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Constrained Cramér-Rao bounds for reconstruction problems formulated as
coupled canonical polyadic decompositions*

Clémence Prévost!*, Konstantin Usevich!, Martin Haardt?**, Pierre Comon®**, David Brie!**

Abstract

We propose a theoretical performance analysis for a class of reconstruction problems, formulated as coupled
canonical polyadic decompositions of two low-resolution tensor observations. We study a particular case when
all the modes of the tensors are coupled. Unlike the case of a single coupling constraint, a fully-coupled model
requires nonlinear constraints in some estimation scenarios. Thus we introduce two probabilistic scenarios.
For each scenario, we derive the constrained Cramér-Rao bounds for the parameters and for the mean-squared
error of the reconstructed tensor. We show that with a carefully chosen initialization, the maximum likelihood
estimators reach the bounds, even in challenging cases (low signal-to-noise ratio or large tensor rank).

Keywords: multimodal data fusion, coupled tensor decompositions, Cramér-Rao bounds

1. Introduction

In the data fusion community, it is now commonly accepted that a same phenomenon can be partially con-
tained in observations from several measurement devices, with different resolutions and noise contaminations
[1L 2, 3]. The observations are often complementary, meaning that given dataset-specific information can be
enriched from information contained in other datasets, and vice-versa. Hence data fusion was proposed to
exploit the complementarity of available measurements [4].

In some engineering fields such as remote sensing or biomedical imaging, observed data often possess more
than two dimensions, thus they can be represented as tensors. Several low-rank factorizations can be considered
for approximating such data. A popular one is the canonical polyadic (CP) decomposition (CPD), due to its
powerful uniqueness conditions. Tensor data fusion based on coupled CPD has since then proved its relevance

in a wide range of applications [5} [6] [7].
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In this paper, we consider a specific class of reconstruction problems, which aim at recovering a high-
resolution tensor from tensor observations with some lower resolutions. Such problems can be found in hyper-
spectral super-resolution [§], biomedical imaging [9] [10], chemistry [11], or learning over graphs [12].

The work of [8], motivated by hyperspectral super-resolution, addresses the problem of reconstructing a
tensor from two degraded versions. While one is degraded in two (spatial) modes, the second is degraded
in the third (spectral) mode. Two scenarios were considered: fully-coupled and blind (partially coupled).
Algorithms based on alternating least squares (ALS) were proposed for both scenarios and showed competitive
reconstruction performance. This approach gave rise to numerous tensor-based reconstruction methods [13][14].

Cramér-Rao bounds (CRB) are a classic tool to assess the performance of the estimators [15] [16] [17].
For coupled models, where the model parameters are subject (in part or totally) to deterministic constraints,
the constrained Cramér-Rao bound (CCRB) can be used, whose versatility was shown by numerous works
[18, 19, 20l 21] 22| 23]. Cramér-Rao bounds for tensor CP models have been studied in a general context. In
[24 25] [26], performance bounds for uncoupled CP models have been provided. In [27], a Bayesian framework
was proposed for flexible coupling models and hybrid CRB were derived. Constrained Cramér-Rao bounds
for partially coupled complex tensors admitting a CPD and a single coupling constraint were explored in [28].
The expression of the bound was based on [29], which considers a specific case where the Fisher information
matrix (FIM) for the parameters is invertible. A single equality constraint between two shared CP factors was
considered. In the reconstruction problems however, all the modes are coupled and the analysis of [2§] is not
applicable. Extending [28], a preliminary work of the authors [30] treated a special case of the degradation
matrices. Another extension in the case of a single random parameter was considered in [31].

In this paper, we extend the results of [30] to the general reconstruction problem with general degradation
matrices. Unlike the case of a single coupling constraint, a fully-coupled model requires nonlinear constraints
in some estimation scenarios. We derive the CCRB both for the model parameters and for the mean-squared
error of the reconstructed tensor, for two probabilistic scenarios; in particular, our results do not require
identifiability of the individual tensors. We show that the maximum likelihood estimators reach the bounds,
but their initialization should be carefully chosen since conventional initializations might lead to poor results.
We propose an algorithm that gradually changes the regularization (balance) parameter between the tensors.

This paper is structured as follows. In Section [2| we recall preliminaries of tensor decompositions, their
uniqueness properties, and formulate the reconstruction problem that we consider in the paper. Section
contains background on Cramér-Rao bounds. In particular, it provides a link between noiseless identifiability
and the rank of the Fisher information matrix. Section [4] introduces the two different parameterizations and
estimation scenarios that we consider in the paper. Next, in Section [5| we derive the bounds for the two

scenarios. Finally, Section [6] contains our numerical results.
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Contributions. In Section we provide a clear link between generic uniqueness of the CPD, local
identifiability in the noiseless case, and invertibility of the FIM. We introduce a general framework for the
calculation of bounds for coupled CP models of the form @—. We introduce two estimation scenarios. The
first one (see Section evaluates the performance of the fullly coupled model for tensor reconstruction. The
second one (see Section compares the theoretical performance of the uncoupled, partially coupled and
fully coupled models. In a supplementary material, we provide closed-form expressions for the CCRB in both
scenarios. We assess the relative efficiency of two state-of-the-art estimators. Our numerical results show that
these algorithms reach the bounds, even in challenging cases (see Section and Section .

Notation. We follow the notations of [32] [33]. We use lower (a) or uppercase (A) plain font for scalars,
boldface lowercase (a) for vectors, boldface uppercase (A) for matrices and calligraphic (A) for tensors. The
elements of vectors, matrices, and tensors are denoted to as a;, A; ; and A;, .. iy, respectively. The transpose
of a matrix A is denoted by AT. The matrix I is the N x N identity matrix and Op « x is the L x K matrix
of zeros. The symbols X, ® and ® denote the Kronecker, Khatri-Rao and outer products. We use vec{-} for
the standard column-major vectorization of a matrix or a tensor. The operator diag{a} produces a diagonal
matrix whose entries are the elements of a. The operation Diag{A, B} produces a block-diagonal matrix

whose blocks are A and B.

2. Background on tensor algebra

2.1. Preliminaries

A third-order tensor X € RIX/*K ig a three-dimensional array indexed by the elements X; ;, for i €
{1,...,1},je{l,...,J}and k € {1,..., K}. Each dimension of a tensor is called a mode. A mode-p fiber of
X is a vector obtained by fixing all but the p-th dimension. Similarly, a mode-p slab of X is a matrix obtained

by fixing only the p-th dimension.

Definition 2.1. Tensor unfoldings — The mode-p unfolding of a tensor X, denoted by X(p), is the matrix
whose rows are the p-mode fibers of X, ordered according to the vectorization order. For a third-order tensor

X € RIVXE e have XD e RVEXT X @) ¢ RIKXT gpd X ¢ RIVXK,

Definition 2.2. Matrix mode product — The matriz p-mode product between a tensor X and a matrix M is

denoted by X o, M and is constructed such that each mode-p fiber of X is multiplied by M, e.g., the elements

of the mode-1 product between X € RI*I*K gnd M € RE*! are accessed as (X o) M), k= S XM,
i

te{l,...,L}. Moreover, we have Y = X o), M < Yy® = x®pT,

Definition 2.3. Outer product — The outer product between three vectors a € RT, b € R/, ¢ € RX is a

RIXJXK

rank-one tensor X =a®@b® c € whose elements are accessed as X; ;1 = azbjcy.
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2.2. Canonical polyadic decomposition

Definition 2.4. Canonical polyadic decomposition — A third-order tensor admits a CPD as X =
[A, B,C], where A € RI*E B e R/ C € REXE qgre the latent CP factors of the decomposition. When

minimal, the integer R denotes the tensor rank of X. Each entry of X can be expressed equivalently as
R
Xijk = ZAi,rBj,er,r- (1)

r=1

The CP factors A, B, C are essentially unique up to scaling and permutation ambiguities, if the rank
R is not too large [32] 33]. Permutation ambiguity means that the columns of the latent CP factors can be

reordered arbitrarily by any permutation matrix IT € REXF as
X =[A, B,C] = [AIl, BII, C1I].

