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Abstract

We prove here the uniform convergence of an AP scheme for the hyperbolic heat equation on conical
meshes. The proof we propose is inspired from [1], where the same result is proved for polygonal meshes.
We also give some geometrical results on conical meshes.
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1 Introduction

This work focuses on the properties of a numerical scheme that discretizes the following system, called the
P; system:

~ 1 ~
O E® + gdiv F =0,
~ 1_ -~ o = (1)
0F* + —-VE* = ——QFE.
€ €

where £ and o > 0 are positive constants. The space variable is x € R2 and the time variable is ¢ € Ry. The
unknowns of system (1) are the radiative energy F°(t,x) and the radiative flux F¢(¢,x) € R2. This system

is L? -stable:
d = on 2 =12
(L& [1Fr) <o

Moreover, as ¢ vanishes, the flux F¢ goes to 0 and E¢ converges toward the solution of the following diffusion
equation:

- 1 -
O E° — div <VEO> =0. (2)
g

This property can be derived using a standard Hilbert expansion. A rigorous proof is given in [1]. Lemma 1.1
below gives the details of this result. A numerical scheme that discretises system (1) which is consistent with
this diffusion limit is called asymptotic preserving (AP). Figure 1 illustrates this property.

e—0

>e B 50
P P

h—0 h—10

Figure 1: Definition of an AP scheme.

The space discretisation parameter is h, € > 0 reflects the convergence of the model P¢ (system (1)) toward
the limit model P? (equation (2)). A scheme P consistent with P¢ is said to be asymptotic preserving if
the scheme P,? computed in the limit £ — 0 is consistent with the limit model P°.

In this work, we study the AP scheme described in [2] for conical meshes and in [3] polygonal meshes. Our
purpose is to prove the uniform convergence of the scheme with respet to €. More precisely, we want to
prove an estimate of the form:

1P, — Pl < Ch, 3)

where || P — P¢|| represents the error between the numerical solution and the exact solution for a given e,
and 7 is a positive constant that does not depend on €. See Theorem 4.4 for the details of this result. In
order to prove 3), we adapt the work [1] to conical meshes. In that work, the authors proved (3) for n = 1/4
on polygonal meshes. We propose here a proof adapted to conical meshes and which is simpler, yet leading
to a rate of convergence of 7 = 1/6. Anyway, in practice, the rate of convergence is 1 (and 2 for the limit
scheme Pp).



The structure of the proof we propose is similar to the one of [1]. We first prove a naive estimate of

the form:
1 1 h
P p <oyt (1

The proof of (4) is given in Section 7. Then we derive another estimate using the triangle inequality:

I1P; = Pell < |[By; = Bol| + || 22 = PO + (| P° — P°

(5)

where:

° ||P§ — PSH is the error between the numerical solution for a given € and the solution computed with
the limit scheme,

° HP}? —PY H is the error between the numerical solution computed with the limit scheme and the exact
solution to (2),

o |P° — P¢|| is the difference between the exact solutions of (2) and (1).

We compute each term in the right hand side of (5) (see respectively Sections 6 and 5 and Lemma 1.1) and
end up with:

Pf—Pe|<C @+€+h+e>,
1Pf — P < ( =

thus leading to:

1Py — P€|<Cm1n< \ﬁﬁ-\/ﬁ%—h—i—s) (6)
(3)

Eventually, Lemma 1.2 gives the desired result (3) for n = 1/6.

Even though the structure of our proof is similar to the one of [1], we emphasize that it is simpler even
in the case of a polygonal scheme. Indeed, in [1], the authors introduced another scheme (namely the Dif-
fusion Approximation scheme DAS) which depends on h and € and for which they prove the convergence
toward P°. It comes down to writing:

|P; — P|| < ||P; — DAG || + || DA, — P°|| + || P° — P°]|.

Our proof does not need the introduction of an additional scheme and directly relies on the limit scheme
and model.

In order to make a clear distinction between the numerical and exact solution, we denote by (EE, FE) = (E , f‘)
the solution to (1), E° the solution to (2). The numerical solution is (E,F) (which depends on ¢ but we do
not write it so as to simplify the algebra) and E° is the solution to the limit scheme. Moreover, vectors are
denoted in bold in the rest of the paper.

In the following, the constants (C,)mnthat appear in the inequalities we prove are said to be universal : they
do not depend on h, &, the numerical solution or the final time (denoted as T'), but they may depend on o
and E° and its derivatives.

Lemma 1.1. There exists a universal constant C11 such that, for any T > 0 and any p € N, one has:

1B = E* 2 o sy + 1B cogro.rro gy < Cra(t+ e,

and:

d /) =cn2 _ 9 d /o
dt (”EEHHP(Q) + HFEHHP(Q)) <0, o (HEOHH:D(Q)) <0.



The proof of Lemma 1.1 is given in [1].

Lemma 1.2. Let (h,e) €]0,1]?, then:

min \/ﬁ Veh+ —= + h+e| < 4nt.
£ Vh

o=

Proof. One has:

min <\/§ Veh + % + h+5> < min <\/§ \/?h> fmin <\/§ &) tmin <\/§ h) tmin <\/§ 5) :

Since min(a,b) < Vab and ¢ <1 and h <1, the first and last terms can be bounded by:

min <\/§ \/?h> < <\/§\/s71>2 =h2 < hs, min (\/f{-:) < <\/§5>% < (he)

Besides, the third term is bounded by:
min (\/ﬁ,h> <h< hé.
€

Eventually, using min(a,b) < a3b3, the second term satisfies:

min( g\jﬁ) g( Q)a (\jﬁ)éhé,

[

< hs.

=

2 Conical meshes

In this section, we define conical meshes. We follow the presentation of [2, 4]. Important geometrical
properties are presented and a quadrature formula is given in order to compute the integral of a smooth
function on a conical cell.

2.1 Rational quadratic Bezier curve

A rational quadratic Bezier curve is a curve {M¥(q), ¢ € [0, 1]} such that:

1 —q)*My + 2wq(1 — )M, + ¢°My )
(1-¢?+2wql-q)+¢

where My and My, are the extremities, M; is the control point and w > 0 a scalar weight. The curve is said
to be:

M=(q) =

o degenerate if w =0,
e elliptic if w € ]0, 1],
e parabolic if w =1,

e hyperbolic if w > 1.



In the first case (w = 0), the curve is equal to the segment [Mgy, Ms]. Note that the control point M;
almost never belongs to the curve (except in some very particular cases). This is the main drawback of this
parametrisation. This is why we prefer to parametrise the curve in a different way, using a point that lies
on the curve. This point is named the shoulder point and is defined by:

S =M*(0.5) = %(Qo +Q2), Qo = H%(le + My), Q2 = H%(WMI +M,).  (8)

(Mlaw) (1\/517‘*‘))

Figure 2: Rational quadratic Bezier curve.

(Mla w)

Figure 3: Shoulder point.
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Figure 4: Polygonal (left) and conical (right) meshes.

