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LINEAR AND NONLINEAR ANALYSIS OF THE VISCOUS
RAYLEIGH-TAYLOR SYSTEM WITH NAVIER-SLIP BOUNDARY

CONDITIONS

TIẾN-TÀI NGUYỄN

Abstract. In this paper, we are interested in the linear and the nonlinear

Rayleigh-Taylor instability for the gravity-driven incompressible Navier-Stokes
equations with Navier-slip boundary conditions around a smooth increasing

density profile ρ0px2q in a slab domain 2πLTˆ p´1, 1q (L ą 0, T is the usual

1D torus). The linear instability study of the viscous Rayleigh-Taylor model
amounts to the study of the following ordinary differential equation on the

finite interval p´1, 1q,

´ λ2rρ0k
2φ´ pρ0φ

1q1s “ λµpφp4q ´ 2k2φ2 ` k4φq ´ gk2ρ10φ, (0.1)

with the boundary conditions
$

’

&

’

%

φp´1q “ φp1q “ 0,

µφ2p1q “ ξ`φ1p1q,

µφ2p´1q “ ´ξ´φ1p´1q,

(0.2)

where λ ą 0 is the growth rate in time, g ą 0 is the gravity constant, k is the

wave number and two Navier-slip coefficients ξ˘ are nonnegative constants.

For each k P L´1Zzt0u, we define a threshold of viscosity coefficient µcpk,Ξq for
the linear instability. So that, in the k-supercritical regime, i.e. µ ą µcpk,Ξq,

we describe a spectral analysis adapting the operator method initiated by

Lafitte-Nguyễn [13] and then prove that there are infinite nontrivial solutions
pλn, φnqně1 of (0.1)-(0.2) with λn Ñ 0 as nÑ8 and φn P H4pp´1, 1qq. Based

on the existence of infinitely many normal modes of the linearized problem,

we construct a wide class of initial data to the nonlinear equations, extending
the previous framework of Guo-Strauss [5] and of Grenier [7], to prove the

nonlinear Rayleigh-Taylor instability in a high regime of viscosity coefficient,
namely µ ą 3 supkPL´1Zzt0u µcpk,Ξq.
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1. Introduction

The Rayleigh–Taylor (RT) instability, studied first by Lord Rayleigh in [17] and
then Taylor [18] is well known as a gravity-driven instability in two semi-infinite
inviscid and incompressible fluids when the heavy one is on top of the light one.
It has attracted much attention due to both its physical and mathematical impor-
tance. Two applications worth mentioning are implosion of inertial confinement
fusion capsules [14] and core-collapse of supernovae [16]. For a detailed physical
comprehension of the RT instability, we refer to three survey papers [11, 19, 20].
Mathematically speaking, for the inviscid and incompressible regime with a smooth
density profile, the classical RT instability was investigated by Lafitte [12], by Guo
and Hwang [4] and by Helffer and Lafitte [9].

Concerning the viscous RT instability, one of the first studies can be found in
the book of Chandrasekhar [1, Chap. X]. He considered two uniform viscous fluid
separated by a horizontal boundary and generalized the classical result of Rayleigh
and Taylor. We refer the readers to mathematical viscous RT studies for two
compressible channel flows by Guo and Tice [6], for incompressible fluid in the
whole space R3 by Jiang et. al [8] and Lafitte and Nguyễn [13], respectively.

In this paper, we are concerned with the viscous RT of the gravity-driven incom-
pressible Navier-Stokes equations in a 2D slab domain Ω “ 2πLT ˆ p´1, 1q with
L ą 0 and T is the 1D-torus, that read as

$

’

&

’

%

Btρ` divpρ~uq “ 0,

Btpρ~uq ` divpρ~ub ~uq `∇P “ µ∆~u´ ρ~g,

div~u “ 0,

(1.1)
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where t ě 0, ~x “ px1, x2q P 2πLTˆp´1, 1q. The unknowns ρ :“ ρpt, ~xq, ~u :“ ~upt, ~xq
and P :“ P pt, ~xq denote the density, the velocity and the pressure of the fluid,
respectively, while µ is the viscosity coefficient and ~g :“ g~e2, g ą 0 being the
gravity constant. Let Σ˘ “ 2πLT ˆ t˘1u, the Navier-slip boundary conditions
proposed by Navier (see [15]) are given on Σ˘ as follows

~u ¨ ~n “ 0 on Σ` Y Σ´,

pµp∇~u`∇~uT q ¨ ~nqτ “ ξp~xq~u on Σ` Y Σ´.
(1.2)

Here, ~n is the outward normal vector of the boundary, pµp∇~u `∇~uT q ¨ ~nqτ is the
tangential component of µp∇~u `∇~uT q ¨ ~n and ξp~xq is a scalar function describing
the slip effect on the boundary, only taking nonnegative constant values ξ˘ on Σ˘,
respectively.

Let ρ0 and P0 be two C1-functions on x2 such that P 10 “ ´gρ0 with 1 “ d{dx2.
Then, the laminar flow pρ0px2q,~0, P0px2qq is a steady-state solution of (1.1). Of
interest of this paper is to study the nonlinear instability of the above laminar flow
to Eq. (1.1)-(1.2) that satisfies

ρ0 P C
1pr´1, 1sq, ρ10 ą 0 on r´1, 1s, ρ0p˘1q “ ρ˘ P p0,`8q, (1.3)

i.e. to study the nonlinear Rayleigh–Taylor instability problem.

Linearizing (1.1) in the vicinity of pρ0px2q,~0, P0px2qq and then seeking a normal
mode at a horizontal spatial frequency k P L´1Zzt0u of the form

eλpkqt~Up~xq “ eλpkqtpcospkx1qωpx2q, sinpkx1qθpx2q, cospkx1qφpx2q, cospkx1qqpx2qq
T ,

the linear RT instability amounts to the investigation of the parameter λpkq P C
(Reλ ą 0) such that there exists a nontrivial solution φ P H4pp´1, 1qq of the
following ordinary differential equation for the second component of velocity

´ λ2pρ0k
2φ´ pρ0φ

1q1q “ λµpφp4q ´ 2k2φ2 ` k4φq ´ gk2ρ10φ, (1.4)

with the boundary conditions
$

’

&

’

%

φp´1q “ φp1q “ 0,

µφ2p1q “ ξ`φ
1p1q,

µφ2p´1q “ ´ξ´φ
1p´1q.

(1.5)

Note that the embedding H4pp´1, 1qq ãÑ C3pp´1, 1qq allows us to write (1.5). In
this case, such a λ is called a growth rate of the instability or a characteristic value
of the linearized problem (see Eq. (2.5) below) as in [1, Sect. 92-93, Chap. X]).
We will present the derivation of the physical model in Section 2.

As the density profile is increasing, we first show that λ is always real in Lemma
2.1. Since our goal is to study the instability, we are left to look for λ ą 0. Hence,
for the linear instability, we continue the spectral analysis of Helffer and Lafitte [9],
Lafitte and Nguyễn [13] for Eq. (1.4)-(1.5).

For any horizontal spatial frequency k P L´1Zzt0u, we then define a k-supercritical
regime of the viscosity coefficient µ ą µcpk,Ξq (see µcpk,Ξq in Proposition 3.1), we
prove that there exists an infinite sequence of characteristic values pλnpk, µqqně1,
decreasing towards 0 as nÑ8. This is stated in Theorem 2.1.

The second goal, described in Section 5 is to obtain a nonlinear instability result
on more general initial data using the linear result of Theorem 2.1 (see (2.15)) and
working in the regime µ ą 3 supkPL´1Zzt0u µcpk,Ξq. The classical way of proving
the nonlinear instability is to estimate the difference between the solution to the
nonlinear problem and the normal mode solution to the linearized problem. In order
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to show that, in the spirit of Guo-Strauss [5] and Grenier [7], only the maximal
normal mode eλ1t~U1p~xq was taken to derive a solution of the nonlinear equation
whose initial datum is δ~U1p~xq with 0 ă δ ! 1. Our nonlinear result, Theorem 2.2,
generalizes the previous results of Guo-Strauss and of Grenier, by showing that
a wide class of initial data (related to a linear combination of normal modes) to
the nonlinear problem departing from the equilibrium gives rise to the nonlinear
instability.

