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ABSTRACT

We are interested in the problem of matrix approximation and we propose

some new correlational measures constructed from unitarily invariant norms.

We prove that the solution of Principal Component Analysis with respect to

Instrumental Variables given by Rao in 1964 is optimal for ail these

correlational measures.
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INTRODUCTION

a) Consider two matrices and with P and P columns respectively
both having n rows.They represent measures of p and q variables

respectively observed on the same n individuals.

From these matrices geometrical représentations of the n individuals

are observed as two configurations of n points in 1RP and 1R^ and our

aim is to measure the similarity of these configurations. In order to measure

such a similarity we first need to do some linear transformations of the data

given in X^ and , Lppxs and L^qxs, to compare X^L^ and X2L-2
through the configurations we obtain in 1RS, and we need then a correlational
measure on /^fnxS > space of the complex matrices of order nxs, to compare
them.

b) The general framework vie use is the following one :

(T) Consider a maxtrix X of order nxp, of measures of p variables
observed on n individuals. We can affect weights to the individuals,

n

p. , i e n}, p. > 0 for each i, and S p. = 1 and define a
1 1 i=l 1

diagonal matrix D ; D = diag(p^,... ,p ) such that the distance betv/een
the j th and k th variable is equal to (X'.-X/)D(X.-X. ) where X .J K J K J

represents the j th column of the matrix X.

We see that when the variables are centered for the matrix D, that
1

V = X'DX reoresents the matrix of varianceis X1 DU = 0 with U

between the variables

1 J

(J) We often need to do some linear transformation of the data and replace
X by XL , L pxs.

The principal components of XL, when the weights given to the
individuals are defined by the diagonal matrix D, are the vectors
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that satisfy :

XL(L ' X1 DXLv?) = XL(x*>)

(XLL1X1 D ) = \4>

so the vectors jp are eigen vectors of the matrix XLL'X'D ; we shall

write : WD = XLL'X'D.

Given the linear transformation L, LL' is a positive semi-definite

matrix Q . Reciprocaly if Q is a positive semi-definite matrix Q,

Q can be written Q = LL' where L is the matrix of a linear transfor-

mation, L being of order pxs .

So there is an équivalence between the choice of a metric defined

by Q on the space 1RP and a linear transformation of the data.

WD = XLL'X'D = XQX'D is then characteristic of the study in the

sense that its eigenvectors are the principal components.

(3) We shall then associate to the matrix X , two metrics Q and D

and we shall speak of the array (X,Q,D).

Then we shall characterizethe study (X,Q,D) by the operator WD.

c) The operators W-^D and W£Û characterize the studies (XpQ^D) and
(X2,Q2»D) respectively. In order to measure the similarity of the two

configurations of the n points, we want to compare the operators W^D
and W^D and we need a correlational measure on lRn.

Escoufier proposed the RV-coefficient constructed from the scalar

product on Hn0R), subspace of ^(R) formed by the D-symetrical matrices :
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H„(R) x Hn(R) -IR
(A,B) i i- tr(AB)

computed RV^D^D).

and

(Hn(R) = (A g ^(R) ; A = WD, W‘ = W})

d) Our aim in this paper is to propose some new correlational measures

constructed from unitarily invariant norms and demonstrate that the solution

of Principal Component Analysis with respect to Instrumental Variables given

by Rao in 1964 is optimal for ail those coefficients and not only for the
RV-coefficient as it is proved in the paper of Robert and Escoufier (1979).
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I- Some useful results and définitions

1-1. Correlational measures for matrices.

Définition 1 (Renyi, 1959). The mapping r ^ [0,1]
is called a corrélation function in the metric D if for ail non zéro scalar

a and b and when A and B are not both zéro :

: r(aA,B) = r(A,bB) = r(A,B)

c2 : r(A,B) = r(B,A)
c3 : r(A,B) =1 if A = bB

c4 : r(A,B) = 0 iff A'DB = 0

Remark, (l) The condition c^ is necessary to ensure r is a useful
measure of corrélation. We should prefer toobtain an équivalence. Remark

the équivalence is obtained when r is constructed as a cosines, from

a scalar product on ^nxS as the RV-coefficient.

(2) The condition c^ is interesting because we are concerned
by the représentation of individuals. In the dual problem of the repre-

sentation of variables, we will replace c^ by c4 : "r(A,B) = 0 iff
AQB' = 0.