The scaling ambiguity means that the the individual factors can be scaled as

R
ik = Z(O‘HALT)(ﬂnBjﬂ”)(’VnOk,r)a (2)
r=1
with «,.8,7. = 1 for r € {1,..., R}. When deriving Cramér-Rao bounds, permutation ambiguities can be

neglected while a proper factor normalization is required to fix the scaling ambiguities. Throughout the paper,

we correct this ambiguity by setting the first rows of the A and B factors to one This corresponds to

: . 1 1 1
rescaling with o, = I By = Bl and v, = PR

2.8. Uniqueness of the CPD

Definition 2.5. Kruskal rank — The Kruskal rank of a matriz M, denoted k(M), is defined as the mazimum

value k such that any k columns of M are linearly independent [34, [35].

One of the most general and well-known sufficient conditions on uniqueness of the CPD is due to Kruskal

[34, [36] and reads as follows:
k(A) 4+ k(B) + k(C) > 2R + 2.

Stronger results are available for generic uniqueness. We say that the CPD X = [A, B, C] of rank R is
generically unique if, for random matrices A, B, C distributed according to an absolutely continuous proba-

bility distribution the CPD is unique. Equivalently, the set of A, B, C not leading to unique decomposition

4The entries in the first rows of A and B are null with probability zero, hence we can impose ones with probability one.
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has measure zero. In this case, the Kruskal condition implies:
min(7, R) + min(J, R) + min(K, R) > 2R + 2. (3)
In [37], another sufficient condition was provided:

R < 2llog2(J)]+logy (K)] =2 (4)

However, it should be mentioned that and are only sufficient conditions ensuring generic uniqueness.
The best known bounds guaranteeing generic uniqueness are given in [38, Theorem 1]. In particular, it is
1JK

shown that generic uniqueness takes place for all R such R < (m (i.e. all ranks smaller than the

generic rank) except few special cases and so-called unbalanced tensors, see [38] for more details.

2.4. Observation model for the reconstruction problem

We consider two tensors Y; € RiaxJaxK and Y, € RI*I*xKa  Agin [30], it is assume that Y1 has high
resolution in the third mode (K > K,), while Y5 possesses high resolutions in the first and second modes
(I > I4, J > Jg). Under the same acquisition conditions, Y; and Y5 usually represent the same target, hence
they are viewed as two degraded versions of a single tensor X € R*/*X that is of high resolution in all three

modes. We adopt the following degradation model that can be compactly written as

YV, =X Pe;Q+Ey,
(5)
Y, =X 3R+ Ey,

where P € RlaxI Q € R74*7 and R € RX«*K have full row rank. We assume (for simplicity) that the
degradation in the first and second modes is separable. The entries of the noise terms £; ~ N(0,%),
Es ~ N(0,%,) are independent and identically distributed (i.i.d.) real Gaussian tensors with zero mean and
variances 31 = 021 and Xy = 031. Model represents an ill-posed inverse problem, whose aim is to recover
the tensor X from the observations Y; and Ys.

Model was used to tackle several reconstruction problems. For instance, in hyperspectral super-
resolution [8], the matrices P and @ are blurring and downsampling matrices, while R contains the spectral
response functions of the sensor used to acquiring Ys. In medical imaging [10], the degradation matrices select

sub-Nyquist samples (either fiber or slabs) of the target tensor in a given mode.

5The subscripts d in the dimensions stand for “degraded”.
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2.5. Reformulation as a coupled CP decomposition

Following [§], we assume that X admits a CPD with rank R. The degradation model becomes

yl :HA17B1701]]+£17
(6)
Yo =[As, B3, Cs]+ &,

where A1 = PAQ,B1 = QBQ, CQ = RC1, (7)

and A; € RlaxE B, ¢ RJexE Cy € REXE A, ¢ RI*XE B, ¢ R/*E Cy € RE«XR ar¢ the factor matrices

of the CPD. With this notation, the target tensor admits a CPD
X = [Ay, By, C1]. (8)

While @ only is an uncoupled model, the addition of the constraints in @ make the model fully-coupled
(i.e., with couplings in the three modes of the tensors). In some applications, the degradation matrices P and

Q@ are unknown, and we refer to this partially coupled case as blind. We define the blind CP model as follows:

Vi =[A,B,C]+ &y,
y2 = HA25B27CQ]] +827

where Cy = RC'. (10)

2.6. Estimation

In the uncoupled case, estimation of the CP factors can be performed by applying the uncoupled ALS
algorithm [39] to Y1 and Y. The identifiability of both CPDs is required. For instance, for Y;, ALS
minimizes the following cost function:

. 1 2
A ;%||y1 —[Ay1, By, C1]| %,

which corresponds to the Maximum Likelihood (ML) Estimator (MLE) for A;, B;,C;. The fully-coupled
problem @f@ can be solved by the algorithm STEREO proposed in [8]. It is a coupled ALS algorithm

minimizing the criterion

L min |¥1 = [PA3,QB3, C1]||7 + A| Y2 — [Az, B2, RC1]||7. (11)
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Assuming independent Gaussian noise and balance parameter A\ = =%, STEREO corresponds to the MLE for

o

MY

coupled Y; and Ys. In [8] Theorem 3], a sufficient condition for noiseless generic uniqueness of the CPD ()

recovered by STEREO was provided:
R < min (QU%UKM*?, Idjd> . (12)

In the proof of [8, Theorem 3], it is specified that identifiability of Y1 (i.e., generic uniqueness of its CPD) is
not needed to establish uniqueness of the recovered target. The link between identifiability and uniqueness of
the coupled CP model will be provided in Section

In the partially coupled case @7, the matrices P and Q are unknown. In order to estimate the CP
factors, we use Blind-STEREQ, which is a coupled ALS algorithm that only accounts for the matrix R. The

criterion minimized by Blind-STEREO is

mi]g ”yl - [[AlvBval]]”%‘ + >‘||y2 - [[AQ,BQ,RCl]]”%‘? (13)
Az,}éz,lcﬁ

which is the ML criterion for the partially-coupled problem if the balance parameter is A = Z—z According to
2
[8, Theorem 4], identifiability of Y1 and Y, are required to ensure unique recovery of X by Blind-STEREO

in the noiseless case.

3. Cramér-Rao lower bounds for coupled models

3.1. Link between uniqueness and identifiability

First, we explain how uniqueness of the coupled CP model @7 in the noiseless case is related to the
calculation of the CRB. In estimation theory, the notion of identifiability lacks a unified definition. In the
literature, it is also called “observability” |40, [41]. In this paper, we propose to define it as the uniqueness of
the proposed model.

Let us consider the probability density function (PDF) fy.,, of the random real dataset Y € R™ parameter-
ized by the unknown real deterministic parameter w € 2 C R™. We assume that Y is a random real Gaussian
dataset parameterized by its mean, that is, Y ~ M (pu(w), X) with ¥ a known, non-singular covariance matrix.

We say that the statistical model F = {fy,.., : w € Q} is identifiable if the mapping w — fy., is injective
[42], i.e., any distribution fy.,, corresponds to a single parameter w. For the case of our Gaussian dataset, the

following holds true:

fy;wl = fy;WQ And p’(wl) = p,(wg). (14)
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Thus, identifiability of the distributions is equivalent to identifiability of the means, i.e., identifiability in the

noiseless case.

Definition 3.1. Identifiability at a point — The noiseless model Y = p(w) is identifiable at the point wq
if

( # wo) = (p(w) # plwo)  VYw € R™, (15)

Definition 3.2. Local identifiability — The noiseless model Y = p(w) is locally identifiable at wq if there

exists an open subset Qg C R™ containing wg such that

(@ # wo) = (u(w) # p(wo)) Ve € Q. (16)

In our model, the Fisher information matrix (FIM) for w is obtained via the Slepian-Bangs formula [43]:

OwT wT

T
F(w) = |:6u(w)] »-1 [ag(w)] € R™x™ (17)

where agT(wT) is the Jacobian of p(w). If the FIM in is non-singular, then p(w) is locally identifiable in
the noiseless case [40, Theorem 5].