This paper is organized as follows. In Section 2, we present the governing equa-
tions and state the main results. Section 3 is devoted to some materials for the
linear study. Then, in Section 4, we prove the linear instability, i.e. Theorem 2.1.
Section 5 is to prove the nonlinear instability, i.e. Theorem 2.2.

2. Main results

2.1. The governing equations. Let us recall the steady state pρ0px2q,~0, P0px2qq

of (1.1), with ρ0 satisfies (1.3) and P 10 “ ´gρ0. We now derive the linearization of
Eq. (1.1) around the equilibrium state pρ0px2q,~0, P0px2qq. The perturbations

σ “ ρ´ ρ0, ~u “ ~u´~0, p “ P ´ P0

thus satisfy
$

’

&

’

%

Btσ ` ~u ¨∇pρ0 ` σq “ 0,

pρ0 ` σqBt~u` pρ0 ` σq~u ¨∇~u`∇p “ µ∆~u´ σ~g,

div~v “ 0.

(2.1)

Note that pµp∇~u`∇~uT q ¨ ~nqτ “ ~nˆ pµp∇~u`∇~uT q ¨ ~nq ˆ ~n and that ~n “ p0,˘1qT .
Hence, the boundary conditions are

$

’

&

’

%

u2 “ 0, on Σ˘,

µBx2
u1 “ ξ`u1 on Σ`,

µBx2u1 “ ´ξ´u1 on Σ´.

(2.2)

The linearized equations are
$

’

&

’

%

Btσ ` ρ
1
0u2 “ 0,

ρ0Bt~u`∇p “ µ∆~u´ σ~g,

div~u “ 0,

(2.3)

and the corresponding boundary conditions remaining (2.2).

The linear RT instability problem is to seek a normal mode of the form
$

’

’

’

&

’

’

’

%

σpt, ~xq “ eλt cospkx1qωpx2q,

u1pt, ~xq “ eλt sinpkx1qθpx2q,

u2pt, ~xq “ eλt cospkx1qφpx2q,

qpt, ~xq “ eλt cospkx1qqpx2q.

(2.4)

where k P L´1Zzt0u, λ P Czt0u and Reλ ě 0. It follows from (2.3) that
$

’

’

’

&

’

’

’

%

λω ` ρ10φ “ 0,

λρ0θ ´ kq ` µpk
2θ ´ θ2q “ 0,

λρ0φ` q
1 ` µpk2φ´ φ2q “ ´gω,

kθ ` φ1 “ 0

(2.5)
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and from (2.2) that

φp˘1q “ 0, µθ1p1q “ ξ`θp1q, µθ1p´1q “ ´ξ´θp´1q. (2.6)

We obtain

ω “ ´
ρ10
λ
φ, θ “ ´

1

k
φ1, q “ ´

1

k2
pλρ0φ

1 ` µpk2φ1 ´ φ3qq. (2.7)

Then, we substitute q, ω into (2.5)3 to get a fourth-order ordinary differential equa-
tion (1.4). We have the boundary conditions (1.5) deduced from (2.2), which are
obtained by assuming the solution to be in C2pr´1, 1sq.

2.2. Main results. Before stating our main results, we present our material for
the linearized equations.

When the density profile ρ0 is increasing, we show that all characteristic values
λ are real. Let L0 be the characteristic length, such that L´1

0 “ }
ρ10
ρ0
}L8pp´1,1qq, we

further obtain the uniform upper bound
b

g
L0

of λ.

Lemma 2.1. For any k P L´1Zzt0u,

‚ all characteristic values λ are always real,
‚ all characteristic values λ satisfy that λ ď

b

g
L0

.

Proof of Lemma 2.1 is given in Section 3.1. In view of Lemma 2.1, we look for
functions φ being real and we only consider the vector space of real-valued functions
in what follows in the linear analysis.

We now study the linearized problem, i.e. (1.4)-(1.5). Of importance is to
construct a continuous and coercive bilinear form Bk,λ,µ as λ ě 0 and k P Rzt0u

(i.e. we do not restrict λ P p0,
b

g
L0
q and k P L´1Zzt0u at this step) on the

functional space

H̃2pp´1, 1qq :“ tϕ P H2pp´1, 1qq, ϕp˘1q “ 0u,

so that the finding of a solution φ P H4pp´1, 1qq of Eq. (1.4)-(1.5) on p´1, 1q is
equivalent to finding a weak solution φ P H̃2pp´1, 1qq to the variational problem

λBk,λ,µpφ, θq “ gk2

ż 1

´1

ρ10φθdx2 for all θ P H̃2pp´1, 1qq, (2.8)

and thus improving the regularity of that weak solution φ.

The desired bilinear form Bk,λ,µ is

Bk,λ,µpϑ, %q :“λ

ż 1

´1

ρ0pk
2ϑ%` ϑ1%1qdx2 ` µ

ż 1

´1

pϑ2%2 ` 2k2ϑ1%1 ` k4ϑ%qdx2

´ ξ´ϑ
1p´1q%1p´1q ´ ξ`ϑ

1p1q%1p1q,

(2.9)

For all λ ě 0 and k P Rzt0u, we will place ourselves in a k-supercritical regime
of the viscosity coefficient µ ą µcpk,Ξq with Ξ “ pξ´, ξ`q (see the precise formula
µcpk,Ξq in Proposition 3.1) such that

Bk,0,µ is coercive if and only if µ ą µcpk,Ξq, (2.10)

it yields that Bk,λ,µ is coercive for all λ ě 0 and µ ą µcpk,Ξq. As Bk,λ,µ is a coer-
cive form on H2pp´1, 1qq, we have that

a

Bk,λ,µp¨, ¨q is a norm on H2pp´1, 1qq.
Let pH̃2pp´1, 1qqq1 be the dual space of H̃2pp´1, 1qq associated with the norm
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a

Bk,λ,µp¨, ¨q. In view of Riesz’s representation theorem, we thus obtain an ab-
stract operator Yk,λ,µ from H̃2pp´1, 1qq to pH̃2pp´1, 1qqq1q such that

Bk,λ,µpϑ, %q “ xYk,λ,µϑ, %y for all ϑ, % P H̃2pp´1, 1qq. (2.11)

Owing to (2.8) and (2.11), it turns out that the existence of a solution φ P H4pp´1, 1qq

of Eq. (1.4)-(1.5) is reduced to the existence of a weak solution φ P H̃2pp´1, 1q of

λYk,λ,µφ “ gk2ρ10φ in pH̃2pp´1, 1qqq1. (2.12)

Restricting % P C80 pp´1, 1qq in (2.11), we find that, for all ϑ P H2pp´1, 1qq (see
Proposition 3.3),

Yk,λ,µϑ “ λpρ0k
2ϑ´ pρ0ϑ

1q1q ` µpϑp4q ´ 2k2ϑ2 ` k4ϑq in D1pp´1, 1qq.

Owing to a bootstrap argument, we further get that a weak solution φ of (2.11) actu-
ally belongs toH4pp´1, 1qq and φ satisfies the boundary conditions (1.5). Hence, we
are able to define the inverse operator of Y ´1

k,λ,µ of Yk,λ,µ (see Proposition 3.4), from
L2pp´1, 1qq to a subspace of H4pp´1, 1qq requiring all elements satisfy (1.5). Com-
posing the above operator Y ´1

k,λ,µ with the continuous injection from H4pp´1, 1qq

to L2pp´1, 1qq, we obtain that Y ´1
k,λ,µ is a compact and self-adjoint operator from

L2pp´1, 1qq to itself.

