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Abstract

ECOGEN, a new open-source computational fluid dynamics code is presented. It is a multi-
model tool devoted to the simulation of compressible flows. A large range of problems
can be solved, from single-phase gas dynamics to multiphase, multiphysics flows including
interface problems between pure fluids. This code is suited for strongly unsteady flows.
The numerical solver of ECOGEN is implemented in a flexible structure making the code able
to compute such complex flows on different kind of discretization grids. The implemented
hyperbolic solver is able to deal with Cartesian geometries as well as unstructured grids. A
recent adaptive mesh refinement method is also implemented. Its numerical implementation
is presented in details to help the enthusiastic developer to contribute to this open-source
project. Representative test cases are presented to show the tool abilities and to open the
gate for future developments.

Keywords: CFD code, multiphase flows, compressible, multiphysics, unstructured mesh,
adaptive mesh refinement
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Program title: ECOGEN
Licensing provisions: GNU General Public License 3 (GPLv3)
Programming language: C++ and XML
Supplementary material: MPI Library required
Nature of problem: The code solves sets of partial differential equations of compressible,

multiphase flows in the framework of diffuse-interface methods. It is dedicated to unsteady
flows involving acoustic waves, shock waves and material interfaces between liquids and
gases. Phase change problems (heating or cavitating flows) can be treated with respect of
physical conservation principles and thermodynamics consistency.
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Solution method: The numerical method is based on finite volume discretization involving
approximate Riemann solvers on different multi-dimensional grids: Cartesian (with or with-
out AMR algorithms) or unstructured. Time and space integration scheme is based on first
and second-order methods using the MUSCL approach. The time integration is explicit,
the time step obeys a CFL condition. The algorithm is using Message Passing Interface
library for the treatment of communications in parallel simulations. Geometrical domain
decomposition is automatically generated for Cartesian grids.

Official web site: https://code-mphi.github.io/ECOGEN/

Official documentation: https://code-mphi.github.io/ECOGEN/docs/sphinx_docs/

index.html

1. Introduction

Multiphase, compressible, multiphysics flows are present in numerous industrial and med-
ical applications involving physical phenomena such as:

• Bubble dynamics and cavitation for the treatment of kidney stones in the context of
shock-wave and burst-wave lithotripsy [1, 2, 3, 4, 5, 6, 7, 8, 9, 10], for the improvement
of the artificial heart valves and pumps [11], for the understanding of injury mechanisms
during blast trauma [12, 13, 14] or of syringe failure by an autoinjector device during
drug delivery [15, 16], for liquid flows around hyper-velocity projectiles and submarine
airfoils, or inside nozzles such as fuel injector systems [17, 18, 19, 20, 21, 22].

• Breakup of liquid droplets induced by high-speed flows or shock waves for combustion
systems where a liquid jet is atomized [23, 24, 25, 26, 27, 28], for the erosion of aircraft
surface during supersonic flights [29, 30, 31, 32] or for nuclear security issue involving
shock-wave attenuation [33, 34].

• Formation and fragmentation of liquid jets [35, 36] as for example for needle-free in-
jections into skin with highly focused microjets [37, 38].

• Impact of solids at high velocity for fracture and fragmentation in ductile materials
undergoing impact loading, for hypervelocity impact on satellites or for blast effects
on structure [39, 40, 41, 42, 43, 44].

• Boiling flows [45, 46, 47].

• Deflagration-to-detonation transition in granular energetic materials [48] or detonation
waves in condensed energetic materials [49].

Among the previous references, many have participated to the improvement of diffuse-
interface models and schemes with the objective to understand, to precisely describe and
to reliably predict the behavior of these complicated flows. One can also note additional
contributions to the associated numerical methods from authors such as Toro [50], Dumbser
et al. [51] and Shyue and Xiao [52] to name a few.
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However, only home-made computational research tools have been developed in parallel
by researchers in different teams. It appears that these home-made tools are developed for
similar applications and involve similar methods. Their specifities often rely on the use of
a given discretized grid or a given mathematical model. This is the reason why ECOGEN has
been developed: It utilizes the modular aspect of the C++ language to treat different kinds
of problems with different appropriate physics in a unique code by sharing common features
issued from academic works (grids, equations of state, numerical solver). This sharing of
complex features makes developers of the code able to implement quite simply a new flow
model without paying any attention to what is already existing in the tool. Moreover, a
peculiar attention is paid to conserve this virtue that makes it able to deal with different
problems without compromising the performance.

If ECOGEN is one of the first open-source package for compressible, multiphase flow solu-
tions in the framework of diffuse-interface methods, a little alternative exists with compara-
ble features. OpenFOAM [53] can integrate interface-capturing methods but through external
projects (not natively). Caltech develops an open-source package named MFC1 [54] based on
a WENO scheme for multiphase flow with similar approaches. In Schmidmayer et al. [55],
one can find comparisons between ECOGEN’s MUSCL and MFC’s WENO schemes for treating
spherical-bubble-dynamics problems. A trend is observed where the higher-order-accurate
WENO scheme shows slightly better results than the lower-order-accurate MUSCL scheme
for relatively slow interface dynamics while the opposite is observed for relatively fast inter-
face dynamics. Note that the latter correspond to our previously cited, problem interests.
Few of the main results of this comparison and single-node performance comparison of both
codes are given herein. Furthermore, ECOGEN offers an Adaptive Mesh Refinement (AMR)
technique [26] specifically made to treat fast dynamics problems in a very efficient manner
and an unstructured mesh option.

ECOGEN means:

1. Evolutive: Because of its modular aspect, it is quite obvious that the tool is dedi-
cated to evolve according to the new models resulting from the last research works on
multiphase flows.

2. Compressible: The tool is devoted to compressible applications. The numerical solver
is based on an hyperbolic solver using Godunov method and Riemann problems for
intercell flux calculations [56].

3. Open-source: It is free and distributed under the GNU General Public License (http:
//www.gnu.org/licenses/gpl.txt).

4. Genuine: The aim is to provide a truthful tool able to help the community for a better
understanding on multiphase, compressible, multiphysics flows.

1MFC is a multi-component flow code made in the computational flow physics group at Caltech (California
Institute of Technology).
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5. Easy: The code structure is designed for easier implementations of new models.

6. N-phase: If numerical tools already exist for solving single-phase flow problems, ECOGEN
is more specifically designed for multiphase flow problems.

This paper presents in details the version 1.0 of ECOGEN. Section 2 is an overview of the
code, describing downloaded package, installation instructions, main CFD features and a
brief description of Input/Output (I/O) files. Section 3 describes the code structure and the
base ideas making ECOGEN modular. In Section 4, grid structures embedded in the code are
detailed. Section 5 is devoted to the implemented mathematical models showing how the
code is able to treat a variety of equations of state, flow models and their physical extensions.
The numerical solver is also presented in this section. Section 6 presents validations against
analytic solutions as well as experimental ones. A comparison of results obtained with
MFC [54] is also presented. In Section 7, typical results obtained using ECOGEN in different
flow situations illustrate the code possibilities. Finally, Section 8 provides elements in regard
to ECOGEN’s computational performance: Parallel scaling and single-node performance.

2. Overview

2.1. Package

The ECOGEN V1.0 package is freely available at the following url: https://code-mphi.

github.io/ECOGEN/. This package includes several folders and files organized and described
below:

Folders:

• ECOGEN/src/ folder including C++ source files.

• ECOGEN/libMeshes/ folder including examples of unstructured meshes in *.geo for-
mat (gmsh2 files [57]).

• ECOGEN/libEOS/ folder including some possible parameters for different equations
of state in XML files.

• ECOGEN/libTests folder including:

– ECOGEN/libTests/referenceTestCases/ folder organized as a test-case library
according to the flow model (Euler-equation ECOGEN solver, Kapila’s model for
multiphase-flow ECOGEN solver, homogeneous-Euler-equation ECOGEN solver,...).

– Four quick-manual XML files to help the user to create a new flow calculation
with ECOGEN.

Files:

2Gmsh is a simple and efficient free mesh generator written by Christophe Geuzaine and Jean-François
Remacle (see: http://gmsh.info/)
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• ECOGEN.xml: Main entry file to select running cases.

• Makefile: For compilation in Unix environment. This file may require some adaptations
to the user’s environment.

• LICENSE, COPYRIGHT and AUTHORS: Information files about authors and licens-
ing.

• README.md: Information file.

• ECOGEN documentation.pdf: User’s guide including installation instructions, full de-
scription of input and output files, test case descriptions, etc.

2.2. Installation and testing

ECOGEN must be compiled with a C++ compiler. It also requires a functional system
implementation of Message Passing Interface (MPI) library (not provided in the package).
Installation of these prerequisites can be done using one of these three possibilities:

• Online installation guide available at: https://code-mphi.github.io/ECOGEN/start/

• In the official documentation online at: https://code-mphi.github.io/ECOGEN/docs/
sphinx_docs/index.html section installation instructions.

• In the ECOGEN documentation.pdf provided in the downloaded package.

2.3. Features

ECOGEN is including the following features for solving compressible-flow problems:

1. Cartesian meshes with or without AMR method [26], or unstructured meshes;

2. parallel computing using a domain decomposition (MPI library);

3. first- and second-order-accurate finite volume method based on MUSCL approach [50]
and THINC interface-sharpening method for multiphase flow [52] on Cartesian grids
(with or without AMR);

4. single-phase or multiphase flows using diffuse-interface method [58]. Depending on
multiphase application, various interphase equilibrium may be selected or not (veloci-
ties, pressures, temperatures, chemical potentials).

5. Depending on the flow model, additional physical effects are implemented:

• Surface tension [27];

• viscosity [59, 60];

• heat conduction [59];

• phase transition [47, 19, 49];

• volume forces (gravity).

This list of features represents a snapshot of ECOGEN features at the date of publication and
would evolve in time.
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2.4. Brief description of I/O files

ECOGEN settings are mainly managed via input XML files and GEO files for the unstruc-
tured meshes (gmsh format). Running the code creates output files including the computa-
tional results. The global input- and output-file structure is depicted in Figure 1. ECOGEN

Figure 1: Input- and output-file hierarchy.

XML-format files are located in the different folders and subfolders:

• ECOGEN.xml: Main input file driving the name of simulations to run.
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• Input files for the material equation-of-state parameters are placed in the ECOGEN/libEOS/
folder.

• mainV5.xml (input file specific to a given simulation): It includes the settings to control
the name, the time, the output mode and the precision of the numerical scheme.

• meshV5.xml (input file specific to a given simulation): It contains parameters relative
to the geometry (kind of mesh, dimensions, AMR, etc.).

• modelV4.xml (input file specific to a given simulation): It allows the user to set the
physics of the simulation: Flow model, number of phases, equations of state, additional
physics, source terms and relaxations.

• initialConditionsV4.xml (input file specific to a given simulation): All necessary set-
tings for the initialization of the computational domain are set in this input file as well
as specification of boundary conditions.

The GEO input files for the unstructured meshes are located in ECOGEN/libMeshes/ folder.
Output files can be generated under either ASCII column files or XML, standard Visual-

ization Tool Kit (VTK), ASCII (or binary) format. Output files under VTK file format can
be easily read by common open-source visualization tool (e.g. Paraview [61] or VisIt [62]).

For a complete description of the use of input and output files, please refer to the official
online documentation. The user can also look at the input-file possibilities within the four
quick-manual files present in the ECOGEN/libTests/ folder.

3. ECOGEN C++ structure

ECOGEN is developed in a way to make use of the modular aspect of the C++ language
and especially inheritance and polymorphism through classes, their attributes and methods.
Thanks to that, ECOGEN clearly distinguishes the input, the geometry, the flow model and the
thermodynamics of fluids. In other words, this is a very interesting feature for the developers
because it means, for example, that everything that belongs to the geometry (dimensions,
meshes, etc.) can be modified without any care of the physics (flow models, additional
physics, etc.) and reversely. It is also quite easy to add new equations of state as they are
described in specific classes in the code. The global simplified structure idea of the code is
summarized in Figure 2.

To help the reader in the following, base classes are written in bold characters and derived
classes are written in italic characters.

As ECOGEN is able to distinguish the geometry and the physics, links are ensured by specific
computational-cell classes: Cell and CellInterface. Computational cells are objects from
the base class Cell. Each cell contains the following attributes:

• Information for the number of equations: Number of phases, of transport equations
and of additional physics;

• objects for phases, mixture, transports and quantities of additional physics;

• a flux object;
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Figure 2: The main classes of ECOGEN. Input, geometry, flow-model and thermodynamics are separated to
simplify the code evolution.

• AMR attributes (if activated);

• a pointer to its corresponding geometrical element;

• one pointer for each interface with other cells (e.g. 2, 4 and 8 cell interfaces per cell in
Cartesian one, two and three dimensions, respectively).

A cell possesses pointers to its cell interfaces and not to the geometrical faces. Each cell
interface will be associated to an object from base class CellInterface that contains the
following attributes:

• Pointer to the used model;

• pointer to its corresponding geometrical face;

• pointers to its left and right cells;

• AMR attributes (if activated).

Figure 3 summarized the main architecture between the geometry and the physics.
Some specificities have to be added to these cells and cell interfaces if the second-order

scheme is used. In that case, they are instantiated to derived classes CellO2 and CellInter-
faceO2 that contain additional attributes. For the second-order cells, there are:

• Additional phases, mixture and transports for the second-order numerical scheme;

• additional conservative fluxes for the second-order numerical scheme.

And for the second-order cell interfaces:
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Figure 3: Cell and CellInterface objects are linking the geometry and the physics in ECOGEN. Arrows
correspond to the pointers between each class objects. Black line means that a Cell object contains objects
from derived classes of Phase, Mixture and Flux.

• Slopes for the phases, mixture and transports.

Computational-domain boundaries are treated as derived class BoundCond from CellInter-
face base class. Their added attributes are only characteristics to compute the corresponding
boundary condition involved.

In ECOGEN, a simulation is ensured by creation of a general object from base class Run
that acts as a conductor between all ECOGEN classes and corresponding instanciated objects.
This class possesses several important attributes:

• General information for the simulation (numbers of phases, source terms, precision
order, simulation-time control, etc.);

• a Model object containing model information;

• a Mesh object containing geometrical information;

• an array of EOS objects containing fluid equation-of-state parameters;

• an array of Cell objects containing fluid-state variables;

• an array of CellInterface objects containing information on cell interfaces.

• arrays of AddPhys, Source and Relaxation objects.

In other word, the Run class object is regrouping all information about a simulation in
ECOGEN. It also contains the three main methods of ECOGEN to run a simulation. These
methods are called in the main.cpp source file for each requested simulation:

• The Run::initialize method is in charge of setting initial conditions for the simulation.

• The Run::solver method contains the numerical scheme.

• The Run::finalize method is in charge of freeing up memory for the next simulation.

Figure 4 shows a simplified global view of the ECOGEN structure. Boxes represent base
classes and dashed arrows show the links between them with the appropriate variables in-
volved. Find more information in the ECOGEN documentation (“doc” folder) made with
Doxygen3.

3see http://www.stack.nl/~dimitri/doxygen/
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Figure 4: Simplified global view of ECOGEN structure. Boxes represent base classes and dashed arrows show
the links between them with the appropriate variables involved. Boxes are colored depending on their
function (geometry, physics, etc.) in agreement with Figures 2 and 3.

Derived classes corresponding to geometry and physics are brifely detailed below.

3.1. Geometry classes

Geometry definition is ensured by classes derived from three base classes: Mesh, Ele-
ment and Face.
A mesh object is derived from base class Mesh. It can either be Cartesian (MeshCartesian)
or unstructured (MeshUnStruct), see Figure 5.

Figure 5: Inheritance graph of Mesh class. A class arrow points to which base class it derives.
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Concerning the AMR method, only the Cartesian type of mesh is adapted yet and the
way it is implemented in ECOGEN follows the lines of Schmidmayer et al. [26]. Notice that
there is no specific Cartesian- or unstructured-parallel derived classes since the parallel part is
generalized into the mesh classes. These mesh classes define how to build a mesh object which
is composed of geometrical elements derived from base class Element and its corresponding
geometrical faces derived from base class Face (Figure 6). Element main attributes are the
position (3 coordinates), the volume and a characteristic length for CFL condition. Face
main attributes are the position, the surface, the normal, the tangent and the binormal.
This last tree attributes represent a local base of vectors attached to the face.

Figure 6: Inheritance graphs of Element and Face classes.

3.2. Physical classes

To entirely describe the physics of a flow, three ingredients are needed: The base math-
ematical flow model, the equations of state describing the thermodynamical behavior of
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each fluid and the additional physics involved (e.g. surface tension, viscous effects, heat
conduction).

3.2.1. Flow-model classes

Physics of the flow model are defined using four kinds of interlinked base classes: Model,
Phase, Mixture and Flux. The flow-model object is determined by the corresponding class
derived from base class Model (see Figure 7).

Figure 7: Inheritance graph of Model class. 5 flow models are implemented in the version 1.0 of ECOGEN.
Similar inheritance structures are present for Phase, Mixture and Flux classes.

The model class is used to compute the different methods that are specific to a model.
There is no specific attribute for the models. As example, Riemann solvers are methods
implemented in model classes. Accordingly to the chosen model, the phases, mixtures and
fluxes are based on the corresponding derived classes from base classes Phase, Mixture
and Flux. Phase and mixture objects contain physical data of the fluids (state variables,
velocities, etc.) accordingly to the chosen model (similar inheritance structures than in
Figures 7 for models exist for phases and mixtures). They are dedicated to be included in a
computational cell (presented in the next section).

Objects instantiated as derived class from Flux (also similar inheritance structure than
for models) contain a number of attributes function of the number of equations of the model.
Fluxes are used for several purposes. The first one is to store, for each cell, either the sum
of the computed fluxes at the cell interfaces or the unknown variables (conservative or not
depending on the model), depending on which part of the time-stepping strategy is executed.
The second one is to use the corresponding methods for the determination of the fluxes at
cell interfaces.

Using inspiration of existing models to create four new classes derived from base classes
Model, Phase, Mixture and Flux thus becomes possible in a total independence of ge-
ometry considerations. In other words, the interested developer can implement quite easily
a new flow model in ECOGEN.

A typical example: The mechanical-equilibrium, multiphase flow model of Kapila et al. [48]

The multiphase flow model of Kapila et al. [48] has been widely used in the past decades
to simulate interface problems as well as mixtures evolving in mechanical equilibrium in a
flow [63, 18]. Some interesting applications have been treated with extensions of this model.
To simulate such flow with n phases involved and a mixture part, n + 1 objects will be
instantiated per computational cell. The n objects from PhaseKapila class include at least
the following attributes:
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• Volume fraction;

• density;

• pressure;

• pointer to the equation-of-state object.

And the object from MixKapila class includes at least the following mixture attributes:

• Density;

• pressure;

• velocity vector;

• total energy.

A flux object from FluxKapila includes the following attributes:

• Volume fraction of each phase;

• density of each phase,

• mixture momentum;

• mixture total energy.

3.2.2. Equation-of-state classes

The thermodynamical behavior of a fluid is described using an appropriate equation
of state. The base class is named EOS and the inheritance graph of the class is shown
in Figure 8. Two equations of state are currently implemented: Ideal-gas and stiffened-
gas [64, 65] equations of state which allow a large range of flow simulations.

Figure 8: Inheritance graph of EOS class. Two equations of state are implemented in version 1.0 of ECOGEN.

Each derived class contains a given number of attributes corresponding to the equation-of-
state parameters as well as the needed methods used in ECOGEN to compute thermodynamics
variables (e.g. temperature from pressure and density) or thermodynamical evolutions (e.g.
isentropic process or process on the adiabatic Hugoniot curve). One can easily implement
new EOS in ECOGEN by creating a new derived class of EOS.

3.2.3. Additional-transport-variable class

Objects instantiated as derived class from Transport class are initialized only if sup-
plementary transport equations are required in the flow model. As example, when using
the effects of surface tension coupled with the multiphase flow model of Kapila, an extra
transport equation is needed to play the role of the color function [27].
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3.2.4. Additional-physics classes

Is named “additional physics”, the physical effects which are not taken into account in the
base hyperbolic flow models. They may appear as fluxes, relaxation steps or source terms.
In the case of class AddPhys, they are treated as fluxes following a splitting procedure,
i.e., the additional fluxes are calculated using the new primitive variables obtained from the
hyperbolic step done with the Model base class introduced in Section 3.2.1. The source
terms Source and the relaxation terms Relaxation follow the same procedure using each
time the new primitive variables.

Figure 9 shows the configurations of the different classes involved in the additional-physics
part and details about the advancing procedure and the structure of these classes are given
in Section 5 on the numerical solver of ECOGEN.

Figure 9: Inheritance graphs of QuantityAddPhys, AddPhys, Source and Relaxation classes.

4. Data structure

Three kinds of grids are available: Unstructured grids, Cartesian grids and AMR Carte-
sian grids. Whatever the kind of grid is, the objects of classes Element, Face, Cell and
CellInterface are all stored in 1D arrays but with different arrangements depending on the
grid type.

4.1. Cartesian data structure

For Cartesian grids, ECOGEN is generating its own meshes. It also decomposed the Carte-
sian grid for multi-core simulations. An example of 3D Cartesian grid generated by ECOGEN
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is shown in Figure 10. In this example, an array of 4400 Cartesian elements is initialized
for a 4-core simulation. Note that in this peculiar example, the mesh is stretched in the
X-direction forward and backward, starting from the middle. Stretching is possible in every
direction allowing refined meshed zones in Cartesian computations.

Figure 10: 3D Cartesian grid example. The grid is generated for a 4-core simulation.

For a mesh containing nX, nY and nZ elements in X-,Y- and Z-direction, respectively,
two main arrays are generated:

• Element array: An array of nX×nY×nZ Cartesian elements is generated where each
element stores its geometrical information. In this array, the element e is stored with
respect to the following formula:

∀ (i, j, k) ∈ ([0, nX] , [0, nY] , [0, nZ]) , e = i+ j × nX + k × nX × nY.

• Face array: An array of nfaces faces is generated to store geometrical information of
each interface between two cells as well as boundary conditions with:

nfaces = (nX + 1)× nY × nZ + nX × (nY + 1)× nZ + nX × nY × (nZ + 1) .

Then, the data structure is ending with the generation of arrays of cells and cell interfaces
dedicated to the storing of physical flow information. Each Cell is associated to an Element
and each CellInterface is associated to a Face.
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4.2. Dual-tree AMR data structure

For AMR simulations, the evolution of the flow dynamically modifies the data structure.
The implemented AMR algorithm is based on dual trees for cells and faces, which is detailed
in Schmidmayer et al. [26]. First, a base Cartesian grid is generated as presented in the
previous section. Then, additional data will be initialized during the evolution of the sim-
ulation depending on geometrical regions that need to be refined. In those refined regions,
a Cell originated from the base Cartesian grid becomes the root of a cell tree. In the same
manner, the corresponding CellInterface (those linked to the refined cell) become roots of
face trees. Both appearing tree structures are interlinked by additional information:

• A Cell is equipped with an integer for its level of refinement, a pointer to each of its
child cell nodes, a pointer to each of its CellInterface and a pointer to new face trees
(appearing inside the split cell).

