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Abstract  
Pentagonal packing is a long-standing issue and a rich mathematical topic, brought to the fore 

by recent progress in nanoparticle design. Gold pentagonal bipyramids combine five-fold 

symmetry and anisotropy and their section varies along the length. In this work, we obtain 

colloidal supercrystals of pentagonal gold bipyramids in a compact arrangement that 

generalizes the optimal packing of regular pentagons in the plane. Multimodal investigations 

reveal a two-particle unit cell with triclinic symmetry, a lower symmetry than that of the 

building blocks. Monte Carlo computer simulations show that this lattice achieves the densest 

possible packing. Going beyond pentagons, further simulations show an odd-even effect of the 

number of sides on the packing: odd-sided bipyramids are non-centrosymmetric and require the 

double-lattice arrangement to recover inversion symmetry. The supercrystals display a facet-

dependent optical response that is promising for sensing, metamaterials applications and for 

fundamental studies of self-assembly processes. 
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Introduction  

Since Greek antiquity, scientists have been fascinated by the way identical bodies pack together 

in regular assemblies. Determining their optimal packing, i.e. the one with the highest possible 

volume fraction is still a challenging task, even for bodies with simple geometrical shapes like 

convex polyhedra or polygons in the plane. Recently, this quest for optimal packing has been 

fueled by the design of nanoparticles with increased structural complexity, which typically self-

assemble into dense supercrystals. However, the vast majority of these efforts have focused on 

isometric particles (with a similar size along the three space directions)[1] and elongated shapes 

have received much less attention.[2]  

Fivefold symmetry is ubiquitous, from human-made architecture to floral symmetries.[3] In two 

dimensions, pentagonal packing is a long-standing issue and a rich mathematical topic, started 

by the early work of Johannes Kepler.[4] Tiling the plane with pentagons can be achieved either 

with non-regular pentagons in 15 different ways[5] or in combination with other polygonal 

shapes, giving rise to the fascinating aperiodic Penrose tilings.[6] The optimal packing of regular 

pentagons is a periodic lattice with a packing fraction around 0.92 called the ‘pentagonal ice 

ray’.[7] First reported in China as a decorative pattern,[8] it consists of two vertical columns of 

pentagons pointing in opposite direction and stacked along their edges.[7] Since the two 

orientations of pentagons form two sublattices that are related to each other via an inversion 

center, this results in a double-lattice packing.[9] This organization has also been observed in 

numerical simulations of hard pentagons.[10] 

Fivefold symmetry is regularly encountered in the shape of gold nanoparticles (NPs), as a result 

of crystal twinning during particle synthesis. For instance, gold bipyramids consist of two 

pentagonal pyramids base-stacked together.[11] Pentatwinned gold bipyramids were first 

obtained as a byproduct in gold nanorod synthesis,[12] but since then high-yield synthesis has 

been achieved by seed-mediated growth.[13] The self-assembly of pentagonal bipyramids has 
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been studied within monolayers,[14] but their self-assembly into 3D supercrystals has not yet 

been elucidated. In contrast to many other elongated particles, the cross-section of a pentagonal 

bipyramid is not constant along the symmetry axis, and hence their packing in 3D space does 

not reduce to its two-dimensional counterpart.[2] Allowing the section to vary along the length 

increases the complexity of the problem, as demonstrated by the case of ellipsoids.[15] For 

ellipsoids, the unit cell of the densest lattice contains a motif of two inequivalent particles 

having two different orientations.[16] Although the stacking of ellipsoid-like particles such as 

bipyramids, prolate spheroids and bicones has been investigated numerically,[1c, 15-17] there is to 

date no experimental evidence on the three-dimensional packing of elongated particles with 

varying cross-section. This may be due to their relative experimental scarcity: notable 

exceptions are hematite nanoparticles[18] and ellipsoidal microparticles,[19] but crystallization 

also requires a high size and shape homogeneity of the particle ensemble,[20] which was difficult 

to achieve until about fifteen years ago. Furthermore, investigating the structure of the 

supercrystals by electron microscopy in real space is challenging, as the electrons typically 

interact too strongly with the nanoparticles to penetrate the bulk of supercrystals and reveal 

their three-dimensional order. 