Denoting by M the operator of multiplication by
a

ρ10 in L2pp´1, 1qq. Note from
(2.12) that, we thus find pλ, vq such that

λ

gk2
v “MY ´1

k,λ,µMv.

Once it is proven that the operator MY ´1
k,λ,µM is compact and self-adjoint from

L2pp´1, 1qq to itself, then

the discrete spectrum of MY ´1
k,λ,µM is an infinite sequence of eigenvalues

(denoted by tγnpk, λ, µquně1).

Let vn,k,λ,µ be an eigenfunction of the operator MY ´1
k,λ,µM associated with the

eigenvalue γnpk, λ, µq and let φn,k,λ,µ “ Y ´1
k,λ,µMvn,k,λ,µ, we have

γnpk, λ, µqYk,λ,µφn,k,λ,µ “M2φn,k,λ,µ “ ρ10φn,k,λ,µ. (2.13)

From (2.13), it can be seen that, for each n, we have to solve the equation

γnpk, λ, µq “
λ

gk2
. (2.14)

We will show that Eq. (2.14) has a unique root λnpk, µq P R` because of the
decrease of γn in λ (see Lemma 4.1), which is an extension of Kato’s perturbation
theory of the spectrum of operators [10]. In addition, when λn is a characteristic
value, we have λn ď

b

g
L0

for all n ě 1.

This yields that for any horizontal spatial frequency k P L´1Zzt0u, there exists
a sequence of characteristic values pλnpk, µqqně1, that is uniformly bounded and we
further obtain that λn decreases towards 0 as n Ñ 8. For each λn, we have that
φn,k,λn,µ “ Y ´1

k,λn,µ
vn,k,λn,µ is a solution in H4pp´1, 1qq of (1.4)-(1.5) associated

with λ “ λn.

We sum up the above arguments in our first theorem.
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Theorem 2.1. Let k P L´1Zzt0u be fixed and let ρ0 satisfy that (1.3), i.e.

ρ0 P C
1pr´1, 1sq, ρ0p˘1q “ ρ˘ P p0,8q, ρ10 ą 0 everywhere on r´1, 1s.

For all µ ą µcpk,Ξq, there exists an infinite sequence pλn, φnqně1 with λn ą 0
decreasing towards 0 and φn P H4pp´1, 1qq, φn non trivial, satisfying (1.4)-(1.5).

Once Eq. (1.4)-(1.5) is solved, we go back to the linearized equations (2.3).
For a fixed k P L´1Zzt0u, we obtain a sequence of solutions to the linearized
equations (2.3) as indicated in Proposition 4.2, which are peλjpk,µqt~Ujpk, µ, ~xqqjě1,
with ~Ujpk, µ, ~xq “ pσj , ~uj , pjq

T pk, µ, ~xq.

Let us choose a k0 P L
´1Zzt0u and fix µ ą 3µcpΞq. In view of getting infin-

itely many characteristic values of the linearized problem, we introduce a linear
combination of normal modes

~UM pt, ~xq “
M
ÿ

j“1

cje
λjpk0,µqt~Ujpk0, µ, ~xq (2.15)

to construct an approximate solution to the nonlinear problem (1.1)-(1.2), with
constants cj being chosen such that

at least one of cj p1 ď j ď Nq is non-zero (2.16)

and let jm :“ mintj : 1 ď j ď N, cj ‰ 0u,

|cjm |}ujm}L2pΩq ą
1

2

ÿ

jějm`1

|cj |}uj}L2pΩq. (2.17)

Eq. (2.1)–(2.2) is supplemented with the initial data δUM p0, xq (0 ă δ ! 1) has
a unique local strong solution pσδ, uδq with an associated pressure qδ on r0, Tmaxq

(see Proposition 5.1). We define the differences

σd “ σδ ´ δσM , ~ud “ ~uδ ´ δ~uM , qd “ qδ ´ δqM ,

which satisfy Eq. (5.6), along with the initial condition (5.7) and the boundary con-
ditions (5.8). For t small enough, we estimate the bound in time of }pσd, ~udqptq}L2pΩq

(see Proposition 5.2) in the regime

µ ą 3µcpΞq, with µcpΞq :“ sup
kPL´1Zzt0u

µcpk,Ξq. (2.18)

Indeed, since µ ą 3µcpΞq, we can choose a constant $0 ą 0 such that

µ ą p3`$0qµcpΞq. (2.19)

Hence, ν0 “
3`$0

2`$0
P p1, 3

2 q. It follows from Theorem 2.1 and Lemma 2.1(2) that
exists

0 ă Λ “ sup
kPL´1Zzt0u

λ1pk, µq ď

c

g

L0
. (2.20)

We further look for k0 P L
´1Zzt0u to have that

Λ ě λ1pk0, µq ą λ2pk0, µq ą ¨ ¨ ¨ ą λN pk0, µq ą
2ν0

3
Λ ą λN`1pk0, µq ą . . . . (2.21)

For t small enough, we deduce the bound in time of }pσd, ~udqptq}L2pΩq in Proposition
5.2, that is

}pσd, ~udqptq}2L2pΩq ď Cδ3
´

N
ÿ

j“jm

|cj |e
λjt `maxp0,M ´Nq

´

max
N`1ďjďM

|cj |
¯

e
2
3ν0Λt

¯3

.

The nonlinear result follows.
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Theorem 2.2. Let µcpΞq be defined as in (2.18) and µ ą 3µcpΞq. Let ρ0 satisfies
(1.3), i.e.

ρ0 P C
1pr´1, 1sq, ρ0p˘1q “ ρ˘ P p0,8q, ρ10 ą 0 everywhere on r´1, 1s.

Let M P N‹, there exist a positive constant m0 and two positive constants δ0 and
ε0 sufficiently small such that for any δ P p0, δ0q, the nonlinear equations (2.1) with
boundary conditions (2.2) and the initial data

δ
M
ÿ

j“1

cj ~Ujp~xq

satisfying (2.16)-(2.17) has a unique local strong solution pσδ, ~uδq with an associated
pressure qδ such that

}~uδpT δq}L2pΩq ě m0ε0, (2.22)

where T δ P p0, Tmaxq is given by δ
řM
j“jm

|cj |e
λjT

δ

“ ε0.

3. Preliminaries

The first aim is to prove Lemma 3.1, showing that all characteristic values λ
are real for any increasing density profile ρ0. In the second part, we find the exact
formula of the k-critical viscosity coefficient µcpk,Ξq (see (2.10) above) for all k ą 0.
The last goal is to study the bilinear form Bk,λ,µ in Section 3.3 to prepare for our
linear study.

3.1. The positivity of characteristic values λ.

Lemma 3.1. For any k P L´1Zzt0u,

‚ all characteristic values λ are always real,
‚ all characteristic values λ satisfy that λ ď

b

g
L0

.

Proof. Let φ P H4pp´1, 1qq satisfy (1.4)-(1.5). Multiplying by φ on both sides of
(1.4) and using the integration by parts, we get that

´

ż 1

´1

pρ0φ
1q1φdx2 “ ´ρ0φ

1φ
ˇ

ˇ

ˇ

1

´1
`

ż 1

´1

ρ0|φ
1|2dx2

that

´

ż 1

´1

φ2φdx2 “ ´φ
1φ
ˇ

ˇ

ˇ

1

´1
`

ż 1

´1

|φ1|2dx2

and that
ż 1

´1

φp4qφdx2 “ φ3φ
ˇ

ˇ

ˇ

1

´1
´ φ2φ

1
ˇ

ˇ

ˇ

1

´1
`

ż 1

´1

|φ2|2dx2,

we obtain that

λ
´

µ

ż 1

´1

p|φ2|2 ` 2k2|φ1|2 ` k4|φ|2qdx2 ´ ξ´|φ
1p´1q|2 ´ ξ`|φ

1p1q|2
¯

` λ2

ż 1

´1

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx2 “ gk2

ż 1

´1

ρ10|φ|
2dx2.