2.2 Computing the area of a conical cell

Let €2; be a conical cell which center is denoted by x;. The area of Q; can be computed using the following

formula:

1

0 = [ x= g [ txts) e NGt (9

where N(x(s)) is the unit normal vector to the edge at the curvilinear coordinate s € 0; and ds is the
surface measure on 0€2;. In the following, we express this area as a function of the degrees of freedom (dof)
which are the vertices and the shoulder points. We define the following notation:

e (x;), the coordinates of the vertices of the cell 7,

(M ,41/2)r+1/2 the coordinates of the control points of the cell j,

(Xr41/2)r+1/2 the coordinates of the shoulder points of the cell j,

o g;: sum over all the vertices of the cell j of the quantity g (g; being the evaluation of the function
g on the vertex r in cell j),

Do) g;“/ 2. sum over all the shoulder points of the cell j of the quantity g,

Dot 95 =30 g + Doriig2 g;-H/Q: sum over all the degrees of freedom (dof) (nodes and shoulder

points) of the cell j of the quantity g,

Naot = Y, 1: number of cells that contains the given degree of freedom dof,



e > . gdof: sum, for a given degree of freedom, over all the cells that contains this degree of freedom,
° Ej* g;: sum over all the cells of the mesh,
e > . g": sum over all the nodes of the mesh,

° Zr+1/2* ¢"t1/2: sum over all the shoulder points of the mesh,

o > gt = g +ZT+1/2* g"T1/2: sum over all the degrees of freedom (nodes and shoulder points)
of the mesh,

> or gdot — ngf/: sum over the neighboring degrees of freedom of dof (those which share a common
cell with dof).

The integral (9) can be computed exactly using the coordinates of the vertices (x,), and the control points
(M 41/2)r41/2 (cf [4]):

19| = % > (Chx —x;) + % > <C§+1/Qa My ri1/2 = Xj> : (10)

T r+1/2, control points

it can also be expressed in terms of (x,), and (X,41/2)r41/2 (cf [4]):

1 ~ 1 ~ 1 = do
|Qj| = b} Z<C;7Xr _Xj> + 3 Z <C]~+1/27Xr+1/2 _Xj> = B Z <C? f;Xdof _Xj>~ (11)

r r+1/2, shoulder points dof

The coefficients C7, C;H/ 2, CJ; and C;H/ 2 depend on the geometry of the cell and are given by:

1
Cl = ((1= fwr—1/2))Nr—1p + (1= f(wr1/2))Nprg1 + f(wr—1/2)NeZ1 /20 + f(@rp1/2)Nyrg12)
2
r flwriay2)
Cj+1/2 _ #Nm“’
- 1 - -
Ci= 3 (1 = h(wp—1/2))Np—1r + (1 = h(wrg1/2)) Ny g1 + Awp—1/2)No1 /2 4 h(wrp12) Ny py1/2) 5 (12)
and:
~r h(w,
Cj+1/2 _ %Nmﬂﬂa (13)
and:
_ L _ 1 _ 1
Nort1 = (X1 — %)™, Nyrjy12=Mirr1/2 — %), Noj12r41 = (Xrt1 — Mirq1/2) 7,
Nr,r+1/2 = (Xr+1/2 - Xr)L» Nr+1/2,r+1 = (Xr+1 - Xr+1/2)L7
with:



2w 1 1—w w .
Tz ( 1_w2arctan< M) - 2) ifwel0,1],
1+w
h(w):f(w) w f(CU): % if w=1, (14)
w 1
v - _ 2 _ :
] <w+ w2_llog(w w 1)> ifw>1,

and for any vector £ € R? :

Figure 5: Normal vector from a degree of freedom defined on boundary cell ;. Two types: endpoints M,
denoted by C;’ or shoulder point denoted by C;H/ 2

Figure 6 displays the curves of functions f and h in (14).

10 5 20

Tl

Figure 6: functions f and h.



Equations (10) and (11) are a consequence of Theorem 2.1.
Moreover, the following properties are satisfied:

e for any cell j:

TR

dof

e for any inner degree of freedom dof:
Yy =o. (15)

For a given quantity defined on the degrees of freedom (tugot)dof, We define its L? norm by:

1
2
[waot|| L2(0) = (Z h2|udof|2> ;

dofx

For a quantity that is defined on the cells (u;);<; and for a given function @, we define:

N
ol

lullz2y = [ Do 195llwl | lu—=all2@) = | D19 lu; — @(x))

Similarly, for a given quantity given on the shoulder points (.1 /2)r+1 /2

2

lwrs1/2llL2@) = Z h? |y 12|
r+1/2x

We also define:

%
[tdot — ujllL2(0) = <Zh D Judor — uil ) Zh > Judor —uil* | (16)

dofx VES dof

To conclude, the following theorem is used in the proof of the consistency of the limit scheme. It states that
the quadrature formula (11) is of order 2:

Theorem 2.1. Let g € C2(R2,R?) be a vector-valued function. Then:
1 S (g (xaog), €2 + O(h).
o g, N dof)
‘Q]‘ QQ ‘ J ‘ dof

More precisely:

/8 e N) = Dl €1 | < CHI Tl
J dof

where C is independant of the h, Q; and g.
The result is also true for any scalar function g € C*(R% R) :

1

dof ~dof 2
o] aN= sxa) G+ Om), | [ aN= Y gxaon | < CHO IVl
1] Jog, |ﬂ|Z ! o, SN~ 2 960 C g (@)

dof dof

10



The following result is a consequence of the previous theorem.

Corollary 2.2. The following equality holds true for any cell j:
> = 19,1,

dof

where B;lof = C;iof® (Xdof — Xj).

3 Numerical method

We refer to [2] for the details of the construction of this scheme (JLb scheme). It writes:

d 1 = do
[l B+ < > (Faor, CF) =0,
y . dof (17)
\Qj\%Fa‘ +t2 > af°(F; — Faor) = 0,
dof
where F4o¢ satisfies:
(adof + g5dof) Faor = »_ E;CT+ a°'F;. (18)
€ -
The matrices a?Of and B.?Of are defined as:
~dof
adof _ édof ® ﬁdof Bdof _ Cdof ® (X _x ) ﬁdof o Cj Edof _ Hédof (19)
i =Y i i = dof — X;); i T et A
J

and:

Qdof = Z a?Ofa Bdof - Z 5?018' (20)

K2

For any node r, this reads as:
g T T
(OZ»,« + E,B»,) F7- = E EZCL + a; Fi. (21)

We present in the next sections somme sufficient conditions on the mesh so that the matrix of (21) is positive
definite, and thus invertible. However, for any shoulder point r + 1/2, the matrix of system (18) has rank 1
and thus it is not invertible. The vector F,.1; /5 is computed as the solution to:

(Fri1/2,Drg1/2) = Srq1/2,

1
(Fry1/2, Dy o) = §<Fr +F, 11,0, 50),
with:
~r+1/2 o ~r+1/2
Dr+1/2:2nj / +E(Xi—Xj), sr+1/2:Ej—Ei+<nj / s F]+F2> (22)

where i and j are the two cells that contain the shoulder point r + 1/2.
The limit scheme writes:

d

0. —
| ]|dt

EE) + Z<Fgof7 c?0f> =0, (23)
dof

with, for any node r and any shoulder point r + 1/2:

11



0 0
0 o E} - E;
<Fr+1/27X’L Xj) = —,

i <F2+1/2a(xiij)J_> = §<F2+F2+17(Xi *Xj)L>~
Remark 1. Notice that, for any (&1,&) € (R?)2:
<a;10f£17 €2> = €j0f<§17 ﬁjOf> <§27 ﬁ;‘iOf>7 <ﬂ;l0f§17 §2> = €?0f<§17 Xdof — Xj > <€2> ﬁ‘;‘lOf>7

4 Geometric properties

4.1 Assumptions on the mesh

In this section, we present the assumptions on the mesh that are used in the rest of the paper.

