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Abstract

Given n realizations of a random sum Sy, we investigate the estimations of
its probability density function fs, and generating function G by kernel and
empirical methods respectively. In each case, we discuss two estimators and

make comparisons based on their central limit theorems.

1. Introduction.

Statistical inferences for stochastic process data grow rapidly recently. De-
velopments in this ficld can be found in Taniguchi and Kakizawa [14] for time

series, Prakasa Rao (10] for diffusion type processes, Prakasa Rao [11] for
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semimartingales, Bosq [3] for nonparametric inferences, Andersen et al. {1
for counting processes, Guttorp [7] for branching processes, and Shorack and
Wellner [12] for empirical processes, among others.

In this paper, we will study some nonparamectric inferences for random sum
data. Let X, Xs,..., X, denote a sequence of i.i.d. random variables with

common generating funciton f. Define random sum
SN =X1+X2+...+XN,

where N is an integer-valucd random variable with commeon generating func-
tion g. We assume that N and X;,72 = 1,---,n, are independent. Important
processes like random walk, compound Poisson process, and branching process
are all special cases of random sum.

Let fs, and G denote the density and gencrating functions of Sy respec-
tively. For simplicity, we assume N is a positive integer-valued random variable

in density estimation case. Then

[V]e

fsu(€) = 2 gr(c)ps,

k

I
=

where g; is the density function of X, + Xo+ ...+ Xe, pr = P(N = k), kisa
positive integer, and G(c) = g(f(c)) (See Feller [5] page 287).

Both density function and generating function are important in computing
some interesting probabilitics, see chapter 11 of Feller [5] for an interesting
introduction. In practice, density and generating function are rarely known

and must be inferred from samples. Given n i.i.d. observations
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(X,(i),X{i}a---1X1(\«i.))’i: L 2A. h%,

the purpose of this paper is to study thc estimations of fs, and (. The
rest of this paper is organized as follows. Section 2 is focused on the kernel
estimation of fg,. Section 3 is devoted to the empirical estimation of G.

Section 4 provides some conclusions.

2. Density Estimation.

In this section, we investigale the density estimation of fs, based on kernel
method that is currently the most popular techniques applied in nonparamet-
ric density estimation. Comprehensive reviews can be found from influential
books like Tapia and Thompson [15], Prakasa Rao [9], Silverman [13] and
Pagan and Ullah [8], among others.

Let

(gD et e SN o ek x

= {ilfv,‘ =thiz = 1,21...,?’2},

and My, = 37 Iixy(N;), where k is a positive integer and I}y is the indicator

function of {k}. Then [s, can be estimatcd by

= L , C—*Ti
fDSN((‘) = EEIs‘( h )‘

directly or by

ffSN(C) = ;i[z

=1 tedg

1 ,C—ﬂz,lkﬁm l‘.- Cijr'i
‘Mnkhhk( h )]ﬁ N Z[Z nh ‘k( h )]*

n
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indirectly, where K and K, are kcrnel [unctions and A& is the bandwidth.
Clearly, if K = Ky then fDSN ) = f;bN c). Tt is then interesting to investigate
the effect of different kernel functions.

In order to make comparison, we will find central limit theorems for fps, (c)
and frs,(c). Assume (i) K is nonnegative and [ K(s)ds = 1, fsK(s)ds <
o0, (ii) nh — oo, nh® — 0, (iii) fs, has bounded continuous second order

derivatives, then

Vah(fpsy(€) = fsu(€)) 2 N(O, fe.(c) f K3(1)dt),

by standard kernel estimation arguments. The following theorem is nceded to
prove the central limit theorem of fyg, (c).

Theorem 1: Let ¥7,Y5, ..., Y, denote a scquence of i.i.d. random variables
with common density function v such that v’ is bounded. Assume M, is a

agis - . . P o
positive integer-valued random variable satisfies 2= % d as n — co. Then

Vndh{

My el
M, h ZK(ET}“) = v(e)} % N(0,0(0) [ K¥(t)d).

Proof: First note that

K

ey
/hf( L)o(y)dy
/f\ (s)v(e — hs)ds
fK(s)[v(c) + O(hs)]ds
v(c) + O(h),

]
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by the boundedness of v', and analogously,

h

Eh

)
e
= /h v(c — hs)ds
= /Kz(s ¢) + O(hs))ds
= o(¢) [ K*(s)ds + O(h).

Therefore,
l W S v(c) 2
Vargk(“==) = T/I\ (s)ds + O(1).

Consequently, by Anscombe theorem ( see Anscombe (2] or Ghosh et al. [6]

page 45 )

Ma: | sl %2
\/-ndh{Mlnh g K( hy')- Yl)} & N(O,v(c)]h’”(t}dt).

