL(2,R)),
o A €sl(2,R)
satisfying the following properties:
(1) A" is reducible to A’ by ',
(2) for all G € C°(T?, sl(2,R)), v~ Gy € CO(T4, s1(2,R)),
(3) |F/|w < €%,
(4) [ < 7%,
(5) A < ||A] +e7¢ < e,
(6) o o
0.2 =(A+ F)Z' = Z'(A' + F),
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(7) 9
| 2" — Id|, < 5_0

(8) If moreover the spectrum of A was not BRETENTE) (5 ()Y we actually have || A'|| < k" (¢);
(9) If the spectrum of A was BRf(’"’E)N(’"’E)(H”(é)), we actually have ¢ =1 and then

(11.1) [Vt 2% | < (1 + 2¢)e?

and

=

|3w(¢_1Z'i1¢)|r" <e
Proof. Removing the resonances and first step

<
2

Let R = R(r,e), N = N(r,e), k" = k"(r,e), v = r"(r,e). Since x” = ke, ||A|| < 72 and

e < gg as defined in Lemma 10.1 (see equation (10.4)),

1-5760 < (97 )96 K 576
ST < 200 (AT

therefore

C 96 /{// 576
< - -
e < (2G0) <32(||A|| n 1))

and the assumption of lemma 10.2 is satisfied. We can apply lemma 10.2 to get:

o 7, € Uy (T4, SL(2,R)),

o U/ € U, (24, SL(2, R)),

o Ay €5I(2,R),

o A€ U%W(Td,SZ(Q,R)),

o and F1 = () 'R/, with Fy € U (T 51(2,R))
such that

(1) A; is reducible to A; by ¢/,

(2) forall G € CO(Td 31(2 R)), v'~1Gy' € C°(TY, sl(2,R)), which implies that F; € C°(T?, sl(2,R)),
(3) A, has BREN (3£ ) spectrum,
(4)

4
Op 2y = (A—i— F)Zl - Z1(A1 + F1>7

(5)

(11.2) |A:]| < ||A|| + €2 + 7N,
(6)

(11.3) | ZF = Id),w < €5,

(7) for all s > 0,
[l < 2C(=; ) DS

1
P

1 N
‘w 1¢| <200(_) 27rA(2)

/‘i:”

(8) |,¢/:|:1|T" S 8—(—%62WA(%)T’
(9) . ,
[ Fiapln < €7,
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(10) If the spectrum of A was not BREN(k"), || A, < 3£
(11) If the spectrum of A was BRRN (k"), we actually have ¢/ = 1 and then

7
(W ZE Pl < e

(11.4) 067 ZE )| < €.

Second step : iteration without resonances

We will now iterate lemma 9.3 a certain number of times, without renormalization.

Let | = E(%) = 56 which satisfies

@M < g2 ARN)(r—r") _ (1008 < (5)'

. 5y _ 1 1" vl "
Define for all j > 0, the sequences ¢} = e(1’e™ and r} = = — j=2= . Thus r{ = = and

!
rp=r"<r.
We want to iterate [ — 1 times lemma 9.3, from j = 2, with

e i=c) |,
~ 7
.7:_7}'—2’
o =17y,
1 (3\j—1kK"
.KJ_<Z) Co?
e N=RN,
.F:F’j—lv
.A:Aj—lu
— o= 1,11
o &=y,

First iterate of lemma 9.3: From

[ Fiplo < el

and

@l,_,

|¢/_1¢‘0 < 200(%)6 < 6_%, |¢_11p/|0 < 200(%)6 < e 9%,
then ,
B O)]] < |8/ lofeb ™ o tb ™ Freblo < £33,
As Ay has BREN(%(%) spectrum, to apply lemma 9.3 we need
< ( @)é_l; )2 1
32(1+ [[Adl)/ W(RN)?