We denote by h the characteristic length of the mesh (h = Az = Ay for a cartesian mesh). We assume that
there exists a numerical constant C7 > 0 independent of h such that, for any cell j and any dof:

1 1 ~
1% < |Q;| < C1h?, —h < ||CI°Y|| < Cih, Naot < Ci.
Cl Cl J

We define: o = Y4 caf°". The matrices o, and a; are symetric positive, we also assume that they are
invertible, meaning that:

1 1
VE € R?, (€, €) > =-hl€]?, (o€, €) = =-hllg], (25)
Cl Cl
In addition, we assume that, for any cell j and any dof of j:
1
< [Ixaot — x| < Cu, (26)
Ch
and for any neighboring cells ¢ and j:
1
—h S HXZ - Xj” S C1h (27)
Ch
Eventually, we define:
j— 1 3 Cdof ) _ 1 CdOf . 1 28
71—ﬁ]{n£f< 5 Xdot — X;), Wz—ﬁﬁagﬁﬁ dof (xdot — %;)1)] 4 (28)
and we assume that:
. 1 . .
71 > Crye, o Ci(v2+73) > 0, C1 = 8C3. (29)
1

4.2 Important results

Under the assumptions of the previous section, we can prove some very important results that are essential
for the rest of the paper. The proofs are given in the Appendix. The first one is the fact that the matrices
(Br)r are positive definite:

Theorem 4.1. There exists a constant C such that, for any node r:

VE € R?, (,€,€) = Caah?|€]”. (30)

The following theorem if very useful since it allows to bound from below the sum ) ¢ (BdofUdof, Udos) by
Hud0f||2L2(Q). This inequality is easy to prove for the polygonal scheme since the matrices (8,.), are positive
definite. However, in the conical case, the matrices (£,11/2)r+1/2 are never positive definite.

12



Theorem 4.2. Let (Waof) dofs (Ur41/2)r4+1/2 be such that, for any shoulder point r +1/2:

1 5
(Wpy1/2, Dy o) = (U + e, Do) + tgaga,

with:
~r+1/2
D _ Dijipp 2Enj+ 2+ o(xi —x;)
r4+1/2 — - .
T l T eeal P 4 o — x|

Then there exists a universal constant Cyo > 0 such that:

1
Z (BdofWdof, Wdof) > @HudofHQLz(Q) — CaslluryryollZ2(0)-
dofx .

The following lemma is used in the proof of Theorem 4.2.

Lemma 4.3. For any (0,¢) € (R%)?, one has:
oh 1 oh
o (1+2%) > b, > (1472%),
b (1+ %) 2 IDrsual > g (1+7)

Eventually, the aim of the rest of the paper is to prove the following:

with Cp = max(2,C4).

Theorem 4.4. We assume that the assumptions of Section 4.1 are fulfilled. We also assume that the initial
energies E(t = 0) and E(t = 0) do not depend on £ and that they satisfy:

|E(t=0)—E(t=0 < Cinith, (31)

Mz
and that the initial fluxes satisfy:

[F(t=0) = F(t=0)| 50 < Cnith, IE(t = 0) 20y + [[E(t = 0)] 1) < Cinite. (32)

Then there exists a constant C' such that, for any final time T > 0:

HE - EHLZ([O,T]xQ) + HF - FHL?([O,T]XQ) <C (1 + T%) hé'

13



5 Convergence of the limit diffusion scheme (23)

In this section, we prove the convergence of the limit diffusion scheme (23) toward the solution of (2) for
sufficiently smooth data. To this aim, we adapt the proof of [5]. We prove an estimate of the form:

| P — P°|| < Ch,

where the meaning of this notation is explained in the Introduction. More precisely, we define the following
errors:

N 1 .
e?(t) = E;)(t) - Eo(t7xj)7 f((l)of(t) = Fgof(t) + ;VEO(t7 XdOf)'
Therefore, using the notation of Section 2.2:
1Ol 0y = IUNEO = Bt s [[fetll gy = 2o 2 88t
J* dofx*

and we prove the following theorem:

Theorem 5.1. Under the assumptions of Theorem 4.4, the diffusion limit scheme (23) is first order con-
vergent:

HeOHLz([O,T]xQ) + HngfHL2([0,T]><Q) < Csah (1 + T%) :

To this aim, we first prove that the limit scheme (23) is stable and consistent.

Lemma 5.2. The limit scheme (23) is L? stable:

d
dt ||E0H2L2(Q) + 05-2||F30f||%2(9) <0, (33)
and:
t
2 2 2
B0l 0y + o0 [ 1By < 1B = 02 e
Moreover, defining:
~ 11 - U
a; (t) = 8,5E0(t7 Xj) — m; Z<VEO(t7 Xdof)7 C?ot>’
J dof

1 . _ _
baot(t) = p (ﬂdofVEO(t,Xdof) + ZEO(f,Xi)C?Of> ;

and:

0 1 70 70 (x; — Xj)l
br+1/2(t) = VE (t7x7‘+1/2) — 5 [VE (t,xr) + VE (t,XT+1)] B m )
i J
we have the following result:

Lemma 5.3. The limit scheme is consistent of order 1, that is to say, there exists a universal constant
Cs.3 > 0 such that:

lallzz0) < Cs.3h, [Baofll L2y < Cs.3h°, 1brt1/2]l12(0) < Cs.3h%.

The idea is to prove that 81>, EO(t,x;)Cf is an approximation to —(VE?),.

14



5.1 Proof of Lemma 5.2
Using (23), one has:

1d
zai (1B N2e) = Zm |E§)th§) == BJ{Fan CF) == > B} (Fior, CI).

j* dof dofx 1

According to (24), one can write, for any dof:
Z Ezo <F?10f7 é?0f> =0 <ﬂd0ngof7 Fgof> .

Therefore, exchanging the sum over the cells and the sum over the degrees of freedom, one can write:

1d
Sdt (HEOH;(Q)) =-0 Z (BaotF do Fot) »
dofx

which is negative by virtue of Theorem 4.2. This gives equation (33). Equation (34) is obtained by integrating
(33) in time.

5.2 Proof of Lemma 5.3
Since the solution to the diffusion equation (2) is smooth (see [6] for instance), one can write:
~ 1 ~
OEO (1, x;) = 7/ 0B (¢, x)dx + O(h?),
5] Jo,

since x; is the barycenter of cell £2;. Therefore:

. 1 1_ - 1 1, -
HE(t,x;) = —/ div (VE()) (t,x)dx + O(h?) = —/ —(VE"(t,x),N)dx + O(h?),
12 Q; o 15[ Joq, o

and according to Theorem 2.1:

- 11 - -
O N = £ . dof 2y
O (t5) = 7 UVE ) O +O0)
Therefore:
|a;(t)| < Cash?, lallrz2(0) < Cssh?, (35)

here the constant Cso depends on the gradient of E°, which is bounded uniformly in time according to
Lemma 1.1. In addition, we have:

baof = Z (E°(t,%;) — E°(t, Xaof) — (VE (¢, Xdof), Xi — Xaof)) CI°" = O(h?),

9

=0(h?)
which leads to:

[baotll r2(0) < Cash®. (36)

Here again the constant C3; depends on the gradient of E°. Eventually, one has:

- 1 N -
VE(t,X,41/2) — g(VE(t,xr) + VE(t,x,41)) = O(h?), b,41 /2]l r2(0) < Ca7h®. (37)

15



5.3 Proof of Theorem 5.1

First and foremost, one can write, using the linearity of the scheme:
0 dof
+ = E C is
dt ] |Q | dof a;

