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Abstract

Given n realizations of a random sum S/v, we investigate the estimations of

its probability density function fsN and generating function G by kernel and

empirical methods respectively. In each case, we discuss two estimators and

make comparisons based on their central limit theorems.

1. Introduction.

Statistical inferences for stochastic process data grow rapidly recently. De-

velopments in this field can be found in Taniguchi and Kakizawa [14] for time

sériés, Prakasa Rao [10] for diffusion type processes, Prakasa Rao [11] for



30

semimartingales, Bosq [3] for nonparametric inferences, Andersen et al. [I]
for counting processes, Gnttorp [7] for branching processes, and Shorack and

Wellner [12] for empirical processes, among others.
In this paper, we will study some nonparametric inferences for random sum

data. Let X\, X2,..., Xn dénoté a séquence of i.i.d. random variables with

common generating funciton /. Define random sum

Sn — Xi -f A”2 -4-... + Xj\r,

where N is an integer-valucd random variable with common generating func-
tion g. We assume that N and X{,i = 1, • • • , n, are independent. Important

processes like random walk, compound Poisson process, and branching process

are ail spécial cases of random sum.

Let fs„ and G dénoté t.he density and generating functions of Sn respec-

tively. For simplic.ity, we assume N is a positive integer-valued random variable
in density estimation case. Then

OO

fsN{c) = YiSk{c)pk,
k=1

where gk is the density function of Xi + X2 + ... + Xk, Pk — P{N = k), k is a

positive integer, and G(c) = g(f(c)) (See Feller [5] page 287).
Both density function and generating function are important in computing

some interesting probabilitics, see chapter 11 of Feller [5] for an interesting

introduction. In practice, density and generating function are rarely known

and must be inferred from samples. Given n i.i.d. observations
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{Xf,x? X#),i = l,2,-,»,

the purpose of this paper is to study thc estimations of fsN and G. The
rest of this paper is organized as follows. Section 2 is focused on the kernel

estimation of fsN . Section 3 is devoted to the empirical estimation of G.

Section 4 provides some conclusions.

2. Density Estimation.

In this section, we investigate the density estimation of fsN based on kernel
method that is currently the rnost popular techniques applied in nonparamet-

rie density estimation. Comprehensive reviews can be found from influential

books like Tapia and Thompson [15], Prakasa Rao [9], Silverman [13] and

Pagan and Ullah [8], among others.

Let

l\ — X[ ^ -f X% ^ + ... + X, i — 1,2,..., n,

Jk — ■[ z j IV.[ — k, i — 1,2,..., n},

and Mnk = YGÏ=\ I{k}(Ni), where k is a positive integer and Isk} is the indicator
function of {k}. Then fsN can be estimated by

Idsn{(
1 n r — TzX-G-nh

directly or by

1
r, ,c-Ti„Mnk 1 „ ,c-Ti

hsN{c) = EiE = ElL ^Kk(~ir1)!-k=1 iëJk Mnkh h k=i ieJk
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indirectly, where K and Kk are kernel functions and h is the bandwidth.

Clearly, if K — Kk then /dsn{c) = fisN{c)- If is then interesting to investigate
the effect of different kernel functions.

in order to make comparison, we will find central limit theorems for fosN (e)
and fisN (c). Assume (i) K is nonnegative and f K(s)ds = 1, f sK(s)d.s <

oo, (ii) nh —> oo, ntià —» 0, (iii) fsN has bounded continuons second order

dérivatives, then

Vnh{fDsN{c) - fsN{c)) N(0, fsN{c) J K2(t)dt),
by standard kernel estimation arguments. The following theorem is needed to

prove the central limit theorem of fisN{c).
Theorem 1: Let Tf, F2,..., Yn dénoté a sequence of i.i.d. random variables

with common density function v such that v' is bounded. Assume Mn is a

positive integer-valued random variable satisfies ~ A (f as n oc. Then

, 1 r _ y r

J-1) - ^(c)} ^^r(0,w(c) J K2(t)dt).1 n ' i=l

Proof: First note that

= S ïK{hr)v{y)dy
— J K(s)v(c — hs)ds
— J /F(,s)[v(c) + 0(hs)]ds

v(c) + 0(h)
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by the boundedness of u', and analogously,

4^
= J lK2(—j^-)v(y)dy
— J K2(s)v(c — hs)ds
= I K2(s)[v(c)-\-0(hs)]ds
= v{c) J K2(s)ds + 0{h).