(3.1)
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Suppose that λ “ λ1 ` iλ2, then one deduces from (3.1) that

λ1

´

µ

ż 1

´1

p|φ2|2 ` 2k2|φ1|2 ` k4|φ|2qdx2 ´ ξ´|φ
1p´1q|2 ´ ξ`|φ

1p1q|2
¯

` pλ2
1 ´ λ

2
2q

ż 1

´1

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx2 “ gk2

ż 1

´1

ρ10|φ|
2dx2

(3.2)

and that

λ2

´

µ

ż 1

´1

p|φ2|2 ` 2k2|φ1|2 ` k4|φ|2qdx2 ´ ξ´|φ
1p´1q|2 ´ ξ`|φ

1p1q|2
¯

“ ´2λ1λ2

ż 1

´1

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx2.

(3.3)

If λ2 ‰ 0, Eq. (3.3) leads us to

´2λ1

ż 1

´1

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx2 “ µ

ż 1

´1

p|φ2|2 ` 2k2|φ1|2 ` k4|φ|2qdx2

´ ξ´|φ
1p´1q|2 ´ ξ`|φ

1p1q|2,

which yields

´pλ2
1 ´ λ

2
2q

ż 1

´1

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx2 “ ´2λ2
1

ż 1

´1

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx2

´ gk2

ż 1

´1

ρ10|φ|
2dx2.

Equivalently,

pλ2
1 ` λ

2
2q

ż 1

´1

pk2ρ0|φ|
2 ` ρ0|φ

1|2qdx2 “ ´gk
2

ż 1

´1

ρ10|φ|
2dx2. (3.4)

That implies

pλ2
1 ` λ

2
2qk

2ρ´

ż 1

´1

|φ|2dx2 ď ´gk
2

ż 1

´1

ρ10|φ|
2dx2.

The positivity of ρ10 yields a contradiction, then λ is real. Due to (3.2) again, we
further get that

λ2

ż 1

´1

ρ0pk
2|φ|2 ` |φ1|2qdx2 ď gk2

ż 1

´1

ρ10|φ|
2dx2.

It tells us that λ is bounded by
b

g
L0

. This finishes the proof of Lemma 3.1. �

Note again that, thanks to Lemma 2.1, in what follows in this section, we only
use real-valued functions for the linear analysis.

3.2. The threshold of viscosity coefficient. We obtain the precise formula of
the critical viscosity coefficient µcpk,Ξq for all k P Rzt0u. Note that µcpk,Ξq “
µcp´k,Ξq for all k P Rzt0u, it suffices to find µcpk,Ξq for k P R`.

Proposition 3.1. The following results hold.

(1) For all k P R`, we have

µcpk,Ξq “ max
φPH̃2pp´1,1qq

ξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2
ş1

´1
ppφ2q2 ` 2k2pφ1q2 ` k4φ2qdx2

. (3.5)
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Moreover,

µcpk,Ξq “
1

4k sinh2
p2kq

¨

˚

˚

˝

psinhp2kq coshp2kq ´ 2kqpξ` ` ξ´q

`

˜

psinhp2kq ´ 2k coshp2kqq2pξ` ` ξ´q
2

` sinh2
p2kqpsinh2

p2kq ´ 4k2qpξ` ´ ξ´q
2

¸
1
2

˛

‹

‹

‚

.

(3.6)
(2) µcpk,Ξq is a decreasing function in k P R` and

lim
kÑ0

µcpk,Ξq “ sup
kPRzt0u

µcpk,Ξq “: µscpΞq. (3.7)

We have the asymptotic expansion of µcpk,Ξq as k Ñ 0`,

µcpk,Ξq “
1

3

´

ξ` ` ξ´ `
b

ξ2
` ´ ξ`ξ´ ` ξ

2
´

¯

´
2

15

´

4pξ` ` ξ´q `
4ξ2
` ´ ξ`ξ´ ` 4ξ2

´
b

ξ2
` ´ ξ`ξ´ ` ξ

2
´

¯

k2 `Opk3q.
(3.8)

That implies

µscpΞq “
1

3

´

ξ` ` ξ´ `
b

ξ2
` ´ ξ`ξ´ ` ξ

2
´

¯

. (3.9)

As k " 1, we obtain the limit

µcpk,Ξq ď

b

2pξ2
` ` ξ

2
´q

k
Ñ 0. (3.10)

(3) We have

µscpΞq “ max
φPH̃2pp´1,1qq

ξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2
ş1

´1
pφ2q2dx2

“
1

3

´

ξ` ` ξ´ `
b

ξ2
` ´ ξ`ξ´ ` ξ

2
´

¯

.

(3.11)

The proof of Proposition 3.1 is postponed to Appendix A.

Remark 3.1. We see that µscpΞq in [3, Proposition 2.2] should be revised and we
redo the computation the critical viscosity coefficient. The authors in [3] consider
2πLTˆp0, 1q instead of 2πLTˆp´1, 1q and constant values k0,1 instead of ξ˘. The
formula of the critical viscosity defined as in [3, (1.29)] is

µc :“ sup
φPY

Zpφq,

where

Y “ tφ P H1
0 pp0, 1qq XH

2pp0, 1qq,
1

2

ż 1

0

|φ2|2dx “ 1u,

Zpφq “
k0

2
|φ1p0q|2 `

k1

2
|φ1p1q|2.

The authors in [3, Proposition 2.2] claim that µc “ k
6 if k0 “ k1 “ k ą 0. However,

in that case, let us take φ “ 1?
2
px2 ´ xq P Y, then we have a contradiction that

Z
´ 1
?

2
px2 ´ xq

¯

“
k

2
ą
k

6
.
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3.3. A bilinear form and a self-adjoint invertible operator. In what follows
in this section we have λ ě 0 and k P R` being fixed. Let us recall the definition
of Bk,λ,µ from (2.9),

Bk,λ,µpϑ, %q :“ λ

ż 1

´1

ρ0pk
2ϑ%` ϑ1%1qdx2 ` µ

ż 1

´1

pϑ2%2 ` 2k2ϑ1%1 ` k4ϑ%qdx2

´ ξ´ϑ
1p´1q%1p´1q ´ ξ`ϑ

1p1q%1p1q.

Lemma 3.2. We have the followings.

‚ For all µ ą 0, Bk,λ,µ is a continuous bilinear form on H̃2pp´1, 1qq.
‚ For all µ ą µcpk,Ξq, the bilinear form Bk,λ,µ is coercive.

Proof of Lemma 3.2. Clearly, Bk,λ,µ is a bilinear form on H̃2pp´1, 1qq. We then
establish the boundedness of Bk,λ,µ. The integral terms of Bk,λ,µ are bounded by

C‹pλ` 1q}ϑ}H̃2pp´1,1qq}%}H̃2pp´1,1qq, (3.12)

where C‹ is generic constant depending on physical parameters. Meanwhile, it
follows from the general Sobolev inequality that

pϑ1p´1qq2 ` pϑ1p1qq2 ď C‹}ϑ1}2H1pp´1,1qq.

Consequently, we get

|Bk,λ,µpϑ, %q| ď C‹p1` λq}ϑ}H̃2pp´1,1qq}%}H̃2pp´1,1qq, (3.13)

i.e. Bk,λ,µ is bounded.

We show the coercivity of Bk,λ,µ. We have that

Bk,λ,µpϑ, ϑq “ λ

ż 1

´1

ρ0pk
2ϑ2 ` pϑ1q2qdx2 ` µ

ż 1

´1

ppϑ2q2 ` 2k2pϑ1q2 ` k4ϑ2qdx2

´ ξ´pϑ
1p´1qq2 ´ ξ`pϑ

1p1qq2.

