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Abstract

A needle of length l dropped at random on a lattice of parallel planes at a
distance d apart can hâve multiple intersections if l > d. The distribution of
the number of crossings and approximate moments for large l are derived.

Similar problems are discussed by using as test body a disk of radius r > d/2
as test body.

AMS 2000 Subject Classifications: Géométrie probability, stochastic
geometry, random sets; random convex sets and intégral geometry.

AMS Classification: 60D05, 52A22.

1 Introduction

In the classical formulations of the problems of Buffon-Laplace type, a ”small” con-
vex test body T is thrown at random onto a lattice of parallel and équidistant lines,
or of rectangles, and one asks for the probability of an intersection. By ”small” test
body one means that the diameter of T is not larger than the équidistance between
the parallel lines, or than the shortest side of the rectangle. In other words, at each
fall T rnust either intersect the sériés of parallel lines only once, or not at ail; and in
the case of the lattice of rectangles, T can never intersect two non-consecutive sides
an elementary tile.

When these hypothèses are not satisfied, i.e. for ” large” test bodies, there can
be multiple intersections and problems connected with the probability of a spécifie
number of crossings arise. These problems hâve been studied by various authors in
different instances: we just mention the work of Diaconis [1], who considered the
case of a long needle dropped at random onto a plane ruled by a grid of parallel and
équidistant fines, and the results of Duma and Stoka, who considered a large ellipse
in a grid of parallel and équidistant fines [3] or in a lattice of rectangles [4].

The purpose of this paper is to discuss the three dimensional situation: hence
the lattice of parallel fines changes into a lattice of parallel and équidistant planes
and the lattice of rectangles becomes a lattice of strips with rectangular section. We
use as test bodies a segment S and a disk D.



4

2. Long and non small needles

Théorem 1. Let 7Z be a lattice of equally spaced parallel planes in £3 (we shall
take the common distance between them to be d) on which a segment S of length
l, nd < l < (n +1) d is allowed to fcdl at random. At each fait the segment can
intersect the sériés of parallel planes 0,1,2,..., n or n+ 1 times, and the probability
p (h) of h intersections occurring at a fall is given by

p(o)

p(n)

d_
21

for 1 < h < n — 1

(1 — n2 — 2n) d
21

+ n + 1 —
2d p(n + 1) =

(1)

Proof. Let us fix an orthonormal frame of reference {O; x, y, z} such that one
of the elementary tiles of the lattice is the strip S between the planes z — 0 and
z = d. We dénoté by d the angle between the z axis and the support line of S.
For each fixed value of 0 the number of planes intersected by S can be [l cos d] or

\l cosd] + 1, where [x] means the greatest integer not larger than x. More precisely,
if we let the angles êh, 0 < flh < |, be determined by

hd
COS U = —j—

for h = 0,n, and if we define dn+1 := 0, then for dft+1 < ’â < the number
of crossings is h or h + 1, according to the value of the z coordinate of the middle
point P of S. That is, we hâve h intersections if P belongs to the set

| cos d — |d<2<a|costfj h even
0 < z < ^Y~d — | cosd V ^ cosd — d < z < d| h odd

and h + 1 intersections when P belongs to the set

{{o < z < |cosd — ^d V |cos-i? < 2 < h even| cost? < z < | cosd — h odd
The probability p(h), h = 0, ...,n + 1, can then be obtained as the ratio of the
measure p (Af’h) °f the set ffh of ail segments, of length l, with middle point in
S and with h intersections with the planes of the lattice, to the measure p (S) of
the set of ail segments with middle point in S.

We compute p {ffh) and p (S) by means of the kinematic density

dK$ = |sind| d'd A dtp A d^> A dx A dy A dz

(where d G [0,7r] and (p G [0,27r] are the spherical coordinates on the unit sphere
in £3 and if; G [0,27r] is an angle of rotation). In order to do so, we must suppose
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that P moves in a bounded région of the xy plane. However we can arbitrarily
choose such a région, because when we translate S keeping fîxed the quote of P,
the number of intersections remains unchanged.

For h = 0 and h = n 4-1 we hâve Mo = <î>o,[tfi,7r/2] anc^ M'n+i = «Sn+1[0 and
we find

1 n
p (0) = - / (d — l cos i7) sin îMt?d

1 fûn
p(n + 1) = - / (l cos $ — rid) sin fiddd Jo

while for 1 < h < n we hâve Mh = <Sh,[^hj19h_j] U ^/i,[i9h+1,i9h] and thus we get

1 [ i r&h i
p (h) = - < / [Zcostf — (h — 1) d] sinîMtf 4- / [(h + 1) d — Zcosi9] sin.'âd'â >d [J#h J#h+i J
By solving the above intégrais we find the probabilités (1). ■

Let us define now the random variable N as the number of crossings of the
random ”long” needle with the lattice 7Z.

