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Abstract— This paper presents a coordinated control strategy based on direct Lyapunov 

theory to handle the consistency of AC grids in a multi-terminal (MT) modular multilevel 

converter (MMC)-HVDC systems during varying both loads and DC link voltage. As the first 

contribution, a set of dynamic equations is proposed based on separating the dynamics of 

MMCs upper and lower arms state variables. The dynamics consists of only their related 

upper/lower arms state variables leading to more effective components for the steady state 

terms of proposed control technique. To develop the dynamic parts of the controller, the 

global asymptotical stability of MT MMC-HVDC system is assessed by direct Lyapunov 

method. As another advantage of the separated dynamic equations, the Lyapunov theory is 

able to exploit very simple decoupled components for the dynamic parts of proposed control 

functions. Moreover, in order to specify the variation trend of Lyapunov coefficients, further 

stability analysis contributes to demonstrating the effects of Lyapunov coefficients on the 

MMCs state variable errors and its dynamic. As another main contribution of this paper, two 

independent capability curves based on the power injection capability of the MMCs upper 

and lower arms, are obtained which will be assessed through changing the input and output 

voltages as well as MMC parameters. Finally, simulation results in MATLAB software are 

utilized to verify the validity of proposed control strategy. 

Index Terms— Multi-terminal HVDC, Modular multilevel converter, AC grid, Lyapunov 

theory, upper and lower arms, state variable error and its dynamic, independent capability 

curves. 
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Abbreviations  

KVL Kirchhoffs Voltage Law 

AC Alternating Current 

DC Direct Current 

HVDC High-Voltage Direct-Current 

MMC Modular Multilevel Converter 

RERs Renewable Energy Resources 

VSCs Voltage-Source Converters 

MT MMC-HVDC Multi-Terminal MMC-HVDC 

SMs Sub-Modules 

MPPT Maximum Power Point Tracking 

Variables  

iabc MMC output currents 

ink Currents of MMC’s Upper and Lower Arms 

Pn(dq) Power of Upper and Lower Arms 

idc Current of DC-link of MMCs 

indq,indq
* Currents of MMC’s Upper and Lower Arms in dq Reference Frame and its Reference Values 

vdq,vdq
* The output voltages of MMC in d-q Reference Frame and its Reference Values 

vk Output voltages of MMC in a-b-c Reference Frame 

vnk Modulation functions for upper and lower arms SMs of MMCs in abc reference frame 

vndq,vndq* Modulation Functions in dq Reference Frame and its Reference Values 

W(E) Lyapunov Energy Function 

e The Error of State Variables 

vtdq Terminal Voltage of MMC 

vdc,vdc
* DC-link voltage and its Reference Value 

Parameters  

L,R MMC Resistance and Inductance 

Ln,Rn Upper and Lower Arm Inductance and Resistance 

C1=C2=…=Cn SMs Capacitor 

ω Angular Frequency of MMC Output Voltage 

N SMs Number in Each Arm 

αndq Lyapunov Coefficients of Dynamic Parts of Modulation Functions 

II. INTRODUCTION 

   Power electronics converters (PECs) have always been considered as the vital materiel for 

integrating renewable energy resources (RERs) into power systems and also using RERs in 

autonomous electrical network structures [1-4]. Among PECs, Multi-level converters are 

regarded as the main alternative for RERs, which have been introduced as a proper solution 

to reduce harmonic content of output voltage in high power applications, to solve the issue of 

high power transfer, and also to improve the quality of the voltage with lower stress on the 

semiconductor switches [5-8]. Because of the features, these converters have been used in 
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many industrial applications such as DC network application [9], frequency control [10-11], 

STATCOM [12], HVDC [13], PV Panels MPPT [14] and so on.  

   Modular multilevel converters (MMCs) as one of the most effective multi-level PECs in 

power system applications, have been highly investigated in recent years, because MMC has 

several technical abilities at providing good performance in high voltage and power 

applications with high efficiency including modular structure, easy redundancy of SMs, 

decentralized energy storages, simple fault detection and clearance [15-20]. MMC which had 

been introduced by Marquardt and Lesnicar for the first time in 2003 [21], has been able to 

ease high voltage application with high power transfer in motor drive [22], HVDC system 

[23], static synchronous compensator [24], offshore DC wind turbine [25] and so on. Because 

of less loss and cost compared to AC transmission lines and also due to MMCs features, the 

importance of DC power transmission in the frame of MMC-based HVDC systems has 

become a priority for researchers to attain a stable operating condition for HVDC-connected 

electrical networks [26-28]. To this end, the challenges regarding the control system design 

for MMCs has been developed in these works [29-30]. The normalized DC-link voltage and 

the DC-link power variation have been the key factors for controlling the related active power 

set-point value of MMC station in Ref [31]. A fast model-based predictive control (FMPC) 

with low computational burden has been designed for grid-connected MMC in [32]. To 

reduce the computing time, the reference voltage vector among a large number of available 

multilevel voltage vectors in MMC could be found in a single step [32]. Optimal robust 

control design [33] and coordinated start-up control [34] have been performed to force MMC 

to reach smooth operation in HVDC system. In addition, the achieved control functions-based 

Lyapunov method has been combined with input-output feedback linearization technique to 

regulate the performance of MMC-based HVDC system under both load variations and fault 

condition [35]. 

