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Problems of Buffon Type for Large Test
Bodies

Elena Bosetto
Dipartimento di Matematica, Universita di Torino
Via Carlo Alberto 10 10123 Torino, Italy

Abstract

A needle of length ! dropped at random on a lattice of parallel planes at a
distance d apart can have multiple intersections if | > d. The distribution of
the number of crossings and approximate moments for large ! are derived.

Similar problems are discussed by using as test body a disk of radius r > d/2
as test body.

AMS 2000 Subject Classifications: Geometric probability, stochastic
geometry, random sets; random convex sets and integral geometry.

AMS Classification: 60D05, 52A22.

1 Introduction

In the classical formulations of the problems of Buffon-Laplace type, a "small” con-
vex test body 7 is thrown at random onto a lattice of parallel and equidistant lines,
or of rectangles, and one asks for the probability of an intersection. By "small” test
body one means that the diameter of 7 is not larger than the equidistance between
the parallel lines, or than the shortest side of the rectangle. In other words, at each
fall 7 must either intersect the series of parallel lines only once, or not at all; and in
the case of the lattice of rectangles, 7 can never intersect two non-consecutive sides
an elementary tile.

When these hypotheses are not satisfied, i.e. for ”large” test bodies, there can
be multiple intersections and problems connected with the probability of a specific
number of crossings arise. These problems have been studied by various authors in
different instances: we just mention the work of Diaconis [1], who considered the
case of a long needle dropped at random onto a plane ruled by a grid of parallel and
equidistant lines, and the results of Duma and Stoka, who considered a large ellipse
in a grid of parallel and equidistant lines [3] or in a lattice of rectangles [4).

The purpose of this paper is to discuss the three dimensional situation: hence
the lattice of parallel lines changes into a lattice of parallel and equidistant planes
and the lattice of rectangles becomes a lattice of strips with rectangular section. We
use as test bodies a segment S and a disk D.



2. Long and non small needles

Theorem 1. Let R be a lattice of equally spaced parallel planes in E3 (we shall
take the common distance between them to be d) on which a segment S of length
[, nd <1< (n+1)d is allowed to fall at random. At each fall the segment can
intersect the series of parallel planes 0,1,2,..., n or n+1 times, and the probability
p(h) of h intersections occurring at a fall is given by

d d
p([]) = ﬂ p(h):—l— farlShSn—l (1)
_ (1—-n?—2n)d o _E( ye
B = 2 RIOE T e gt ) S | d)

Proof. Let us fix an orthonormal frame of reference {O;z,y, z} such that one
of the elementary tiles of the lattice is the strip S between the planes z = 0 and
z = d. We denote by ¥ the angle between the z axis and the support line of S.
For each fixed value of 9 the number of planes intersected by S can be [l cos 9] or
[l cos 9] +1, where [z] means the greatest integer not larger than z. More precisely,
if we let the angles ¥y, 0 < ¥4 < 7, be determined by

hd

costdy = —

l

for h = 0,...,n, and if we define ¥,41 := 0, then for Y54y < ¥ < 9, the number
of crossings is h or h+ 1, according to the value of the z coordinate of the middle
point P of S. That is, we have h intersections if P belongs to the set

leos9—2d<z< ’—‘-‘fzdwécosﬂ} h even
Sh,9h41,95] = ! A
7 OSZS&;—Id-—%cosﬂ Y §cos19——51-d$zsd} h odd

and h + 1 intersections when P belongs to the set

. 0<z<icos¥—3%d Vv ﬁ#d—%cosﬂﬁzsd} h even
PHLIO O T TR Leosd < 2 < § cosd — 251d) h odd

The probability p (h), h = 0,...,n + 1, can then be obtained as the ratio of the
measure p (N},) of the set Ny of all segments, of length I, with middle point in
S and with h intersections with the planes of the lattice, to the measure u (S) of
the set of all segments with middle point in S.

We compute z (N3) and p(S) by means of the kinematic density

dK3 = |sin 9| dd A dp Ady A dz A dy Adz

(where 9 € [0,7] and ¢ € [0, 2n] are the spherical coordinates on the unit sphere
in F3 and 9 € [0,2n] is an angle of rotation). In order to do so, we must suppose




that P moves in a bounded region of the zy plane. However we can arbitrarily
choose such a region, because when we translate S keeping fixed the quote of P,
the number of intersections remains unchanged.