5_ L
ci” 1

o]

and since , ) y
|AL]| < ||A]| 4 €22 + 7N <e73 +e% e ¢
(this last inequality comes from the fact that U > id, which implies that N = =0~ !(e7¢) < 7€),
this remains true if .
51 (D& 1
caTw < 0

2
N (32(1 +(r+1)e <+ f-%)) V(RN)?
which holds for € < g as in lemma 10.1 (see equation (10.5)).

5 1

Iteration of lemma 9.3
If for some j > 2

(3) & 1

2
<32(1 + c5t +(1+me<+ 25%‘4%)) \I/(RN)2’

)J'_L

48§
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which holds true for € < gy as in lemma 10.1 (see equation (10.6)), then

(3)JH 2 1
el < ( 47 Co - ) .
PR+ [JAl + X e) ) W(RN)?
Let j > 2 and assume that A;_; has BRIV ((2)7~ 1a? &) spectrum, Fj_; € Uy (T sl(2,R)), and
B2 (O)] < &foys W WF 0N, < e
We obtain via lemma 9.3 functions Fj, X; € U,,_,(T¢, sl(2,R)) and a matrix A; € sl(2,R) such
that
(1) A, has BRfN((%)jg—:) spectrum,
(2) 1451 < A5l + €51,
(3)
8W€Xj = (Aj_l + Fj—l) X 6 (A + F)
(4) the following estimates hold:
e if A;_; has two different eigenvalues:

1
|¢-1w’ij'-1w|r; 02(()—w) WBRN) [~ F' ™l
4 Co

)13 [~ 1 X 19! 1w|

o E | < ACE (g ot | Fy

(3 1?};
{6—27TA(RN)(J 2 7" _'_‘w 1¢/ /. 1¢/ 1¢‘ (3RN)(26+€
e if A; ; is nilpotent:

3
|Xj|r;,1 < —3\11(3RN)3|F]-_1|T;71,

31X, 1
[Filry < e SetT il e NN | |T}72\I,(3RN)3(26+6\ ) mﬂ)]
o if CLdAj71 =0:
1
Xl , < —WERN)|Fjoalyy
1x,- B - Xl
|F’]‘r; 1 S ; | 1‘ |F,] 1| [ 27TA(RN)(J 2 +|F’] 1| (3RN)(26—|—€‘ |j—1)}'

Notice that in any case we have

(11.5) oM Xl < AC (g ) WBRN) T F

Y

_ _ 1 13 1/ X a9/ lw\f
I liﬁ/Fﬂﬂ/ 1¢‘7‘;‘—1 < 403( 3 j_lﬁzz)
(11.6) GE

|72 M NG 2] 8l Fy gl W(3RN)),

so we will use these estimates to iterate lemma 9.3.

W IW Jj— IW ITM

! 5

576
Estimates € < (2C() ™% (W) and [~ Fy_p' |, , <@ give

—1 /X', /—1 ,
eW’ 1/1 J 17/’ w|7-j72 S 2

Hence from (11.6)
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U(3RN)
BE

™ Ey ol

13 / —pl
|w—1w/ jw/_1¢‘r371 S 64 - 403\11(3RN)( ) ‘w—1¢/ﬂ_1¢/—lw|%i2 |:6—27TA(RN)(TJ'72 171)

1 13 (5yj-1, 508 5yi-1
< 256002\1/(3RN)14(W) @ 4T
4 Co
Since W(3RN) = ¢ and ¢ < g defined in lemma 10.1 ((see equation (10.7)),
(11.7) [ F | < @

We will now estimate || £5(0)]|| to iterate lemma 9.3:

IE5 ()] < [Fjlo = (9"~ )™ (0~ Yo < oo™ oo~ b loob ™ o Fy "l
therefore R . S
IE O < [ ol ploe ™ < eemm =g,

and we can iterate lemma 9.3, [ — 1 times.

