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Abstract: This paper presents Annamalai’s binomial theorem, coefficient, identity, and binomial 

expansion developed by Chinnaraji Annamalai of the Indian Institute of Technology Kharagpur. 

Also, an extended geometric series is introduced with innovative summation of single terms and 

more successive terms of the series in this article.   
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1. Introduction 

In the earlier days, geometric series with positive exponents served as a vital role in the 

development of differential and integral calculus and as an introduction to Taylor series and 

Fourier series. Geometric series have significant applications in physics, engineering, biology, 

economics, finance, management, queueing theory, computer science and medicine [1]. An 

extended finite geometric series that is a geometric series with and without negative exponents 

[3, 7] denotes the summation of a finite number of terms as follows:   

 

∑ 𝑥𝑖

𝑛

𝑖=−𝑘

= 𝑥−𝑘 + 𝑥−𝑘+1 + 𝑥−𝑘+2 + ⋯ +𝑥−2 + 𝑥−1 + 1 + 𝑥 + 𝑥2 + ⋯ + 𝑥𝑛 =
𝑥𝑛+1 − 𝑥−𝑘

𝑥 − 1
, 

that is, ∑ 𝑥𝑖

−1

𝑖=−𝑘

+ ∑ 𝑥𝑗

𝑛

𝑗=0

=
𝑥−1+1 − 𝑥−𝑘

𝑥 − 1
+

𝑥𝑛+1 − 1

𝑥 − 1
=

𝑥𝑛+1 − 𝑥−𝑘

𝑥 − 1
 (𝑥 ≠ 1 &𝑘, 𝑛 ∈ 𝑁), 

where N is the set of natural numbers including zero. 

 

In general, the summations of one terms or more successive terms of an extended geometric 

series with and without negative exponents [1-8] are mathematically expressed as 

 

𝑥−𝑛 =
𝑥−𝑛+1 − 𝑥−𝑛

𝑥 − 1
,                   ∑ 𝑥𝑖

−𝑝

𝑖=−𝑞

=
𝑥−𝑝+1 − 𝑥−𝑞

𝑥 − 1
  (𝑥 ≠ 1, −𝑞 ≥ −𝑝, 𝑎𝑛𝑑 𝑝, 𝑞 ∈ 𝑁), 

𝑥𝑛 =  
𝑥𝑛+1 − 𝑥𝑛

𝑥 − 1
 , ∑ 𝑥𝑗

𝑛

𝑗=𝑘

   =
𝑥𝑛+1 − 𝑥𝑘

𝑥 − 1
 (𝑥 ≠ 1, 𝑛 ≥ 𝑘, 𝑎𝑛𝑑 𝑛, 𝑘 ∈ 𝑁). 
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This novel idea was generated by Chinnaraji Annamalai of the Indian Institute of Technology 

Kharagpur. The extended geometric series is used in science, management, and medicine [1]. 

Using the extended geometric series, Annamalai’s binomial identity [2-6] and theorem and its 

proofs are constituted in this article.  

2. Annamalai’s Binomial Identity and Coefficients 

The following identity [2-6] is named as Annamalai’s binomial identity that is the binomial 

series developed by the multiple summations of the extended geometric series: 

(𝑖)              ∑ ∑ ∑ ⋯ ⋯ ⋯

𝑛

𝑖3=𝑖2

∑ 𝑥𝑖𝑟

𝑛

𝑖𝑟=𝑖𝑟−1

𝑛

𝑖2=𝑖1

𝑛

𝑖1=0

=   ∑ 𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

.  

When substituting r = 1 in (i), it becomes double summation of a geometric series, 

∑ ∑ 𝑥𝑖2

𝑛

𝑖2=𝑖1

=

𝑛

𝑖1=0

∑ 𝑥𝑖2

𝑛

𝑖2=0

+ ∑ 𝑥𝑖2

𝑛

𝑖2=1

+ ∑ 𝑥𝑖2

𝑛

𝑖2=2

+ ⋯ + ∑ 𝑥𝑖2

𝑛

𝑖2=𝑛

= 1 + 2𝑥 + 3𝑥2 + ⋯ + (𝑛 + 1)𝑥𝑛. 

that is, 1 + 2𝑥 + 3𝑥2 + ⋯ + (𝑛 + 1)𝑥𝑛 = ∑(𝑖 + 1)𝑥𝑖

𝑛

𝑖=0

= ∑ 𝑉𝑖
1𝑥𝑖

𝑛

𝑖=0

. 