   Multi-Terminal (MT) MMC-based HVDC systems have been a developed next generation 

of HVDC-based systems which have several superiorities such as providing AC power grids 

with different frequencies, supplying much more distributed loads centers and injecting more 

active and reactive power [36-38]. As a power electronics-based power system, a complete 

control strategy should be designed for obtaining a proper MT HVDC system in presence of 

dynamical changes. To effectively damp the frequency fluctuations, a model predictive 

control with coordination capability has been designed for MT HVDC system in Ref [39]. In 

a meshed multi-terminal HVDC, a DC current flow control strategy has been proposed in Ref 

[40] to balance the DC branch currents. The power transmission in the HVDC system has 
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been aimed to reach its maximum value in Ref [41] by designing a voltage-current droop 

controller and keeping all voltages and currents of PECs within their design boundaries. 

Through the analysis of DC voltage, power deviation and droop coefficient, a droop control 

technique with tunable parameters has been designed to attain an optimized coordination 

control for a multi-terminal MMC-HVDC system connected to wind farms [42]. In addition 

to control design process, dynamical analysis and modelling challenge of MT HVDC system 

should be paid attention as well [43]. Ref [44] has showed that how the energy management 

strategies of the MMCs could impact on the dc voltage dynamics. Some of MT HVDC 

system can be made by a large diode rectifier-connected off-shore wind power plant. Ref [45] 

has focused on the detailed modeling and small-signal stability analysis of such HVDC 

system. The detailed dynamic model in [45] has been utilized for evaluating the system 

robustness against parametric uncertainties, communication delay and power level, in which 

the integration of the off-shore WPP into the on-shore electrical power system has also been 

guaranteed. Moreover, the modelling of HVDC system including hybrid breakers [46] and 

dynamic electro-magnetic-thermal modeling [47] have also been inquired.  

Due to the nonlinearity features of dynamic models of MT MMC-HVDC systems, many 

nonlinear control strategies [48-53] can be proposed for accurate control of such systems. In 

this paper, a coordinated Lyapunov-based control strategy is designed for a MT MMC-

HVDC system using a new set of dynamic equations. The proposed controller is aimed to 

provide stable frequency and voltage magnitude of AC grids in presence of both load and 

DC-link voltage fluctuations. The contributions of this manuscript can be explained as the 

follows, 1) As the first contribution, a separated dynamic model is proposed for MMCs in 

MT MMC-HVDC system. It means that the separated dynamic model consists of two sets of 

dynamic equations. The first set contains only the MMCs upper arm currents in d-q reference 

frame. Also, the second set is constituted from only the MMCs lower arm currents in d-q 

reference frame. This separated dynamic model is brought advantages leading to more 

effective components for the steady-state parts of proposed control technique. In addition, by 

using the new dynamic model, the Lyapunov-based dynamic components are involved with 

more effective terms to deal with the transient operating conditions of MMCs in MT MMC-

based HVDC system, 2) For the first time, as the second contributions of this manuscript, two 

capability curves are proposed based on the power injection capability within the upper and 

lower arms of MMCs. These curves are derived using the separated dynamics of MMCs. The 

operating area variations of these curves are assessed under steady state condition, the 

increment of the input and output voltages of MMCs, the increment of MMCs resistance, the 
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increment of MMCs inductance and also the negative and positive values of dilu/dt. These 

curves can highly contribute to accurate performance of coordination abilities of proposed 

control strategies, and 3) As the third contribution of this manuscript, a new method based on 

evaluating three-dimension curves are presented in this manuscript to figure out the 

appropriate trend of Lyapunov coefficients changes. To this end, several authentic 

mathematical relations between the Lyapunov coefficients and MMCs state variables errors 

are obtained. Through the evaluation of the curves which are plotted by the relations, the 

appropriate variation trend can be driven for the Lyapunov coefficients based on minimizing 

the MMCs state variables errors. The various sections of the paper are organized as the 

following. Two fist sections are included nomenclatures and introduction. Section III presents 

the description of the considered MT MMC-HVDC system in which the proposed dynamic 

equations are presented in this section as well. Section IV, sub-section A focuses on the 

dynamic part design of proposed control strategy. In next sub-section, Lyapunov coefficient 

effects on MMC error dynamics are assessed. Two independent capability curves are 

presented in Section V. Simulations results and conclusion are discussed in sections VI and 

VII, respectively. 
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(b) 

Fig. 1. The Multi-terminal MMC-based HVDC studied in this paper. 