Equations (11.7) and (11.5) imply that
(11.8) [~ X0 e, < €

and

elwflw’leﬁfflw‘rjil S 2
Conclusion :

Let Z = e*>..eX1 € U (T4 SL(2,R)). )
Let 2" = Z\W/ Zy'=", A' = Ay, F' = Fyyq, F' = /F'y'~" (hence Property 2) and A’ such that
aw,lvbl = A/@D/ - ¢/A/>
then o o
0.2'=(A+F)Z' — Z'(A'+ F'),
hence the properties 1 and 6 hold.

We have
0,72 = (A1 + F1)Z — Z(Ai + Fiiq)

and since for all j > 2, we have

—1

Jj—1 ) Jj—
e7m < | A1]| + 25(3)26_4_18 = || As]| + D el
i—1 =1

1

(11.9) 141 < (Aol + e3P

then

! l |
JA]] < [l Ayl +Z€i < |IA]l + e +7TN+Z;5(%)Z—@,

i=1 i=1

Remind that ¥ > id implies

N

N <e™

and then, since ||A| < 7,

A < JAfl +e7¢ <2670 < e
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thus the property 5 holds if € < gy as defined in lemma 10.1 (see equation (10.8)).
Moreover,

+1

(11.10) [ By~ el < D)

and since [ = 56, one has

[ Bt/ < [l e < o2 < o
thus the property 3 holds. In the case the spectrum of A was resonant, the function ® used in
lemma 10.2 is not the identity and we have

l
1 1 5
A < (ALl + 30 < SR (r,2) + 261 € et + 26575 < e = ()
i=1

since € < g¢ as defined in lemma 10.1 (see equation (10.9)), whence the property 8.

Estimates
Now we will show property 4 : |1}, < e72%¢
We know that [¢)*!|,» < e~¢~me2™M2)" But, by definition of A(N) = 2olkoge]

r

N —
e27rA(2)r < e27rA(N)r < 6100\10g5\ — ¢ 100

therefore

w/ilw < 5—4—9—16—100 < =200
which is Property 4. Now we will show the property 3. One has
|Fr o = |0 F'' o = [y P =™ o < [l [ [ e < e %@ < 2
where the last inequality uses equation (11.10), which gives property 3.

According to the estimate
| ZF — Id),n < €9
obtained in (11.3), we get

I+1
|Z" = Id|,n < |Zy = Id]yy + | Zil |91 107 D0 W™ X ™ ]
j=2
g s +1
<ed 4 (e9 + 1)) [T Xy Tyl
j=2

Therefore, by the estimate (11.8) and by definition of | = F (%)_O)%s)),
6

|Z’ _ Id|r” S E% —+ (E% + 1)2638—2C S 5%
hence 7.
Proof of the property 9

We now have to estimate 1)~*Z’¢ and its directional derivative in the case A has a BRETINTe) (57(c))
spectrum. In this case ® = I and 1) = 1)', therefore ¢~ Z't) = ¢p=*Z4pZ. Therefore

W}_lZ,QMT’” < |¢_121¢|r"|Z|r" < (1 +2€)|Z|T’”'
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(where the last inequality comes from (11.3)). Moreover,

2] = e,
Now for all k € [2,[], we have seen in (11.8) that | Xy|» < €.
Therefore .
| Z ] < [T eX0] < e2ona®h < €2
and finally,

2] < (14 2¢)e.
The estimate of ¢y~1Z’~14 is obtained in a similar way. This gives the property (11.1).
Moreover,

|8w(¢_1zlw)|r” < |3w(¢_121¢)2|r~ + |w_lzl¢aw(z)|r” < E%|Z|T’” + (1 + 25)|aw(Z)|r”
where the last inequality comes from (11.4). Now
I+1 I+1