In this work, we obtain long-range supercrystals of pentagonal gold bipyramids with a packing 

fraction of 0.835. Their structure is a double-lattice packing, where all bipyramids are arranged 

parallel to each other but have two different in-plane orientations of the pentagonal cross-

section. This double lattice generalizes the optimal packing of regular pentagons in the plane, 

the ‘pentagonal ice ray’, in the sense that the two orientations of the pentagonal bipyramids are 

related to each other by an inversion center. Synchrotron-based small-angle X-ray scattering 

(SAXS) and focused ion beam-scanning electron microscopy (FIB-SEM) tomography analysis 

reveal a two-particle unit cell with triclinic symmetry. Monte Carlo (MC) computer simulations 

show that this arrangement corresponds to the densest possible packing. The crystalline order 



5 
 

of the bipyramids results in a facet-dependent optical response, which is demonstrated by 

surface-enhanced Raman scattering (SERS) spectroscopy.  

Results and Discussion  
Pentatwinned gold bipyramids (AuBPs) were obtained by seed-mediated growth and were 

uniform in size, as shown by a relative standard deviation of the length and width below 8% 

(e.g. length: 75.3±3.6 nm, base width: 25.2±1.5 nm). We optimized the conditions to crystallize 

the AuBPs via the slow evaporation (i.e. 48h) of a sessile droplet, and investigated their 

nanostructuration. The optical and structural characterization are provided in the Supporting 

Information (Sections 1 and 2). Results show that not only the detailed shape of the bipyramids 

matters (anisotropy, truncation of the tips) but also that the surfactant (i.e. 

hexadecyltrimethylammonium chloride (CTAC)) concentration has to be tuned carefully to 

obtain supercrystals. Figure 1 shows a combined SAXS and SEM analysis of a sample 

comprising AuBPs supercrystals. 
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Figure 1: Multiscale characterization of pentagonal gold bipyramid supercrystals 

obtained by evaporation-induced self-assembly. A-B) Optical microscopy image of 

rhomboidal supercrystals at different magnifications. C) SEM micrograph of a rhomboidal 

supercrystal.  D) Representative 2D SAXS image, displayed on a logarithmic intensity scale. 

E-G) SEM micrographs of an AuBP supercrystal viewed at different magnification and 

different orientations. In E), the supercrystal was sliced by FIB to reveal the NPs’ organization 

from the top (F) and from the side (G). The insets in F, G) shows the lattice parameters a, b, c, 

β, γ of the triclinic unit cell. H) SAXS data with experimental structure factor, S(q). Vertical 

lines indicate the expected positions of some Bragg peaks of the triclinic lattice. I) Three-

dimensional reconstruction of a portion of the supercrystal. In SAXS and SEM, 64 mM in Au0 
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and 16 mM in Au0 were used for the preparation of the sample, respectively. A fixed 

concentration of CTAC of 2.5 mM was used in all cases. 

Low-magnification optical microscopy images show numerous supercrystals, a few 

micrometers in size and with the same rhomboidal shape, scattered randomly on the substrate.  

In the 2D SAXS image (Figure 1D), the assemblies exhibited Bragg spots, indicating the 

presence of supercrystals within the footprint of the X-ray beam (300x500µm²). We also 

obtained the structure factor S(q) as the ratio between the intensity scattered by the supercrystal 

and the one for isolated gold bipyramids. As shown in Figure 1H, the Bragg peak positions are 

in agreement with a triclinic lattice. In order to confirm the lattice symmetry, AuBPs 

supercrystals were investigated by SEM. Analysis of the surface of the supercrystal revealed 

that all bipyramids are oriented in the same direction and parallel to the substrate (Figure 1F). 