III. THE MULTI-TERMINAL MMC-HVDC SYSTEM DESCRIPTION 

      This paper investigates the MT MMC-HVDC system shown in Fig. 1(a). According to 

this figure, two MMCs with both resistance and inductance in each arm and its output are 

connected to two AC grids. Two loads are considered in each power grid. In order to assay 

the dynamic performance of the MT MMC-HVDC system, several loads are linked to the 

common line between the two AC grids. The DC-link voltage of this system is supplied 

through RERs-based power converters. It is assumed that the DC-link voltage can be 

fluctuated through these converters. The detailed configuration of MMCs is illustrated in Fig. 

1(b). 

A. Proposed Dynamics Model  

Two MMCs in Fig. 1(a) will utilize the same structure exhibited in Fig. 1(b). Thus, the 

achieved dynamic model in this section will be employed for both MMCs at the same time. 

By applying KVL's law from DC-link to output side of MMCs, the following dynamic 

models are driven, 

0
2

k uk dc
k k u u uk uk

di di v
v L Ri L R i v

dt dt
+ + + + − + =  

(1) 

0
2

k lk dc
k k l l lk lk

di di v
v L Ri L R i v

dt dt
− − − + + − + =  

   (2) 

As it was mentioned in the Nomenclatures section, “k” demonstrates the abbreviation 
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statements of three phases that are “a”, “b” and “c”, respectively. The relationship between 

the MMCs arms and output currents can meet, 

k uk lki i i= −                                                                    (3) 

The relation (3) is substituted into (1) and (2) leading to the dynamic equations (4) and (5), 

respectively. In these equations, except for vk and vdc, the remained state variables are the 

currents and voltages of the MMCs upper and lower arms according to, 

0
2

uk lk uk dc
k uk lk u u uk uk

di di di v
v L L Ri Ri L R i v

dt dt dt
+ − + − + + − + =  

(4) 

0
2

uk lk lk dc
k uk lk l l lk lk

di di di v
v L L Ri Ri L R i v

dt dt dt
+ − + − − − + − =  

(5) 

By summing up (4) and (5) and after some mathematical simplifications, the following 

dynamic equations are obtained, 

( ) ( )2 2 0uk
u u uk uk k

di
L L R R i v v

dt
+ + + + + =  

(6) 

( ) ( )2 2 0lk
l l lk lk k

di
L L R R i v v

dt
+ + + + − =  

(7) 

   The proposed dynamic equations can be achieved according to (6) and (7). The extended 

terms of (6) and (7) are given in Annex A. Except for vk, it can be realized that the equations 

(6) and (7) consists of only upper and lower state variables, respectively. These feature will 

contribute to more effective components for steady-state and dynamic parts of proposed 

control technique. To further dynamical analysis, the MMCs arms currents which pass 

through the SMs capacitors will be taken into account as well. Fig. 1(b) is used to write the 

relations between the modulation functions and arms currents as the follows, 

uk
uk

dvC
i

N dt
=  

(8) 

lk
lk

dvC
i

N dt
=  

(9) 

   In this paper, it is aimed to execute the control design process in d-q reference frame. For 

this reason, the park transformation matrix in annex B can be used. The proposed dynamic 

model in dq reference frame will be obtained by applying the inversed matrix (10) to (6)-(9), 



8 
 

( )

( )

1

0

2 2
cos cos cos

3 3

3 2 2
sin sin sin

2 3 3

1 1 1

2 2 2

a d

b q

c

x x

x x

x x

π πθ θ θ

π πθ θ θ

−
    − +    

       
       = − +                  
 
  

 

(10) 

Where θ=ωt. The angular frequency ω is calculated based on substituting the desired value 

of frequency into ω leading to θ=2πf*t. As a consequence, the matrix representation-based 

dynamic model of the multi-terminal MMC-based HVDC system can meet, 

( )
( )

( )
( )

( ) ( )

2

2 1 1

2 22

2

n

nnd nd nd d

nq nq nq qn nn

n

R R

L Li i v vd

i i v vdt L L L LR R

L L

ω

ω

 +
− + +        = −         + ++        − −
 + 

m  

(11) 

0

0

nd nd nd

nq nq nq

v v id N

v v idt C

ω
ω

      
= +      −      

 
(12) 

   As it was already mentioned in Nomenclature, the indices “n” has pointed out the 

abbreviation of upper and lower terms that are “u” and “l”, respectively.  In addition, in (11), 

the sign of “-“ and “+” are belong to the state variables regarding the upper and lower arms of 

MMCs, respectively. 