Conversely, a question that arises from the previous paragraph is whether local identifiability implies non-
singularity of the FIM. For the case of tensor decompositions, the answer is positive. Let us consider that Y
is a vectorized tensor of subgeneric rank admitting a CPD as in (), and that w = [vec{A}; vec{B}; vec{C}],
p(w) = vec{[A, B,C]}. Generic uniqueness of the CPD of Y implies that the rank of the Jacobian of p(w)

in the generic case is equal to

rank (agif)) =(I+J+K-2)R

genericallyﬁ (i.e., except for a set of parameters w of measure zero), see [45, Sec. 3.2], [46], and [47, Def.
3.5]. Correcting the scaling ambiguities in reduces the number of entries to estimate in w, thus making
the Jacobian full rank ; see Section for more details on scaling ambiguities for coupled cases. Finally, from
(17) it follows that full rank in the Jacobian implies that the FIM is invertible (and thus the CPD is locally
identifiable in the noiseless case). In a nutshell, it means that correcting the scaling ambiguities allows for the

FIM to be full rank. The link between uniqueness, identifiability and invertibility is summarized in Figure

6This results is well-known for complex tensors, but it is also valid for real tensors, see [44].
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Generic uniqueness du(w) | . Local identifiability
A L full-rank
( el @D }—% o is full-rank F(w) is full-ran o (D
Scaling ambiguities
corrected

Figure 1: Link between generic uniqueness, local identifiability in the noiseless case and computing the bounds.

3.2. Coupled model with constraints

Let fy,., and fy,., be the PDFs of the random real datasets Y1 € R™ and Y, € R"2, parameterized
by the unknown deterministic real parameter vector w € ). A general coupled model with constraints is
expressed as:

yl ~ fyl;w and y2 ~ fyz;w,
(18)

with g a non-redundant deterministic vector function differentiable Vw € Q. Non-redundancy means that
the system of equations g;(w) = 0 is not reducible [28]. We assume that i) the PDFs fy, .., and fy, ., are
non-redundant functions differentiable w.r.t. w, and that their supports do not depend on w; and that ii) the
variables Y1 and Y- are statistically independent.

In some cases, the model parameter w € €2 corresponds to the stacking of two parameters ¢p € ¥ C R™

and £ € E CR™2 (m = my + mg) such that

where &€ can be expressed as a function of ¥, i.e., & = h(4)). The function h is a non-redundant, differentiable

function Vap € . This results in the constraint

gw) =& —h(y) e R™, (19)

which can also be directly inserted in w, leading to the following reparameterization

w(yp)' = [«N h(W} : (20)

The model can thus be reformulated as the following unconstrained coupled model

{ Vi~ fy s and Yo ~ £y, (21)
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Here, the PDF's are solely parameterized by the unknown deterministic real parameter vector 1 € ¥, under

the same assumptions (i) and (ii) on the PDFs as in model (I8).

3.8. Uncoupled CRB

We consider that Y, and Y5 are random real Gaussian distributed datasets parameterized by their mean,
ie., Y1~ N(p(w), 1) and Yo ~ N (py(w), B2) where X1 and 3o are known covariance matrices. The
parameter w is unknown real and assumed to be deterministic. The uncoupled FIM for w is obtained by using

the Slepian-Bangs formula [43]:

N
8;51(_?)) 8#51(_‘;’)

F(w) = @ Diag{>;, 35} 7! @ . 22

(@)= gy | DlaeBnZl0 ) (22)
OwT OwT

If the FIM is non-singular, then the uncoupled CRB for w (namely CRB(w)) is obtained as CRB(w) =
F~Y(w). From Section we see that invertibilit of the FIM implies local identifiability of the whole

parameter w. For uncoupled estimation, the constraint g(w) = 0 is ignored.

3.4. Ezpression for CCRB
Numerous works have addressed performance bounds on w under the constraint g(w) = 0, leading to the

definition of the constrained FIM and the CCRB. In the seminal paper [29], the CCRB for w is expressed as
-1
CCRB(w)=F ' - F'GT [GF’IGT] GF~' -0, (23)

where F % F(w) and G = {%} € R™2%™ jg a full row-rank matrix, which is equivalent to requiring that
the constraints are non-redundant. It is easy to see from that the CCRB is lower than the CRB. However,
this formulation explicitly requires the FIM to be non-singular, and inversion of the FIM can be costly.

In [22 20], an alternative expression for the CCRB is
T T
CCRB(w) = U [U FU} U, (24)

where U & U(w) € R™*™ is a basis of ker(G). The matrix U FU is called the constrained FIM.
Contrary to , does not require invertibility of F'. The above expression does not depend on the
choice of U either [22]. It is also noticeable that if F' is invertible, then the expressions in Equation and

Equation are equivalent [20] Corollary 1]. Here, we choose to compute when we mention the CCRB.

"In some cases, however, the FIM can be singular (and thus, non-invertible): common practice is to resort to the Moore-Penrose
pseudo-inverse of the FIM for the computation of the CRB [16}[19]. In such cases, any estimator of w must have infinite variance
[19]: in this paper, we choose not to compute the CRB when the FIM is singular.

10
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3.5. Reparameterized CRB

Let us now consider a reparameterization of the PDFs fy ., and fy, ., for the unknown parameter 9 €
¥ C R™ where w = w(t). We consider the particular case where 1) is a subset of parameters in w; then,
arbitrarily we can rearrange the components of w as in (20).

In [42 p.125], an expression for the reparameterized FIM for v (namely F.(v))) is given:

ow(1)
o’

(25)

F.(4) = { aw("’b)] .

Contrary to the uncoupled case, we notice that uniqueness only requires identifiability of the sub-parameter

1. Additionally, we can express the reparameterized CRB for the parameter € (namely rCRB(&)) as

rCRB(¢) = [%‘@}Tn—w [a;‘;’f)] ~

In [22], it is shown that for the parameter 1, and the constrained FIM in lead to the same boundﬁ

4. Different parameterizations and estimation scenarios

To derive appropriate performance bounds, it is necessary to embed the problem in an appropriate proba-
bilistic framework requiring to properly define the probabilistic model, the parameters of interest and possible

associated constraints, and to fix the ambiguities resulting from the coupled CP model.

4.1. Model parameters

Following the notations of [30], we separate the CP factors into distinct parameters 8; € REF 0, € RKaft,

¢, € RUHIDE and ¢, € RUTDE a5
0] = vec{C1}T, @] = vec{A;}T VeC{Bl}T:| , 03 =vec{Ca}T, @5 = [VGC{A2}T vec{B,}"| - (26)
These vectors are stacked into one global parameter w € R™ (m = (I +J + K + I; + J4 + Kq)R) defined by
T
T
oT=|ol ol o a1l -

From , we can see that the model parameters can be linked through non-redundant functions as

£1(01,605) = 0 and ga(¢d,, ¢,) = 0, where gy and go are differentiable V(01, 65) (resp. (¢q, ¢5)).

8As a result, invertibility of the constrained FIM in also implies that 1) is identifiable.

11
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4.2. General framework for the fusion problem

For the fully-coupled model @7, we wish to estimate the parameters ¢, and 61, i.e., the factor matrices
of X. In order to illustrate the advantage of data fusion over uncoupled estimation, we are also interested in the
performance of the uncoupled and partially-coupled models: these cases require the calculation of performance
bounds for the parameters ¢, and 02 as well.

As aresult, we can distinguish two probabilistic scenarios, depending on whether i) we are only interested in
performance bounds and an analysis for the fully-coupled problem, or ii) we want to compare the performance
of the coupled CP approach to that of the uncoupled and partially-coupled approaches. Case i) allows for
a bound calculation for the fully-coupled problem only and will be referred to as scenario 1, while ii) can
encompass uncoupled and partially-coupled problems and will be referred to as scenario 2.

We consider that the observations Y, € RIeXJaxK and Y, € RI¥7*Ka are random real Gaussian datasets.
For all models and scenarios, Y1 and Y- are distributed as in . Here, from the relationships between the

model parameters, we can express (|19) as

g(w) = |g1(61,02) ga(d1, ¢s)|- (27)

For each scenario and model (uncoupled, partially-coupled or fully-coupled), the expression of gq(61,62)
and ga (¢, ¢,) might change, resulting in different sets of constraints between the parameters. As in Section
the PDFs might only be parameterized by a subset of w; in the following subsections, the expressions of these
PDF's will be provided for each scenario.

Calculation of CRBs often requires inversion of a FIM, as explained in Section |3} For the FIM to be full
rank, scaling ambiguities in the CPDs need to be solved [24] regarding the parameters we wish to estimate:
indeed the manifold of rank-R tensors in R?*/*% has dimension (I +.J + K — 2)R. For each aforementioned
scenario, we will provide different options for solving the scaling ambiguities, ensuring that the considered FIM
is invertible. They will result in different sets of constraints, allowing for the calculation of the performance

bounds. We will also introduce different parameterizations and distributions for the observed datasets.