An easy conséquence of theorem 1 is the following

Corollary. The mean and the second moment of N are

E[N] = 2d
E M =

2n+lZ n (n + 1) (2n + 1) d
2 d + y - n(n + 1).

Por higher moments we hâve the asimptotic approximation as ^ —> oo

£ M + WTT)nk+1+ a ■-■^ + '0 K1)
Theorem 2. As ^ —* oo, the random variable ^ converges in distribution to a
uniform distribution in [0,1].

Proof. As ^ ► oo the moments E j converge to the numbers —-,
that is to the moments of the uniform distribution on [0,1],

Since ail the concemed distributions are constrained to the unit interval, the
method of moments is in force and yields the desired resuit. ■

We suppose now that the space is ruled by two families, and 72-2, of pa-
rallel and équidistant planes (with équidistances a and 6), the two families being
orthogonal one to the other, and we prove
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Theorem 3. The probability that a random segment of constant length l, with
l > Va.2 + b2, intersects the lattice TZi U 7£2 is

p= 2 +
2 (arcsin + arcsin - f) cos i?3 + w (a) + QJ (b)

7T
(2)

(cost?3 — cost?i) [min(a,6)]2 -f- (cos $3 — cos $2) [max(a,6)]i
3nab

(I ~ ^4) (g, b) 4- (| - ^5) max (a, b)
7rZ

(| — #i - #5) min (a, b) + (f - i72 - #4) max (a, 6)^
7rab

2 1 — COS $1 + COS 1?3 — COS t?2 j2
3 Tvab

where u>(x) = arctan ^ ^ ai + arctan ^ P—x* — WP—aï —

ab ÜEE] and

. . min (a, 6) . . max (a, b) . Va2 + b2
= arcsin ; i?2 = arcsm 1/3 = arcsm

$4 = arcsin 1- [max (a, 6)]'
^ l2 — [min (a, 6)]'

t?5 = arcsin
[min (a, b)]À

\ l2 — [max (a, 6)]'

Proof. If a < b, then we fix an orthonormal frame of reference such that the
planes of 7Z\ are parallel to the yz plane and those of 7£2 are parallel to the xz
plane, and conversely if b < a.

Let "ô be the angle between the support line of S and the z axis and let
P = (x, y, z) be the middle point of S. A similar reasoning to that one employed
in the proof of theorem 1 shows that we can suppose \z\ < M, where M is an
arbitrarily fixed constant. Hence p = 1 — > where now M.-p and Afp are
respectively the set of segments with middle point in

V = {0 < x < min (a, 6), 0 < y < max (a, b), \z\ < M}
and the set of segments with middle point in P and with no intersections with
the planes of 7Zi and 7£2.
Thus we get

tc 2L

So siniïdü /02 d(pf{(x y)eJ>: dxdy
n2ab

= 1-
n2ab

min(o,b)
/•arcsin ^

/ sin / / (t7, (p) dip -f
J0 Jo

P
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+

+

Jrares iarcs in

rares:

Jarcsir

c(a-b)

minfa.b)
I

n

sin tM#

max(a,t>)
l

sintMtf

/J
/:

i(a,6) / (0* <?) d(p

tnax(a,6)
a

1 sin d

mln(at6)
( sin d

/ (t9, y?) d(p

where the function / (i9, y?) is defined as

/ (#, y?) := ab — [min (a, b) sin y? + max (a, b) cos y?] Z sin -f l2 sin2 sin y? cos y?

The above expression of p yields the final value (2). Note that lim p = 1. ■l—*oo

The hypothesis l > y/a2 + b2 in theorem 2 means that the segment S is really
”long” when compared to the lattice. As a matter of fact, if S is dropped in such
a way that its angle ê to the z axis is sufficiently large, namely t? > arcsin /--f-2-,
then S certainly intersects 1Z\ U R-2- Hence, as l grows, for almost ail directions
of fall the probability of intersection is 1. When max (a, 6) < l < y/a2 +b2 we
can speak of ”non-small” needle in the sense of A. Puma (see [2]). We study now
this kind of problem in the spécial case when a = b, since for general values of
a and b there are not interesting modifications to the method of solution, except
for the formalism that becomes too heavy.