As λ ě 0 and µ ą µcpk,Ξq, we have

Bk,λ,µpϑ, ϑq ě λ

ż 1

´1

ρ0pk
2ϑ2 ` pϑ1q2qdx2

` pµ´ µcpk,Ξqq

ż 1

´1

ppϑ2q2 ` 2k2pϑ1q2 ` k4ϑ2qdx2

ě pµ´ µcpk,Ξqq

ż 1

´1

ppϑ2q2 ` 2k2pϑ1q2 ` k4ϑ2qdx2.

(3.14)

It then follows from (3.13) and (3.14) that Bk,λ,µ is a continuous and coercive
bilinear form on H̃2pp´1, 1qq. �

With the above property of Bk,λ,µ, we then establish:

Proposition 3.2. Let µ ą µcpk,Ξq and pH̃2pp´1, 1qqq1 be the dual space of H̃2pp´1, 1qq,
associated with the norm

a

Bk,λ,µp¨, ¨q. There is a unique operator

Yk,λ,µ P LpH2pp´1, 1qq, pH̃2pp´1, 1qqq1q,

which is also bijective, such that

Bk,λ,µpϑ, %q “ xYk,λ,µϑ, %y (3.15)

for all ϑ, % P H̃2pp´1, 1qq.
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Proof. It follows from Riesz’s representation theorem that there exists a unique
operator Yk,λ,µ P LpH̃2pp´1, 1qq, pH̃2pp´1, 1qqq1q such that

Bk,λ,µpϑ, %q “ xYk,λ,µϑ, %y

for all % P H̃2pp´1, 1qq. Proof of Proposition 3.2 is complete. �

Proposition 3.3. We have the following results.

(1) For all ϑ P H̃2pp´1, 1qq,

Yk,λ,µϑ “ λpk2ρ0ϑ´ pρ0ϑ
1q1q ` µpϑp4q ´ 2k2ϑ2 ` k4ϑq

in D1pp´1, 1qq.
(2) Let f P L2pp´1, 1qq be given, there exists a unique solution ϑ P H̃2pp´1, 1qq

of
Yk,λ,µϑ “ f in pH̃2pp´1, 1qqq1. (3.16)

Moreover, we have that ϑ P H4pp´1, 1qq satisfies the boundary conditions
(1.5).

Proof. It follows from Proposition 3.2 that there is a unique ϑ P H̃2pp´1, 1qq such
that

λ

ż 1

´1

ρ0pk
2ϑ%` ϑ1%1qdx2 ` µ

ż 1

´1

pϑ2%2 ` 2k2ϑ1%1 ` k4ϑ%qdx2 “ xYk,λ,µϑ, %y (3.17)

for all % P C80 pp´1, 1qq. We respectively define pϑ2q1 and pϑ2q2 in the distributional
sense as the first and second derivative of ϑ2 which is in L2pp´1, 1qq. Hence, Eq.
(3.17) is equivalent to

λ

ż 1

´1

ρ0pk
2ϑ%` ϑ1%1qdx2 ` µxpϑ

2q2, %y ` µ

ż 1

´1

p2k2ϑ1%1 ` k4ϑ%qdx2 “ xYk,λ,µϑ, %y

(3.18)
for all % P C80 pp´1, 1qq. We deduce from (3.18) that

λ

ż 1

´1

pk2ρ0ϑ´ pρ0ϑ
1q1q%dx2 ` µxpϑ

2q2 ´ 2k2ϑ2 ` k4ϑ, %y “ xYk,λ,µϑ, %y (3.19)

for all % P C80 pp´1, 1qq. The resulting equation implies that

µppϑ2q2 ´ 2k2ϑ2 ` k4ϑq ` λpk2ρ0ϑ´ pρ0ϑ
1q1q “ Yk,λ,µϑ in D1pp´1, 1qq. (3.20)

The first assertion holds.

Under the assumption f P L2pp´1, 1qq, we improve the regularity of the weak
solution ϑ P H̃2pp´1, 1qq of (3.20). Indeed, we rewrite (3.20) as

µxpϑ2q2, %y “

ż 1

´1

pYk,λ,µϑ` 2µk2ϑ2 ´ µk4ϑ´ λk2ρ0ϑ` λpρ0ϑ
1q1q%dx2

for all % P C80 pp´1, 1qq. Since pf ` 2µk2ϑ2 ´ µk4ϑ ´ λk2ρ0ϑ ` λpρ0ϑ
1q1q be-

longs to L2pp´1, 1qq, it then follows from (3.19) that pϑ2q2 P L2pp´1, 1qq. Let
χ P C80 pp´1, 1qq satisfy

ş1

´1
χpyqdy “ 1. Using the distribution theory, we define

Σ P D1pp´1, 1qq such that
xΣ, θy “ xpϑ2q2, ζθy (3.21)

for all θ P C80 pp´1, 1qq, where

ζθpx2q “

ż x2

´1

´

θpyq ´ χpyq

ż 1

´1

θpsqds
¯

dy

for all ´1 ă x2 ă 1. We obtain

xΣ1, θy “ ´xΣ, θ1y “ ´xpϑ2q2, ζθ1y.
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Note that

xpϑ2q2, ζθ1y “ xpϑ
2q2, θpx2q ´

ż x2

´1

χpyq

ż 1

´1

θ1psqdsdyy “ xpϑ2q2, θy,

this yields xΣ1, θy “ ´xpϑ2q2, θy. Hence, we have that pϑ2q1 ` Σ ” constant. In
view of pϑ2q2 P L2pp´1, 1qq and (3.21), we know that pϑ2q1 P L2pp´1, 1qq. Since ϑ P
H̃2pp´1, 1qq and pϑ2q1, pϑ2q2 P L2pp´1, 1qq, it tells us that ϑ belongs to H4pp´1, 1qq
and we can take their traces of derivatives of ϑ up to order 3.

By performing (3.19), we then show that ϑ satisfies (1.5). Indeed, for all % P
H̃2pp´1, 1qq, we perform the integration by parts to obtain from (3.19) that

λ

ż 1

´1

ρ0pk
2ϑ%` ϑ1%1qdx2 ` µ

ż 1

´1

pϑ2%2 ` 2k2ϑ1%1 ` k4ϑ%qdx2

´ λρ0ϑ
1%
ˇ

ˇ

ˇ

1

´1
` µ

´

ϑ3%
ˇ

ˇ

ˇ

1

´1
´ ϑ2%1

ˇ

ˇ

ˇ

1

´1
´ 2k2ϑ1%

ˇ

ˇ

ˇ

1

´1

¯

“

ż 1

´1

pYk,λ,µϑq%dx2.

It then follows from the definition of the bilinear form Bk,λ,µ that

λρ0ϑ
1%
ˇ

ˇ

ˇ

1

´1
´ µ

´

ϑ3%
ˇ

ˇ

ˇ

1

´1
´ ϑ2%1

ˇ

ˇ

ˇ

1

´1
´ 2k2ϑ1%

ˇ

ˇ

ˇ

1

´1

¯

“ ξ´ϑ
1p´1q%1p´1q ` ξ`ϑ

1p1q%1p1q,

(3.22)
for all % P H̃2pp´1, 1qq. By collecting all terms corresponding to %1p˘1q in (3.22),
we deduce that

µϑ2p˘1q “ ˘ξ˘ϑ
1p˘1q.

This yields that ϑ satisfies (1.5). The proof of Proposition 3.3 is complete. �

We obtain more information on the inverse operator Y ´1
k,λ,µ.

Proposition 3.4. The operator Y ´1
k,λ,µ : L2pp´1, 1qq Ñ L2pp´1, 1qq is compact and

self-adjoint.

