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ABSTRACT

We are interested in the problem of matrix approximation and we propose
some new correlational measures constructed from unitarily invariant norms.
We prove that the solution of Principal Component Analysis with respect to
Instrumental Variables given by Rao in 1964 is optimal for all these

correlational measures.
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INTRODUCTION

a) Consider two matrices Xl and X, with p and q columns respectively
both having n rows.They represent measures of p and g variables
respectively observed on the same n individuals.

From these matrices geometrical representations of the n individuals
are observed as two configurations of n points in R and RY and our
aim is to measure the similarity of these configurations. In order to measure
such a similarity we first need to do some linear transformations of the data
given in Xl and Xz > Lyspxs and Lz,qxs, to compare XlL1 and XZLZ
through the configurations we obtain in RS, and we need then a correlational
measure on Akas , space of the complex matrices of order nxs, to compare

them.

b) The general framework we use is the following one :

(:) Consider a maxtrix X of order nxp, of measures of p variables

observed on n individuals.We can affect weights to the individuals,
n
, 1€ {l,....n}, p;> 0 for each i, and Z P; = 1 and define a
i=1
diagonal matrix D ; D = diag(pl,...,pn) such that the distance between

Py
the j th and k th variable is equal to (Xj-XL)D(Xj—Xk) where Xj
represents the j th column of the matrix X.
We see that when the variables are centered for the matrix D, that
"1

is X'DU =0 with U= {Z

}, V = X'DX represents the matrix of variance
1

between the variables.

() We often need to do some linear transformation of the data and replace
X byT XETS TLENpxst
The principal components of XL, when the weights given to the

individuals are defined by the diagonal matrix D, are the vectors o
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that satisfy :
XL(L'X'DXLy) = XL(xe)
(XLL'X'D)y = ap

so the vectors y are eigen vectors of the matrix XLL'X'D ; we shall
write : WD = XLL'X'D.

Given the linear transformation L, LL' 1is a positive semi-definite
matrix Q . Reciprocaly if Q is a positive semi-definite matrix Q,
Q can be written Q = LL' where L 1is the matrix of a linear transfor-
mation, L being of order pxs .

So there is an equivalence between the choice of a metric defined
by Q on the space R and a linear transformation of the data.

WD = XLL'X'D = XQX'D is then characteristic of the study in the

sense that its eigenvectors are the principal components.

(:) We shall then associate to the matrix X , two metrics Q and D
and we shall speak of the array (X,Q,D).

Then we shall characterizethe study (X,Q,D) by the operator WD.

c) The operators W,D and WZD characterize the studies (Xl’Ql’D) and
(XZ’QZ’D) respectively. In order to measure the similarity of the two
configurations of the n points, we want to compare the operators wln
and W,D and we need a correlational measure on Rr".

Escoufier proposed the RV-coefficient constructed from the scalar

product on H (R), subspace of /?%(R) formed by the D-symetrical matrices :
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Hy®) x H R) — R defined by RV(A,B) = tr(gB) 7177 nd
(A.B)  +—— tr(AB) (tr(A%)tr(8%))

computed  RV(W;D,W,D).
(H(R) = (A€ R); A=HD, W =H))

d) Our aim in this paper is to propose some new correlational measures
constructed from unitarily invariant norms and demonstrate that the solution
of Principal Component Analysis with respect to Instrumental Variables given
by Rao in 1964 is optimal for all those coefficients and not only for the

RV-coefficient as it is proved in the paper of Robert and Escoufier (1979).
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I- Some useful resulis and definitions

I-1. Correlational measures for matrices.

Définition 1 (Renyi, 1959). The mapping r :4[! x{;xs o ]
is called a correlation function in the metric D if for all non zero scalar

a and b and when A and B are not both zero :

Sk r(aA,B) = r(A,bB) = r(A,B)
¢, : r(A,B) = r(B,A)

Cy ¢ F(AB) =1 1f A = bB

cy : r(A,B) =0 iff A'DB =0

Remark. (D The condition C5 1is necessary to ensure r is a useful
measure of correlation. We should prefer toobtain an equivalence. Remark
the equivalence is obtained when r ds constructed as a cosines, from

a scalar product on AthS as the RV-coefficient.

