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Abstract

This paper presents a consistent family of non-classical tests allowing us to
distinguish between a simple order one diagonal bilinear model and a noise process.
The consistence of the test is established by stating the asymptotic separation of
the sequences of the probability laws defined by the hypotheses being tested. The
family of separation sets, from which we deduce an acceptance region of the null,
is based on the process trajectories and does not take into account the moments
of the process. So, the methodology here presented is significantly different from
those that use the moments of order greater than two to distinguish between such

families of models.
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1 Introduction

The asymptotic separation of two families of probability laws is a proba-
bilistic notion that can be implemented in the statistical inference of stochas-
tic processes to construct new kinds of convergent tests or estimators.

Let X = (X:,t € ZZ) be a real stochastic process with a law belonging to a
set of parametric laws (Py, @ € O). Let {6y, ©2} be a partition of ©. Following
Geffroy (1976), we say that the two families of laws
(P,0 € ©,) and (P, 0 € ©,) are uniformly asymptotically separated if
there exists a sequence of Borel sets of R”, (Ay,T € N), such that

R P
i
n Fy (Ar) .= 0,
where P denotes the probability law of (X1, Xa, ..., X1).

In Geffroy (1976, 1980), we find conditions on the two families of laws
under which the uniform asymptotic separation is stated.

So, if the sets Ay only depend on the observable part of the process,
we may use this procedure to construct sequences of convergent tests of the
hypothesis # € O, against the alternative # € ©,, with acceptance regions
Ar (Tassi and Legait, 1990).

This methodology was originally applied by Moché (1989) to test the
signal function, @ € ©, of a model X = (X;, ¢ € Z), such that X, = 0(t) + ¢,
where £ = (g,,t € ZZ) is a classical white noise.

If we deal with more general models like, for instance, ARMA models,
Geffroy’s results are not directly applied. Nevertheless, the procedure used
to construct regions Ar leads to convergent tests of simple hypotheses for
those kinds of models as was obtained by Massé and Viano (1995) for Ar(1)
models with independent error processes and Gongalves and Mendes-Lopes
(1998) for AR(p) models with a general non-independent error process.

More recently, Gongalves, Jacob and Mendes-Lopes (2000) have shown
the asymptotic separation between an error process and a fixed simple bilin-
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ear order one model and a decision procedure to distinguish the two models
was proposed, which is not a Ncyman-Pearson classical one. In fact, as the
size is not fixed a priori, a symmetrical role is attributed to both test hy-
potheses.

Taking into account this particular separation result, we will propose, in
this paper, a test to distinguish between an error process € = (&¢,t € Z) and
the family of bilinear models X = (X,,t € Z) defined by

X =pXi 1601 +éy,

with ¢ > 0 (or ¢ < 0 ) and where ¢ is a sequence of independent, identically
distributed (i.i.d.) and absolutely continuous random variables.

The proposal developed here is a new methodology of testing for simple
bilinear models. In fact, to our knowledge, the tests currently available for
bilinear models are based on classical methods, like the Lagrange multiplier
tests (e.g., Saikonnen and Luukonen, 1988). Non-classical approaches have
been proposed, for instance, by Benghabrit and Hallin (1992, 1996), who
have used the LAN property to construct optimal rank-based tests for testing
autoregressive against bilinear dependence, or by Diebolt and Wandgi (1997)
who have considered a nonparametric technic.

If compared with those proposals, our methodology presents two kinds
of advantages: the weakness of the underlying model hypotheses and the
easiness of its practical implementation. In fact, we point out that this test
is essentially based on process trajectories and that the usual hypotheses on
the process moments are not imposed here. This is a great advantage as we
know that, for instance in moment approaches, moments of order greater than
two are needed to distinguish the two families of models; so, methodologies
using this kind of hypotheses will imply stronger restrictions in the families of
error processes as well as in the domain of the parameter ¢ (Martins, 1999).
Moreover, the simple and explicit form of the acceptance region leads us to

a easily achievable test.
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In brief, we consider this methodology as a quick and symmetrical way
of diagnostic between error processes and bilinear ones, for general type of
data.

2 Stationarity and invertibility

Let us consider the simple bilinear real valued stochastic process
X = (X, t € Z), defined by

Xy = pXi_ 180 + &, (1)

where £ = (g,t € Z) is a sequence of i.i.d. absolutely continuous random
variables and ¢ is a real parameter.