4.3. Scenario 1 — Performance bounds for fully-coupled CP model

In this first scenario, we are only interested in the performance analysis for the fully-coupled CP model.
This case boils down to a performance analysis for ¢, and 6; only. Thus, in this scenario, we only need
uniqueness of the CPD of the target tensor X to calculate the bounds. As discussed in Section [2] we set
(Ag)1,, = (B2)1, = 1 to fix the correct the scaling ambiguities in ¢, (note that generically, this does not

restrict the generality since entries have a probability 1 to be nonzero). This scaling option guarantees that

12



177

178

179

the FIM w.r.t. ¢, and 6, is full-rank. As a result, we define the parameter (752 e RUHI=2)R u4

by" = |vec{(A2)a. )T vec{(B2)as.}T| -

that is only composed of the unknown entries of ¢,. The full and reduced parameters can be linked through
the relationship J>2 = M¢,. The matrix M, € RUAI=2)EXUI+I)R g constructed from Iy 5)r by removing

the 2R rows corresponding to known entries of ¢,. We can recast the fully-coupled CP model in

yl = [[PAQaQBQ;01]] +81a
(28)

Y2, =[A2, By, RC{] + &y,

that directly includes the constraints between the factor matrices. Since the entries of the noise terms £, and
E- are ii.d., Y, and Y- are distributed according to
) —IgJgK | )
By g0 = (27017 exp (=51 — [PA2, @B, Clll3),

—IJKy

fy2;$2,01 = (2770'%) : €xp <_Ti§||y2 - IIA27 B27 RC].]]H%‘)?

(29)

In model , the constraints between the factor matrices are such that Ay, = PA;, By = QB> and

C> = RC. These equalities translate in terms of model parameters as

g1(01,02) =6,—(IrXR)6,
IRXP 0 (30)

g2(¢1a;732) = — M-zraﬁQ
0 IRrXQ

From , we can see that the functions g; and go are linear and thus, in this scenario, we will refer to the

relationship between the model parameters as linear constraints.

4.4. Scenario 2 — Comparing performance bounds

Specific scaling option. In this second scenario, we want to compare performance bounds for the fully coupled
problem to those in the uncoupled and partially-coupled case. This case requires the calculation of the bounds
for the parameters ¢, and 61, as well as for ¢, and 65 for partially-coupled and uncoupled models. Contrary

to scenario 1, inversion of the FIM in the partially-coupled and uncoupled case require both CPDs to be

13



generically unique. As a result, we also define the reduced parameter @ € R™ 4% a5
T
5— | = T X T
w = [leT 0, @' 02] :

We solve scaling ambiguities in ¢, by setting the first rows of A; and B; to ones. Thus, we also define the

reduced parameter vector cﬂli)l € RUatJa=2)R 44

¢ = [vec«Al)z:fd,:}T vec{(anJd,ﬂ

that is only composed of the unknown entries of ¢;. As in the previous subsection, we can express the reduced
parameter vector through the relationship ¢, = Mi¢,, with M, € RUatJa=2RxIa+J)R constructed as
M. Given (7)), solving the scaling ambiguities for the coupled CP factors of Y1 imposes that (PAs);. =
(QB3)1,. = 1. However, it is unlikely that the degradation matrices P and @ make the above equality valid,
even if (As)1. = (B2)1,. = 1, as it would require that (P);,. = [1 le(l,l)} and (Q)1,. = [1 OlX(J,l)].
The performance analysis for this case was addressed in [30]. Here, to circumvent this limitation and address

a more general case, we introduce the scaling diagonal factors
D, = diag{(PA2)1.} and Dg = diag{(QB2)1,.} (31)

such that (A; - D_l)l’: = (B - Dgl)L; = 1. This specific option allows for the scaling ambiguities

[e3

to be corrected, even after degradation by the general matrices P and Q. We also need to rescale Cy as

C,=RC, - (DoéDg)*1 so that Y1 and Ys are degraded versions of the same tensor
X = [[AQ,BQ,Cl(DaDg)*l]].

Model and parameterization for the fully-coupled model. The particular scaling option leads to the fol-

lowing model with additive constraints between the CP factors:

Vi =[A1,B,Ci] + &y,
(32)
Vo =[A2, By, Co] + &,

subject to A; = PAy-D_',B; =QB;,-D;',C; = RC; - (D,Dg)"

14



for the fully coupled case. The datasets are thus distributed according to

—TgJ K B B
fyg.0, = (2r0D) " © o (<55 ¥1 - [PA, D @B, D3 Cll%),
—I1JK,

5,00 = (2m03) % exp (*%Hyz —[A2, B2, RC - (DaDﬁ)*l]]H%),

(33)

1o which is a parameterization different from . The only case where the PDFs in and are equivalent
11 is the specific case where D, = Dg = I, addressed in [30].
In , we can see that the relationships linking the CP factors involve the scaling factors D, and Dg.

Rewriting these relationships in terms of the model parameters gives:

g1(61,02) =0:— ((D.Dg) 'K R) 6,

D'®RP 0 - (34)
M2 ¢2'
0 D;'RQ
B

g2($1,$2) = a)l — M,

182 Due to the definition of D, and Dg in , are non-linear constraints on the model parameters.

Parameterizations for uncoupled and partially-coupled models. In the uncoupled case, the datasets are dis-

tributed according to

—I3JgK L )
By g0 = (2708 7 exp (=552 - [AL BuCilIE), )
—I1JK
£y, G300, = (203) 7 exp (—%Hyz - [[AQ,B2>C2]H|%>7
and follow model @ For the partially-coupled problem, we have the following model:
Vi =[A1,B1,Ci] + &,
(36)
Y2 =[Az,B2,Co] + &,
subject to Cy = RC - (DaDg)_l.
The datasets are distributed according to
—I3J K L
fy,5,0, = (2703) 7 exp (-~ 55 P1 — [A1, By, C1 - (DaDs) ), -

—I1JK,

£y,.3,.0, = (2703) 7 exp (—ﬁnyz —[A2, B2, RC - (DaD/j)fl]]H%)

s Here, we only consider the constraint gq(61,02) = 03 — ((DQDB)_1 X R) 0, instead of .
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e 4.5. Performance for target tensor approximation
Additionally to the model parameters in 7 we also define = vec{X} € R’ (¢ = IJK), that represents
the vectorized low-rank approximation of X'. Parameter « can be linked to the model parameters through the

relationship gs(, 1,7)) = 0. In order to get the bounds for «, we utilize relationships between tensor unfoldings

x =[(C1 ® By)R1I | vec{Ay} = IZV [(C; ® Ay) R I ] vec{ By} = TGV [(By ® Ay) R Ik]vec{C1}, (38)
N—— —

S1 S2 S3

where TI®Y and TI®Y are permutation matrices that link the entries of vec{X @} (resp. vec{X®}) to those

of vec{X(l)}. As a result, the expression of gz(, 171) is given by

g3(x7¢) =T — |:Sl S 53] MLZ%
15 where M3 = Diag{MQ,IKR}.

1 5. Calculation of performance bounds

187 In this section, we derive performance bounds in the uncoupled, partially-coupled, and fully coupled cases.
s For the case of fully coupled datasets (i.e., all degradation matrices are known), we address both scenarios
189 described above. The closed-form of the matrices to be inverted and their submatrices are all available in a
1o supplementary material. The proposed framework for computing the bounds, depending on the estimation

scenario and parameter constraints, is summarized below in Figure

Parameters Solve scaling ambiguities Compute bounds Evaluate performance

Scenario 1 - Section 4.3

Tensor

( Linear \ n
\_ constraints (7) / \ rCRB (40) f STEREO

= o=
scenario
Model @ Non-linear /CRB (22), Blind-CCRB (39)) ALS, Blind-STEREO,

comparison \_constraints (32) / \ CCRB (24) STEREO

reconstruction

Scenario 2 - Section 4.4

Figure 2: Pipeline of the proposed framework for CCRB derivation.

191

w2 5.1. Uncoupled CRB

103 In the uncoupled case, the CRB for the parameter w is obtained by inverting the uncoupled FIM. To do so,
104 scaling ambiguities in the CPDs of Y7 and Y2 need to be solved so that the FIM is full rank. In practice, the

s FIM for @ (namely F(w)) is computed by applying to the tensors Y1 and Ys. The expressions of p,(w)

16



196

197

198

199

200

201

202

203

204

205

206

207

2

=3

8

and p,(w) are obtained from relationships between tensor unfoldings; please see [28] for a full derivation and
closed-form expression of the FIM.

