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Abstract

We consider a general class of birth-and-death processes with state
space {0,1,2,3, ...} which describes the size of a population going even-
tually to extinction with probability one. We obtain the complete spec-
trum of the generator of the process killed at 0 in the large population
limit, that is, we scale the process by a parameter K, and take the limit
K — +00. We assume that the differential equation dz/dt = b(x) —d(z)
describing the infinite population limit (in any finite-time interval) has
a repulsive fixed point at 0, and an attractive fixed point z, > 0. We
prove that, asymptotically, the spectrum is the superposition of two spec-
tra. One is the spectrum of the generator of an Ornstein-Uhlenbeck
process, which is n(b'(z.) — d’(z.)), n > 0. The other one is the spec-
trum of a continuous-time binary branching process conditioned on non-
extinction, and is given by n(d’(0) — b'(0)), n > 1. A major difficulty is
that different scales and function spaces are involved. We work at the
level of the eigenfunctions that we split over different regions, and study
their asymptotic dependence on K in each region. In particular, we
prove that the spectral gap goes to min {¥'(0) — d’(0), d'(z.) — b'(x.)}.
This work complements a previous work of ours in which we studied the
approximation of the quasi-stationary distribution and of the mean time
to extinction.

Key-words: Ornstein-Uhlenbeck process, quantum harmonic oscillator,
binary branching process, Jacobi operators, Dirichlet form, spectral gap,
Fréchet-Kolmogorov-Riesz compactness criterion, discrete orthogonal
polynomials, quasi-eigenvectors, quasi-stationary distribution.
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1 Introduction, heuristics, and main result

1.1 The context

We consider a class of birth-and-death processes (X/);>0 with state space
Z-,* which describes how the size of a single population evolves according to
birth and death rates of the form

AB) = Kb (%) and % = Kd (%) 1.1)
where n > 1, and K € Z., is a scaling parameter, often called ‘carrying
capacity’. We suppose that b(0) = d(0) = 0, implying that 0 is an absorb-
ing state for the process, modelling extinction, and our assumptions are such
that the probability to reach this state is equal to one. The unique stationary
distribution is the Dirac measure at 0, so a relevant distribution to look for
is a quasi-stationary distribution. A probability measure %) on the positive
integers is a quasi-stationary distribution if, for all £ > 0 and for all subsets
A C Zy, one has P ) (XK € A|TS > t) = v®)(A), where T§™ is the
extinction time, that is, the smallest £ > 0 such that Xt(K) = 0. In other words,
a quasi-stationary distribution plays the role of a stationary distribution when
conditioning upon non-extinction. We refer to [6, 9] for more informations
about quasi-stationary distributions.

When K — oo, the trajectories of the rescaled process (K 'X[");>o
converge in probability, in any fixed time-window, to the solutions of the dif-
ferential equation

dzx

i b(z) — d(x) (1.2)
if the initial condition state is for instance of the form |Kxz] for a given
o > 0. We assume that the functions b and d only vanish at 0, and that

d'(0) =¥ (0) <0

meaning that the fixed point 0 is repulsive. We also assume that there is a
unique attractive fixed point x, > 0, that is

b(zs) = d(z,) and V(z) —d'(zs) <O0.

(We will give the complete set of assumptions on the functions b and d later
on.)

A famous example is the so-called logistic process for which b(z) = Az,
d(x) = z(p + x), where A and p are positive real numbers. We assume that
A > p and we have z, = A — L.

In [5] we obtained the precise asymptotic behaviour of the first eigenvalue
of the generator Ly of the process killed at 0, and also of the law of the

!We denote by Z, the set of non-negative integers, and by Z-, the set of positive integers.



extinction time starting from the quasi-stationary distribution (among other
results). Here we go further and obtain the complete spectrum of the generator
of the killed process, in the limit K — oo. In particular, the knowledge of
the spectral gap allows us to obtain the time of relaxation for the process
conditioned on non-extinction to obey the quasi-stationary distribution.

1.2 Notations for basic function spaces
We denote by
* 9 the space of C*° C-valued functions with compact support on R;
* coo the space of C-valued sequences with finitely many nonzero values;

+ (% the space of square-summable C-valued sequences equipped with the
standard scalar product.

+ L? the space of square-integrable C-valued functions with respect to
Lebesgue measure on R.

We will define several operators on cop and will consider their closure on 2.
For simplicity, we will use the same notation for an operator and its closure.
As we will see later, there is no ambiguity on the extensions.

1.3 Heuristics

The fundamental object in this paper is the spectrum of the following operator
that we momentarily define on cgg:

(Lxv)(n) = A0 (v(n 4+ 1) —v(n)) + pif (v(n — Dlany —v(n))  (1.3)

for n € Z,. The idea is to ‘localize’ this operator either around n = | Kz, |
or n = 1, which corresponds in the dynamical system to the fixed point z, or
the fixed point 0. A natural idea would be to ‘cut’ the operators in order to
differentiate these two dynamics. However the main difficulty is that the two
different pieces involve different scales and different function spaces. Since we
don’t know how to cope with this problem at the level of operators, we work
at the level of the eigenfunctions that we will split on different regions, and
study their asymptotic dependence on K in each region.

To have an idea of the different scales involved in the problem, let us
first study the asymptotic behaviour of the birth and death rates. By Taylor
expansion around Kz, we have

AN = K b(z,) + (n — Kz,) V() + O (W)

and

) = Kd(ac*) + (n — Kx.) d'(x*) +0 <(n_;(($*)2) )

4



Taking v (n) = u((n — Kz.)/VK) with u € 9, we get

(Lxv™)(n) = OUsu (n_\/?c) o (\/%)

OUs f(x) = b(a) () + (V' (24) — d'(21)) 2 f' () (1.4)
is the generator of an Ornstein-Uhlenbeck process on R which satisfies the
stochastic differential equation dX; = (V/(z.) — d'(z.)) X¢dt + \/2b(z,) dBy,
where (B;)¢>0 is a one-dimensional Brownian motion. It is well known (see
Remark 3.1) that the spectrum of OU, is —S; where

Sy = (d'(z.) = V' (22)) Zso (1.5)

. @)t () 2
in the space L? (\ / %@fl(f’“) e W) " d:z). Now we look at n near 1.

By Taylor expansion, we have

AN =n (b’(()) +0 (%)) and p =n (b’(O) + 0O (%)) .

If v € coo, then we get

where

o1
HLK’U — Q()'l)”zQ S }.(()

where
(Qov)(n) =b'(0)n (v(n+1) —v(n)) +d'(0)n (v(n —1) L1y — v(n))

which is the generator of a (continuous-time) binary branching process killed
at 0. We shall prove later on that, in a weighted ¢? space defined below, the
spectrum of Qg is —S2 where

Sy = (b'(0) — d'(0)) Zw. (1.6)

The previous observations suggest that the limit of the spectrum of the
generator of the birth-and-death process (X."’);>¢, in an appropriate space,
is

(d'(0) = ¥(0)) Zo | (V' () — d () Zso.
Notice that all the elements of this set are negative and this is not a disjoint
union in general. The logistic model is an example illustrating this since
d'(0) —v'(0) = V(xs) — d'(xx) = u — A, so we will have asymptotic double
eigenvalues in this case.

We will prove that the limit of the spectrum of Ly is obtained from the
explicit spectra of the above two operators. Notice that one is differential
operator and the other one is a finite-difference operator. This is a reverse
situation with respect to numerical analysis where the spectrum of limiting
differential operators are obtained from the knowledge of the spectrum of
finite-difference operators. See for instance [4].
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1.4 Main result

For each K € Z.,, the sequence of numbers

/\(K),,'/\(K) 1
(k) . 1 n—1 (K) ._
T = w122 and M=
1 n 1

naturally shows up in the study of birth-and-death processes. We will give
below a set of assumptions on the functions b and d, defining the differential
equation (1.2), ensuring that the process reaches 0 in finite time with probabil-
ity one, that the mean-time to extinction is finite, and that the quasi-stationary
distribution exists and is unique.

Let ¢2(7)) be the space of C-valued sequences (v,),>1 such that

Z v |27 < 0.
n>1

This is a Hilbert space when endowed with the scalar product (v, w) (x) =

S o UnWy Ty
n>1 UnWnTn .

We know from [5] that the operator Ly is closable in ¢?(7%)). The closure
(which we denote by the same symbol) is self-adjoint and has a compact re-
solvent, hence its spectrum is discrete, composed of simple eigenvalues which
are negative real numbers, and the corresponding eigenvectors are orthogonal.
We normalize these eigenvectors and we can assume that they are real (since
they are defined by a second-order real recurrence relation whose solution is
determined by choosing the first element). We write

Lictf = =0 a7)

where we order the eigenvalues —p;-K) in decreasing order as j increases. To
emphasize that all operators considered in this paper are negative, we have
decided to write their eigenvalues under the form —p, with p > 0.