Under the conditions E(|log|&¢|]) < oo and E(log |:|) + log || < 0, we
obtain

X, ==+ Etpnst_n Hst_j (a.s.), t € Z. (2)

n=1 j=1
From Quinn (1982) and Azencott and Dacunha-Castelle (1984, pp. 30/32),
(2) defines a strictly stationary and ergodic solution to (1).
Furthermore, model (1) is invertible if E(|log|X:||) < oo and
E(log | X¢|) + log |¢| < 0; so, we obtain

=X+ (—0)"Xin [[ Xiej (a8), t€Z. (3)
n=1 =i
Denoting, for a given stochastic process U = (U, t € 7Z), BS‘J the o-field
generated by (U,, U, 1,...), we have from (2) and (3) Bf,? gl

3 Markovian representation and mixing

Following Diebolt and Wandji (1997), we state in theorem 3.1 a Marko-
vian representation for model (1). This Markovian approach allows us to find
sufficient conditions to ensure the geometric strong mixture (or a—mixture)
property of this model.
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Theorem 3.1 Let (X,,t € Z) be the bilinear model defined by (1), where ¢
is a real parameter and (£,,t € Z) i3 a sequence of i.i.d. absolutely continu-
ous random variables such that E(|log |&||) < oo and E(log |e:|}+log || < 0.
Then, there is a strictly stationary homogeneous Markovian process,
(Z;,t € IZ), taking its values on IR?*, such that

(i) Xeyv=HZ +e41 and Z, = AZ,_, + BZ,_1& + Ce, + De?,
) X, = K2,
where
o a=[$ 3] o[22 o=[i]. o=[¢]
and K =[1 0.
Proof: Let us define
2 e, g heonlien anal BB 2P0

We have
(A _ 7(2)
Z,_ — QOthlEtAl +& = Zt—l Sl Of (4)

and
Zfl)
HZ, 4641 = [01]| g | &1
= 23[2} FiBei
= X1, from Z{V definition,

which proves the first part of (i). Concerning the second part, some simple
algebra gives
AZf__l o BZ;...]lEt o= CE: A DE? = Zt, (5)

taking into account that
Zt(2) & (PZ:( 1)55
i (pZt(E)IEt + e;.
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Concerning (ii), it follows immediately that the result of the product KZ;
is Z\") which is equal to X, by definition.

Under the conditions E(|log |s]]) < oo and E(log |e|) + log || < 0, the
components of Z, are measurable functions of (g4,£,_1,...). As (&,t € Z)
is strictly stationary, the components of Z; are strictly stationary processes.
So, equality (5) and the independence of ¢, and Z,_; imply that the process
(Zy,t € ZZ) is Markovian and homogeneous.

So, the process (Z;,t € 7ZZ) is strictly stationary. &

The strong mixture property of the model is related to the geometric
absolute regularity of (Z;,t € Z), (Bradley, 1985). In order to establish
this absolute regularity, we introduce now the following additional technical
assumption (Mokkadem, 1990, th. 4.3):

(A) There exists a function, f : R2 — R*, a compact KC R? and real
numbers b,e > 0,0 < § < 1, such that:

(i) X2 (K) > 0, with A, the Lebesgue measure on R?.
(i) BE(f(Z,) /Zi-1=2) < 8f(2) —e,if z¢ K.
(i) E(f () /Zsr = 2) <b, f z€ K.

According to theorem 4.3 of Mokkadem (1990), this assumption implies
that the Markovian stationary process (Z;,t € ZZ) defined in theorem 3.1
is geometrically absolutely regular and therefore geometrically o—mixing
(Bradley, 1985). Then, the process (X;,t € ZZ) is also geometrically a—mixing.

4 A consistent test for bilinear models

4.1 The test definition
Let us consider the model X = (X;,t € Z) defined by
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Xt = pXi 1611 + &,

where ¢ is a real parameter and ¢ = (&,t € Z) is a sequence of i.i.d. ran-
dom variables, absolutely continuous, such that E(|logle]|) < oo and
E(log le:]) +log || < 0.
We suppose that, for each t € ZZ, the law of ¢, has a unique zero median.
In order to distinguish an error process from a bilinear one, we will
construct a consistent test for the hypotheses

Hy:p =0 against H; : p > 0.

We define the process Y = (Y;,t € Z) by Y; = Xiey, ie.,

oo n
Y. =X, (x, + > (~o)" X [| X,:_j) (a.s.). (6)

n=1 j=1
Obviously, the process (Y;,t € Z) is also strictly stationary and ergodic. We
note that X; = pY;_; + &, according to (1) and (6).

To construct the acceptance regions of the test, we use T° observations of
the process X denoted by zy,xs,...,zr, T > 2. Morcover, let g be a sym-
metrical, continuous and bounded weight-function defined on IR. Suppose
also that ¢ is strictly positive, non-increasing on IR* and P,-integrable, with
P, the model distribution.