Proof. It follows from Proposition 3.3 that Yk,λ,µ, being supplemented with (1.5),
admits an inverse operator Y ´1

k,λ,µ from L2pp´1, 1qq to a subspace of H4pp´1, 1qq

requiring all elements satisfy (1.5), which is symmetric due to Proposition 3.2.
We compose Y ´1

k,λ,µ with the continuous injection from H4pp´1, 1qq to L2pp´1, 1qq.
Notice that the embedding Hppp´1, 1qq ãÑ Hqpp´1, 1qq for p ą q ě 0 is com-
pact. Therefore, the operator Y ´1

k,λ,µ is compact and self-adjoint from L2pp´1, 1qq

to L2pp´1, 1qq. �

4. Linear instability

4.1. A sequence of characteristic values. We continue considering λ ě 0 and
k P L´1Zzt0u being fixed. We study the operator Sk,λ,µ :“MY ´1

k,λ,µM, where M
is the operator of multiplication by

a

ρ10.

Proposition 4.1. Under the hypothesis (1.3), the operator Sk,λ,µ : L2pp´1, 1qq Ñ
L2pp´1, 1qq is compact and self-adjoint.

Proof. Due to the assumption on ρ0 (1.3), the operator Sk,λ,µ is well-defined and
bounded from L2pp´1, 1qq to itself. Y ´1

k,λ,µ is compact, so is Sk,λ,µ. Moreover,
because both the inverse Y ´1

k,λ,µ and M are self-adjoint, the self-adjointness of Sk,λ,µ
follows. �
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As a result of the spectral theory of compact and self-adjoint operators, the
point spectrum of Sk,λ,µ is discrete, i.e. is a sequence tγnpk, λ, µquně1 of eigen-
values of Sk,λ,µ, associated with normalized orthogonal eigenfunctions t$nuně1 in
L2pp´1, 1qq. That means

Sk,λ,µ$n “MY ´1
k,λ,µM$n “ γnpk, λ, µq$n.

So that φn “ Y ´1
k,λ,µM$n belongs to H4pp´1, 1qq and satisfies (1.5). One thus has

γnpk, λ, µqYk,λ,µφn “ ρ10φn (4.1)

and φn satisfies (1.5). Eq. (4.1) also tells us that γnpk, λ, µq ą 0 for all n. Indeed,
we obtain

γnpk, λ, µq

ż 1

´1

pYk,λ,µφnqφndx2 “

ż 1

´1

ρ10φ
2
ndx2.

That implies

γnpk, λ, µqBk,λ,µpφn, φnq “
ż 1

´1

ρ10φ
2
ndx2. (4.2)

Since Bk,λ,µpφn, φnq ą 0 and ρ10 ą 0 on p´1, 1q, we know that γnpk, λ, µq is positive
for all n ě 1. Hence, by reordering and using the spectral theory of compact and
self-adjoint operators again, we have that tγnpk, λ, µquně1 is a positive sequence
decreasing towards 0 as nÑ8.

For each n, we have that φn is a solution of (1.4)-(1.5) if and only if there are
positive λn such that (2.14) holds. To solve (2.14), we use the two following lemmas.

Lemma 4.1. For each n,

‚ γnpk, λ, µq and φn are differentiable in λ.
‚ γnpk, λ, µq is decreasing in λ.

Proof. The proof of Lemma 4.1(1) is the same as [13, Lemma 3.3], we omit the
details here. We now prove that γnpk, λ, µq is decreasing in λ.

Let zn “ dφn
dλ , it follows from (4.1) that

k2ρ0φn ´ pρ0φ
1
nq
1 ` Yk,λ,µzn “

1

γnpk, λ, µq
ρ10zn `

d

dλ

´ 1

γnpk, λ, µq

¯

ρ10φn (4.3)

on p´1, 1q. At x2 “ ˘1, we have
$

’

&

’

%

znp´1q “ znp1q “ 0,

µz2np1q “ ξ`z
1
np1q,

µz2np´1q “ ´ξ´z
1
np´1q.

(4.4)

Multiplying by φn on both sides of (4.3), we obtain that
ż 1

´1

pk2ρ0φn ´ pρ0φ
1
nq
1qφndx2 `

ż 1

´1

pYk,λ,µznqφndx2

“
1

γnpk, λ, µq

ż 1

´1

ρ10znφndx2 `
d

dλ

´ 1

γnpk, λ, µq

¯

ż 1

´1

ρ10φ
2
ndx2.

(4.5)

Note that zn enjoys (4.4), then
ż 1

´1

pYk,λ,µznqφndx2 “

ż 1

´1

pYk,λ,µφnqzndx2 “
1

γnpk, λ, µq

ż 1

´1

ρ10znφndx2.

That implies

d

dλ

´ 1

γnpk, λ, µq

¯

ż 1

´1

ρ10φ
2
ndx2 “

ż 1

´1

pk2ρ0φn ´ pρ0φ
1
nq
1qφndx2. (4.6)
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Using the integration by parts, we obtain from (4.6) that

d

dλ

´ 1

γnpk, λ, µq

¯

ż 1

´1

ρ10φ
2
ndx2 “

ż 1

´1

ρ0pk
2φ2
n ` pφ

1
nq

2qdx2 ą 0.

Consequently, γnpk, λ, µq is decreasing in λ ą 0. �

4.2. Proof of Theorem 2.1 and normal modes of the linearized equations.
In view of Lemma 4.1, we are able to prove Theorem 2.1.

Proof of Theorem 2.1. For each n, there is only one solution λn of (2.14). Indeed,
using (4.2), we know that

1

γnpk, λ, µq

ż 1

´1

ρ10φ
2
ndx2 “

ż 1

´1

pYk,λ,µφnqφndx2 “ Bk,λ,µpφn, φnq.

Hence, it follows from (3.14) that

1

γnpk, λ, µq

ż 1

´1

ρ10φ
2
ndx2 ě λ

ż 1

´1

ρ0pk
2φ2
n ` pφ

1
nq

2qdx2

` pµ´ µcpk,Ξqq

ż 1

´1

ppφ2nq
2 ` 2k2pφ1nq

2 ` k4φ2
nqdx2

ě λk2

ż 1

´1

ρ0φ
2
ndx2 ` pµ´ µcpk,Ξqqk

4

ż 1

´1

φ2
ndx2.

That implies
1

L0γnpk, λ, µq
ě λk2 `

pµ´ µcpk,Ξqqk
4

ρ`
.

Consequently, for all n ě 1,

λ

γnpk, λ, µq
ą gk2 for λ large. (4.7)

Meanwhile, for all n ě 1 and λ ď 1
2

b

g
L0

,

λ

γnpk, λ, µq
ď

λ

γnpk,
1
2

b

g
L0
, µq

Ñ 0 as λÑ 0. (4.8)

In view of (4.7), (4.8) and Lemma 4.1, we obtain only one solution λn of (2.14)
and pλn, φnq satisfies (1.4)-(1.5). That means for all n, λn is a characteristic value,
hence it is bounded by

b

g
L0

.

We now prove that pλnqně1 decreases towards 0 as n Ñ 8. If λm ă λm`1 for
some m ě 1, we have

γmpk, λm, µq ą γmpk, λm`1, µq.

Meanwhile, we also have

γmpk, λm`1, µq ą γm`1pk, λm`1, µq.

That implies

λm
gk2

“ γmpk, λm, µq ą γm`1pk, λm`1, µq “
λm`1

gk2
.

That contradiction tells us that pλnqně1 is a decreasing sequence. Suppose that

lim
nÑ8

λn “ d0 ą 0.
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Note that for all n, γnpk, λn, µq “ λn
gk2 , then

γnpk, d0, µq ě γnpk, λn, µq “
λn
gk2

.

Let n Ñ 8, we get that 0 ě d0, a contradiction. Hence λn decreases towards 0 as
nÑ8. The proof of Theorem 2.1 is complete. �

We derive the following property for the largest characteristic value λ1 found in
Theorem 2.1.

Lemma 4.2. Let us recall the bilinear form Bk,λ,µ on H2pp´1, 1qq (2.9) and pλ1, φ1q

from Theorem 2.1. We have that

1

gk2
“ max
φPH2pp´1,1qq

ş1

´1
ρ10φ

2dx2

λ1Bk,λ1,µpφ, φq
, (4.9)

and the variational problem (4.9) is attained by the function φ1.