• A CellInterface is equipped with an integer for its level of refinement and a pointer
to each of its child face nodes.

A 2D example of this complex data structure is presented in Figure 11. In this example, a cell
is refined (top of the figure) and the figure is summarizing both induced tree data structures:
The cell tree in the middle (with 4 level-1 cells) and the face trees in the bottom (4 level-0
face trees and 12 level-1 faces, including 4 new level-1 face trees). The adopted numeration
is ‘XYZ’ with X being C (for cell) or B (for face), Y corresponds to level number (here, 0
or 1) and Z is the letter corresponding to the entity (A to N in the present case). Pointers
between cells in cell tree, as well as pointers between faces in face trees, are shown with black
solid lines. These pointers are organizing the tree structure. The other pointers involved in
the method, which are pointers between cells and faces, are non-exhaustively presented in
order to facilitate comprehension. These last pointers can be classified as follows:

• Pointers from cells to their external faces (2 in 1D, 4 in 2D and 6 in 3D). Such pointers
are present for each cell and are needed for gradient calculations as well as slope
determination for second-order scheme. Examples of such pointers are shown with
yellow solid lines, where cell C0A points to the 4 faces B0A, B0B, B0C and B0D of
level 0.

• Pointers from cells to internal face trees. When a cell is refined, new faces appear
between child cells (1 in 1D, 4 in 2D and 12 in 3D). These faces have the possibility to
become roots of new face trees which are linked to the parent cell thanks to pointers.
These pointers are needed for refinement/unrefinement purpose. Example of such
pointers are shown with blue dotted lines, where cell C0A points to the 4 new faces
B1K, B1L, B1M, and B1N.

• Pointers from faces to cells. Each face possesses two of these pointers which are used to
compute hydrodynamic fluxes and update hydrodynamic part of the solution. These
pointers are used only if the face is a leaf of a face tree. 3 examples corresponding
to different situations are presented. In green dash-dotted lines are shown pointers
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from a face of level 1 (B1N) to two level-1 cells (C1C and C1D). The last example in
red dashed lines shows a face (B1A) linked to a level-1 cell (C1A) and to another cell
neighbor (level-0) of cell C0A or one of its child (level-1 cell) not shown in the figure.

C0A

Cell tree

Face trees

B0D

B0
A

B0B

B0
C

C1C

C1BC1A

C1D

B1
A

B1C B1D

B1
F

B1
B

B1JB1I

B1
E

B1L

B1
N

B1M

B1
K

C0A

C1CC1BC1A C1D

B0B B0C B0DB0A

B1A B1B B1C B1D B1E B1F B1I B1J B1K B1L B1M B1N

Pointer to another cell
of level 0 or 1

Figure 11: 2D example of links between cell and face trees. Here, some details are given for a unique cell
and its level of refinement. The top represents the cells. The middle and bottom sketches are representing
the cell tree and face trees, respectively. Connections between both cell and face trees are presented for some
typical situations.

This dual-tree structure induces an over-cost in regard to memory use compared to classi-
cal fully-threaded tree methods [66], but it improves efficiency by avoiding neighbor searches
and thus simplifies the AMR global algorithm presented in Section 5.3. Full details of the
AMR data structure are presented in [26].

Because of the recursive evolution algorithm, browsing of trees will lead to an important
amount of tests to detect cell and face levels. To improve access in ECOGEN, cells and faces
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are listed for each level of the simulation in specific dynamic members of the Run class.
These members are named m cellsLvl and m boundariesLvl, respectively. Indeed, loops over
cells or faces become straightforward and constantly efficient.

We also note that within the version 1.0 of ECOGEN, AMR parallel balancing is not present.
A simple static domain decomposition is thus used. The dynamic parallel balancing is going
to be available within the next public version.

4.3. Unstructured meshes

For unstructured grids, the version 1.0 of ECOGEN is reading mesh files from Gmsh [57]:
version 2 of MSH file format. Please refer to the Gmsh reference manual available online.
Implemented unstructured finite elements are:

• 1D segment;

• 2D triangle;

• 2D quadrangle;

• 3D tetrahedron;

• 3D hexaedron;

• 3D prism;

• 3D pyramid.

5. Numerical solver

The present section explains the numerical methods and algorithms implemented to solve
compressible flows in ECOGEN. The solver implemented in ECOGEN is explicit and solves hy-
perbolic systems of equations (conservative or not). The solver is particularly adapted to
simulate unsteady flows. In this section is successively presented:

• The finite volume scheme and algorithm for conservation laws in the general case of
unstructured meshes at first order;

• the treatment of non-conservative terms;

• the algorithm modifications induced by simulations using adaptive mesh refinement;

• the algorithm specificities induced by second-order accuracy;

• the additional finite volume scheme for additional physics;

• the source-term integration;

• the physical-relaxation methods for compressible multiphase flows.
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The system of equations solved in ECOGEN can be written in the general vector form:

∂q

∂t
+∇ · F (q) + h (q)∇ · u = p (q) + s (q) + r (q) , (1)

with q the vector of unknown variables, F the flux tensor and u the velocity field, while
the vectors p, s and r stand for the additional physics (e.g. surface tension or viscous
dissipation), the source terms due to external effects and the relaxation effects between the
phases, respectively. The vector h contains the quantities governed by non-conservative
equations (e.g. the volume fraction).

The initial solution qn is updated towards the solution at the time level n+ 1 according
to the following chain of operators:

qn+1 = LrelaxLsourceLaddPhysLhyper (qn) .

The sequence reads from the right to the left and is performed over one time step, each Lk

operator is applied independently of the others. These operators are detailed in the next
paragraphs.

5.1. Finite volume scheme for conservation laws

The base solver of ECOGEN solves a system of conservation laws in the following form:

∂q

∂t
+∇ · F (q) = 0. (2)

Integration of System (2) on a computational cell i of volume Vi delimited by surface A of
normal unit vector n (as shown in Figure 12) reads:

∂

∂t

∫
Vi

qdV +

∫
A

F (q) · ndA = 0. (3)

2

3

4

1

L
R

y

x

1

Figure 12: Schematic view of a 2D computational cell i.
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The time evolution of the discretized System (3) is given for cell i by the following explicit
scheme:

qn+1
i = qni −

∆t

Vi

N∑
s=1

AsF
?
s · ns, (4)

where F?
s represents the flux-tensor solution of the Riemann problem between left (L) and

right (R) states separated by a surface of area As with respect to normal ns. Scheme (4) is
restricted by a CFL criterion determined by solving the associated Riemann problems.

In ECOGEN, this evolution is ensured by the complementarity between cells and their
interfaces described in the data structure of the preceding section and it is expressed through
the simple following pseudo-algorithm:

1. — Flux computation and buffering —

for (each cell interface s of area As) {
Compute the hyperbolic flux tensor F?

s = F?
s (qnL,q

n
R) by solving the appropriate

Riemann solver and buffering it into the corresponding left and right cell flux
objects:

F̃L = F̃L − AsF?
s · ns;

F̃R = F̃R + AsF
?
s · ns;

}

2. — Unknown-variable cell evolution —

for (each cell i) {

qn+1
i = qni +

∆t

Vi
F̃i;

F̃i = 0;
}

This algorithm is considered as the advancing procedure Ad (l) of refinement level l in Sec-
tion 5.3 about AMR specificities.

5.2. Particular treatment of non-conservative terms

Multiphase models implemented in ECOGEN may present non-conservative terms which
can be written under the general form h (q)∇ · u. Then, a special treatment dedicated to
this kind of non-conservative terms is implemented in ECOGEN. The non-conservative part of
the system of equations thus reads:

∂q

∂t
+ h (q)∇ · u = 0,
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This form of non-conservative terms is then solved in ECOGEN using the following explicit
scheme for cell i:

qn+1
i = qni −

∆t

Vi
h (qni )

N∑
s=1

Asu
?
s · ns,

where u?s represents the flow velocity solution of the previously solved Riemann problem on
interface s. The flux buffering part of the pseudo-algorithm of Section 5.1 is modified as
follows:

— Flux computation and buffering with non-conservative terms —

for (each cell interface s of area As) {
F̃L = F̃L − As (F?

s (qnL,q
n
R) + h (qnL) u?s) · ns ;

F̃R = F̃R + As (F?
s (qnL,q

n
R) + h (qnR) u?s) · ns;

}

5.3. AMR specificities

ECOGEN is equipped with a new adaptive mesh refinement method using dual trees for
cells and faces. The global method is presented in [26] and here is presented a summary of
ECOGEN solver modifications needed for AMR simulations.

The efficiency of an AMR method requires the implementation of a specific time-stepping
strategy based on two key points:

• Cells at different refinement levels evolve with different time steps according to their
level of refinement. In order to maintain the global time-step coherence for unsteady
simulations, if cells of level l evolve at a given time step, cells of level l + 1 (two times
smaller in each direction than cells of level l) will then evolve 2 times with a time
step 2 times smaller. It thus avoids to compute the smallest time step of the entire
computational domain, necessary for stability, for every cell but only for the ones where
it is necessary, i.e., the cells at the highest level (lmax). Then, it results in a saving of
CPU time.

• This time-stepping strategy allows interleaving between time integration and tree re-
finement. It results in a saving of memory as it limits excessive buffer layer of refinement
ahead a discontinuity [66].

Time steps at various levels thus are:

∆t (l) = 2lmin−l∆t,

where lmin is the minimum tree (refinement) level and ∆t is the global time step.
The general integration procedure occurs at the different levels of the tree as an inter-

leaving of advancing and refinement procedures. It is expressed as a recursive procedure
I(lmin) with:

I (lmin) = Ad (lmin) I (lmin + 1)R (lmin) ,
I (l) = Ad (l) I (l + 1)Ad (l) I (l + 1)R (l) for l 6= (lmin, lmax) ,
I (lmax) = Ad (lmax)Ad (lmax)R (lmax) ,

(5)
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where Ad(l) represents the advancing procedure of level l described in the preceding section
and R(l) is the refinement/unrefinement procedure of level l detailed in [26]. All procedures
in (5) are performed from right to left, i.e., R (l) first, and Ad (l) last.

5.4. Second-order scheme

The second-order scheme used in ECOGEN is inspired by the MUSCL method where spacial
reconstruction is achieved through cell slopes and where a two-step integration in time is used
(the first step is a prediction for the second step). However, the prediction step in ECOGEN is
not accomplished using the only geometry but also by computing a Riemann problem. The
sequence is thus the following:

• Determine the boundary extrapolated values qnL and qnR for each cell using the usual
piece-wise linear MUSCL reconstruction [50]: Determine the slope at each interface
using the values qn of its two neighboring cells and then, in each cell, use a slope
limiter between its face slopes to determine the final cell slope. Finally, from these cell
slopes, the boundary extrapolated values are obtained (Figure 13).

• Compute the hyperbolic flux tensor F? (qnL,q
n
R) by solving a first Riemann problem.

• Evolve the cell unknown variables qn to a half time step to obtain qn+
1
2 and thus finish

the prediction step.

• Repeat the process to obtain the new boundary extrapolated values q
n+ 1

2
L and q

n+ 1
2

R

from the piece-wise linear MUSCL reconstruction and then compute the new hyperbolic

flux tensor F?
(
q
n+ 1

2
L ,q

n+ 1
2

R

)
by solving a second Riemann problem.

• Evolve the cell unknown variables qn to a full time step to obtain qn+1 and thus finish
the sequence.

i + 1
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Figure 13: Piece-wise linear MUSCL reconstruction for three successive computing cells i − 1, i, i + 1.
Boundary extrapolated values at interface i− 1

2 from cells i− 1 and i are qi− 1
2 ,L

and qi− 1
2 ,R

, respectively.

In ECOGEN, the slopes are computed using the primitive variables and the available slope
limiters are:
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• Minmod [67, 50];

• van Leer [68];

• van Albada [69];

• MC (Monotonized Central) [70];

• Superbee [71, 67];

• THINC (Tangent of Hyperbola for INterface Capturing) interface-sharpening method [52,
72] for interface between two fluids.

The simplified pseudo-algorithm of the second-order scheme to solve System (2) is:

1. — Determination of boundary extrapolated values —

for (each cell interface) {
Determine the cell-interface slope using the values qn of the two neighboring
cells;

}

for (each cell) {
Determine the cell slope using a slope limiter between its face slopes;
Extrapolate the values at the cell boundary to obtain qnL and qnR;

}

2. — Flux computation and buffering —

for (each cell interface s of area As) {
F̃L = F̃L − AsF?

s (qnL,q
n
R) · ns;

F̃R = F̃R + AsF
?
s (qnL,q

n
R) · ns;

}

3. — Unknown-variable cell evolution for the prediction step —

for (each cells i) {

q
n+ 1

2
i = qni +

∆t

2Vi
F̃i;

F̃i = 0;
}

4. — Determination of boundary extrapolated values —
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for (each cell interface) {
Determine the cell-interface slope using the values qn+

1
2 of the two neighboring

cells;
}

for (each cell) {
Determine the cell slope using a slope limiter between its face slopes;

Extrapolate the values at the cell boundary to obtain q
n+ 1

2
L and q

n+ 1
2

R ;
}

5. — Flux computation and buffering —

for (each cell interface s of area As) {
F̃L = F̃L − AsF?

s

(
q
n+ 1

2
L ,q

n+ 1
2

R

)
· ns;

F̃R = F̃R + AsF
?
s

(
q
n+ 1

2
L ,q

n+ 1
2

R

)
· ns;

}

6. — Unknown-variable cell evolution for the hyperbolic part —

for (each cell i) {

qh
i = qni +

∆t

Vi
F̃i;

F̃i = 0;
}

where qh
i corresponds to the vector of unknown variables with the only hyperbolic part

of System (1) taken into account. The Lhyper operator is thus a combination of the four
algorithms previously described in this section: The finite volume scheme is its basis, AMR
and second-order method are optional extensions while the non-conservative algorithm is
applied accordingly to the form of the equations.

5.5. Additional Physics

The LaddPhys operator describes additional physics not solved in the hyperbolic part of
the multiphysics model (previous sections) and not related to the integration of source terms
or relaxation procedures. Typically, this operator is applied to models that are split to be
solved through particular procedures when these models either involve complex structures
of Riemann solvers or when they have second-order terms, such as for surface tension [27],
solid mechanics [41], shallow water [73], or viscosity and heat conduction [59, 60, 74]. Those
types of physics often involve the calculation of gradients to compute the fluxes and the
associated pseudo-algorithm is thus the following:

7. — Gradient computation —
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for (each cell i) {
Compute the necessary gradients gi = gi

(
qh
i

)
;

}

8. — Flux computation and buffering with non-conservative terms —

for (each cell interface s of area As) {
F̃L = F̃L − As

(
Fap
s

(
qh
L,q

h
R,gL,gR

)
+ hap

(
qh
L,gL

)
uh
s

)
· ns;

F̃R = F̃R + As
(
Fap
s

(
qh
L,q

h
R,gL,gR

)
+ hap

(
qh
R,gR

)
uh
s

)
· ns;

}

9. — Unknown-variable cell evolution for the additional physics part —

for (each cell i) {

qap
i = qh

i +
∆t

Vi
F̃i;

F̃i = 0;
}

where the superscript “ap” stands for the additional physics.

5.6. Source-term integration

The source-term operator Lsource performs a time integration of a system of ordinary
differential equations. In this ECOGEN released version, the gravity acceleration, the terms
due to rotating frame used for rotating flows (Coriolis force, centrifugal force) and heat
exchange through duct walls may be considered. Because there are constant source terms, a
simple solver based on first-order Euler method is sufficient and leads to a one-step scheme:

10. — Unknown-variable cell evolution for the source-term integration part —

for (each cell i) {
qs
i = qap

i + ∆tsi (q
ap);

}

where the superscript “s” stands for the source terms.

5.7. Physical-relaxation methods

ECOGEN is primarily dedicated to multiphase flows simulation in the framework of diffuse-
interface method [58]. The present released version only treats single velocity flows. More
precisely, implemented models are particularly adapted to describe flows composed of sev-
eral phases evolving with the same velocity. In other words, drag effects between phases
are considered to locally (at the cell scale) be intense enough to consider that the time
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scale under interests does not require to take into account for multiple velocities. Never-
theless, thermodynamics variables may be considered as evolving separately. This concerns
the pressure p, the temperature T and the chemical potential µ (or Gibbs free energy ε).
For several implemented models, ECOGEN allows to occasionally perform a simulation with
additional constraints on thermodynamics variables. These constraints are obtained by us-
ing physical-relaxation procedures. This kind of procedure is popular in the multiphase flow
theory [75, 76, 77, 78]. Implemented procedures systematically consist in finding the final
equilibrium state “f” of an isolated thermodynamic system (the cell) from an initial dise-
quilibrium state “0”. This initial state is obtained at each time step as the solution result
of the previous operator and the relaxed state corresponds to the application of the Lrelax

operator. The corresponding pseudo-algorithm is:

11. — Unknown-variable cell evolution for the relaxation part —

for (each cell i) {
qn+1
i = Lrelax (qs

i);
}

where Lrelax corresponds to one of the relaxation procedures presented in the Appendix.

6. Simulation validation

Several test cases that validate and verify ECOGEN’s capabilities are presented in this
section. These include one-, two-, and three-dimensional test cases that span a wide variety
of flow problems.

6.1. Validation against analytic solutions

ECOGEN has been validated against analytic solutions over 1D and multidimensional, single
phase and multi-phase flows:

• Simple 1D and 2D transport tests for single phase and multi-phase configurations [79,
26];

• 1D liquid–gas shock tubes with high-density and high-pressure ratios [79, 26, 55];

• 2D and 3D surface-tension tests to verify Laplace’s law [27, 79, 26];

• 3D spherical bubble collapse to compare ECOGEN’s numerical modeling to the semi-
analytic solution given by the Keller–Miksis equation [80] (a compressible form of the
Rayleigh–Plesset equation) [55]. Figure 17, presented in Section 6.3, shows few of the
main results of [55]. An example of spherical-bubble-collapse validation is given below
in a 2D-axisymmetric context.
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Figure 14: Initial configuration of the test case of the spherical bubble collapse.

A spherical air bubble is initialized at atmospheric state in the corner of a 2D-axisymmetric
domain filled with water at high pressure of pw = 500x105 Pa (Figure 14). The domain size is
6 mm x 6 mm. The initial radius of the bubble is Rb = 0.5 mm. The left and bottom bound-
aries imply both symmetry condition. Non-reflecting (absorption) boundary conditions are
used elsewhere.

The hyperbolic model of Kapila et al. [48] is used:

∂α1

∂t
+ u · ∇α1 = K∇ · u,

∂α1ρ1

∂t
+∇ · (α1ρ1u) = 0,

∂α2ρ2

∂t
+∇ · (α2ρ2u) = 0,

∂ρu

∂t
+∇ · (ρu⊗ u + pI) = 0,

∂ρE

∂t
+∇ · ((ρE + p) u) = 0,

(6)

where subscripts “1” and “2” correspond to one of the two phases, respectively. αk and ρk

are the volume fraction and density of phase k. ρ =
∑
k

αkρk, u, p, E = e +
1

2
‖u‖2 and

e =
∑

k αkρkek are the mixture density, velocity, pressure, total energy and internal energy,
respectively. The term K∇ · u accounts for the differences in the acoustic behavior of both
phases or in other words, for the differences in expansion and compression of each phase in
mixture regions. K is given by:

K =
ρ2s

2
2 − ρ1s21

ρ2s
2
2

α2

+
ρ1s

2
1

α1

,

sk being the speed of sound of phase k. A relaxation procedure is also used to solve the
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model. Complete details are available in [18].
The stiffened-gas parameters for the water are γw = 4.4 and π∞,w = 6x108 Pa [81, 18, 45,

5, 27, 26], and the ideal-gas parameter for the air inside the bubble is γb = 1.4. The mesh
initially presents, in each direction, 150 cells between 0 mm and 1.5 mm and it is stretched
over 40 cells, with an aspect ratio of 1.1 between each cell, until it reaches 6 mm. AMR is
used with 3 levels of refinement and thus allows to obtain an effective resolution of 400 cells
per initial bubble radius. In addition to the AMR, the THINC interface-sharpening method
is used.

Figure 15 shows the evolution of the bubble radius R for the solution given by the sim-
ulation and for the semi-analytic solution given by the Keller–Miksis equation for spherical
bubble collapse with compressibility effect taken into account [80]. The radius of the simu-
lation is computed from the gas volume by assuming the shape is spherical. The simulation
solution is in very good agreement with the semi-analytic solution for the collapse and slightly
less for the rebound. However, one should note that the Keller–Miksis equation holds un-
der the assumption of low-Mach interface speed [82] while in the present test case, a Mach
number of 1.189 is measured at the instant just before reaching the minimum bubble radius.
The rebound part is thus not fully shown in Figure 15.

Figure 15: Radial bubble-wall evolution. Bubble radius R is non-dimensionalized by the initial radius R0

and time t is non-dimensionalized by the theoretical Rayleigh–collapse time tc [83]. Comparison between
the solutions from the Keller–Miksis equation [80] and the simulation.

6.2. Validation against experimental results

In ECOGEN’s validation process, it has also been compared to experimental results, where
good agreements were observed, for flows such as:

• Shock wave traveling through a bifurcation in a attenuation-study context [84]. The
experiment used a shock tube and a branch with a trap, while the modeling used an
unstructured mesh for this single-phase configuration (Euler equations). The incident
Mach number was 1.44;
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• dynamics of microbubbles at the surface of urinary stones [10]. Ultra-high-speed video
microscopy was used and the lipid-shell microbubbles designed to accumulate on stone
surfaces were driven by bursts of ultrasound in the sub-MHz range with pressure ampli-
tudes on the order of 1 MPa. Microbubbles were observed to undergo repeated cycles
of expansion and violent collapse. At maximum expansion, the microbubbles’ cross-
section resembled an ellipse truncated by the stone. Approximating the bubble shape
as an oblate spheroid, this study modeled the collapse by solving System (6) within
a 2D-axisymmetric configuration and with AMR [26] for fine resolution of the gas–
liquid interface. Modeled bubble collapse and high-speed video microscopy showed a
distinctive circumferential pinching during the collapse. Modeled pressure spikes had
amplitudes two-to-three orders of magnitude greater than that of the driving wave.
Micro-computed tomography was used to study surface erosion and formation of mi-
crocracks from the action of microbubbles. This study suggests that engineered mi-
crobubbles enable stone-treatment modalities with driving pressures significantly lower
than those required without the microbubbles;

• interaction of a shock wave with a water column and aerobreakup of a water column
and of a water droplet by a high-speed flow [27, 79]. The latter being initiated by
shock wave. The waves propagation and the first stages of a water-column breakup
for a Mach number of 1.3 were compared to the experiments of Igra and Takayama
[32]. In the experiments, two transparent optical windows were placed in a shock tube.
A separation of 4 mm in height was present and the authors claim that the shock
wave propagating inside the 4 mm high channel was only very slightly perturbed by
the windows. The water column was initially produced and maintained between those
two windows. The height of the water column was thus equal to the height of the
channel. On the side of the modeling, surface tension [27] and AMR [26] were taken
into account. The column displacement, the flow-direction and the lateral deformations
were assessed and showed good agreement. Few of the 2D and 3D results produced by
ECOGEN are presented in Figure 16 for illustration purposes. For the 2D water-column
atomization case, the initial column diameter is D0 = 6.4 mm and it is exposed to a
shock wave of Mach number 1.3 in atmospheric air. For the 3D water-droplet breakup
case, D0 = 1.3 mm and the flow conditions are similar to the ones of the 2D case. The
corresponding initial Weber numbers in these conditions are 3690 and 750, respectively.