When substituting r = 2 in (i), it becomes triple summation of a geometric series, 

∑ ∑ ∑ 𝑥𝑖3

𝑛

𝑖3=𝑖2

𝑛

𝑖2=𝑖1

=

𝑛

𝑖1=0

∑ ∑ 𝑥𝑖3

𝑛

𝑖3=𝑖2

𝑛

𝑖2=0

+ ∑ ∑ 𝑥𝑖3

𝑛

𝑖3=𝑖2

𝑛

𝑖2=1

+ ∑ ∑ 𝑥𝑖3

𝑛

𝑖3=𝑖2

𝑛

𝑖2=2

+ ⋯ + ∑ ∑ 𝑥𝑖3

𝑛

𝑖3=𝑖2

𝑛

𝑖2=𝑛

= ∑ 𝑉𝑖
2𝑥𝑖

𝑛

𝑖=0

. 

Similarly, if this computation continues up to r times, the r
th

 equation becomes as follows: 

 ∑ 𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

= ∑ ∑ ∑ ⋯ ⋯ ⋯

𝑛

𝑖3=𝑖2

∑ 𝑥𝑖𝑟 ,

𝑛

𝑖𝑟=𝑖𝑟−1

𝑛

𝑖2=𝑖1

𝑛

𝑖1=0

 

which is called Annamalai’s binomial identity. 

The following binomial coefficient is named as Annamalai’s binomial coefficient (optimized 

combination) 𝑉𝑟
𝑛, which is the extension of tradition coefficient. 

𝑉𝑟
𝑛 =

(𝑟 + 1)(𝑟 + 2) ⋯ ⋯ (𝑟 + 𝑛)

𝑛!
= ∏

𝑟 + 𝑖

𝑛!

𝑛

𝑖=1

   (𝑛 ≥ 1, 𝑟 ≥ 0 &  𝑛, 𝑟 ∈ 𝑁)    

                                                            OR 

𝑉𝑛
𝑟 =

(𝑛 + 1)(𝑛 + 2) ⋯ ⋯ (𝑛 + 𝑟)

𝑟!
= ∏

𝑛 + 𝑗

𝑟!

𝑟

𝑗=1

   (𝑛 ≥ 0, 𝑟 ≥ 1 &  𝑛, 𝑟 ∈ 𝑁). 
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𝑉𝑟
𝑛 = ∏

𝑟 + 𝑖

𝑛!

𝑛

𝑖=1

=  𝑉𝑛
𝑟 =  ∏

𝑛 + 𝑗

𝑟!

𝑟

𝑗=1

 (𝑛, 𝑟 ≥ 1 &  𝑛, 𝑟 ∈ 𝑁), 

                                           where  𝑉𝑛
0 = 𝑉0

𝑛  𝑎𝑛𝑑 𝑉0
𝑛  = 1.  

 

The traditional combination of combinatorics or traditional coefficient is given below: 

𝑛𝐶𝑟 =
𝑛!

𝑟! (𝑛 − 𝑟)!
=

(𝑟 + 1)(𝑟 + 2) ⋯ ⋯ (𝑟 − (𝑛 − 1)

(𝑛 − 𝑟)!
=  ∏

𝑟 + 𝑖

(𝑛 − 𝑟)!

𝑛−1

𝑖=1

, (𝑛 ≥ 𝑟 &  𝑛, 𝑟 ∈ 𝑁) 

where 𝑁 = {1, 2,3, ⋯ ⋯ },  𝑉𝑟
𝑛 is Annamalai′s binomial coefficient, and 𝑛! is the  factorial of 𝑛. 

 

The comparison between optimized combination and traditional combination are given below: 

𝑉𝑥
𝑦

=  𝑉𝑦
𝑥  denotes the otimized combination.   Let 𝑧 = 𝑥 +  𝑦.  Then,  𝑧𝐶𝑥 =  𝑧𝐶𝑦.  

For example,  

                             𝑉3
5 = 𝑉5

3 =  (5 + 3)𝐶3 =  (5 + 3)𝐶5 = 56.   

Also, 𝑉𝑛
0 = 𝑉0

𝑛 = 𝑛𝐶0 = 𝑛𝐶𝑛 =
𝑛!

𝑛! 0!
= 1  𝑎𝑛𝑑  𝑉0

0 = 0𝐶0 =
0!

0!
= 1(∵ 0! = 1). 

Note that both 𝑉𝑟
𝑛 and 𝑛𝐶𝑟 are not equal. 