C) The condition c, fis interesting because we are concerned
by the representation of individuals. In the dual problem of the repre-
sentation of variables, we will replace Cq by c& JEr(ALB) = 08 AT

AQB' = 0.

I-2. Unitarily invariant norm

1) Definition 2. A real valued function defined on the space A?Hxs of
nxs complex matrices is called a unitarily invariant norm if it

satisfies the following conditions :
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L""IAr= 0" af A £40

2. lapl = |a| UAI

3. IA+BI < IAI + 0Bl

4. HUlAUZH = IAl for any unitary matrices U1 and U, of orders

n and s respectively.

Remark : if A = Uliluz is the singular value decomposition of the matrix A

1Al = 1ZH

2) Theorem (Schatten, 1960)

Let A be a matrix of 4 and Si(A) the 1th

a9 singular value

of A- Forany reR™:
s nipi

nxs
1

5 2§
A T fee tay™V
g i=1[[51( ] ]

is a unitarily invariant norm, called Schatten's r-norm.

1I- Some correlationnal measures on 4%nxs .

Let us consider the array (A,0,D)
A e 4%xs is considered as the matrix of a Tlinear mapping from (RS,Q)

to (R",D). A*, the adjoint of A is given by : A* = Q lA'D
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II-1. Definitions

1. Definition 1. Let mew*

g 150 g dedoinh

m nxs

S
A—)-"Aﬂm: [f [ (F\)l

u.um is a unitarily invariant norm.

2. Definition 2. Let m €W
= A
ﬁpﬂ'l > /’&nxs 2 %\XS R 1
(A,B) —— ¢ (A.B) = ['21 51?‘“(;\*8)1?ﬁ
":
We can see that ¢  (A,A) = ﬂAﬂi and then define

3. Definition 3. Let m EIN’, for any A and B non both zero, we define :

g 4
o (A,B) [Z sfm(A*B)]Zm
o (R:B) = n::n 1 j=l .
S S
I S M s
j=1 i=1
1
4m

* % 2
Remarks : C) For any m, m€ N*, pm(A,B} = [ (tﬁEA g8 A)q) ]
o) e 5% 7]
We are going to show that P takes its values in [0,1]1, using a lemma
concerning the trace of matrix products and this is the reason of the choice

gfme N,

(:) For any m, m G'N*, p, satisfies the conditions c¢;-c,

of the definition 1 and for any matrices A,B , pm(A,B) = 0.
(® 1f A and B belong to R" with A'DU = B'DU =0 and
OF =T, for any m o pm(A,B) is equal to the absolute value of the

linear correlation coefficient between A and B,
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We have seen that, in the general case, P satisfies the conditions
€1=Cq of Renyi's definition and is positive.

It remains to be proved that, for any m eN*, for any matrices A
and B in ﬁgnxs 5 pm(A,B) < 1, We prove this result in the following

theorem :

II-2. Theorem : For any m , m en*

For any A and B in e pm(A,B} e [0,

Proof : It is equivalent to show that [tr(AA*B8*)MJZ < tr{an*)2Mkdisa*)2")

(:) We suppose first that Q = IS andy b =l

.

n

A*

is then the conjugate-transpose of the matrix- A.

For any square and diagonalisable matrix C, we denote Aq- The diagonal
matrix with the eigenvalues of C arranged in decreasing oder on the
diagonal.

We obtain the following lemma :

Lemma 1 : lLet C and D be two hermitean matrices of order n, with
real and non negative eigenvalues.

For any m, m=1 with tﬂzCD)m]real

trﬁcn)‘"}: tr‘(ACm Anm)

Procf of the Temma : tr(CD)™|= tr(CD...CD) = tr(I CI DI ...CI D)

I : identity matrix is unitary. A Kristof's theorem (Kristof, 1970)

proves :
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max Re(trZICZ2 Lo lCZZmD) < kE (0 By ey By )
(Zysseealy ) & £L2 ,.ién space of unitary matrices of order n.

th

where N and Bk denotes the k eigenvalue of C and D respectively.