Defining the set

D(p) = {(u,v)elez (u> 0Av < gu) V(u<0/\ v > gu)}, (7)

we consider the regions

T
Ar(p) = {ﬂ”m : Z g(oyi-1) [211)(-,0)(yz—1,$t) = 1] = 0} o i 241 (B)

t=2

t
where z(t) = (s o) e H IR and y; denotes the particular value of Y.
—o0

Considering a consistent estimator o7 of ¢, we state, in the following,
that Ar(p%) is the acceptance region of a consistent test of Iy against H,.
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4.2 The test consistence

For each t € Z, let us define

(Y1, Xe50) = %,(0) = 9(¢Ye1)[2Ip) (Yim1, X2) — 1] (9)
and o
Tr(p) = 7 3 ¥(¥eor, Xis) (10)

In Gongalves, Jacob and Mendes-Lopes (2000), a consistent decision pro-
cedure was presented to decide between the hypotheses Hy : ¢ = 0 and
Hy : ¢ = f,(8 > 0, arbitrarily fixed) . We point out that an exponential de-
cay of the size was obtained in this case. We also note that with a particular
choice of the weight function we were led to the minimum upper bound of
the size. In particular, this upper bound allows us to obtain, for a fixed
a €]0,1[, the number of observations, T, for which the test is of size a.
So, a real comparison with a Neyman-Pearson methodology could be imple-
mented. Moreover, some simulations results concerning the behaviour of the
power have been obtained, allowing us to infer a similar exponential rate
of convergence. Unfortunately, theoretical results assuring this behaviour
haven’t yet been obtained.

The consistence of that procedure was stated using the following conver-
gence, which is a consequence of the ergodic theorem:

Tl—iH-loo fI’_T(‘p) = E-P(qr"‘)g(llo)): V‘P i 01 PQO — a.s.,

where E, denotes the expectation corresponding to the model distribution.

The proof of the consistence of the test here presented is analogous to that
of theorem 1 of Gongalves, Jacob and Mendes-Lopes (2000) after showing
that

TETDO WT(@;‘) = E@('ﬂbg(‘P))v P'p —a.s.,
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where @} is a convergent estimator of ¢, as for instance the modified least
squares estimator proposed by Pham and Tran (1981).

This convergence is the main theoretical result of this paper and is the
key for using that procedure as a test; otherwise, it allows us to generalize
the procedure presented in Gongalves, Jacob and Mendes-Lopes (2000) to
tests of composite hypotheses.

To establish this convergence, we will use a result of Gouriéroux and
Monfort (1989), mentioned in the appendix as lemma Al, and we suppose
that ¢ belongs to an interval [—a,a] included in the stationarity region of
the process X. The three following lemmas ensure the applicability of this

result.

Let us define the process W = (W, t € ZZ) by

Wi = sp G0 - By (sup 1)) ). (1)
"] v
with
C(p) = ¥ul9) — By (¥u(9)), ¢ € [-a,a] (12)
Theorem 3.1 and the above-mentioned theorem 4.3 of Mokkadem, allow

us to conclude that the process (W;,t € Z) is strong mixing. This fact is
stated in the next lemma.

Lemma 4.1 Under assumption (A), the process (Wi, t € ZZ) defined by (11)

is geometrically a—mixing.

Proof: From part (i) of theorem 3.1, we may write

& =X, —HZ,, (13)
and from (ii) we have
X; = KZf,
Then
Yi=Xie=KZ, (KZ — HZt—l) : (14)
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So, Y;_, is a measurable function of Z;_; and Z; ».

Therefore, (,(¢) defined by (12) is also a measurable function of Z;, Z;_,
and Z,_, as well as W,. Then, as the process Z is geometrically a—mixing
under assumption (A), the same happens to the process W. &

Lemma 4.2 Under the conditions of lemma 4.1, we have

lim Ur(p) = E,(¢¥,(9)), P, —a.s, (15)

T—+00

uniformly in ¢, ¢ € [—a,al.

Proof: To prove this lemma, let’s use a result of Carbon (1988), which is
presented in the appendix as theorem A2.

Firstly, note that the ergodic theorem allows us to obtain the convergence
(15).

Defining
Ur(p), ¢ €[~a,ad],

i

the uniform convergence (15) is established, proving that

lim_sup |Hz(¢) — E,(Hr(¢)| =0, P,—aus,

T—+o00 )
as E,(Hr(p)) = E,(¥2(0))-
Note that i
L3 le) = Hale) — Bt (o), (16)
t=2

with (,(¢) defined by (12).

Let us verify that the process (W,,t > 2) satisfies the conditions of theo-
rem A2.

