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Abstract

This article introduces quiver spaces, a class of structures that gen-
eralize metric spaces and multiplicative metric spaces. They provide
a representation framework that is both faithful and general for the
principle of the identity of indiscernibles, avoiding the limitations of
the classical metric and emphasizing a purely relational and algebraic
perspective. Several topologies naturally associated with quiver spaces
are also introduced and studied.
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1 Introduction

The principle of the identity of indiscernibles asserts that two entities cannot
be distinct if no property allows one to distinguish them. In classical physics,
distance plays precisely this role: two objects are distinct because they
occupy different positions in space. In quantum mechanics, and in particular
in the case of entanglement [2], this idea becomes fragile: entangled particles
do not possess well-defined individual spatial properties, and the distance
between them may lose its fundamental physical meaning. Indiscernibility
then becomes structural, related to the global state of the system rather
than to a measurable spatial separation. In modern physics the concept of
the distance was formalized in a subtle way using Von Neumann algebras
where the algebra of coordinates is considered non-commutative, and the
synthesis was done by Alain Connes[I]. The first abstract formulation of
the concept of distance was introduced by Maurice Fréchet[6]. This concept,
later formalized as a metric space by Felix Hausdorff, is based on a function d



that assigns a nonnegative real number d(x, y) to each pair of points (z,y) in
a set X. The function d is required to satisfy the following three properties,
for all z,y,z € X,

1. Identity of indiscernibles: d(x,y) = 0 if and only if z = y.
2. Symmetry: d(z,y) = d(z,y).
3. Triangle inequality: d(z,y) < d(z,z) + d(z,y).

Together with the set X, the pair (X,d) defines a metric space. The
purpose of this paper is to introduce the quiver spaces. This framework
provides a faithful and general representation of the identity of indiscernibles
without relying on the traditional notion of a metric. Several topologies
naturally associated with quiver spaces are also introduced and studied.

2 Preliminaries

We begin by introducing several definitions that will be used throughout the
remainder of the article.

Definition 2.1. [5] An ultrametric space is a pair (X, d) where X is a set
and d: X x X — Ry is a mapping satisfying, for all x,y,z € X:

1. d(z,y) =0 <= z =1y,
2. d(z,y) = d(y,z),
3. d(z,z) <sup{d(z,y),d(y,z)}  (ultrametric inequality).

Definition 2.2. [3] Let (X,d) be a metric space and let x € X and r > 0.

e The open ball centered at x with radius r is defined by
B(z,r) ={y € X | d(z,y) <r}.

e The closed ball centered at x with radius v is defined by

B(z,r)={y € X | d(z,y) < r}.

Definition 2.3. [/ Let X be a set. A binary relation < on X is called a
partial order if it satisfies the following three properties for all x,y,z € X:
1. Reflexivity: z < x,
2. Antisymmetry: if x <y and y < x, then © =y,

3. Transitivity: if x <y and y < z, then ¢ < z.



The pair (X, <) is called a partially ordered set or poset.

Definition 2.4. Let (X,<) be a partially ordered set. The strict order
associated with < is the binary relation < on X defined by

r<y < x<yandzxFYy.
The relation < 1is called the strict order induced by <.

Definition 2.5. A magma is a set M equipped with a binary operation
x: M x M — M. That is, for all z,y € M, the element x xy is also in M.

Definition 2.6. Let (M, x) be a magma, then,

e The binary operation * is called associative if for all a,b,c € M, we
have
(axb)xc=ax(bxc).

e The binary operation x is called idempotent if for every a € M, we
have
a*a=a.

Definition 2.7. [/ Let (X, <) be a partially ordered set. An element ey € X
is called a least element, if for every x € X, eg < .

Definition 2.8. [J] Let (X, <) be a poset and let x : X x X — X be a
binary operation. The operation * is said to be compatible with the order if
forall x,y,z,t € X,

r<y and z<t = zxxz<lyxt

Definition 2.9. [3] Let X be a set. A topological space is a pair (X, 1),
where T C P(X) is a collection of subsets of X, called open sets, such that:

(i) d €T and X € 7;
(ii) the union of any family of elements of T belongs to T;

(iii) the intersection of any finite family of elements of T belongs to T.
The collection T is called a topology on X.

