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Ridge Estimation in Functional Measurement Error Models

A. R. Rasekh

Department ofStatistics, Ahwaz University, Ahwaz, Iran

Abstract. We propose a ridge estimator as an alternative estimator in the presence of

collinearity among the éléments of unobservable values in functional measurement

error models. Modifications of the estimator are also considered and properties derived

which are analogous to those known in ordinary linear models Our simulation results
show that the modified ridge estimate will hâve shorter length, mean square errors and

standard errors, than other estimâtes of the coefficients of the model.

Keywords: biased estimators, collinearity, functional relationship, parametric bootstrap,

ridge parameter, variance réduction

1. Introduction

Collinearity is troublesome and the effects of its presence on different aspects of linear
models is well known (see for instance, Belsley, 1991). When there is collinearity

among the predictor variables in ordinary linear model, alternative estimation
procedures hâve been proposed which are gcnerally biased. Among these procedures
ridge estimators hâve received particularly attention Hoerl and Kennard (1970, a, b)
hâve introduced the ridge estimators and a large number of papers on the subject hâve
been written since then. Recently, the ridge estimation techniques hâve been extended

to generalizcd linear models. One can refer to Schaefer et al (1984) and Nyquist
(1991) for different versions of the extended ridge techniques in generalized linear
models. Gamboa and Gunst (1992) hâve considered collinearity in measurement error

models and defined collinearity in terms of a relationship between éléments of

unobservable values Apart from this work, little attention has been given to the effects
of collinearity on different aspects of the estimâtes of parameters of functional
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measurement error models, nor to ridge estimation procedure as an alternative in the

présent of collinearity. Therefore, we concentrate here on fimctional measurement

error models and consider collinearity and ridge estimâtes in this context. The

fimctional measurement error model can be defined as follows:

Yi -y\ +*i

Xj-Xj+Uj /-l, ...,n

yt = P'*i

In this model xi is a p x 1 vector and yt is a scalar of unobservable fixed values which

can be observed through the p x 1 random vector X] and the random variable Yi ,

respectively. The px 1 parameter vector /? is unknown and to be estimated based on

observations. We define e\ = (eh uj), i = 1, n, as the errors ofthe model which

are independent and we assume they hâve normal distribution with zéro mean and

covariance matrix Z ££ -
&ee Yjsu
y y■‘“'we uuu

Generally we would anticipate that replicate observations are available on this

model and so an estimate of the 1££ exists and is given by S££ St
S,

but

since the replicates do not directly affect the central thèmes of the work below, we

hâve simplified the notation by referring only to single observations (see example in

section 3). If we define Z\ - (Yj, X'), i = 1, then the consistent estimate of /?

is

P = (Mxx ~ rSuu ) l(MAT - YSue) (O

in which Suu and Sue are estimâtes of Zuu and lue, respectively, and

Mzz -n l±ZtZl-
i-\

Myy Xfyx
MXY MXX

z is the smallest eigenvalue of Myy in the metric of S££ and is derived from the
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équation |MZZ - nS^j - 0(see for instance, Cheng and Van Ness, 1999). Let

n

= lim /î_1 ^ XjX- be the second order moment matrix of the model and assume
.

= j

that is a positive definite matrix. We can show that xx -xSuu) is a

consistent estimate of (see Fuller, 1987, p. 128) and so another représentation for

P is (5 - Y^(Mxy ~ *Sue)- Furthermore, an asymptotic covariance matrix of p is

^PP ~ + ^xx)crw - ^UV’^VU (2)

in which gvv — gee + P XWÜ P~ 2P Yuue and H,uv ~ Zeu — p Ü uu.

Gamboa and Gunst (1992) defined collinearity in terms of a relationship between
éléments of the unobservable xt values using the second order moment matrix ru .

They derived asymptotic justification of using the estimator of as a basis for

diagnosis of collinearity in measurement errors models.

In section 2 we concentrate on ridge estimâtes in the context of functional

measurement error models and we dérivé the ridge estimate of p. In section 3 we

look at an example using a set of data relating to Egyptian pottery. Finally, section 4

contains a parametric bootstrap simulation study, with the aim of comparing p and

two different versions of the ridge estimâtes.