1-2. Unitarily invariant norm

1) Définition 2. A real valued function defined on the space of

nxs complex matrices is called a unitarily invariant norm if it

satisfies the following conditions :
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1. Il AU > 0 if A/0

2. Il aAU = | a | Il AU

3. Il A+B II < Il AU + Il BU

4. Il U1AU2« = U AU for any unitary matrices and U-? of orders

n and s respectively.

Remark : if A = is the singular value décomposition of the matrix A

Il AU = Il SU

2) Theorem (Schatten, 1960)
t h

Let A be a matrix of /^nxS and s^A) the i singular value
of A • For any r e 1R+* :

4 >1R+6 nxs

1

A > i f[s.(A)]r]ri=lL 1

is a unitarily invariant norm, called Schatten1s r-norm.

II- Some correlationnal measures on ^ .

Let us consider the array (A,0,D)

A e /jf s is considered as the matrix of a linear mapping from (1RS,Q)
to (lRn,D) . A*, the adjoint of A is given by : A* = Q ^A'D
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II-1. Définitions

[ 2 sJm(A)]^
i=l 1

II.Il is a unitarily invariant norm.
m J

1. Définition 1. Let m g Tl

m nxs

A

R

2. Définition 2. Let m £ IN*

(A,B) , v * (A,B) = [2 s2m(A*B)]2mm i=l 1
2

We can see that y m(A,A) = Il Al! m and then define

3. Définition 3. Let m £Ti , for any A and B non both zéro, we define :
1

s

Pm(A,B) -

[2 s?m(A*B)]2m
i=l 1

I Ail II B II s , s . j-
m m

!( 2 stra(A))( ï s^tB))]^5
i=l 1 i=l 1

Remarks : (T) For any m, meîi*, p (A,B) - r (t r|('A*BB*A)rj): -,4m

- triA*A)2^tr|(B*B)2m]
We are going to show that takes its values in [0,1] , using a lemma

concerning the trace of matrix prodycts and this is the reason of the choice

of me TN*.

(T) For any m, meTl*s satisfies the conditions c-^-c^

of the définition 1 and for any matrices A,B , pm(A,B) > 0.

(T) If A and B belong to 1Rn with A'DU = B‘DU = 0 and

Q = I, for any m , p (A,B) is equal to the absolute value of the

linear corrélation coefficient between A and B.



We hâve seen that, in the general case, satisfies the conditions

c-^-c^ of Renyi's définition and is positive.
£

It remains to be proved that, for any m 6Ü , for any matrices A

and B in ^nxS > p (A,B) < 1. We prove this resuit in the following
theorem :

£
11-2. Theorem : For any m , m e Tl

For any A and B in ^xS , pm(A,B) e 10»H •

Proof : It is équivalent to show that ftrjjAA*BB*)m]]2 < trj^AA*)2^tr{(BB*)2m]
(f) We suppose first that Q = I$ and D = I .

A* is then the conjugate-transpose of the matrix A.

For any square and diagonalisable matrix C, we dénoté Aq . The diagonal
matrix with the eigenvalues of C arranged in decreasing oder on the

diagonal.

We obtain the following lemma :

Lemma 1 : Let C and D be two hermitean matrices of order n, with

real and non négative eigenvalues.

For any m, m > 1 with tr[(CD)ni}real
trftCD)m]< tr(A^m A^)

Procf of the lemma : tr[( CD )m^ = tr(CD...CD) = tr( InCInDIn.. .CIpD)
In : identity matrix is unitary. A Kristof's theorem (Kristof, 1970)
proves :
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max Re(trZ1CZ2D...Z2m.1CZ2mD) « 2 («kBk...«k8k)
2m K—J.

(Zp...,Z2m) e ^ > -ZZn space of unitary matrices of order n.

where and 6^ dénotés the ku eigenvalue of C and D respectively.

By transitivity we obtain ; as tr£(CD)m] is a real number :

t-ficD)"] < Z («kBk)m - ï a” 8™ = tr(A „ A )J
k=l K K k=l K K Cm Dm

Then we choose C = AA and BB . C and D are hermitean matrices

and tr^AA*BB*)m] is real. So we obtain :

t>{(Afl*BB*)ra) < tr[A A . J(AA*)m (BB*)"*

and (tr[A A J )2 < trftAA*)2m] tri(BB*)2nj, Cauchy-Schwarz
(AA*)m (BB r

inequality.