Definition 2.10. [3] Let (X,d) be a metric space. The topology induced
by the metric d, denoted by 74, is the collection of subsets w C X such that
for every x € w, there exists r > 0 satisfying, B(z,r) C w.

The concept of multiplicative metric space is rooted in multiplicative cal-
culus, which was developed by A. E. Bashirov and his collaborators. Based
on this theory, the notion of multiplicative metric space was formally in-
troduced in 2012 by Mustafa Ozavsar and Ali Cevikel [7]. Unlike classical
metric spaces that rely on an additive triangle inequality, multiplicative
metric spaces are defined using a multiplicative triangle inequality.



Definition 2.11. Let X be a non-empty set. A function
d: X xX —[1,+00)
is called a multiplicative metric if for oll x,y,z € X, the following hold:
o d(z,y) =1 if and only if x =y,

* d(mvy) = d(y7$)7
o d(w,z) < d(m,y) ’ d(yaz)'

The pair (X, d) is called a multiplicative metric space.

3 Main Results

Having introduced the necessary definitions, we now present the main re-
sults. In what follows, (G, <, ) will denote a partially ordered magma with
a least element ey (abbreviated ep-Mpo). We begin with the following defi-
nition:

Definition 3.1. Let (G, <,%) be an eg-Mpo, X a nonempty set, and [ a
mapping defined by:
[ XxX—=>G

(xvy) = f(:c,y) = fx,y

Then (X, f) is called a quiver space over G if the following three axioms are
satisfied:

I.Ve,ye X, fay=eo & x=y.
2. Vx,y € X, fx,y = fy,:z:-
S Vx,y,z€ X, fay < foz*fay

Remark 3.1. Let < be the standard order relation on the real numbers,
Therefore,

e (X,d) is a metric space, then, (X,d) is a quiver space over (R4, <, +)
a 0-Mpo.

o (X,d) is an ultrametric space, then, (X,d) is a quiver space over
(R+, <,sup) a 0-Mpo.

e (X,d) be a multiplicative metric space, then (X,d) is a quiver space
over ([1,00),<,-), a 1-Mpo.



Proposition 3.1. Let X be a nonempty set, d : X x X — Ry, and let fy
be the mapping defined from X x X to P(Ry) such that, for all x,y € X,

fd(x7y) = fmyy = (O,d(l’,y))
Thus,

o (X,d) is a metric space if and only if (X, f4) is a quiver space over
(P(R4),C,+), where + is the operation defined by:

VA, Be P(Ry) A+ B={a+blac A,be B}
e (X,d) is an ultrametric space if and only if (X, fq) is a quiver space
over (P(R4), C,U).

Proof. (P(R4),<C,+) and (P(R4), C,U) are @-Mpo. Let f; be the mapping
defined by
fii X x X = P(Ry)

(-T,y) = fd(xvy) = fx,y = (O,d(JI,y))
Then, for all z,y € X,

e r=ysdzy) =08 fry=0,
o d(z,y) =d(y,z) & foy = [y
e Forall z,y,2z € X,

d(z,y) <d(z,2) +d(z,y) & (0,d(z,y)) C (0,d(z,2) + d(z,y))
& (0,d(x,y)) € (0,d(x,2)) + (0,d(2,y))
g fz,y g fx,z + fz,y-

e Forall z,y,z € X,

d(z,y) < sup{d(z,y),d(y,2)} (0,d(x,y)) € (0,sup{d(z,y),d(y,2)})
(

=4
< (0,d(z,y)) € (0,d(z, 2)) U (0,d(z,y))
< f:v,y c fx,z U fz,y-

Hence the result. O

Example 3.1. Let (X,d) be an ultrametric space and let p € X. Let f, be
the mapping defined by:

fri X x X = P(X)