2. Ridge estimation

In ordinary and generalized linear models the idea of ridge estimation is to fix the

length of the régression coefficient vector p to say H , and to minimize the sum of

squares errors subject to this constraint. We examine this argument in order to dérivé a

ridge estimate of the parameter /? in our functional measurement error models. Our

argument is as the one used in generalized linear models, using Newton-Raphson
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itération.

According to Sprent (1966) an estimate of the parameter p can be derived using

the following normalized sum of squares équation

QM = <r~jÊtVi-PXi)1- (3)
1 = 1

Fuller (1987, p. 125) shows that under the assumption of normality, maximization of
the likelihood function with respect to P is équivalent to minimization of the

normalized sum of squares équation.

To dérivé a ridge estimate of the parameter /?, using Newton-Raphson

minimization procedure, we can minimize the restricted sum of squares équation

Qk (P) = avif, 05 ^ P'xi )2
1 = 1 1

in which -2_1 k is the Lagrange multiplier. The first dérivative of Ok (/?) with respect

to p is

Uk {p) = <?vvY. Vi*i ~ nkP
i = 1

= U(P) - nkP
n

where x, = Xl - <y~}vï,uvvi, v-{ =Yf- p'X{ and U (JS) = v1xl-

(4)

. Furthermore,

the dérivative of Uk (p) with respect to p is
Xlk(P)

dp

/=1

n

- Xjxj - nkl. Ifwe
/=!

dénoté the négative of the dérivative of Uk (/?) and the dérivative of U(P) by

Q.k {P) and Q{p), respectively, then we hâve

Clk (P) = Q(p) + nkl. (5)

If we dénoté the restricted estimate of p from (4) (which is a fonction of the A' ) by

p(k), then an approximation to this estimate can be obtained by carrying out a Taylor
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sériés expansion of the first dérivative Uk (/?) about the real parameter value . This

procedure yields

uk {À*)} = Uk(po) - {m -p0)nk (fl0 )

Using relations (4), (5) and the fact that Uk = 0, the first order approximation

offî(k) is

On the other hand, using unrestricted sum of squares équation (3), a first order

estimate of (3, say /?, is

p=pü+or\p0)U(pü). (6)

Hence a first order ridge estimate (3{k) is

p(k)^{n(p0)+nki}-'n(p0)p. (7)

Replacing J3q by its estimate /?, from the définition of 0(/?) we hâve

n

&(/?) = âyl^X'X’j (8)
/=1

in which xt - X-{ - àylî,uvvt and v-t =Yt - (3'Xj. Substituting (8) in (7) we hâve

n n

P(k) = (CTyl Yj *1 */ + UklTX °~VV Z */*//?
/ =1 »=1

n

Ifwe define T - n~l ^ jqjc/, then we hâve
î

p(k) = (à--lfxx+ki)-1^lrxxp. (9)

Finally, using (3 from (1) instead of the first order estimate (6) in (9), the ridge

estimate of (3 is obtained. It is obvious that for k equal to zéro, the ridge estimate
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P(k) is exactly the same as the estimate P One problem with the ridge estimate

p{k) is that is not a consistent estimate of E^.. In fact we can show that

^xx ~^xx+ ^r]T]+0p(O i*1 which IjT}T1 = Yjuu -<jylluvl,w. An alternative
définition of the ridge estimate can be suggested using the consistent estimate

= Mxx ~ *Suu instead of in (9). Using f„, a different version of the ridge

estimate is given as

P(k) = (ô-vv1^ + 1 àÿyf^p.

In the literature k has been referred to as the ridge parameter. The choice of this

parameter in ordinary linear model is still unresoived and because of this problem
several approaches hâve been developed to guide the data analyst in sélection of the

ridge parameter values. Some ofthe approaches give cut-off points that are based on

the different fonctions of the estimate of P, while the other approaches suggest a

plotting scheme using mean square errors or éléments of the ridge estimators versus

different values of the k and looking for the best value of the k. We suggest using this

latter technique for selecting the ridge parameter in fùnctional measurement error

models.

The ridge estimate P(k) has some properties, which are analogous with those for

the ridge estimate in ordinary linear models. Instead of an analytical illustration, in
section 4, we consider these properties using a parametric bootstrap simulation study.