Further investigation of the internal structure was carried on by FIB-SEM tomography, 

allowing the 3D rendering of a portion of the supercrystal (Video S1).[21] 2D analysis of the 

images allowed identifying the lattice vectors of the triclinic unit cell (Figure 1F-G). 3D 

analysis of the supercrystal revealed that all layers were identical and were stacked in an ABA 

fashion, with a relative offset along the 2c+a triclinic lattice direction. From the SEM image 

analysis, we confirmed that the supercrystal belongs to the triclinic symmetry, in agreement 

with the SAXS indexing of the Bragg peaks. Additional SEM images of the sample (in 2D and 

3D) are provided in the Supporting Information (Section 4).  
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Figure 2: Monte-Carlo computer simulation of the packing of truncated bipyramids with 

varying cross section. A) Histograms of the packing fraction of predicted phases for n-sided 

bipyramids with, n=3, n=4, n=5, n=6, n=7 and n=20. B) Representation along two directions of 

the predicted phase with the highest packing fraction, for each shape, corresponding to the peak 

highlighted by a red dotted circle in (A). For odd n values, two colors (blue and red) are used 

as the unit cell is composed of two particles with different orientations. C) Graph representing 

the packing fraction of the densest phase for each bipyramidal shape as a function of n. The 

packing fraction determined experimentally (for n=5) is added as an open black pentagon for 

comparison. 

Next, we performed MC computer simulations in order to investigate the effect of the detailed 

shape of the bipyramids on the lattice symmetry. In particular, we use a crystal structure 

prediction technique based on MC simulations of small numbers of particles in a simulation 
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box with a variable shape.[22] Here, we make the assumption that the interactions between the 

bipyramids are dominated by the hard cores, and neglect other possible interactions due to e.g. 

charges, Van der Waals attractions, or ligands. Note that since the bipyramids used in this work 

are large compared to the size of the CTAC ligands, we do not expect the ligands to modify the 

nature of the interaction. Hence, our model consists of perfectly hard truncated bipyramids, 

with varying number of vertices on the polygonal base: n= 3, 4, 5, 6, 7, 10, 12 and 20. For each 

particle shape, we simulate on the order of 300 compression runs, in which a small variable unit 

cell containing between 2 and 6 particles is compressed slowly under gradually increasing 

pressure. After compression, we examine the final structures and calculate their packing 

fractions. In practice, structures that are commonly found using this method tend to be good 

candidates for entropically favored phases in the system, and the densest-packed phase is 

expected to be the stable phase at sufficiently high packing fractions.[22-23] Note that the 

anisotropy and the truncation of the object are closed to the ones obtained experimentally and, 

if these parameters were varied, the simulation outcome would change, especially if the 

anisotropy decreased significantly. We show the results of the simulations in histograms of the 

number of observations of predicted structures as a function of packing fraction, together with 

two snapshots of the corresponding densest structure (Figure 2A-B). Interestingly, five 

recurrent structures were found for n=5, but only one for both n=4 and n=6 and at most three 

for the other shapes. For n=4 and n=6, the packing fraction of the predicted structure was about 

0.94 and 0.87 respectively. For n=5, the packing fraction of the recurrent structures varied 

between 0.69 and 0.83 (Figure 2A). In Figure 2C, we plotted the packing fraction of the 

densest recurrent structure as a function of n. For n<10, results show an odd-even effect of the 

number of sides on the packing density: bipyramids with an odd number of vertices yield less 

dense structures. We attribute this to the non-centrosymmetry of the odd shapes, imposing 

lattices with two NPs in the unit cell in a double-lattice configuration,[9] whereas those of 
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centrosymmetric nanoparticles (i.e. with even n) have only one NP in the unit cell (Figure 2B). 

Pentagons do not tile the plane, inducing the emergence of more open lattice polymorphs 

compared to the other shapes. For n<10, the packing fraction of the densest structure evolves 

significantly with n (i.e. between 0.83 and 0.92) whereas for n≥10, it converges towards 0.84. 