B. Steady-State Parts with Error-based Dynamic Model of Proposed Control Technique 

   The proposed control strategy will possess two steady-state and dynamic parts. The 

dynamic parts will be involved with the errors of all state variables of MT MMC-HVDC 

system presented in (13), 

*

*

*

*

*

*

*

*

iud ud ud

iuq uq uq

ild ld ld

ilq lq lq

vud ud ud

vuq uq uq

vld ld ld

vlq lq lq

e i i

e i i

e i i

e i i
E

e v v

e v v

e v v

e v v

 = −
 

= − 
 = − 
 = −
 =
 = −
 

= − 
 = − 
 = − 

 

(13) 

   In addition, the errors of d and q components of modulation functions and MMCs output 

voltages are defined as evud(q)=vud(q)-v*
ud(q), evld(q)=vld(q)-v*

ld(q), and evd(q)=vd(q)-v*
d(q). The 

dynamic parts of proposed control technique will be analyzed in section IV. But, the steady-

state components of proposed control strategy can be archived when all defined errors are 
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equalized to zero. In this condition, by substituting the reference values of MMCs state 

variables into (11), the steady-state parts of proposed modulation functions can meet, 

( ) ( ) ( )
*

* * * *2 2 2ud
ud u u ud u uq d

di
v L L R R i L L i v

dt
ω= − + − + + + −  

(14-a) 

( ) ( ) ( )
*

* * * *2 2 2
uq

uq u u uq u ud q

di
v L L R R i L L i v

dt
ω= − + − + − + −  

(14-b) 

( ) ( ) ( )
*

* * * *2 2 2ld
ld l l ld l lq d

di
v L L R R i L L i v

dt
ω= − + − + + + +  

(14-c) 

( ) ( ) ( )
*

* * * *2 2 2
lq

lq l l lq l ld q

di
v L L R R i L L i v

dt
ω= − + − + − + +  

(14-d) 

   As it can be understood from (14-a)-(14-d), all terms consist of only steady-state values of 

the MT MMC-HVDC system state variables as well as the system parameters. The error-

based dynamic model of MMCs arms currents is achieved through subtracting (11) from (14) 

according to, 

( )
( )

( )
( )

( ) ( )

2

2 1 1

2 22

2

n

nind ind vnd vd

inq inq vnq vqn nn

n

R R

L Le e e ed

e e e edt L L L LR R

L L

ω

ω

 +
− + +        = −         + ++        − −
 + 

m  

(15) 

The dynamic model (12) is written in its steady-state condition according to, 

* * *

* * *

0

0

nd nd nd

nq nq nq

v v id N

dt Cv v i

ω
ω

      
= +      −           

 
(16) 

As a consequence, the error-based dynamic model of modulation functions is achieved 

through subtracting (12) from (16), 

0

0

vnd vnd ind

vnq vnq inq

e e ed N

e e edt C

ω
ω

      
= +      −      

 
(17) 

   The error dynamic models of MMCs in (15) and (17) will be employed for designing direct 

Lyapunov method-based control strategy.  

IV. THE DYNAMIC PART OF PROPOSED CONTROL STRATEGY 

A. Direct Lyapunov Method (DLM) 

   Direct Lyapunov method is utilized in this sub-section to achieve the transient components 

of proposed control technique. To this end, an energy function should be defined to satisfy 

the conditions given in (18), 
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( )
( )
( )
( )

0 0

0 0

0 0

W

W e e

W e as e

W e e

=

> ∀ ≠

→ ∞ → ∞

< ∀ ≠

% %

% %

& % %

 

(18) 

   Lyapunov theory tends to provide global stable margin for MT MMC-HVDC system 

through controlling the state variables of the energy storage elements. For this reason, the 

following Lyapunov energy function will be defined for the MT MMC-HVDC system under 

study, 

( ) ( ) ( ) ( ) ( )2 2 2 2

2 2 2 2

0.5 2 0.5 2 0.5 2 0.5 2

0.5 0.5 0.5 0.5

u iud u iuq l ild l ilq

vud vuq vld vlq

W e L L e L L e L L e L L e

Ce Ce Ce Ce

= + + + + + + +

+ + + +

%
 

(19) 

   Another reason for constructing the energy function based on the errors of MMCs state 

variables is to achieve the dynamic parts of proposed control strategy based on direct 

Lyapunov method. In fact, using the direct Lyapunov method, it is guaranteed that the error 

dynamics of MMCs can lead to asymptotical global stability for the MT MMC-HVDC 

system. Based on (18), the derivative of (19) should be obtained, 

( ) ( ) ( ) ( ) ( )2 2 2 2
iuq ilqiud ild

u iud u iuq l ild l ilq

vuq vlqvud vld
vud vuq vld vlq

de dedW e de de
L L e L L e L L e L L e

dt dt dt dt dt

de dede de
Ce Ce Ce Ce

dt dt dt dt

= + + + + + + +

+ + + +

%

 