6.3. Comparison of ECOGEN with MFC

There is a few open-source codes able to solve compressible multiphase flow equations.
MFC [54] is one of them and some comparisons with ECOGEN have been performed on a very
challenging test case in Schmidmayer et al. [55] about dynamics of a spherical gas bubble.

The numerical results must properly treat the compressibility effects in the mixture re-
gion, the discrete conservation must be enforced while the sphericity of the bubble should
be maintained in the presence of large density and pressure ratios. Both codes use diffuse-
interface methods and, in this study, solved the multi-component model presented in Sec-
tion 6.1: System (6). ECOGEN uses the second-order-accurate MUSCL scheme presented in
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Figure 16: 2D water-column atomization (a)-(d) and 3D water-droplet breakup (i)-(iii) [79]. (a) 200 µs, (b)
600 µs, (c) 1400 µs, (d) 2200 µs and (i)-(iii) 281 µs after the first interaction between the shock wave and
the column or the droplet. In (a)-(d) is shown in red a threshold on the volume fraction of water for values
equal or superior to 0.1 (α > 0.1) and in blue what is considered as a mist of micrometer water columns (2D
droplets). In (i) is shown contours of α = 0.01 (cyan), while in (ii)-(iii) vorticity contours are represented
and colored by the velocity magnitude. (a)-(d) © 2017, Aix-Marseille Université.

Section 5.4 (labeled here as MUSCL2), while MFC uses either a third- or a fifth-order-accurate
WENO scheme (labeled here as WENO3 and WENO5, respectively).

A collapsing and rebounding air bubble at pressure pb in water at 10 or 1427 times higher
pressure p∞ was considered. Simulation specifications were presented in [55]. Figure 17 shows
the evolution of the bubble radius; it reaches a minimum near the nominal Rayleigh collapse
time tc [83], then rebounds, as expected. This closely matches the solution expected following
the Keller–Miksis equation [80]. Note that for the p∞/pb = 1427 case, the Keller–Miksis
solution is not sufficiently trustworthy after such a strong collapse and is thus not represented
(gray area). We also observe that MFC is performing slightly better for the relatively slow
bubble dynamics (p∞/pb = 10 case) when using the WENO5 numerical method. This is due to
the more substantial numerical diffusion intrinsic to the lower-order schemes, even though the
WENO5 scheme required an initially smeared interface to maintain simulation stability. One
can note ECOGEN has a slight lead for the fast bubble dynamics (p∞/pb = 1427 case). Similar
trend was also observable for the bubble sphericity [55]. Further, they noticed that the
relatively small bubble size at the collapse time resulted in significantly distorted interface
shapes. However, these shapes were shown to be more spherical for finer spatial meshes.
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Thus, an adaptive-mesh-refinement technique, such as the one developed in ECOGEN [26],
would help maintain bubble interface sphericity at the same computational cost as a uniform
mesh near the bubble. Finally, this validates again ECOGEN’s simulation quality.
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Figure 17: Radial bubble-wall evolution for (a) p∞/pb = 10 and (b) p∞/pb = 1427 [55]. Solutions are
computed using MUSCL2 (ECOGEN), WENO3 and WENO5 (MFC [54]) and the Keller–Miksis equation [80].

7. Illustrative examples

To complement the simulation validation presented in the previous section, three illus-
trative examples to show typical abilities of ECOGEN are presented:

1. 2D droplet impact on a wall to show its ability to manage surface tension and gravity.

2. 2D-axisymmetric, shock-induced bubble collapse near a wall to show its ability to
reproduce complex physics while using AMR method and mesh stretching.

3. 3D pump rotor to show its ability to deal with complex geometries using an unstruc-
tured mesh and rotating frames.

7.1. 2D droplet impact on a wall

A 2D droplet of liquid is introduced in a box filled with air. At the initialization, thermo-
dynamical equilibrium between the liquid and the gas is present and the droplet is moving
with an oblique direction to the upper wall (Figure 18). Wall boundary conditions are used.
Surface tension is taken into account which explains the higher pressure inside the droplet.
Gravity effects is also present to force the droplet to drop down after the impact on the
upper wall. Initially, the Weber and Bond numbers are the following:

We =
ρd‖ud‖D

σ
= 31.78, Bo =

(ρd − ρa) aD2

σ
= 2.737,
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where ρd, ud, D, ρa, σ and a are the density, the velocity and the diameter of the liquid
droplet, the density of the air, the surface-tension coefficient and the magnitude of the gravity
acceleration, respectively.
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<latexit sha1_base64="+tzYcJ/FHDzxW1/ezdkPIRm1y/M=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARBKEkRdCNUHTjsoq9QBPCZDJph84kYWYilJD3cOOruHGhiCvBhW/jpM2itv4w8POdc5hzfj9hVCrL+jEqK6tr6xvVzdrW9s7unrl/0JVxKjDp4JjFou8jSRiNSEdRxUg/EQRxn5GeP74p6r1HIiSNowc1SYjL0TCiIcVIaeSZzcTLHI7USPAsyHN4BecA0uAMOqFAOHMkHXKUZ/e5Z9athjUVXDZ2aeqgVNszv5wgxiknkcIMSTmwrUS5GRKKYkbympNKkiA8RkMy0DZCnEg3m96WwxNNAhjGQr9IwSmdn8gQl3LCfd1ZbC0XawX8rzZIVXjpZjRKUkUiPPsoTBlUMSyCggEVBCs20QZhQfWuEI+QjkLpOGs6BHvx5GXTbTZs7e/O663rMo4qOALH4BTY4AK0wC1ogw7A4Am8gDfwbjwbr8aH8TlrrRjlzCH4I+P7F2Aqojs=</latexit><latexit sha1_base64="+tzYcJ/FHDzxW1/ezdkPIRm1y/M=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARBKEkRdCNUHTjsoq9QBPCZDJph84kYWYilJD3cOOruHGhiCvBhW/jpM2itv4w8POdc5hzfj9hVCrL+jEqK6tr6xvVzdrW9s7unrl/0JVxKjDp4JjFou8jSRiNSEdRxUg/EQRxn5GeP74p6r1HIiSNowc1SYjL0TCiIcVIaeSZzcTLHI7USPAsyHN4BecA0uAMOqFAOHMkHXKUZ/e5Z9athjUVXDZ2aeqgVNszv5wgxiknkcIMSTmwrUS5GRKKYkbympNKkiA8RkMy0DZCnEg3m96WwxNNAhjGQr9IwSmdn8gQl3LCfd1ZbC0XawX8rzZIVXjpZjRKUkUiPPsoTBlUMSyCggEVBCs20QZhQfWuEI+QjkLpOGs6BHvx5GXTbTZs7e/O663rMo4qOALH4BTY4AK0wC1ogw7A4Am8gDfwbjwbr8aH8TlrrRjlzCH4I+P7F2Aqojs=</latexit><latexit sha1_base64="+tzYcJ/FHDzxW1/ezdkPIRm1y/M=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARBKEkRdCNUHTjsoq9QBPCZDJph84kYWYilJD3cOOruHGhiCvBhW/jpM2itv4w8POdc5hzfj9hVCrL+jEqK6tr6xvVzdrW9s7unrl/0JVxKjDp4JjFou8jSRiNSEdRxUg/EQRxn5GeP74p6r1HIiSNowc1SYjL0TCiIcVIaeSZzcTLHI7USPAsyHN4BecA0uAMOqFAOHMkHXKUZ/e5Z9athjUVXDZ2aeqgVNszv5wgxiknkcIMSTmwrUS5GRKKYkbympNKkiA8RkMy0DZCnEg3m96WwxNNAhjGQr9IwSmdn8gQl3LCfd1ZbC0XawX8rzZIVXjpZjRKUkUiPPsoTBlUMSyCggEVBCs20QZhQfWuEI+QjkLpOGs6BHvx5GXTbTZs7e/O663rMo4qOALH4BTY4AK0wC1ogw7A4Am8gDfwbjwbr8aH8TlrrRjlzCH4I+P7F2Aqojs=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="ydAFJPY5rI8OS4tGskHx2kIVO58=">AAACEHicbZBPS8MwGMbfzn9zTq1evQSHIAij3UUvguDF4xT3B9ZS0izdwpK2JKkwSr+HF7+KFw+KePLmtzHddpibDwR+PE9C3vcJU86Udpwfq7KxubW9U92t7dX3Dw7to3pXJZkktEMSnsh+iBXlLKYdzTSn/VRSLEJOe+Hktsx7T1QqlsSPeppSX+BRzCJGsDZWYLfSIPcE1mMp8mFRoGu0ZGBjXCAvkpjknmIjgYv8oQjshtN0ZkLr4C6gAQu1A/vbGyYkEzTWhGOlBq6Taj/HUjPCaVHzMkVTTCZ4RAcGYyyo8vPZbgU6M84QRYk0J9Zo5i6/yLFQaipCc7OcWq1mpflfNsh0dOXnLE4zTWMy/yjKONIJKotCQyYp0XxqABPJzKyIjLGpQps6a6YEd3Xldei2mq7heweqcAKncA4uXMIN3EEbOkDgGV7hHT6sF+vN+pzXVbEWvR3DH1lfv2rqoLU=</latexit><latexit sha1_base64="ydAFJPY5rI8OS4tGskHx2kIVO58=">AAACEHicbZBPS8MwGMbfzn9zTq1evQSHIAij3UUvguDF4xT3B9ZS0izdwpK2JKkwSr+HF7+KFw+KePLmtzHddpibDwR+PE9C3vcJU86Udpwfq7KxubW9U92t7dX3Dw7to3pXJZkktEMSnsh+iBXlLKYdzTSn/VRSLEJOe+Hktsx7T1QqlsSPeppSX+BRzCJGsDZWYLfSIPcE1mMp8mFRoGu0ZGBjXCAvkpjknmIjgYv8oQjshtN0ZkLr4C6gAQu1A/vbGyYkEzTWhGOlBq6Taj/HUjPCaVHzMkVTTCZ4RAcGYyyo8vPZbgU6M84QRYk0J9Zo5i6/yLFQaipCc7OcWq1mpflfNsh0dOXnLE4zTWMy/yjKONIJKotCQyYp0XxqABPJzKyIjLGpQps6a6YEd3Xldei2mq7heweqcAKncA4uXMIN3EEbOkDgGV7hHT6sF+vN+pzXVbEWvR3DH1lfv2rqoLU=</latexit><latexit sha1_base64="V/Z1lpnua3qyMgoEevhnd9lBEdk=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCIJSkG90IRTcuq9gLNCFMppN26MwkzEyEEvIebnwVNy4UcSW48G2ctFnU1h8Gfr5zDnPOHyaMKu04P9bK6tr6xmZlq7q9s7u3bx8cdlScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINxzdFvftIpKKxeNCThPgcDQWNKEbaoMBuJEHmcaRHkmeDPIdXcA4gA86hF0mEM0/RIUd5dp8Hds2pO1PBZeOWpgZKtQL7yxvEOOVEaMyQUn3XSbSfIakpZiSveqkiCcJjNCR9YwXiRPnZ9LYcnhoygFEszRMaTun8RIa4UhMems5ia7VYK+B/tX6qo0s/oyJJNRF49lGUMqhjWAQFB1QSrNnEGIQlNbtCPEImCm3irJoQ3MWTl02nUXeNv3Nqzesyjgo4BifgDLjgAjTBLWiBNsDgCbyAN/BuPVuv1of1OWtdscqZI/BH1vcvXuqiNw==</latexit><latexit sha1_base64="+tzYcJ/FHDzxW1/ezdkPIRm1y/M=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARBKEkRdCNUHTjsoq9QBPCZDJph84kYWYilJD3cOOruHGhiCvBhW/jpM2itv4w8POdc5hzfj9hVCrL+jEqK6tr6xvVzdrW9s7unrl/0JVxKjDp4JjFou8jSRiNSEdRxUg/EQRxn5GeP74p6r1HIiSNowc1SYjL0TCiIcVIaeSZzcTLHI7USPAsyHN4BecA0uAMOqFAOHMkHXKUZ/e5Z9athjUVXDZ2aeqgVNszv5wgxiknkcIMSTmwrUS5GRKKYkbympNKkiA8RkMy0DZCnEg3m96WwxNNAhjGQr9IwSmdn8gQl3LCfd1ZbC0XawX8rzZIVXjpZjRKUkUiPPsoTBlUMSyCggEVBCs20QZhQfWuEI+QjkLpOGs6BHvx5GXTbTZs7e/O663rMo4qOALH4BTY4AK0wC1ogw7A4Am8gDfwbjwbr8aH8TlrrRjlzCH4I+P7F2Aqojs=</latexit><latexit sha1_base64="+tzYcJ/FHDzxW1/ezdkPIRm1y/M=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARBKEkRdCNUHTjsoq9QBPCZDJph84kYWYilJD3cOOruHGhiCvBhW/jpM2itv4w8POdc5hzfj9hVCrL+jEqK6tr6xvVzdrW9s7unrl/0JVxKjDp4JjFou8jSRiNSEdRxUg/EQRxn5GeP74p6r1HIiSNowc1SYjL0TCiIcVIaeSZzcTLHI7USPAsyHN4BecA0uAMOqFAOHMkHXKUZ/e5Z9athjUVXDZ2aeqgVNszv5wgxiknkcIMSTmwrUS5GRKKYkbympNKkiA8RkMy0DZCnEg3m96WwxNNAhjGQr9IwSmdn8gQl3LCfd1ZbC0XawX8rzZIVXjpZjRKUkUiPPsoTBlUMSyCggEVBCs20QZhQfWuEI+QjkLpOGs6BHvx5GXTbTZs7e/O663rMo4qOALH4BTY4AK0wC1ogw7A4Am8gDfwbjwbr8aH8TlrrRjlzCH4I+P7F2Aqojs=</latexit><latexit sha1_base64="+tzYcJ/FHDzxW1/ezdkPIRm1y/M=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARBKEkRdCNUHTjsoq9QBPCZDJph84kYWYilJD3cOOruHGhiCvBhW/jpM2itv4w8POdc5hzfj9hVCrL+jEqK6tr6xvVzdrW9s7unrl/0JVxKjDp4JjFou8jSRiNSEdRxUg/EQRxn5GeP74p6r1HIiSNowc1SYjL0TCiIcVIaeSZzcTLHI7USPAsyHN4BecA0uAMOqFAOHMkHXKUZ/e5Z9athjUVXDZ2aeqgVNszv5wgxiknkcIMSTmwrUS5GRKKYkbympNKkiA8RkMy0DZCnEg3m96WwxNNAhjGQr9IwSmdn8gQl3LCfd1ZbC0XawX8rzZIVXjpZjRKUkUiPPsoTBlUMSyCggEVBCs20QZhQfWuEI+QjkLpOGs6BHvx5GXTbTZs7e/O663rMo4qOALH4BTY4AK0wC1ogw7A4Am8gDfwbjwbr8aH8TlrrRjlzCH4I+P7F2Aqojs=</latexit><latexit sha1_base64="+tzYcJ/FHDzxW1/ezdkPIRm1y/M=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARBKEkRdCNUHTjsoq9QBPCZDJph84kYWYilJD3cOOruHGhiCvBhW/jpM2itv4w8POdc5hzfj9hVCrL+jEqK6tr6xvVzdrW9s7unrl/0JVxKjDp4JjFou8jSRiNSEdRxUg/EQRxn5GeP74p6r1HIiSNowc1SYjL0TCiIcVIaeSZzcTLHI7USPAsyHN4BecA0uAMOqFAOHMkHXKUZ/e5Z9athjUVXDZ2aeqgVNszv5wgxiknkcIMSTmwrUS5GRKKYkbympNKkiA8RkMy0DZCnEg3m96WwxNNAhjGQr9IwSmdn8gQl3LCfd1ZbC0XawX8rzZIVXjpZjRKUkUiPPsoTBlUMSyCggEVBCs20QZhQfWuEI+QjkLpOGs6BHvx5GXTbTZs7e/O663rMo4qOALH4BTY4AK0wC1ogw7A4Am8gDfwbjwbr8aH8TlrrRjlzCH4I+P7F2Aqojs=</latexit><latexit sha1_base64="+tzYcJ/FHDzxW1/ezdkPIRm1y/M=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARBKEkRdCNUHTjsoq9QBPCZDJph84kYWYilJD3cOOruHGhiCvBhW/jpM2itv4w8POdc5hzfj9hVCrL+jEqK6tr6xvVzdrW9s7unrl/0JVxKjDp4JjFou8jSRiNSEdRxUg/EQRxn5GeP74p6r1HIiSNowc1SYjL0TCiIcVIaeSZzcTLHI7USPAsyHN4BecA0uAMOqFAOHMkHXKUZ/e5Z9athjUVXDZ2aeqgVNszv5wgxiknkcIMSTmwrUS5GRKKYkbympNKkiA8RkMy0DZCnEg3m96WwxNNAhjGQr9IwSmdn8gQl3LCfd1ZbC0XawX8rzZIVXjpZjRKUkUiPPsoTBlUMSyCggEVBCs20QZhQfWuEI+QjkLpOGs6BHvx5GXTbTZs7e/O663rMo4qOALH4BTY4AK0wC1ogw7A4Am8gDfwbjwbr8aH8TlrrRjlzCH4I+P7F2Aqojs=</latexit><latexit sha1_base64="+tzYcJ/FHDzxW1/ezdkPIRm1y/M=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARBKEkRdCNUHTjsoq9QBPCZDJph84kYWYilJD3cOOruHGhiCvBhW/jpM2itv4w8POdc5hzfj9hVCrL+jEqK6tr6xvVzdrW9s7unrl/0JVxKjDp4JjFou8jSRiNSEdRxUg/EQRxn5GeP74p6r1HIiSNowc1SYjL0TCiIcVIaeSZzcTLHI7USPAsyHN4BecA0uAMOqFAOHMkHXKUZ/e5Z9athjUVXDZ2aeqgVNszv5wgxiknkcIMSTmwrUS5GRKKYkbympNKkiA8RkMy0DZCnEg3m96WwxNNAhjGQr9IwSmdn8gQl3LCfd1ZbC0XawX8rzZIVXjpZjRKUkUiPPsoTBlUMSyCggEVBCs20QZhQfWuEI+QjkLpOGs6BHvx5GXTbTZs7e/O663rMo4qOALH4BTY4AK0wC1ogw7A4Am8gDfwbjwbr8aH8TlrrRjlzCH4I+P7F2Aqojs=</latexit>

⇢a = 1 kg.m�3
<latexit sha1_base64="fINK14UhzKBuAeqZIKjSnCRc3hw=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoxpKooBuh6MZlBfuAJobJdNIOnUnCzEQoIX6CG3/FjQtF3Lpz5984aSNo64GBM+fcy733+DGjUlnWl1FaWFxaXimvVtbWNza3zO2dtowSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT80WXud+6IkDQKb9Q4Ji5Hg5AGFCOlJc+sOWIYeanDkRoKnqIsg+fQvv/5jwZ1fpseHmeZZ1atujUBnCd2QaqgQNMzP51+hBNOQoUZkrJnW7FyUyQUxYxkFSeRJEZ4hAakp2mIOJFuOrkogwda6cMgEvqFCk7U3x0p4lKOua8r803lrJeL/3m9RAVnbkrDOFEkxNNBQcKgimAeD+xTQbBiY00QFlTvCvEQCYSVDrGiQ7BnT54n7aO6rfn1SbVxUcRRBntgH9SADU5BA1yBJmgBDB7AE3gBr8aj8Wy8Ge/T0pJR9OyCPzA+vgHaIZ2h</latexit><latexit sha1_base64="fINK14UhzKBuAeqZIKjSnCRc3hw=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoxpKooBuh6MZlBfuAJobJdNIOnUnCzEQoIX6CG3/FjQtF3Lpz5984aSNo64GBM+fcy733+DGjUlnWl1FaWFxaXimvVtbWNza3zO2dtowSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT80WXud+6IkDQKb9Q4Ji5Hg5AGFCOlJc+sOWIYeanDkRoKnqIsg+fQvv/5jwZ1fpseHmeZZ1atujUBnCd2QaqgQNMzP51+hBNOQoUZkrJnW7FyUyQUxYxkFSeRJEZ4hAakp2mIOJFuOrkogwda6cMgEvqFCk7U3x0p4lKOua8r803lrJeL/3m9RAVnbkrDOFEkxNNBQcKgimAeD+xTQbBiY00QFlTvCvEQCYSVDrGiQ7BnT54n7aO6rfn1SbVxUcRRBntgH9SADU5BA1yBJmgBDB7AE3gBr8aj8Wy8Ge/T0pJR9OyCPzA+vgHaIZ2h</latexit><latexit sha1_base64="fINK14UhzKBuAeqZIKjSnCRc3hw=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoxpKooBuh6MZlBfuAJobJdNIOnUnCzEQoIX6CG3/FjQtF3Lpz5984aSNo64GBM+fcy733+DGjUlnWl1FaWFxaXimvVtbWNza3zO2dtowSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT80WXud+6IkDQKb9Q4Ji5Hg5AGFCOlJc+sOWIYeanDkRoKnqIsg+fQvv/5jwZ1fpseHmeZZ1atujUBnCd2QaqgQNMzP51+hBNOQoUZkrJnW7FyUyQUxYxkFSeRJEZ4hAakp2mIOJFuOrkogwda6cMgEvqFCk7U3x0p4lKOua8r803lrJeL/3m9RAVnbkrDOFEkxNNBQcKgimAeD+xTQbBiY00QFlTvCvEQCYSVDrGiQ7BnT54n7aO6rfn1SbVxUcRRBntgH9SADU5BA1yBJmgBDB7AE3gBr8aj8Wy8Ge/T0pJR9OyCPzA+vgHaIZ2h</latexit><latexit sha1_base64="fINK14UhzKBuAeqZIKjSnCRc3hw=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoxpKooBuh6MZlBfuAJobJdNIOnUnCzEQoIX6CG3/FjQtF3Lpz5984aSNo64GBM+fcy733+DGjUlnWl1FaWFxaXimvVtbWNza3zO2dtowSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT80WXud+6IkDQKb9Q4Ji5Hg5AGFCOlJc+sOWIYeanDkRoKnqIsg+fQvv/5jwZ1fpseHmeZZ1atujUBnCd2QaqgQNMzP51+hBNOQoUZkrJnW7FyUyQUxYxkFSeRJEZ4hAakp2mIOJFuOrkogwda6cMgEvqFCk7U3x0p4lKOua8r803lrJeL/3m9RAVnbkrDOFEkxNNBQcKgimAeD+xTQbBiY00QFlTvCvEQCYSVDrGiQ7BnT54n7aO6rfn1SbVxUcRRBntgH9SADU5BA1yBJmgBDB7AE3gBr8aj8Wy8Ge/T0pJR9OyCPzA+vgHaIZ2h</latexit>