(@, 9) = fp(z,y) = {z € X [ d(p,2) < d(z,9)}.
Then (X, fp) is a quiver space over (P(X),C,U). Indeed,



e forallz,ye X,

r=y&dzy) =0%s fy(z,y) ={z € X | dp,2) <d(z,y)} = 9,

o Forallz,ye X, d(z,y) =d(y,z) & fplz,y) = fr(y,2),

o forall x,y,z € X,
d((L‘,y) S sup{d(m,y),d(y,z)} ~ fp(x7y) g fp(xv?:) U fp(zvy)'

Thus, (X, fp) is a quiver space over (P(X),C,U).

Conversely, under what conditions can a quiver space over (P(R,),C
,+) (respectively over (P(R;),C,U)) be a metric space (respectively an
ultrametric space)?

Proposition 3.2. Let (X, f) be a quiver space over (P(Ry),C,+) (respec-
tively over (P(R4),C,U)). Assume that for all x,y € X, the set f(x,y) is
bounded above and f(x,y) # {0}. Then (X,0) is a metric space (respectively
an ultrametric space), where § is the mapping defined from X x X to Ry
by:

_ [ sup(f(z,y)) ,ifx#y

Proof. Let (X, f) be a quiver space over (P(Ry),C,+). Let § be the map-
ping defined from X x X to R4 by:

5(z,1) :{ sup(f(ac,y)()J L{ﬁig

e Since for all z,y € X, f(x,y) # {0}, we have
r#y<e f(r,y) #9 < 6(x,y) #0.
It follows that for all z,y € X, 8(z,y) =0 < x =y,
o Forallz,y € X, f(z,y) = fly,2) = d(z,y) = 6(y, z),
e Since for all z,y,z € X, f(z,y) C f(x,2) + f(z,), we obtain
sup(f(z,y)) < sup{f(z,z) + f(2,y)} = sup(f(z,2)) + sup(f(z,y)).

Thus, for all z,y,z € X, d(x,y) < d(x,2) + 0(z,y). Consequently,
(X, 0) is a metric space.

Respectively, if (X, f) is a quiver space over (P(R4),C,U), then for all
r,y,z € X, f(z,y) C f(z,2) U f(z,y), which implies

sup(f(z,y)) < sup{f(z,2) U f(z,9)} = sup{sup(f(z, 2)); sup(f (2, 9))}-

Consequently, for all z,y, z € X, 6(x,y) < sup(d(x, 2);d(z,y)). Hence (X, )
is an ultrametric space. ]



3.1 Notion of quiver

In this section, we define the analogue of the closed ball for a quiver space
and establish some of its properties.

Definition 3.2. Let (X, f) be a quiver space over (G, <, %), an eg-Mpo. Let
x € X and g € G, then

o H(z,g) ={z€ X | f(z,2) < g} is called the closed quiver with center
x and target g.

o Hy(z,g9) ={z€ X | f(x,2) < g} is called the open quiver with center
T and target g.

Proposition 3.3. Let (X, f) be a quiver space over (G, <, %), an ey-Mpo.
Then,

o Forallx € X,
7‘[(1’,60) = {JZ},

o [f G contains a greatest element e, then

Ve € X, H(z,ex) = X,

e Forall x,y € X and for all g € G,

y € H(x,g) & x€H(yg),

e forallx € X, and for all g,h € G,

g<h=H(z,g) CH(z,h).

Proof. Let (X, f) be a quiver space over (G, <, x), an ep-Mpo. Let z € X
and g,h € G. Then,

° H(z,e0) ={y € X | f(z,y) e} ={y € X | f(z,y) = eo} = {z},
o H(r,eoo) ={y € X | f(z,y) e} =X,
e By symmetry of f,

e Assume that, g < h. By transitivity of the order relation <, it follows
that y € H(z,9) & f(z,y) < 9= flz,y) Sh sy e H(z,h).