By transitivity we obtain ; as td]CD)m] is a real number :
trf(cD) ]sz () i o B = tr(A . A )
k™k k=1 ki vk, ol i
Then we choose C = AA* and BB*. C and D are hermitean matrices
and  tf{Ar*BB*)™| 1is real. So we obtain :

A*se*)™ < t
ol "3 r[A(AA (BB )’“]

o) )2 < vt 127 +1l(88*) 27, Cauchy-Schwarz

d £rl
an (tr A(AA*)m (88%)

inequality.

We can end :

(trfAn*as*)"E < tfan*) 2T erfipa*)2m)

2  We suppose now that there are no restrictive conditions upon Q and D.
Weigths defined by the diagonal matrix D are given to the individuals
defined by the matrix A, nxs .

A linear transformation as been done on the variables defined by A
that permits to define a positive semi-definite matrix Q

=1 =l

Q

can be written : Q © = M'M (Cholesky's-decomposition)

let o be defined by the equality  « = DL/2aM'.

Consider the array (u,IS,In).



Let M be the adjoipt of « in respect to the metrics I_ and In

S

o I;lu'In =a',

The results found in (1) permit to assume that :

0< pm(a,e) - |

with o = 0Y2am'  and 8 = DY/ %,

Our aim is to prove that p (a,8) = o (A.B).

Lemme 2 : The positive eigenvalues of A*A and those of a,ac are the same.

%*

Proof of the lemma : A*A = Q_lA'DA = M'MA'DA = M'Z with Z = MA'DA

1/2D1/2

and e, = MA'D AM' = MA'DAM' = ZM*

and the non zero eigenvalues of M'Z and ZM' are the same.

50 {Si(A) YA = g ieash = {Si(u) S0 ib= s
(54 (BY 3 1 = 1,51 = (e, (G100 S50 AAN) > TE R
And A**B=Q'A'DB=MMA'DB=MT withT=MA'DB
agP=a'p=MADZD2BM =MADBM=TM
proves that :
* - & kb - - -+ -_—
{Si(A B e e {Si(avs) QS LS e,

and pp(RsB) = o (a,8).

The result in (D shows that 0<p (a,8) <1 then 0<p (A,B)< 1w

We are now interested in solving a problem of approximation using these

coefficients.
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I1I- Principal components analysis with respect to instrumental variables.

III-1. Position of the problem and its solutions using the RV-coefficient.

The data are.co11ected in two matrices Xl and X, of order nxp
and nxq respectively concerning p and g variables measured on the
same individuals.

X1 and X, are centered for the metric D and X, is often
supposed to be a one to one transformation from RP to Im (Xz).

~ The array (Xl,Ql,D) and the matrix X2 are given.

Let us consider a gxk matrix M, a Tinear transformation of the
variables defined by X2 . We wish to replace X2 by X2M in such a way
that the predictive efficiency of X,M for X; is a maximui. It is
equal to find a symetrical semi-definite positive matrix Q2 = MM' such
that the operators wln and NZD be as close as possible.

Then we call principal component analysis of the matrix X, with
respect to the instrumental variables X;, of order k, k <min(p,q), the
determination of the matrix QZ’ axq, Q, = MM' of rank k such that :

HXIQIXiD - XZOZXéDn is a minimum,
where 0.l is a suitably chosen norm.

Another way of interpretation of the problem is to search Qz, Gxq,
Q, = MM', of rank k k < min(p,q), such that r(wlD,sz} is maximum,
where r dis a correlational measure.

Using the RV-coefficient the following result has been found

[Escoufier, Robert, 1979].
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Theorem 1 : Let XéDX2 = LL" and let A be the diagonal matrix of the k

il 1

largest eigenvalues of A = L™ X;DW;DX,L'"

If M, gxk satisfies the two following equations :

{Xénwlnxzm = X5DX,MA
M X5DX M = A

Then M realizes the maximum of Rv(wlD,XZMM'XéD) under the constraints

M'XéDXaM is a diagonal matrix and rank (MM') = k

ttr a4 /2

[tr(wlﬁ)]

And the maximum value of Rv 1is equal to

We prove now that the same value of M maximizes all the coefficients °m

introduced in II.