As shown in [5], the quasi-stationary distribution exists, is unique, and
given by
™y (n)
W5, 1))

where 1 = (1,1,...). Note that it also follows from Theorem 3.2 and Lemma
9.3 in [5] that there exists D > 1 such that for all K € Z-,, we have D! <
Y < D. Therefore, the Hilbert spaces £2(v)) and ¢2(7%)) are isomorphic.

Let S{f(n) := E, <f(Xt<K))]1{T(K)>t}> (t > 0) be the semigroup of the
killed process, where n € Z., and fOE ¢>°. The following result justifies that
we look for the spectrum of Ly in ¢?(7) .

v ({n}) = , € L, (1.8)

PROPOSITION 1.1. The semigroup (S,");>0, defined on (>, extends to a Cy-
contraction semigroup on (>(v %)),



We refer to [14] for definitions and properties of Cp-contraction semi-

groups.
PROOF. We follow the argument of Proposition 8.1.8 p. 162 in [3]. Since v*)

is a quasi-stationary distribution, for f € cop and ¢ > 0, we have
2
[ 15 P < [ v . (|00 )
et / |2,

(K4

TN fll iy, £ 0.

Therefore

1S5 fll 20y < €7
Since cqp is dense in £2(v%)), we get

S < A >
15¢ H€2(V(K))_e 2, t>0.

This implies that (S;"’);>0 extends to a contraction semigroup in ¢?(v()).
Now, since Pn(Xt(K) = m,TéK) > t) = Op,m, as t — 0, then for any f € cqp,
S0 f — f pointwise, hence by dominated convergence we obtain S{ f — f
in (2(v")) as t — 0. The proposition follows from the contraction property
obtained above and the fact that cq is dense in ¢2(v). R

Observe that the same result holds in fact for any 1 < p < oo (with a similar
proof).

Recall from [5] that we also have

(K)
P, x) (TSK) >t) = e_pOK t, t>0
and the mean-time to extinction starting from v is
E, w0 [T5"]
V K[ log )
1 2T exp < /0 08 Iz dm) <1+O<(log K)3)>
7 b ( \/ b(1/K) _ \/d(l/m) KH(z,) vK )’

d(1/K) b(1/K)

(See the next section for the definition of H.) In the logistic model this gives
(recall that z, = A — p)

e o ()

Thus p{*’ is exponentially small in K, and we also proved in [5] that the
‘spectral gap’ satisfies (see Theorem 3.3 in [5])

E,u [T5"] =

O(1
o 2 o K2 (19)
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This lower bound goes to 0 as K — +00. A noteworthy consequence of the
main results of this paper (see Corollary 1.3) is that the spectral gap does not
close when K tends to infinity, contrary to what could have been suspected
from the lower bound in (1.9).

In fact we will fully describe the asymptotics of all eigenvalues, which is
the content of our main theorem. To state it, we need to order S; U S5 to
take care of possible multiplicities. Recall that S7 and S have been defined in
(1.5) and (1.6) and that they are positive sequences. This is done through the
definition of a non-decreasing infinite (positive) sequence (7, )r>0. Let g = 0.
We construct this sequence recursively as follows.

o If n, € S1ASy, then 1,11 =min{n:n € S USy :n > n,}.
o If n, € S1 NSy, then

e If 9,1 = np, then 9,11 = min{n :n € S1USy:n > n,}.
o If n,_1 < np, then N1 = .

The main result of this paper, whose assumptions will be stated in Section
2, is the following.

THEOREM 1.2 (Convergence of the spectrum).
The spectrum of Ly in £2(7) converges pointwise to (—ny,)n>0 when K tends to
infinity. In other words

K1—1>I-I|—1<x> P =y, Vi € Lso.

COROLLARY 1.3. The spectral gap pi™ — p{ converges to

min {&'(0) — d'(0), d'(zs) — ' (24)} .

Let us give some examples. In the logistic model, we have d'(0) — b/(0) =
b'(zs) —d'(z+) = p— A (asymptotic double eigenvalues), and the spectral gap
is equal to A — p1. Another example is the Ayala-Gilpin-Ehrenfeld model [1]
defined by b(z) = Az, d(z) = x(u + ) where 0 € (0,1) is a parameter, and
A > p. In this case, d’(0) =" (0) = p—\, z, = A—p)/?, and V' () —d' (z,) =
f(pr—A), so the spectral gap is §(A— ). Yet another example is Smith’s model
[13] defined by b(z) = Az/(1 + x), d(x) = (z(p + x))/(1 4+ ), where A > p.
One easily finds d'(0) — V/(0) = u — A\, 2 = XA — p, and V' (z,) — d'(z4) =
(L —A)/(1+ X — ), so the spectral gap is (A — u)/(1 + X — p).

1.5 Consequences on relaxation times

Recall that the spectral gap is the inverse of the relaxation time to the quasi-
stationary distribution, namely for ¢ € (7)), t > 0 and K € Z., we
have

(K) (K) _ (K)
oo™ 550w = 0 1) 0 (1) A

< llp iy e~ 7

22 (n(K))

8



From Corollary 1.3, it turns out that the relaxation time converges to a
finite limit as K tends to infinity.

We can also characterize the decay of correlations for the so-called -
process, namely the birth-and-death process conditioned on survival. Recall
that the ()-process is the irreducible Markov process with state space Z.,,
defined by the semigroup

Ry = i 5 004,
0

It satisfies R{"' 1,13 = L{,>1}, and its unique invariant distribution m,

defined by (RéK))Tmm) = m®), is related to v by m"(g) = v ({g)
where v has been defined in (1.8). Indeed we have g € ¢2(m®) if and only
if Vg € £2(7™), and

H%K)QH?QWK))
(b, 1)

HQHEQ(m(K))

Hence, we get the following result.
PROPOSITION 1.4. Let g € (*(m). Then for allt > 0

_ () (K)
HR%K)g_< (()K)’1>7"(K>m(K)(g)H£2(m(K)) < HgHEQ(m(K))e (p1 Po )t.

Furthermore, for g1, go € £2(m%)) and for all t > 0, we have

’/Rimgl - go dm™© —/91 dm<K>/92 dm™

A

< g1l ooyl g2l sy €~

As before, the rate of decay of correlations converges when K goes to
infinity.

1.6 Organization of the paper

The proof of the Theorem 1.2 relies on two results stated in Section 3. The-
orem 3.5 ensures that the set S; U S5 is contained in the set of accumulation
points of the eigenvalues of , when K tends to infinity. The proof is based
on the construction of quasi-eigenvectors and is given in Section 5. The sec-
ond result is Theorem 3.7 which ensures that all the previous accumulation
points are contained in S7 US> taking care of eventual multiplicities. Its proof,
given in section 5, relies on two propositions. The first one (Proposition 4.1) is
the splitting of the eigenvectors of £, into two dominant parts, one localised
near the origin, the other one near | Kz, |. The second (Proposition 4.5) relies



on compactness arguments of each piece of the previous splitting. Section 6
collects various auxiliary results (some of more general nature).

One of the main difficulties of the proof is that the two pieces of the spec-
trum correspond to limiting operators which are obtained at different scales
and leave in different function spaces.

2 Standing assumptions

We work under the assumptions of [5] which we recall for convenience.
The functions b,d : R4+ — R, defining the differential equation (1.2) are
supposed to be such that
b(0) =d(0) =0

and the functions x — b(x)/x and = — d(z)/z are defined on R and as-
sumed to be positive, twice differentiable and increasing (in particular the
sequences (A), and ("), defined in (1.1) are increasing for each K).

We start by the biologically relevant assumptions:

limg oo % = 0 (deaths prevail over births for very large densities).

. V'(0) > d'(0) > 0 (at low density births prevail).

. There is a unique z, > 0 such that b(z,) = d(x.), so z, is the only
positive fixed point of (1.2).

We assume that o' (z,) # d'(z.) (genericity condition). The remaining (tech-
nical) assumptions are the following:

QU

I(Z,

+oo
. /x* % < +o0 and sup,cg, (d(w) — %) < 4o00.

2

—

. The function z — log % is increasing on R .

. The function H : Ry — R defined by H(z) = f;* log %ds is three

times differentiable, and sup,cp, (1 + 2?)|H" (x)| < +o0.

The assumptions imply that O is a repulsive (or unstable) fixed point of (1.2),
whereas z, is an attractive (or stable) one, that is, 0'(z.) < d'(z.). It also
follows that H”(x,) > 0. These assumptions are satisfied for many classical
examples.

As explained in [5], the above conditions imply the following properties:

e S o (AOT9) 7L = oo, which implies that the process reaches 0 in
finite time with probability one.

e D > T, < 400, which implies finiteness of the mean time to extinc-
tion.