As in previous related works [26] 28] [30], we consider a case where the scaling ambiguities on Y1 and Yo
are solved, meaning that the FIM is non-singular. Thus, the CRB for w can be obtained by inversion of the
FIM: CRB(@) = F~(@). The CRB for each sub-parameter can be obtained by applying the block inversion

lemma [48] to F(@). Please note that the uncoupled CRB can only be computed in scenario 2.

5.2. Blind-CCRB

We now compute the CCRB associated with the blind (partially-coupled) model . The Blind-CCRB

can only be computed in scenario 2 due to the scaling ambiguities on A;, B1. The Jacobian of constraints is

.. Og1 Jg1 0g1 Jg1
G=|2% 98 9 6g1],w1th =0, =_Z,, =X=_1Z,2Z; M), =L
06! 901 ogl 06} 0% 00,7 Y oan 22 Zs| M3, g T

= IKdR~
The matrices Z1, Zo, Z3 are given in |[Appendix Al As a result, we have a basis U of ker(G) such that

Iirysv10470)R-4R
U =

0 2, 12, 2)M]
We thus obtain the Blind-CCRB (Blind-CCRB) by plugging into (24)).

5.8. Performance bounds for fully-coupled model

For the fully-coupled problem, we can compute the CCRB and reparameterized CRB in both scenarios.

5.83.1. Scenario 1 — linear constraints

In the first scenario, the most straightforward approach is to consider the reparameterization change for
the CCRB, using model (6)—(7).

We consider the random real Gaussian distributed dataset Y such that Y ~ N (p(t), ), with

T
Y= |vec{¥1}T vec{¥a}T| - 3 = Diag{3i, X},
~ PA B>, C IrXQX P
e ] I i RPN
VeC{H:AQ,BQ,RC:[:H} R‘ZI]J
P

Since P is constant, we only have to consider the derivatives of vec{[As, B2, C1]} w.r.t. Tp from . As a

17



result, we can compute the reparameterized FIM for ¢ (namely F.(1)) from the Slepian-Bangs formula as
T
" Bls—17 T
Fe(¢) = M3 {51 S5 53] P X P{S& S, 53] Ms. (40)

The reparameterized CRB for 1 is obtained as I‘CRB(’JJ) = FC_I(Q,NZJ). For x, the reparameterized CRB is

T
rCRB(z) = [8§3] rCRB () [853} .
o’ o’
Equivalently, we can compute the CCRB using with
Ogz Og2 g2 Og2
ST T ~T T
G= | % 0e % , with (41)
Og1 Og1 Og1 Ogi
op]  00] g, 06]
9] 0 0 IrXP 0 0
i%—:_IRIXRa i—}—:IKRa %:_ M3, i-zr:I(IdJrJd)Ra
00, 00, Oy 0 IxXQ 0,

200 and the other derivatives are zero.

a0 5.3.2. Scenario 2 — non-linear constraints

In this subsection, the non-linear constraints in yield to different bounds. In , we now have

8g1 agl

0 0
Lz, Bl _rkn, oo, B - _M, (2, Z;) M,
96; 96> 06, 06,
og g .
% =I,+0,-2)R; % = —M, Diag{Z,, Z5} M.
o, O,

o The matrices Z4 and Z5 are given in[Appendix A} and the CCRB for @ is computed using as well.

We can also consider the reparameterized CRB: we assume that Y ~ N (u(e)), X), with

' . PA;D,'.QB;D;",C
Y= |vec{¥1}T vec{¥:}T| , X = Diag{X¥, 32}, w(y) = vee{[ 2 2B 1}
vec{[As, B2, RC1(DoDs) "'}

The Jacobian of p()) is the matrix

—aszMl X1 X2 X3 M].
oY X; Xs X4
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The matrices X; (i € {1,...,6}) are given in [Appendix B. The reparameterized FIM is computed as

F(%) = M [aaﬂ »-1 L%L] M. (42)

6. Computer results

All simulations were run on a MacBook Pro with 2.3 GHz Intel Core i5 and 16GB RAM. For basic tensor
operations we used TensorLab 3.0 [49]. The code is implemented in MATLAB and is available online at

https://github.com/cprevost4/CCRB_Software.

6.1. Simulations setup

The entries of the true CP factors Ay, Bs, C; were generated once as i.i.d. real standard Gaussian
variables, and the first rows of As, By were set to ones. The true CP factors A;, By, Cy were constructed
according to the parameter constraints for each scenario. In all experiments, the degradation matrices P and
Q are generated as blurring and downsampling matrices using a Gaussian filter of length ¢ and a downsampling
ratio d. For the sake of simplicity but without loss of generality, we also assume that P = . The degradation
matrix R is a selection-and-averaging matrix that selects the common third-order slabs of X and Y5. We
refer to the [Appendix C for more details on the construction of these matrices.

We simulate the performance of the coupled CP model under additive Gaussian noise. The SNR on the
observed tensors in dB is defined as SNR; = 10logy, (|| V:||%/€:l%). (i = 1,2). We fix SNR, to 20dB while
SNR; varies from 5 to 60dB, unless otherwise specified. In the following figures, we will plot our results for
various values of SNR; while SNRy remains constant.

The model parameters are retrieved using MLE with at most 5000 iterations. For estimation in the
uncoupled case, we use ALS [39] with random initialization for the factor matrices. For the fully-coupled
case, STEREO, the algorithm proposed in [§] is used. For the blind case, we use Blind-STEREO [§]. To
speed up the convergence of the coupled algorithms, the CP factors obtained by uncoupled ALS are used
as initialization. For each realization, the best out of 10 initializations is picked. The scaling ambiguities
are corrected during estimation so that the first rows of the :42», El factors are composed of ones. Then,
the permutation ambiguities are corrected in the estimated factors. The correct permutation is obtained by
searching for the best column permutation of the estimated 6’1 for a fixed reference C'. This is performed
as follows. The columns of 6’1 are processed in turn, by starting with the one closest to the reference. Once
two columns are associated, they are removed from each matrix, and we keep going with a smaller number of
columns. Note that this greedy approach is known to be sub-optimal, and one could proceed optimally using

the Hungarian algorithm [50] or by replacing permutation by a bistochastic matrix [51]. This permutation
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is also applied to ;11 and El, and likewise for :12, Bz, 62. For each noise realization, the squared error
between the vectorized groundtruth and estimated factors is computed. Please note that the fixed entries of
the factors are not taken into account. Finally, the MSE is obtained by averaging the squared errors over 500
noise realizations.

In our experiments, we consider as reference the uniform MSE (UMSE) and uniform CRB (UCRB) obtained
from the MSE and CRB matrix traces, as widely considered in, e.g., [52] 53] [54]. The expressions proposed in
this paper allow for calculation of the reparameterized UCRB, uniform CCRB (UCCRB) and uniform Blind-
CCRB (Blind-UCCRB) by taking the trace of these matrices. Thus in the following figures, we will assess

uniform efficiency of the estimatorsﬂ We will plot our results for the parameters 1 and & such that

T ~ T ~
Y =[¢g 0{}, 3 =[¢I eg},
which correspond respectively to the CP factors of X', and the degraded factors.

6.2. Numerical quivalence between CCRB and reparameterized CRB

In this subsection, we illustrate the results of [22] [42] regarding the equivalence between the CCRB
and its reparameterization change . We first consider [ = J =18, [, = J;3 =6, K = 16 and K5 = 8,
and R = 3. In Figure 3] we show on a semi-log scale the UCCRB and its reparameterization change for w in
the fully coupled case and scenario 1 (linear constraints). In Figure [4] we consider scenario 2 and additionally

plot the uncoupled UCRB, UCCRB and reparameterization changes for w in the partially-coupled case.

SNRy = 20 dB SNR; = 20 dB

10"

MSE Trace

-

e e — o — o — ]

40 50 60

10 20 30
s SNR, (dB)

10 10 20 30 40 50 60
SNR; (dB)
Figure 4: Scenario 2: Uniform lower bounds (uncoupled,
Figure 3: Scenario 1: UCCRB and its reparameterization partially-coupled, fully-coupled) for @ versus SNR; for
change for w versus SNR; for fixed SNRy = 20 dB. fixed SNRy = 20 dB.

For both fully-coupled and blind problems, the UCCRB and its reparameterization change are numerically

equivalent. Moreover, the Blind-UCCRB is above the fully-coupled UCCRB.