Firstly, we remember that, according to lemma 4.1, (W,,t € Z) is geo-
metrically a-mixing and so the process (W;, t > 2) is also a-mixing (Bradley,
1985, p. 170). It is clear that the a-mixing coefficients of (W;,t > 2) do not
exceed the corresponding coefficients of (Wi, t € Z). So, we may conclude
that the process (W;,t > 2) is geometrically a-mixing.
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Moreover, E,(W;) = 0.
Let us denote S; = sup|(,(¢)|. As g is bounded, there exists L. > 0 such

P
that g(z) < L, z € R. Then

K@)l < g(pYi1) + |Ep {g(pYe-1)[20p, (Yo, Xo) — 1]}
< glpYi1) + B, (9(pYe-1))
< 2L,
which implies
Wil = |S: — E(S:)| < 4L.
Finally,

E,(W?) < E,(S}) <4l

Let € be any positive real number.

P, (sup \Hr(p) - Ey(Hr(g))| > )
Z ()| > F)

t—2

S( > 6)
1 B
+T——1§E_p(3t) >€}

Wt+2L>E).

( 1
e
r (e

Using Tchebychev inequality, we obtain

e T
P, (rjpl_—l > We+2L> c) e o F, le’q’ (Tl__l waﬂ T
=2 2

IA
&0
|..3

If
i

I-.a
Mﬂnzmazzmﬂ

I/\

b-_]

i

2
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Applying inequality (21) in the appendix to the process (W;,t > 2), we
have

Ve =0, vl i< 1 3T0=Tg(’}’)20: VI =y,

1
el [exp (% ZW‘)] 2exp (QOL (T"— l)_?) : (18)
t=2

From (17) and (18), we conclude that
Ve > G'l v7:0<7 < 1) Z-Ilf-i‘-‘O—TU(’]") 20 VT..>_T0:

P, (sup fin(e) ~ B, (tir(@))] > ¢) < 2 exp (o2 = 1)'F).. (19
So, there exists T* > 0 such that, for T > T™,

i (20Le(T" )4) 2 (2061;9, S I)L;J)m

This inequality is equivalent to

b (2(;11 i 1)1_;1) B (zoice)_ﬁ?(T_ 7

The series with general term 2e?” exp (hzoeLg (T - 1)1_;1), T > 2, is con-
vergent. Consequently, using (19), the series

S Py (s (o) ~ B, (1) > )

T=2

is also convergent, for any positive e. This fact implies
lim_sup|Hr(p) - B, (Ha(p)| =0, P, as,
—+00 »
which ends the proof. &

The following lemma ensures the uniform continuity of the function

H(p) = Ey(¥2(p))-
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Lemma 4.3 The function H(p) = E,(v4(¢)), ¢ € [—a,a], is continuous.

Proof: Let (¢,),cn be a sequence of real numbers such that 11li[\{i N
From (2) we have the P,—measurability of (X;,t € Z).
Let us denote

+00 k
z = fily) = Z‘Pkef-k Hec—i +e,
k=1 i=1

where e; represents a particular value of ¢;, t € ZZ. Denote

h(p) = g(wfi(p)ed)2Inw) (fi(p)er, f2(p)) — 1].

We start by proving that li111} h(p,) = h(p), Py —a.s., ie.,
n—+o00

nEElmg(ﬂanfl(‘lon)el)[zll)(wn)(fl(‘lpn)elv fz(‘Pn)) o 1]
= glefilp)el)2Lo) (filples, fo(w)) — 1], Po —a.s..

The function fi(¢y) is continuous for each ¢ € ZZ. In fact, considering

M k
frm(e) = Z‘Pke?-k [Tei+e,MeN,
k=1 i=1
we know that Mlirr}r fim (@) = file), Po—a.s. .
— 00
As fi,.m(y) are continuous functions and

sup | foele) ~ o)l < 55 atels T iedl

=M+1 i=1

which converges a.s. to zero when M — +oo (Gongalves, Jacob and Mendes-
Lopes, 2000), we conclude that the convergence is uniform and, consequently,
that fi(¢) is continuous.

As g is continuous, the function g(wfi(y)e1) is also continuous in ¢.
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Now we study

ID(‘Pn)(fl((pn) €1, f2(£Pn)) = IDo (fl((lon) €1, fﬁ(‘pn) i %fl((pn)el) y

with Dy = (]0, +00[x] — 00,0[) U (] — o0, 0[x]0, +00[).
Let p : R — R? be the function defined by

p(p) = (file) er, fale) — £filp) er) -

This function is continuous as f; is continuous for all ¢ € Z.
Let us show now that the function

Ip, (z,y), (z,y) € R?

is continuous on R?\ {(z,y) : zy = 0}.