10



e Yt AT T Y 7" < 400, which is a necessary and suf-
ficient condition for existence and uniqueness of the quasi-stationary
distribution.

We add a last condition to the previous ones, namely

lim 080@) _ o, logd@) 2.1)

T—$00 T T—$00 T

We could avoid it makes our life easier and we don’t have any natural example
which does not satisfy it.

3 Proof of Theorem 1.2

3.1 Some useful operators

Instead of working with L, on the weighted Hilbert space ¢?(7(%), we find
more convenient to work on the ‘flat’ Hilbert space /2. We introduce the
conjugated operator

L= (I5)3 L (I15)~3
where II®) denotes the mutiplication operator
O%v(n) = 7v(n)
for v € ¢pg and n € Z,. One can check that

(Lxv)(n)

= A v+ 1) + /N v(n = 1) Ty — (AFO + pi9) v(n)

for n € Z.,. We denote also by Ly its closure in ¢? and by Dom(Ly) its
domain, and we have

£K¢;K) _ _p;K)qS;K)
where the eigenvalues —p;.K) are the same as for L, (cf. (1.7)), and ¢ =

1
(IT¥9)24). To capture the behavior of the eigenvectors of £, near |Kw,]
at scale v/ K, we are going to embed ¢2 into L2. For this purpose we define for
each K € Z., the functions

e () = K1 Lo(z), x€R, n€Zsy

where

—0.5 n 4+ 0.5
o — |2 VKT e VK.
" VK VK

11



The functions e}, are orthogonal and of norm one in L?. They form a basis

of a sub-Hilbert space 7% of piecewise constant functions in L2. We define
two maps denoted by (), and P as follows:

Qx: 0 = L% Qgu(z)= Zu(n) el (x)

n>1
and
Py : L2 = 02, Pyf(n)= /f(m) el (x)dx ,n € Zisy. (3.1)
We will use the following properties of P, and (x stated as two lemmas.
LEMMA 3.1. For each K € Z-., the map Q) is an isometry between 2 and .
The proof of this lemma is left to the reader.

LEMMA 3.2. Let f € C1(R) and assume that there exists a > 0 and A > 0 such
that
|f(@)| +]f(2)] < Ae ] 2 € R,

Then
(i) mg oo Hf - QKPKfHLZ =0.
(i) Timg oo || P f||,e = || F]] 2 -

PROOF. Let us prove (i). We have Qx Py f(x) = 6;;?;) (x) fega) (y) fly)dy

for (n(z) — 0.5)/VK — x. < x < (n(x) + 0.5)/VK — x.. We get from our
hypothesis

QxPxf(x) = f(x) + o(Kf%) o—alz|

and the result follows.
We now prove (ii). From the isometric property of () on the space of piece-
wise functions J7, we get

HPKfHﬁ - HQKPKme

and the result follows from (i). W

We now introduce the operator
Lx = QxLxPx

and we keep the same notation for its closure in L?. Since .Z) when acting
on % is conjugated to Ly, we have

(K) _ (K),  (K)
ngpj =—P; P

12



when K — +00, to the operator

Hif(x) =

We will prove in the next proposition that the operator %5 converges weakly,

(3.2)
o B CACO Tl C)

d'(zy) — b (xy)

PROPOSITION 3.3. Let f € C3(R) and assume that there exist a > 0 and A > 0
such that

Z‘f(] }<Ae alz|

7=0

, z € R.
Then

Jim | Zef ~06.7] . 0.
PROOF. By the assumption made on f, it follows easily that

Jim 145 og 1)) Hef[[ 2 = 0,

We have

fkﬂaz):Zewm( P [ e fway 33)
n>1

F/ A Lsyy / et (y) fly) dy — (AL + pl) / €%K)(y)f(y)dy).

It follows easily from the assumption made on f and assumption (2.1) that
hm H]lﬂ |>(log K)2 }gKfHLQ =0.

Therefore we only have to consider |z| < (log K)?

. Note also that for such
an z, the sum in (3.3) reduces to one element for K large enough, namely
n=n(x) =

| Kz, 4+ VKz + %]. For 2 € R, we have
@) = 0@ (i [ ey
NG [ wrwa
— O ) [ s a)
= @ (VAT i [ eitwr (v- 1) b
A Ana)-1 o) / ey Y ( ) dy

= (A i) / i W) (W) dy)-

13



Now we have

/““()f()
/ < Kx*—s> ds

:K—if< n(x )ngC*) N K242 J (n(w)\/—fo) +0(K—%)

where the error term is unifom in z. Similarly
& ) f (y= —=)d
= [y s = [0 7

o [ W) ) dy o(m)

—Ky (W) a1 K
N 13§lﬁf,, (n(x)\/—?f(x*> oK~ Z)

A = Kb (%) and p© = Kd (%)

a\ ﬁ\

dy

Recall that

hence )
A = Kb(x*) + (n— Kxy) b’(:z*) L0 <(n—}[((x*)>
and

— Kz.)?
i) = Kd(z.) + (n— Kz,)d' (z.) + O (W) .
After a tedious but straightforward computation, we obtain that

Zicf(x) = f <n(3:)—\/EK;U*> + O(K_%)
=H.f(z) + O(K_% (log K)4)

and the error term is uniform in |z| < (log K)?. We get

L4 <o 2y (Licf = 3], = O(K ™1 (log K)°)
and the result follows. W

14



REMARK 3.1. Let us recall the relationship between the generator of the Ornstein-
Uhlenbeck process (1.4) and (3.2) which is, up to a minus sign and a shift, the
Schradinger operator for the quantum harmonic oscillator. We refer toe.g. [2, Chapter
3] or [10, Sections 4.4 and 4.9]. In L?, the eigenvalues of I, are —(d'(z.)—b'(z4))n,
n € Zs, and the corresponding eigenfunctions are

Yp(z) = (3.4)

1
2 4 ! /
L (@) V@) e (0G0 e
V2! 27b(.) 2b(+)

where (Hy,)y, is the family of the physicists’ Hermite polynomials defined by

n
Hy(z) = (—1)%362;?(3—932.
One can check that H, is conjugated to the generator of the Ornstein-Uhlenbeck pro-
cess (1.4) acting on L2< %{Z(f@ efwxzdx
ﬁ%*(wof) = OU.f.
In Proposition 3.4 we prove that the operator £;; converges weakly, when
K tends to infinity, to the operator My defined for v € cgp by

> in the following way:

(Mov) (n) = (3.5)
VUV (0)d'(0)n (n+ 1) v(n+1)+/V(0)d(0)n(n—1)v(n—1) Ly
—n (b'(0) + d'(0))v(n)).

Here again we denote the operator on cqo and its closure by the same letter.

PROPOSITION 3.4. Let u € cqg. Then

lim Lru = Mou
K—oo

where My is defined in (3.5).

PrOOF. Follows from the fact that for each fixed n

lim A\ =¢(0)n  and lim pl® =d0)n.

K—oo K—o0
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3.2 Steps of the proof of Theorem 1.2

The proof of Theorem 1.2 relies on the following two theorems whose proofs
are postponed to Section 5. Recall that for any fixed K, the spectrum Sp(Lx)
is discrete, and let

G — U (p;}())acc
j=0

“ is the set of accumulation points of (p(-K)

('K)) ac
J

where (p] ) when K — +o0.

THEOREM 3.5. We have
S1uUSy C G

where S1 and S are defined in (1.5) and (1.6).
This theorem is proved in Section 5.1.

COROLLARY 3.6. For every fixed j we have

lim sup p;-K) < +o0.
K—+00

PrROOF. We proceed by contradiction. Assume that there exists jo such that

lim sup p;ff) = +o00.

K—-+o00
Let jo = min{0 < ¢ < jo : limsupg_,, péK) = +o0}. Hence there exists
a < +oo such that limsupg ., p;-fil = «a. By definition of j., there exists
a diverging sequence (K},), such that lim, , p;.f”) = 4o00. Let p € 51U Sy
such that p > «a.

. . . (Kp) : (Kp)
If j < je—1, we have limsup, , . p; " < limsup, , o p; "] < o <p.

For all j > j., we have liminf, , p;.K”) > liminf, p;.f”) = +o00. This
implies p ¢ G, contradicting Theorem 3.5. W

THEOREM 3.7. We have
S1USy; OG.