(20) 

   As it can be seen from (20), the errors and the errors dynamics are appeared in Lyapunov 

function derivative. Using (15) and (17), each term of the Lyapunov function derivative can 

be obtained as the follows, 

( )
( ) ( ) ( )
( )
( ) ( ) ( )

2

2

2 1 1

2 2 2

2 1 1

2 2 2

nind
ind ind inq ind vnd ind vd ind

n n n

inq n

inq inq ind inq vnq inq vq inq

n n n

R Rde
e e e e e e e e

dt L L L L L L

de R R
e e e e e e e e

dt L L L L L L

ω

ω

 +
= − + − + + +


+ = − − − + + +

m

m

 

(21) 

vnd
vnd vnq vnd ind vnd

vnq

vnq vnd vnq inq vnq

de N
e e e e e

dt C

de N
e e e e e

dt C

ω

ω

 = +

 = − +


 

(22) 

   In order to simplify (15) as much as possible, the relations (21) and (22) will be substituted 

into (20) leading to the equation (28), 
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( ) ( ) ( ) ( ) ( )
( )
( )
( )
( )

2 2 2 22 2 2 2u iud u iuq l ild l ilq

vud vud vd iud

vuq vuq vq iuq

vld vld vd ild

vlq vlq vq ilq

dW e
R R e R R e R R e R R e

dt

e Ne e e

e Ne e e

e Ne e e

e Ne e e

= − + − + − + − +

+ − + −

+ − + −

+ − + +

+ − + +

%

 

(23) 

   In order to reach a global stable MT MMC-HVDC system, the derivative of Lyapunov 

function in (23) must be negative. It is obvious from (23) that the terms multiplied by the 

system resistances are always negative. It means that, 

( )
( )
( )
( )

2

2

2

2

2 0

2 0

2 0

2 0

u iud

u iuq

l ild

l ilq

R R e

R R e

R R e

R R e

− + <

− + <

− + <

− + <

 

(24) 

   The inequalities (23) will be true when 0inde ≠ and 0inde ≠ . In order to reach negative value 

for (23) in all operating conditions, other terms (23) should be supposed as the following,  

( )
( )
( )
( )

( )

( )

( )

( )

vud vud vd ud q iud

vuq vuq vq ud q iuq

vld vld vd ud q ild

vlq vlq vq ud q ilq

e Ne e e

e Ne e e

e Ne e e

e Ne e e

α

α

α

α

− + − =

− + − =

− + + =

− + + =

 

(25) 

   Where αud(q) and αld(q) are Lyapunov coefficients that should be negative. By rearranging 

the terms in (25), the dynamic parts of proposed modulation functions can meet,  

( ) ( ) ( )
( )

1
ud q iud q vd q

vud q

e e
e

N

α +
=

−
 

(26) 

( ) ( ) ( )
( )

1
ld q ild q vd q

vld q

e e
e

N

α −
=

−
 

(27) 

   It should be noticed that the Lyapunov coefficients of αud(q) and αld(q) have the Ohm 

dimension in which it leads to the same Volt dimension for both sides of (26) and (27). Also, 

as it is known, “N” has no dimension. It can be realized from (26) and (27) that the dynamics 

parts of proposed upper and lower modulation functions are accurately dependent on their 

proportional current errors as well as the MMCs output voltages. The detailed schematic of 

proposed control technique is illustrated in Fig.2. According to this figure, the proposed 

modulation function of each arm is proportional to its related MMCs arms current and 

voltage. This point contributes to the decoupling feature enhancement of proposed control 

strategy under various operating conditions. Level-Shifted Pulse-Width Modulation 
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(LSPWM) is used for the proposed modulation functions as well. On the other hand, the 

stead-state components of proposed control technique in Fig. 2 will be obtained using (14-a) 

to (14-d). 

+
−*

( )iud q

( )iud q

( )ud qα +

+

÷

×

1N −

+
−

*
( )vd q

+

+

( )vd q

vud

vuq

vua

vub

vuc

dq0

abc

Dynamic Part for SMs in upper arms: Eq. (26)

×

( )2 uR R− +

*
( )iud q

×( )2 uL L+

*
( )iuq d±

ω

+

+

−( )d qv

Steady Part for SMs in upper arms: Eqs. (14-a) and (14-b)

SM1-Ua

SMn-Ua

SM1-Ub

SMn-Ub

SM1-Uc

SMn-Uc

Upper Arms of MMCs

Level-Shifted Pulse-Width 

Modulation (LSPWM)

×

( )2 uL L− +

*
( )diud q

dt
+

÷

×

×

÷

*0.5 dcv

*0.5 dcv

 

(a) 

+
−*

( )ild q

( )ild q

( )ld qα +

−

÷

×

1N −

+
−

*
( )vd q

+

+

( )vd q

vla

vlb

vlc

×

( )2 lR R− +

*
( )ld qi

×( )2 lL L+

*
( )lq di±

ω

+

+

+( )d qv

×

( )2 lL L− +

*
( )ld qdi

dt +

ldv

lqv

÷

×

×

÷

*0.5 dcv

*0.5 dcv

 

(b) 

Fig.2. The proposed control strategy for each arm of MMCs used in multi-terminal HVDC system. The 

proposed control technique for (a) SMs switches in upper arms, and (b) SMs switches in lower arms. 