10,(Z) o <3 100Xl [ 9.
k=2 j=2
For all k € [2,1+ 1], by construction of X,

10Xl < 20| ARll| Xl + | Fir < 20| Ag|| Xl 4+ 755.
Now for all k£ € [2,1+1], by the estimate (11.9), the estimate (11.2) and condition 3 of this lemma,
for e < ¢y given by lemma 10.1 (see equation (10.10)),

|AR]| < e 5 48 e € <X
therefore for € < gy given by lemma 10.1 (see equation (10.11)),

=1 I+1 I+1
Z |8ka‘r” <2 Z ||Ak|HXk|r” + Z ‘Fk‘r”
k=2 k=2 k=2
I+1 I+1
<2y e 4+ g
k=2 k=2
<e

and finally, for € < gq like in lemma 10.1 (see equation (10.12)),

100 ( ™ Z') | < 263 + 265 < e,
The estimate of 9,,(¢~*Z ~'4)) is similar, which gives property 9. O
12. ALMOST REDUCIBILITY
Here we complete the proof of the main theorem.
Theorem 12.1. Let 1o > 0, A € sl(2,R) and F € U,,(T% sl(2,R)). Then, if
|F|7’ S €o
where g satisfies the assumptions above, and
_s
[All < &0,

then for all € < g, there exist
e r.>0, k. €N,
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o Z.€ U, (T
o A €5sl(2,R),
o A F. €U, (T sl(2,R)),
® Y. € UTE(QTd SL(2,R)),
such that

(1) A. is reducible to A. by ., with |y |,. < e7¢,

(2) |Fel,. <e,

(3) for all 6 € T?,

0,Z:(0) = (A+ F(0))Z:(0) — Z=(0)(A:(0) + F.(0))

SL(2,R)),

) 9
|Zeil — Id|7“s < 56_0.

Moreover, either |0, Z.|,. is bounded as e — 0 and A+ F is a reducible cocycle in U, (T, s1(2,R))

for some ro > 0, or for all € < eq there exists € < e such that

| A || < ke,
Proof. Remind parameters (P) defined in section 11 and define, for all k € Nk > 1,

il 500] log &;|

BEC L
Ek ‘= €& ) T =T .
0 0 ZO WA(R(Tza Z)N(Ti’ El))

Notice that, by Lemma 5.1, under assumption 1, for all £ € N, r, > 0.
We can apply a first time lemma 11.1. There exist
o 7, € Url(']l‘d SL(2,R)),
o Ay, Fy € U, (T4 sl(2,R)),
[} Al c Sl(2 R)
e ¢y € U, (2T, SL(2,R)),
such that
e A; is reducible to A; by vy,
o for all G € CO(T?, s1(2,R)), vy 'Gapy € CO(T4, s1(2,R)),
o |Fi],, <eu,
o 05l <o
o |Aill <&y,
e for all € T¢

0,21(0) = (A + F(0)) Z1(0) — Z1(0)(A(0) + F1(0)),

9
|2 = Id],, < &
e if moreover A had a BRE(0:20)N(ro.€0)(1(4)) spectrum,

(12.1) |5 " Zutbolr, < (1 + 220)e™®
and if not,
[A1]| < &"(e0)
and
1
(12.2) |0, (¥5 ' Zatbo) |y < 5.

Iterative step : let £ > 1 and
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o Ay, B, €U, (T? sl(2,R)),
o A, € SZ(Q,R),
e Yy, €U, (2T4 SL(2,R)),

such that
e A, is reducible to A, by ¥r_1,
e for all G € CO(T?, sl(2,R)), ¥ ' Gy € CO(TY, s1(2,R)),
° |Fk|rk < &,
o [Vitil <&
o 4] <t