We can end :

[tr([AA*BB*)m]]2 < trj^AA*)2^ tr((BB*)2m]

2 We suppose now that there are no restrictive conditions upon Q and D.

Weigths defined by the diagonal matrix D are given to the individuals

defined by the matrix A, nxs .

A linear transformation as been done on the variables defined by A

that permits to define a positive semi-definite matrix Q

Q ^ can be written : Q ^ = M'M (Cholesky1s-decomposition)

Let a be defined by the eauality a = D^2AM‘.
Consider the array (a,I ,1 ).
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Let a be the adjoint of a in respect to the metrics I and I
* - s n

_ T “ 1 1 T — 1
ex. = i a 1 = a .

* S n

The results found in (T) permit to assume that :

0 < pm(a,B) < 1
with a = D1/2AM’ and g = D1/2BM'.
Our aim is to prove that p (a,3) = pm(A,B).

Lemme 2 : The positive eigenvalues of A A and those of a^a are the same.

E^22iT_2r_ïhe_Temma : A* A = Q ^A' DA = M'MA' DA = M'Z with Z = MA'DA

and a .a = MA'D1/2D1/2AM' = MA ' DAM1 = ZM1'
*

and the non zéro eigenvalues of M1Z and ZM1 are the same.

So : {s^(A) ; i = l,...,s> = (s^o) ; i = l,...,s>
{s. (B) ; i = 1 j, s} = {s i ( B ) ; i = l,...,s} , B=D1/2BM' , q'Wm

And A* B = Q1 A' D B = M’ M A’ D B = M’ T with T = M A' D B

a¥ p = a’ p = M A’ D1/2 D1fl B M’ = M A’ D B M’ = T M'

proves that :

{si(A*B) ; i = 1,..., s} = {s^c^B) ; i = l,...,s)
and pm(A,B) = Pm(a’3)•

The resuit in Q) shows that 0 < pm(a,B) < 1 then 0 < pm(A,B) < 1 ■

We are now interested in solving a problem of approximation using these

coefficients.
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III- Principal compongnts analysis with respect to instrumental variables.

III-l. Position of the problem and its solutions using the RV-coefficient.

The data are collected in two matrices X^ and X£ of order nxp
and nxq respectively concerning p and q variables measured on the

same individuals.

X-^ and Xg are centered for the metric D and 1S often
supposed to be a one to one transformation from ÎR^ to Im^).

The array (X^,Qj,D) and the matrix X2 are given.
Let us consider a qxk matrix M, a linear transformation of the

variables defined by X2 . We wish to replace X2 by X2M in such a way
that the prédictive efficiency of X2M for X^ is a maximum. It is
equal to find a symetrical semi-definite positive matrix Q2 = MM' such
that the operators W^D and be as close as possible.

Then we call principal component analysis of the matrix X2 with
respect to the instrumental variables X^, of order k, k<min(p,q), the
détermination of the matrix Q29 qxq, Q2 = MM1 of rank k such that :

nX-^X^D - X2Q2X2D11 is a minimum,
where II • Il is a suitably chosen norm.

Another way of interprétation of the problem is to search Q2, qxq,

Q2 = MM', of rank k k < min(p,q) , such that r^D^D) is maximum,
where r is a correlational measure.

Using the RV-coefficient the following resuit has been found

[Escoufier, Robert, 1979] .
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Theorem 1 : Let X2DX2 = LL1 and let A be the diagonal matrix of the k

largest eigenvalues of A = L ^X2DW2DX2L‘ ^
If M, qxk satisfies the two following équations :

f X^DW1DX2M = X^DX2Ma
[ M'XJDXgM = A

Then M realizes the maximum of RviW-^D^MM'X^D) under the constraints

M'X2DX2M is a diagonal matrix and rank (MM1) = k
And the maximum value of Rv is equal to

[tr A2]1/2
z 172[tr(W1D)^]

We prove now that the same value of M maximizes ail the coefficients

introduced in II.

III-2. Solution of the problem using the coefficients pm , m e Tl .