Moreover, for each j € 7, let (K)), be a diverging sequence such that

lim p!"" =
p—00 Pi P

where p,. is finite by Corollary 3.6. Then
1) If,O* € S1ASy then

(Kp)

(Kp)
Pit1 = Pxl jfpl — Px

lim inf min {

p—00

} >0. (3.6)

Moreover there are only two cases:

16



(@) If p. € Sy then there exists a diverging sequence of integers (py) such that

2
QKW gi);Kp’f) L—> ©x, where py and p, are such that H,px = —pepx.
2
(®) If p. € So then qS;K”) LN s, where p, and ¢, are such that Moo, =
— P P

2) If p. € S1 NSy then we have the following two assertions:
(a) There exists a diverging sequence of integers (py) such that:

(Kp, Kpy)

. . ) . (
either élirrolo Pjsi =ps oOT Zlggo P = Px
(b) We have
liminf min { P = pel, [0S — . } —0 (3.7)
and
liprgggf max{ p;?l) — Pxls pé-li”l) — P« } >0. (3.8)

Note that (3.6) means that if p, € S1AS> then —p, is a simple asymptotic
eigenvalue, and either —p, is an eigenvalue of H, if p. € Si, or of My if
px € Sa. In addition, (3.7) and (3.8) mean that if p, € S; N So, then —p, is a
double asymptotic eigenvalue which is an eigenvalue of both J(, and M.
Proof of Theorem 1.2. The proof is recursive. For j = 0 it follows from
[6] that limg 100 pE)K) = 0. Let 5 > 0 and assume that for ¢/ < j (if any)
limg 400 pém = 1¢. We now prove that lim,_, | p;i)l = 1j+1. There are
several cases to consider.

o If n; € S1ASy, we claim that liminf, py_?l > nj+1. Otherwise,
by Theorem 3.7 and the recursive hypothesis, there would exist K, —

400 such that p(ipl) — 1% < Mj+1. Since by the recursive hypothesis

J
limg 400 pEKp) = 1;, we have 1, > n;. From the first statement of
Theorem 3.7 it follows that 7, = 7;. This contradicts 1) of Theorem 3.7.
We now claim that limsup, ., p;-i)l < nj+1. Otherwise, by Theorem
3.7 and the recursive hypothesis, there would exist K}, — +oo such that
p;?l) — 1% > Nj41. This implies that 711 € G, contradicting Theorem
3.5.

Hence, in this case, limg p}i)l = Nj+1.
o If n; € S1 NSy (which implies j > 0), we have two cases:

- If nj_1 = n;, then we claim that liminf,_,| pé-i)l > 1nj+1. Other-

wise, by the same argument as before, there would exist K, — +00
(Kp)

such that Pif1 = N> contradicting (3.8) in Theorem 3.7.
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We now claim that limsup, ., . p;-ﬁ)l < nj41. Otherwise, as be-
fore, this would contradict that 7,1 € G.

o : &)
Hence, in this case, limx— 400 017 = Nj+1.

- If n;_1 < n;, then we obviously have liminf, | p;.{?l > nj. If
limsup, o p;{f_)l > 1;, then there exists K;, — oo such that
p;ipf — 1« > 1), contradicting (3.7) in Theorem 3.7.

Hence, in this case, limg 44 p;'i)l = 141

Therefore we limy_, p;i)l = 7j+1. As announced, the proof of Theorem
1.2 follows recursively.

4 Properties of the eigenvectors

Our aim in this part is to prove that for K large enough, the eigenvectors
qS;-K) of Li (see (1.7)) are functions whose representation is sketched in the
figure. An eigenvector is ‘negligible’ outside the union of a neighborhood of
1, and a neighborhood of Kz,. It is ‘non-negligible’ in at least one of these
neighborhoods.

A
o)
O(VK)
o
1\

3V

Figure: Schematic representation of one of the three possible ‘shapes’ of the eigen-
vectors ¢ (with distortion).
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To separate the different behaviors, we introduce a ‘potential’ defined by

ValE) = A+ — (AU — AN 0 Ty, (4)

For n > 0, let ng(k, n) and nq(k, 1) be integers such that [ng(&,n), nq(x&, n)]
is the maximal interval containing Kz, /2 such that

inf Vo, (K)—n)>0.
nE[[ng(Km),nd(Km)]]( () 77)

Let ny(K) = L(log K)QJ and n,(K) = LK:):* ~ K3 log KJ It follows from our
assumptions that for K large enough

Kux,
1 < ng(K,n) < ngK) < 5 < np(K) < ng(K,n) .
PROPOSITION 4.1. For anyn > O there exists a, > 0, and K, > 0 such that, if
K > K, and ¢ of norm one in (* satisfies

Lxdp=—pod where p<n

then

up [l < e-mloER)
ng(K)<n<n,(K)

PROOF. Let us consider an eigenvector ¢ of norm one in ¢2 satisfying L, ¢ =
—p o

If ¢(ng(k,n)) # 0, define ny(k,n) = ng(k,n) and if needed, change
the sign of ¢ such that ¢(ng(k,n)) > 0. If p(ng(k,n)) = 0, define 7y (K, n) =
ng(k,n)+1 and if needed, change the sign of ¢ such that ¢ (72, (x,7)) > 0 (note
that ¢(ng(k,n)) = ¢(ng(K,n) + 1) = 0 contradicts the normalisation since ¢
solves a second-order recurrence relation). Then, changing the definition of
ng(K,n) if necessary, we can assume that ¢(ng(%,n)) > 0.

Thanks to the local maximum-minimum principle (see Proposition 8.2) we
only have four cases.

1) ¢(ng(k,m) +1) > ¢(ng(k,n)) and ¢(n) is increasing on [ng (K, 1), na(k, n)].

2) ¢(ng(Kx,n) +1) < ¢(ng(k,n)) and ¢(n) is decreasing and stays nonnega-
tive on [ng(k,n), na(k, n)].

3) ¢(ng(k,n) +1) < ¢(ng(k,n)) and ¢(n) has a minimum in the interval
Nmin(K) in [ng(&,n) —1, ng(x&, n) —1] and ¢(nmin(k)) > 0. Note that ¢(n)
is decreasing on [ng (K, 7), Nmin (k)] and increasing on [nmin (K), nq (%, 1)].

4) ¢(n) is decreasing on [ng(x,7n), na(k, n)] and ¢(nq(x, 7)) < 0.
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We first observe that since b/(0) > d’(0) we have

)‘(K>1 ,U%K)
I}lm sup n
T e [P ] N+ == N,
v(0)d'(0)

- v(0) + d'(0) — \/V(0) d'(0) <!

We also observe that there exists ¢ > 0 such that for K large enough, and any
n € [nr(K), na(k, n)] we have

/() (K)

— _K « 2
A 4 10—y — A0 0 T 1 el

The result follows by inspecting the monotonicity in the different cases and
using the last part of Proposition (8.1). W

THEOREM 4.2. Let ¢ € Dom(Ly) C £? of norm 1, satisfying

Lxp=—p¢

for some real p. Then there exist C(¢) > 0 and an integer r(¢) such that for all
n > r(¢) we have

[¢(n)] < C(g) 27"

Moreover, (¢(n))y, does not vanish and is of constant sign.

ProOF. It follows from our hypothesis that for any K > 1 there exists an
integer ro(k) such that, for all n > r¢(k), we have

(K) , (K)
)\n IU’nJrl

1
0< Si'
K K K K
¥ )+M§L+)1+P— A2y

We can assume that (¢(n)),, is a sequence of real numbers and ¢(ro(x)) > 0.
We start by proving that (¢(n)), is positive and decreasing for n > ry(K).
There are only the following four possibilities.

1. ¢(ro(k) + 1) > ¢(ro(x)). It follows from Proposition 8.3 that ¢ is in-
creasing for n > r(k), contradicting that ¢ has norm 1.

2. ¢(ro(x) + 1) < ¢(ro(K)), and there exists ' > rq(K) such that ¢(r') < 0
and ¢ decreases on [ro(k),r'], and ¢ > 0 on [ro(k),r — 1]. Then
by Proposition 8.3, ¢ is decreasing for n > 1/, contradicting that ¢ is
normalized.
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3. ¢(ro(K)+ 1) < ¢(ro(K)), and there exists ' > ro(k) such that ¢(r') < 0
and ¢ is not monotonous on [ro(k), '], and ¢ > 0 on [ro(x),r" — 1].
Then there exists "/ < r’ such that ¢ is decreasing on [ro(k), "], and
such that ¢(r” + 1) > ¢(r"). If ¢(r”) > 0, then we are in case 1. If
¢(r" + 1) > 0, it follows from Proposition 8.3 that ¢ is increasing for
n > 1" + 1, contradicting that ¢ has norm 1. If ¢(r"" + 1) = ¢(r"") =0
then ¢ is the null sequence as solution of a second order equation, which
leads to a contradiction.

4. ¢(rox) + 1) < ¢(ro(k)), ¢ > 0. Suppose that there exists a local min-
imum at 7" (finite). Then if ¢(r"”" + 1) > ¢(r"") > 0, we are in case
1. If ¢(r"" + 1) > ¢(r"") = 0, then it follows from Proposition 8.3 that
¢ is increasing for n > 7" + 1, contradicting that ¢ has norm 1. If
o(r" + 1) = ¢(r"™) = 0 then ¢ is the null sequence, which leads to a
contradiction.