Theorem 4. Consider the lattice U 72.2 when a = b, and a randorn segment
S of constant length l, a < l < ay/2. Let Ni and N2 be the randorn variables
”number of crossings of S with the planes of the families 72.1 and IZ2 ”■ Then
(Ni,N2) has the follovnng distribution

to1 11 0 II M1 N2 —2

II 0

Poo = -1 - ^cost?i + f
+ (tt — 2i?x) —

+ 3 f1 COB t?i )
P01 = P10 g II •tsND0

Ai = 1

P10 = 2 + | cos - f
, (—2ir—3sint?i oost?i+3i?i)i

Pu = ^ cos i7 1
, 2(ir—2t?i+2sim?i oosi9i)i

P12 = P211 7ra

( \ —3 OOS $1 +COS3 ) iz
7ra

2(l—6 cos +2 cos3 $i)i2
7xal >

(NII

P20 = -1 - ~ cos i31 + f
, (n—5i+oost?i sinî?i)Z

P21 = ^ COS Î?1
(i?l - f -°os i9i sin 01 )/ 0' ira

(00s i?i — ^ cos3 )l2
ira2

' Tza

(00si?i — ^ 00s3 ’di)l2
IL 1U&

where t?i = arcsin f.



Proof. Let V={0 < x < a, 0 < y < a} be the elementaiy tile of the lattice,
and let us dénoté by Mj the set of segments, of length l, with middle point P
in T> and with respectively i and j intersections with the planes of TZi and 'JZ2.
According to theorem 1, the set Afij is not empty if and only if 0 < i,j < 2. Let
us partition T> into four sets

v1 = t>\(s1us2) v2 = î>n(«s2\51) v3 = vn{s1\s2) v4 = vns1ns2

where

< x <5, = |o
S2 = |o<ÿ<

Z sim? cos y?
2

Z sin i? sin p

V a -

Z sim? cos

Z sim? sine?
V a < y <

< x < a|
°}

Some geometrical considérations show that, for any fbced direction of S, we find
a different value of the number of intersections {N\1 N2) for each one of the sets
T>i. More precisely, the situation can be summed up as follows

(û,p)e arcsm “, £ X 0, arccos , ,9

*W) s <

Mo if P £Vi

•A/21 if P £ P2
M10 if P £ P3

, Ml ij P 6 î>4

(1?, p)£ 0, arcsin y] x ro
.» 2

A/ôo if P £ Pi
•A/01 if P £P2
•A/10 if P £ P3

Mi if P £P\

{ô,p)£ arcsin ^ X arccos Zsian ,9» % arccos la

A/ôo if P £ Pi
A/01 if P £P2
A/10 if P £P3
Ml if P £P4

where means that the direction of S is given by (sin i? cos p, sin t? sin p, cos i?)
(the number of intersections for (t?, p)£ [arcsin f, §] x [f ~ arccos , |] can be
easily obtained just by taking into account the symmetry of the problem).
Hence we hâve

JPOO =
2

ira2 J sim?di? J vol (Pi) dp +
-i

^2 sin t?di?

P10 =
2

7ra2 J sin t?di? p vol (P3) dp + j
/i .

f sin i?di?

+
/•? /-S—arccos 7-^—3-
[ sim?dt? [ vol (P3) dp
/i?! J arccos

Pli =
2

7ra2 «

/ 2 sin t?dî? / 2 vol (P4) dp
10 Ao

‘77—arccos -

vol (V3) dp
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2 f 2 rarcoos y—.—-r

P20 = —ô / sintfcft? / sm vol(T>i)d(ptra2 J,?! 70
2 /‘f /■arcoosn^ïï

P21 = —ô / sintfch? / vol(T>2)dœnaz J^ Jo

where = arcsin y. To get the final values of the probabilités ptJ-, we make use
of the following equalities

The symmetry of the problem yields poi = pio, P02 = P20 and P12 = P2i- ■

Remark. If we consider the marginal distribution of N\ (or N2) we find again
the results of theorem 1 in the spécial case n = 1.