9Please note that uniform efficiency implies efficiency for each entry of the parameters.
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w3 60.3. Asymptotic values for constrained FIM

We notice that the uniform bounds tend to a constant for SNR; > SNR,. To explain why such an elbow
occurs, we seek for asymptotic values for the constrained FIM, i.e., for 07 — oo. For scenario 1 (linear

constraints), we resort to for the constrained FIM. Developing yields the following matrix:

SIPS, SIPS. S|PS;
F.() = M5 |SIPS, SIPS, SIPs,| Mj, (43)
SIPS, SiPS, SiPS;

where P = é(I&QTQ&PTP) + U—E(RTRﬁI). Thus for (i,5) € {1,...,3},

lim S]PS; =

G'%*}OO

(ST(RTRRI)S;),= lim F."9(¢) = S!PS;, (44)

)
O'% o7—00
2 where F,"9) (1)) stands for the (i, j)-th block of F,(t)).

For scenario 2 with non-linear constraints, developing in (24) the term corresponding to the constrained

FIM U"FU yields

1
lim (UTFU) = ?(SI‘SA +SESE+Z{SLScZy +Z)SL[Sa+ ScZa)

2
0] —>00 2

+Z3SL[Sp+ ScZs)+ S\ScZy+ SEScZs), (45)

s where Sy = (C20B2) W1y, Sp = Hé271)((02 ©A2)XI;)and S¢ = Hé&l)((Bz ©A2) X Ig), and Hé271) and

256 Hé?”l) are permutation matrices that link the entries of Vec{Yg)} (resp. vec{YéB)}) to those of vec{Ygl)}.
257 The asymptotic values for rCRB(#) (for scenario 1) and (U FU)~! (for scenario 2) when o2 — 0 can
s be obtained by inversion of and , respectively.

250 In Figure |5, we illustrate those results by plotting Tr(UrCRB('Tb)) (for scenario 1) and Tr((U' FU)™1)

(for scenario 2) for SNRy € {15,30,45} dB, as well as their asymptotic values.

10° 10°

107 107 ~_

10t N 3 107

E
MSE Trac:

= 10° 10°

10" 10"

101 1010

Figure 5: Tr(UrCRB(%)) (scenario 1, left); Tr((UTFU)™!) (scenario 2, right) and asymptotic values, versus SNR; for fixed
SNRa.
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6.4. Assessing the efficiency of the estimators

In this subsection, we assess the efficiency of the estimators introduced in Section [2.6|for the reconstruction
of the target tensor. We keep the same dimensions as in Section[6.2] and compare the UMSE with corresponding
uniform bounds. For scenario 1, we only compare the UMSE provided by STEREO to the UCCRB obtained
as in Section For scenario 2, we also compare the UMSE given by Blind-STEREO to the Blind-UCCRB.

In Figures[6] and [7] we show on a semi-log scale the bounds and UMSE for @ in scenarios 1 and 2, respectively.

10?

— — UCCRB(x

)
O UMSE() - STEREO 10!

\
10"\ %

Ped
MSE Trace
s

10" \ \

MSE Trace

10" \

b\\ 102
¥~ 6-e-0—0--0 —
. s 10 20 12' Vi 40 50 60
10 20 ‘g\“vn‘ 40 50 60
Figure 7: Scenario 2: UCCRB and Blind-UCCRB, UMSE
Figure 6: Scenario 1: UCCRB and UMSE from STEREO from STEREO and Blind-STEREO for «, versus SNR; for
for @, versus SNR; for fixed SNRs. fixed SNRs.

The UMSE obtained from STEREO follows the UCCRB in both scenarios. For the partially-coupled
problem in scenario 2, the UMSE given by Blind-STEREO follows the Blind-UCCRB for SNR; > 20dB.
Thus, in both scenarios, the estimators asymptotically reach their corresponding bounds. This implies that
they are asymptotically efficient for each entry of the parameters.

Next, we assess performance of STEREO with respect to the two estimation scenarios. For the first
scenario, we generate the model according to that corresponds to the first scenario. For scenario 2, we
generate model with non-linear constraints between the parameters. For each scenario, we run STEREO
according to the model. We also compute the CCRB as in Section and Section for the parameter
x: thus in each scenario we consider the correct CCRB as well as the CCRB obtained from the wrong model.

In Figure |8] we show on a semi-log scale the UCCRB bounds and UMSE for both scenarios.

Scenario 1 N Scenario 2
10 10
—+— UCCRB(x), Model (31) —+ UCCRB(x), Model (31)
— — UCCRB(x), Model (35) — — UCCRB(x), Model (35)
, Q\ © UMSE(R) - STEREO, Model (31) , \\ O UMSE(%) - STEREO, Model (35)
10 10
\ Q \
\ \
\ R A
g 10 N 100 Y
£ \ b
Pt
o \ R ANRY
2 D , AN
=10 AN 10° AN
NN Q N
AN S —
AN 0—0 90— 6 - B — \3\*\»»?474, 4 —
1072 S 107 © o o0-0-0 0-0c 4
10° - 10° .
0 10 20 30 40 50 60 0 10 20 30 40 50 60
SNR; (dB) SNR,; (dB)

Figure 8: UMSE from STEREO and UCCRB for @, scenarios 1 (left) and 2 (right), versus SNR; for fixed SNRs.
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277
278 In both cases, the UMSE follows the UCCRB computed from the right model. That is, for scenario 1,

29 the UMSE reaches the UCCRB obtained with model , while it reaches the bound obtained with in
s scenario 2. Thus STEREO is efficient provided that the right model is employed.

6.5, Impact of A on the performance and modified STEREO scheme

262 In the following subsections, we study performance of STEREQ in a case where generic uniqueness of Y,

283

is not guaranteed, but the condition for unique noiseless recovery of X by STEREO is still satisfied. Such

284

a case can be obtained by considering large tensor ranks. Contrary to Section where the Y, and Y5 are

25 generically unique, we expect to encounter cases where the algorithm does not converge to a global minimum

26 due to the rank being larger than (some of) the dimensions of Y; and Y3. Thus we consider a modified choice

s7  of the regularization parameter A\ to circumvent these difficulties.

288

We first illustrate the influence of A on the performance of STEREO with a toy example. We generate the

20 model as in Section with fixed SNRy = 40dB. We consider several values for the regularization parameter:

290

A=1-10", A\ =1and A = 1-10~%. They correspond to the “true” regularization parameters for SNR; = 5dB,

291

SNR; = SNRy and SNR; = 60dB, respectively. In Figure [9 we plot on a semi-log scale the UCCRB for w
and UMSE obtained with different A.

— — UCCRB(@) \
\ ~3- UMSE(®) - STEREO, A = 1107 107 \\
SR —+ UMSE(®) - STEREO, A = 1 \
107 \‘% UMSE(®) - STEREO, A=1-10~ \\
S0 " \
S 3 *?\
107 R\‘yr 5 \
h\ . ; 10° \
. \
\;\\ 1%
10° K\\‘u( \\‘\13‘ O o o o O o o
e i
X\ﬁ N+ o+
g -0-0-0-€ 10 Yo
108 SE=F-F- A RN W TR R A N
10 20 30 40 50 60 o ‘
SNR; (dB)
Figure 10: UCCRB for w and UMSE at different steps of
Figure 9: UCCRB for @ and UMSE for different A. Algorithm E

292

203 For A = 1-107, we notice that the UMSE reaches the UCCRB for SNR; < SNR, even if \ is larger than
2 the “true” A. For higher SNR, the UMSE tends to a constant. For A = 1, we can see that the UMSE is above
25 the UCCRB for each noise level except when SNR; and SNR, have the same order. Finally, for A = 1- 1074,
26 while the UMSE is above the UCCRB for SNR; < SNRs, it does reach the bound for higher SNR. Figure [J]
27 shows that small values of A lead to better performance for high SNR, which is exactly what we are aiming at.
208 Thus we propose a modified procedure for STEREO. For each noise level, we successively run several
200 iterations of STEREO with decreasing values of A\. The balance parameter is initialized to A = Ui% Indeed,

w0 the value 07 = 1 corresponds to SNR; = 0dB; hence in our experiments, we always have 0?7 < 1, which
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guarantees that the initial value of A is always higher than We refer to this setup as “modified” and

wqw‘

describe this new procedure in Algorithm

Algorithm 1: Modified STEREO with decreasing A
Input: A270, Bg707 0170
Initialize \ = i
repeat
1. (Ag, By, C1) + STEREO with 1000 iterations;
2.\ 2

107
3. (Az20, B2y, C1) < (A2, B2, C1);
2
until X\ = 7;

Return As, 2Bg, C,.