O]



3.2 Quiver spaces over the power set of a given set

Proposition 3.4. Let X and Y be two nonempty sets, and let (X, f) be a
quiver space over (P(Y),C, %), a @-Mpo. Let x € X and A,B € P(Y). Let
(A;)ier be a family of subsets of Y. Then,

e Vx e X, H(x,0)=/{z},

e Vze X, H(z,X)=X,

o Vr,yc X,VAcPY), yecH(z A <&xcHy, A,
e Ve X,VA,BePY), ACB=H(z,A) CH(z,B),

H(x, () Ai) = [ Hlz, ),

el i€l

U H (=, A) = Hz, | A).

iel el

Proof. Let X and Y be two nonempty sets, and let (X, f) be a quiver space
over (P(Y),C, %), a @-Mpo. Let z € X and A € P(Y), then, the closed
quiver with center x and target A is defined by:

H(z,A) ={z€ X | f(z,2) C A}.

The first four assertions are particular cases of Proposition 3.3, where G =
P(Y), <=C, e = &, and e, = X. Let 2 € X and let (4;);cs be a family
of subsets of Y. Then,

[ ]
yeH@,(A4) & fley) ()4
iel icl
Viel, f(r,y) C A;
Viel, yeH(x,A;)
= yEﬂ”H(m,Al)

el

T e

ye|JH(z, A) & Tipel, yeH(z Ay
i€l

¢

Jdig € 1, f(x7y) - Aio
el

& yeH | ).

el

¢



O

Proposition 3.5. Let (X, f) be a quiver space over (G,<,%), an ey-Mpo,
such that the operation x is associative, idempotent, and the order relation
< is compatible with x. Then,

(i) For all x,y € X and for all g,h € G,
H(x,9) NV H(y,h) # @ = H(y,h) € H(x,gxh),
(ii) For all z,y € X and for all g € G,
H(z,9) VH(y,9) # 2 < H(z,9) = H(y,9)

Proof. (i) Let z,y € X and g,h € G. Let s € H(y,h). Since the in-
tersection of H(z,g) and H(y,h) is nonempty, there exists z € X
such that f(z,z) < g and f(y,z) < h. Since (X, f) is a quiver space
over (G,<,x), we have f(x,y) < f(z,z) * f(z,y), and it follows that
f(z,y) < g = h. Moreover, since s € H(y, h), we have

f(z,s) < f(z,y) = f(y,8) < (g*xh)xh=gx*(hxh)=gxh,

because * is associative, idempotent, and the order relation < is com-
patible with x. Thus, s € H(z, g * h), which proves the result.

(ii) Since # is idempotent and for all z € X and g € G, H(z,g) # &, the
result follows immediately from (i) by taking g = h.
O

Corollary 3.1. Let X and Y be two nonempty sets, and let (X, f) be a
quiver space over (P(Y),C,U). Then:

e Forall x,y € X and for all A,B € P(Y),
H(z, A) " H(y, B) £ & = H(y, B) C H(z, AUB)

e Forallx,y € X and for all A€ P(Y),
M, A) N H(y, A) £ 5 & Hr, A) = H(y, A)

Proof. Let X and Y be two nonempty sets, and let (X, f) be a quiver space
over (P(Y),C,U). The operation U is associative, idempotent, and C is
compatible with U. Hence, this is a particular case of Proposition 3.4, with
G=P(Y), <=C, and * = U. O

Proposition 3.6. Let (X, f) be a quiver space over (G,<,%), an ey-Mpo.
Assume that the operation x is associative, idempotent, and that < is com-
patible with x. Then, the collection of closed quivers with target g € G forms
a partition of X.