We can one again apply lemma 11.1 to get

® /i1 € UTHI(Td, SL(2,R)),
o Ak+17 Fk—l—l € Urk+1(Td,sl(2,R)),
° Ak+1 S SZ(Q,R),
o Yy, €U,  (2T¢ SL(2,R)),

such that
° f_lkﬂ is reducible to Ay.1 by ¥,
o for all G € CO(T?, s1(2,R)), 1 Gy, € CO(T?, 51(2,R)),
i ‘Fk+1|m+1 < €kt1,

b |¢I:ctl|7“k+1 S Elg—lc—l )

o [ Al < ey

o for all § € T?,

00 Z+1(0) = (Ai(0) + Fi(0)) Z1(0) — Zi11(0) (A1 (0) + Frya (6)),

k+1

9
+1 0
|Zk+1 - ]d|7’k+1 < ¢

e if moreover A; had a BREw=-)N(kek) (1(2,)) spectrum,

(12.3) it Zi st gy, < (14 2e5)e™*

and if not,

[ Apa]] < K" (er)
and

1
(12.4) |8W(¢If_ilzk+l¢k+l)|7’k+1 <ep.
Result: Let ¢ < gy and k. € N such that |F|2)" <e. Let

Z.=2y- 2,
Aa - Akg
F e — F ke
we = wkg
Te =Tk,
then the properties 1 and 2 hold. Moreover for all § € T¢,

0,Z:(0) = (A+ F(0))Z:(9) — Z=(0)(A:(0) + F.(0))
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and the property 3 holds. Notice that, for all k' > k., if || A || < k¢ (which is satisfied if, for
example, the matrix Ay__; was resonant), then

[Aw [l < | Ak.]] + i ei < K'(e) + 2 < 26 (e).
i=ke+1
We also have
ZE —Id|,, < el = |Z)],, < 1+ el
Let k € N and suppose that for all j < k —1,
\Zy ... Zj],. <2

then
Cr = |Zl .. Zk — [d|r5 S |Zk_1 — ]d‘rs‘ZI .. -Zk—l‘rg + |Zl .. -Zk—l — ]d‘rs

9
S 28]%0_2 _'_ Ck_l

which implies

k=2
ck<2251°v<4e
=0

Finally
9
(Zy... 20 )" = 1,. <&
hence the property 4 holds. Reducible case

Suppose that there exists k such that for all &' > k, 1 = ¢, (which means that for all &’ > k,
Ay has a BRY "=k F0w, Ek')( "(e}r)) spectrum). Then

ke
8wZa - aw(H Zz)

=1
k-1 ke k—1 ke

= (1T 2)(11 2 + (11 Z)o.(1] %)
i=1 =k i=1 j:,;
k—1 ke k—1

(12.5) = a.([I o1 z) + (11 Z: H Ypty  Zjbr )

i=1 —% i=1 =
k—1 ]kg k—1 " ke

= 0.(IT 20T 2) + (I1 Z)00u(r) I o' Zsep '+
i=1 j=Fk i=1 j=k—1

V0 H?/le%@b +%H Ui Zi) 0 (U )],

j=k j=k
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thus

|0 Zel . <10, HZ TE‘HZ‘T5+‘HZ‘rs|¢k re Hw Zo) 07

i=1 j=k j=k

+ | H Z |7‘5 H w 1Z ¢] Ts‘wk 1|7‘5‘awwk“rs

j=k

k-1 ke
_I_ | H ZZ|T5|(H w‘]_lzjw])|rs|aw¢];‘_1|Ts|¢]_€|7”s
i=1 j=k

Since the factors | H L Zilr.s 10, H /. |(H 2 Zi)|res VR e |¢]—:1|TE, |0 Vz] . |0ww,—;1|rg are bounded
uniformly in € (here we use (12.3)), there ex1st K 1, Ko > 0 independent of € such that

ke
|8wZe‘r5 S Kl + K2|8w(H ¢]‘_1Zj¢j>|rs-
j=k
Moreover, by (12.4) and (12.3),

H ¢ 1Z w.? Te < Z ‘a 1Z]w.7)‘715 H ‘wz_lzlwl‘rs
Jj= j=k E<i<ke
i#]
ke

1
<N el I (1+2e)e*
=k  k<i<k.
i#j
therefore

Hw lz¢] <2Z€}162€k

j=k j=k
1
< 8ele*n
1
4
< 16515

and finally, |0, Zc|.. is bounded as ¢ — 0. In this case, Z. and 0,Z. have adherent values; let Z,
be an adherent value of Z.. Since