0 § : 0 Fvdof
Bdoffdgf - ; €,; Cio - bdofa
7

0 (e —x)t\ /R (i—x)t\
fr+1/2’ - 2 ’ T o br+1/2-

i = %l

Using the first equation of (38), one has:

1d
2 dt (HeOHiQ(Q)) Z|Q |BJ%6J = ZIQ [eas =D ej > (I fiue)

VL dof

Exchanging the sum over the cells and th sum over the degrees of freedom leads to:

gt (19 o) == D215 = 0 Dl ) = S

dofx dofx*

Moreover, applying Theorem 4.2 to ugor = £9,; and u, /2 = byy1/2 , one can write:

1
S Baotlr o) 2 G 8ty = Caallbrss ol
dofx '

Using Lemma 5.3, one has:

1
> (Baotfor: £30f) > CillfgofH%?(Q) — Coh?,
dof+ 39

and:

Z <bd0f7 fc(i)of>

dofx

Z |Qj|€?aj < Caoh HeOHLz(Q) J

J*

This leads to:

d 2 1
at (HeOHL2(Q)> + a||f§of\\%2(g) < Cu [W)|€° |2y + h* + hl[f3oel 2] -

for some universal constant Cy; > 0. Moreover, one can write, for any v > 0:

1
ME8otll L2 < Yol 20y + ;h?

Thus choosing v small enough (and independently of h), equation (41) implies:

d 1
T (102 0y) + G Wty < Ca [BlJe] ) + 12 + 1]

for some universal constant Cys > 0. Using h < 1, we thus have:

% (||60||2L2(Q)) < Caoh (HGOHLQ(Q) + h) ’

< Cuoh|| £l L2 () -

(38)

(39)

(41)

Therefore, applying Lemma 9.1 to f = ||e°||L2(Q)7 k1 = Ch and ko = h and using the assumption on the

initial data (31), there exists a constant Cy3 > 0 such that:

< Cy3h?(1 4 t%), < Cy3h?(14+1T3).

2 2
||60(t)||L2(Q) HEOHL2([O,T]><Q)

16
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Integrating equation (42) in time gives:

2
H ft(i)of | | L2([0,T]

for some universal constant Cyy > 0.

x Q) S

17

Cuh*(T?* + 1),

(44)



6 Study of ||P) — P

In this section, we prove an estimate of the form:

PO _ ps <C(x/%+€).
1P, — Pyl < T

More precisely, we denote by (E, F) the solution to (17) (which depends on & but we do not make it explicit).
We denote by E° the solution to the limit diffusion scheme (23). We define: e = £ — E° and:

F? = ozj_l (Z Q?Ongof> , that is to say: Z a?Of(F(; —F9 =0, (45)
dof dof
as well as:
fiof = Faor — eFly, f;=F; - 5F9'

We prove the following;:

Theorem 6.1. Under the assumptions of Theorem /.4, there exists a constant Cg1 > 0 such that:

2
€
el o + I qoryean < Coal+7%) (bt 5 ).
In order to prove Theorem 6.1, we prove the following lemmas:

Lemma 6.2. The scheme (17) is L? stable, that is, the solution (E,F) to (17) satisfies:

d 1
= (1120 + IFI320) ) + Coo s Faorlfaay <0, (46)
and:
1 t
1B 2oy + PO a0 +Cor g | [Falaay < 18 = Ol ey + IF(E = Olffay (@47

Lemma 6.3. Under the assumptions of Theorem 4.4, there exists a universal constant Cg.3 > 0 such that,
for any T > 0, the solution (E,F) to (17) satisfies:

I L2(0,71x0) < Co.36.

Lemma 6.4. Under the assumptions of Theorem 5.1, there exists a constant Cg.4 > 0 such that:

0_ R0
HFz - FdofHL2([o,T]xQ) < Coa(1+T)h, (48)
where ||F9 — F(f)lUfHL2([O,T]><Q) is defined in (16), and:
0

HFj ||L2([0,T]><Q) < Co.a, (49)

d C
HF? < 281 (50)

dt 2 qomxe) ~ N
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6.1 Proof of Lemma 6.2
This proof is done in the polygonal case in [5]. Using (17), one has:

1d d
575 (11320 + IFIZ2(q) = ZIQ |<E dp +<Flj,thj>>

= __ ZZE Fdof,CdOf +Z g fOfF —Fyot))

j dof dof

According to (18), one can write, for any dof:

=~ g
> E(C, Faor) = = (BaotF aot, Faof) — <Z af (F; — Faor), Fdof> )

and therefore:
1d

dof dof 7

o 1 o
Sd (”E”%Q(Q) + ||F||%2(Q)) =2 > (BaotFaot Faos) — - > <Z af*!(F; — Faor), Fi — Faof

>0

which is nonpositive in virtue of Theorem 4.2. Using Theorem 4.2 leads to (46). Integrating (46) gives (47).

6.2 Proof of Lemma 6.3
Multiplying the second equation of system (17) by F; leads to:

1d

1 1
Sd (12;1I1F,11%) + <Fj704ij> - €Z<Fg, QoM o) = 0.

dof

According to assumption (25), one can write:

1d oo L h o Cih
= (1917 — 2 |F |12 < 22 F Faofl | -
3 7 (BN + 2 21 2 < =22y | <§:|| dfn)

dof

Moreover, using:
2 1 2
5 1 ¥ aorll < 1517 + 1 Faorll,

and chosing v small enough (y = 1/(2C%N;)), equation (51) gives:

(|Q [I1%511%) + 7*|\Fg||2 < Cs2 (Z [Faof| )

dof

for some universal constant C3; > 0. Summing (52) over the cells gives:

d 1 1
pr (||F||2L2(Q)) + 6’753571”1:‘”%2 < 053 ||Fdof||L2(Q

Equation (53) can be written as:

t

d 2 1 1 2 1 t
dt [”F(t)”L?(Q) exXp (C’53€h>:| < 053£||Fdof(t)”l/2(ﬂ) exp (C’535h)

Integrating (54) twice leads to:
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1 t t—s
F|3 —ehCs3||F(0)]3 1-— — —//F ds.
I iy~ hCol PO ey [ 1= o0 (- =27 )| < € L
(55)
According to the Young inequality for convolution products (see [7]):

T , 1 T , T 1 —s
[ ] WPty e (= g 57 Jaste < [ IR ds ) { [ omw (55 )as

T
< C53€h/ ||Fdof(5)||i2(ﬂ)ds'
0

Therefore, owing to Lemma 6.2, equation (55) comes down to:

T
HF||2L2([0,T]xQ)—5h053||F(t = O)H%?(Q) < Cgs/o HFdof(S)||2L2(Q)d5 < Chse® (||E(t = O)HQL?(Q) + |F(t = 0)||2L2(Q)) :

As a conclusion, since eh < 1 and according to assumption (31) and (32), there exists a universal constant
Cg.3 > 0 suh that:

IFNZ:(0.71x0) < Co.3™.

