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Through this paper, a standard CAD model of the chassis and suspension system with all the details has been designed by SOLIDWORKS 2021, then the chassis and suspension system has been fabricated exactly according to the CAD model. The validation of the fabricated suspension system with the analytical solution of the state-space matrix is to be done elaborately on this research paper through the first method. Finally, the mathematical modeling of the suspension system by Simulink environment of MATLAB software has been used through the second method and the results obtained from the two methods of modeling the suspension system have been compared and discussed.

INTRODUCTION

Formula FUM (Ferdowsi University of Mashhad) is the name of our team participating in Formula SAE and Formula Student international competitions. Founded in 2014 by students of Ferdowsi University of Mashhad, and now the students of Sadjad University of Technology and Ferdowsi University of Mashhad have worked together to exceed their skills in designing and fabricating a Formula SAE racecar. Present automotive competitions are witnessing a neck-to-neck fight among the university teams to produce highly developed models for better performance. One of the most important performance requirements is an advanced suspension system to give better car handling for smooth drive leading to driver comfort. Most of the research activities during the last decades have been directed to vibration control of the vehicle, which is influenced by the harmful effects of vibrations caused by road irregularities on driver's comfort.

The racecar suspension system differs depending on the manufacturer which ensures a wide range of models. Whichever solution is adopted to design, a suspension system has the primary role in ensuring the safety function. It is known that road bumpiness makes oscillations of the car wheels that will be transmitted to their axles. It becomes clear that the role of the suspension system which connects the axles to the car body is to reduce as many vibrations and shocks occurring in the operation. This causes, the necessity to use a suspension of better quality. A quality suspension must achieve a good behavior of the vehicle and a degree of comfort depending on the interaction with the uneven road surface [START_REF] Augustaitis | Computer-aided generation of equations and structural diagrams for simulation of linear stationary mechanical dynamic systems[END_REF][START_REF] Florin | Passive suspension modeling using MATLAB, quarter-car model, input signal step type[END_REF]. When the car is requested by bumpy road profile, it should not be too large oscillations, and if that happens, they must be removed as quickly. The design of a vehicle suspension is a matter that involves a series of calculations and equations based on the purpose.

Thite [START_REF] Thite | Development of a refined quarter car model for the analysis of discomfort due to vibration advances in acoustics and vibration[END_REF] has established and analyzed an advanced quarter car suspension system model in 2012, which discusses the effect of series stiffness, to determine the response at higher frequencies; Governing Equations of motion are used to obtain the effective stiffness and damping parameters. The state-space model is arranged in an innovative arrangement to find eigenvalues. Agharkakli and his colleagues [START_REF] Agharkakli | Simulation and analysis of passive and active suspension system using quarter car model for different road profile[END_REF] have obtained a mathematical model for the passive and active suspension systems using the quarter car model of the suspension system and offered a compromise between two conflicting criteria. In this study, good road handling and improved passenger comfort are simulated for the quarter car suspension model by MATLAB/SIMULINK software. Gundogdu [START_REF] Gündoğdu | Optimal seat and suspension design for a quarter car with driver model using genetic algorithms[END_REF] presented an optimization of a 7-DOF quarter car seat and suspension system by genetic algorithms to determine some parameters to reach the best performance of the driving comfort. M.J. Griffin and J. Erdreich [START_REF] Griffin | Handbook of human vibration[END_REF] have shown that the interior vibration of a vehicle has a significant effect on comfort and road holding capability. To reduce this type of vibration, the manufacturer's efforts have led to a suspension system installed between road excitation and vehicle body. J.Y. Wong [START_REF] Wong | Theory of ground vehicles[END_REF] through his research has determined the role of road irregularities, ranging from potholes to the elevation profiles, acts as the main source that excites the vibration of the car body over the tyre/wheel assembly as well as the suspension system. Through this paper [START_REF] As' Arry | Semi-active suspension control for formula SAE car using magneto-rheological fluid[END_REF], a semi-active suspension of a quarter car model is used as a plant in 2017. The Bingham model of Magnetorheological damper is operated with a PID controller and the current is controlled by the controllers according to the quarter car model of chassis disturbance. In this paper [START_REF] Tran | Verification and optimization of formula SAE suspension employing inerter mechanism[END_REF] in 2014, T.T. Tran and his colleagues clarified some issues related to the passive suspension system with the help of an inerter to reduce displacements and rolling angle on Formula SAE racecar, they integrated some types of suspension systems with inerter on half-car and quarter-car models. Benoit Lacroix and his colleagues [START_REF] Lacroix | A passive nonlinear damping design for a road race car application[END_REF] developed a 7-DOF car based on Newton's second law, they used MATLAB/SIMULINK and the quarter car model, to study the effects of four suspension parameters on the vertical load fluctuations of tyres, finally, the results were obtained to optimize the suspension parameters for a seven degree of freedom racecar model. This research [START_REF] Santos | Development of semi-active suspension for Formula SAE vehicle[END_REF] describes the development of semi-active control algorithms to optimize the handling performance of a Formula SAE vehicle by reducing the nonsuspended mass displacements and tyre load variations, which are meant to be implemented utilizing magnetorheological dampers. Magnetorheological fluid is typically defined as a functional fluid whose effective viscosity can be dramatically varied reversibly by submitting it to the presence of a magnetic field. The control algorithms (ground hook two-state and ground hook linear) have been developed in MATLAB/Simulink. The full-car multibody models have been implemented in MSC ADAMS/Car.