3. Large disks

We discuss now some results about the problem of multiple intersections for the
test body "disk”.
Theorem 5. A disk D, of radius r, is dropped at random in £3, which we

suppose ruled by a family of parallel and équidistant planes, with équidistance d.
The number of planes intersected by D can range between 0 and n + 1, where
n = [2r/d] is the greatest integer less than or equal to 2r/d. For 0 < k < n, the
probability p (k) of exactly k intersections is:

P{k) = -^Y^COSÎ?&_i + kcOsdk - ^-y^COstf* + + 2dk (3)
while for k = 0 and k = n + 1 we hâve

p(0) = 1 — ^ cost?i — #1^ p(n + l) = ~^cosdn + -dn^ ^ (4)
where dk = arcsin k — 0, and dn+1 =

Proof. As in the proof of theorem 1, we fix an orthonormal frame of reference
where the planes of the lattice hâve équations {z = nd, n € Z} and we dénoté by
S the elementary tile {0 < z < d}.

Let us consider the line s passing through the center C of D and orthogonal
to the support plane of D and let d be the angle between s and the z axis.
The number of planes intersected by D is completely determined by d and by
the 2 coordinate of C. Precisely, if we let dk = arcsin f J for k = 0, ...,n and
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^n+i = f, then when dk < d < dk+i we hâve k intersections if C belongs to the
set

rsint? — \d< z < d — rsint?| k even
0 < z < — r sin$ V r sini? — ^-d < z < dj k odd

whereas when C belongs to the set

0 < z < rsintf — |d V ^^d — r sin i? < z < d| k even
^jrd — r sind < 2 < r sind — k odd

the number of intersected planes is k + 1.
The measures of the sets S, Sk,[dk,dk+i] and «S*+i,[tf*„3fc+1] are obviously infinité.

Anyway, once it has fallen, translations of the disk, which preserve the angle d and
the z coordinate of C, cannot change the number of intersections, thus we can ar-

bitrarily fix any bound to the x and y coordinates, say {|a?| < M\, |y| < A/2}, and
we define p (S) as the measure of the set «Sfl {|rr| < A/i, \y\ < A/2}, and likewise
for p (Sk,{#kfk+i}) and A*
Hence we hâve

p (0) = = \ [Û1 (d - 2r sintf) sintfdi?
fi (0) d J0

p(n + l) = ^ n+/’lr—— = \ f* (2r sin d — nd)V (S) d Jàn
sin ddd

and

A* (^fc,[«*.„«*]u Sk,[#k,0*+il) 1 fûk ro • q n iui • a
p (k) = — — — = - / [2r smv — (k — 1) a] smddd

p {S) dJdk_x
1 r^+i

+- / [(A: + 1) d — 2r sind] sid

1 r$k+1

hk

Straightforward computations yield the probabilities (3) and (4).

sinddd

In order to get the values of the moments and of the distribution function of
the random variable Àr, ”number of planes intersected by the disk D ”, a slight
rewriting of the probabilities (3) and (4) is needed. If we let

bk := "Cosdk-dk^ for k = 0,2..., n
we find that

p{0) — 1 + p(n) = 6n_i -26n - “ p(n + l) = <5n +“
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p (k) = Æ*;_i + — 2<5* 1 < k < n — 1
With this notation we can easily prove the following

Theorem 6. A disk D of radius r falls at random on a lattice of parallel and
équidistant planes, with équidistance d. Let us suppose that nd < 2r < (n + 1) r
and let N be the number ofplanes ofthe lattice intersected by D. The mean value
and the variance of N are

7rr r

E[JV] = - Vor[JV] = 5
7r (2n + 1) —

»=1 J i=l

n ,r2r2

£*'4^-
the moments of order k > 2 are gzuen

n [fc/2]n [fc/2] / » \

*=b K]=2£ E ( 2* ) ^+£;[<»+1=1 /l=l \ /

and the distribution function is

F(k) = P (N < k) =
1 — 5fc + <$*+1
1 _ x _ ztr1 2 d

Proof. Let {ej}i=0 n+1 be any real numbers. We hâve

k = 0,1,n — 1
k — n

n+l

53 e*p(i) = co(l 4- <5i) 4- ei (So + Ô2 - 2«5i) 4- ••• 4- Q-i (Si-2 4-<5, — 2<5i_i)
£=0

4ti (6i-1 4- <5*+i — 26i) 4- ei+1 (Si 4- 01+2 — 2<5i+i) 4-...