6.3 Proof of lemma 6.4
We first show (48). In fact F9 converges toward o~ (VE®)(t,x;). According to (45), we have:

—1 dof
F f =y E a Fdof’ dof)
dof’

thus:

F) —Fl=o; (Z affFSp + o 'VE® (t,xdof/)]> — (07YVE  (t, xq01) + FO )
dof”

! (Z al o ' VE  (t, xdor) — ' VE (2, Xdof/)]>

dof’

The last term is O(h) since the exact solution E° is smooth. The two firsts terms are also bounded by O(h)
according to Theorem 5.1. More precisely, there exists a positive constant Cs7 such that:

IF5 — ¥

dOfHL?([O,T]xQ) < C56HFgof + o 'VE" (tv XdOf)HLz([O,T]XQ) (56)

1

T 2
+Cs6 ( / hZZZHVEO(t,dep)VEO(t,def)||2dt> .
0

dofx dof’

Hence:

||F9 — Flotllz2(0,1x0) < Cs7 <1 + T%) h+ Cs7hV'T < 2Cs7 (1 + T%) h, (57)

for some positive constant Cs;. For the inequality (49), we use the L? stability of the limit scheme
(Lemma 5.2):

||Fg0fHL2([0,T]><Q) < Css. (58)
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Using (25) and (45), there exists a constant Csg such that, for any cell j:

[F31| < Cso > [IFG (59)
dof
thus one can write:
HFOHL2 [0,T]xQ) = < Coo- (60)
Eventually, for the inequality (50), we compute the time derivative of (45) and we use (25):
0 d o
—FJ < Cor || - Fs . (61)
2(10,T]x ) L2([0,T]x )

Since the scheme is linear and its coefficients are constant, the time derivative of the unknowns, namely
(& EO) and (4F9 ) 4o Satisfy the same equations as (E7); and (F{,¢)dot (only the initial conditions change).

Therefore we can apply Lemma 5.2 to the quantity (£F3),

d
Fa® <o |Lpop=0) (62)
dt L2([0,T)xQ) dt L2(Q)
The right hand side of (62) can be computed as follows:
d
—EV(t=0) = D (Fh(t = 0),C),
dt | J| dof
thus leading to:
C
0 63 _
HE =0 1St = O] - (63)
L (Q)
Moreover, by assumption (31), at initial time on can write:
E)(t=0)=E°(t=0,x;) + O(h).
This leads to:
2 2
Z Z E?(t = O)C?Of < Z Z Eo(t =0, Xi)é?c’f + 064h2~ (64)
dofx % dofx %
Using >, Cd°f = 0 and the fact that E is smooth:
2
2
STIDCE Nt =0,x)C | =D [E%(t =0,x;) — E°(t = 0,%a0r)] C{°|| < Cgsh®.  (65)
dofx % dofx i
—0(h)
Therefore, according to the definition (24) of F§_;(t = 0) , one can write:
2
||Fdof (t=0) HL2(Q) Ces Z 2 ZEO t= O)CdOf < CG6 (66)
dofx i
Hence, in view of (63):
C
HEO (t =0) < 2 (67)
I

Collecting (61), (62) and (67), we find (50
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6.4 Proof of theorem 6.1

Using equations (18) and (24), one can write:
g ~
—Baotfaor = Y €;C! doNF; — Faor). 68
55dfdf 2;6 ; +Z;O% ( dof) (68)
In addition, (17) and (23) imply:

d 1 ~
= (9le5) + - ; (faor, €, C5°7) = 0. (69)

N =

Therefore, summing (69) over the cells gives:

;jt <” ||L2(Q)) i Z <fdof7z(£zcd0f>

dofx*

which, using (68), can be written as:

d
;dt (|| 172 Q)) %Z<ﬂdoffdof7 faor) + ZZ faor, & (F; — Faor)) -

dofx dof* i
Hence:
1d 9 o
2 dt <||e||L2(Q)) = T2 Z <ﬂdoffdof7fdoi Z Z fdof, f — fdof)>
dofx dof* i
+ Z Z faor, @ dOf (F? - Fdof)>
dofx ¢

Using the definition (45) of F?, this reads as:

1d
2 <||€||%2(Q)) = —gg (Baotfdof; faof) + Z > (faot, 0 (F; — faor))

dofx dof* 7
+ 30D (faor — £, 0 (FY — Flyp)).
dofx 4

Moreover, the second line of (17) gives:

53 (IF2 ) = =2 3 3 (8 af*'(F: — Fuu) 5Z|Q|<J’dt 1) (70

dofx 1
Using (45), one has:
ZZ 1 afN(F) —Fp) = ZZ 5, % (F) — Faop)) = 0.
dofx 1 j* dof

Therefore (70) reads as:

d
(161 e) =~ 323 {fe (6 — ) —sZ|Q|<J,dt ),

dofx 4

thus leading to:

1d
S (|| elliz) + HfHL2(Q)) = Z Baotfaor, faof) — = ZZ(f Faof, 0 (£; — faor) )
dofx dof* %
Jrzz (faot — i, 01 (F] — Flp)) 5Z|Q |<J,th9>

dofx 4
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Now, for any v > 0, we have:

<F? - Fgof’ a?Of(F? - F?lof)> .

- 5
(faof — £, N (FY —F9p)) < g (£; — faor, N (F; — £aor) + >

Hence, choosing v small enough (independently of h and ) and using Theorem 4.2, one can finally write:

d 2 2 11 2 L1 dof
o (||€||L2(Q) + ||f||L2(Q)) + o ;2||fdofHL2(sz) + Cor 2 dzf: Z (f; — faor, o' (£ — faof) )
or* (] ZO
o d
< Cpie Z Z <F(ZJ - Fgofaa? f(F? - Fgof)> + 6HfjHLQ(Q) %F(J) :
dofx 12(Q)
Therefore, since ||a?°fH < Ch:
el oy + E132(0) ) < Cras B9 — Bdogl ey + el e || 5 O
at \I€l2@) 2(@)) = 72 %~ FdotllL2 (@) POt ] g

Integrating (72) over [0,7] and using the assumptions on the initial data (31) and (32) gives:

iFU

Crse?.
a + Crse

€
lellZz) + IE172¢) < C?SEHF? — Faotll72o.1yx0) +€llfll L2 (0.11x0)
L2([0,T]xQ)

As a conclusion, using Lemma 6.4:

52
el 1w + IEV e < Coal1 +79) et 5|

7 Proof of the naive estimation (4)

(71)

(72)

(73)

We recall that we remove the exponent ¢ for clarity and we note (E,F) = (E¢, F¢) the solution to (1). We

define:
L1 ~ _ ~ _
= [E-BP4IF-FP = [ (5 - BP+ |5 -F
Q g VS
and:
_ 1 5 - 1 _
E-:—/ £, Fo=_— [ F
Tl Ja, Tl o,
Eaot = E(Xdof), Faor = F(Xdof), §j.dof(E) = Ej — Egor, §j.dof(F) = Fj — Fyor,

(%(E) = En - ZEdofé?Of? SJ (F) = /dQ <F’ Il> - Z <Fd0f’ C?Of :

BQ,- dof 3J dof
Lemma 7.1. The following results hold true:

/Q IF12 > S IF 12 [Fllza < Crae.
j*
I6(E)| L2 () + [16(F) |2 () < Crah, 16(F)||r2(q) < Crach

||5(E)||L2(Q) + ||5(F)||L2(Q) < Cr1h®.

Theorem 7.2. Under the assumptions of Theorem /.4, there exists a constant Cr7.o such that:

h

lell 2o, < Cra(l + T)g.
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Proof of Lemma 7.1

For (75), we use the Cauchy-Schwarz inequality:

o2 _ |2
t@W‘EJﬂng

According to Lemma 1.1, one has:

2

/ P
Q;

/ IFI2 < Crae?,
Q

! = 112 -
e ; 2 ES ] = IF 172 -

which gives (75). ) _
For (76), we use the fact that E and F are smooth:

8;.a0f(E) = O(h), 8j.a0t(F) = O(h).