Therefore ¢ is striclty positive and monotone decreasing. The result then

follows by using the last part of Proposition 8.1.

Let us now prove two key lemmas.

LEMMA 4.3. Let ¢ € Dom(Ly) be a normalized sequence such that

L™ = —ptO ),

Assume that there exists a diverging sequence (Kp) such that

0 < lim p*?) = p, < 400
p—00

and

lim sup ch(Kp)]l{-gm(Kp)}He? > 0.

pP—o0

Then p, € S and there exists a diverging subsequence (K,,) such that the limit

lim ¢(Kre) = ¢,

{—00

exists in 02, ||« ||z > 0 and ¢ is an eigenvector of Mo with eigenvalue —p..

PROOF. Let (py) be a diverging sequence of integers such that

Jim {[%500) 1y < 0y | 2 = limsup [| 659 1. <oy, -
—00 p—00

We define for each ¢ a normalized sequences in /2 by

¢ () Ly <y,
|02 1 <y mey )y 2

Ye(n)

21



It is easy to verify using Proposition 4.1 that ¢, € Dom(Mj) and

(log er)z e~ (log Kp,)?

[Motpe + pEr)apy |2 < O(1) _
HQS(KPZ) ]l{'SnZ(KPg)}HEQ

The first result follows from Proposition A.1 since the r.h.s. tends to zero.
The second result follows from Proposition A.2 since the spectrum of My
is discrete and simple by Theorem 7.1. W

LEMMA 4.4. Let ') € Dom (LK) be a normalized sequence such that
L) = —p g1,
Let us assume that there exists a diverging subsequence (K ) such that

0< lim p(KP) = Py < 400
p—00

and
lim qu(K”) ]l{.an(Kp)}H(p > 0.

p—o0

Then p, € S1 and there exists a diverging subsequence of integers (pe) such that

QK,, ¢ Kre)

im =
= [|Qu,, 7

Pu

exists in L2, |[1).||p2 = 1, and 1), is an eigenvector of K. with eigenvalue —p..

PROOF. We define for each p a normalized sequence in ¢ by

_ M) Lz,
[65P) L >, 1,03 2

W) ()

It is easy to verify using Proposition 4.1 that ¢/(5#) € Dom (Lk,) and

K,e@(og Kp)?

Lay 59 4 oD o < O(1) ~
£k, ¢ [0 L5, (i3] 2

(4.2)

We apply Proposition 6.6, Lemma 6.2, Lemma 6.3, and Theorem 6.1 to con-
clude that there exists a diverging sequence of integers (p;) such that the
sequence of functions () KPZ@D(KN) converges in L? to a normalised fonction
P

Let u € 2. We have from (4.2)

éliglo <Peru’ ’CKM Q’Z)(Kpg) + 'O(er) ¢(sz)>£2 =0
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hence (since PKPZ u € Dom (Eer))

Zliglo <£Kp[ PKP[“’ w(sz)>£2 = TP éliglo <PKWU7 w(er)>£2 '

From the isometric property of () (see Lemma 3.1) we get
. K,
Zlggo <QKP£ £Kw Pszu’ Qwa( p£)>L2
= —ps Jim (Qx,, Prc,, u, Qrc, w7 1o
In other words

. K . K,
}i{?o <$eru’ Qerw( p2)>L2 = TP« éli?;o <Qer Perua Qerw( P2)>L2.

Using the convergence in L? of (QKW@D(KW))E to 1), Proposition 3.3, and
Lemma 3.2, we get for all u € &,

(10 12 = e, )

Since Z is dense in the domain of the self-adjoint operator J{(,, we conclude
that 1), is an eigenvector of J(,. W

We now state three key propositions.

PROPOSITION 4.5. Let j be fixed and let (K ) be a diverging sequence such that

lim p"" = p, .
p—00 Pj Px

Let ¢§-K”) be a normalized eigenvector of Ly, with eigenvalue —p;.Kp). Then there
exists an infinite sequence of integers (py) such that

. ¢§K”) Li <ny(xp,)} 2, O, where ¢, is either the null sequence or an eigen-

vector of Mo with eigenvalue —p., namely p, € Ss.

2
. Qer gi)i-KpZ) 1y >np(Kp,)} L, Vs, where @, is either the null function or an
eigenvector of I, with eigenvalue —p., namely p, € S.

Moreover, ||p.||% + [[p«]|32 = 1.

PROOF. We have either

=0
2

] )
lim H%’ P < ()

pP—00

or there exists an infinite sequence of integers (py) such that

> 0.
02

);IQOH% "L (i)
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The first statement of the proposition follows from Lemma 4.3 applied to the
diverging sequence (K, ). Similarly, either

lim H¢§K”) Lisn, k)

p—>00 2

or there exists an infinite sequence of integers (py) such that

> 0.

. (Kpy)
lim Hqﬁ] Py ]I{an(Kpl)}

{—00 /2

The second statement of the proposition follows from Lemma 4.4 applied to
the diverging sequence (K, ). The last statement follows from the normalisa-
tion ¢§-K”) and Proposition 4.1. W

PROPOSITION 4.6. Let p € Sa. Then there exists a normalized vector v, €
Dom(Lx) with eigenvalue —p such that

Kli_r)n@(J |Lxvp + pupllez = 0.

Moreover

Kl_lffoo [T > w03l = 0

PROOF. Let v, be a normalized eigenvector corresponding to the eigenvalue
—p for the operator My in the space /2. From the assumptions we have for
n < |log K |

A =1(0)+ 0O (10?{) and p; =d'(0) + 0O <

log K
% )

Since Moyv, + pv, = 0, the reader can easily check that

log K
ILxvp + pvpll2zoonit,....log K]} < O < e > :

Now using Theorem 7.1 we have

i) = v (o)) " p(n)

where P is certain polynomial. Hence there exists ¢, > 0 such that for any

n € Lo, [vp(n)| < ¢y (%)Z. By (2.1) there exists ¢ > 0 such b(z) +d(z) <

ce” for all z > 0. This implies that )\;LK”) < ckKk, e"/Ep and u%Kp) <cK, e/ Kp
The reader can easily check that

1£x0p + pUpllez(zon{[log K |+1,....000) < O(1) (b’(o)
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It follows that v, € Dom(Lx), and (remember that &'(0) > d’(0))
Kli_l}loo |Lxvp + pupllez = 0.

The other statement follows at once from the exponential decay of v. W

PROPOSITION 4.7. Let p € S1. Then there exists a sequence of normalized vectors
(w,SK))K C 02 such that 15" € Dom(Ly), and

dim £+ pu| . = 0.

Moreover
Jim (99T <, oyl = 0

PROOF. Let ¢, be a real normalized eigenvector of }, corresponding to the
eigenvalue —p (in L?). Since ©p is a (rescaled) Hermite function (see [2] or
Remark 3.1), it satisfies the hypothesis of Proposition 3.3, hence

Jim gy + 02yl 0.
Using Lemma 3.2 we get

KH_IPOO HXKSDP +p QKPK‘»OPHLz =0

and then
Kh_rfloo H‘CK Prp, + PPK(PPng =0

and
Jim ([Pl =1

The first statement follows by letting 15 (n) = (Px¢,)(n) where Py is de-
fined in (3.1). The other statement follows from an exponential bound on the
decay of ¢,. W

5 Proof of Theorems 3.5 and 3.7

5.1 Proof of Theorem 3.5

The proof of Theorem 3.5 is an immediate consequence of the following two
propositions.

PROPOSITION 5.1. We have So C G.
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PROOF. The proof is by contradiction. Let p € Sy and assume p ¢ G. Then
there exists 7 > 0 be such that for K large enough, [p—n,p+n|NG = 0.
It follows from Proposition 4.6 that there exists a normalized vector v in (2,
such that v € Dom(Lx), and

|Lxv + pvlle = 0.

lim
K—oo

Therefore, using Proposition A.1, we obtain a contradiction, hence the proof
is finished. W

PROPOSITION 5.2. We have S1 C G.

PROOF. The proof is by contradiction. Let p € S; and assume p ¢ G. Then
there exists 7 > 0 be such that for K large enough, [p —n,p+ 1] NG = 0. It
follows from Proposition 4.7 that there exists a sequence of normalized vectors
() ¢ € 2 such that %) € Dom(Ly) and

Jim ([ £ +pu, =0,

Therefore, using Proposition A.1, we obtain a contradiction, hence the proof
is finished. W

5.2 Proof of Theorem 3.7

The first statement follows at once from Proposition 4.5.
The proof of (3.6) is by contradiction. Assume
b-o

Assume p, € S1\S2 and let (p¢) be a diverging sequence of positive integers

(Kp) (Kp)
Pis1 — P i

1y |Pj—1 — Px

liminf min {

p—0o0

such that pEK”) — py and pgﬁ’é) — py (Where i = j ori=j —1). Let ¢§K”)

be a normalized eigenvector of L, corresponding to the eigenvalue — png ‘).