Some results (Annamalai’s binomial identities) are provided below [5, 6]: 

       

(ii)     𝑉𝑟
𝑚 = 𝑉𝑚

𝑟  (𝑚, 𝑟 ≥ 1 &  𝑛, 𝑟 ∈ 𝑁)  

(iii)    𝑉0
𝑝 + 𝑉1

𝑝 + 𝑉2
𝑝 + 𝑉3

𝑝 + ⋯ + 𝑉𝑟
𝑝 = 𝑉𝑟

𝑝+1  ⟹ ∑ 𝑉𝑖
𝑝

𝑟

𝑖=0

= 𝑉𝑟
𝑝+1   (𝑝, 𝑟 ∈ 𝑁) 

3. Annamalai’s Binomial Theorem 

Annamalai’s binomial theorem states that multiple summations of extended geometric series 

with binomial coefficients are a binomial series,   

 

∑ 𝑉𝑖
𝑟+1𝑥𝑖 =

𝑛

𝑖=0

∑ 𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

+ ∑ 𝑉𝑖−1
𝑟 𝑥𝑖

𝑛

𝑖=1

+ ∑ 𝑉𝑖−2
𝑟 𝑥𝑖

𝑛

𝑖=2

+ ⋯ + ∑ 𝑉𝑖−(𝑛−1)
𝑟 𝑥𝑖

𝑛

𝑖=𝑛−1

+ ∑ 𝑉𝑖−𝑛
𝑟 𝑥𝑖

𝑛

𝑖=𝑛

 

 

Proof: Let’s show that the computation of addition of extended geometric series (right-hand side 

of the theorem) is equal to the summation of binomial series for upper limit r+1in Annamalai’s 

binomial coefficient [4-6].    
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∑ 𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

+ ∑ 𝑉𝑖−1
𝑟 𝑥𝑖

𝑛

𝑖=1

+ ∑ 𝑉𝑖−2
𝑟 𝑥𝑖

𝑛

𝑖=2

+ ⋯ + ∑ 𝑉𝑖−(𝑛−1)
𝑟 𝑥𝑖

𝑛

𝑖=𝑛−1

+ ∑ 𝑉𝑖−𝑛
𝑟 𝑥𝑖

𝑛

𝑖=𝑛

 

      = (𝑉0
𝑟 + 𝑉1

𝑟𝑥 + 𝑉2
𝑟𝑥2 + 𝑉3

𝑟𝑥3 + ⋯ + 𝑉𝑛
𝑟𝑥𝑛) +  (𝑉0

𝑟𝑥 + 𝑉1
𝑟𝑥2 + 𝑉2

𝑟𝑥3 + 𝑉3
𝑟𝑥4 + ⋯ + 𝑉𝑛−1

𝑟 𝑥𝑛) 

          +(𝑉0
𝑟𝑥2 + 𝑉1

𝑟𝑥3 + 𝑉2
𝑟𝑥4 + 𝑉3

𝑟𝑥5 + ⋯ + 𝑉𝑛−2
𝑟 𝑥𝑛) + ⋯ + (𝑉0

𝑟𝑥𝑛−1 + 𝑉1
𝑟𝑥𝑛) + 𝑉0

𝑟𝑥𝑛 

      = 𝑉0
𝑟 + (𝑉0

𝑟 + 𝑉1
𝑟)𝑥 + (𝑉0

𝑟 + 𝑉1
𝑟 + 𝑉2

𝑟)𝑥2 + ⋯ + (𝑉0
𝑟 + 𝑉1

𝑟 + 𝑉2
𝑟 + 𝑉3

𝑟 + ⋯ + 𝑉𝑛
𝑟)𝑥𝑛   

    (Note that   𝑉0
𝑝 + 𝑉1

𝑝 + 𝑉2
𝑝 + ⋯ + 𝑉𝑟

𝑝 = 𝑉𝑟
𝑝+1𝑓𝑜𝑟 𝑟 = 1, 2, 3, ⋯ , and 𝑉0

𝑝 = 𝑉0
𝑝+1 = 1[4, 5]) 

 

     = 𝑉0
𝑟+1 + 𝑉1

𝑟+1𝑥 + 𝑉2
𝑟+1𝑥2 + 𝑉3

𝑟+1𝑥3 + 𝑉4
𝑟+1𝑥4 + ⋯ + 𝑉𝑛−1

𝑟+1𝑥𝑛_1 + 𝑉𝑛
𝑟+1𝑥𝑛 

   = ∑ 𝑉𝑖
𝑟+1𝑥𝑖

𝑛

𝑖=0

 

Hence, theorem is proved.  
 