Since identifiability of Y is not guaranteed, uncoupled ALS on Y; is not guaranteed to converge. Thus

in this subsection, we initialize STEREO as in [§]:

As,Bs2,C209 = CPDg(Y2), (46)

CIO =(QB2,o©® PAz,o)TY;3)7

where the operation CPD i returns estimated CP factor with rank R. In fact, boils down to considering
A = oo. For this reason, we expect STEREO not to converge when Z% is low, that is, SNR1 > SNRj. It should
be mentioned that, for SNR; < SNRs, Algorithm [I] might not needed, since the “true” lambda is very large.
The initialization with A = oo is expected to provide a good estimation of the parameter x in that case.

To provide more intuition on how Algorithm [1f works, in Figure we plot the UCCRB for @ and the
UMSE obtained at different steps of Algorithm [T] with decreasing values of \. We chose fixed SNRy = 20dB in
our simulations. At the initialization step with A = 0—157 the UMSE reaches the bound only for SNR; < SNR,.
After two steps, the UMSE reaches the UCCRB up until SNR; = 25dB and the UMSE decreases for high

SNR. After two more steps of Algorithm [} the UMSE reaches the bound for all values of SNR;.

6.6. Performance of STERFEO without identifiability of Y1

To study the interest of the procedure proposed in Algorithm [I} we take Iy = Jg = 4, I = J = 16,
K; =10 and K = 20, and d = 4, ¢ = 3. We consider fixed SNRy = 40dB while SNR; varies between 5dB and
60dB. For these dimensions, the generic uniqueness of Y, is proved for N < 9 [38, Theorem 1.1], while the
Kruskal condition for Yy is satisfied for N < 6. In fact, the Kruskal condition the the CPD of Y, provides a
sufficient condition for unique recovery of the tensor. Condition on unique recovery of X by STEREO in

the noiseless case gives R < 16. We address scenario 2 only, and tensor ranks R = 10, R = 12, and R = 14.

10Tn practice, this operation is performed using TensorLab 3.0.
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We run STEREO and Algorithm [I} and average the UMSE over 500 noise realizations. In Figures we
plot on a semi-log scale the UCCRB and UMSE for & and tensor ranks R = 10, R = 12, R = 14, respectively.
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Figure 11: CCRB and MSE traces for
« and tensor rank R = 10.

Figure 12: CCRB and MSE traces for
x and tensor rank R = 12.

Figure 13: CCRB and MSE traces for
x and tensor rank R = 14.
. . . . 02
First, in Figures , we can see that for SNRy > SNRy, STEREO with A = % does not converge
2
indeed. Our guess is that the performance of the algorithm degrades when R is very large, especially when

it becomes larger than (some of) the dimensions of the tensors. However, Algorithm [1| does not exhibit such

behaviour: in all figures, the UMSE provided by STEREO reaches the UCCRB in this setting.

7. Conclusion

In this paper, we have provided a general framework for the calculation of the CCRB for coupled tensor
models admitting CP decompositions. We have introduced two different estimation scenarios, allowing for a
performance comparison of the uncoupled, partially-coupled, and fully-coupled problems. We have shown that
the existing ML estimators STEREO and Blind-STEREO are efficient in optimal estimation conditions (i.e.,
when the rank reduction allows for good estimation). In some cases, however, the tensor rank does not allow
for correct estimation of the parameters by STEREO: in such cases, we have proposed an algorithm reaching
the CCRB for high SNRs, contrary to the traditional STEREO.

STEREO reaches the CCRB for reconstruction of the tensor X. However, for scenario 2 with non-linear
constraints, the CCRB is not a lower bound on constrained parameter estimation [55], and the Lehmann-
unbiased CCRB (LU-CCRB) introduced in [55] is inferior to or equal to the standard CCRB. As a result,
when interested in estimating the low-rank factors underlying X, it is sensible to seek for new constrained

algorithms that reach the LU-CCRB. This matter, which is of great interest, will be explored in future works.
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Appendix A. Derivatives for CCRB

We give the expression of the matrices Z; (i € {1,5}) for the CCRB in Sections and

Z, = (D,Ds) 'KR,

Zy=—(D2Dg) 'RR)(Ir 0 Cy)(IrXPy,),

Z3; = —~(DoD3) 'RR)(Ir© C1)IrRQ, ),
Z,=(D,'®P)— (D,?RP)(Ir0® Ay)(IrR P .),

Zs=(D;'¥Q) — (D5*KQ)Ir© B2)(IrHQ, ).

Appendix B. Derivatives for reparameterized CRB

We give the expression of the matrices X; (i € {1,6}) used for the reparameterized CRB in Section

The permutation matrices Hz(?’l), H§3,1) link the entries of VGC{YEQ)} (resp. vec{Yz(»g)}) to those of Vec{Ygl)}.

X1 = [(12© (€1 ©QB2D;")) D' ®P| [I15 — (D' RI)(IR © A2) Ir B Py,

X = (IpRTEY) [(In 0 (C1 © PA:DY) D3 Q) [T — (D' BI)(Ir o B2)(TrKQ,,)]
X5 = TxR0OPY) [(IR ©(QB:D5' © PAngl)) xIK} :

Xy = (IrRIFY) [(Tr © (B © Ag)) (DaDs) 'K R],

X5 = [(In® (RC\D3' © Bo)) D' BI,| [Iin — (DI RI) (TR © A2)(TRR Py,

Xo = (IrRIIY) [(IR ® (RC\D;' © Az)) D’ xu} {IJR —(D;'RI)Izo Bg)(IRﬁQl):)} .

Appendix C. Degradation matrices

As initially proposed in [56] and used in [8], P is constructed as P = S1T, where T is a blurring
Toeplitz matrix and S is a downsampling matrix. The blurring matrix is constructed from a Gaussian

blurring kernel ¢ € R?7*! with a standard deviation o = 47\,2410g2. Form € {1,...,q} and m' = m — [Z], we

202

have ¢(m) = exp (_m&). Thus, T; € R/ can be seen as

[6([4]) - é@ 0 . 0 ]
T, | 0 e T o
o . é(q)

L0 0 e e8]
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w2 The matrix §; € R/e*! with downsampling ratio d, is made of I; independent rows such that for i €
ws {1,..., 14}, (S1)i2+@i—1)a = 1 and the other coefficients are zeros.

The degradation matrix R € RE«*X is a selection-averaging matrix. Each row represents a band in Ys;

coefficients are set to ones for common bands with &X', and zeros elsewhere. The coefficients are averaged

per-row. In our simulations, we average X bands two by two. Below is an example of a 3 x 6 matrix:

101
5 5 0.0 0 0
_ 11
R=10 0 5 5 0 0

o0 o0 o0 1 1
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Supplementary materials

Clémence Prévost, Konstantin Usevich, Martin Haardt, Pierre Comon, David Brie

This document contains supplementary materials regarding the manuscript “Constrained Cramér-
Rao bounds for reconstruction problems formulated as coupled canonical polyadic decompositions”.
We first provide closed-form expressions for the matrices to be inverted to obtain the bounds. We
also provide additional simulations regarding the influence of the tensor rank on the performance
bounds on the reconstruction error of the target tensor.