3. Example

In this section we consider an example using a set of data which we refer to as the

Egyptian pottery data. Briefly, this data set arises from an extensive archaeological
survey of pottery production and distribution in the ancient Egyptian city of Al-
Amama. The data consist of measurements of Chemical contents (minerai éléments)

made on many samples of pottery using two different techniques, NAA and ICP (see
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Smith et al, 1988 for description of techniques). The set of pottery has been collected

ffom different locations around the city and each pottery has its own “fabric code”.

Archaeologists believe that observations from pottery with the same fabric code and

ffom the same provenance can essentially be regarded as replicated observations Our

preliminary analysis using multivariate analysis of variance (not reported here) also

confirmed this idea. Consequently, the data set has been divided into n-21 groups

and in each group there are replicated observations. Due to limitation of space the

original data set is not given here, but it is available from the author on request.

Among ail minerai éléments our interest is in the relation between Na measured with

NAA versus six éléments Na, Al, K, V, Cr and Mn measured with ICP. Thus, we fitted

a functional measurement error model to this data set.

Table 1. Eigenvalues, condition indexes and variance décomposition proportion

of the matrix in the scaled form.

Eigenvalue Condition
index

Variance décomposition proportions

Â h h h h h
5.461 1.000 0.004 0.000 0.001 0.000 0.008 0.000

0.351 3.944 0.025 0.001 0.004 0.000 0.847 0.000

0.115 6.897 0.868 0.004 0.010 0.005 0.041 0.008

0.039 11.883 0.020 0.129 0.047 0.001 0.018 0.190

0.031 13.273 0.015 0.064 0.822 0.028 0.016 0.000

0.004 38.295 0.067 0.802 0.116 0.966 0.069 0.801

We considered the eigenstructure of the matrix in the scaled form (see

Gamboa and Gunst, 1992) as basis for the collinearity diagnostic in this case. The

eigenvalues and condition indexes (see Belsley, 1991) of this matrix are presented in

the first two columns of table 1. In practice, some cut-off points for comparing the

magnitude of calculated condition indexes hâve been suggested. Belsley (1991)

suggests using the value 30 as a cut-off point for the existence moderate collinearity.
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Comparing the calculated condition indexes given in this table we can see that there is
one collinearity among the éléments of unobservable x, values.

In order to specify the variables that are involved in collinearity, we considered the
variance décomposition proportion method, using the asymptotic covariance matrix of

/?, given in (2), in the scaled form. One can refer to Belsley (1991 ) for full description
of this method in ordinary linear model and to Rasekh (1996) for adaptation of this

technique in fiinctional measurement error models.
The numerical results of the variance décomposition proportion in the ordered

form according to the condition indexes are given in columns 3 to 8 of table 1. The
éléments in each column indicate the proportion of each condition index for the

variance of each element of /?. A glance at results of this table vérifiés that the

condition index of the last row, which is the largest one, plays a large rôle in the

variance décomposition proportions of the columns 2, 4 and 6, indicating involvement
of the 2nd, 4th and 6th éléments of the unobservable x, values in a collinear relation.

In order to dérivé the ridge estimate of /? we standardized the éléments of the

observable random vectors {Y,, Xj), / = 1, .... n, so that they will hâve the unit

length. Therefore, the parameters of the model will also be in the scaled form We

computed several (3{k) for different values of the k in the interval (0, l)andwith

incrément 0.01. Then we plotted éléments of the /?(£) versus different k values.

Figure 1 exhibits the ridge trace of the éléments of j3(k) versus different values of k.
In this figure ridge estimâtes fi±(k) and (k) hâve small values and are around the

zéro line. Increasing k has the great effect on the coefficient estimate (Æ) of the 6th
element of unobservable x,- values (Mn element) which is involve in collinearity. It

drops quickly in magnitude while the coefficient estimâtes for the noncollinear x;

values change relatively little as k is increased. Visual inspection of the ridge trace
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suggests that a small value of k, one in the interval (0.10, 0.20), produces a

stabilisation of the ridge trace. In fact from this figure we can see that ail estimators are

reasonably stable in this interval and so a choice of k equals to 0.15 is reasonable.

Ridge Parameter (k)

Figure 1. Plot of éléments of the ridge estimate versus different values of k*.

4. Parametric bootstrap study

In ordinary and generalized linear models many simulation studies hâve been

constructed with the aim of comparing different aspects of various biased estimation

procedures with each other and with subset sélection procedures One can refer to

recent works by Breiman (1995), Frank and Friedman (1993) and Hoerl,

Schuenemeyer and Hoerl (1986). However, in functional measurement error models

the task of collinearity diagnostic and biased estimation procedures has only started.