For h =0 and h = n+ 1 we have Np = Sp 9, x/2) and Npt1 = Sp41,0,9,)» a0d
we find

;[;(0)=1f5 (d — L cos 8) sin 9dd
d Jg,
1 [on
p(n+1)=aj‘ (! cos ¥ — nd) sin 9dd
0

while for 1 < h < n we have Ny = Sp 9, 9,_,] U Sh,(85,1,9,] 2nd thus we get

Ip - 9,
p(h)=1{f" lcost — (h—1)dJsintad + [ [(h+1)d-—tcosﬂ1smﬂdﬂ}
d On Fhi1

By solving the above integrals we find the probabilities (1). B

Let us define now the random variable N as the number of crossings of the
random "long” needle with the lattice R.
An easy consequence of theorem 1 is the following

Corollary. The mean and the second moment of N are

E[N,] 2n+1l n(n+1)@2n+1)d

l
E[Nl_z_d 2 d 6 1

—n(n+1).

For higher moments we have the asimptotic approrimation as ﬁ — 00
k{k=1) i1

TS I k)n* +0 (n*1)

E[Nk] _g k—l

Theorem 2. As % — 00, the random variable g converges in distribution to a
uniform distribution in [0, 1].

k
Proof. As é — o0 the moments F [(élﬂ) ] converge to the numbers -

E+1°
that is to the moments of the uniform distribution on [0, 1].
Since all the concerned distributions are constrained to the unit interval, the
method of moments is in force and yields the desired result.

‘We suppose now that the space is ruled by two families, ®; and Rs, of pa-
rallel and equidistant planes (with equidistances a and b), the two families being
orthogonal one to the other, and we prove



Theorem 3. The probability that a random segment of constant length 1, with
1> v/a? + b2, intersects the lattice R1 UR» is

2(a.rcsin7;{-‘_ﬁ, +arcsin7;":p- - %)0051934-(1}((1) +w(b)
™

p= 24 (2)
_(cosd3 — cosdy) [min (a, b)]” + (cos I3 — cos ) [max (a, b))?
3mab
_(§ — 94) min(a,b) + (§ — ¥5) max (a,d)
wl
3 % —¥; —Y5) min(a,b) + (=1~ Yy) ma.x(a,b)z
mab
21 —cos?; + costz —cosdy o
—= l
3 wab
where w (z) = arctan [—-—M"’!“'g“aﬁ et ] + arctan [——E‘Lzz"cf, —e b ] and
; 2
¥; = arcsin —mj—ﬂ(i@ ¥ = arcsin _nix?(_chb_) 13 = arcsin -a—lﬁ
[max (a, )] [min (a, 5)]”

194=a.rcsin41— 195=arcsindl—

2 — [min (a, 8)]* 2 — [max (a, )]’
Proof. Ifa < b, then we fix an orthonormal frame of reference such that the
planes of R, are parallel to the yz plane and those of Ry are parallel to the z2
plane, and conversely if b < a.

Let ¥ be the angle between the support line of S and the z axis and let
P = (z,y, z) be the middle point of S. A similar reasoning to that one employed
in the proof of theorem 1 shows that we can suppose |z| < M, where M is an
arbitrarily fixed constant. Hence p = 1 — f&%’f’ where now Mp and Np are
respectively the set of segments with middle point in

P = {0 < £ < min(a,b), 0 < y < max(a,b), |2| < M}

and the set of segments with middle point in P and with no intersections with
the planes of R; and Rs.
Thus we get

x 5 x
s J& sinddd fg* dip [z )ep: sn(r1uR,)=0) 9T
2T m2ab
1 arcain mln!lnlb! %
S 3 / sint?dﬂj £(8,0)dp+
0

1r2ab 0




arcsin 22{et) 5

+fmmw sinﬁdﬂ./;m%;lf(ﬁ,p)dgo
avcsin YoTH2 arcsin Zpx(e:)

= csin mas(e) sin ¥dd cos Hintes F(3,¢) d(p]

where the function f (¥, ¢) is defined as
f (¥, ¢) = ab— [min (a, b) sin ¢ + max (a,b) cos ] Isin® + {2 sin® Isin g cosyp

The above expression of p yields the final value (2). Note that !lim p=11

The hypothesis I > v/a? + b2 in theorem 2 means that the segment S is really
"long” when compared to the lattice. As a matter of fact, if S is dropped in such
a way that its angle 19 to the z axis is sufficiently large, namely ¢ > arcsin @,
then S certainly intersects R; U R2. Hence, as [ grows, for almost all directions
of fall the probability of intersection is 1. When max(a,b) <! < va? +b% we
can speak of "non-small” needle in the sense of A. Duma (see [2]). We study now
this kind of problem in the special case when a = b, since for general values of
a and b there are not interesting modifications to the method of solution, except
for the formalism that becomes too heavy.