QJ(ZMD = (A + F)Zaqvblé - Zewl_g(Aa + w,—;lFe@D/})
(where A, € sl(2,R)), and since all factors except A. are known to converge in a subsequence,
then there exists a constant A, € sl(2,R) such that

8w(Zoowl_c) = (A + F)Zoowl_g - Zoowl_ngo
and thus A + F is actually is a reducible cocycle in U,_ (T, sl(2,R)) for some 7y > 0.

Non reducible case
If the system A + F' is not reducible, then for all k& > 1, there exists & > k such that A does
not have a BRI¥™ (5 (g),)) spectrum. In this case, ||Api1]| < K" (ex) = Ke.
O

We will now show a density corollary.
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Corollary 12.1 (Density of reducible cocycles close to a constant cocycle). Let ro > 0, A €

_<
sl(2,R), and G € U, (2T4, s1(2,R)) such that |G — Al,, < &0 and ||A| < & ? with g¢ as in 10.1,
and satisfying the assumption 1. Denote

o 1500|logeol 1508 /+°° N (t) In¥(t)
P T N o U i(gS)  wClog(28) Jur) A(E)?

Then for all e > 0 there exists H € U,(2T%, sl(2,R)) such that |G — H|, < € and H is reducible.

dt.

Proof. Apply theorem 12.1 with F' = G — A. Since p < r., we in particular get matrices Z. €
U,(T% SL(2,R)), A., F. € U,(T?, sl(2,R)) and A. € sl(2,R) such that

e A_ is reducible to A., ~ - - ~
0 0,7. = (A+(G—-A)NZ. — Z.(A. + F.) = GZ. — Z.(A. + F.),
9

o |ZF, < 1+e0” <2,
b |F6|p§%

Let H := G — Z.F.Z-'. We have
OuZ. =HZ. — Z.A.
and then H is reducible to A, (as A, is). Moreover, H satisfies

H -G, = |Z;1FaZa|p < 4|F5|p <e.

13. APPLICATION: HOLDER CONTINUITY OF THE LYAPUNOV EXPONENT

In this section, we recall the definition of the maximal Lyapunov exponent for systems in
arbitrary dimension. Then we give an application of the main theorem to the regularity of the
Lyapunov exponent for SL(2, R)-valued cocycles, in particular for Schrodinger cocycles.

13.1. Holder continuity of the Lyapunov exponent for SL(2,R)-cocycles, in a pertur-
bative setting.

Definition 13.1. Let X be the cocycle associated to the equation
LXHO) = A(0 + tw) X' (0)
X00) =1

where A € C°(T¢, gl(n,C)). The maximal Lyapunov exponent of X is the quantity

L(A) = lim - [ In||X*(6)]do
Td

Notice that L(A) > 0 if A has values in sl(n,R), since X has values in SL(n,R).

Remark 13.2. The maximal Lyapunov exponent is invariant by cocycle conjugation. More pre-
cisely, let A, B : T¢ — gl(n, C) be two continuous maps and assume there exists a continuous map
Z : T* — GL(n,C) such that 0,7 = AZ — ZB. Then the cocycle X associated to A and the
cocycle Y associated to B satisfy for all § € Tt € R: X'(0) = Z(0 +tw)Y'(0)Z(0)~!. Since Z is
bounded, L(A) = L(B).

Remark 13.3. Gronwall’s Lemma, implies that for all t € R, 0 € T¢,

IX*(O) < exp(/ot [A(0 + sw)llds) < eXp(t;gT)d 1AE1)
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therefore L(A) < supgcpa [|A(0)||. Now for all ¢’ € T

JA@)[| = 1| > A(k)e* &0 < S~ AR < |Al
kezd kezd

for all » > 0. Therefore L(A) < |A]|,.