III-2. Solution of the problem using the coefficients P > M e N

We are interested in the search of 02, gxq, QZ = MM' of rank k

k < min(p,q) such that :
[ (e 04;0%0,%30)™ )
L toffu; 0) ] eof{x,0,X3D)

1

Im
2@] be a maximum,

we shall write this quantity pm(wln,wzn) (instead of om(XI,XZ))

We obtain the following result that is a generalization of theorem 1.

Theorem 2 : Given the array (Xl,Ql,D) ; Xy € fﬁxp and the matrix X, € nxq

Let XéDX2 = LL' and let A be the diagonal matrix of the k largest

eigenvalues of A = L-IXéleDXZL"1 ; M defined in the theorem 1 realizes

‘ 2 m
tf(W,DX,Q, XD
the maximum, for any m , m>1 , of pm(”1°=xzﬂgxén) =[( dz 1 Z?QZ 2 )@ﬂ .
trf(W; D) Tl x,0,%50) 7]
under the constraints M'X}

oDX,M is a diagonal matrix and rank (MM') = k
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1
. ; ter(a®™) b
And the maximum value of ®m is equal to : l-——-a————zﬁ——-]

proof of the theorem : Remark it is equal to find a matrix M, qxk ,

k < q, such that M'XéDXZM is diagonal, rank (MM') = k that maximizes

(o (W, DXMH'X50)1 2" = g because f : R' — R s an increasing

& x1/2m

function.
Let X’ZDX2 = LL'y M gxk, of rank k with M'XéDXZM is diagonal.
Let N = L'M. Then N'N is a diagonal matrix and the columns of N
are orthogonal.
v = L held
trE}élenxzmm')ml
*m = (trf(w; D) “er{(x;0x ) ) AL
With:MM' =L'"-"NN'L-
amnpx;DmMMWM]=uDM%;D&M)“]=uhwmh]

trKL‘1Xélenx2L'“1NN')f1

el 0) e ) 21772

We now use the lemma 1 proved in II with C =1L

and

Bm=

“lyrow

2DW DX

ZL'_l = A and
B = NN and obtain :

=1 1 |'1 1
tr‘KL X5DW1DX,L " NN )ﬂs tr(a 77

A )
(L™ Lxp0H, DXL 1™ )"

and rank (NN') = k, k< q. Then A % is the diagonal matrix with
(NN")
the eigenvalues of NN' ranged in decreasing order, so the last g-k

terms on the diagonal are equal to zero.

SO G (] =T ]
0 r(f\Am A(NN‘)m) r‘([A(Am) K A(NN')m)

where [a olg is the diagonal matrix having the k largest eigenvalues
A
of A™ as its k first terms on its diagonal, all the other terms being

equal to zero.
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2

Cauchy-Schwarz inequality proves : tr([A ngk A m) < [tr(a )&tr(A )%
A NN m (le)l'l.'l
And by transitivity we obtain :
\ 2 272
trf (AN )< [tr(a )Str(a )1
4j ] AT k (NN')m

and NN' and N'N have the same non zero eigenvalues. Then :

2 vrieam
t tn(N'N
r(A(NN')m) 4} ) ]

then :

[tr(A trEN'Nzﬁ]z I:t'” P |
trf(;0) ] (Nt N) <1 trk;0) |

| =

B

Now let M be the qxk matrix defined in the theorem

. _trL(M XX MA)" L,
el Cer{(,0) e X500 172 (D) T (17T /2
Bp = [;ﬁfaﬂa—zj:ll/z and the maximum is attained

So the following result is proved :

For any integer m, m > 1, for any M gxk of rank k, with M'XéDXZM
diagonal,
1
2m
MM'X:D) <[ EriA ]ﬁ

P, (N D,X ) g[
m: L2 2 . (Hlﬂ) m

and the bound is attained for M defined in the theorem.

It shows that the solution of Principal Component Analysis with
respect to Instrumental Variables given by Rao, [Rao,1964], 1is optimum
for all the coefficients P and we can express the value of this

optimum. L
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