⇢d = 1000 kg.m�3
<latexit sha1_base64="SwR0zcUGwnZrIMGuShyfHy49eSA=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARBLEkKuhGKLpxWcFeoIlhMpm0Q2eSMDMRSojv4MZXceNCEbcu3Pk2TtoK2vrDwMd/zmHO+f2EUaks68sozc0vLC6Vlysrq2vrG+bmVkvGqcCkiWMWi46PJGE0Ik1FFSOdRBDEfUba/uCyqLfviJA0jm7UMCEuR72IhhQjpS3PPHBEP/YyhyPVFzwL8hyeQ9uyrPsfa9Cr8dvs8DjPPbNq1ayR4CzYE6iCiRqe+ekEMU45iRRmSMqubSXKzZBQFDOSV5xUkgThAeqRrsYIcSLdbHRUDve0E8AwFvpFCo7c3xMZ4lIOua87i03ldK0w/6t1UxWeuRmNklSRCI8/ClMGVQyLhGBABcGKDTUgLKjeFeI+EggrnWNFh2BPnzwLraOarfn6pFq/mMRRBjtgF+wDG5yCOrgCDdAEGDyAJ/ACXo1H49l4M97HrSVjMrMN/sj4+AZMUJ5S</latexit><latexit sha1_base64="SwR0zcUGwnZrIMGuShyfHy49eSA=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARBLEkKuhGKLpxWcFeoIlhMpm0Q2eSMDMRSojv4MZXceNCEbcu3Pk2TtoK2vrDwMd/zmHO+f2EUaks68sozc0vLC6Vlysrq2vrG+bmVkvGqcCkiWMWi46PJGE0Ik1FFSOdRBDEfUba/uCyqLfviJA0jm7UMCEuR72IhhQjpS3PPHBEP/YyhyPVFzwL8hyeQ9uyrPsfa9Cr8dvs8DjPPbNq1ayR4CzYE6iCiRqe+ekEMU45iRRmSMqubSXKzZBQFDOSV5xUkgThAeqRrsYIcSLdbHRUDve0E8AwFvpFCo7c3xMZ4lIOua87i03ldK0w/6t1UxWeuRmNklSRCI8/ClMGVQyLhGBABcGKDTUgLKjeFeI+EggrnWNFh2BPnzwLraOarfn6pFq/mMRRBjtgF+wDG5yCOrgCDdAEGDyAJ/ACXo1H49l4M97HrSVjMrMN/sj4+AZMUJ5S</latexit><latexit sha1_base64="SwR0zcUGwnZrIMGuShyfHy49eSA=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARBLEkKuhGKLpxWcFeoIlhMpm0Q2eSMDMRSojv4MZXceNCEbcu3Pk2TtoK2vrDwMd/zmHO+f2EUaks68sozc0vLC6Vlysrq2vrG+bmVkvGqcCkiWMWi46PJGE0Ik1FFSOdRBDEfUba/uCyqLfviJA0jm7UMCEuR72IhhQjpS3PPHBEP/YyhyPVFzwL8hyeQ9uyrPsfa9Cr8dvs8DjPPbNq1ayR4CzYE6iCiRqe+ekEMU45iRRmSMqubSXKzZBQFDOSV5xUkgThAeqRrsYIcSLdbHRUDve0E8AwFvpFCo7c3xMZ4lIOua87i03ldK0w/6t1UxWeuRmNklSRCI8/ClMGVQyLhGBABcGKDTUgLKjeFeI+EggrnWNFh2BPnzwLraOarfn6pFq/mMRRBjtgF+wDG5yCOrgCDdAEGDyAJ/ACXo1H49l4M97HrSVjMrMN/sj4+AZMUJ5S</latexit><latexit sha1_base64="SwR0zcUGwnZrIMGuShyfHy49eSA=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARBLEkKuhGKLpxWcFeoIlhMpm0Q2eSMDMRSojv4MZXceNCEbcu3Pk2TtoK2vrDwMd/zmHO+f2EUaks68sozc0vLC6Vlysrq2vrG+bmVkvGqcCkiWMWi46PJGE0Ik1FFSOdRBDEfUba/uCyqLfviJA0jm7UMCEuR72IhhQjpS3PPHBEP/YyhyPVFzwL8hyeQ9uyrPsfa9Cr8dvs8DjPPbNq1ayR4CzYE6iCiRqe+ekEMU45iRRmSMqubSXKzZBQFDOSV5xUkgThAeqRrsYIcSLdbHRUDve0E8AwFvpFCo7c3xMZ4lIOua87i03ldK0w/6t1UxWeuRmNklSRCI8/ClMGVQyLhGBABcGKDTUgLKjeFeI+EggrnWNFh2BPnzwLraOarfn6pFq/mMRRBjtgF+wDG5yCOrgCDdAEGDyAJ/ACXo1H49l4M97HrSVjMrMN/sj4+AZMUJ5S</latexit>

ud
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Figure 18: Initial configuration of the test case of the 2D droplet impact on a wall.

The hyperbolic model of Schmidmayer et al. [27], taking into account surface tension, is
used with additional gravity effects:

∂α1

∂t
+ u · ∇α1 = K∇ · u,

∂α1ρ1

∂t
+∇ · (α1ρ1u) = 0,

∂α2ρ2

∂t
+∇ · (α2ρ2u) = 0,

∂ρu

∂t
+∇ · (ρu⊗ u + pI + Ω) = ρa,

∂ρE

∂t
+∇ · ((ρE + p) u + Ω · u) = ρa · u,

∂c

∂t
+ u · ∇c = 0,

(7)

Here, E = e+
1

2
‖u‖2 +

εσ

ρ
and Ω is the capillary tensor given by:

Ω = −σ
(
‖∇c‖I− ∇c⊗∇c‖∇c‖

)
.
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The capillary energy is equal to εσ = σ‖∇c‖ and c is the color function. a is the gravitational
acceleration.

The surface tension is treated with a splitting methodology and is thus considered as
additional physics, while the gravity is considered as source terms. Note that a relaxation
procedure is also used to solve the model. Complete details are available in [27]. The
stiffened-gas parameters for the liquid droplet are γd = 2.1 and π∞,w = 106 Pa [27, 26], and
the ideal-gas parameter for the air is γb = 1.4. AMR is used and the effective resolution at
the vicinity of the interface is of 32 cells per initial droplet diameter.

Results at different typical times are presented in Figure 19 and 20. In the first figure
is shown the complete domain with the droplet impacting the upper wall, spreading over it,
forming three smaller, spread droplets and then with the effect of surface tension, the spread
droplets are gathered and finally have enough mass and inertia to drop down from the upper
wall under the effect of gravity. The second figure shows a magnified part of the complete
domain (bottom, right quarter of the domain) and its first frame (frame 9) shows the two
biggest droplets just before they touch the lower wall. This time, the stronger impacts
enhance the formation of multiple, even smaller droplets. In frame 10, one can observe the
third, smallest droplet flowing downward along the right wall appearing into the magnified
domain, as well as a cavity pocket formed under the first droplet impacting the lower wall.
In frame 12, detached droplets from the second droplet impacting the lower wall are flowing
upward along the right wall. Between frames 12 and 13, the droplets on the right wall are
impacting each others. In frame 14, the highest droplet is at its highest elevation and is thus
falling down in the subsequent frames. The smallest droplet in frame 15 is going downward
and is going to be absorbed by the droplet directly under it (frame 16).

33



1
<latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="lsIjtenvf8d8DbEHnMGnnFAXRBs=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5qxkMqjW/7i/ENiFYQQ1WagyqX/1hKvIENQnFre0FfkZhwQ1JoXBW7ucWMy4mfIQ9h5onaMNiMeiMXTpnyOLUuKOJLdzfLwqeWDtNIncz4TS269nc/C/r5RTfhoXUWU6oxfKjOFeMUjbfmg2lQUFq6oALI92sTIy54YJcN2VXQrC+8ia0r+uB46YPJTiHC7iCAG7gDh6gAS0QgPACb/DuPXmv3seyri1v1dsZ/JH3+QNpBoti</latexit><latexit sha1_base64="lsIjtenvf8d8DbEHnMGnnFAXRBs=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6PqmeVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5qxkMqjW/7i/ENiFYQQ1WagyqX/1hKvIENQnFre0FfkZhwQ1JoXBW7ucWMy4mfIQ9h5onaMNiMeiMXTpnyOLUuKOJLdzfLwqeWDtNIncz4TS269nc/C/r5RTfhoXUWU6oxfKjOFeMUjbfmg2lQUFq6oALI92sTIy54YJcN2VXQrC+8ia0r+uB46YPJTiHC7iCAG7gDh6gAS0QgPACb/DuPXmv3seyri1v1dsZ/JH3+QNpBoti</latexit><latexit sha1_base64="fyOKY1JbWBAeI7QY8R7UUrfCAtU=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz0SvXiExAIJNGS7TGFlu212tyak4Rd48aAxXv1J3vw3LtCDgm+yyZN3ZrIzb5gKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZvXO0+oNE/kg5mmGMR0JHnEGTXWanmDas2tuwuRdfAKqEGh5qD61R8mLItRGiao1j3PTU2QU2U4Ezir9DONKWUTOsKeRUlj1EG+WHRGLqwzJFGi7JOGLNzfEzmNtZ7Goe2MqRnr1drc/K/Wy0x0E+RcpplByZYfRZkgJiHzq8mQK2RGTC1QprjdlbAxVZQZm03FhuCtnrwO7au6Z7nl1hq3RRxlOINzuAQPrqEB99AEHxggPMMrvDmPzovz7nwsW0tOMXMKf+R8/gB5X4yx</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit> 2

<latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="4jSpgxg8f1ZaTj7DZp/1jG6QX2g=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4LjpQxEu4BKuIYAbuIMHaEALBCC8wBu8e0/eq/exqqvgrXs7hz/yPn8Aan+LYw==</latexit><latexit sha1_base64="4jSpgxg8f1ZaTj7DZp/1jG6QX2g=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCoz3ehScOOyBfuAtpRMeqeNzWSG5I5Qhv4CNy4U8W+589+YPhbaeiDwcU5C7j1hqqQl3//2Cju7e/sHxcPSUfn45LRyVm7bJDMCWyJRiemG3KKSGlskSWE3NcjjUGEnnN4v8s4zGisT/UizFAcxH2sZScHJWc36sFL1a/5SbBuCNVRhrcaw8tUfJSKLUZNQ3Npe4Kc0yLkhKRTOS/3MYsrFlI+x51DzGO0gXw46Z1fOGbEoMe5oYkv394ucx9bO4tDdjDlN7Ga2MP/LehlFt4Nc6jQj1GL1UZQpRglbbM1G0qAgNXPAhZFuViYm3HBBrpuSKyHYXHkb2vVa4LjpQxEu4BKuIYAbuIMHaEALBCC8wBu8e0/eq/exqqvgrXs7hz/yPn8Aan+LYw==</latexit><latexit sha1_base64="4fiA2ODHsrwy/cKyY62TCjWyWaw=">AAAB6HicbZA9TwJBEIbn8AvxC7W02UhMrMgdjZREG0tI5COBC9lb5mBlb++yu2dCLvwCGwuNsfUn2flvXOAKBd9kkyfvzGRn3iARXBvX/XYKW9s7u3vF/dLB4dHxSfn0rKPjVDFss1jEqhdQjYJLbBtuBPYShTQKBHaD6d2i3n1CpXksH8wsQT+iY8lDzqixVqs2LFfcqrsU2QQvhwrkag7LX4NRzNIIpWGCat333MT4GVWGM4Hz0iDVmFA2pWPsW5Q0Qu1ny0Xn5Mo6IxLGyj5pyNL9PZHRSOtZFNjOiJqJXq8tzP9q/dSEdT/jMkkNSrb6KEwFMTFZXE1GXCEzYmaBMsXtroRNqKLM2GxKNgRv/eRN6NSqnuWWW2nc5nEU4QIu4Ro8uIEG3EMT2sAA4Rle4c15dF6cd+dj1Vpw8plz+CPn8wd644yy</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit><latexit sha1_base64="8sNiFq0D5hRC2VXjMYViBW2+H3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repabV5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfCOMtg==</latexit>

3
<latexit sha1_base64="8oCQzlZIIKzuj8pEzJg/EuRRbEU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOyX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AfaeMtw==</latexit><latexit sha1_base64="8oCQzlZIIKzuj8pEzJg/EuRRbEU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOyX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AfaeMtw==</latexit><latexit sha1_base64="8oCQzlZIIKzuj8pEzJg/EuRRbEU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOyX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AfaeMtw==</latexit><latexit sha1_base64="8oCQzlZIIKzuj8pEzJg/EuRRbEU=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOyX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AfaeMtw==</latexit>

4
<latexit sha1_base64="In0mja7s0vvrhdchpy/C/Z4UrSI=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3a5X6bR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AfyuMuA==</latexit><latexit sha1_base64="mFzcVV8PYLrCV+9p4EdTKTQok3E=">AAAB5HicbZBNS8NAEIYn9avGr+rVy2IRPJVEBD0WvXisYNpCG8pmO2nXbjZhdyOU0F/gxYPi1d/kzX/jts1BW19YeHhnhp15o0xwbTzv26lsbG5t71R33b39g8Ojmnvc1mmuGAYsFanqRlSj4BIDw43AbqaQJpHATjS5m9c7z6g0T+WjmWYYJnQkecwZNdZ6uBrU6l7DW4isg19CHUq1BrWv/jBleYLSMEG17vleZsKCKsOZwJnbzzVmlE3oCHsWJU1Qh8Vi0Rk5t86QxKmyTxqycH9PFDTReppEtjOhZqxXa3Pzv1ovN/FNWHCZ5QYlW34U54KYlMyvJkOukBkxtUCZ4nZXwsZUUWZsNq4NwV89eR3alw3fcr15W4ZRhVM4gwvw4RqacA8tCIABwgu8wbvz5Lw6H8vGilNOnMAfOZ8/FNWLjg==</latexit><latexit sha1_base64="mFzcVV8PYLrCV+9p4EdTKTQok3E=">AAAB5HicbZBNS8NAEIYn9avGr+rVy2IRPJVEBD0WvXisYNpCG8pmO2nXbjZhdyOU0F/gxYPi1d/kzX/jts1BW19YeHhnhp15o0xwbTzv26lsbG5t71R33b39g8Ojmnvc1mmuGAYsFanqRlSj4BIDw43AbqaQJpHATjS5m9c7z6g0T+WjmWYYJnQkecwZNdZ6uBrU6l7DW4isg19CHUq1BrWv/jBleYLSMEG17vleZsKCKsOZwJnbzzVmlE3oCHsWJU1Qh8Vi0Rk5t86QxKmyTxqycH9PFDTReppEtjOhZqxXa3Pzv1ovN/FNWHCZ5QYlW34U54KYlMyvJkOukBkxtUCZ4nZXwsZUUWZsNq4NwV89eR3alw3fcr15W4ZRhVM4gwvw4RqacA8tCIABwgu8wbvz5Lw6H8vGilNOnMAfOZ8/FNWLjg==</latexit><latexit sha1_base64="mFzcVV8PYLrCV+9p4EdTKTQok3E=">AAAB5HicbZBNS8NAEIYn9avGr+rVy2IRPJVEBD0WvXisYNpCG8pmO2nXbjZhdyOU0F/gxYPi1d/kzX/jts1BW19YeHhnhp15o0xwbTzv26lsbG5t71R33b39g8Ojmnvc1mmuGAYsFanqRlSj4BIDw43AbqaQJpHATjS5m9c7z6g0T+WjmWYYJnQkecwZNdZ6uBrU6l7DW4isg19CHUq1BrWv/jBleYLSMEG17vleZsKCKsOZwJnbzzVmlE3oCHsWJU1Qh8Vi0Rk5t86QxKmyTxqycH9PFDTReppEtjOhZqxXa3Pzv1ovN/FNWHCZ5QYlW34U54KYlMyvJkOukBkxtUCZ4nZXwsZUUWZsNq4NwV89eR3alw3fcr15W4ZRhVM4gwvw4RqacA8tCIABwgu8wbvz5Lw6H8vGilNOnMAfOZ8/FNWLjg==</latexit>

5
<latexit sha1_base64="DzVJpGrVn/9Lj/P+F0mQt5f1+d0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AgK+MuQ==</latexit><latexit sha1_base64="DzVJpGrVn/9Lj/P+F0mQt5f1+d0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AgK+MuQ==</latexit><latexit sha1_base64="DzVJpGrVn/9Lj/P+F0mQt5f1+d0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AgK+MuQ==</latexit><latexit sha1_base64="DzVJpGrVn/9Lj/P+F0mQt5f1+d0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AgK+MuQ==</latexit>

6
<latexit sha1_base64="VU9HqF+C4zBByitodJLJ95QOZyc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfVY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AgjOMug==</latexit><latexit sha1_base64="VU9HqF+C4zBByitodJLJ95QOZyc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfVY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AgjOMug==</latexit><latexit sha1_base64="VU9HqF+C4zBByitodJLJ95QOZyc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfVY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AgjOMug==</latexit><latexit sha1_base64="VU9HqF+C4zBByitodJLJ95QOZyc=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfVY9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/yMyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AgjOMug==</latexit>

7
<latexit sha1_base64="f9qL7debzQNGPXYBw/3DGKlulw0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Ag7eMuw==</latexit><latexit sha1_base64="f9qL7debzQNGPXYBw/3DGKlulw0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Ag7eMuw==</latexit><latexit sha1_base64="f9qL7debzQNGPXYBw/3DGKlulw0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Ag7eMuw==</latexit><latexit sha1_base64="f9qL7debzQNGPXYBw/3DGKlulw0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Ag7eMuw==</latexit>

8
<latexit sha1_base64="mGBXkzZ5yft+yNPJubp5ucFeQFE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJa37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AhTuMvA==</latexit><latexit sha1_base64="mGBXkzZ5yft+yNPJubp5ucFeQFE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJa37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AhTuMvA==</latexit><latexit sha1_base64="mGBXkzZ5yft+yNPJubp5ucFeQFE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJa37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AhTuMvA==</latexit><latexit sha1_base64="mGBXkzZ5yft+yNPJubp5ucFeQFE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJa37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AhTuMvA==</latexit>

Figure 19: Results at different typical times for the test case of the 2D droplet impact on a wall. The impact
on the upper wall and the drop of the subsequent droplets are shown.
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Figure 20: Results at different typical times for the test case of the 2D droplet impact on a wall. A magnified
view, corresponding to the region of the black, dotted box in the last picture of Figure 19, is shown with the
impact of the droplets on the lower wall.
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7.2. 2D-axisymmetric, shock-induced bubble collapse near a wall

A spherical bubble collapse in a 2D-axisymmetric configuration and under strong pressure
ratio was presented in Section 6.1 for comparison against the semi-analytic solution of Keller–
Miksis [80]. Here, a similar configuration is considered but where the bubble collapses near
a wall in a non-spherical manner.

The spherical air bubble is still initialized at atmospheric state but it is placed at a
standoff distance (ratio between the distance from the center of the bubble to the wall
and the bubble radius) of 1.5 from the wall. The rest of the 2D-axisymmetric domain
is separated in two parts: One is filled with water also at atmospheric pressure allowing
thermodynamical equilibrium with the initial bubble, and the other one is filled with shocked
water at high pressure of ps = 500x105 Pa, density of ρs = 1018.31 kg.m−3 and velocities
of us = −29.95 m.s−1 and vs = 0 m.s−1, representing the conditions of a shock propagating
parallelly to the wall (Figure 21). The domain size is 6 mm x 6 mm. The initial radius of
the bubble is Rb = 0.5 mm. The bottom boundary implies symmetry condition while the
left one represents a wall condition. Non-reflecting boundary conditions are used elsewhere.