It remains to show that

\/_{E' K Yl)—v(c)}ﬂﬂ.

Since nh*® — 0, the proof is completed.d
We are now ready to prove the central limit theorem for f;,gN(c).
Theorem 2: Under the assumptions (i), (ii) and (iii) with K} replaces K,
Vnh(fisy(€) = fsu(c)) % N(0, ng Pkfﬁk t)dt).
k=1

Proof: Denote
7
h ),

dule) =}

IEJ;‘

nkh Kk(
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and
i nk
Dri= .
n
Then
n

and theorem 1 together imply that

Vrhoi(§e() — gx(€)) 5 N(0,00(c) [ KE(t)d)

Clearly
Vi(pe — pie) > N(0, pe(1 — px)),
therefore
Vah{y —ka( ) gk(C)pe}
1€J)
= Vrh{[gi(c) = gi(c)]Br + ge(e)(Pe — p1)}
L N0 (e [ KE)L),
and hence
Vnh(fy(c) = fsy(c ))
= hZ{Z—Ik Y) — gr()p}
el :GJk
LN Y o [ KE(0)de),
k=1
since
> nihf\'k(c _hﬂ) — gr(c)pr, k=1, -,

ied,
are independent. O
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It is then easy to see that f:DSN is asymptotically better(worse) than f}SN

fsu(e) [ K@it < ()3 gu(ehpe [ K2 (1)

k=1
SRS =" Sther )FDSN 15 asymptotically equivalent to f;sN as mentioned
above. Under mild assumptions on K, optimal K minimizing [ K*(t)dt can
be obtained as Epanechnikov [4] kernel. If we restrict A to be defined on

compact interval [a, b], then the optimal kernel K* is given by

o 1
K1) = b__—al[a‘b](“a

since
b b b
f K*(0dt [“1di > [/ K($)di)? = 1,

or equivalently,
1
b—a

by Cauchy-Schwartz inequality. In practice, the optimal kernel function can

b b
/ K(t)dt > =/ (K*)2(t)dt,

be applied and hence fusN and _f;_c,-N are asymptotically equivalent.

3. Generating Function Estimation.

In this section, we will discuss the estimation of generating function based
on empirical distribution. The generating function Ec”* = G(c) = g(f(¢)) can
be estimated by

% 1 n
Gl(c) o ; Z CT‘:
t=1

directly or by

A

Ga(e) = §(f(c)),



36

indirectly where

and
n N;

PSR Y. ol wP
t=1 ‘!‘V

ii=1j=1

Clearly,
ValGa(e) = G(e)] 5 N(0, A(f, g, ),
where A(f,g.c) = G(¢*) — G*(e). The following theorem gives the asymptotic
normality of Gy(c).

Theorem 3: Given n i.i.d. observations
(i Lyt = 192500 )

VnlGa(e) — G(c)] 5 N(0, B(f,9,¢)),

where

B(f.9,6) = o(Lfle®Y = ol Fle))] + [g’(f(C))V{f;(;:) & [f(C)P}.

Proof: It is easily seen that

Vi{Ga(e) - (o))
= VAl I - 6(0)

VAl SN ~ 6()
RZICRNICIE AN

HVALF() = F(E o 3 M — DI ()

i=1
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1 n

i \/E{;Z[f(c)]"" ~ G(e) +[f(e) = F(o)lg'(f(c))}
Smlfte)= iZN[f NN = g'(f(e))]
HVALTE) = 5 3 NN, = L (O]

s LB,

where f*(c) lies between f(c) and f(c)

Since

Liz i S EN.,

n

by Anscombe theorem and law of large numbers, we have

Valfe - f(e) 4 wo, LU,

and
=Y NI B g (1),

and hence

Il 4+ HIEE.

It suffices to find the asymptotic normality of 7. Since

1
< ﬁ{% i[f(c)]N" S f(e)g'(f(e))}

? \/5{% an{[f(c)]"" - G}

Vvng'(f(c)) S g
+]Z? |UIN: = ENy] + EN, nZZ{CXJ = flah

=1 =1
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the asymptotic normality of I comes from the fact that [ is a function of

n N
r ; X( )
( Z{[f (e)]¥ Gle)) *Z{f\ — EM}, —ZZ{ f(e)h),
1'“1 =1 3=1
that is jointly asymptotically normal ( since linear combinations. ol the ele-
ments of above vector is a sum of i.i.d. random variables and hence is asymp-

totically normal ).

The calculation of limiting variance is straightforward if

=A™ - Ge)} = 3(f(e) - G(o),
and
f(e) = f(e),

are uncorrelated. It is true by the unbiasedness of f(c) and §(f(c)) and the

following observations

Ef(c)3(£(c))
. 1 L T ,
= B s B L e IV, oy, Vo)
(1 b} s=1 =l

= E[§(f(c))f(c)]

= g(f(e))J(e):
O

The following examples illustrate the different large sample performances

of Gy and &

Example 1: In general, if A(f,g.¢) < B([,g,c), then Gy is asymptotically

better than éz. O
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For convenience, in the following examples, let X and T denote two random
variables having the same distributions as ij and T; respectively.