Moreover:

ﬂﬁ)mm)ﬁcmh(LHVFW)v

and according to Lemma 1.1, one has:
1
. 2
([1vFR) <cue
Q

The estimate (77) is proved using Theorem 2.1.

Proof of Theorem 7.2

One has:
d_,
7e = D1+ D3+ D3 + Dy,
with:
D —/EiE+ dp => 19y 52e 4+ (r, %p, D —/E3E+<F3F>
1—th dt’ —j* J ]dtg J?dtj ) 2—Q t » Ut/
and:
- d - d - -
Ds=—| E—FE+ (F,—F ), Dy=— EatE+<F,6tF>.
q dt dt Q
According to Lemma 6.2:
D1 = —?d - <Bdodeof7 Fdof> - g dzf: <Z aio (Fz - Fdof),Fi - Fdof>7
ofx ofx %

and it can be easily shown that:

g ~
Dy =—— [ |F|>
2 82/QII |
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Study of Dj
Using (17), we have:

ZZ Faor, C{°") E; + (o' (F; — Faof), Fj) .

j* dof

Since, for any cell 7, Y 4.¢ <Fj, Cd°f> = 0, this implies:

ZZ (Faot — F;,CI) B + (aN(Fj — Faor), F) .

g dof
Hence:
Dy — % ; ; (Faot — Fj, €0 6, 4ot (E) + (a°N(F; — Fuor), 8,00t (F)) (80)
+ % ; % (Faot — Fj, CI°) Eqor + () (F; — Faof), Faor) - (81)
Study of D,

Using (1), one has:

o
+?Z‘Qj‘<F7 F
j*

Hence:

1 ~ o~ 1 - ~do n —do
Di= 2 7 [By3(F) + (B8, Zm (B B5)+= 32D By (Faor, C57)+ Eaor (F;, C5°) . (82)

G j* dof

Since ), FEof <Fd0f, C?°f> = 0 for any dof, the last term of (82) is equal to:

S0 Baor (B3, €5y = 303 Buor (F = Faor, G).

j* dof % dof
This leads to:
1 ~ o~
Du= 2 DB )+ (R 3 (B)] + 5 D191 (F (5
J*
+ = ZZE Faor, C°) + Eqof (Fj — Faor, CJ°") . (84)
j* dof

According to (18):

Z ZE]‘ (Faor, Gy = Z <Fdofa Z Eié?°f> Z Z Faof, i (Faot — F) ) + 5 Z (Fdof, BaotFdot) -

j* dof dofx dofx 4 dofx
(85)

Eventually, summing (80)-(81) and (83)-(84) and using (85):

D3+Dy = é D> (Faot — F, €5 65 a06(E) + (0 (Fj — Facr), §.a0(F)) + é > [Ej0;(F) + (F,0,(E))]

j* dof j*

=Ds =Dg
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0— s ~
T3 Z (Faof; BaotFaor) + Z ;| (F;,F;)

dofx j*
and:
d
%e —D5+D6+ D7—|—D8,
with:

= > (Faot, BaotFaof) +Z|Q [ (Fj,F;) = > (Faor, BaorFaof) */QHFH?

dofx dofx*

1
Dg = —Z E < g a?Of(Fi —Faof), Fy — Fd°f> )
Study of D5 and Dg

Using Remark 1, one can write, for any v > 0:

—do Cisoh 1 .
|Ds| < ~= ZZfWFdow j, fider)? 4 2800 22D 0iaof(E)? + 18,0t (F)|.

j* dof j* dof
According to Lemma 7.1, the right hand side of (89) can be bounded by:

h
fZZmof 2 418,00t (F )||2<090—(||6< 2+ 18E) 32y ) < Cho=

7 dof
This leads to:

h1
|Ds| < —vDg + C’gof;

Moreover, using the Cauchy-Schwarz inequality and Lemma 7.1, one can easily show:

h h
|Dg| < C%g (1B 20y + IF]l2(0)) < C§2g

Study of Dy

Using Corollary 2.2 one can write:

Dr=>"

dofx

(Faot — Faof, BaotFor) + Z (BLF;, F;)

- [ e,
Q
Using Lemma 7.1 and Corollary 2.2, we can notice that:

f/Q B2 < = SOyl |55 = = S0 (8%, Fy).
J*

j* dof

Therefore we can write:

D7 < = (Faor — Faor, Baot(Faot — Faof)) + Dr,
dofx

with:

Dy = Z Z (BLF qof, Faot — Faot) — (BI'F;, F; — F;.)

dofx 4
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Applying Theorem 4.2 to ugor = Faor — Faor and Upt1/2 = O(h?), the sum in the right hand side of (93) can

be bounded from below by:

dofx

Moreover, one has:

D7 =" (B a0(F), Faot — Faor) + > Y (BFFi, 6 aof(

dofx 1 dofx 4

The first sum of (95) can be bounded by:

<D (B a0t (F), 6 aof (F

dofx 1

DD (865 a0t (F), Faot — Faor)

dofx 4

< Cor [|6(F) 1720y +Co7 16(F) |2y | IFIlL2(0) + | Faoll L2 ()
—_——— N———

<hZe? <he <e

The second sum of (95) can be bounded by:

D> (B, i aot(F))

dofx 1

<e

Using Remark 1, the third sum of (95) can be bounded by:

Z Z <ﬂ§i°ff‘i, Faor —

dofx 1

dofx 4

Summing equations (96), (97), (98) and (99) ans using (88) leads to:

1
D7 < Cioo (1 + 7) he — ve%Dg.

Conclusion

Using (91), (92), (100) and (86), one can write, for any v > 0:
d
dt

Choosing v small enough and using Dg < 0 leads to:

d_, h
Z82(t) < Choa-.
¢ M= o

Integrating this inequality on [0, 7], we conclude the proof of Theorem 7.2.

27

~ ~ 1 ~
Z <Fd0f - Fd0f7 ﬁdof(Fdof - Fdof)> > 0794HFdof - Fdof‘l%ﬂ(g) -

Z Z BdOfaz dof

< Cos |[F|| 220 10(F) || 22(0) < Chghe®.
e — N —— ——

< e Z ngof <Fdof - “ ~dof> +

h 1
—e? < 0101* (1 + 7) + Dg(1 — Ci017)-

(94)

)> + Z Z <5?Ofﬁi, Faot — Fi).

F, — Fdof>

(96)

(97)

(98)

(100)

(101)

(102)



8 Conclusion and proof of Theorem 4.4

Using Theorem 7.2, the exists a constant Cigz such that:

. ~ h
£~ EHLz([O,T]xsz) +[|F - FHL2([O,T]><Q) < Cio3(1+T) o (103)

Moreover, using the triangle inequality, we have:

||E_E||L2 0T><Q+HF F||L2(0T><Q) HE E0HL2 OT><Q+||E0 ENOHLz([o,T]xQ)"'HEO E||L2(0T><Q)

+|F - EFOHL2([O,T]><Q) +e HFOHLQ([O,T]XQ) + ||F||L2([O,T]><Q) :

Therefore, according to Theorem 5.1, Theorem 6.1 and Lemma 1.1 and using 1 + 7 < 2(1 + T%)7 we can
write:

HE E||L2 [0,T]xQ) JrHF*1~;‘|}L2([0,T]x9) < Cioa (1+T%) <@+jﬁ+h+€) (104)