L = 0.75 mm
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⇢w = 1000 kg.m�3
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pb = 1x105 Pa
<latexit sha1_base64="RhTCVyYZinBwoGydI0jbHxUP2P4=">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVWZE0Y1QdOOygn1AW4dMmmlDk8yQZMQyjF/hxl9x40IRt7rzb8y0U9DWA4GTc+7l3nv8iFGlHefbKiwsLi2vFFdLa+sbm1v29k5DhbHEpI5DFsqWjxRhVJC6ppqRViQJ4j4jTX94mfnNOyIVDcWNHkWky1Ff0IBipI3k2ZXISzoc6YHkiZ+m8By60+996jq3yUn6MBVqKPXsslNxxoDzxM1JGeSoefZXpxfimBOhMUNKtV0n0t0ESU0xI2mpEysSITxEfdI2VCBOVDcZ35XCA6P0YBBK84SGY/V3R4K4UiPum8psRTXrZeJ/XjvWwVk3oSKKNRF4MiiIGdQhzEKCPSoJ1mxkCMKSml0hHiCJsDZRlkwI7uzJ86RxVHENvz4uVy/yOIpgD+yDQ+CCU1AFV6AG6gCDR/AMXsGb9WS9WO/Wx6S0YOU9u+APrM8fDYigeA==</latexit><latexit sha1_base64="RhTCVyYZinBwoGydI0jbHxUP2P4=">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVWZE0Y1QdOOygn1AW4dMmmlDk8yQZMQyjF/hxl9x40IRt7rzb8y0U9DWA4GTc+7l3nv8iFGlHefbKiwsLi2vFFdLa+sbm1v29k5DhbHEpI5DFsqWjxRhVJC6ppqRViQJ4j4jTX94mfnNOyIVDcWNHkWky1Ff0IBipI3k2ZXISzoc6YHkiZ+m8By60+996jq3yUn6MBVqKPXsslNxxoDzxM1JGeSoefZXpxfimBOhMUNKtV0n0t0ESU0xI2mpEysSITxEfdI2VCBOVDcZ35XCA6P0YBBK84SGY/V3R4K4UiPum8psRTXrZeJ/XjvWwVk3oSKKNRF4MiiIGdQhzEKCPSoJ1mxkCMKSml0hHiCJsDZRlkwI7uzJ86RxVHENvz4uVy/yOIpgD+yDQ+CCU1AFV6AG6gCDR/AMXsGb9WS9WO/Wx6S0YOU9u+APrM8fDYigeA==</latexit><latexit sha1_base64="RhTCVyYZinBwoGydI0jbHxUP2P4=">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVWZE0Y1QdOOygn1AW4dMmmlDk8yQZMQyjF/hxl9x40IRt7rzb8y0U9DWA4GTc+7l3nv8iFGlHefbKiwsLi2vFFdLa+sbm1v29k5DhbHEpI5DFsqWjxRhVJC6ppqRViQJ4j4jTX94mfnNOyIVDcWNHkWky1Ff0IBipI3k2ZXISzoc6YHkiZ+m8By60+996jq3yUn6MBVqKPXsslNxxoDzxM1JGeSoefZXpxfimBOhMUNKtV0n0t0ESU0xI2mpEysSITxEfdI2VCBOVDcZ35XCA6P0YBBK84SGY/V3R4K4UiPum8psRTXrZeJ/XjvWwVk3oSKKNRF4MiiIGdQhzEKCPSoJ1mxkCMKSml0hHiCJsDZRlkwI7uzJ86RxVHENvz4uVy/yOIpgD+yDQ+CCU1AFV6AG6gCDR/AMXsGb9WS9WO/Wx6S0YOU9u+APrM8fDYigeA==</latexit><latexit sha1_base64="RhTCVyYZinBwoGydI0jbHxUP2P4=">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVWZE0Y1QdOOygn1AW4dMmmlDk8yQZMQyjF/hxl9x40IRt7rzb8y0U9DWA4GTc+7l3nv8iFGlHefbKiwsLi2vFFdLa+sbm1v29k5DhbHEpI5DFsqWjxRhVJC6ppqRViQJ4j4jTX94mfnNOyIVDcWNHkWky1Ff0IBipI3k2ZXISzoc6YHkiZ+m8By60+996jq3yUn6MBVqKPXsslNxxoDzxM1JGeSoefZXpxfimBOhMUNKtV0n0t0ESU0xI2mpEysSITxEfdI2VCBOVDcZ35XCA6P0YBBK84SGY/V3R4K4UiPum8psRTXrZeJ/XjvWwVk3oSKKNRF4MiiIGdQhzEKCPSoJ1mxkCMKSml0hHiCJsDZRlkwI7uzJ86RxVHENvz4uVy/yOIpgD+yDQ+CCU1AFV6AG6gCDR/AMXsGb9WS9WO/Wx6S0YOU9u+APrM8fDYigeA==</latexit>

⇢b = 1.2 kg.m�3
<latexit sha1_base64="tbxvX230sUl4prhVNcfj3Aggh3A=">AAACE3icbZDLSsNAFIYnXmu9RV26GSyCCIakCroRim5cVrAXaGKYTCft0JkkzEyEEuIzuPFV3LhQxK0bd76Nk7aCtv4w8PGfc5hz/iBhVCrb/jLm5hcWl5ZLK+XVtfWNTXNruynjVGDSwDGLRTtAkjAakYaiipF2IgjiASOtYHBZ1Ft3REgaRzdqmBCPo15EQ4qR0pZvHrqiH/uZy5HqC54FeQ7PoWNV73+cQc/it9nRcZ77ZsW27JHgLDgTqICJ6r756XZjnHISKcyQlB3HTpSXIaEoZiQvu6kkCcID1CMdjRHiRHrZ6KYc7munC8NY6BcpOHJ/T2SISznkge4sNpXTtcL8r9ZJVXjmZTRKUkUiPP4oTBlUMSwCgl0qCFZsqAFhQfWuEPeRQFjpGMs6BGf65FloVi1H8/VJpXYxiaMEdsEeOAAOOAU1cAXqoAEweABP4AW8Go/Gs/FmvI9b54zJzA74I+PjG88RnhY=</latexit><latexit sha1_base64="tbxvX230sUl4prhVNcfj3Aggh3A=">AAACE3icbZDLSsNAFIYnXmu9RV26GSyCCIakCroRim5cVrAXaGKYTCft0JkkzEyEEuIzuPFV3LhQxK0bd76Nk7aCtv4w8PGfc5hz/iBhVCrb/jLm5hcWl5ZLK+XVtfWNTXNruynjVGDSwDGLRTtAkjAakYaiipF2IgjiASOtYHBZ1Ft3REgaRzdqmBCPo15EQ4qR0pZvHrqiH/uZy5HqC54FeQ7PoWNV73+cQc/it9nRcZ77ZsW27JHgLDgTqICJ6r756XZjnHISKcyQlB3HTpSXIaEoZiQvu6kkCcID1CMdjRHiRHrZ6KYc7munC8NY6BcpOHJ/T2SISznkge4sNpXTtcL8r9ZJVXjmZTRKUkUiPP4oTBlUMSwCgl0qCFZsqAFhQfWuEPeRQFjpGMs6BGf65FloVi1H8/VJpXYxiaMEdsEeOAAOOAU1cAXqoAEweABP4AW8Go/Gs/FmvI9b54zJzA74I+PjG88RnhY=</latexit><latexit sha1_base64="tbxvX230sUl4prhVNcfj3Aggh3A=">AAACE3icbZDLSsNAFIYnXmu9RV26GSyCCIakCroRim5cVrAXaGKYTCft0JkkzEyEEuIzuPFV3LhQxK0bd76Nk7aCtv4w8PGfc5hz/iBhVCrb/jLm5hcWl5ZLK+XVtfWNTXNruynjVGDSwDGLRTtAkjAakYaiipF2IgjiASOtYHBZ1Ft3REgaRzdqmBCPo15EQ4qR0pZvHrqiH/uZy5HqC54FeQ7PoWNV73+cQc/it9nRcZ77ZsW27JHgLDgTqICJ6r756XZjnHISKcyQlB3HTpSXIaEoZiQvu6kkCcID1CMdjRHiRHrZ6KYc7munC8NY6BcpOHJ/T2SISznkge4sNpXTtcL8r9ZJVXjmZTRKUkUiPP4oTBlUMSwCgl0qCFZsqAFhQfWuEPeRQFjpGMs6BGf65FloVi1H8/VJpXYxiaMEdsEeOAAOOAU1cAXqoAEweABP4AW8Go/Gs/FmvI9b54zJzA74I+PjG88RnhY=</latexit><latexit sha1_base64="tbxvX230sUl4prhVNcfj3Aggh3A=">AAACE3icbZDLSsNAFIYnXmu9RV26GSyCCIakCroRim5cVrAXaGKYTCft0JkkzEyEEuIzuPFV3LhQxK0bd76Nk7aCtv4w8PGfc5hz/iBhVCrb/jLm5hcWl5ZLK+XVtfWNTXNruynjVGDSwDGLRTtAkjAakYaiipF2IgjiASOtYHBZ1Ft3REgaRzdqmBCPo15EQ4qR0pZvHrqiH/uZy5HqC54FeQ7PoWNV73+cQc/it9nRcZ77ZsW27JHgLDgTqICJ6r756XZjnHISKcyQlB3HTpSXIaEoZiQvu6kkCcID1CMdjRHiRHrZ6KYc7munC8NY6BcpOHJ/T2SISznkge4sNpXTtcL8r9ZJVXjmZTRKUkUiPP4oTBlUMSwCgl0qCFZsqAFhQfWuEPeRQFjpGMs6BGf65FloVi1H8/VJpXYxiaMEdsEeOAAOOAU1cAXqoAEweABP4AW8Go/Gs/FmvI9b54zJzA74I+PjG88RnhY=</latexit>

Rb = 0.5 mm
<latexit sha1_base64="yNbcJ0h4ZF+R+pCUx6umBlr2KNU=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXJVEFN0IRTcuq9gLtCFMppN26MwkzEyEEuLSja/ixoUibn0Dd76NkzaCtv4w8PGfc5hz/iBmVGnH+bJKC4tLyyvl1cra+sbmlr2901JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GF3m9fYdkYpG4laPY+JxNBA0pBhpY/k2vPHTHkd6KHkaZBk8h07t5P7H4Tzz7apTcyaC8+AWUAWFGr792etHOOFEaMyQUl3XibWXIqkpZiSr9BJFYoRHaEC6BgXiRHnp5JIMHhinD8NImic0nLi/J1LElRrzwHTmK6rZWm7+V+smOjzzUiriRBOBpx+FCYM6gnkssE8lwZqNDSAsqdkV4iGSCGsTXsWE4M6ePA+to5pr+Pq4Wr8o4iiDPbAPDoELTkEdXIEGaAIMHsATeAGv1qP1bL1Z79PWklXM7II/sj6+AVVEmhg=</latexit><latexit sha1_base64="yNbcJ0h4ZF+R+pCUx6umBlr2KNU=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXJVEFN0IRTcuq9gLtCFMppN26MwkzEyEEuLSja/ixoUibn0Dd76NkzaCtv4w8PGfc5hz/iBmVGnH+bJKC4tLyyvl1cra+sbmlr2901JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GF3m9fYdkYpG4laPY+JxNBA0pBhpY/k2vPHTHkd6KHkaZBk8h07t5P7H4Tzz7apTcyaC8+AWUAWFGr792etHOOFEaMyQUl3XibWXIqkpZiSr9BJFYoRHaEC6BgXiRHnp5JIMHhinD8NImic0nLi/J1LElRrzwHTmK6rZWm7+V+smOjzzUiriRBOBpx+FCYM6gnkssE8lwZqNDSAsqdkV4iGSCGsTXsWE4M6ePA+to5pr+Pq4Wr8o4iiDPbAPDoELTkEdXIEGaAIMHsATeAGv1qP1bL1Z79PWklXM7II/sj6+AVVEmhg=</latexit><latexit sha1_base64="yNbcJ0h4ZF+R+pCUx6umBlr2KNU=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXJVEFN0IRTcuq9gLtCFMppN26MwkzEyEEuLSja/ixoUibn0Dd76NkzaCtv4w8PGfc5hz/iBmVGnH+bJKC4tLyyvl1cra+sbmlr2901JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GF3m9fYdkYpG4laPY+JxNBA0pBhpY/k2vPHTHkd6KHkaZBk8h07t5P7H4Tzz7apTcyaC8+AWUAWFGr792etHOOFEaMyQUl3XibWXIqkpZiSr9BJFYoRHaEC6BgXiRHnp5JIMHhinD8NImic0nLi/J1LElRrzwHTmK6rZWm7+V+smOjzzUiriRBOBpx+FCYM6gnkssE8lwZqNDSAsqdkV4iGSCGsTXsWE4M6ePA+to5pr+Pq4Wr8o4iiDPbAPDoELTkEdXIEGaAIMHsATeAGv1qP1bL1Z79PWklXM7II/sj6+AVVEmhg=</latexit><latexit sha1_base64="yNbcJ0h4ZF+R+pCUx6umBlr2KNU=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXJVEFN0IRTcuq9gLtCFMppN26MwkzEyEEuLSja/ixoUibn0Dd76NkzaCtv4w8PGfc5hz/iBmVGnH+bJKC4tLyyvl1cra+sbmlr2901JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GF3m9fYdkYpG4laPY+JxNBA0pBhpY/k2vPHTHkd6KHkaZBk8h07t5P7H4Tzz7apTcyaC8+AWUAWFGr792etHOOFEaMyQUl3XibWXIqkpZiSr9BJFYoRHaEC6BgXiRHnp5JIMHhinD8NImic0nLi/J1LElRrzwHTmK6rZWm7+V+smOjzzUiriRBOBpx+FCYM6gnkssE8lwZqNDSAsqdkV4iGSCGsTXsWE4M6ePA+to5pr+Pq4Wr8o4iiDPbAPDoELTkEdXIEGaAIMHsATeAGv1qP1bL1Z79PWklXM7II/sj6+AVVEmhg=</latexit>

pw = 1x105 Pa
<latexit sha1_base64="m45lUctH03wlS6HFA8SyUkvAxto=">AAACF3icbVDLSgMxFM34rPU16tJNsAiuyowouhGKblxWsA9oxyGTZtrQJDMkGbUM41e48VfcuFDEre78GzN9gLYeCJyccy/33hPEjCrtON/W3PzC4tJyYaW4ura+sWlvbddVlEhMajhikWwGSBFGBalpqhlpxpIgHjDSCPoXud+4JVLRSFzrQUw8jrqChhQjbSTfLsd+2uZI9yRP77IMnkF38r3PXOcmPc4eJkIVZb5dcsrOEHCWuGNSAmNUffur3YlwwonQmCGlWq4Tay9FUlPMSFZsJ4rECPdRl7QMFYgT5aXDuzK4b5QODCNpntBwqP7uSBFXasADU5mvqKa9XPzPayU6PPVSKuJEE4FHg8KEQR3BPCTYoZJgzQaGICyp2RXiHpIIaxNl0YTgTp88S+qHZdfwq6NS5XwcRwHsgj1wAFxwAirgElRBDWDwCJ7BK3iznqwX6936GJXOWeOeHfAH1ucPMCagjQ==</latexit><latexit sha1_base64="m45lUctH03wlS6HFA8SyUkvAxto=">AAACF3icbVDLSgMxFM34rPU16tJNsAiuyowouhGKblxWsA9oxyGTZtrQJDMkGbUM41e48VfcuFDEre78GzN9gLYeCJyccy/33hPEjCrtON/W3PzC4tJyYaW4ura+sWlvbddVlEhMajhikWwGSBFGBalpqhlpxpIgHjDSCPoXud+4JVLRSFzrQUw8jrqChhQjbSTfLsd+2uZI9yRP77IMnkF38r3PXOcmPc4eJkIVZb5dcsrOEHCWuGNSAmNUffur3YlwwonQmCGlWq4Tay9FUlPMSFZsJ4rECPdRl7QMFYgT5aXDuzK4b5QODCNpntBwqP7uSBFXasADU5mvqKa9XPzPayU6PPVSKuJEE4FHg8KEQR3BPCTYoZJgzQaGICyp2RXiHpIIaxNl0YTgTp88S+qHZdfwq6NS5XwcRwHsgj1wAFxwAirgElRBDWDwCJ7BK3iznqwX6936GJXOWeOeHfAH1ucPMCagjQ==</latexit><latexit sha1_base64="m45lUctH03wlS6HFA8SyUkvAxto=">AAACF3icbVDLSgMxFM34rPU16tJNsAiuyowouhGKblxWsA9oxyGTZtrQJDMkGbUM41e48VfcuFDEre78GzN9gLYeCJyccy/33hPEjCrtON/W3PzC4tJyYaW4ura+sWlvbddVlEhMajhikWwGSBFGBalpqhlpxpIgHjDSCPoXud+4JVLRSFzrQUw8jrqChhQjbSTfLsd+2uZI9yRP77IMnkF38r3PXOcmPc4eJkIVZb5dcsrOEHCWuGNSAmNUffur3YlwwonQmCGlWq4Tay9FUlPMSFZsJ4rECPdRl7QMFYgT5aXDuzK4b5QODCNpntBwqP7uSBFXasADU5mvqKa9XPzPayU6PPVSKuJEE4FHg8KEQR3BPCTYoZJgzQaGICyp2RXiHpIIaxNl0YTgTp88S+qHZdfwq6NS5XwcRwHsgj1wAFxwAirgElRBDWDwCJ7BK3iznqwX6936GJXOWeOeHfAH1ucPMCagjQ==</latexit><latexit sha1_base64="m45lUctH03wlS6HFA8SyUkvAxto=">AAACF3icbVDLSgMxFM34rPU16tJNsAiuyowouhGKblxWsA9oxyGTZtrQJDMkGbUM41e48VfcuFDEre78GzN9gLYeCJyccy/33hPEjCrtON/W3PzC4tJyYaW4ura+sWlvbddVlEhMajhikWwGSBFGBalpqhlpxpIgHjDSCPoXud+4JVLRSFzrQUw8jrqChhQjbSTfLsd+2uZI9yRP77IMnkF38r3PXOcmPc4eJkIVZb5dcsrOEHCWuGNSAmNUffur3YlwwonQmCGlWq4Tay9FUlPMSFZsJ4rECPdRl7QMFYgT5aXDuzK4b5QODCNpntBwqP7uSBFXasADU5mvqKa9XPzPayU6PPVSKuJEE4FHg8KEQR3BPCTYoZJgzQaGICyp2RXiHpIIaxNl0YTgTp88S+qHZdfwq6NS5XwcRwHsgj1wAFxwAirgElRBDWDwCJ7BK3iznqwX6936GJXOWeOeHfAH1ucPMCagjQ==</latexit>

ps = 500x105 Pa
<latexit sha1_base64="9BPFF3AnnBflyREmEithxHxJvlY=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyyCq5IRi26EohuXFewF2jpk0kwbmswMSUYsw/gYbnwVNy4Ucakr38ZMOwVt/SHw851zyDm/F3GmNELf1sLi0vLKamGtuL6xubVt7+w2VBhLQusk5KFseVhRzgJa10xz2ookxcLjtOkNL7N6845KxcLgRo8i2hW4HzCfEawNcm0UuUlHYD2QIlFpCs9hBaEpuE8ddJtU0ocpqOHUtUuojMaC88bJTQnkqrn2Z6cXkljQQBOOlWo7KNLdBEvNCKdpsRMrGmEyxH3aNjbAgqpuMr4shYeG9KAfSvMCDcf090SChVIj4ZnObEU1W8vgf7V2rP2zbsKCKNY0IJOP/JhDHcIsJthjkhLNR8ZgIpnZFZIBlphoE2bRhODMnjxvGsdlx/jrk1L1Io+jAPbBATgCDjgFVXAFaqAOCHgEz+AVvFlP1ov1bn1MWhesfGYP/JH19QMkm6EB</latexit><latexit sha1_base64="9BPFF3AnnBflyREmEithxHxJvlY=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyyCq5IRi26EohuXFewF2jpk0kwbmswMSUYsw/gYbnwVNy4Ucakr38ZMOwVt/SHw851zyDm/F3GmNELf1sLi0vLKamGtuL6xubVt7+w2VBhLQusk5KFseVhRzgJa10xz2ookxcLjtOkNL7N6845KxcLgRo8i2hW4HzCfEawNcm0UuUlHYD2QIlFpCs9hBaEpuE8ddJtU0ocpqOHUtUuojMaC88bJTQnkqrn2Z6cXkljQQBOOlWo7KNLdBEvNCKdpsRMrGmEyxH3aNjbAgqpuMr4shYeG9KAfSvMCDcf090SChVIj4ZnObEU1W8vgf7V2rP2zbsKCKNY0IJOP/JhDHcIsJthjkhLNR8ZgIpnZFZIBlphoE2bRhODMnjxvGsdlx/jrk1L1Io+jAPbBATgCDjgFVXAFaqAOCHgEz+AVvFlP1ov1bn1MWhesfGYP/JH19QMkm6EB</latexit><latexit sha1_base64="9BPFF3AnnBflyREmEithxHxJvlY=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyyCq5IRi26EohuXFewF2jpk0kwbmswMSUYsw/gYbnwVNy4Ucakr38ZMOwVt/SHw851zyDm/F3GmNELf1sLi0vLKamGtuL6xubVt7+w2VBhLQusk5KFseVhRzgJa10xz2ookxcLjtOkNL7N6845KxcLgRo8i2hW4HzCfEawNcm0UuUlHYD2QIlFpCs9hBaEpuE8ddJtU0ocpqOHUtUuojMaC88bJTQnkqrn2Z6cXkljQQBOOlWo7KNLdBEvNCKdpsRMrGmEyxH3aNjbAgqpuMr4shYeG9KAfSvMCDcf090SChVIj4ZnObEU1W8vgf7V2rP2zbsKCKNY0IJOP/JhDHcIsJthjkhLNR8ZgIpnZFZIBlphoE2bRhODMnjxvGsdlx/jrk1L1Io+jAPbBATgCDjgFVXAFaqAOCHgEz+AVvFlP1ov1bn1MWhesfGYP/JH19QMkm6EB</latexit><latexit sha1_base64="9BPFF3AnnBflyREmEithxHxJvlY=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyyCq5IRi26EohuXFewF2jpk0kwbmswMSUYsw/gYbnwVNy4Ucakr38ZMOwVt/SHw851zyDm/F3GmNELf1sLi0vLKamGtuL6xubVt7+w2VBhLQusk5KFseVhRzgJa10xz2ookxcLjtOkNL7N6845KxcLgRo8i2hW4HzCfEawNcm0UuUlHYD2QIlFpCs9hBaEpuE8ddJtU0ocpqOHUtUuojMaC88bJTQnkqrn2Z6cXkljQQBOOlWo7KNLdBEvNCKdpsRMrGmEyxH3aNjbAgqpuMr4shYeG9KAfSvMCDcf090SChVIj4ZnObEU1W8vgf7V2rP2zbsKCKNY0IJOP/JhDHcIsJthjkhLNR8ZgIpnZFZIBlphoE2bRhODMnjxvGsdlx/jrk1L1Io+jAPbBATgCDjgFVXAFaqAOCHgEz+AVvFlP1ov1bn1MWhesfGYP/JH19QMkm6EB</latexit>