The regularity of the Lyapunov exponents, and of the rotation number and integrated density
of states for Schrodinger cocycles, is a long studied problem. Ruelle in [13] established the link be-
tween exponential dichotomy and the analyticity of the Lyapunov exponents. Moreover, in the case
of an analytic Schrodinger system and in a perturbative setting (with a diophantine frequency),
Bourgain ([5], for the almost-Mathieu operator), then Hadj-Amor ([3]) obtained Holder regularity
of integrated density of space, Lyapunov exponent and rotation number. Avila-Jitomirskaya ([1])
then showed that the Lyapunov exponent is Holder in the almost reducible regime.

Inspired by [1], in the case of a finitely differentiable system, provided that the order of dif-
ferentiability is sufficient, Cai-Chavaudret-You-Zhou ([7]) proved Holder regularity in the almost
reducible regime with a diophantine frequency. Here we start from an ultradifferentiable system,
and the counterpart is a weaker arithmetical condition on the frequency vector, in order to obtain
Holder regularity of the Lyapunov exponent and of the IDS.

Definition 13.4. The cocycle X is said to be uniformly hyperbolic if there are maps V*, V* which
are continuous on T? with values in the one-dimensional subspaces of C" (or continuous on 2T¢
with values in one-dimensional subspaces of R"), such that for all t € R, 0 € T¢, X*(9)V*(9) =
V(0 +tw) and X (0)V*(0) = V5(0+tw), and for all v(h) € V*(0) (resp. V5(0)), [| X (0)v(0)| et
remains bounded as t — 400 (resp. t — —00).

Remark 13.5. As an application of Ruelle’s work in [13], if A+ F' has values in sl(2, R), satisfies the
assumptions of our main theorem, and if the cocycle generated by A + F'is uniformly hyperbolic,
then the maximal Lyapunov exponent is analytic on a neighbourhood of A + F'. Indeed, since
A + F is almost reducible, then the associated cocycle is uniformly hyperbolic, thus it has two
one-dimensional invariant subbundles. One can then apply Ruelle’s Proposition 4.4 (with p = 1)
and then Ruelle’s Theorem 3.1 to deduce that L is analytic on a neighbourhood of A + F'.

Now, dropping the assumption of uniform hyperbolicity, the almost reducibility result implies
the following theorem:

Theorem 13.6. Assume A € sl(2,R) and F' has values in sl(2,R). Under the assumptions of
Theorem 12.1, the Lyapunov exponent is %—H{)’lder continuous at A+ F', with respect to the norm
| ' |7‘oo'

Proof. Let G = A+ F + R with |R|,_ < 1; we want to prove that |L(G) — L(A + F)| < C|R|%.,
for a constant C' not depending on R.

If L(A+ F) > 0, since A+ F is almost reducible, then it is uniformly hyperbolic. As explained

in the remark 13.5 above, one applies Ruelle’s theorem (see [13]) to infer that L is analytic around
A+ F.

We thus only have to consider the case L(A+ F) = 0.
e Assume A + [ is almost reducible and not reducible. Let ¢ = |R|;_ with v = %; applying

Theorem 12.1, there exist a matrix A., a map F, and a transformation Z. such that
0.7. = (A+ F)Z. — Z.(A. + F.), with |Z_|,, <2e7¢, |Z7Y,., <27, ||A.]| < ke¢ and
|FL,, < 2e.
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By invariance of the Lyapunov exponent, one has L(G) = L(A. + F. + Z7'RZ.). This
implies that

_ _ 1 1
L(G) < || Al + | Felr + 127 v | Rl | Ze| oy < KES + 22 + 4ev—C = K|R|Z. + 2|R|V_+4|R|?.