Proof. For all λ ą 0, we solve the variational problem

βpk, λ, µq “ max
´

ż 1

´1

ρ10φ
2dx2

ˇ

ˇ

ˇ
φ P H̃2pp´1, 1qq, λBk,λ,µpφ, φq “ 1

¯

.

Let us define the Lagrangian functional

LBpφ, βq “

ż 1

´1

ρ10φ
2dx2 ´ βpλBk,λ,µpφ, φq ´ 1q.

Thanks to the Lagrange multiplier theorem, the extrema of the quotient
ş1

´1
ρ10φ

2dx2

λBk,λ,µpφ, φq
are necessarily the stationary points pβ‹, φ‹q of LB, which satisfy

λBk,λ,µpφ‹, φ‹q “ 1 (4.10)

and
ż 1

´1

ρ10φ‹θdx2 ´ β‹λBk,λ,µpφ‹, θq “ 0, (4.11)

for all θ P H̃2pp´1, 1qq. Restricting θ P C80 pp´1, 1qq and following the line of the
proof of Proposition 3.3, one deduces from (4.11) that φ‹ has to satisfy

β‹λYk,λ,µφ‹ “ ρ10φ‹ (4.12)

in a weak sense. We further get that φ‹ P H4pp´1, 1qq and satisfies (4.10) and the
boundary conditions (1.5). Hence, λβ‹ is an eigenvalue of the compact and self-
adjoint operator Sk,λ,µ from L2pp´1, 1qq to itself, with M´1Yk,λ,µφ‹ P L

2pp´1, 1qq
being an associated eigenfunction. That implies

βpk, λ, µq ď λ´1γ1pk, λ, µq. (4.13)

Meanwhile, since the operator Sk,λ,µ is self-adjoint and positive, we thus obtain
that

γ1pk, λ, µq “ sup
ωPL2pp´1,1qq

xSk,λ,µω, ωy

}ω}2L2pp´1,1qq

.

Hence, for all ω P L2pp´1, 1qq and for φ “ Y ´1
k,λ,µMω P H4pp´1, 1qq, we have

γ1pk, λ, µqxYk,λ,µφ, φy ď
xSk,λ,µω, ωy

2

}ω}2L2pp´1,1qq

ď }Sk,λ,µω}
2
L2pp´1,1qq.
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Equivalently,

γ1pk, λ, µq ď sup
!}Mφ}2L2pp´1,1qq

xYk,λ,µφ, φy
|φ P H4pp´1, 1qq and M´1Yk,λ,µφ P L

2pp´1, 1qq
)

,

it yields
λ´1γ1pk, λ, µq ď βpk, λ, µq. (4.14)

Two inequalities (4.13) and (4.14) tell us that βpk, λ, µq “ λ´1γ1pk, λ, µq for
all λ ą 0. We thus obtain βpk, λ1, µq “

1
gk2 and the variational problem (4.9) is

attained by the function φ1. Proof of Lemma 4.2 is complete. �

We now solve the linearized equations (2.3) to prepare for our nonlinear part.

Proposition 4.2. For each k P L´1Zzt0uzt0u and for all µ ą µcpk,Ξq, there exists
an infinite sequence of solutions pn ě 1q

eλnpk,µqt~Unpk, µ, ~xq “ eλnpk,µqtpσn, ~un, pnq
T pk, µ, ~xq

“ eλnpk,µqt

¨

˚

˚

˚

˚

˚

˚

˝

cospkx1qωnpk, µ, x2q

sinpkx1qθnpk, µ, x2q

cospkx1qφnpk, µ, x2q

cospkx1qqnpk, µ, x2q

˛

‹

‹

‹

‹

‹

‹

‚

to the linearized equation (2.3)-(2.2), such that

σn P H
2pΩq, ~un P pH

3pΩqq2 and pn P H1pΩq.

Proof. For each solution λn P p0,
b

g
L0
q of (2.14), we have that φn “ Y ´1

k,λn,µ
M$n

is a solution of (1.4)-(1.5) in H4pp´1, 1qq as λ “ λn. We now find a solution to the
system (2.5) as λ “ λn. First, we obtain θn “ ´

φ1n
k and ωn “ ´

ρ10φn
λn

. Due to (2.7),
we get

qn “ ´
1

k2
pλnρ0φ

1
n ` µpk

2φ1n ´ φ
3
n qq P H

1pp´1, 1qq.

With a solution pωn, θn, φn, qnq of (2.5), we then conclude that

eλnpk,µqtpσn, un,1, un,2, pnq
T pk, µ, ~xq “ eλnpk,µqt

¨

˚

˚

˚

˚

˚

˚

˝

cospkx1qωnpk, µ, x2q

sinpkx1qθnpk, µ, x2q

cospkx1qφnpk, µ, x2q

cospkx1qqnpk, µ, x2q

˛

‹

‹

‹

‹

‹

‹

‚

is a solution to the linearized equations (2.3)-(2.2). �

5. Nonlinear instability

5.1. The local existence. The first important things are the local existence of
strong solutions to the nonlinear equations and a priori energy estimates to those
solutions. We restate Proposition 4.1 of [2].

Proposition 5.1. Suppose that the steady state satisfies (1.3). For any given
initial data pσ0, ~u0q P pH

1pΩq X L8pΩqq ˆ pH2pΩqq2 satisfying div~u0 “ 0, and also
being compatible with the boundary conditions (1.2), the nonlinear equations (2.1)
has a local strong solution

pσ, ~u,∇qq P Cpr0, Tmaxq, H1pΩq ˆ pH2pΩqq2 ˆ pL2pΩqqq2. (5.1)
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Let Eptq :“
b

}σptq}2H1pΩq ` }~uptq}
2
H2pΩq and δ0 ą 0 be sufficiently small, we further

get that if sup0ďsďt Eptq ď δ0, there holds

E2ptq ` }p∇q, Bt~uq}2L2pΩq `

ż t

0

p}Bt~upsq}
2
H1pΩq ` }~upsq}

2
H2pΩqqds

ď C0

´

E2p0q `

ż t

0

}pσ, ~uqpsq}2L2pΩqds
¯

.

(5.2)

Thanks to Proposition 4.2, we will formulate a sequence of approximate solutions
eλnpk,µq~Unpk, µ, ~xq to the nonlinear equations (2.1)-(2.2), which are solutions to the
linearized equations (2.3)-(2.2). Let us fix a k “ k0 P L

´1Zzt0u such that (2.21)
holds and µ ą 3µcpΞq. We recall (2.15),

pσM , ~uM , qM qpt, ~xq :“
M
ÿ

j“1

cje
λjpk,µqt~Ujpk, µ, ~xq.

Keeping in mind that minr´1,1s ρ0 ą 0, then due to the embedding from H2pΩq to
L8pΩq, there exists a constant δ0 ą 0 such that

δ0}
ÿ

jě1

σjp0, ~xq}L8pΩq ą
1

2
min
r´1,1s

ρ0px2q. (5.3)

Hence, for δ ď δ0,

1

2
min
r´1,1s

ρ0px2q ď min
Ω
pρ0px2q ` δσ

M p0, ~xqq.

By virtue of Proposition 5.1, the nonlinear equations (2.1)-(2.2) with the initial
data δpσM , ~uM qp0q admits a local solution

pσδ, ~uδq P C0pr0, Tmaxq, H1pΩq ˆ pH2pΩqq2q

with an associated pressure qδ P C0pr0, Tmaxq, L2pΩqq. Furthermore, we have

1

2
min
r´1,1s

ρ0px2q ď inf
Ω
pρ0px2q ` σ

δpt, ~xqq

for all t P r0, Tmaxq.

In what follows, the constants Cipi ě 1q are universal ones depending only on
physical parameters, M and cjpj ě 1q.