Theorem 4. Consider the lattice R4 U Rs when a = b, and a random segment
S of constant length I, a <l < aV/2. Let N1 and N be the random variables
"number of crossings of S with the planes of the families Ry and Ry”. Then
(N1, Na) has the following distribution

Ra 4 N, =0 2 =1 Ny =2
Poo = -1-= 3%(:05131 +%
1
N1 =0 = 20115 A Po1 = Pio Po2 = P20
+:—2, (1 — cos 191;‘37
Pro=2+ Scosd — § P11 = —3cos
y (—2mr—3sind, cos 91 4391)1 2(m—29,4+2sin?; cos 93 )l
N=1 4 = + Ta P12 = P21
2_3 cos ) +cos® 9y )12 2(1—6 cos 9} +2cos® 9, )12
3 (|
£ Taz_ _IT 3xa?
p-m=—1-%005191+§"7 P21 = ycosty
(m—91+cos 91 sin 91! (91— % —cos ¥ sindy )1
Ny =2 + = -+ = 0
(mﬂﬂl."%ﬁmaﬂl)lz cos 91— 4 cos® 91 )12
=% ‘Jl'Cl.2 + o

where ¥, = arcsin {.




Proof. Let D={0 <z <@, 0 <y < a} be the elementary tile of the lattice,
and let us denote by N;; the set of segments, of length I, with middle point P
in D and with respectively i and j intersections with the planes of Ry and Rs.
According to theorem 1, the set Aj; is not empty if and only if 0 < 4,7 < 2. Let
us partition D into four sets

=D\(51US8) Dy=DN(S\S&1) D3=DN(S51\S2) Dy=DN&NS,

where
8t 48 {gsxsl_sz?_!;mﬂ 9 G_Mﬁ_ﬁsmsa}
B o {ogysl,m"';__s’% v a_wsysa}

Some geometrical considerations show that, for any fixed direction of S, we find
a different value of the number of intersections (N}, Nz) for each one of the sets
D;. More precisely, the situation can be summed up as follows

(9, ¢)€[0, arcsin 4] x [0, 7] (9, p)€[arcsin 2, Z] x [0 arccos
Nw if PeD Nao PeD,
Noo ¢ PeDs Noy !f PeD;
S(ﬂ'p) €3 NIO Zf PeD; S(‘ys‘!’) € 9 MU ‘:f Pe Da
Nu if, Pe Dy .Afn if Pe Dy

(¥, p)€[arcsin 2, I] x [arccos 725, § L

Noﬂ tf PeD;
S c ! J\fol 1f PGDz

(#:%) Nio if PeD;
Nt if Pechy

where S|4 ,,) means that the direction of S is given by (sin ¥ cos ¢, sin 19 sin i, cos )
(the number of intersections for (¥, )€ [arcsin ¢, ] x [§ — arccos 2, 5] can be
easily obtained just by taking into account the symmetry of the problem).
Hence we have

2 /19 19d19f L (D1)d +/ sm't?ch‘}/I artmm'uol(D)a!
= — in vo
b Ta? 0 S He arcms-ﬁf‘;; i
2 1, 3 g4 )
o = =N sin 9ddd / vol (D3) dp + f sin ¥dd f vol (D3) dyp
Ta 0 0 91 0
3 § —arcoos I
+ [ *sindas [° % ol (Ds3) dgo]
9 arceos j3i5

2 13 3
Ba e i 1
P11 o, 1 5 sin ¥dd /n vol (Dy) dyp



Dodf % 3 s arceos i3

P20 = ;;;2-[91 sin ¥d .[o vol (D) dyp
2 % 5 mm!s?nﬂ

Papi= mj;l Sln‘l?d‘l?/o vol (Ds) dp

where ¥; = arcsin 7. To get the final values of the probabilities p;;, we make use
of the following equalities

b Vo pis® a_
_/’;1 arcsin (m) sin ¥d¢ = 3 (005191 + 7 1)

x 2
P a _Zf_ __a_
. sin® ¥ sin [arccoslsinﬂ] dd = v (1 12)

The symmetry of the problem yields po1 = p10, Po2 = p20 and p1g = po;. B

Remark. If we consider the marginal distribution of N7 (or N;) we find again
the results of theorem 1 in the special case n = 1. .

3. Large disks

We discuss now some results about the problem of multiple intersections for the
test body ”disk”.