Proof. Let (X, f) be a quiver space over (G, <,x*), an eg-Mpo. Let g € G.
For all z € X, we have z € H(x,g), hence H(x,g) # @ for all x € X. Let
x € X. Since x € H(z, g), we have

xc | H(zg),
zeX

thus

X = U H(x,g).

zeX

Let x # y € X. Since the operation * is associative, idempotent, and < is
compatible with %, it follows from (ii) of Proposition 3.5 that

H(z,g) " H(y,9) =2 or H(z,g)=H(y,9)

Consequently, the collection of closed quivers with target g forms a partition
of X. O

Remark 3.2. Let g9 € G. The binary relation defined on X by
V%y 6 X?‘T Ngo y = H(.T7g0) == H(ya.QO))

s an equivalence relation.

4 Topologies defined on quiver spaces over the
power set of a given set

In this section, we exhibit some examples of topologies of quiver spaces over
the power set of a given set. Let X,Y be two nonempty sets. Let (X, f) be
a quiver space over (P(Y), C, ), a @-Mpo, and let A = (A;);cs be a family
of subsets of Y stable under intersection, i.e.,

Vi,jel, dkel, AiﬂAj:Ak.
Then we define
T4(f) = {w e P(X) | Ve € w,Ti € I, H(x, 4;) C w}.

Proposition 4.1. Let X,Y be two nonempty sets. Let (X, f) be a quiver
space over (P(Y),C, %), a @-Mpo. Let A= (4;)icr be a family of subsets of
Y stable under intersection. Then T74(f) is a topology on X.

Proof. We have @ € 74(f) and X € 74(f). Let (w;)i<i<p be a finite family
of elements of 74(f). Let x € (/_; w;. Then for all 1 <4 < p, z € w;, hence
for each 1 < ¢ < p there exists n; € I such that

H(z, Ap,) C w.

10



By Proposition 3.4, it follows that

p

ﬂ H(vanz) = H(z, ﬂ Anz) - mwi-
=1

i=1 i=1

Since A = (A;)ies is stable under intersection, there exists k € I such that

p
() An, = Ay
i=1
Thus,
p p
Vo € (Ywi, Ik € I, H(x, Ap) C (| wi.
i=1 i=1
Hence,
p
ﬂ wi € TaA(f).
i=1

Let x € Uie] w;. Then there exists ¢9 € I such that € w;,, hence

dng € I, H(z, An,) C wi, C Uwi.

el
Consequently,
U w; € TA(f).
iel
Thus, 7.4(f) is a topology on X. O

Remark 4.1. Proposition 4.1 still holds if the family A = (A;)ier is in-
creasing with respect to inclusion, i.e., for all i,j € I,

Corollary 4.1. Let (X,d) be a metric space, and let fy be the map from
X x X to P(Ry) defined by

fd(may):<07d($7y>) fO?" GH%Z/GX-
Let A = (Ar)reR:; be the family defined by A, = (0,7) for all v > 0. Then,
TA(fq) = {w e P(X) | Vz € w,Ir >0, H(z,(0,r)) Cw}

s a topology on X.

11



Proof. Let (X, d) be a metric space. By Proposition 3.1, (X, f;) is a quiver
space over (P(R4),C, +). Let A = (A4;),er: with A, = (0,7) for all 7 > 0.
For ri,m2 € RY, we have

Ay M A, = (0,71) N (0,72) = (0,min(r1,72)) = Amin(r, ,r0) € A

Thus, the family A is stable under intersection. Hence, by Proposition 4.1,
TA(fq) is a topology on X. O

Definition 4.1. Let X and Y be two non-empty sets, and let (X, f) be a
quiver space over (P(Y),C,*), a @-Mpo. Let A = (A;)icr be a family of
subsets of Y stable under intersection. Define

T4.(f) ={weP(X)|Vx ew,Fi € I,Hs(x, A;) C w}.

Proposition 4.2. Let (X,d) be a metric space and f; the map defined by
fa(z,y) = (0,d(z,y)) for all z,y € X. Let A = (Ay)rers with A, = (0,7)
for allr > 0. Then, the topology T,(f4) coincides with the topology induced
by the metric, 14.