⇢s = 1018.31 kg.m�3
<latexit sha1_base64="RdQs8AUEQwJ15fkBTrJDYxBYNVA=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCG0NiBbsRim5cVrAXaGKYTKft0JkkzEyEEuJTuPFV3LhQxK3ufBsnbQRt/WHg4z/nMOf8QcyoVLb9ZSwsLi2vrJbWyusbm1vb5s5uS0aJwKSJIxaJToAkYTQkTUUVI51YEMQDRtrB6DKvt++IkDQKb9Q4Jh5Hg5D2KUZKW75puWIY+anLkRoKnsosg+fQsZ2aVXXuf9zRwOK36XE1y3yzYlv2RHAenAIqoFDDNz/dXoQTTkKFGZKy69ix8lIkFMWMZGU3kSRGeIQGpKsxRJxIL53clcFD7fRgPxL6hQpO3N8TKeJSjnmgO/NN5WwtN/+rdRPVr3kpDeNEkRBPP+onDKoI5iHBHhUEKzbWgLCgeleIh0ggrHSUZR2CM3vyPLROLEfz9WmlflHEUQL74AAcAQecgTq4Ag3QBBg8gCfwAl6NR+PZeDPep60LRjGzB/7I+PgG5YCfGg==</latexit><latexit sha1_base64="RdQs8AUEQwJ15fkBTrJDYxBYNVA=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCG0NiBbsRim5cVrAXaGKYTKft0JkkzEyEEuJTuPFV3LhQxK3ufBsnbQRt/WHg4z/nMOf8QcyoVLb9ZSwsLi2vrJbWyusbm1vb5s5uS0aJwKSJIxaJToAkYTQkTUUVI51YEMQDRtrB6DKvt++IkDQKb9Q4Jh5Hg5D2KUZKW75puWIY+anLkRoKnsosg+fQsZ2aVXXuf9zRwOK36XE1y3yzYlv2RHAenAIqoFDDNz/dXoQTTkKFGZKy69ix8lIkFMWMZGU3kSRGeIQGpKsxRJxIL53clcFD7fRgPxL6hQpO3N8TKeJSjnmgO/NN5WwtN/+rdRPVr3kpDeNEkRBPP+onDKoI5iHBHhUEKzbWgLCgeleIh0ggrHSUZR2CM3vyPLROLEfz9WmlflHEUQL74AAcAQecgTq4Ag3QBBg8gCfwAl6NR+PZeDPep60LRjGzB/7I+PgG5YCfGg==</latexit><latexit sha1_base64="RdQs8AUEQwJ15fkBTrJDYxBYNVA=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCG0NiBbsRim5cVrAXaGKYTKft0JkkzEyEEuJTuPFV3LhQxK3ufBsnbQRt/WHg4z/nMOf8QcyoVLb9ZSwsLi2vrJbWyusbm1vb5s5uS0aJwKSJIxaJToAkYTQkTUUVI51YEMQDRtrB6DKvt++IkDQKb9Q4Jh5Hg5D2KUZKW75puWIY+anLkRoKnsosg+fQsZ2aVXXuf9zRwOK36XE1y3yzYlv2RHAenAIqoFDDNz/dXoQTTkKFGZKy69ix8lIkFMWMZGU3kSRGeIQGpKsxRJxIL53clcFD7fRgPxL6hQpO3N8TKeJSjnmgO/NN5WwtN/+rdRPVr3kpDeNEkRBPP+onDKoI5iHBHhUEKzbWgLCgeleIh0ggrHSUZR2CM3vyPLROLEfz9WmlflHEUQL74AAcAQecgTq4Ag3QBBg8gCfwAl6NR+PZeDPep60LRjGzB/7I+PgG5YCfGg==</latexit><latexit sha1_base64="RdQs8AUEQwJ15fkBTrJDYxBYNVA=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCG0NiBbsRim5cVrAXaGKYTKft0JkkzEyEEuJTuPFV3LhQxK3ufBsnbQRt/WHg4z/nMOf8QcyoVLb9ZSwsLi2vrJbWyusbm1vb5s5uS0aJwKSJIxaJToAkYTQkTUUVI51YEMQDRtrB6DKvt++IkDQKb9Q4Jh5Hg5D2KUZKW75puWIY+anLkRoKnsosg+fQsZ2aVXXuf9zRwOK36XE1y3yzYlv2RHAenAIqoFDDNz/dXoQTTkKFGZKy69ix8lIkFMWMZGU3kSRGeIQGpKsxRJxIL53clcFD7fRgPxL6hQpO3N8TKeJSjnmgO/NN5WwtN/+rdRPVr3kpDeNEkRBPP+onDKoI5iHBHhUEKzbWgLCgeleIh0ggrHSUZR2CM3vyPLROLEfz9WmlflHEUQL74AAcAQecgTq4Ag3QBBg8gCfwAl6NR+PZeDPep60LRjGzB/7I+PgG5YCfGg==</latexit>

us = �29.95 m.s�1
<latexit sha1_base64="RPVHqC2gg/4tDE9WrNVWb9XT0As=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIuugwUxTtQii6cVnBXqCtQybNtKFJZkgyQhnGV3Djq7hxoYhbV+58G9OLoK0/BD7+cw455/cjRpV2nC8rs7C4tLySXc2trW9sbuW3d+oqjCUmNRyyUDZ9pAijgtQ01Yw0I0kQ9xlp+IPLUb1xR6SiobjRw4h0OOoJGlCMtLG8/FHsJW2OdF/yRKUpPIfFUtkun9z/mNxWt0nRTVMvX3BsZyw4D+4UCmCqqpf/bHdDHHMiNGZIqZbrRLqTIKkpZiTNtWNFIoQHqEdaBgXiRHWS8UkpPDBOFwahNE9oOHZ/TySIKzXkvukcLapmayPzv1or1sFZJ6EiijURePJREDOoQzjKB3apJFizoQGEJTW7QtxHEmFtUsyZENzZk+ehXrJdw9fHhcrFNI4s2AP74BC44BRUwBWoghrA4AE8gRfwaj1az9ab9T5pzVjTmV3wR9bHN0AlnS8=</latexit><latexit sha1_base64="RPVHqC2gg/4tDE9WrNVWb9XT0As=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIuugwUxTtQii6cVnBXqCtQybNtKFJZkgyQhnGV3Djq7hxoYhbV+58G9OLoK0/BD7+cw455/cjRpV2nC8rs7C4tLySXc2trW9sbuW3d+oqjCUmNRyyUDZ9pAijgtQ01Yw0I0kQ9xlp+IPLUb1xR6SiobjRw4h0OOoJGlCMtLG8/FHsJW2OdF/yRKUpPIfFUtkun9z/mNxWt0nRTVMvX3BsZyw4D+4UCmCqqpf/bHdDHHMiNGZIqZbrRLqTIKkpZiTNtWNFIoQHqEdaBgXiRHWS8UkpPDBOFwahNE9oOHZ/TySIKzXkvukcLapmayPzv1or1sFZJ6EiijURePJREDOoQzjKB3apJFizoQGEJTW7QtxHEmFtUsyZENzZk+ehXrJdw9fHhcrFNI4s2AP74BC44BRUwBWoghrA4AE8gRfwaj1az9ab9T5pzVjTmV3wR9bHN0AlnS8=</latexit><latexit sha1_base64="RPVHqC2gg/4tDE9WrNVWb9XT0As=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIuugwUxTtQii6cVnBXqCtQybNtKFJZkgyQhnGV3Djq7hxoYhbV+58G9OLoK0/BD7+cw455/cjRpV2nC8rs7C4tLySXc2trW9sbuW3d+oqjCUmNRyyUDZ9pAijgtQ01Yw0I0kQ9xlp+IPLUb1xR6SiobjRw4h0OOoJGlCMtLG8/FHsJW2OdF/yRKUpPIfFUtkun9z/mNxWt0nRTVMvX3BsZyw4D+4UCmCqqpf/bHdDHHMiNGZIqZbrRLqTIKkpZiTNtWNFIoQHqEdaBgXiRHWS8UkpPDBOFwahNE9oOHZ/TySIKzXkvukcLapmayPzv1or1sFZJ6EiijURePJREDOoQzjKB3apJFizoQGEJTW7QtxHEmFtUsyZENzZk+ehXrJdw9fHhcrFNI4s2AP74BC44BRUwBWoghrA4AE8gRfwaj1az9ab9T5pzVjTmV3wR9bHN0AlnS8=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="2qxTD9jdp+8rcYWlabTUeq8Xrlw=">AAACB3icbZDLSgMxGIX/qbdaq45u3QSLoIuWmYJoF4LgxmUFe4F2HDJp2oYmM0OSEcowvoIbX8WNC0V8A3e+jelF0NYDgY9zEvL/J4g5U9pxvqzcyura+kZ+s7BV3N7ZtfeKTRUlktAGiXgk2wFWlLOQNjTTnLZjSbEIOG0Fo6tJ3rqnUrEovNXjmHoCD0LWZwRrY/n2SeKnXYH1UIpUZRm6QOVqrVI7ffgxRUXdpWU3y3y75FScqdAyuHMowVx13/7s9iKSCBpqwrFSHdeJtZdiqRnhNCt0E0VjTEZ4QDsGQyyo8tLpShk6Mk4P9SNpTqjR1P39IsVCqbEIzM3JoGoxm5j/ZZ1E98+9lIVxomlIZh/1E450hCb9oB6TlGg+NoCJZGZWRIZYYqJNiwVTgru48jI0qxXX8I0DeTiAQzgGF87gEq6hDg0g8AjP8Apv1pP1Yr3P6spZ89724Y+sj2+Ay5uy</latexit><latexit sha1_base64="2qxTD9jdp+8rcYWlabTUeq8Xrlw=">AAACB3icbZDLSgMxGIX/qbdaq45u3QSLoIuWmYJoF4LgxmUFe4F2HDJp2oYmM0OSEcowvoIbX8WNC0V8A3e+jelF0NYDgY9zEvL/J4g5U9pxvqzcyura+kZ+s7BV3N7ZtfeKTRUlktAGiXgk2wFWlLOQNjTTnLZjSbEIOG0Fo6tJ3rqnUrEovNXjmHoCD0LWZwRrY/n2SeKnXYH1UIpUZRm6QOVqrVI7ffgxRUXdpWU3y3y75FScqdAyuHMowVx13/7s9iKSCBpqwrFSHdeJtZdiqRnhNCt0E0VjTEZ4QDsGQyyo8tLpShk6Mk4P9SNpTqjR1P39IsVCqbEIzM3JoGoxm5j/ZZ1E98+9lIVxomlIZh/1E450hCb9oB6TlGg+NoCJZGZWRIZYYqJNiwVTgru48jI0qxXX8I0DeTiAQzgGF87gEq6hDg0g8AjP8Apv1pP1Yr3P6spZ89724Y+sj2+Ay5uy</latexit><latexit sha1_base64="Eq7CZ1kv8pOMLPHW9Y3NmnBnY6c=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCLlqSgmgXQtGNywr2Am0Mk+mkHTqThJmJUEJ8BTe+ihsXirh15c63cdJG0NYfBj7+cw5zzu9FjEplWV/GwuLS8spqYa24vrG5tW3u7LZkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y0us3r7jghJw+BGjSPicDQIqE8xUtpyzePYTXocqaHgiUxTeA7L1VqldnL/Y/KKvE3Kdpq6ZsmqWBPBebBzKIFcDdf87PVDHHMSKMyQlF3bipSTIKEoZiQt9mJJIoRHaEC6GgPEiXSSyUkpPNROH/qh0C9QcOL+nkgQl3LMPd2ZLSpna5n5X60bK//MSWgQxYoEePqRHzOoQpjlA/tUEKzYWAPCgupdIR4igbDSKRZ1CPbsyfPQqlZszddWqX6Rx1EA++AAHAEbnII6uAIN0AQYPIAn8AJejUfj2Xgz3qetC0Y+swf+yPj4Bj7lnSs=</latexit><latexit sha1_base64="RPVHqC2gg/4tDE9WrNVWb9XT0As=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIuugwUxTtQii6cVnBXqCtQybNtKFJZkgyQhnGV3Djq7hxoYhbV+58G9OLoK0/BD7+cw455/cjRpV2nC8rs7C4tLySXc2trW9sbuW3d+oqjCUmNRyyUDZ9pAijgtQ01Yw0I0kQ9xlp+IPLUb1xR6SiobjRw4h0OOoJGlCMtLG8/FHsJW2OdF/yRKUpPIfFUtkun9z/mNxWt0nRTVMvX3BsZyw4D+4UCmCqqpf/bHdDHHMiNGZIqZbrRLqTIKkpZiTNtWNFIoQHqEdaBgXiRHWS8UkpPDBOFwahNE9oOHZ/TySIKzXkvukcLapmayPzv1or1sFZJ6EiijURePJREDOoQzjKB3apJFizoQGEJTW7QtxHEmFtUsyZENzZk+ehXrJdw9fHhcrFNI4s2AP74BC44BRUwBWoghrA4AE8gRfwaj1az9ab9T5pzVjTmV3wR9bHN0AlnS8=</latexit><latexit sha1_base64="RPVHqC2gg/4tDE9WrNVWb9XT0As=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIuugwUxTtQii6cVnBXqCtQybNtKFJZkgyQhnGV3Djq7hxoYhbV+58G9OLoK0/BD7+cw455/cjRpV2nC8rs7C4tLySXc2trW9sbuW3d+oqjCUmNRyyUDZ9pAijgtQ01Yw0I0kQ9xlp+IPLUb1xR6SiobjRw4h0OOoJGlCMtLG8/FHsJW2OdF/yRKUpPIfFUtkun9z/mNxWt0nRTVMvX3BsZyw4D+4UCmCqqpf/bHdDHHMiNGZIqZbrRLqTIKkpZiTNtWNFIoQHqEdaBgXiRHWS8UkpPDBOFwahNE9oOHZ/TySIKzXkvukcLapmayPzv1or1sFZJ6EiijURePJREDOoQzjKB3apJFizoQGEJTW7QtxHEmFtUsyZENzZk+ehXrJdw9fHhcrFNI4s2AP74BC44BRUwBWoghrA4AE8gRfwaj1az9ab9T5pzVjTmV3wR9bHN0AlnS8=</latexit><latexit sha1_base64="RPVHqC2gg/4tDE9WrNVWb9XT0As=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIuugwUxTtQii6cVnBXqCtQybNtKFJZkgyQhnGV3Djq7hxoYhbV+58G9OLoK0/BD7+cw455/cjRpV2nC8rs7C4tLySXc2trW9sbuW3d+oqjCUmNRyyUDZ9pAijgtQ01Yw0I0kQ9xlp+IPLUb1xR6SiobjRw4h0OOoJGlCMtLG8/FHsJW2OdF/yRKUpPIfFUtkun9z/mNxWt0nRTVMvX3BsZyw4D+4UCmCqqpf/bHdDHHMiNGZIqZbrRLqTIKkpZiTNtWNFIoQHqEdaBgXiRHWS8UkpPDBOFwahNE9oOHZ/TySIKzXkvukcLapmayPzv1or1sFZJ6EiijURePJREDOoQzjKB3apJFizoQGEJTW7QtxHEmFtUsyZENzZk+ehXrJdw9fHhcrFNI4s2AP74BC44BRUwBWoghrA4AE8gRfwaj1az9ab9T5pzVjTmV3wR9bHN0AlnS8=</latexit><latexit sha1_base64="RPVHqC2gg/4tDE9WrNVWb9XT0As=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIuugwUxTtQii6cVnBXqCtQybNtKFJZkgyQhnGV3Djq7hxoYhbV+58G9OLoK0/BD7+cw455/cjRpV2nC8rs7C4tLySXc2trW9sbuW3d+oqjCUmNRyyUDZ9pAijgtQ01Yw0I0kQ9xlp+IPLUb1xR6SiobjRw4h0OOoJGlCMtLG8/FHsJW2OdF/yRKUpPIfFUtkun9z/mNxWt0nRTVMvX3BsZyw4D+4UCmCqqpf/bHdDHHMiNGZIqZbrRLqTIKkpZiTNtWNFIoQHqEdaBgXiRHWS8UkpPDBOFwahNE9oOHZ/TySIKzXkvukcLapmayPzv1or1sFZJ6EiijURePJREDOoQzjKB3apJFizoQGEJTW7QtxHEmFtUsyZENzZk+ehXrJdw9fHhcrFNI4s2AP74BC44BRUwBWoghrA4AE8gRfwaj1az9ab9T5pzVjTmV3wR9bHN0AlnS8=</latexit><latexit sha1_base64="RPVHqC2gg/4tDE9WrNVWb9XT0As=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIuugwUxTtQii6cVnBXqCtQybNtKFJZkgyQhnGV3Djq7hxoYhbV+58G9OLoK0/BD7+cw455/cjRpV2nC8rs7C4tLySXc2trW9sbuW3d+oqjCUmNRyyUDZ9pAijgtQ01Yw0I0kQ9xlp+IPLUb1xR6SiobjRw4h0OOoJGlCMtLG8/FHsJW2OdF/yRKUpPIfFUtkun9z/mNxWt0nRTVMvX3BsZyw4D+4UCmCqqpf/bHdDHHMiNGZIqZbrRLqTIKkpZiTNtWNFIoQHqEdaBgXiRHWS8UkpPDBOFwahNE9oOHZ/TySIKzXkvukcLapmayPzv1or1sFZJ6EiijURePJREDOoQzjKB3apJFizoQGEJTW7QtxHEmFtUsyZENzZk+ehXrJdw9fHhcrFNI4s2AP74BC44BRUwBWoghrA4AE8gRfwaj1az9ab9T5pzVjTmV3wR9bHN0AlnS8=</latexit><latexit sha1_base64="RPVHqC2gg/4tDE9WrNVWb9XT0As=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIuugwUxTtQii6cVnBXqCtQybNtKFJZkgyQhnGV3Djq7hxoYhbV+58G9OLoK0/BD7+cw455/cjRpV2nC8rs7C4tLySXc2trW9sbuW3d+oqjCUmNRyyUDZ9pAijgtQ01Yw0I0kQ9xlp+IPLUb1xR6SiobjRw4h0OOoJGlCMtLG8/FHsJW2OdF/yRKUpPIfFUtkun9z/mNxWt0nRTVMvX3BsZyw4D+4UCmCqqpf/bHdDHHMiNGZIqZbrRLqTIKkpZiTNtWNFIoQHqEdaBgXiRHWS8UkpPDBOFwahNE9oOHZ/TySIKzXkvukcLapmayPzv1or1sFZJ6EiijURePJREDOoQzjKB3apJFizoQGEJTW7QtxHEmFtUsyZENzZk+ehXrJdw9fHhcrFNI4s2AP74BC44BRUwBWoghrA4AE8gRfwaj1az9ab9T5pzVjTmV3wR9bHN0AlnS8=</latexit>

vs = 0 m.s�1
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Figure 21: Initial configuration of the test case of the shock-induced bubble collapse near a wall.

The model used is the same than for the spherical-bubble-collapse test case of Section 6.1.
The mesh initially presents, in each direction, 100 cells between 0 mm and 2 mm and then it
is stretched over 32 cells, with an aspect ratio of 1.1 between each cell, until it reaches 6 mm.
AMR is used with 4 levels of refinement and thus allows to obtain an effective resolution
of 400 cells per initial bubble radius. An example of the mesh at the initialization and at
time t = 0.5125 µs is shown in Figure 22 for a simulation using 24 cores. We recall that
in addition to the AMR, the THINC interface-sharpening method is used and that within
the version 1.0 of ECOGEN, AMR parallel balancing is not present. The latter is going to be
available within the next public version.
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Figure 22: Meshes for the test case of the shock-induced bubble collapse near a wall. Top, left picture shows
the full domain at the initialization with the apparent stretched mesh. Top, right picture shows a magnified
view of the initial mesh at the location of the bubble and of the shock. Bottom picture shows a magnified
view around the bubble at time t = 0.5125 µs. In the last two pictures, different level of refinement are
observable. Colors either change for cores or levels of refinement.

In Figure 23 are shown results of the simulation for different times. On the upper half of
each picture is shown the pressure field, while the lower half shows the velocity magnitude.
Logarithmic color bars are used to allow visualization of the different physical phenomena
appearing at different scales. The pressure and velocity fields are overlaid by the volume
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fraction of gas shown in black and white, with an opacity function to render translucent
surfaces. The black shows regions of high gas content. The opaqueness decreases with volume
fraction until the gas volume fraction is zero (100% liquid) depicted as 100% transparent.

One can observe the initial shock propagating from the right to the left and crossing
the bubble. The shock is then reflected on the wall to cross another time the bubble. The
bubble progressively collapses in a non-spherical manner. A jet to the wall is produced by
the bubble, accompanied by a shock wave of locally stronger amplitude than the initial one.
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0.625 µs
<latexit sha1_base64="AHNP0nOo0XQF/yMvehva+Su4tCM=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpvpZFNy4r2Ac0oUym03boTBJmJkIN1V9x40IRt/6HO//GSZuFth4YOJxzL/fMCWLOlHacb6uwtLyyulZcL21sbm3v2Lt7TRUlktAGiXgk2wFWlLOQNjTTnLZjSbEIOG0Fo+vMb91TqVgU3ulxTH2BByHrM4K1kbr2gVM5r549egLroRSpJxKkJl277FScKdAicXNShhz1rv3l9SKSCBpqwrFSHdeJtZ9iqRnhdFLyEkVjTEZ4QDuGhlhQ5afT9BN0bJQe6kfSvFCjqfp7I8VCqbEIzGSWUs17mfif10l0/9JPWRgnmoZkdqifcKQjlFWBekxSovnYEEwkM1kRGWKJiTaFlUwJ7vyXF0mzWnENvz0t167yOopwCEdwAi5cQA1uoA4NIPAAz/AKb9aT9WK9Wx+z0YKV7+zDH1ifP3t+lJo=</latexit><latexit sha1_base64="AHNP0nOo0XQF/yMvehva+Su4tCM=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpvpZFNy4r2Ac0oUym03boTBJmJkIN1V9x40IRt/6HO//GSZuFth4YOJxzL/fMCWLOlHacb6uwtLyyulZcL21sbm3v2Lt7TRUlktAGiXgk2wFWlLOQNjTTnLZjSbEIOG0Fo+vMb91TqVgU3ulxTH2BByHrM4K1kbr2gVM5r549egLroRSpJxKkJl277FScKdAicXNShhz1rv3l9SKSCBpqwrFSHdeJtZ9iqRnhdFLyEkVjTEZ4QDuGhlhQ5afT9BN0bJQe6kfSvFCjqfp7I8VCqbEIzGSWUs17mfif10l0/9JPWRgnmoZkdqifcKQjlFWBekxSovnYEEwkM1kRGWKJiTaFlUwJ7vyXF0mzWnENvz0t167yOopwCEdwAi5cQA1uoA4NIPAAz/AKb9aT9WK9Wx+z0YKV7+zDH1ifP3t+lJo=</latexit><latexit sha1_base64="AHNP0nOo0XQF/yMvehva+Su4tCM=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpvpZFNy4r2Ac0oUym03boTBJmJkIN1V9x40IRt/6HO//GSZuFth4YOJxzL/fMCWLOlHacb6uwtLyyulZcL21sbm3v2Lt7TRUlktAGiXgk2wFWlLOQNjTTnLZjSbEIOG0Fo+vMb91TqVgU3ulxTH2BByHrM4K1kbr2gVM5r549egLroRSpJxKkJl277FScKdAicXNShhz1rv3l9SKSCBpqwrFSHdeJtZ9iqRnhdFLyEkVjTEZ4QDuGhlhQ5afT9BN0bJQe6kfSvFCjqfp7I8VCqbEIzGSWUs17mfif10l0/9JPWRgnmoZkdqifcKQjlFWBekxSovnYEEwkM1kRGWKJiTaFlUwJ7vyXF0mzWnENvz0t167yOopwCEdwAi5cQA1uoA4NIPAAz/AKb9aT9WK9Wx+z0YKV7+zDH1ifP3t+lJo=</latexit><latexit sha1_base64="AHNP0nOo0XQF/yMvehva+Su4tCM=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpvpZFNy4r2Ac0oUym03boTBJmJkIN1V9x40IRt/6HO//GSZuFth4YOJxzL/fMCWLOlHacb6uwtLyyulZcL21sbm3v2Lt7TRUlktAGiXgk2wFWlLOQNjTTnLZjSbEIOG0Fo+vMb91TqVgU3ulxTH2BByHrM4K1kbr2gVM5r549egLroRSpJxKkJl277FScKdAicXNShhz1rv3l9SKSCBpqwrFSHdeJtZ9iqRnhdFLyEkVjTEZ4QDuGhlhQ5afT9BN0bJQe6kfSvFCjqfp7I8VCqbEIzGSWUs17mfif10l0/9JPWRgnmoZkdqifcKQjlFWBekxSovnYEEwkM1kRGWKJiTaFlUwJ7vyXF0mzWnENvz0t167yOopwCEdwAi5cQA1uoA4NIPAAz/AKb9aT9WK9Wx+z0YKV7+zDH1ifP3t+lJo=</latexit>