Theorem 5. A disk D, of radius r, is dropped at random in F3, which we
suppose ruled by a family of parallel and equidistant planes, with equidistance d.
The number of planes intersected by D can range between 0 and n + 1, where
n = [2r/d] is the greatest integer less than or egual to 2r/d. For 0 < k < n, the
probability p (k) of exactly k intersections is:

k+1
p Oy e BT e N aREhe s, N T c0sOs + (~Dp-1 + 20 — Fa41) = (3)

while for k=0 and k =n + 1 we have

1 T n m T
p(0)=1-gcosth—ths p(n+l)=-—gcosth+ (5 —19,1) 5 @

where ¥y = arcsin (%) k=0,..,n, and Opyy = L.

Proof. Asin the proof of theorem 1, we fix an orthonormal frame of reference
where the planes of the lattice have equations {z = nd, n € Z} and we denote by
S the elementary tile {0 < z < d}.

Let us consider the line s passing through the center C of D and orthogonal
to the support plane of D and let ¥ be the angle between s and the z axis.
The number of planes intersected by D is completely determined by ¥ and by
the z coordinate of C. Precisely, if we let ¥x = arcsin (12‘%) foriki=0/.9n and
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Un41 = 5, then when ¥y <9 <y, we have F intersections if C' belongs to the

set

s rsinﬂ-%dﬁzs"zﬂd-rsinﬂ} k even
Hoetal = {o<e < Bld—rsing v rein9-E1d<z<d} kodd

whereas when C belongs to the set

S OSsz‘sinﬂ——%d Y %d—rsinﬂﬁzﬁd} k even
ORIl T TG rsing < 2 < rsind — Eld) k odd

the number of intersected planes is k + 1.

The measures of the sets S, Sy 19, 9, ,] 80d Sk41,(9,,9,.,] &re obviously infinite.
Anyway, once it has fallen, translations of the disk, which preserve the angle ¥ and
the z coordinate of C, cannot change the number of intersections, thus we can ar-
bitrarily fix any bound to the z and y coordinates, say {|z| < M, |y| < Mz}, and
we define 1 (S) as the measure of the set SN {|z| < M, |y| < Ma}, and likewise

for p (Sk:[ﬂk,‘gk-!—l]) e (Sk"'l’[ﬂ"'ﬂ"*l])'
Hence we have

#(Sogom) 1 fﬂx e
0)=———7—~r =~ d — 2r sin ) sin ¥dd
pO) =t 2 [ )
u(S, x 3
p(n+1)= __(_%2]__)_ = %./: (2r sin® — nd) sin 9dd
and
p (Sk.m-x.m U Sk.m,aml) 1 [o% ,
k= s [2rsind — (k — 1) d] sin 9di?
o 4 () a o,

1 [P+ : "
+—f [( + 1) d — 2r sin 9] sin 99
d Jg,
Straightforward computations yield the probabilities (3) and (4). B

In order to get the values of the moments and of the distribution function of
the random variable IV, "number of planes intersected by the disk D”, a slight
rewriting of the probabilities (3) and (4) is needed. If we let

0r = -g— costr — 19;.,5 for k=020, 1

we find that

Tr Tr
p(0)=1+6; p(n)=6"_1—26"_§:i p(n+1)—6n+-2—t—i
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pk)=6_1+641—-26, 15k<n-1

With this notation we can easily prove the following

Theorem 6. A disk D of radius r falls at random on a lattice of parallel and
equidistant planes, with equidistance d. Let us suppose that nd < 2r < (n+1)r
and let N be the number of planes of the lattice intersected by D. The mean value
and the variance of N are

i f 2.2
i K 32% Var[N] = '2 [ﬂ(2n+ 1) —2219,] ~3 icosd; — 1;;2
i=1

i=1

the moments of order k > 2 are given by

n [£/2]
k .k—2h s k k
pr =E|N*| =2 Z( )z i+ ==|(n+1)"—n
W) =25 50 (& ) 35 o -
and the distribution function is
e A 1—6k+6j_-+1 k=0,1,...,ﬂ—1
F(’“)"P(Nf’”)—{1-a,.—g§ e

Proof. Let {€};_q .41 be any real numbers. We have

n+l
> ep(i) = e(l+81)+er(fo+b2—261)+ ... + €1 (6i-2 + 6 — 26i-1)
i=0

+€; (i1 + 8ip1 — 26;) + €5,y (6; + iyo — 20:41) + ...

mr nr
I (6n_1 —26n-1— E:l-) +€n (6n S5 ﬁ)

and summation by parts shows that

n+1 n T

; ep (i) = €0+ ; (-1 — 26 +€i41) 6 + (ent1 — €n) o (5)