Example 2: Let X and N denote Bernoulli and Poisson random variables
with parameters p and ¢ respectively. Let ¢ = 1 —p, then f(c) = pe+q. glle) =
e+, Gle) = g(f(c)) = e7tHHreta) = e=tp+t_In this example, A(/f, g, c) and
B(f,g.c) depend on p,t and ¢, let us denote them by A(p,(,c) and Bipt,c)

Consider the special case when p =  and ¢ = 1,

and
B(3.t3)

1 I gl
= 9l ~ UG + U - PO
= oy (Z)+(te-‘+*7)2(f—g—(§)2>§
i i (e—t+r%)2 s (teﬁ:“)z]iﬁt

We will prove that A(:ﬁ-,t,%) > B(3,1,31), or equivalently, e fi e eist,
for all t > 0. Let [I(y) = y* — y — Iny. It is sufficient to prove that H’ (y) >0

for y > 1, since then H s increasing on (1, 00) and



H(y)> H(l) =0

for all y > 1. In particular, H(et€) > 0 as desired. Clearly,

H'(y)
, 1
= At =
y
1
= 5(2y+1)(y—1)
ShE0)

for y > 1. Therefore, G is asymptotically better than G in this special case.
g

The generating function is particularly useful in moment computation. T'he
following example makes a comparison in this subject.

Example 3: Since

Gy(1) = SO0 = ;m > N, ;;x("l ngﬂ =Gi(1)
the two estimators are equal in estimating G'(1) = ET.

We proceed to discuss the estimation of G"(1) = ET(1' — 1). In order to
make a comparison, we will find the central limit theorems of G(1) and G2(1).
Clearly

ValGl() — G"(1)] % N(0, VarT(T - 1)).

To find the asymptotic normality of (;"2'(1), first note that
Gy) = g +§"dmsa

where
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and

1) = NZEX“ ~1).

=1 7=1

Let D(w,z,y,z) = (z — w)[L]* + z — y, then

7 15 T G T L 1 ;
G =D XN, = SN =T Y XD, ZZIX‘
n =1 n t=1 n =1 3=1 1._1 J=1

and
Go"(1) = D(EN,EN* EXEN,EX*EN).
( Since ET = EXEN and ET? = ENVarX + EN*(EX)2. )

It is easy to see that

fo 1.2 1.3 N; t 1 n N; 1

= =1 == =15=1

—(EN,EN*, EXEN,EX*EN)}

is asymptotically normally distributed with covariance matrix

VarN Cov(N, N?) 0 0
: Cov(N, N?) VarN? 0 0
0 0 VarXEN Cov(X,X*)EN

0 0 Cov(X,X*)EN  VarX:EN
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( Here, we use the fact that the first two elements and the last two element

of
1 n 1 T 1 n

(3 m 23Nz 135 0 L5 Sxop

n = i=1 =1 =1 )

~(EN,EN* EXEN,EX?IN)

are uncorrelated. )

Consequently,

ValGy(1) = G"(1)] 5 N(0,0%),

where ¢* = vXv’, and

ey o ghydl ¢ 2z y? y2 2y
AT i T el e et
evaluated al (w,z,y,z) = (EN,EN2, EXEN, EX?EN). Thus,
2EN? Y BT
o Iy 2 qreAlelN u
= (BX)l1 - 2o (X 22 pxy -1,

The above results shows that if VarT(T — 1) < o~, then G”(1) is asymp-
totically better than G%(1), , the converse holds if VarT(T—1) > o*. Consider
the special case when the distribution of N is Poisson with parameter ¢ and

P(X=1)=;=P(X =~1). Then EX =0, v = (0,0, —1,1) and

t 212 + ¢ 00
= 21+t 434662+t 0 0
A 0 0 t 0
0 0 00

Therefore o* = t. It is straightforward to find
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T8 i3 e BT =0 BT e ET = 0,

therefore, VarT(T — 1) = 2t + 21. Since 2t? + 2t > t, G"z’(l) 1s asymptolically

better than G”(1) in this special case. O
1

4, Conclusions.

In this paper, we discuss the estimations of density and generating func-
tions for a random sum Sy. In both cases, we present two estimators, find
their central limit theorems and make comparisons. 1'he major findings are :
(i) two kernel estimators of density function s, are asymptotically equivalent
if the same kernel function and bandwidth are applied, (ii) two empirical pro-
cess based estimators of generating function dominate each other in different

distributions.
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