0.937 µs
<latexit sha1_base64="SBwxI6o7Y8S3VICL9BPcq90PB7w=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyVRoborunFZwT6gCWUynbZDZ5IwMxFqqP6KGxeKuPU/3Pk3TtostPXAwOGce7lnThBzprTjfFuFpeWV1bXiemljc2t7x97da6ookYQ2SMQj2Q6wopyFtKGZ5rQdS4pFwGkrGF1nfuueSsWi8E6PY+oLPAhZnxGsjdS1D5zK5Vn10RNYD6VIPZEgNenaZafiTIEWiZuTMuSod+0vrxeRRNBQE46V6rhOrP0US80Ip5OSlygaYzLCA9oxNMSCKj+dpp+gY6P0UD+S5oUaTdXfGykWSo1FYCazlGrey8T/vE6i+xd+ysI40TQks0P9hCMdoawK1GOSEs3HhmAimcmKyBBLTLQprGRKcOe/vEiapxXX8Nvzcu0qr6MIh3AEJ+BCFWpwA3VoAIEHeIZXeLOerBfr3fqYjRasfGcf/sD6/AGE95Sg</latexit><latexit sha1_base64="SBwxI6o7Y8S3VICL9BPcq90PB7w=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyVRoborunFZwT6gCWUynbZDZ5IwMxFqqP6KGxeKuPU/3Pk3TtostPXAwOGce7lnThBzprTjfFuFpeWV1bXiemljc2t7x97da6ookYQ2SMQj2Q6wopyFtKGZ5rQdS4pFwGkrGF1nfuueSsWi8E6PY+oLPAhZnxGsjdS1D5zK5Vn10RNYD6VIPZEgNenaZafiTIEWiZuTMuSod+0vrxeRRNBQE46V6rhOrP0US80Ip5OSlygaYzLCA9oxNMSCKj+dpp+gY6P0UD+S5oUaTdXfGykWSo1FYCazlGrey8T/vE6i+xd+ysI40TQks0P9hCMdoawK1GOSEs3HhmAimcmKyBBLTLQprGRKcOe/vEiapxXX8Nvzcu0qr6MIh3AEJ+BCFWpwA3VoAIEHeIZXeLOerBfr3fqYjRasfGcf/sD6/AGE95Sg</latexit><latexit sha1_base64="SBwxI6o7Y8S3VICL9BPcq90PB7w=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyVRoborunFZwT6gCWUynbZDZ5IwMxFqqP6KGxeKuPU/3Pk3TtostPXAwOGce7lnThBzprTjfFuFpeWV1bXiemljc2t7x97da6ookYQ2SMQj2Q6wopyFtKGZ5rQdS4pFwGkrGF1nfuueSsWi8E6PY+oLPAhZnxGsjdS1D5zK5Vn10RNYD6VIPZEgNenaZafiTIEWiZuTMuSod+0vrxeRRNBQE46V6rhOrP0US80Ip5OSlygaYzLCA9oxNMSCKj+dpp+gY6P0UD+S5oUaTdXfGykWSo1FYCazlGrey8T/vE6i+xd+ysI40TQks0P9hCMdoawK1GOSEs3HhmAimcmKyBBLTLQprGRKcOe/vEiapxXX8Nvzcu0qr6MIh3AEJ+BCFWpwA3VoAIEHeIZXeLOerBfr3fqYjRasfGcf/sD6/AGE95Sg</latexit><latexit sha1_base64="SBwxI6o7Y8S3VICL9BPcq90PB7w=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyVRoborunFZwT6gCWUynbZDZ5IwMxFqqP6KGxeKuPU/3Pk3TtostPXAwOGce7lnThBzprTjfFuFpeWV1bXiemljc2t7x97da6ookYQ2SMQj2Q6wopyFtKGZ5rQdS4pFwGkrGF1nfuueSsWi8E6PY+oLPAhZnxGsjdS1D5zK5Vn10RNYD6VIPZEgNenaZafiTIEWiZuTMuSod+0vrxeRRNBQE46V6rhOrP0US80Ip5OSlygaYzLCA9oxNMSCKj+dpp+gY6P0UD+S5oUaTdXfGykWSo1FYCazlGrey8T/vE6i+xd+ysI40TQks0P9hCMdoawK1GOSEs3HhmAimcmKyBBLTLQprGRKcOe/vEiapxXX8Nvzcu0qr6MIh3AEJ+BCFWpwA3VoAIEHeIZXeLOerBfr3fqYjRasfGcf/sD6/AGE95Sg</latexit>

1.562 µs
<latexit sha1_base64="sBZvMCcMoJCv4/TrQlihgsNVLfk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpvpZFNy4r2Ac0oUym03boTBJmJkIN1V9x40IRt/6HO//GSZuFth4YOJxzL/fMCWLOlHacb6uwtLyyulZcL21sbm3v2Lt7TRUlktAGiXgk2wFWlLOQNjTTnLZjSbEIOG0Fo+vMb91TqVgU3ulxTH2BByHrM4K1kbr2gVs5O68+egLroRSpJxKkJl277FScKdAicXNShhz1rv3l9SKSCBpqwrFSHdeJtZ9iqRnhdFLyEkVjTEZ4QDuGhlhQ5afT9BN0bJQe6kfSvFCjqfp7I8VCqbEIzGSWUs17mfif10l0/9JPWRgnmoZkdqifcKQjlFWBekxSovnYEEwkM1kRGWKJiTaFlUwJ7vyXF0mzWnENvz0t167yOopwCEdwAi5cQA1uoA4NIPAAz/AKb9aT9WK9Wx+z0YKV7+zDH1ifP30XlJs=</latexit><latexit sha1_base64="sBZvMCcMoJCv4/TrQlihgsNVLfk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpvpZFNy4r2Ac0oUym03boTBJmJkIN1V9x40IRt/6HO//GSZuFth4YOJxzL/fMCWLOlHacb6uwtLyyulZcL21sbm3v2Lt7TRUlktAGiXgk2wFWlLOQNjTTnLZjSbEIOG0Fo+vMb91TqVgU3ulxTH2BByHrM4K1kbr2gVs5O68+egLroRSpJxKkJl277FScKdAicXNShhz1rv3l9SKSCBpqwrFSHdeJtZ9iqRnhdFLyEkVjTEZ4QDuGhlhQ5afT9BN0bJQe6kfSvFCjqfp7I8VCqbEIzGSWUs17mfif10l0/9JPWRgnmoZkdqifcKQjlFWBekxSovnYEEwkM1kRGWKJiTaFlUwJ7vyXF0mzWnENvz0t167yOopwCEdwAi5cQA1uoA4NIPAAz/AKb9aT9WK9Wx+z0YKV7+zDH1ifP30XlJs=</latexit><latexit sha1_base64="sBZvMCcMoJCv4/TrQlihgsNVLfk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpvpZFNy4r2Ac0oUym03boTBJmJkIN1V9x40IRt/6HO//GSZuFth4YOJxzL/fMCWLOlHacb6uwtLyyulZcL21sbm3v2Lt7TRUlktAGiXgk2wFWlLOQNjTTnLZjSbEIOG0Fo+vMb91TqVgU3ulxTH2BByHrM4K1kbr2gVs5O68+egLroRSpJxKkJl277FScKdAicXNShhz1rv3l9SKSCBpqwrFSHdeJtZ9iqRnhdFLyEkVjTEZ4QDuGhlhQ5afT9BN0bJQe6kfSvFCjqfp7I8VCqbEIzGSWUs17mfif10l0/9JPWRgnmoZkdqifcKQjlFWBekxSovnYEEwkM1kRGWKJiTaFlUwJ7vyXF0mzWnENvz0t167yOopwCEdwAi5cQA1uoA4NIPAAz/AKb9aT9WK9Wx+z0YKV7+zDH1ifP30XlJs=</latexit><latexit sha1_base64="sBZvMCcMoJCv4/TrQlihgsNVLfk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpvpZFNy4r2Ac0oUym03boTBJmJkIN1V9x40IRt/6HO//GSZuFth4YOJxzL/fMCWLOlHacb6uwtLyyulZcL21sbm3v2Lt7TRUlktAGiXgk2wFWlLOQNjTTnLZjSbEIOG0Fo+vMb91TqVgU3ulxTH2BByHrM4K1kbr2gVs5O68+egLroRSpJxKkJl277FScKdAicXNShhz1rv3l9SKSCBpqwrFSHdeJtZ9iqRnhdFLyEkVjTEZ4QDuGhlhQ5afT9BN0bJQe6kfSvFCjqfp7I8VCqbEIzGSWUs17mfif10l0/9JPWRgnmoZkdqifcKQjlFWBekxSovnYEEwkM1kRGWKJiTaFlUwJ7vyXF0mzWnENvz0t167yOopwCEdwAi5cQA1uoA4NIPAAz/AKb9aT9WK9Wx+z0YKV7+zDH1ifP30XlJs=</latexit>

2.012 µs
<latexit sha1_base64="6PyyYhLdbcUrzKNbweesmyPi5Zo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpgi6LblxWsA9oQplMJ+3QmSTMTIQaqr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpZXVtfaO8Wdna3tnds/cP2ipOJaEtEvNYdgOsKGcRbWmmOe0mkmIRcNoJxte537mnUrE4utOThPoCDyMWMoK1kfr2Ub3muPVHT2A9kiLzRIrUtG9XnZozA1ombkGqUKDZt7+8QUxSQSNNOFaq5zqJ9jMsNSOcTiteqmiCyRgPac/QCAuq/GyWfopOjTJAYSzNizSaqb83MiyUmojATOYp1aKXi/95vVSHl37GoiTVNCLzQ2HKkY5RXgUaMEmJ5hNDMJHMZEVkhCUm2hRWMSW4i19eJu16zTX89rzauCrqKMMxnMAZuHABDbiBJrSAwAM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AG7hlJI=</latexit><latexit sha1_base64="6PyyYhLdbcUrzKNbweesmyPi5Zo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpgi6LblxWsA9oQplMJ+3QmSTMTIQaqr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpZXVtfaO8Wdna3tnds/cP2ipOJaEtEvNYdgOsKGcRbWmmOe0mkmIRcNoJxte537mnUrE4utOThPoCDyMWMoK1kfr2Ub3muPVHT2A9kiLzRIrUtG9XnZozA1ombkGqUKDZt7+8QUxSQSNNOFaq5zqJ9jMsNSOcTiteqmiCyRgPac/QCAuq/GyWfopOjTJAYSzNizSaqb83MiyUmojATOYp1aKXi/95vVSHl37GoiTVNCLzQ2HKkY5RXgUaMEmJ5hNDMJHMZEVkhCUm2hRWMSW4i19eJu16zTX89rzauCrqKMMxnMAZuHABDbiBJrSAwAM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AG7hlJI=</latexit><latexit sha1_base64="6PyyYhLdbcUrzKNbweesmyPi5Zo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpgi6LblxWsA9oQplMJ+3QmSTMTIQaqr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpZXVtfaO8Wdna3tnds/cP2ipOJaEtEvNYdgOsKGcRbWmmOe0mkmIRcNoJxte537mnUrE4utOThPoCDyMWMoK1kfr2Ub3muPVHT2A9kiLzRIrUtG9XnZozA1ombkGqUKDZt7+8QUxSQSNNOFaq5zqJ9jMsNSOcTiteqmiCyRgPac/QCAuq/GyWfopOjTJAYSzNizSaqb83MiyUmojATOYp1aKXi/95vVSHl37GoiTVNCLzQ2HKkY5RXgUaMEmJ5hNDMJHMZEVkhCUm2hRWMSW4i19eJu16zTX89rzauCrqKMMxnMAZuHABDbiBJrSAwAM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AG7hlJI=</latexit><latexit sha1_base64="6PyyYhLdbcUrzKNbweesmyPi5Zo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpgi6LblxWsA9oQplMJ+3QmSTMTIQaqr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpZXVtfaO8Wdna3tnds/cP2ipOJaEtEvNYdgOsKGcRbWmmOe0mkmIRcNoJxte537mnUrE4utOThPoCDyMWMoK1kfr2Ub3muPVHT2A9kiLzRIrUtG9XnZozA1ombkGqUKDZt7+8QUxSQSNNOFaq5zqJ9jMsNSOcTiteqmiCyRgPac/QCAuq/GyWfopOjTJAYSzNizSaqb83MiyUmojATOYp1aKXi/95vVSHl37GoiTVNCLzQ2HKkY5RXgUaMEmJ5hNDMJHMZEVkhCUm2hRWMSW4i19eJu16zTX89rzauCrqKMMxnMAZuHABDbiBJrSAwAM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AG7hlJI=</latexit>

2.075 µs
<latexit sha1_base64="lt2PXlO6RRV6BEEQhU+WzjY30jI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpSl0W3bisYB/QhjKZTtqhM0mYmQg1VH/FjQtF3Pof7vwbJ20W2npg4HDOvdwzx485U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFSUSEKbJOKR7PhYUc5C2tRMc9qJJcXC57Ttj68zv31PpWJReKcnMfUEHoYsYARrI/Xto2rFqV089gTWIynSnkiQmvbtslNxZkDLxM1JGXI0+vZXbxCRRNBQE46V6rpOrL0US80Ip9NSL1E0xmSMh7RraIgFVV46Sz9Fp0YZoCCS5oUazdTfGykWSk2EbyazlGrRy8T/vG6ig0svZWGcaBqS+aEg4UhHKKsCDZikRPOJIZhIZrIiMsISE20KK5kS3MUvL5NWteIafnterl/ldRThGE7gDFyoQR1uoAFNIPAAz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP30SlJs=</latexit><latexit sha1_base64="lt2PXlO6RRV6BEEQhU+WzjY30jI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpSl0W3bisYB/QhjKZTtqhM0mYmQg1VH/FjQtF3Pof7vwbJ20W2npg4HDOvdwzx485U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFSUSEKbJOKR7PhYUc5C2tRMc9qJJcXC57Ttj68zv31PpWJReKcnMfUEHoYsYARrI/Xto2rFqV089gTWIynSnkiQmvbtslNxZkDLxM1JGXI0+vZXbxCRRNBQE46V6rpOrL0US80Ip9NSL1E0xmSMh7RraIgFVV46Sz9Fp0YZoCCS5oUazdTfGykWSk2EbyazlGrRy8T/vG6ig0svZWGcaBqS+aEg4UhHKKsCDZikRPOJIZhIZrIiMsISE20KK5kS3MUvL5NWteIafnterl/ldRThGE7gDFyoQR1uoAFNIPAAz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP30SlJs=</latexit><latexit sha1_base64="lt2PXlO6RRV6BEEQhU+WzjY30jI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpSl0W3bisYB/QhjKZTtqhM0mYmQg1VH/FjQtF3Pof7vwbJ20W2npg4HDOvdwzx485U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFSUSEKbJOKR7PhYUc5C2tRMc9qJJcXC57Ttj68zv31PpWJReKcnMfUEHoYsYARrI/Xto2rFqV089gTWIynSnkiQmvbtslNxZkDLxM1JGXI0+vZXbxCRRNBQE46V6rpOrL0US80Ip9NSL1E0xmSMh7RraIgFVV46Sz9Fp0YZoCCS5oUazdTfGykWSk2EbyazlGrRy8T/vG6ig0svZWGcaBqS+aEg4UhHKKsCDZikRPOJIZhIZrIiMsISE20KK5kS3MUvL5NWteIafnterl/ldRThGE7gDFyoQR1uoAFNIPAAz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP30SlJs=</latexit><latexit sha1_base64="lt2PXlO6RRV6BEEQhU+WzjY30jI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpSl0W3bisYB/QhjKZTtqhM0mYmQg1VH/FjQtF3Pof7vwbJ20W2npg4HDOvdwzx485U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFSUSEKbJOKR7PhYUc5C2tRMc9qJJcXC57Ttj68zv31PpWJReKcnMfUEHoYsYARrI/Xto2rFqV089gTWIynSnkiQmvbtslNxZkDLxM1JGXI0+vZXbxCRRNBQE46V6rpOrL0US80Ip9NSL1E0xmSMh7RraIgFVV46Sz9Fp0YZoCCS5oUazdTfGykWSk2EbyazlGrRy8T/vG6ig0svZWGcaBqS+aEg4UhHKKsCDZikRPOJIZhIZrIiMsISE20KK5kS3MUvL5NWteIafnterl/ldRThGE7gDFyoQR1uoAFNIPAAz/AKb9aT9WK9Wx/z0YKV7xzCH1ifP30SlJs=</latexit>

2.137 µs
<latexit sha1_base64="lkwGY7B+4EQnv0qZG5CFnhVuc4I=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq1GXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59eFZ1z2uPnsB6KEXmiRSpSc+uOFVnCrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+dk0/QSdGKWPwliaF2k0VX9vZFgoNRaBmcxTqnkvF//zuqkOL/2MRUmqaURmh8KUIx2jvArUZ5ISzceGYCKZyYrIEEtMtCmsbEpw57+8SFqmP8NvLyr1q6KOEhzBMZyCCzWoww00oAkEHuAZXuHNerJerHfrYza6ZBU7B/AH1ucPe32Umg==</latexit><latexit sha1_base64="lkwGY7B+4EQnv0qZG5CFnhVuc4I=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq1GXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59eFZ1z2uPnsB6KEXmiRSpSc+uOFVnCrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+dk0/QSdGKWPwliaF2k0VX9vZFgoNRaBmcxTqnkvF//zuqkOL/2MRUmqaURmh8KUIx2jvArUZ5ISzceGYCKZyYrIEEtMtCmsbEpw57+8SFqmP8NvLyr1q6KOEhzBMZyCCzWoww00oAkEHuAZXuHNerJerHfrYza6ZBU7B/AH1ucPe32Umg==</latexit><latexit sha1_base64="lkwGY7B+4EQnv0qZG5CFnhVuc4I=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq1GXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59eFZ1z2uPnsB6KEXmiRSpSc+uOFVnCrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+dk0/QSdGKWPwliaF2k0VX9vZFgoNRaBmcxTqnkvF//zuqkOL/2MRUmqaURmh8KUIx2jvArUZ5ISzceGYCKZyYrIEEtMtCmsbEpw57+8SFqmP8NvLyr1q6KOEhzBMZyCCzWoww00oAkEHuAZXuHNerJerHfrYza6ZBU7B/AH1ucPe32Umg==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="/7qq+yfBzp/S5HC5T8nJ5Ldw2Bc=">AAAB8nicbZDNSgMxFIXv1L9aq47izk2wCK7KjC7qUnDjsoL9gc5QMmmmDU0yQ5Ip1KH6Km5cKOLDuPNtzLRdaOuFwMc5CffkRCln2njet1Pa2Nza3invVvaq+weH7lG1rZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040vi38zoQqzRL5YKYpDQUeShYzgo2V+u7JZd2/ajwFApuREnkgMqRnfbfm1b35oHXwl1CD5TT77lcwSEgmqDSEY617vpeaMMfKMMLprBJkmqaYjPGQ9ixKLKgO83n6GTq3ygDFibJHGjRXf7/IsdB6KiJ7s0ipV71C/M/rZSa+DnMm08xQSRaL4owjk6CiCjRgihLDpxYwUcxmRWSEFSbGFlaxJfirX16Htu3P8r0HZTiFM7gAHxpwA3fQhBYQeIQXeIN359l5dT4WdZWcZW/H8Geczx8W05My</latexit><latexit sha1_base64="/7qq+yfBzp/S5HC5T8nJ5Ldw2Bc=">AAAB8nicbZDNSgMxFIXv1L9aq47izk2wCK7KjC7qUnDjsoL9gc5QMmmmDU0yQ5Ip1KH6Km5cKOLDuPNtzLRdaOuFwMc5CffkRCln2njet1Pa2Nza3invVvaq+weH7lG1rZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040vi38zoQqzRL5YKYpDQUeShYzgo2V+u7JZd2/ajwFApuREnkgMqRnfbfm1b35oHXwl1CD5TT77lcwSEgmqDSEY617vpeaMMfKMMLprBJkmqaYjPGQ9ixKLKgO83n6GTq3ygDFibJHGjRXf7/IsdB6KiJ7s0ipV71C/M/rZSa+DnMm08xQSRaL4owjk6CiCjRgihLDpxYwUcxmRWSEFSbGFlaxJfirX16Htu3P8r0HZTiFM7gAHxpwA3fQhBYQeIQXeIN359l5dT4WdZWcZW/H8Geczx8W05My</latexit><latexit sha1_base64="rnn7utaKqA31zl3tsnrbb9rrw4g=">AAAB/XicbVC7TsMwFL0pr1Je4bGxWFRITFUCQxkrWBiLRB9SE1WO67RW7SSyHaQSFX6FhQGEWPkPNv4Gp80ALUeydHTOvbrHJ0g4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFWcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjK9zv3NPpWJxdKcnCfUFHkYsZARrI/Xto/Oae1F/9ATWIykyT6RITft21ak5M6Bl4hakCgWaffvLG8QkFTTShGOleq6TaD/DUjPC6bTipYommIzxkPYMjbCgys9m6afo1CgDFMbSvEijmfp7I8NCqYkIzGSeUi16ufif10t1eOlnLEpSTSMyPxSmHOkY5VWgAZOUaD4xBBPJTFZERlhiok1hFVOCu/jlZdI2/Rl+61QbV0UdZTiGEzgDF+rQgBtoQgsIPMAzvMKb9WS9WO/Wx3y0ZBU7h/AH1ucPej2Ulg==</latexit><latexit sha1_base64="lkwGY7B+4EQnv0qZG5CFnhVuc4I=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq1GXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59eFZ1z2uPnsB6KEXmiRSpSc+uOFVnCrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+dk0/QSdGKWPwliaF2k0VX9vZFgoNRaBmcxTqnkvF//zuqkOL/2MRUmqaURmh8KUIx2jvArUZ5ISzceGYCKZyYrIEEtMtCmsbEpw57+8SFqmP8NvLyr1q6KOEhzBMZyCCzWoww00oAkEHuAZXuHNerJerHfrYza6ZBU7B/AH1ucPe32Umg==</latexit><latexit sha1_base64="lkwGY7B+4EQnv0qZG5CFnhVuc4I=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq1GXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59eFZ1z2uPnsB6KEXmiRSpSc+uOFVnCrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+dk0/QSdGKWPwliaF2k0VX9vZFgoNRaBmcxTqnkvF//zuqkOL/2MRUmqaURmh8KUIx2jvArUZ5ISzceGYCKZyYrIEEtMtCmsbEpw57+8SFqmP8NvLyr1q6KOEhzBMZyCCzWoww00oAkEHuAZXuHNerJerHfrYza6ZBU7B/AH1ucPe32Umg==</latexit><latexit sha1_base64="lkwGY7B+4EQnv0qZG5CFnhVuc4I=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq1GXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59eFZ1z2uPnsB6KEXmiRSpSc+uOFVnCrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+dk0/QSdGKWPwliaF2k0VX9vZFgoNRaBmcxTqnkvF//zuqkOL/2MRUmqaURmh8KUIx2jvArUZ5ISzceGYCKZyYrIEEtMtCmsbEpw57+8SFqmP8NvLyr1q6KOEhzBMZyCCzWoww00oAkEHuAZXuHNerJerHfrYza6ZBU7B/AH1ucPe32Umg==</latexit><latexit sha1_base64="lkwGY7B+4EQnv0qZG5CFnhVuc4I=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq1GXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59eFZ1z2uPnsB6KEXmiRSpSc+uOFVnCrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+dk0/QSdGKWPwliaF2k0VX9vZFgoNRaBmcxTqnkvF//zuqkOL/2MRUmqaURmh8KUIx2jvArUZ5ISzceGYCKZyYrIEEtMtCmsbEpw57+8SFqmP8NvLyr1q6KOEhzBMZyCCzWoww00oAkEHuAZXuHNerJerHfrYza6ZBU7B/AH1ucPe32Umg==</latexit><latexit sha1_base64="lkwGY7B+4EQnv0qZG5CFnhVuc4I=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq1GXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59eFZ1z2uPnsB6KEXmiRSpSc+uOFVnCrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+dk0/QSdGKWPwliaF2k0VX9vZFgoNRaBmcxTqnkvF//zuqkOL/2MRUmqaURmh8KUIx2jvArUZ5ISzceGYCKZyYrIEEtMtCmsbEpw57+8SFqmP8NvLyr1q6KOEhzBMZyCCzWoww00oAkEHuAZXuHNerJerHfrYza6ZBU7B/AH1ucPe32Umg==</latexit><latexit sha1_base64="lkwGY7B+4EQnv0qZG5CFnhVuc4I=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq1GXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59eFZ1z2uPnsB6KEXmiRSpSc+uOFVnCrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+dk0/QSdGKWPwliaF2k0VX9vZFgoNRaBmcxTqnkvF//zuqkOL/2MRUmqaURmh8KUIx2jvArUZ5ISzceGYCKZyYrIEEtMtCmsbEpw57+8SFqmP8NvLyr1q6KOEhzBMZyCCzWoww00oAkEHuAZXuHNerJerHfrYza6ZBU7B/AH1ucPe32Umg==</latexit>