We define qbgi(‘f[ ) similarly. We claim that

(Kapy)
G L cny(xp,)}

lim sup =
{—+00 £

Otherwise Proposition 4.5 would imply that p, € S, a contradiction. By
Proposition 4.1 we have

. (Kp,)
v (R T N)

=1.
02
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This implies 1-a).
By a similar argument, we have

) —1.

(Kp
Dig1’

lim ’
{—+o00

L>n(at |

By Proposition 4.5, there exists a diverging sequence of integers (¢,.) such that

HQKWT <¢EKN.7»)

]1{'>n7'(KPgT)}) — P 1.2 =0

where ¢, € Dom(%H,) is a normalized eigenfunction of }, corresponding to
the eigenvalue —p,. By Proposition 4.5 again, there exists a diverging sequence
of integers () such that

(K, )

HQK”“S <¢"'“ Lesnt,, >}) — @

—0
L2

where ¢/, € Dom(%,) is a normalized eigenfunction of 3, corresponding to

)

. . Ky, (Kpy, ) .9 .
the eigenvalue —p.. Since ¢; ™ and ¢; | " are orthogonal in ¢, it follows

from the previous estimates that

. (Kpy,. ) (Kpy, )
i <¢l e ]l{'>nr(i’(zozzrs)}’QZ)H-TZ : ]l{'>nr(szrs)}> =0

S——+00 22

By Lemma 3.1 we have

0 (Kpy,._) (Kpy,._)
< szrs<¢i ]l{'>nr(Kplrs)}>7QKPZT5(¢i+1 ]l{.>nT(Kp£TS)})>L2 m 0.
In other words, (., ¢, )2 = 0. This is a contradiction since ¢, and ¢, are
normalized eigenfunctions of J{, corresponding to the same eigenvalue —p,
which is simple.

The case p, € 52\ is similar (using again Proposition 4.5), so it is left
to the reader.

Let us now assume that p, € S1NS>. We now prove (3.7) by contradiction.
So we assume that there exists 6 > 0 such that

} > 0.

Since p, € S and from Proposition 4.7, there exists a sequence of normalized
vectors (@Z)pf”))p C £? such that 1[},()5”) € Dom(Lk,) for all p, and

(Kp) (Kp)
Pj+p1 — Px|, p];pl — Px

lim inf min {

p—o0

i [ 455 —

£2:

p—00
We also have (since péK”) — py) that
. K, K (Kp)
plggo Hﬁprg* - p§ ’ pe’ 2 0.
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For each p, let qb;.Kp ) be a normalized eigenvector of Ly, corresponding to the

eigenvalue — p§Kp ), By using Lemma A.2 with A = L, we deduce that there

exists a sequence of real numbers (6,), such that

lim Hw(Kp _ eiep¢§Kp)
p—00

=0 (5.1)

Since p, € S2 and from Proposition 4.6, there exists a normalized vector
vp, € Dom(Ly,) for all p such that

pli>nolo HEKPUP* + p*vp* ||£2 = 0

We also have

=0.

hm HEK”U’J* +p( "y »

j *

By using Lemma A.2 with A = L, we deduce that there exists a sequence
of real numbers (,,), such that

. 0’ K
lim va* —elepgbg- »)
p—0o0

2 =0 (5.2)

Moreover, from Propositions 4.7 and 4.6, it follows that

lim ‘wﬁﬁ‘“n{.w(,{p)

p—0o0

p =0 and  lm o, Tes oy =0
which implies (using Proposition 4.1) that

lim <wp* 2 Um) =0.

p—0o0

This is a contradiction with (5.1) and (5.2). Finally, we prove (3.8) by contra-
diction. So we assume that there exists a diverging sequence of integers (p;)

such that
(Kpy)

(Kpy)
’ tprjiZ1 — Ps

Zilgrnoo ‘ ijrl TP

=0.

We now apply Proposition 4.5 with j and K,,. Hence there exists a diverging
sequence of integers (¢5) such that

(Kpy,) 22
65 " L <miey, )y = Pl
and o ) ,
L
Qkpy, @5 Uz nlieg, )} — Prd

and we have [|¢. 117 + [[@«1[72 = 1.
We now apply Proposition 4.5 with j — 1 and K),, . Hence there exists a
diverging sequence of integers (s,) such that



and
(K%%T) 2
Qkpy,, -1 L2 mnicy,, )}~ P2

and we have [|. 2% + [p-2ll2, = 1.
We now apply Proposition 4.5 with j + 1 and K, . Hence there exists a
diverging sequence of integers (r,) such that

(ersrq ) 32
Oj1 " Lecminy, 9y = 93

and )
rq L?
Lg>ni(

K}h
QszSrq ¢j+1 szs,,q
and we have “¢*73H§2 + “()0*73”%2 =1.

(Kpp, ) (Bpp, ) (Kpy, )
Moreover, since ¢, _, ¢ ,¢. * ., ¢
’ 7—1 » ¥y > Pi+1

have

are pairwise orthogonal, we

<¢*,m7 ¢*,m’>42 + <‘P*,ma @*,m’>L2 =0, Vm# m'. (5.3)

The linear subspace of iz spanned by ¢, 1, @« 2, ¢4 3 is of dimension at most
one because they are eigenvectors of M for the same simple eigenvalue —p,.
The linear subspace of L2 spanned by ¢, 1, ¥« 2, ¢« 3 is of dimension at most
one because they are eigenfunctions of J{, for the same simple eigenvalue —p,.
Therefore the subspace of ¢? & L? spanned by the three vectors (¢u1, ¥« 1),
(hs2,0x,2)s (P53, p+3) is of dimension at most two. However, these three
vectors are normalized and pairwise orthogonal by (5.3). We thus arrive at a
contradiction.

6 Fréchet-Kolmogorov-Riesz compactness criterion and
Dirichlet form

6.1 Fréchet-Kolmogorov-Riesz compactness criterion

We recall the Fréchet-Kolmogorov-Riesz compactness criterion in L.

THEOREM 6.1. Let (f,), be a normalized sequence in L such that the following
two conditions are satisfied.

(i) There exists o > O such that there exists a function R(e) > 0 on (0, €o) such

that
Sup/ }fp(x)Fdx <e.
P J{lz|>R(e)}

(i) There exits a positive function « on |0, 1] satisfying

lim o =0
Sy (y)
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and such that for any p and y € |—1,1]
[ 15+ 9) = fyfa) s < ally.

Then one can extract from (f,), a convergent subsequence in L?.

We refer to Remark 5 on page 387 in [8]. The following Lemmas provide
expressions for R(¢) and «a(y) in our case. Recall that the potential V,,(K)
and n,(K) have been defined in Section 4 (see (4.1)).

LEMMA 6.2. Let C > 0. Let F¢, i be the set of normalized sequences (¢p(n))y, in
0% such that ¢(n) = 0 for anyn < n,.(K) and

o0

> (Vv Va(K)))¢*(n) < C.

n=n,(K)

Then, for any ¢ € Fc K, the function Q d(x
with

~—

satisfies condition (i) in Theorem 6.1

Jorany0 < e < 1.

PROOF. We are going to prove that there exist Rp > 1 and Ky > 4 such that
for any K > Ky, any R > Ry and any ¢ € ¢ g

co(e)ide < &,
[ (@rote) <

We observe that

xo(z 2d:n_ 2(n).
/{M @eo@)’dr< S @m)

n:n—Kz«|>RVK-1

Our aim is to prove that the right-hand side of the above inequality is bounded
above by C'/R.

It follows from the hypotheses on \j;"’ and s} that there exist constants
Ky>4,1>Cy>0,I">0and ¢ > 0, such that for any K > K there exists
an integer I' K > m,(K) > 2 K, (hence of order K) such that uy,"’ > ¢ n for
any n > my(K) and

my (K) my (K)
> AVVR(E)) ¢*(n) = Co K™ Y (n— Ku.)?¢%(n)
n=n, (k) n=n,(K)
Y. AVVE) P =C Y ndP(n).
n=my(K)+1 n=m(K)+1
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These estimates imply the following bounds for any integer L > 0
KC

) O < Gz laemay 6D
{nr(K)<n<m.(K)}"{|n—Kz.|>L}
C
2 < v
> P < GV ) (6.2)

{n>ma (K)}N{|jn—Kz.|>L}

We now replace L with R+/K — 1 in the above estimates.
Let K > 4 be fixed. We distinguish two cases according to the value of R.