B. Lyapunov Coefficient Effects on MMCs Error Dynamics 

   Proposed control technique based on Lyapunov method has several coefficients that will 

impact on the errors of MMCs state variables and its dynamics as well. To evaluate the 

effects of these coefficients, the relations between the Lyapunov coefficients and MMC 

errors must be firstly driven. To this end, relations (21), (26) and (27) are used to meet the 

following differential equations, 
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( )
( ) ( ) ( )
( )
( ) ( ) ( )

2 1 1

2 2 1 2

2 1 1

2 2 1 2

uiud ud iud vd
iud iuq vd

u u u

lild ld ild vd
ild ilq vd

l l l

R Rde e e
e e e

dt L L L L N L L

R Rde e e
e e e

dt L L L L N L L

αω

αω

 + + = − + − −  + + − + 


+ −  = − + − +  + + − + 

 

(28) 

   The relation (28) will be rearranged based on MMCs state variable errors. After some 

mathematical manipulations, the d-component of MMCs state variable errors for upper and 

lower arms can be achieved according to (29) and (30), respectively,  

( )

( ) ( )

1 1
1

2 1

1
2

2 1

iud
vd iuq

u

iud

ud
u

u

de
e e

dt L L N
e

R R
L L N

ω

α

  − − + +  + −  =
  + +  + −  

 

(29) 

( )

( ) ( )

1 1
1

2 1

1
2

2 1

ild
vd ilq

l

ild

ld
l

l

de
e e

dt L L N
e

R R
L L N

ω

α

  − + + +  + −  =
  + +  + −  

 

(30) 

   The three-dimension curves based on relation (29) are plotted according to Fig. 3(a) and 

(b). As it can be realized from Fig. 3(a), when the current error of eiuq is increased, the current 

error eiud and its dynamic deiud/dt will be noticeably increased as well. In this condition, the 

positive values for Lyapunov coefficients can contribute to the reduction of both eiud and 

deiud/dt as depicted in Fig. 3(a). Moreover, Fig. 3(b) illustrates that the larger interval for the 

Lyapunov coefficients can lead to achieving smaller values for the current error and its 

dynamic when the error eiuq is changed. The same outcomes can be achieved for (30). 

 
(a) 

 
(b) 

Fig.3. The effects of Lypunov coefficients on the MMC state variable error and its dynamic, (a) when the error 
of eiuq in increased, and (b) the interval of Lyapunov coefficients are extended. 

V. The Separated Capability Curves for Upper and Lower Arms of MMCs 

   The d and q –components of MMCs upper and lower arms currents are able to generate a 

specific power. This point is considered in this paper to propose two separated capability 
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curves. These curves will demonstrate the power injection capability of MMCs upper and 

lower arms. To this end, the relation between the DC-link input power and terminal power is 

firstly stated as the follows, 

dc dc td d tq qv i v i v i= +  (31) 

   It can be found from Fig. 1(b) that the d and q components of MMCs output currents are 

equalized to id=iud-ild and iq=iuq-ilq, respectively. Using the aforesaid relations, (31) is 

rewritten according to (32), 

( ) ( )
2
dc dc

td ud tq uq td ld lq tq

Upper Arms Lower Arms

v i
v i v i v i i v

R
= + − +
1442443 1442443

 
(32) 

  The terminal voltages vtd and vtq can be stated based on the upper and lower arm state 

variables and parameters by applying KVL’s law to Fig.1(b), 

( )
( ) ( ) ( ) (d)

2
ud qdc

td q ud q u u ud q u uq

div
v v L R i L i

dt
ω= − − − ±  

(33) 

( )
( ) ( ) ( ) (d)

2
ld qdc

td q ld q l l ld q l lq

div
v v L R i L i

dt
ω= − + + + m  

(34) 

   By substituting the proposed modulation functions (11) into (33) and (34), the various 

terms of (32) are obtained as the following, 

2 2 2
2
dc ud

td ud ud ud ud ud uq ud d ud

v di
v i i L i Ri i Li i v i

dt
ω= + + − +  

(35) 

2 2 2
2

uqdc
tq uq uq uq uq uq ud uq q uq

div
v i i L i Ri i L i i v i

dt
ω= + + + +  

(36) 