and finally L is %—Hélder continuous around A + F' in this case.

e Now assume A+ F'is reducible to a constant A, € sl(2,R) which is in Jordan normal form,
by a transformation Z € U,_(T? SL(2,R)). Let C > 0 such that |Z|, < C,|Z7"|.. < C.
Through the same transformation, B is conjugated to Ay + Z 'RZ so L(B) = L(Ay +
Z7'RZ). Let W*(#) be the cocycle associated to Ay + Z 'RZ.

w0

— First assume A, to be diagonal. Since L(Ay) = 0, then A, = ( 0 —ia ) for some

real a. One computes

(13.1)

i(e—“‘w WHO)) = —Ase W) + e > (As + Z(0 + tw) " R(0 + tw) Z(0 + tw))W(0)

dt
= M= Z(0 4 tw) T R(0 4 tw) Z (0 + tw)elte . eI (H)

therefore by Grénwall’s lemma, for all § € T¢,
t _ _
e =T ()| < eXp(/ |e™54>Z(0 + sw) ' R(0 + sw) Z(0 + sw)e**=||ds) < exp(tC?|R),..)
0

therefore

W O)]] < [le"=]| exp(tC|R],..) < exp(tC*|R];..)
and so L(B) < C?|R|,...

— If A, is not diagonal, then A, = 01 . Let A, = 0 1 where 1 =
00 o0 —n 0
11 R
R|,_. Tt is diagonalizable: let P = | . ) ,then P~1=[ 2 2V ) and
Tl 1035 diagonali (Wﬁ —%ﬁ) (%—Qilﬁ
—1 A/ _ Z\/ﬁ 0 _
P AOOP—< 0 —z'\/?]>_D' One has
d , - _
E(P—le-”‘ooWf(e)P) = Pl (Z(0 + tw) ' R(O + tw) Z(0 + tw) + Ay — AL )W) P

therefore by Grénwall’s lemma, for all § € T¢,

[Pl W (9)P|| < expltlle=”|| (1P~ Z-'RZP| + | P~ (Aw — A)P|) ]|
C?|R|,.
< explt( B Ly

2,/

(13.2)

which implies that
v

WEO < PP el explt( +/1)]
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therefore L(B) < (C? + 1)|RJZ...
O

Remark 13.7. As apparent in the proof above, the case of a cocycle reducible to a parabolic system,
is the case which prevents the Holder exponent to be more than % The Holder exponent might
be better in the almost reducible, non reducible case.

13.2. Holder continuity of the integrated density of states for Schrodinger cocycles
with small potential or large energy. The regularity of the Lyapunov exponent implies that of

the integrated density of states (IDS) for quasi-periodic Schrodinger cocycles: let A = ( ? _01 )

-V() 0
0 0

periodic potential in the quasi-periodic Schrodinger equation. Let N be the integrated density of
states, defined on R by N(E) = [ po(] — 00, E])df where iy is the spectral measure.

and F(0) = , where E stands for the energy and V' for a hull function of the quasi-

In the perturbative setting with a diophantine single frequency, this result is stated in [2]. Here
we extend it to the ultradifferentiable case, with a generalized Brjuno-Riissmann arithmetical
condition.

Corollary 2. Let g > 0 and assume V € U,,(T% R). There exists eq such that if [V =V (0),, < €0,
then the integrated density of states N is %—H{)’lder continuous.

Proof. The IDS is linked to the Lyapunov exponent by the Thouless formula:

L(E) = / In|E — E'|dN(E')
R
For a proof using this formula, we refer to [7], proof of Theorem 1.2, section 4.2. O

Corollary 3. Let 1o > 0 and assume V € U,,(T% R). There erists Ey such that the integrated
density of states N is §-Hélder continuous on ] — 0o, —Ey[ and on ]Ey, +00].

Proof. We refer to [11], proof of Theorem A: a simple change of variables will convert a large
energy to a small potential. O
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