Using Lemma 1.2 concludes the proof.
9 Appendix

9.1 Proof of lemma 4.3
One has, according to (22):

IDv s /2ll < 2185772 + Sl = < 24 G120 < Cp (14 Zh)

and:
IDrsajall = 4+ (2)] e = 42082, — x,).
Moreover:
~r41/2 S 2 >
<nj 7xi—xj>_h—clyl > 0.
Indeed:
~r+1/2 ~r+1/2 ~r+1/2
@2 = xg) = (82 %0 —xg) — (8T x40 — x0),
since fﬁ;+1/2 = ﬁz+1/2 and using the definition of v; (28):
~T ~T ~T 1
<nj+1/2’xi —x;) = <nj+1/2ax'r+1/2 —x;) + <n++1/2’xr+1/2 —x) > e o,
Therefore:
oh 1
Dl 2o ()0 s Dl e (1478).
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9.2 Proof of Theorem 4.2
We recall that, for any shoulder point 7 + 1/2:

~ 1
D= ——— D,
+1/2 ||D7~+1/2H +1/2

One has:

1/2
<ur+1/2757-+1/211r+1/2> = <ur+1/27 C;+ / > <ur+1/23Xi - Xj> :

We decompose C;H/z and x; — x; on the basis (f)r+1/27f)f+1/2), finding;:

(Uri1/2, Brarjotrsr/z) = (U)o, ]57-+1/2>2 Aot+(trt1/2,Dryay2) <“r+1/27 ﬁf+1/2> >‘1+<ur+1/2v Df+1/2>2 Az,
with:
Xo = (€772, D,yn) (k= %5, Do) No = (E72 D5 ) (xi = x5, D )
and:
A = <é;+1/2’ ]f)?}+1/2> (x; —x;,Dyy1/0) + <(~3;+1/2,f)r+1/2> <Xi - Xj7f)j-_+1/2> )

Using (27), (28) and Lemma 4.3:

- - 1 ~ o /= 1 Cylh+ 2h2y,
Grtl/2 D, > _ [2 HCT»HMH g <CT.+1/2 . >] > 1 e
< i s Dry1)2 Dol j T2\ X)) 2 ‘o 14k
and:
_ 1 12 o ) 1 Cy'hy + 20722
<X1—Xj7Dr+1/2>:m[2<nj 7Xi_xj>+g||xi—xj|| ] Zg 112k :
This leads to:
11 ¢ a
1 h2( +ah71) (71+5h) h2,yl>0

Ao > >
0= C%CD 1+ (a-h 2 - C%CD el
Hence:

- 9 - 2
<u1’+1/23ﬁr+1/2ur+1/2> > <ur+1/27Dr+1/2> (Ao — M) = <ur+1/2aD7++1/2> ([A2] + [A1]).

In addition, using Lemma 4.3 again:

1 o 1 o
il < Co—p (Zrh?) b < CpCrah?, Dl < Ch———— (Za2h?) Cryh < CBC1IER®
1+ = € 1+ (%h £
Using:
- 2
<lh‘+1/2a Di+1/2> <3 <||urH2 + [urga|? + “z+1/2) ) (105)

and noticing max (CHC1, 3CpCF) < 4C3, one can write:

2 (1 ~ ~ ~
<Ur+1/2»5r+1/2ur+1/2> > h? |:<ur+1/2a Dr+1/2> (C,’Yl - C'YQ) —C(y2+ ’7%) (Hur||2 + Hur+1||2) —C(y2 + 7%)“72«+1/2 )
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with C' = 8C$. Summing over the degrees of freedom and using (25), one finally has:

5™ st Baortas) 2 1 (5 = Clon +93)) > el (106)
dofx
1 ~ - 2 ~
+ h? (C,Vl - 072> Z <u7‘+l/2aD7‘+1/2> - h20(72 + "Yg) Z U3+1/2- (107)
r+1/2x% r+1/2x%
Using the assumptions:
1 Clya+73) >0 L~y >0
C 72 Y2 ) 071 Y2 )

and denoting

1 . -1 1 -1
C' = max [((} —C(2 +7§)> , (071 — Cw) ,C(y2 +73)

one can write (106)-(107) as

Z(udof,ﬁdofudof Z||UT||2 Z {(a,41/2,D 7~+1/2>2 - C'n? Z U3+1/2- (108)

dofx r+1/2x r+1/2x

Using:

~ 2 ~ 2 ~ 2
Hur+1/2\|2 = <ur+1/27Dr+1/2> + <Ur+1/27Df+1/2> <3 <<ur+1/27Dr+1/2> + lJu® A+ s |® + uf+1/2) )
(109)
one can eventually write:

Z<udofvﬁdofudof C” ZHWHQ Z ||11r+1/2||2 —h*c” Z U$+1/27

dofx r+1/2x% r+1/2x

for some C” > 1, which is the desired result.

9.3 Proof of theorem 4.1
Let & € R2.

(& 85€) = (&, Cy) (&% — x5).

We decompose x, — x; on the basis i}, (ii ) and get:

(€ 87) = (& C7) [(&:85) (% — x5, 87) + (€, (8)7) (%7 — x5, (8)7) ] (110)
Owing to (27) and (28) , one has:
=7 1 ol h
(x, —x;,0}) > N (x, —x;,C}) > o
Thus the first term of (110) can be bounded from below as follows:
(€ C7) (67 (xr =%, 87) = (£ 058) (3 =%, 8) = (€, 0f€) v 55

>0

Using (28) again, the second term of (110) is bounded by:

30



(6, C5) (& (B5) ) (xr = x5, (8))| = [{&,85) (&, (87)7) (xr = x5, (C) )| < 2h?IE]1%
We thus have:

h
(€58 2 (6 ) n g — Sl 2 1 (g — Cune) P
1 i 1

—_————
>0

9.4 Sufficient condition on the mesh (independent of w) ensuring the assump-
tions of Theorem 4.1

The assumptions of Theorem 4.1 depend on the parameters (wy41/2)y+1/2 of the edges and on the coordinates
of the vertices and the shoulder points (which also depend on the (w;,41/2)r+1/2- In this section, we present
some sufficient conditions on the vertices and the control points that ensure the assumptions of Theorem
4.1. We define:

A= W minmin(<(xr+1 — x,ﬂ)J‘,xr — Xj> , <(xr - xr,l)J}xT - xj>),

], T
o = oz maxmax(| (<1 = %% = 35) 1] (6 = Xeo1,% = ;) ),
1 Xp11+ X
6=— M i i 111
h g_l?;% r+1/2 9 ’ ( )

and we assume 7; > 0.

According to the definition of the shoulder points (8), it reads as a convex combination of the middle
of the edge and of the control point:

Xr+1 + X

Wr41/2
Xpp1/2 = =5 + Arg1/2 (Mr+1/2 - a2

I+wryiyo

Xpy1 + Xp
+>7 Arg1/2 =

2

Using (12), one can write:

207 = (1 - M) (Xrp1 — X,) "+ (1 - M) (X = Xr1)"

2 2
i I
Xrt1 + Xy X, + Xy
+h(Wrt1/2)Ari1/2 (Mr+1/2 - +12> — h(wr—1/2)Ar_1/2 (Mr—l/Q - 21>
Since 41 > 0 and 1 — h(w)/2 > 1 — /4 > 0, we have:
T 1 2 2

(Cjxr —x5) > 011271}1 — Cy126h”°. (112)

Besides, one has:
((C)), %, — x;)| < Cr1g¥2h® + C1130h”. (113)

According to (13), one has:

é?f+1/2 _ h(wr+1/2)

j 2 (x'r+1 _XT)l7

thus leading to:

~ 1 X1 + X, 1 .
<Cj+1/27x’r+1/2 —Xj) > Crn <(Xr+1 — %)t T Xj> — C1146h* > c F1h? — Criadh®  (114)

2 114
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Xr+1 + Xy

<é;+1/2, (XT+1/2 — Xj)l>‘ S 0115 (‘<Xr+l — Xr, 2

— Xj>‘ + 5h2> < Cri5h*(52 + 0)
Eventually, the condition 4; > C(%2 + §) for some C > 1, implies the assumptions (29).