2 2 2
2
dc ld

td ld ld ld ld ld lq ld d ld

v di
v i i L i Ri i L i i v i

dt
ω= − − − + +  

(37) 

2 2 2
2

lqdc
tq lq lq lq lq lq ld lq q lq

div
v i i L i Ri i L i i v i

dt
ω= − − − − +  

(38) 

   The power of MMCs upper and lower arms are firstly defined as Pud(q)=vdciud(q) and 

Pld(q)=vdcild(q). Then, by substituting the relations (35)-(38) into (31), two proposed capability 

curves are achieved as the following, 

2 2

2 2

22 2

8 2 4 8 2 4

8 2 4 8 2 4

u u

uq q dcdc dc ud d dc dc dc
ud uq

a b

uq q dcdc dc ud d dc dc dc

di v vv Lv di v v v Lv
P P

R R dt R R R dt R

di v vv Lv di v v v Lv

R R dt R R R dt R

   
      
   + + + + + + + =            
   
   

  
+ + + + +    

  

14444244443 14444244443

2

2 3

4

u

dc dc

r

v i

R


+

144444444444424444444444443

 

(39) 
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2 2

2 2

22 2

8 2 4 8 2 4

8 2 4 8 2 4

l l

lq q dcdc dc ld d dc dc dc
ld lq

a b

lq q dcdc dc ld d dc dc dc

di v vv Lv di v v v Lv
P P

R R dt R R R dt R

di v vv Lv di v v v Lv

R R dt R R R dt R

   
      
   + + − + + + − =            
   
   

  
+ − + + −    

  

14444244443 14444244443

2

2 3

4

l

dc dc

r

v i

R


+

144444444444424444444444443

 

(40) 

   Two proposed curves for upper and lower arms are drawn in Fig. 4(a). In this figure, the 

common area for power generation of both arms is specified. When the rated values of input 

and output voltages are increased, the curves are changed according to Fig. 4(b). In this 

condition, the common area of power generation is raised as well. On the other hand, when 

the input and output voltages of MMCs are increased, the ability of each arm at more power 

injection is noticeably enhanced as depicted in Fig. 4(b).  

( )
ud ld

P or P

( )
uq lq

P or P

(a) 

( )ud ldP or P

( )uq lqP or P

(b) 

Fig.4. Proposed capability curves for upper and lower arms, (a) steady state condition, and (b) under increasing 

the input and output voltages of MMCs. 
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( )
ud ld

P or P

( )
uq lq

P or P

 

(a) 

( )
ud ld

P or P

( )
uq lq

P or P

 

(b) 

Fig.5. Proposed capability curves for upper and lower arms, (a) under increasing R, and (b) under increasing L 

with both negative and positive values for dilu/dt. 

   Fig.5 shows the proposed capability curves under varying the MMC inductance and 

resistance. It can be observed from Fig. 5(a) that the increment of MMC resistance will lead 

to decreasing the area of the curves. It causes the common area of power generation to be 

mitigated. Consequently, less MMC resistance can enhance the ability of MMC’s arms at 

generating more power. On the other hand, in the operating condition of dilu/dt<0 with the 

increment of L, the capability curves of MMCs become smaller as shown in Fig. 5(b). In 

contrast, when the MMC inductance is increased with dilu/dt>0, both capability curves for the 

MMCs upper and lower arms approach to bigger radius with significant increment at its 

center coordination. 



17 
 

+
−*

( )ind q

( )ind q

( )nd qα +

m

÷

×

1N −

+
−

*
( )vd q

+

+

( )vd q

×

( )2 nR R− +

*
( )nd qi

×( )2 nL L+

*
( )nq di±

ω

+

+

+( )d qv

×

( )2 nL L− +

*
( )nd qdi

dt ±

ndv

nqv

÷

×

×

÷

*0.5 dcv

*0.5 dcv

+
−*

( )ind q

( )ind q

( )nd qα +

m

÷

×

1N −

+
−

*
( )vd q

+

+

( )vd q

×

( )2 nR R− +

*
( )nd qi

×( )2 nL L+

*
( )nq di±

ω

+

+

+( )d qv

×

( )2 nL L− +

*
( )nd qdi

dt ±

ndv

nqv

÷

×

×

÷

*0.5 dcv

*0.5 dcv

 

Fig.6. The overall structure of proposed control strategy for MT MMC-HVDC system. 