2.250 µs
<latexit sha1_base64="q6Mo2c0KrTV0YQkCZgGP16AvPOY=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRF0WXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59WKvWzp1HT2A9lCLzRIrUpGdXnKozBVokbkEqUKDRs7+8fkxSQSNNOFaq6zqJ9jMsNSOcTspeqmiCyQgPaNfQCAuq/GyafoJOjNJHYSzNizSaqr83MiyUGovATOYp1byXi/953VSHl37GoiTVNCKzQ2HKkY5RXgXqM0mJ5mNDMJHMZEVkiCUm2hRWNiW4819eJK1a1TX89qxSvyrqKMERHMMpuHABdbiBBjSBwAM8wyu8WU/Wi/VufcxGl6xi5wD+wPr8AXU1lJY=</latexit><latexit sha1_base64="q6Mo2c0KrTV0YQkCZgGP16AvPOY=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRF0WXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59WKvWzp1HT2A9lCLzRIrUpGdXnKozBVokbkEqUKDRs7+8fkxSQSNNOFaq6zqJ9jMsNSOcTspeqmiCyQgPaNfQCAuq/GyafoJOjNJHYSzNizSaqr83MiyUGovATOYp1byXi/953VSHl37GoiTVNCKzQ2HKkY5RXgXqM0mJ5mNDMJHMZEVkiCUm2hRWNiW4819eJK1a1TX89qxSvyrqKMERHMMpuHABdbiBBjSBwAM8wyu8WU/Wi/VufcxGl6xi5wD+wPr8AXU1lJY=</latexit><latexit sha1_base64="q6Mo2c0KrTV0YQkCZgGP16AvPOY=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRF0WXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59WKvWzp1HT2A9lCLzRIrUpGdXnKozBVokbkEqUKDRs7+8fkxSQSNNOFaq6zqJ9jMsNSOcTspeqmiCyQgPaNfQCAuq/GyafoJOjNJHYSzNizSaqr83MiyUGovATOYp1byXi/953VSHl37GoiTVNCKzQ2HKkY5RXgXqM0mJ5mNDMJHMZEVkiCUm2hRWNiW4819eJK1a1TX89qxSvyrqKMERHMMpuHABdbiBBjSBwAM8wyu8WU/Wi/VufcxGl6xi5wD+wPr8AXU1lJY=</latexit><latexit sha1_base64="q6Mo2c0KrTV0YQkCZgGP16AvPOY=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRF0WXRjcsK9gFNKJPppB06k4SZiVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1zgoQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut++pVCyO7vQ4ob7Ag4iFjGBtpJ59WKvWzp1HT2A9lCLzRIrUpGdXnKozBVokbkEqUKDRs7+8fkxSQSNNOFaq6zqJ9jMsNSOcTspeqmiCyQgPaNfQCAuq/GyafoJOjNJHYSzNizSaqr83MiyUGovATOYp1byXi/953VSHl37GoiTVNCKzQ2HKkY5RXgXqM0mJ5mNDMJHMZEVkiCUm2hRWNiW4819eJK1a1TX89qxSvyrqKMERHMMpuHABdbiBBjSBwAM8wyu8WU/Wi/VufcxGl6xi5wD+wPr8AXU1lJY=</latexit>

2.200 µs
<latexit sha1_base64="ObJNdu+k8tMa8JDhAlT5BIaeajY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpgi6LblxWsA9oQplMJ+3QmSTMTIQaqr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpZXVtfaO8Wdna3tnds/cP2ipOJaEtEvNYdgOsKGcRbWmmOe0mkmIRcNoJxte537mnUrE4utOThPoCDyMWMoK1kfr2Ub1Wd5xHT2A9kiLzRIrUtG9XnZozA1ombkGqUKDZt7+8QUxSQSNNOFaq5zqJ9jMsNSOcTiteqmiCyRgPac/QCAuq/GyWfopOjTJAYSzNizSaqb83MiyUmojATOYp1aKXi/95vVSHl37GoiTVNCLzQ2HKkY5RXgUaMEmJ5hNDMJHMZEVkhCUm2hRWMSW4i19eJu16zTX89rzauCrqKMMxnMAZuHABDbiBJrSAwAM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AG1RlJE=</latexit><latexit sha1_base64="ObJNdu+k8tMa8JDhAlT5BIaeajY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpgi6LblxWsA9oQplMJ+3QmSTMTIQaqr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpZXVtfaO8Wdna3tnds/cP2ipOJaEtEvNYdgOsKGcRbWmmOe0mkmIRcNoJxte537mnUrE4utOThPoCDyMWMoK1kfr2Ub1Wd5xHT2A9kiLzRIrUtG9XnZozA1ombkGqUKDZt7+8QUxSQSNNOFaq5zqJ9jMsNSOcTiteqmiCyRgPac/QCAuq/GyWfopOjTJAYSzNizSaqb83MiyUmojATOYp1aKXi/95vVSHl37GoiTVNCLzQ2HKkY5RXgUaMEmJ5hNDMJHMZEVkhCUm2hRWMSW4i19eJu16zTX89rzauCrqKMMxnMAZuHABDbiBJrSAwAM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AG1RlJE=</latexit><latexit sha1_base64="ObJNdu+k8tMa8JDhAlT5BIaeajY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpgi6LblxWsA9oQplMJ+3QmSTMTIQaqr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpZXVtfaO8Wdna3tnds/cP2ipOJaEtEvNYdgOsKGcRbWmmOe0mkmIRcNoJxte537mnUrE4utOThPoCDyMWMoK1kfr2Ub1Wd5xHT2A9kiLzRIrUtG9XnZozA1ombkGqUKDZt7+8QUxSQSNNOFaq5zqJ9jMsNSOcTiteqmiCyRgPac/QCAuq/GyWfopOjTJAYSzNizSaqb83MiyUmojATOYp1aKXi/95vVSHl37GoiTVNCLzQ2HKkY5RXgUaMEmJ5hNDMJHMZEVkhCUm2hRWMSW4i19eJu16zTX89rzauCrqKMMxnMAZuHABDbiBJrSAwAM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AG1RlJE=</latexit><latexit sha1_base64="ObJNdu+k8tMa8JDhAlT5BIaeajY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpgi6LblxWsA9oQplMJ+3QmSTMTIQaqr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpZXVtfaO8Wdna3tnds/cP2ipOJaEtEvNYdgOsKGcRbWmmOe0mkmIRcNoJxte537mnUrE4utOThPoCDyMWMoK1kfr2Ub1Wd5xHT2A9kiLzRIrUtG9XnZozA1ombkGqUKDZt7+8QUxSQSNNOFaq5zqJ9jMsNSOcTiteqmiCyRgPac/QCAuq/GyWfopOjTJAYSzNizSaqb83MiyUmojATOYp1aKXi/95vVSHl37GoiTVNCLzQ2HKkY5RXgUaMEmJ5hNDMJHMZEVkhCUm2hRWMSW4i19eJu16zTX89rzauCrqKMMxnMAZuHABDbiBJrSAwAM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AG1RlJE=</latexit>

2.375 µs
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Figure 23: Results at different times for the test case of the shock-induced bubble collapse near a wall.
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7.3. 3D pump rotor with cavitation

A 3D pump rotor is simulated using the simplified geometry presented in Figure 24. A
liquid is entering from an annular inflow zone represented by a red color in (b) and considered
as a tank boundary condition in the simulation. The pump rotor is equipped with 16 blades
and is rotating at 1500 rpm around Z-axis. The fluid is exiting the pump rotor from an
annular outflow zone at imposed pressure represented by a white color. The pressure ratio
between outlet and tank is rp = 0.25.
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Figure 24: Views of the 3D pump rotor geometry. White and red annular zones in (b) represent fluid outflow
and inflow, respectively. The mesh surfaces are visible in (c). It is composed with 227,062 tetrahedrons and
96,172 triangles. Mesh colors represent the core decomposition (24 cores here).

The model solved here is similar to those solved in Petitpas et al. [19] in the limit
of a two-phase flow model taking into account the effect of phase change. As a rotating
flow is simulated, the model is written in the rotating reference frame with a constant
angular velocity ω corresponding to the rotor angular velocity. Thus, the model contains
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the centrifugal and Coriolis accelerations:

∂α1

∂t
+ u · ∇α1 = K∇ · u +KthH(T2 − T1) +Kchν(ε2 − ε1),

∂α1ρ1

∂t
+∇ · (α1ρ1u) = ρν(ε2 − ε1),

∂α2ρ2

∂t
+∇ · (α2ρ2u) = −ρν(ε2 − ε1),

∂ρu

∂t
+∇ · (ρu⊗ u + pI) = −2ρω ∧ u− ρω ∧ ω ∧ x,

∂ρE

∂t
+∇ · ((ρE + p) u) = −u · (ρω ∧ ω ∧ x) ,

(8)

where

Kth =
α1α2

α1ρ1s21 + α2ρ2s22

(
Γ1

α1

+
Γ2

α2

)
,

Kch = ρ

ρ1s
2
1

α1

+
ρ2s

2
2

α2

s21
α1

+
s22
α2

.

Tk, Γk and εk are the temperature, the Grüneisen coefficient and the Gibbs free energy of
phase k, respectively. H and ν are relaxation coefficients for heat and mass transfers. This
complex model involves solving equations under conservative form and then complementing
them with non-conservative, source and relaxation terms as described in Section 5. The
parameters of the stiffened-gas liquid and ideal-gas vapor are presented in Table 1 [19].

EOS parameters γ π∞ (Pa) cv (J/(kg.K)) eref (J/kg) Sref (J/kg)
Liquid 2.45 1.06x108 695 −2.8x103 0
Vapor 1.47 0 530 6.9x103 −9.2x103

Table 1: Equation-of-state parameters for the 3D pump rotor test.

Simulation results are presented in Figure 25 when a pseudo steady state is obtained.
In (a) and (b) are shown velocity vectors colored by the magnitude of the mixture velocity
to observe the rotational phenomenon and colored by the pressure, respectively. While the
volume fraction of vapor is represented in (c) where one observes that decreasing pressure
produces cavitation pockets filled with vapor along blades.

8. Code performance

ECOGEN’s performance is tested regarding parallel scaling for AMR and non-AMR meth-
ods and single-node, time-to-solution comparison to another recent open-source code, here
MFC [54].
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(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>

(c)
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Figure 25: Simulation results at pseudo steady state for the 3D pump rotor geometry (1500 rpm). Velocity
vectors colored by velocity magnitude (a) and pressure (b), and field of vapor volume fraction (c) are
represented. In the latter, cavitation pockets are observed.

8.1. Parallel performance

The parallel scaling is presented herein through the strong and weak speedups:

Speedupstrong =
T1

Tk
C1, (9)

Speedupweak =
T1

Tk
Ck, (10)

where T is the computational wall time of the total simulation and C corresponds to the
number of cores. Subscripts 1 and k refer to the base and the current simulations, respec-
tively. Here, the base simulation uses a single node of 24 cores (C1 = 24). The strong scaling
uses the same total number of cells for each case, while the weak scaling adapts this number
to correspond to an ideal constant time-to-solution, e.g. 1000 cells for 1 node and 2000 for 2.
One can note that performing a weak scaling configuration when using AMR is challenging.
Therefore, only the strong configuration for AMR is presented in the following.

Figure 26 shows ECOGEN’s scaling in four different configurations, all starting with a single
node. The non-AMR scaling (Cartesian) was performed on the Comet supercomputer from
the San Diego Supercomputer Center for both the weak and strong configurations and on a
small portion of the 3D, water-droplet-breakup test case of Section 6.2. The AMR scaling
was also performed on Comet but on a 3D, bubble-dynamics test case involving a shock-
wave interaction with three successive gas bubbles [26]. The latter was done for two AMR
configurations: One with a maximum refinement level of lmax = 2 and another with lmax = 3.
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The non-AMR method shows for both configurations good scaling performances: Close to
perfectly linear until about a 1000 cores where the performance decreases of a few percent
from the ideal solution. Concerning the AMR method, one can note that even if adaptive
parallel load balancing is not present in the code yet, the algorithm is performing reasonably
well and the trend seems to stay approximately constant until about a few hundred cores.
The speedup gives slightly better results for the cases with lmax = 2 than the ones with
lmax = 3. On average, the speedup factor when increasing the number of cores by two is 1.76
and 1.72 for lmax = 2 and 3, respectively, instead of an ideal factor of 2. The latter and the
fact that the present AMR version of the code doesn’t perform well for a high number of
cores are explained by the lack of the previously mentioned adaptive parallel load balancing.
Improved speedup for AMR is thus expecting in future versions of the code.

Figure 26: Speedup function of the number of cores. Four configurations are presented: Two non-AMR
(strong and weak scaling) and two AMR (lmax = 2 and lmax = 3, both strong scaling).

8.2. Single-node performance

ECOGEN’s time-to-solutions on a single node for 3D, spherical-bubble-collapse test cases
with a pressure ratio of p∞/pb = 10 and 1427 are compared to the ones performed by MFC

with its third- and fifth-order WENO methods. Initial conditions and simulation details are
specified in [55]. Non-AMR (Cartesian) method is used for ECOGEN. For this comparison, the
simulations are performed on a personal cluster where a single node also has 24 cores.

Table 2 shows the different time-to-solutions and we observe for the lower pressure ratio
a factor 2.10 and 6.19 of better performance in favor of ECOGEN in comparison to MFC’s
third- and fifth-order WENO, respectively. In the case of the higher pressure ratio, ECOGEN’s
relative performance gives even better results with a factor 5.43 and 12.99, respectively.
Those differences are mainly explained by the fact that the codes are using different methods
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(MUSCL and WENO) using different stencils and different CFL restrictions to maintain
stability. As additional information, one should note that the order of accuracy of the
method may not matter as much as expected for problems involving interfaces where first-
order is recovered [55].

Pressure ratio
Simulation’s time-to-solution (hour)

2nd-order ECOGEN 3rd-order MFC 5th-order MFC
p∞/pb = 10 11.93 25.09 73.84
p∞/pb = 1427 11.36 61.70 147.53

Table 2: ECOGEN’s and MFC’s single-node time-to-solutions for two test cases.

ECOGEN’s good performance are then demonstrated. One should note that these perfor-
mance tests are test-case dependent. However, the trend would be respected. Furthermore,
considering last developments, one should expect noteworthy performance improvements in
the next release version of the code.

9. Conclusion

The new open-source, computational-fluid-dynamics code ECOGEN has been presented. It
is a multi-model tool devoted to the simulation of multiphase, compressible, multiphysics
flows and the code is suited for strongly unsteady flows. The numerical solver of ECOGEN

is implemented in a flexible structure making the code able to compute such complex flows
on different kind of discretization grids (AMR, stretched and unstructured). Its numerical
implementation has been presented in details to help the enthusiastic developer to contribute
to this open-source project. Validation, parallel scalability and representative test cases have
been presented to show the tool abilities and to open the gate to future developments.

10. Metadata

The essential metadata of ECOGEN are summarized in Table 3.
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Nr. ECOGEN metadata description
C1 Current code version V1.0
C2 Permanent link to code/repository

used of this code version
https://github.com/code-mphi/

ECOGEN

C3 Legal Code License GNU General Public License 3
(http://www.gnu.org/licenses/
gpl.txt)

C4 Code versioning system used git
C5 Software code languages, tools, and

services used
C++ and XML

C6 Compilation requirements, operat-
ing environments & dependencies

C++ compiler with MPI library

C7 Link to developer documenta-
tion/manual

https://code-mphi.github.

io/ECOGEN/docs/sphinx_docs/

index.html

C8 Support email for questions ecogen@code-mphi.fr

Table 3: ECOGEN metadata.
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Figure 27: During the pressure relaxation process, volume occupied by phases in the cell may change.

Appendix: Physical-relaxation methods

Pressure relaxation

The procedure to constrain the pressures in a n-pressure model follows the lines of Pe-
titpas et al. [20] and can be schematized as in Figure 27. During the relaxation procedure,
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the following system is considered:

∀k, ∂αk
∂t

= ω(pk − p∗),

∀k, ∂αkρk
∂t

= 0,

∀k, ∂αkρkek
∂t

= −pIω(pk − p∗),
∂ρe

∂t
= 0,

(11)

where ek represents the internal energy of phase k. The mixture variables ρ and e are both
constant during the relaxation procedure. ω is a relaxation parameter and pI represents an
interfacial pressure. The pressure p∗ should be seen as a common target pressure. Those
terms do not need any explicit closure relations since the present relaxation procedure will
lead to an equilibrium pressure state for all phases. More sophisticated relaxation models can
be found in literature (e.g. [77]), but leads to solve the same relaxation procedure. Solving
System (11) in the limit ω → ∞ is equivalent to look for the solution of the following
algebraic system where superscript “0” stands for the initial disequilibrium state and “f”
for the final equilibrium state:

∀k, efk(pf , ρfk)− e0k(p0k, ρ0k) + pf (ρfk − ρ0k) = 0,∑
k

(αρ)0k

ρfk
= 1.

(12)

Solving this system to find the final equilibrium state “f” is strongly linked to the choice of
the equations of state. In ECOGEN, System (12) is solved in the general case using an iterative
Newton-Raphson method. Achievement of this relaxation procedure relies on the possibility
to reverse the first equation of System (12). The corresponding function ρ

relaxp
k (p) has to be

provided in the corresponding EOS classes. In the released version of ECOGEN, these functions
are provided for ideal-gas and stiffened-gas equations of state. Full details of this particular
pressure-relaxation procedure are available in [18, 20].

Pressure–Temperature relaxation

In a similar manner than for the pressure relaxation procedure, from an initial disequi-
librium state, one can obtain the corresponding Pressure–Temperature equilibrium state as
schematized in Figure 28.

Introducing mass fraction Yk and specific volume vk of phase k, conservation law during
the relaxation procedure for the isolated system imposes that v =

∑
k

Ykvk and e =
∑
k

Ykek

remain constant. The following algebraic system of equations is thus solved:∑
k

Y 0
k v

f
k (pf , T f ) = v0,∑

k

Y 0
k e

f
k(p

f , T f ) = e0,
(13)
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Phase	1	("10, 410, '10)
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Initial	disequilibrium state	“0”	

Figure 28: During the Pressure–Temperature relaxation process, the final state can only be obtain by
equilibrium assumptions.

with unknowns pf and T f . Solving System (13) is also strongly linked to the choice of the
equations of state.

Pressure–Temperature–Chemical potential relaxation

Relaxation to Pressure–Temperature–Chemical potential holds for a liquid–vapor mix-
ture in equilibrium. From an initial disequilibrium state, one can obtain the corresponding
Pressure–Temperature–Chemical potential equilibrium state as schematized in Figure 29.

Mixture	Liquid+Vapor
("3, 43 , '53, '6

3)

Vapor	phase	("50, 450, '50)

Liquid	phase	("60, 460, '60)

Pressure-Temperature-
Chemical	potential
relaxation	procedure

Final	state	at	thermodynamical
equilibrium “f”	

p,	T,	g

Initial	disequilibrium state	“0”	

Figure 29: During the Pressure–Temperature–Chemical potential relaxation process, the final state is a
mixture of liquid and its vapor at thermodynamical equilibrium.

Equilibrium assumptions coupled with conservation constraints of mass and energy for
the isolated system (cell) lead to the following algebraic system:

εfl (p
f , T f ) = ε0v(p

0, T 0),

Y f
l v

f
l (pf , T f ) + (1− Y f

l )vfv (pf , T f ) = v0,

Y f
l e

f
l (p

f , T f ) + (1− Y f
l )efv(p

f , T f ) = e0,

(14)

with unknowns pf , T f and Y f
l . The first equation of System (14) together with expressions

of the corresponding equations of state for liquid and vapor phases leads to the link between
saturated pressure and temperature T (p) = Tsat(psat). Solving System (14) is also strongly
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linked to the choice of the equations of state. In the released version of ECOGEN, the method
is implemented for a liquid and its vapor governed by the stiffened-gas EOS and the ideal-gas
EOS, respectively. A full description of the method can be found in Le Métayer et al. [77].
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