9.5 Proof of Corollary 2.2
Let ¢ € R?, one has:

|ﬂj|s=/52j§=[)gj<s7x—xj>n

Moreover, according to Theorem 2.1:

/mz‘(&x —x)n =) (€, Xaor — x;) 0,

dof

and the relation (£, xqor — Xj>é?0f = Blfo‘cf gives the result.

9.6 Technical lemma

Lemma 9.1. Let f : R, — R, be a C! function and ky, ks > 0 such that:

d

a(fz) <k (f(t) + ko),

then:
vt >0, f2(t) <2 (it + f2(t = 0) + k3)

Proof. One has:

d [z 12 d
%(fz-l—k‘%)Sle 2+ k3, hence: yr 2+ k2 <k,

therefore:

£2) <2(K + f2(t=0)+k3).

9.7 Proof of Theorem 2.1

(115)

In order to prove Theorem 2.1, we prove that the quadrature formula is exact for affine vector-valued

functions. More precisely:

VA € R?¥?, / (Ax,N) =3 (Axqer, CJ°F)
09 dofx

To do so, we first write:

/mj (Ax,N) = ) /<Ax,N>.

edges ¥ €

Each edge e can be parametrised by the following: e = {M(q), ¢ € [0, 1]} with:
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where My = x, and Mz = x,.;; are the vertices and M; = M, ;.7 is the control point, and:

(1—-¢)? (1—q)q

_ 4
@ W Y wy

Ai(g) = 2w
and:

Ug) =1 —q)?+20(1—q)g+q"

Therefore we can write:

/6<Ax,N>/01<AM<q>,j @) ZZ(/ \ ) vt ).

=0 j=0

We explain in the following how the computation of the integrals ( fol Aj dd/\qi)‘ ~can be reduced to the
i,j

computation of a single integral. Using:

Ao(0) =1 A1(0) = A2(0) =0 A2(l) =1, A1(1) = Ao(1) =0,
we deduce that, for ¢ # j:
/1 dAi :_/1/\<d)‘ﬂ
o 7dg 0 dq’
and for i = j:
——ifi=
1
/ )\id)\ =<¢0ifi=1
0 dgq
— ifi =2

Moreover, using Ag(q) = A2(1 — ¢q) and A1(g) = A1(1 — ¢), one has :

d\ d\
/ 70)\1 / 72)\1

In addition, since \g =1 — A1 — Ag:

L dXy Ldhs L dhy /1 dXs 1 Ldhy
E N = - [ ZEEN == 222
odqoodq odqzodquodq1
—_—— N——

=1

SIS

Therefore we only need to compute the integral:

dAs
I :/ 2\
1 0 dq 1-

The expression of %)\1 is quite complicated. This is why we show in the following that computing Z; is
equivalent to computing a simpler integral.

Writing:
9 9 1 1
l=q¢"+(1-q)"+2(1-9q), we deduce: - A2(g) + do(a) + ~ (). (117)
We define 7, = 01 %f Multiplying (117) by % d)‘z and integrating, we find, using the above equalities:
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a1l 1
I, = 211

1 d)\g 1l—w
; g 1 2+§—/ /7)\1—1%- 1.

This leads to:

w
1—w

Hence we only need to compute Zs. An integration by part leads to:

= _/;lq %)) Tl [;’(q)}/;{q)jq <a1q>> =1t

=75

T, = (T - 1).

and:

b [ i) oe= ]  oe] -3 - f te [

=T, =T;

Besides:

Eventually, we find:

w w

R A ()

(Ts — 1).

We thus need to compute the integral 75 = fol 1/¢%2. This can be done using a partial fraction decomposi-
tion, we do not give the details of this computation. In the end we find Z; = f(w)/2 where f is defined in (14).

Now we explain why this gives the desired result. Using:

, 1
Cj= §(Nr 12t Nr+1/2)
with:
N e =0 = frv12)Nepga + fri1/2Ne i, N:FH/Q = (1= fry12)Nprg1 + fra12Neg1/2.041
we obtain:
Z<AXT,CT + Z AMT‘-‘,—l/Q? T+1/2 Z Br+1/2a (118)
T r+1/2

with:

1 1
Br+1/2 = < AX77 7~+1/2> + <2AX7-+1, Nj+1/2> + <2AMT+1/27 fT+1/2N7',7'+1> .

and fr41/2 = f(wr41/2). Notice that B, 1/, can also be written as a function of the vertices and the shoulder
point:

1 -~ 1
Br+1/2 = < AXT7 r+1/2> + <2AXT+17Nj+1/2> + <2AX7‘+1/2ahr+1/2NT77‘+1> ;
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with:

N;+1/2 = (1= hpgr1/2)Nprq1 + hr+1/2Nr,r+1/27 N:_Jrl/Q = (1= hpy1/2)Ny 1 + hr+1/2Nr+1/2,r+1~

and hy,4q/2 = h(wy41/2). This leads to:

Z <Axdof» C?Of> = Z Br+1/2 = Z <Axr7 C;> + Z <AM7"+1/27 C;+1/2> : (119)

dofx r+1/2 r

Moreover, one has:

1
Br+1/2 = <2AX7" (1- fr+1/2)XrL+1 + fr+1/2MTL+1/2 - Xrl>
1 1 1L
+ §AMr+1/27 Jro12Xein — fry1/2X;

1
+ <2AXr+17 X1 = fre12Myy o — (1 fr+1/2)xrl> :

To conclude, we notice that the coefficient in front of (AM, /2,xf:+1> writes exactly f,i1/2/2. More

generally, we can notice that the coefficient in front of (AM;, M]J-> writes exactly as fol )\i%. This leads to:

! d
B = [ (AM(@. M) ) da
0 q

with:

M, =M(¢ =0) = x,, My =M(g =1) = x,41,

and M; = M,.1 ;5 is the control point of the edge [x;,x,1]. This concludes the proof for the vector-valued
functions and proves (116).

For the scalar case, it is sufficent to show:

veeR? [ (6Nx= Y (6 CI) xaor

Q; dofx
This can be done by choosing A = ¢ ® e for any e € R? in (116).

Remark 2. (Quadrature formula using direct edge parametrization)

We recall the parametrization of conical curve using Mo, My (and a non negative scalar weight w), My in
terms of CAD points is given by (7). Changing the view point and taking now the shoulder points S instead
of control point My as reference node, the parametrization of conical curve (using My, S, M) (see Figure

M (q) = Ao(q)Mo + A1 (g)S + A2(q)Ma, g €[0,1]. (120)
with:
i = G =Tt =0 Yaw=1

Using this parametrization, we could have directly proved:

! d
Bi12 = / <AM(CI)7 dMl(Q)> dq,
0 q
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with:

1 i 1 - 1
Br+1/2 = <2Axr7 NT+1/2> + <2AXT+1a Nj+1/2> + <2AX’I"+1/27 hr+1/2Nr,r+1> )

and concluded the proof using:

S (4 &) = 3 B

dofx r+1/2

However this approach would have led to much more complicated computations, the computation of the
integrals (fol S\j dAi)_ ~ being more difficult.
i,

dq
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