Therefore,

Var~K{^~~^h h
v(c) J I<2(s)ds + 0{ 1).

Consequently, by Anscombe theorcm ( see Anscombe [2] or Ghosh et al. [6]
page 45 )

1 Mn r _ y. i r — Y r

- m / *’w*).
It romains to show thaï

Ædh{E\K(^±) - v(c)} - ü.h h

Since rih3 —> 0, the proof is completed.G
We are now ready to prove the central lirnit theorem for fisN{c).
Theorem 2: Under the assumptions (i), (ii) and (iii) with Kk replaces K,

Æ(/b,W - fsM) -i N(0yjr,gk(c)Pt / A'2(t)Æ).
fc=l J

^(c) ^ UnkhKk{- hieJk

Proof: Dénoté
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and

Pk =
Mnk

Then

Mnk
n

Pk

and theorem 1 together imply that

Clearly

therefore

\Jnhpk(gk(c) - gk(c)) 4 N(0,gk(c) J I\2k(t)dt).

Vn(Pk ~ Pk) 4 vY(0,pyt(l ~ Pk)),

Vnh{J2 ~hKk(C T') - gk(c)pk)
i£jk

= Vnh{[gk(c) - gk{c)]pk + 9k(c)(pk ~ Pk)}

4 N{0,gk(c)pk J Kl(t)dt),
and hence

Vnh{f2{c) - fsN(c))
00 1 r — T

= nhKk(~J^) ~-^(c)P4
k=1 ieJk 1

oo

d

N(0,Y,gk{c)pk f Kl{t)dt),
k=1 J

smce

Y1 \Kk(~irL) ~ 9k{c)pk,k = 1, • • • n,itXnA
are independent. □
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Tt. is then easy to see that fosN is asymptotically better(worse) than fjsN
if

fsM{c) [ K2(t)dt < {>)Y^9k{c)pk j Kl(t)dt.'

k=i J

If Kk — K. then Jdsn is asymptotically équivalent to fisN as mentioned
abovc. Under mild assumptions on K, optimal K minimizing f K2(t)dt can

be obtained as Epanechnikov [4] kernel. If we restrict K to be dcfined on

compact interval [a, 6], then the optimal kernel K* is given by

K*(t) =

since

fb K\l)dt t\d,t>[f K{t)dt}2 = 1,J a J a Ja

or equivalent ly,

l i<2m > ~ = j\icf(t)dt,
by Cauchy-Schwartz inequality. In practice, the optimal kernel function can

bc applied and henc.e fosN and fjsN are asymptotically équivalent.

3. Generating Function Estimation.

In this section, we will discuss the estimation of generating function based

on empirical distribution. The generating function EcTi = C(c) = g(f(c)) can

be estimated by

direct lv or bv

G2(c) = g(f{c)),
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indirect,ly where

and

â(e) = -ÈAn ,

2 = 1

71 ,V,
xW

C J

Clearly,

^7= 1 -<VI i=lj= l

V^[Ô1(c)-G(r:)]4JV(0,A(/,ÿ>c)),
whcrc A(f,g.c) — G(c?) — G2(e). The following theorem givcs the asymptotic

normality of G2(c).
Theorem 3: Given n i.i.d. observations

(xP.Xf,..., *#),»=

vÆ[G2(c)-G(c)]4jV(0,B(/,ÿ,c)),
where

B{f,g,c) = 5([/(c)]2) - [^(/(r))]2 +
fa'(/M)]2{/(<-2) - [/MH

EN,

Proof: It is easily seen that

vMG2(c) - G(c)}

= ^±[mN’- g(c)}n
i=1

= V^{-±[/(c)r- -C?(c)}
71

7 — 1

+^[/(a)-/(c)|-ÊA'.[/WrV'
U

7—1

+Mf(c) - /M]2f X>,(a- WM]"'-21 7=1
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= V^{ l- ±[f(c)]N' - G(c) + lf(c) - f(c)\g'(f(c))}
L