1. Uncoupled CRB

We first recall the results of [1] regarding the uncoupled FIM. In practice, the FIM for w (namely
F(w)) is computed by applying the Slepian-Bangs formula to the tensors Y, and Yo:

Opq (w 0
F~_% Diaa(s sl | ] 1 ou1(®) oy @)| 4 L [0u](®) oy(@) .
(©) = ozl | Dine{Bn 22} ol | = o2 [0 557 | Yo7 [ Te aer |0 U
oa' 0T

The expressions of the functions p; and p, are obtained using relationships between tensor unfold-
ings. For i = 1,2, we have

1:(@) = [(C; ® By) B I]vec{A;} = I*Y [(C; © A) RI|vec{B;} = IV [(B; ® A) R I)vec{C,}.
(R —

Sa,; S, Sc,
(2)
This yields ‘9'5;( ©) — (S4, Sp, Sc,].
Developing (1) using the above formula yields
_ésglsfh O_i%s*}lsB1 O—%SLSCH 0 0 0
5785,50 2SB, S 2B, Sc, 0 0 0
() = #S&Sm f;sasBl C%%Sascl 0 0 0 -
- 0 0 0 %ST S A, %ST Sg, %ST Sc,
0 0 0 1 2255, 54, 12 Sh,SB, 12 Sh,Sc,
0 0 0 12 &S A, 12 St S, 01% & Sc, |
In (3), F(®@) is a block-matrix of the form
F($) F(@,0) 0 0
T
F(&): F(¢1a91) F(Ol) Q ~0 , (4)
0 0 F(¢y)  Fle,02)
0 0 F(¢y,02)"  F(82)

Preprint submitted to Elsevier April 26, 2022



where for i € {1,2}, we have

1 QT
?SAZ'SAi

1 qT 1 qT
? 722‘5',4 PSAlsCz
1 QT 1 qT
oT?SBiSAi 753

~ ~ 1

In most performance analyses, we are only interested in the diagonal terms of the CRB, which

are directly related to the optimal MSE. For i € {1, 2}, denote CRB(¢;) and CRB(6;) the diagonal
blocks of the matrix CRB(w) = F(w)~!. Then from (4),

~ ~ ~ ~ —1
CRB($)) = (F($)) — F($,,0.)F(6.)'F($,.0,)) (5)
CRB(0:) = (F(6:) ~ F(,,0)"F(3) "F(,0,) - (©

2. Blind-CCRB for partially-coupled models

For the partially-coupled model, we have a matrix U such that

U — Iy g41y+70)R-4R
0 Z, (2, Z3]]

Thus the matrix U FU is a block matrix of the form

D,y D> O
U'FU = |D|, D33 D3
0 Dj; Dsgs

)

which subblocks are such that
Dy =F(¢,), Di>=7F(¢,,01), Dis=F(0:)+Z{F(6:)Z,
Dy3 = Z{F(¢y) + Z{F(¢y,02) [ Z2 Z3],
D33 = F(¢) + F(bo, 02) [Z2 Z3) + [Zo Z3)" F(g, 02)T +[Z2 Z3)" F(62)[Zy Z3).

Denote 131,1, 131,2, 13272, 13273, 13373 the blocks of (UTFU)_1 obtained by the block-inversion
lemma. Then the diagonal blocks of Blind-CCRB(w) for the partially-coupled model are:

Blind-CCRB(¢1) D, 1
Blind-CCRB(6,) = D, 25
Blind-CCRB(¢2) D3 3,
. Dy D
Bllnd—CCRB(GQ) = D2 2Z1 + ZlDQ 3 [ZQ Z3] [ZQ Z3] D2,3Z-1r + [22 Zg] D3’3 [ZQ Zg] .

3. Fully-coupled CCRB

3.1. Scenario 1 with linear constraints

3.1.1. Standard CCRB
For the fully-coupled model, the matrix U FU in is a block matrix of the form

UTFU — [Dl,l D1,2]

T
D1,2 D2,2 ’



which subblocks are such that

D1 = Diag{IRP,IKQ}"F(¢,) Diag{IXN P, IKQ} + F(¢,);
D,y = Diag{IX P, IXQ}"F(¢;,01) + F(¢,,05) (X R),
Dy =F(0,)+(IRR)'F(6:)(IRR).

Denote 5171, 5172, .b272 the blocks of (UTFU)_1 obtained by the block-inversion lemma as
~ T\ L
D,, = (Dl,l - D1,2D272D1,2) )
D= —51,1D1,2D2_é,
. T o1 -1
Dy, = <D2,2 - D1,2D1,1D172) .

Then the diagonal blocks of CCRB(w) for the fully-coupled model are:

CCRB(¢,) = Diag{IKR P, IR Q} D Diag{IK P, IKQ}",
CCRB(6,) = D3,

CCRB(¢,) = D 4,

CCRB(0;) = (IKR)Dy5(IKR)".

3.1.2. Reparameterization change
In fact, the reparameterized FIM F¢ (¢, 01) is a block-matrix of the form

F- F-
- 0
Fe(¢y,01) = [FI¢2 i;b2 1] :
¢2791 61
with

SI'T’SH SI”SSZ:| [517353} T

~ = ~ ~ 1‘7‘~ = —~ F — S S ’
2 S;—’PSI S;—’PSQ ’ b5,01 S;—’PS?, ) 01 3 P 3
where P = L(IRQTQRPTP) + L(RTRKI).

! 2

Denote CRB(¢,) and CRB (1) the diagonal blocks of the matrix Fe(¢y,81)~!. Then we
have

_ -1
—1 T
CRB<¢2) - (FESQ a F(‘%Z?ol F01 Fg[)Q?el) ’ (7)
-1
CRB(0,) = (Fgl B F£2,91F£;F$2791> ’ ®)

3.2. Scenario 2 with non-linear constraints

3.2.1. Standard CCRB
In this scenario, the matrix U' FU is a block matrix of the form



which subblocks are such that

D = Diag{Z4, Z5}'F () Diag{Zy4, Zs} + F(¢y) + [Z2 Zs]" F(62) [Z2 Zs]
+F (¢, 02) [Z2 Z3] + [Z2 Z3)' F(¢y,602)",
D, 3 = Diag{Z4, Z5} "F($1,01) + F(¢y,02)Z1 + [Z2 Z3] F(6:) 21,
D272 = F(@l) + ZIF(@Q)ZL
Denote 51,1, 51,2, 5272 the blocks of (UTFU)_1 obtained by the block-inversion lemma as

_ 1
1T

D, = <D1,1 - D1,2D272D172) ;

~ ~ 1

D> =—-D11D12D,,,

_ 1
D;s = <D2,2 - DIQDl_le,Q)

Then the diagonal blocks of CCRB(w) for the fully-coupled model are:

CCRB(¢1) Diag{Z4, Z5}D1 1 Diag{Z4, Z5}

CCRB(6;) = Dy,

CCRB((EQ) = E1,1’

CCRB(0,) = (25 Z3] D11 (22 Z3]" + Z1Ds5 27 + 2D 425 23 + [Zs Zs] D1, 27,

3.2.2. Reparameterization change
The reparameterized FIM F,(¢5,61) is a block-matrix of the form

F- F~
. P
Fo(y,01) = [FT¢2 o ] :

b2.61
with
QXTXl + - XTX LX [ Xo+ 5X] X
Fg, = [ LXTX, + X6X5 1 LXIX,+ XGXJ
LXTX;+4LXxTXx,
FE>2,01 = llXTX3+ XTXJ

F :—XTX —XX.
0, p 3 3+a% 434

Denote rCRB(¢,) and rCRB(6;) the diagonal blocks of the matrix Fe(¢y,601)~!. Then we
have

CRB(¢,) = (F; —F; , Fy'FL - 9

rCRB(6;) = (Fg, ~ F5, 0 FolF5 , ) ©)
—1

rCRB(6:) = (Fo, - F;,QIF(ZISQF%OI) . (10)



4. Choice of the rank

In this section, we investigate the influence of the tensor rank on the modelling error for . We
assume that we want to recover a given tensor X admitting a CPD with rank Ry, = 3. In real
applications, the observed tensors are unlikely to be low-rank tensors. Thus the proposed model
only performs a low-rank approximation of the target tensor, and the appropriate tensor rank is
not known a priori. Nevertheless, we expect the performance for the reconstruction of X to vary
along with the tensor rank R.

We generate the CP model with I = J =18, I; = J; = 6, K = 16 and K; = 8, and ranks
R € {3,...,16}. The first columns of Az, By are also set to ones. The factors A;, B, Cj are
constructed according to linear constraints, that correspond to the first scenario. The low-resolution
tensors Y1 and Yo are constructed from these augmented CP factors. For R € {3,...,16}, the
CCRB for x is averaged over 100 realizations of the factors A;, B;, C; (i € {1,2}). This bound
can be seen as an error bound on the reconstruction of the true tensor X. In Figure 1] we plot the
averaged UCCRB as a function of SNR; and R for fixed SNR,.

T

4 6 8 10 12 14 16
Tensor rank R

Figure 1: UCCRB(xz) as a function of SNR; (dB) and tensor rank R.

We can see that, for all R, the UCCRB decreases when SNR; decreases. Moreover, for all
considered SNRs, the value of the CCRB increases with R; the best theoretical performance is
obtained for R = Ry, = 3. This figure indicates that for low SNR, the performance for the
reconstruction of the target tensor is sensitive to an overestimation of the tensor rank.
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