The literature principally focuses on the effects of road irregularities on driving comfort and road holding of passenger vehicles and governing equations are also performed to develop a MATLAB/SIMULINK model. The present work aims at developing a detailed analytical formation of governing Equations for a Formula SAE student quarter car model. At first, a CAD model of the passive suspension system is designed using SOLIDWORKS and the racecar is fully fabricated, after that a mathematical quarter car model considering two degrees of freedom has been developed using the passive suspension, and then through the state space matrix, an analytical solution for the displacement of the vehicle body has obtained and finally, this paper discusses the development of Simulink blocks model for a 2-DOF racecar model.

CAD MODELING AND FABRICATION

The shock absorber used in this suspension system is a hydraulic shock absorber shown in Fig. 3. The fabricated chassis and suspension system and their CAD model are shown respectively in Fig. 1 and Fig. 2. The structure of the suspension system is composed of the anti-roll bars, uprights, Front Hubs, swing arm rear end, rear suspension mounting clevises, and retaining rings. 

THE MATHEMATICAL MODEL OF FORMULA SAE RACECAR SUSPENSION SYSTEM

The system shown in Fig. 4 is a quarter car suspension system with two degrees of freedom and the symbols used in the equations of this paper are given in Table 1. As the racing roads are almost smooth and bump-free, we consider the deformation of the tyre X2-Z negligible.

Table 1-Symbols used in equations

Ms

Figure 4. The quarter car suspension system

Using the FBD (free-body diagram) concept and Newton's second law of motion shown in Eq. ( 1), and by substituting Eq. ( 2) and Eq. ( 3) in Eq. ( 1), the following Equations [Eq. ( 4) to Eq. ( 6)] of motion are obtained.

F ma = 

(1)

Spring force kx =- (2) Damping force cx =- (3) 1 1 2 1 1 2 1 ( ) ( ) s c x x k x x m x - - - - = (4) 1 1 2 1 2 1 2 2 2 2 2 ( ) ( ) u c x x k x x c x k x m x - + - + + = (5) 2 2 1 1 2 1 2 1 2 ( ) ( ) u c z k z c x x k x x m x + - - - - = (6) 
The values of the suspension system specifications and the mass of the racecar are given in Table 2. In the following sections, the unknown displacements of equations will be obtained using mathematical modeling of the above equations in MATLAB. 

CALCULATION OF DISPLACEMENT USING STATE-SPACE MODEL

The first method of modeling the suspension system with MATLAB is using the State-space model. The first step is rewriting equations ( 4) and ( 5) by taking the Laplace Transform:

2 1 1 1 2 1 1 2 ( ) ( ) 0 s m x s c x x s k x x + - + - = (7) 
2 2 1 2 1 1 2 1 2 2 2 2 ( ) ( ) ( ) ( ) 0 u m x s c x x s k x x c x z k x z + - + - + -+ -= (8) 
Where s is the complex number of Laplace Transform and the general form of state-space models are as the following equations:

( ) ( ) ( ) ( ) A t X t B t U t X += (9) ( ) ( ) ( ) ( ) ( ) C t X t D t U t Y t += (10) 
Where the symbols used in Eq. ( 9) and ( 10) are:

Table 3-Definition of symbols used in Eq. ( 9) and Eq. ( 10)

A(t) State matrix X(t) State vector B(t) Input matrix U(t) Input vector C(t) Output matrix D(t) Direct transmission matrix Y(t) Output vector
The state vector-matrix contains the variables shown in Eq. ( 11) and from Equations ( 7), ( 8), ( 9), [START_REF] Lacroix | A passive nonlinear damping design for a road race car application[END_REF], and [START_REF] Santos | Development of semi-active suspension for Formula SAE vehicle[END_REF], state-space matrices of the system are as shown in Equations ( 12) and ( 13) and their representations are made using a predefined block using SIMULINK model shown in Figure 5.
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MATHEMATICAL MODELING USING MATLAB/SIMULINK LIBRARY BLOCKS

MATLAB representation of Eq. ( 4) is shown in Fig. 7 and in Fig. 8, Eq. ( 6) is added to Eq. ( 4). 

CONCLUSION

Through this paper we designed, fabricated, and simulated a passive suspension system, a system that is most commonly used in Formula SAE student racecars. To verify the accuracy of modeling we used two different methods, initially the state-space model and then the SIMULINK library blocks. We can see from the results that the yellow line which is shown in Fig. 6, representing the vehicle mass displacement is completely identical to those shown in Fig. 9. The purple line shown in Fig. 6 is the displacement of the suspension mass which is similar to the one shown in Fig. 10. Results obtained using the two different methods with the same parameters of the suspension system are obviously identical so we can say that the parameters used in the passive suspension systems are typically fixed and being chosen to maintain simultaneously a high standard of vehicle handling and ride comfort under driving conditions.
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 123 Figure 1. Fabricated chassis and suspension system

  Sprung mass (1/4 racecar body mass) in Kg Mu Unsprung mass in Kg K1 Spring stiffness of suspension in N/m K2 Vertical stiffness of the tyre in N/m C1 Damping coefficient of the suspension in N-s/m C2 Damping coefficient of the tyre in N-s/m X1 Vertical displacement of sprung mass in m X2 Vertical displacement of unsprung mass in m Z Road excitation in m
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 5 Figure 5. SIMULINK State-space modelVehicle body displacement of unsprung mass (X1) calculated with the State-space model is shown in Fig.6. Where the yellow line is the car mass displacement (X1), the blue line is the difference X1-X2, and the purple line is the displacement of the suspension mass.
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 6 Figure 6. Car body displacement
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 748 Figure 7. MATLAB/SIMULINK representation of Eq. (4)
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 91011 Figure 9. Racecar body displacement of unsprung mass

  

  

  

  

  

Table 2 -Suspension system specifications and the mass of the vehicle
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	Ms	74.75 Kg
	Mu	17.6 Kg
	K1	3680 N/m
	K2	104360 N/m
	C1	282 N-s/m
	C2	1350 N-s/m