1 = 1

+Vn[f(c) - /(c)]d ^.[/(c)]"''1 - s'(/(c))J
1 i— 1

+ s/n[f(c) - f{c)}2^-jGN,(N, - l)[/-(c)]^-21
l = l

= / + // + ///,

where f*(c) lies between f(c) and f(c).
Since

ELi Ni ,

n
ENU

by Anscombe theorem and law of large numbers, we hâve

Mm - f(c)} 4 jv(o,f{é>) ~ÿ{e)]2 ),
and

and hence

1 "

i=1

11 + III A 0.

It suffices to find the asymptotic normality of I. Since

= £[/(c)]W‘ - G(c) + lf(c) - f(c)]g'(f(c))}n i-l

1
= v^{-£{[/«]"•-gm»

1 — 1

vW(/(c)) n Ni

krUiW-ENrl + ENi ltt-/Ml,
n

i-l j = l
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the asymptotic normality of / cornes from the fact that / is a function of

(-èu/(c)]Wi - G(«0}TÊW -EN'}•1ÊET'" - /(«O».
î = 1 1 = 1 l — l J — l

that is jointly asymptotically normal ( since linear combinations-of the ele-
inents of above vector is a sum of i.i.d. random variables and hencc is asyinp-

totically normal ).
The calculation of limiting variance is straightforward if

1 £{[/«)"'-GM) =9(/(c))-C(c),
n ,

and

/(c) - /(c),

are uncorrelated. It is true by the unbiasedness of f(c) and g(f(c)) and the

following observations

Ef(c)g(f(c))

= E\g(f{c))-±—E(Y. E T'Ev, , N2,.... N„)]
2^t=i 7Vi j-i j=i

= E[g(f(c))f(c)]

= g{f{c))f{c).

□

The following examples illustrate the different large sample performances

of G\ and G2-

Example 1: In general, if A(f,g ,c) < B(f,g,c), t.hen G\ is asymptotically
better than G2. □
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For convenience, in the following examples, let, X and T dénoté two random

variables having the same distributions as and Tt- respectively.

Example 2: Let X and N dénoté Bernoulli and Poisson random variables

with parameters p and t respectively. Let q — 1 — p, then /(c) — pc + q. g(c) —

e_i+ic, G(c) = g(f(c)) — c-t+t(pc+q) _ e-tp+tpc' jn example, A(f,g,c) and

B{f,g,c) dépend on p, t and c, let us dénoté them by A(p,/, c) and B(p,t,c).
Consider the spécial case when P — \ and c =

4,1 1N

= e

= e

_i+‘i2 T 2 4

M)2,

2

and

. 1 1,
^(2 ’ 2

ffC/2(|)} - [5(/(|))P + (3'[/(|)])2[/(^
-t+<r\ 2/'^■«8-(d h

_(e-'+'î)2 + ((e-‘/4)26̂/

e ie( _ (e « )2 -f le 2 —.V '
16

We will prove that or equivalently, eie + ^ < eie*.
for ail t > 0. Let //(y) = y2 ~~ y — ln y. It is sufficient to prove that H'{y) > 0
for y > 1, since then H is increasing on (1,00) and
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H(y)>H( 1) = 0

for ail y > 1. In particular, //(eîs) > 0 as desired. Clearly,

H'(y)
1

= 2y-l--
y

= -(2j/ +l)(y - 1)
y

> o,

for y > 1. Thcrefore, G'2 is asymptotically better than G\ in this spécial case.

□

The generating function is particularly useful in moment computation, l'he
follovving cxample makes a comparison in this subject.