It is noteworthy that, although these NPs are faceted, for large n the problem converges to the 

closest packing of perfectly rounded truncated bicones. In this limit (n→∞), the densest phase 

has a packing fraction of approximately 0.84, but the second densest (and quite frequently 

occurring) structure, with a packing fraction of 0.77, corresponds to an ellipsoid packing (the 

densest to date), in which the particles are stacked in alternating layers with differing 

orientations (Figure S4.3).[16] Our results point towards an even denser packing than previously 

reported for ellipsoids due to the noncircular cross section of the objects. Overall, two regimes 

for the structuration of faceted bipyramids were identified, depending on n: a “faceted” regime 

for n<10 and a “smooth” regime for n≥10. Among these different shapes, bipyramids with n=5 

exhibit a particularly rich variety of observed structures and low maximum packing, confirming 

the specificity of the pentagonal cross section. 
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Figure 3: Comparison between the model and the experiment. A-B) P1ത unit cell predicted 

numerically, composed of two bipyramids drawn in red and blue. C) View of the lattice in 

which the cut is orthogonal to the [1,0,2] direction. D) Projection of the packing along the 

[1,0,2] direction (i.e. the longitudinal axis of the bipyramids). E) SEM image of a rhomboidal 

supercrystal, with superimposed model: both exhibit an angle of 30° at their tips. On top of the 

supercrystal, the (010) facet forms a rhomboid. The upper inset shows a magnified SEM image 

of the supercrystal (010) facet, where the bipyramids are lying flat. The lower inset shows the 

unit cell of the model, oriented along the c and c-a vectors of the triclinic lattice. 16 mM of Au0 

and 2.5 mM of CTAC were used for sample preparation.  
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We next compared the simulation results with the experimental analysis in real space (SEM) 

and in reciprocal space (SAXS). Among the five predicted structures for pentagonal 

bipyramids, the densest one matched the lattice determined experimentally. In agreement with 

the simulations, we find a double-lattice arrangement, where all pentagonal bipyramids are 

parallel to each other but have two different orientations, colored in blue and red in Figures 2 

and 3. The periodic arrangement is a triclinic lattice with two particles in the unit cell with each 

type of orientation (Figure 3A-B). The two particle orientations are related by an inversion 

center, so their pentagonal cross-sections are turned by an angle of  
ଶ஠

ଵ଴
= 36° (Figure 3B). The 

whole structure can be decomposed into two identical lattices, each one containing all particles 

with the same orientation (blue or red). The space-group is P1ത, with the inversion center located 

in-between the centers of the two particles in the unit cell, in agreement with the SAXS model. 

Note that the long axis of the bipyramids is along a direction close to a+2c. The structure can 

also be decomposed in alternate layers with the two orientations (ABA stack), as can be seen 

from the projection of the structure onto the (a,b) plane displaying pentagons with the two 

orientations (Figure 3D). We conclude that the supercrystals are oriented along the c and c-a 

vectors of the triclinic lattice, by superimposing the model lattice composed of a few NPs on a 

SEM image of one supercrystal (Figure 3E). The agreement between the model and the 

experiment is very good, as shown by the identical orientation of the particles at the nanoscale 

and a similar angle of 30° between the micrometer-sized rhomboidal tips and the angle defined 

by the c and c-a vectors of the unit cell. The lattice parameters of the triclinic unit cell were 

found to be a = 41.35 nm; b = 37.24 nm; c = 47.74 nm; α = 105°; β=109°; γ=90° (Figure S2.9). 