For {e, = i"}_ T k = 1,2... formula (5) gives the values of E[N] and p.
i=0,...n

To get the value of F'(k) we substitute in (5) o = ... = ¢ =1 and €41 = ... =

e, =0.H

n+1l
Remark. Formula (5) also easily yields ) p (i) =1.
i=0

Finally we study a random variable that is closely related to the geometrical
situation we are analysing:
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Theorem 7. Let us consider a lattice of parallel planes, at a distance d apart,
and a disk D of radius r, nd < 2r < (n + 1) d, with random position in E3. We
denote by L the random variable “sum of the lengths of the chords of D resulting
as intersection between D and the planes of the lattice”. The mean value of L
138

11.2,,.2

SO aady

Proof.  With the notation of theorem 5, we suppose that the planes of the
lattice have equations {z = nd, n € Z} and we denote by 9 the angle between a
line orthogonal to the support plane of D and the z axis.

Let Lypg = Lpg (9, z) be the length of the chord DN {z = hd} for fixed values
of the angle ¥ and of the z coordinate of the center C of D; when D does not
intersect the plane z = hd we simply assume Lxq = 0, so that we can write

L="% Ln

hel

Figure 1 illustrates the problem in the special case when D intersects the
planes z = 0, 2 = d and z = —d and therefore the value of the random variable
L is given by L_g4 + Lo + Lg.

Figure 3.1:

It is easy to check that if DN {z = hd} # 0 then

2y/r2sin? 9 — (2 — hd)?
sin ;

Ipa = Lpa (952) =

For 0 < # < ¥ = arcsin (£ ) and 9, <9 < ¥ = arcsin (¢) all the functions Ly
vanish, except Lg, when 0 < z < rsind, and Ly, when d —rsind < z < d. For
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¥y < ¥ < /2, the list of the functions Lg which are not identically zero is given
by the following tables

k>2 EVEN 19k=arcsin(ﬂ)505arcsin((k—+l)ﬂ-)=ﬂk+l
2r 2r
2z RANGE CHORDS
0<z<rsind—3d Ly - L-a Lo L4 Ly,
reind—5d<z<HEd—rsind | L_sx2y.-- L-a Lo La Ly,
E;;z-d—rsinﬂs.zgd L_ﬁggd. AT Pa e I i L%-_Qd

k>3 obD ¥ = arcsin (;—f) < ¥ < arcsin (_(k_—;)g) = Yr41
2z RANGE CHORDS
0<z<*ld—rsind L sy Lg Lo Ly Lo
Eld—rsind<z<rsind—*3d | L sy Lg Lo La Lisay
rsind—51d<z<d L_r3, Lg Lo Lg Leiy

as already done before, we let 9,41 = 5.
Applying Stoka's formula ([5], pag.78) we have

o2 "dy f02 " dp [y? sinddy [, {(z,y,2)eS} > nez Lna (9, z) dzdydz
p(S)

where, as in the proof of theorem 5, we let S = {0 < z < d, |z| < My, |y| < Ma}.
When n > 2 is even the previous formula becomes

37T s
] a9
D2k

Bt = %{Z [

k=0

E[L] =

rsin9—kd 2
/ ﬁ2 sin? 9 — (z + kd)“dz (6)
0

z d
< o) dw?j \/r2sin219—(z+kd)2dz
0

Pop42

Dok+2 d
+ a9 f
02# (k+1)d—rsmt9

=

sterdals dﬁ_[]d\/ﬂsin?'ﬁ-—((k+1)d—-z)2dz]

Dop+2

= rsind—2d 2
+ ¢ dﬂf - \/rzsinzﬂ— (z+£d) dz
O 0 2

x d 2
+f2d-19[ rzsinQﬂ—(n-i_zd—z) dz
a 2424 rsind 2

\/r2sin? 9 — ((k +1) d — 2)’dz
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whereas for n > 3 odd we find

By = 2y U ik foﬂina_kd Vresin?d — (z+kd’dz (1)

d | =0 [/

3 d
)0 dﬂ?j \/1'2 sin? ¥ — (z + kd)?dz
0

Ook+2
v d
W f 2 40 f \/r?sin? 9 — ((k +1) d— 2)’dz
D2k (k+1)d—rsind
= d
g dﬂ/ \/r2sm2ﬂ—((k+1)d—z)2dz]
Dok 42 0

x rsin®-2-1d = lleNe
+/2 dﬂ/ 3 %%in?o— (z+3‘-—-—d) dz
By 0 2
z d 2
+f2 dﬂf Jrzsinzﬂ—(n-}'ld—z) dz
On-1 %l-d—rsinﬂ 2

Both (6) and (7) yield the final value E[L] = T2
The proof for n = 1 requires some changes in the expression of (7), but the
modifications are straightforward and therefore omitted. l
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