1) 1 < R < my(x)/VK. Then VK —1 < L < my(x) < T'K. Since L =
RVK — 1> RVK/2 (because K > 4), we have

S pwelC, € 4o cor ¢
- R2 Comy(K) — CoR2 CoR2 — R
{In—Kz.|>RVK-1}

if R>Cy'(4+ ).

2) R > my(K)/VK. Then L > m. (k). We get

O O b
{In—Kz.|>RVE—1} 2 RCyWVK

if C3K > 4.
We define Ky =5 + 402_2 and Rp =1+ C2_1 (4 + T'). The result follows. W

LEMMA 6.3. Let (%)) be a sequence of normalized elements of (* such that
¢ (n) =0 forn < n,(K). Assume also that there exists C > 0 such that

- { S N (60 1) — 9 m)?

K>1 | ot

-3 v e <o

n=n,(K)

Then there exits a positive constant C' such that for any |h| < 1 and any K > 1
/ [QK¢<K>(Z' +h) — QKé(K)(:U)fdx <a(h) = C |h] .

Hence, for any (') satisfying the above assumptions, the sequence of functions
(Qx ™) i satisfies condition ii) in Theorem 6.7 with



PROOF. It is enough to consider the case 0 < h < 1. We first consider the
case 0 < h < 1/\/? We have

[1Qud @) -Queo ™ @)]*de = /I o Q™ (1) Qud™ ()] dr
q>1""4

Since

Qo™ (@) = K1 Y~ 6"(g) 1,00 (x)

q>1

and since the intervals Iy’ are disjoint, we get
[ [@eo™ (o + 1) - Quo (@)

— K3 (K)

=K?2 Z/I(K) ((;5K (q)]lIéK)(l’-l- h)

g=1""4

+ (b(K)(q + 1) ]lléfi (.%' + h) — ¢(K)(q) ]lléK) (x))Qda:

= K23 [ (670@) 1040+ (604 D) Dy o1

q=1""4
+ (699(@)* 10 (@) = 2 (6% (@) 11, (@)1 0 (& + )

=~ 26%9(q) 90 + 1)1 0 ()1 (2 + 1) )

g+1
Let us consider each term separately. Since [ s de =K _%, we have
q
1 2 2
KA [ (0%@) = (67"
g=1"1a g>1

Then we have

qg=>1""4
L#,L,x*,h
— K3 Z (6% (q))? VE D 2VE da
S N
= (1-hK2) Y (69(e)”
g1
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We also have

KzZ/(K) ¢<K>q+1 (ﬂs+h)da:

q>1

1 ) Tetavr e
= K2 (6% (g +1))? dz
K 2 T

g>1 syR e —h

kY 6%+ 1)

q>1
K R Y (6%(g))
q>1
Similarly
CokEYD / o (699@) 10 ()1, (& + 1)
q>1 !
— —2(1—hK?) S (6%(g))?
q>1

and

1
—2K2) | 69() ¢ (q+ D) L0 ()00 (x + h) da
q

=1 q+1

= 2hK3 Y 6" (q) 6" (g +1).

q=1
We rewrite the last term:
—2hVE Y 6" (q) 6" (g +1)
>1
=2hVE Y (¢"(0)° +2hVE Y 6% (q) (6" (q +1) — 6" (q)).
q=>1 1

Summing up, we get
/ [QK¢<K)([E +h) = Qo™ (2)] *da
-3 (@ +(1-nVE) Y (6@@)* + K2 h Y (6%(q))”

g1 q>1 q>1

—2(1-hVE) Y (6%(q)" —2hVE Y (6%(q))”

g1 q=>1

+20VE Y 6" (q) (6" (g + 1) — ¢"(q))

qg>1

=2hVE Y ¢"(q) (6" (a+1) = 6" (q)).

q>1
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By Cauchy-Schwarz inequality we get

[ (@™ + 1) - Quo (o)

=

<K (Z (6" (q+1) cb(“(q))?) 6“2

g>1

From the assumption of the lemma and using

inf /AR i > (K

w5

for some ¢ > 0 independent of K, we get

1/2
K3 (Z (¢<K)<q+1>¢<K><q>)2) < f

q>1

Therefore, since the sequence ¢ is normalized, we get

/ [Qué™ (@ + h) — Que™ (2)]*dar < 2h \E

We now consider the case 1 > h > 1/VK. Let r = |h/K| and I/ =
h—r/\/f. Note that 0 < A’ < 1/\/? We have

[ (e + 1) - Quo (o)

e ) -0 )

j=1
+Qui (a4 T4 ) = Qe (a4 )] e
r—1 . .
2[5 (00m ) 0o (7)) o
v2 [ oo (o + 1) - Quot (o + 7)) .

We have already estimated the last term. For the first term we now observe
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that e%m( %) e(K)j( x). Therefore we can write

r—1

<QK¢(K) (55 ]\/% ) QK¢<K) ( \/jE))

1
(zw e @) - 3 6 m) ;w)

n n

=1

ﬁ
|

S .
_ =

(Z & (@) (0P i+ - ¢<K><p+j>>

1 p

J
r—1
ey(z) Y (6 +i+1) =" (p+1).

Jj=1

I
EM

This implies

/ [g Q™ (o + %) ~ Quo™ (2 + \/‘%)] e

2

r—1
=2 | 2 (@ +i+1) -6 +7)
p Jj=1
r—1
<r 3 ST (@O +i+1) - +5))
p j=1
7”2
=2 3 (4 ) - 00 < S

p

as we have seen before. We observe that r2/K < h? < h since h < 1, and the
result follows by taking C = 2\/? + % u

6.2 Dirichlet form for the operator £

We need an estimate on the decay at infinity of the eigenfunctions. Note that
since the eigenvalues are real, we can assume that the eigenfunctions are real.

PROPOSITION 6.4. If ¢ is a normalized sequence in Dom (L) decaying exponen-
tially fast at infinity, then

— (¢, Lk )

=3 AUl (sn+1) = 6(n)” + D ValK) ¢(n)® — % Ay p(1)%.
n=1 n=1
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PROOF. For any fixed positive integer N we have

Z¢> ) (Licd)(n
N
= > VA 6(n) dln + 1) +Z ML $(n) é(n — 1)

n=1
N
=) (A + ul0) ¢(n)?
n=1
1 1
5 2 VA (0 PP 45 D Y o)’
n=1 n=1
1 1
+5 > A p(n+1)7 - 3 Z AL i (p(n) — p(n — 1))?
n=1
1 N
+ 5 )\ -1 lM(IK) ¢ Z )\(K)l /Ln 1)2
n=2

N-1
VN (6m) = oo+ 1))2
n=1
N
= (A = D~ Nty ) 0
n=1

1
A5 1 = S\ AR BN SN

1 1

— VAN BN (B(N) = 6(N + 1)) + S/ AR iy, (N +1)°
L
2

Since ¢ € Dom(Ly), the functions ¢ 1,<x} and Lk (¢ly,<ny) converge to
®, respectively L ¢, in £2 when N tends to infinity. The result follows by let-
ting IV tend to infinity, since V,,(K) is positive for n large enough, and since

AN (K) and pun(K) are exponential in N and ¢ decays exponentially fast by
assumption. W

LEMMA 6.5. There exists & > 0 such that for all K € Z-,, inf,,>1 V,,(K) > —¢£.

. K . . .
PROOF. Since ("), is an increasing sequence we have

Vi (K) = AUO 4 \/)\<K> 0, \/)\n K ]l{n>1}

/\(K) + N(K)
- 2

(K)  (K)
An Hpg1-
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It follows from the general assumptions (see Section 2) that there exists > 1
such that all K € Z., and for all n > K we have

K
—/\%K) < 1 and EZJF)I >
SR pn T A

For all n > K& we have V,,(K) > 0. When n < K, we write

AU (K)
n ‘;‘Mn _ /)\(HK)MSIEF)1
B ()2 )
e e N}

: W\t

Now observe that

(K) _ ,,(K) — ﬁ o n+1 > !
fn ) = Hpg K<d(K) d< 7 > Ogitlgpjﬂd(x)-

The rest of the proof is obvious. W

PROPOSITION 6.6. Let § > 0 and ¢ be a real normalized sequence in Dom (L)
decaying exponentially fast, such that || L + pqﬁH@ < 6. Then

SN (D 1) = ()" + DAV Vi (K)) (¢(n))
n=1 n=1
1 K K
< 1+p+f+5+§\/)\(1 'O,

The proof is left to the reader. It is a direct consequence of Proposition

6.4 and Lemma 6.5.