We are interested in the search of Q2, q*q, = MM' of rank k
k < min(p,q) such that : ^

,2 t "4iïï
be a maximum,

’

(tr[(W1DX2Q2X^D)m] ):
trÜWjD)2"]] trgX2Q2X2D)2!3.

we shall write this quantity p^W^D^D) (instead of p^X^^))
We obtain the following resuit that is a generalization of theorem 1.

Theorem 2 : Given the array (XpQ^,D) ; X^ e ^xp anc* t^ie matrix X^ e lfnxq
Let X2DX2 = LL1 and let A be the diagonal matrix of the k largest
eigenvalues of A = L~'*‘X2DW^DX2 L1 1 ; M defined in the theorem 1 realizes

the maximum, for any m , m > 1 ,

under the constraints M'X2DX2M

of 0m(WiD,X2Q2X^) =
■(t^w1Dx2Q2xp)m3)2 T®
tr{^W1 D) X2Q2X^D) ^

is a diagonal matrix and rank (MM1) = k
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1

r. , ,2m,., 3ïïï[tr(A )] T

And the maximum value of p is equal to : — n=
m L1kw1d?5ï J

pr2°f_2f_î!]§Jheore0 • Remark it is equal to find a matrix M, qxk ,

k < q, such that M'X^DX^M is diagonal, rank (MM1) = k that maximizes
[p (W-,DX0MM'X1D)] 2m = 6 because f : 1R+ > is an increasing

m 1 2 2 m m l/2m
X I v X

function.

Let X£DX2 = 11', M qxk, of rank k with M'X2>DX2M is diagonal.
Let N = L'M. Then N'N is a diagonal matrix and the columns of N

are orthogonal.

MM' = L,-1NN'L-1

ana

With : M M' = L' N N’ L -1

Sm =
trjO^DI^DX 2MM' )mll

[tr(( Jx^DX2MM')2l5i 1/2

and tr (X2 DX2 M M') = tr [(M'X2 DX, M) = tr (N'N)

-1XÔDW.DX^L1 1NN‘ )*5
[tr{(W1D)2n^r((N,N)2nj]1/'2
trfL A2U"1U,'2

We now use the lemma 1 proved in II with C = L ^X2DW^DX2L' ^ = A and
D = and obtain

(2;r|(L‘1X^DW1 DX0L1~XNN1)m tr(A ■lv. -l,m A,mm,,m^(L ±X^DW1DX2L' ±y" (NN‘)
and rank (NN1) = k, k < q. Then A

(NN1 )r
is the diagonal matrix with

the eigenvalues of NN1 ranged in decreasing order, so the last q-k
terms on the diagonal are equal to zéro.

.)So : tr(A m \ 1XJ = tr([A m k AAm (NN1)
m " ' L"(Am) k (NN-)m

where [a ], is the diagonal matrix having the k largest eigenvalues
Am K

of Am as its k first terms on its diagonal, ail the other terms being

equal to zéro.
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2 ? 2
Cauchy-Schwarz inequality proves ; tr( [A J. A _) < [tr(A ),tr(A )

Anr k t mm i \ m .rn K i m(NN')' (NN1). \nr

And by transitivity we obtain :

and

then

t rf( ANN1 )™]< [tr(A )2tr(A J2] 1/2L Am (NN1)m
and N'N hâve the same non zéro eigenvalues. Then

‘2
= trj(N'N)2m]trU m)’(NN')m

[
tr<A,m)k t^N'N)2"} 1A"' * ~ 1 2

= ftr A2m 1 2
tr^D)2"1] tr|(N'N)2ny - tr^D)2™1

Now let M be the q*k matrix defined in the theorem

tr [(M’X^DX^A)^ tr(A2)m
Bm [tr{(W1D)2n)tr((M,XpX2M)2nJ 1/2 [tr{(W-[D)2nj)fcr (a2"1]]1^2

in = ^{(WjD)^
1/2' and the maximum is attained

So the fol lowing resul t is proved :

For any integer m, m > 1, for any M qxk of rank k, with M'X^DX^
diagonal, .

,2m]
P (W,D,Mrrr 1 l,X,MM'XiD) < f ?£U 7 . .]2 2 l

1
"4m

and the bound is attained for M defined in the theorem.

It shows that the solution of Principal Component Analysis with

respect to Instrumental Variables given by Rao, [Rao,1964], is optimum

for ail the coefficients D , and we can express the value of this
Km

optimum.
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