Therefore, in this section we will be restricted to a relatively smaller simulation study

including only the estimate /? and two versions of the ridge estimate of /?. The aim of

this study is to get a picture of these estimâtes using a parametric bootstrap simulation

with 5000 replicates. The bootstrap study is based on the Egyptian pottery data set,

which has been used in the previous section. We generated data with the following

spécifications:

The group number is n = 27 and the numbers of réplications in each group, r,, is
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the same as those for the original data. In each step of the bootstrap réplications we

generated data for the model

Yjj = p'Xj +etj i = 1, 27
Xjj=xi+uij 7 = 1,

where p and xt are calculated from original data and éléments of p are given in table

1 The random errors ey and utJ hâve normal distribution with zéro mean and

covariance matrices calculated from original data. We used NAG library subroutines

for FORTRAN77 to générâte the normal random variables e}j and uy.

(a) (b)

ta

S
oj
en
-y
cr «N

Q

0 2 4 6 8 1Ü

R idg& estimate

Figure 2. Plot of the bootstrap replicates of (a) p'{k)fi(k) against fi'fi, (b)
/?'(£)/?(#) against /?'/? and (c) P'{k)P(k) against pr(k)p(k).

We simulated 5000 data sets and in each step we calculated estimators /?, P(k)

and P(k) and their square length for the ridge parameter k = 0.15. Plots of the Iength
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of different estimâtes versus each other are given in figure 2. In each step we also

considered the appropriateness of the ridge spécifie value of k = 0.15 and found that

generally this value was appropriate. Figures 2.a and 2.b show plots of the bootstrap

replicate of p'(k)fi{k) and f3'{k)p(k) versus /?'/?, respectively. These figures

indicate that different versions of the ridge estimâtes will produce estimâtes of the

parameters with shorter length rather than /?. Figure 2 ,c is also a plot of the bootstrap

replicates of p\k)fi{k) versus (3'{k)fî{k). From this plot we find that fi{k) will

produce shorter estimâtes than f3(k), specially when the estimated vector is long.

Table 2 exhibits éléments of the estimate (3 and the mean values of bootstrap

estimâtes fî(k) and 13(k) for the value k = 0.15. The last row of this table also gives

us the mean length of the different bootstrap estimâtes. From this table we can also see

that the length of the estimator fi(k) is shorter than any other estimator.

Table 2. /? and mean values of bootstrap estimâtes of fî(k)
and /3{k) and mean values of their squared length.

Parameter fi Bootstrap f3{k) Bootstrap 0(k)

fil 0.72114 0.75737 0.75742

fil 0.04845 0.03713 0.03701

Pz 0.07625 0.09092 0.09241

P4 -0.00286 -0.00201 -0.00200

Ps 0.00018 0.00045 0.00043

Pô 1.76933 0.06857 0.07815

P'P 3.65874 0.95801 0.73516

Further, table 3 présents the bootstrap estimate of standard errors (s.e.) of the

éléments of /?, p{k) and (3{k) and shows that standard errors of the éléments of

parameter estimator is slightly improved using the ridge technique, but comparing

standard errors of different versions of the ridge estimâtes, we can see that J3(k) is
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favourable to /3(k) concerning standard errors properties.

Finally, we calculated the mean square errors of different estimators and compared

the percent réductions in mean square errors of the ridge estimâtes with one for /?.

The results are given in last rows of the table 3. Indications are that using fî(k) the

percent réduction is 10%, while using p{k) the réduction is 2%. In general, it would

appear that ridge estimate fi(k) shows the greatest promise in reducing the standard

errors and means square errors rather than /? and (3{k).

Table 3. Bootstrap estimâtes of s.e. and MSE of (3, fî(k) and f3(k).

Parametcr s.e.(fi) s.e.( p{k)) s.e.{ fi(k) )

fil 0.06002 0.05957 0.05950

Pi 0.01647 0.01633 0.01573

P 3 0.08418 0.08315 0.07350

P4 0.00084 0.00083 0.00070

P 5 0.00061 0.00060 0.00054

Pg 0.63321 0.59944 0.36899

Percent réduction in MSE ( 2% 10%
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