 

TABLE I 

SIMULATION PARAMETERS  

MMCs SM Capacitor (C) 5 mF DC-link Voltage 320 KV 

MMCs Arm Inductance (Lb) 1 mH AC Voltage 220 KV 

MMCs Arm Resistance (Rb) 0.5 Ω SMs Number/SMs Voltage 10/32 KV 

MMCs Output Inductance (Lf) 5 mH fs (Switching Frequency) 2 kHz 

MMCs Output Resistance (Rf) 0.1 Ω fac (AC Voltage Frequency) 50 Hz 

VI. Simulation Results 

   The MT MMC-HVDC system is simulated through MATLAB/Simulink, when the 

proposed control strategy is applied as depicted in Fig. 6. Both load and DC-link voltage 

variations exist in the MT MMC-HVDC system to validate the ability of proposed controller 

under dynamic operating conditions. Two AC grids 1 and 2 will be under load changes at 

t=15s and t=10s, respectively. The parameters of the considered MT MMC-HVDC system 

are given in Table I. The DC-link voltage is shown in Fig. 7. According to this figure, the 



18 
 

DC-link voltage is fluctuated with both steady-state and dynamic errors during the entire 

simulation time. In addition, as it can be seen from Fig. 6, a coordination unit is employed for 

MT MMC-HVDC system to provide a coordinated operation between MMC1 and MMC2 

through the reference values archived for the related proposed control strategy. 

 

Fig.7. DC link voltage of the considered MT MMC-based HVDC system. 

A. MMCs Operating Responses 

   In this sub-section, the performance of MMCs will be assessed when MMCs act in MT 

HVDC structure. Fig. 8 illustrates the active power of MMCs injected to both AC grids. It is 

obvious from this figure that both MMCs are able to track their reference values under load 

and DC-link voltage variations. However, compared to the operation of MMC2, MMC1 can 

provide a dynamic response with less overshoot. On the other hand, the reactive power of 

MMCs in AC grids are demonstrated in Fig.9. As it is predicted, appropriate steady and 

dynamic responses can be achieved for the reactive power of both MMCs during load and 

DC-link voltage as well. The reactive power injected to AC grid 1 has less undershoot 

compared to another reactive power response, as depicted in Fig.9. The SM capacitor 

voltages of both MMCs are demonstrated in Fig. 10 and Fig. 11. It can be understood from 

Figs. 10 and 11 that there is no special difference between the upper and lower SM capacitor 

voltages of MMC1 and MMC2. In addition, there is actable steady-state errors and negligible 

dynamic transients for both the upper and lower SM capacitor voltages under both load and 

DC-link voltage variations. 
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Fig.8. The active power injected to AC grids by MMCs. 

 

Fig.9. The reactive power injected to AC grids by MMCs. 
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Fig.10. The upper SMs capacitor voltages of AC grids-MMCs. 

 

Fig.11. The lower SMs capacitor voltages of AC grids-MMCs. 

B. Output Voltages of AC Sides 

Frequency and voltage magnitude are two main specifications of output AC voltages of 

MMCs. The steady-state and dynamical responses of these specification will be evaluated in 

this sub-section when both DC-link voltage and loads are changed. The frequencies of 

voltages in AC grid 1 and 2 are demonstrated in Fig.12. The frequency response regarding 

AC grid 1 voltage is more fluctuated. However, according to Fig.12, the fluctuations are 

within an acceptable range under 0.4% error. In contrast, the frequency of AC grid 2 voltage 

has negligible steady-state and dynamic errors as shown in Fig. 12. Fig. 13 exhibits the 

magnitudes of AC grid voltages. Based on this figure, the voltage magnitude of AC grid 2 has 

steady state error less than 2% with insignificant oscillations. In comparison with AC grid 2, 

the dynamic response regarding the voltage magnitude of AC gird 1 has more undershoot. 

Also its steady state responses are involved with a little more fluctuation around 2% error as 

depicted in Fig. 13. 
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Fig.12. The Frequency responses of AC grids. 

 

Fig.13. The voltage magnitude responses of AC grids. 

VII. Conclusion 

   The stable operating conditions of a MT MMC-HVDC system have been provided in this 

paper through a new set of dynamic equations for MMCs and direct Lyapunov method. As 
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state variables of MMC’s upper and lower arms with high decoupling features. In the first 

step, these decoupling state variables have been set to make steady-state control functions 

with steady values of MMC arm's currents and output voltage in d-q reference frame. Then, 

stable dynamic parts have been achieved by Lyapunov energy function which guarantee very 

simple decoupled components for proposed control technique applied to MT MMC-HVDC 

system. Also, it has been completely contributed to finding out how the Lyapunov 

coefficients can impact on MMC errors and its dynamics. In order to more survey the effects 

of variations of MMC parameters and state variables, as another main contribution, two novel 

capability curves based on the power injection capability of MMC's upper and lower arms 

have been introduced as well. Using MATLAB/SIMULINK software, under variation of load 

and DC link voltage, it has been verified that accurate steady state and dynamic responses for 

MMCs active and reactive power sharing, SM's capacitors voltages, the voltage magnitude 

and frequency of output voltages could be obtained. 
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The extended terms of (6) and (7): 
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Annex B 

The Park Transformation Matrix: 
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