For Example,  

∑ 𝑉𝑖
2𝑥𝑖 =

5

𝑖=0

∑ 𝑉𝑖
1

𝑥𝑖

5

𝑖=0

+ ∑ 𝑉𝑖−1
1

𝑥𝑖

5

𝑖=1

+ ∑ 𝑉𝑖−2
1

𝑥𝑖

5

𝑖=2

+ ∑ 𝑉𝑖−3
1

𝑥𝑖

5

𝑖=3

+ ∑ 𝑉𝑖−4
1

𝑥𝑖

5

𝑖=4

+ ∑ 𝑉𝑖−5
1

𝑥𝑖

5

𝑖=5

 

The computation of  ∑ 𝑉𝑖
2𝑥𝑖

5

𝑖=0

is equal to 1 + 3𝑥 + 6𝑥2 + 10𝑥3 + 15𝑥4 + 21𝑥5. 

Let’s compute the yield of other side, 

∑ 𝑉𝑖
1

𝑥𝑖

5

𝑖=0

+ ∑ 𝑉𝑖−1
1

𝑥𝑖

5

𝑖=1

+ ∑ 𝑉𝑖−2
1

𝑥𝑖

5

𝑖=2

+ ∑ 𝑉𝑖−3
1

𝑥𝑖

5

𝑖=3

+ ∑ 𝑉𝑖−4
1

𝑥𝑖

5

𝑖=4

+ ∑ 𝑉𝑖−5
1

𝑥𝑖

5

𝑖=5

 

             = (1 + 2𝑥 + 3𝑥2 + 4𝑥3 + 5𝑥4 + 6𝑥5) + (𝑥 + 2𝑥2 + 3𝑥3 + 4𝑥4 + 5𝑥5) 

                     +(𝑥2 + 2𝑥3 + 3𝑥4 + 4𝑥5) + (𝑥3 + 2𝑥4 + 3𝑥5) + (𝑥4 + 2𝑥5) + 𝑥5 

                         = 1 + 3𝑥 + 6𝑥2 + 10𝑥3 + 15𝑥4 + 21𝑥5 

Thus, both sides are equal. 

As per the above example, we can prove the theorem for r =1,2,3, . . . 

 

4. Annamalai’s Binomial Expansion 
The following binomial expansions[9], named as Annamalai’s binomial expansions, are derived 

from the Annamalai’s (iii) binomial identity ∑ 𝑉𝑖
𝑝𝑟

𝑖=0 = 𝑉𝑟
𝑝+1. 
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(1).       ∑
(𝑖 + 1)

1!

𝑛

𝑖=0

= 1 + 2 + 3 + ⋯ + 𝑛 + (𝑛 + 1) =
(𝑛 + 1)(𝑛 + 2)

2!
. 

 

(2).     ∑
(𝑖 + 1)(𝑖 + 2)

2!

𝑛

𝑖=0

= 1 + 3 + 6 + ⋯ +
(𝑛 + 1)(𝑛 + 2)

2!
=

(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)

3!
. 

 

 

(3).       ∑
(𝑖 + 1)(𝑖 + 2)(𝑖 + 3)

3!

𝑛

𝑖=0

=  
(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)(𝑛 + 4)

4!
. 

 

 

(4).       ∑
(𝑖 + 1)(𝑖 + 2)(𝑖 + 3)(𝑖 + 4)

4!

𝑛

𝑖=0

=  
(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)(𝑛 + 4)(𝑛 + 5)

5!
. 

 

Similarly, this process continues upto r times. The r
th

 binomial expansion is as follows:   

 

(𝑟).       ∑
(𝑖 + 1)(𝑖 + 2)(𝑖 + 3) ⋯ (𝑖 + 𝑟)

𝑟!

𝑛

𝑖=0

=  
(𝑛 + 1)(𝑛 + 2) ⋯ (𝑛 + 𝑟)(𝑛 + 𝑟 + 1)

(𝑟 + 1)!
 

𝑖. 𝑒. , ∑  ∏
𝑖 + 𝑗

𝑟!

𝑟

𝑗=1

𝑛

𝑖=0

  =   ∏
𝑛 + 𝑖

(𝑟 + 1)!

𝑟+1

𝑖=1

. 

 

This Annamalai’s binomial expansion is applied into the following binomial series:  

∑ 𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

= ∑ ∏
𝑖 + 𝑗

𝑟!

𝑟

𝑗=1

𝑥𝑖

𝑛

𝑖=0

 

 

5. Conclusion  

In this paper, Annamalai’s binomial identities, coefficients, expansions, theorems, and their 

proofs have been introduced for researchers that will be useful for future research and 

development. Also, an extended geometric series has been developed with innovative summation 

of single terms and more successive terms of the series in this article. 
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