7 Spectral theory of M,

Recall that (cf. (3.5))

(Mov)(n) =
VU (0)d(0)n (n+ 1) v(n+1)+/V(0)d(0)n(n—1)vn— 1)Ly
—n (¥ (0) + d'(0))v(n)).
THEOREM 7.1. The operator My defined on cqq is symmetric for the scalar product
of (2. We denote by My its closure which is selfadjoint and bounded above. The

spectrum of My is discrete, all eigenvalues are simple, and we have

Sp(Mo) = (d/(O) - bI(O))Z>O = —SQ.
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The eigenvector vy, corresponding to the eigenvalue (d'(0)—b'(0))m, wherem € Z.,
is given (up to a multiplicative factor) by

vm(n) = Vi1 <§f§8§> * Puln) (7.1)

where Py, is the monic orthogonal polynomial of degree m — 1 associated with the

measure q on 2., defined by
_ (2O
qg(n)=n (b’(0)> . (7.2)

PROOF. It is easy to verify that My is a symmetric operator on cgp, which is
bounded above since from '(0) > d’(0), we have

inf (n (V'(0) + d'(0)) — VY (0)d'(0)n (n+1) — /¥ (0)d(0)n(n—1) > —oco.

It is easy to verify that M is closable and we denote by M its closure.

Since for any m € Z.,, the sequence v,,,(n) defined by (7.1) decays expo-
nentially fast with n, it is easy to verify that v,, € Dom(Mjy). Note also that if
m # m/, vy, is orthogonal to v, in 2.

By a direct computation one checks that Myv; = (d’'(0) — &'(0))v; (recall
that P(n) = 1). It is left to the reader to check that
/ bl
o) = Vit (fh ) @)

where Q,, is a polynomial in 7 in which the coefficient of n™~! is

m(d'(0) = 1'(0)) .

To check that the v, are eigenvectors, we use a recursive argument. Assume
that m >2andfor1 <k <m-1

Movy, = k (d'(0) — ¥'(0)) vy

We can write

Movm = m (d'(0) = V'(0)) vm + rm

()

where I7,, is a polynomial in n of degree at most m — 2. Therefore

with

Tm € Span{vl, ... ,vm,l} .
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From our recursive assumption, the symmetry of My, and the orthogonality
of the vy, (following from the orthogonality of the Pj), we get that for any
1<k<m-1
0 = (v, MoUpm) g2 = (Vg Tm,) 2.

Therefore 7, = 0. Hence Mov,, = m (d’'(0) — ¥'(0)) v, and we can proceed
with the recursion.

We now prove that the v, form a basis of /2. Assume the contrary, namely
there exists u € 2 of norm one such that for any m

u(n) vm(n) = 0.

n=1

We observe that the sequence

o= (58) o

belongs to ?%(q), whith ¢ defined in (7.2). Therefore our assumption on u
implies that w is orthogonal to all the polynomials in ¢*(q). Let us show
that the set of polynomials is dense in £2(q). It is sufficient to prove that the
measure ¢ is the solution of a determinate moment problem, see [7, Corollary
2.50, p. 30]. Following [12, Proposition 1.5, p. 88], it is enough to prove that
the moments of order m, denoted by ~,, of g, satisfy the following property:
there exists C' > 0 such that, for any m € Z.,,

vmzinm“ <Z:E(())))>n < C™ml.

n=1

The proof is left to the reader. Therefore the set of all polynomials is dense
in /%(g) implying w = 0 and we get a contradiction with the existence of a u
nonzero orthogonal to all the v,, in ¢2. Therefore, the v,, form a basis of /2.

We now observe that M is bounded above. The proof is similar to that
of Proposition 6.4 and left to the reader. Since the vy,,’s form a basis of 2, for
any B > 0 we have ker(Mg — B) = {0}. Hence My is self adjoint (see for
instance [11, Prop. 3.9, p. 43]) and the spectrum is given by

Sp(Mo) = (d'(0) = ¥'(0))Zo.
This ends the proof. W

8 Local maximum principle and consequences thereof

We will state and prove a maximum/minimum principle in a form which is
well suited for our purposes. We start with a proposition giving elementary
inequalities following from the order on the real line.
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ProOPOSITION 8.1. Assumea > 0,c >0 andb > a+ c. Let u,w € R.
Ifv > 0 is such that aw + cw — bv > 0, then v < max{u,w}.

Ifv < 0 is such that au+ cw — bv <0, then v > min{u, w}.

Moreover, if u > v > w are such that au + cw —bv > 0, then v < 7 U

PROOF. If v >0wehave 0 < (b—a—c)v <a(u—v)+c(w—wv)leads to a
contradiction if v > max{u, w}. The case v < 0 is similar. The last statement
is trivial since bv < au+cw <au+cv. A

PROPOSITION 8.2. Let 1 < ny < ng be integers such ny > ny + 1. Let (o) be a
finite sequence of strictly positive real numbers defined forny — 1,... no. Let (5y)
be a finite sequence of strictly positive real numbers defined for ny, ..., no. Let (uy,)
be a finite sequence of real numbers defined forn, — 1,...,no + 1. Assume that, for
allny < n < ng, we have B, > oy, + 1.

If apuni1 + ap—1un—1 — Bpun > 0, then the sequence (uy,) has no positive local
maxima forn € {n1 + 1,...,n2 — 1}. Moreover, if there exists some u, > 0 then
the maximum is attained only at the boundary, that is, on the set {ni,ns}.

If apunt1 + an—1Un—1 — Bpun < 0, then the sequence (uy,) has no positive local
minima forn € {n1 + 1,...,n2 — 1}, and if there exists some u, < O then the
minimum is attained only at the boundary, that is, on the set {ni,n2}.

PrOOF. It follows from Proposition 8.1. W

PROPOSITION 8.3. Let 1 < ny < ng be integers such no > ny + 1. Let (o) be a
[finite sequence of strictly positive real numbers defined forny — 1,... ,na. Let ()
be a finite sequence of strictly positive real numbers defined for ny, ..., na. Let (uy,)
be a finite sequence of real numbers defined forny — 1, ..., no + 1. Assume that, for
allny < n < ng, we have 8, > oy, + 1.

If apuny1 + ap—1un—1 — Bptn > 0, Up,+1 > 0 and up, 11 > Up,, then the
sequence (uy,) is increasing.

If apupy1 + apn—1un—1 — Bptn < 0, Up,+1 < 0 and up, 41 < Up,, then the
sequence (uy,) is decreasing.

Finally, if (uy,) is a positive sequence then there cannot be two local (positive) minima
separated by a distance larger than one.

PROOF. It follows recursively from Proposition 8.1. l

A Quasi-eigenvalues and quasi-eigenvectors of self-
adjoint operators

PROPOSITION A.1. Let A be a self-adjoint operator in a Hilbert space 7 with
domain Dom(A). Assume there exists w € Dom(A) of norm 1, w € R and e > 0
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such that
HAu —wuH <e.
Then
Sp(A) N[w—e,w+e|#0.

PROOF. We will assume that w ¢ Sp(A), otherwise the result is trivial. The
proof is then by contradiction. If R,, denotes the resolvent of A at w, we have

u=—R,(Au—wu)

hence
1< c|R]|

The result follows from the estimate (a direct consequence of the spectral
decomposition)

1
Ro|| € 77
1= S so)
where d denotes the Euclidean distance on the real line. If Sp(A) N [w—¢€,w+
€] = 0, since Sp(A) is closed, then

6 =d(w,Sp(A)) > €

and we get
€
1<-<1
)

which is a contradiction. W

PROPOSITION A.2. Let A be a self-adjoint operator in a Hilbert space 7 with
domain Dom(A). Assume there exists u € Dom(A) of norm 1, w € R and e > 0
such that

HAu—wuH <eg.

Assume A has discrete spectrum with eigenvalues of multiplicity one, and let 6 > 0
denote the minimum distance between two consecutive eigenvalues. Then if e < 6
there is a A € Sp(A) with a normalized eigenvector e such that |w — \| < € and

2€

el < 2.

PrOOF. We will denote by P, the one-dimensional spectral projector of A
corresponding to z € Sp(A).

Since € < J, using Proposition A.1 we conclude that there is only one
eigenvalue of A in [w — €¢,w + €] and we denote by A this eigenvalue and by é
one of the corresponding eigenvectors (they all differ only by a phase factor).
Let

v=wu— Au.
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Since u = Py\u + (Id — Py)u, we get from the spectral decomposition
A(Ild — Py)u—w(Id — P\)u = (Id — P\)v.

This implies that

€
§d—€
Since P u is proportional to €, we can write

I(Id = Py) ul| <

u=pe+ (Id—-P)u

with § € C. Since u and é are of norm one, and é and (Id — P))u are
orthogonal, we get

1=8] + ||ad — P)u|?

which implies
€

5 —
Let 3 = | 3| exp(if), we define ¢ = ¢! ¢, and the result follows. W

1=p[=1-
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