Proof. e Let w € 75 and x € w. Then, there exists r, > 0 such that
B(z,r;) C w, ie., for all z € X, d(z,z) < r, implies z € w. Equiv-
alently, for all z € X, (0,d(z,2)) € (0,75) implies z € w. Hence,
Hs(z,(0,75)) Cw, sow € 74,(fa)-

e Conversely, let w € 74,(fq) and x € w. Then, there exists 7, > 0 such
that Hs(z, (0,72)) C w, ie., for all z € X, fq(x,z) C (0,7,) implies

=

z € w. Equivalently, for all z € X, d(z, z) < r, implies z € w. Hence,
B(z,ry) Cw, sow € 4.
O

4.1 Quiver topology
Let (X, f) be a quiver space over (P(X), C,*), a @-Mpo. Define
Qf ={wePX)|VreX,wCH(z,w)}.

Proposition 4.3. Let (X, f) be a quiver space over (P(X), C,x), a &-Mpo.
Then, Qf is a topology on X.

Proof. Let (X, f) be a quiver space over (P(X),C, %), a @-Mpo.

e By Proposition 5.4, for all z € X, H(z,2) = {z} and H(z,X) = X.
Hence, @ € of and X € 9.

12



e Let w = (wj)i1<i<p be a finite family of elements in Qf. Forallz € X
and all 1 < < p, w; C H(z,w;). By Proposition 3.4,

Hence, (,_, w; € Q7.

e Let w = (w;)ier be a (possibly infinite) family of elements in Qf. By
Proposition 3.4,

Uwi - U?—l(x,wi) = H(x,UwZ).

i€l icl el
Hence, |J;c;wi € Q7.
Therefore, Q7 is a topology on X. O

Definition 4.2. Let (X, f) be a quiver space over (P(X),C, %), a @-Mpo.
Then, QF is called the quiver topology on X relative to the operation .

5 Lipschitzian mapping of a quiver space

Definition 5.1. Let (X, f) be a quiver space over (G, <,x) an ey-Mpo. Let
g be a mapping from X into itself. Then g is said to be h-Lipschitzian if
there exists h in G, with eg # h, such that

Vo,y € X, f(g(x),9(y)) < hx f(z,y).

Proposition 5.1. Let (X, f) be a quiver space over (G,<,*) an ey-Mpo.
Suppose that the magma (G, *) has a neutral element ig # eg. Let g be an
ig-Lipschitzian mapping from X into itself. Then, for all x € X and all
hed,

g(H(z,h)) € H(g(x),h).

Proof. Let (X, f) be a quiver space over (G, <,x) an ep-Mpo. Let x € X
and h € G. Since g is ig-Lipschitzian from X into itself, then for all y in
X, f(g9(x),9(y)) <o * f(x,y) = f(x,y). Let z € H(x,h), so f(z,2) < h. It
follows that f(g(z),g(z)) < h, hence g(z) € H(g(x),h). Consequently, for
all z € H(x,h), g(z) € H(g(x),h). O

Remark 5.1. In the proposition 5.1, If, x is a fized point of g, then for all
h € G, H(z,h) is invariant under g.

Let X be a set and g : X — X a mapping. We define ¢" as the n-th
iterate of g, where n € N, by ¢° = idx and g"*! = go g".
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Proposition 5.2. Let (X, f) be a quiver space over (G,<,%) an ey-Mpo.
Suppose that the magma (G, *) has a neutral element iy # eg. Let g be an
i9-Lipschitzian mapping from X into itself. Then, for all x € X and all
heaq,

vn e N, g"(H(,h) C H(g"(2), h).

Proof. Let x € X and h € G. By induction, for n = 1, according to the
proposition 5.1, it follows that, g(H(z, h)) is a subset of H(g(x),h). Suppose
that, the property hold for a given n € N*. Let 2z € g""(H(z, h)) which
means that, z € g(g"(H(z,h))) C g(H(g"(z),h)) € H(g" " (x), h). We con-
clude that, pour tout x € X et pour tout h € G, Vn € N*, g"(H(z,h)) C
H(g"(z), h). O
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