Example 3: Since
in i n N\ 1 n

E M=7TT E E xf] = -D 2î- = g; ( 1 ).
t=l J v» j—i j=i a»=i

^(i) = j'(/(i))/'U) = [-E^][

the two estimators are equal in estimating G'( 1) — ET.

We proceed to discuss the estimation of G"'(l) = ET (T — 1). In order to
make a comparison, we will find the central limit theorems of G"( 1) and G'^il).
Clearly

\Æ[GÏ(1) - G"(l)] 4 A'(0, VarT(T - 1)).

To find the asymptotic, normality of G"( 1), first note that

G(i) = »'(/(i))[/"(i)] + ff"(/(i))[/'(i)l2

vvhere



41

and

s'(/(i)) = -î>„
n .

1 = 1

$"(/(!))=-è jw-n
n ,î = l

Z^i= l - i j—i j— 1

4-W=l iVi î-1 J-1

Let £>(tn, x, y, z) = (x - tc)[^]2 + 2 - y, then
N,

m=dC-± ^ z ëi^fi2).
«=ij=i ^111=1 j=i

and

C2"(l) = C(£TV, EN2,EXEN,EX2EN).

( Since £T = ÆA'ÆAT and £T2 = ENVarX + EN2(EX)2. )

It is easy to see that
n Nt 1 n Ni

yy Y(*) _
n “ n n nj~i-A 3 ’ n

1 n i n 1 n ivt 1 n /vt

V«{(;E JVi, i£ TV?, i£ £ Af, i£ £[X<*>]2)
«t=l Wi=lj=l ni^L^i

-(£JV, £7V2, EXENy EX2EN)}

t=i

is asymptotically normally distributed with covariance matrix

VarN Cov(N, N2) 0 0

Cov(N, N2) VarN2 0 0

0 0 VarXEN Cov(X,X2)EN
0 0 Cov(X, X2)EN VarX2EN
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( Here, we use the fact that the first two éléments and the last two eleinent

of
in i n i n N, t n /vt

T E Ni,^E^.-EE *jq,£ E De"’]'2)n
2=1 U i=l Ui=\j=l 1

-(EN, EN2, EXEN, EX2 EN)

/v,

a.re uncorrelated. )

Consequently,

^[G»(l)-G"(l)]4,V(0,O.
where cr* = vEv', and

dD an an an 2x y2 y2 2„v = (-577» -5T» -^7’—) = (l1 - - 1,1),
W W* W‘dw ’ dx ' dy 1 dz

evaluated ai (te, x, y, z) — (EN, EN2, EX EN, EX2EN). Thus,

u = ((^Y)2[l -
2,1 2EN2\(EXf, ^[^EX - EX] -1,1).EN EN

The above resuits shows that if VarT(T — 1) < a*, then G"( 1 ) is asymp-

t.otically better than G'K 1), , the converse holds if VarT(T — 1) > a*. Consider
the spécial case when the distribution of N is Poisson with parameter t and

P(X = 1) = | — P(X — —1). Then EX = 0, v = (0,0, —1,1) and

( t 2t2 + t 0 0^
212 + t. 4 i3 + fit2 + t 0 0

E =

V

o o

0 0

t 0

0 0 J

Therefore cr* = t. It is straightforward to fmd
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ET4 = 312 + t, ET3 - 0, ET2 = t, ET = 0,

therefore, VarT(T — 1) = 212 + 21. Since 212 + 2t > t, ( 1 ) is asymptoticalh
bcttcr than G"( 1 ) in this spécial c.ase. □

4. Conclusions.

In this paper, we discuss the estimations of density and generating func-

tions for a random sum Sn. In both cases, we présent two estimators, find

their central limit, theorems and make comparisons. The major findings are :(i)two kernel estimators of density function fsN are asymptotically équivalent
if the same kernel function and bandwidth are applied, (ii) two empirical pro-

cess based estimators of generating function dominate each other in different

distributions.
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