Firstly, we may write

IDo (m,y) = ID[.O (m,y) & ID‘z,o (-rry)

where Dy =] — 00, 0[]0, +0o[ and Dy = ]0, +00[x] — 00,0] .

We consider (z,y) € Dip and a sequence (Zn,yn) — (z,y), when
n — 400,

So,

Ve > 0,3np € N : Vn > ng, max(|z, — 2|, |y — 9) <¢,

and then
Vn2n0,$n<m+si>$n5$+i§£€=m<0
=
and

Yn > ng, Y — € < Yn < Y+ E = Yn ZSUp (y—e)=y>0.

>0
Then
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Vn > ng, Ip, o (Tn,4n) = 1.

If (z,y) € DY\ {(z,y): zy = O}, there exists three possibilities for the
valuesof zandy: >0,y >0,z >0,y <0and z <0,y < 0.

Let us analyse the first case.

Obviously, Ip, , (z,y) = 0. Considering (T, y) — (z,%), n — +o0, we
conclude as before that z > 0 and y, > y > 0.

So, Vn > ng, Ip, o (Tn,Yn) = 0.

In the other two cases, we conclude in the same way.
The analysis for (z,y) € Dy follows the same steps as this one.

Using the composition of continuous functions and the absolute continuity

of Py, we conclude that
li]_:‘_n h{v,) = h(p), Po — a.s. . (20)

As g is bounded
sup [ g*(¢nfi(pn)er) APy < +oc,

which implies

supfhz(goﬂ}dPg < 4o00.
Then, the sequence (h(¢,)), .y i bounded in L? and so it is Fo—equi-
integrable (Marle, 1974, chap 4). In consequence, as in (20) (h(¢,)).cn
converges a.s. to h(yp), we have

lim [ h(p.)dP, = ] h(g) dPs.

n—+o0c

o
We note that, as the function H(y) is continuous on [—a,a], it is also

uniformly continuous.
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We may now establish the consistence of the test of the hypotheses
Hy: ¢ =0 against H, : ¢ > 0,

with acceptation region given by

e
Ar(p}) = {ftf“" Y 9(erm) 2T W1, ) — 1] 2 0} 8 Thiit

t=2

Theorem 4.1 Let (X,,t € Z) be a real stochastic process defined by (1)
under all the conditions previously imposed. Let o} = @y(21,...,27) be a
consistent estimate of p. Then Ar(p}) is the acceptance region of a consis-
tent test of Hy: ¢ =0 against Hy, : ¢ > 0.

Proof: Lemmas 4.2 and 4.3 and lemma Al allow us to conclude that, if
¢5(X1,...,Xr) converges a.s. to ¢, when T' — +o0, then

lim @-T((P;"(Xla s :XT)) = E‘P(wz((p)): Pw —a.5..

T—400

The consistence is established by showing that under H; we have
E,(1,(¢)) < 0 (Gongalves, Jacob and Mendes-Lopes, 2000), i.e.,

]“1_1.1*13Dc Ur(py) <0, (P,—a.s.),

which implies
lim_P,(Ar(¢3) =0
by the dominated convergence theorem. &

Remark. Concerning the hypotheses

Hy:p =0 against H;:go<0,
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we obtain an analogous result defining the sequence of regions
(A7), T 2 2) by

T
Arlpr) = {w‘” : 3" 9@t yees) 20y (Ueer, ze) — 1] 2 o} ,

=2

where

D'(yp) = {(u,v)elR2 : (u<0/\v< gu) V(u>0/\ U > gu)}

Appendix
I. Lemmma Al.

Lemma (Gouriéroux and Monfort, 1989, p. 436) Let Qn(c, 3) be a sequence
of functions that converges uniformly in (o, 3) to Qoo(ax, B). If the limit
function Qo is uniformly continuous in (o, B) and if (an) is a sequence
that converges to ag, then the sequence of functions (Qn(cn,)) converges
uniformly in B to Quo(c, B).-

II. Theorem A2.

The following inequality is obtained from the proof of proposition 23 of
Carbon (1988, p. 138-143).

Theorem (Carbon, 1988) Let (Ui, t € IN) be a sequence of real random
variables that is geometrically c-mizing and verifies E(U;) =0, |U;|< d and
E(U}) < D,teN. Then, Ve >0, ¥y, 0 <5 <1, 3N = N(y) > 0 such that
Yn > N,

% 1 n fiie: A i
e™FE [exp (7; ZUL)} < 2exp (an-ai) : (21)
t=1
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