(7rr \ / 7rr \(n-,-2fn-l~2j)+Cn{Sn + —)
and summation by parts shows that

n+l

y: tiP (i) = eo + 53 (C*-1 — + e*+l) + (en+1 — Cn)
*=0 t=l

7rr

2d (5)

For (= ik\ , k = 1,2... formula (5) gives the values of E[N] and /i*.I J t=0,...,n+l
To get the value of F (k) we substitute in (5) eo = ... = ejk = 1 and e*+i = ... =
en = 0.

n+l
Remark. Formula (5) also easily yields J]p(i) = l.

t=0

Finally we study a random variable that is closely related to the geometrical
situation we are analysing:
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Theorem 7. Let us consider a lattice of parallel planes, at a distance d apart,
and a disk D of radius r, nd < 2r < (n -f 1) d, with random position in E3. We
dénoté by L the random variable ”sum of the lengths of the chords of D resulting
as intersection between D and the planes of the lattice”. The mean value of L

4d

Proof. With the notation of theorem 5, we suppose that the planes of the
lattice hâve équations {z = nd, n £ Z} and we dénoté by d the angle between a
line orthogonal to the support plane of D and the 2 axis.

Let Lhd = Lhd (d, z) be the length of the chord D D {z = hd} for fixed values
of the angle d and of the 2 coordinate of the center C of D] when D does not
intersect the plane 2 = hd we simply assume Lhd — 0, so that we can write

heZ

Figure 1 illustrâtes the problem in the spécial case when D intersects the
planes 2 = 0, 2 = d and 2 = —d and therefore the, value of the random variable
L is given by L_d + L0 + Ld.

Figure 3.1:

It is easy to check that if D fl {2 = hd} ^ 0 then

Lhd — Lhd (^j z) —
2yjr2 sin2 d — (z — hd)2

sind

For 0 < d < di = arcsin and i?i < d < d2 = arcsin (j'j ail the functions Lhd
vanish, except Lq, when 0 < 2 < rs'md, and Ld, when d — rsmd < z < d. For
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■$2 < d < 7r/2, the list of the functions L^ which are not identically zéro is given
by the following tables

k > 2 EVEN < d < arcsin

Z RANGE CHORDS

0<z<rsind — |d . L_d U Ld . .. Lk j

9d
rsind - fd < z < ^rd — rsind •• . L_d Lo Ld . .. L*d

*±^d-rsind < z < d L_fc^2d ...2 _

L_d L0 .. . Lfc±2d

A: > 3 ODD d* = arcsin (yf) < d < arcsin = d^+i

Z RANGE CHORDS

0 < z < ^-d — r sind L_ . L_d L0 Ld . . L*^id
yyd — r sin d < z < r sin d — ^rd L_^ •

. L_d L0 Ld • . Lk±id
rsind — yyd < z < d L ^d.._ . L_d L0 Ld . • L*±id

as already done before, we let dn+i = y

Applying Stoka’s formula ([5], pag.78) we hâve

St dŸit dv Jo sintidti f{(x,y,z)es} Eftez Lhd (d, z) dxdydz
H(S)E[L} =

where, as in the proof of theorem 5, we let <S = {0 < z < d, |a:| < Mi, \y\ < M2} .

\Vhen n > 2 is even the previous formula becomes

E {n -j
2 f /*i9ofc+2 rr smô—kd / —

y f dd f yr2sin2d — (z + kd)2dz
fco L-/«« •/o

-f [* dd f Jr2 sin2 d — (z + A;d)2dzL?2fc+2 dû

+ f dd [ Jr2 sin2d — ((A: -f 1) d — z)2dz
di?2fc d(A+l)d—rsin$

+ [* dd f Jr2sin2d — ((A; 4-1) d — z)2dzJ&2k+2 Jo J

r jjân j0

(6)

rr sini9- -Sd
4-

+

r2 sin2 d — ^z 4- ^d^ dz

£ f2sin^-(^d-,)2dz}
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whereas for n > 3 odd we find

n—3
2

Em = -d<
f [“&2k+2 [■rt&n.Q—kdfrsinv—Ka / —

, f yjr2 sm2 û — (z + kd)2dz
Jk=0 l/1*2* *'°

+ [* dû f ylr2sin2d — (2 + kd)2dz
*'^2fc+2 •'O

+ f dû f yjr2 sin2 $ — ((A: 4- 1) d — z)2dzJ■92k J(k+ï)d—rsin9
2L j 1

+ / dû f Jr2 sin2d — ((fc 4-1) d — z)2dz
J92k+2 ÛO J

f MfJ9n-i JO
+

+

rsm9-^-d /_ . 2o / Tl — 1 \ 2yr2sm2d — (z-| —dj dz

/2 dû T \lr2 sin2 d — f^id-zVdzlJi?n—! 7a±id-r sintfV V 2 y/ J

(7)

Both (6) and (7) yield the final value E [L] =
The proof for n = 1 requires some changes in the expression of (7), but the
modifications are straightforward and therefore omitted. ■
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