The experimental packing fraction was determined as 0.835, in excellent agreement with the 

one determined from the MC computer simulations (0.83). The triclinic pinacoidal lattice (P1ത) 

defines a low-symmetry architecture ,with only the center inversion as symmetry operation.[24] 
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To the best of our knowledge, this is the first experimental realization of the shape-directed 

self-assembly of a triclinic supercrystal.[25]  

 

Figure 4: Facet-dependent surface enhanced resonance Raman scattering on a gold 

bipyramid supercrystal. A-B) SEM micrographs of an AuBPs supercrystal viewed at different 

magnifications. The largest (010) facet is surrounded by lateral facets. The surface facets of the 

supercrystal, (12ത1), (11ത0) and (010), are outlined with pink, green and black frames, 

respectively. C) SERRS image obtained by mapping the intensity of the crystal violet 

vibrational peak over 1618-1632 cm-1. D) (top) representative SERRS spectrum of crystal violet 

measured on the (11ത0) facet (green) and Raman spectrum of CV measured without gold in the 

same experimental conditions (black). The red-shaded area indicates the spectral range 

integrated for generating the SERRS images in (C). (bottom) histogram of the mean SERRS 

intensity at 1620 cm-1 on the different facets, with the errors bars indicating the standard 

deviation on each facet. The concentration of CV in the solution was 10-6 M, the acquisition 
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time was 100 ms, and the laser power at the sample was ≈0.1 mW, at an excitation wavelength 

of 633 nm. E) Model of the triclinic lattice for the supercrystal. The (010) facet is constructed 

with the edge vectors c and c-a of the unit cell. The AuBPs are lying flat onto the (010) facet 

and they are pointing outwards of the (12ത1) facet. 

Finally, the optical properties of the supercrystals were investigated by SERS, allowing the 

detection of the spectral fingerprint of a probe molecule in contact with the plasmonic 

surface.[26] As an analyte, we used Crystal Violet (CV), which is resonant with the laser 

frequency, resulting in surface-enhanced resonance Raman scattering (SERRS). This analysis 

was performed on a faceted supercrystal (Figure 4A-B). The SERRS signal intensity was 

uniform on each facet due to the periodic arrangement of the nanoparticles (Figure 4C). 

Moreover, the average signal is found to be facet-dependent, with the (12ത1) facets displaying 

the highest SERRS intensity (Figure 4D). This phenomenon can be ascribed to the varying 

local arrangement of the NPs on the different facets, directly affecting electromagnetic hotspots 

formation at the interparticles gaps.[26] The orientation of the longitudinal axis of the bipyramids 

with respect to the surface plays a key role: When this axis is parallel to the surface facet (i.e. 

the (010) one), the Raman enhancement is small (201 CPS) whereas a much higher 

enhancement (560 CPS) is observed when the bipyramids point outwards (i.e. the (12ത1) facet) 

(Figure 4).[27] In contrast, mapping the SERRS intensity in a similar way on gold nanosphere 

supercrystals resulted in a uniform response (Figure S6.4). Here, we show facet-dependent 

SERS properties that originate from the anisotropy of the AuBPs, opening an avenue for 

tailored SERS performance using supercrystals with “spiky” and “smooth” facets, displaying 

respectively high and low SERS efficiency. 

Conclusion 
This work shows that fivefold symmetry and anisotropy can be combined to crystallize complex 

nano-objects into triclinic pinacoidal supercrystals. Pentagonal gold bipyramids pack into 
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crystals with two particles per unit cell, corresponding to the densest packing predicted by 

Monte Carlo (MC) computer simulations. Further simulations show how the cross section 

influences the arrangement (symmetry and packing fraction) of the particles, beyond pentagonal 

bipyramids. Objects with an odd-sided base are non-centrosymmetric but the two-particle unit 

cell retrieves inversion symmetry, explaining the double-lattice arrangement. Surprisingly, their 

packing fraction is lower than that of even-sided particles. The double-lattice packing 

generalizes the optimal packing of regular pentagons in the plane, the ‘pentagonal ice ray’ in a 

non-trivial manner (as can be seen in Figure 3D), since the section of the bipyramids is not 

constant along their long axis. This gold bipyramid supercrystal has a facet-dependent optical 

response, with spiky and smooth facets displaying respectively high and low SERS efficiency. 

Its low-symmetry triclinic structure is also useful for metamaterials applications and for 

fundamental studies of self-assembly processes. 

Supporting Information  

Supporting Information is available from the Wiley Online Library or from the author. 
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