Let FM ptq “
řM
j“jm

|cj |e
λjt and 0 ă ε0 ! 1 be fixed later (5.41). There exists a

unique T δ such that δFM pT δq “ ε0. Let

C1 “

b

}σM p0q}2H1pΩq ` }~u
M p0q}2H2pΩq, C2 “

b

}σM p0q}2L2pΩq ` }~u
M p0q}2L2pΩq.

We define

T ‹ :“ sup
!

t P p0, Tmaxq|Epσδptq, ~uδptqq ď C1δ0u ą 0,

T ‹‹ :“ suptt P p0, Tmaxq|}pσδ, ~uδqptq}L2pΩq ď 2C2δFM ptq
)

ą 0.
(5.4)

Note that Epσδp0q, ~uδp0qq “ C1δ ă C1δ0 and because of (5.1), we then have T ‹ ą 0.
Similarly, we have T ‹‹ ą 0. Then for all t ď mintT δ, T ‹, T ‹‹u, it follows from the
a priori energy estimate (5.2) that

E2pσδptq, ~uδptqq ` }Bt~u
δptq}2L2pΩq `

ż t

0

}∇Bt~uδpτq}2L2pΩqdτ ď C3δ
2F 2

M ptq. (5.5)
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5.2. The difference functions. Let us recall

σd “ σδ ´ δσM , ~ud “ ~uδ ´ δ~uM , qd “ qδ ´ δqM .

Hence, pσd, ~ud, qdq satisfies
$

’

&

’

%

Btσ
d ` ρ10u

d
2 “ ´~u

δ ¨∇σδ,
ρ0Bt~u

d ´ µ∆~ud `∇qd “ ´σδBt~uδ ´ pρ0 ` σ
δq~uδ ¨∇~uδ ´ gσd~e2,

div~ud “ 0,

(5.6)

along with the initial condition,

pσd, ~udqp0q “ 0 (5.7)

and the boundary conditions,
$

’

&

’

%

ud2 “ 0, on Σ˘,

µBx2
ud1 “ ξ`u

d
1 on Σ`,

µBx2u
d
1 “ ´ξ´u

d
1 on Σ´.

(5.8)

The compatibility conditions read as

ud1p0, x1,´1q “ ud1p0, x1, 1q, div~udp0q “ 0. (5.9)

We now establish the error estimate for }pσd, ~udq}L2pΩq.

Proposition 5.2. For all t ď minpT δ, T ‹, T ‹‹q, there holds

}pσd, ~udqptq}2L2pΩq ď C4δ
3p

N
ÿ

j“1

|cj |e
λjt `maxp0,M ´Nq max

N`1ďjďM
|cj |e

2
3ν0Λtq3.

(5.10)

The proof of Proposition 5.2 relies on Lemmas 5.1, 5.2, 5.3, 5.4 below.

Lemma 5.1. We have the following inequalities
ÿ

0ďsď2,0ďτď1

}Bτt ~u
dptq}HspΩq ď C5δFM ptq, (5.11)

and
}σdptq}H1pΩq ` }Btσ

dptq}L2pΩq ď C6δFM ptq. (5.12)

Proof. For τ P t0, 1u,

Bτt ~u
M ptq “

M
ÿ

j“1

λτj cje
λjt~Ujpk0, ~xq,

it yields, for all s P t0, 1, 2u,

}Bτt ~u
M ptq}HspΩq ď C7FM ptq.

In view of (5.5), we then obtain that for s P t0, 1, 2u and τ P t0, 1u,

}Bτt ~u
dptq}HspΩq ď δ}Bτt ~u

M ptq}HspΩq ` }B
τ
t ~u

δptq}HspΩq ď C8δFM ptq.

To prove (5.12), we use (5.6)1 and (5.5) again,

}σdptq}H1pΩq ` }Btσ
dptq}L2pΩq ď }σ

δptq}H1pΩq ` δ}σ
M ptq}H1pΩq

` C9}u
d
2ptq}L2pΩq ` }~u

δptq}L2pΩq}∇σδ}L2pΩq

ď C10δFM ptq.

Lemma 5.1 is proven. �
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Lemma 5.2. There holds

}Bt~u
dp0q}2L2pΩq ď C11δ

3. (5.13)

Proof. From (5.6)2,3 and the boundary conditions (5.8), we use the integration by
parts to obtain that

ż

Ω

ρ0|Bt~u
d|2d~x “

ż

Ω

µ∆~ud ¨ Bt~u
dd~x´

ż

Ω

pσδBt~u
δ ` pρ0 ` σ

δq~uδ ¨∇~uδq ¨ Bt~udd~x

´

ż

Ω

gσdBtu
d
2d~x.

Thanks to Lemma 5.1, one has

´

ż

Ω

pσδBt~u
δ ` pρ0 ` σ

δq~uδ ¨∇~uδq ¨ Bt~udd~x ď C12δ
3F 3

M ptq. (5.14)

That implies

}Bt~u
dptq}2L2pΩq ď C13

´

p}~udptq}H2pΩq ` }σ
dptq}L2pΩqq}Bt~u

dptq}L2pΩq ` δ
3F 3

M ptq
¯

.

Using Young’s inequality, we further get

}Bt~u
dptq}2L2pΩq ď

1

2
}Bt~u

dptq}2L2pΩq `C14p}~u
dptq}2H2pΩq ` }σ

dptq}2L2pΩqq `C13δ
3F 3

M ptq.

That implies

}Bt~u
dptq}2L2pΩq ď C15

´

}~udptq}2H2pΩq ` }σ
dptq}2L2pΩq ` δ

3F 3
M ptq

¯

. (5.15)

Letting tÑ 0 in (5.15), we complete the proof Lemma 5.2. �

Lemma 5.3. Let

X :“ t~w P pH2pΩqq2, ~w satisfies (1.2) and div~w “ 0u.

There holds for all ~w P H2
‹ pΩq,

ż

Ω

gρ10|w2|
2d~x` Λ

ż

p2πLTq2
pξ`|w1px1, 1q|

2 ` ξ´|w1px1,´1q|2qdx1

ď Λ2

ż

Ω

ρ0|~w|
2d~x` Λµ

ż

Ω

|∇~w|2d~x.

(5.16)

The proof of Lemma 5.3 is due to the definition of Λ (2.20) and Lemma 4.2, that
is similar to [2, Lemma 5.1], hence we omit the details here.

Lemma 5.4. There holds for all ~w P Xzt~0u,

sup
~wPX

ş

2πLTpξ`|w1px1, 1q|
2 ` ξ´|w1px1,´1q|2qdx1

}∇~w}2L2pΩq

ď µcpΞq. (5.17)

Proof. Let us fix a horizontal frequency k P L´1Z and introduce the horizontal
Fourier transform

f̂pk, x2q “

ż

2πLT
fp~xqe´ikx1dx1.

For ~w P X, we write

ŵ1pk, x2q “ ´iθpk, x2q, ŵ2pk, x2q “ φpk, x2q.
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Then, kθ`φ1 “ 0 and pθ, φq enjoys (2.6). Following Fubini’s and Parseval’s theorem,
one thus deduces

ż

2πLT
pξ`|w1px1, 1q|

2 ` ξ´|w1px1,´1q|2qdx1

“
1

2πL

ÿ

kPL´1Z
pξ`p|θpk, 1q|

2 ` ξ´|θpk,´1q|2q
(5.18)

and

}∇~w}2L2pΩq “
1

2πL

ÿ

kPL´1Z

ż 1

´1

pk2p|θ|2 ` |φ|2q ` |θ1|2 ` |φ1|2qpk, x2qdx2. (5.19)

We may reduce to estimate (5.17) when θ and φ are real-valued and continue the
estimate to the real and imaginary part of θ and φ. For any k P L´1Zzt0u, we have
from kθ ` φ1 “ 0 that

ξ`pθpk, 1qq
2 ` ξ´pθpk,´1qq2 “

1

k2
pξ`ppφ

1pk, 1qq2 ` ξ´pφ
1pk,´1qq2q (5.20)

and that
ż 1

´1

´

k2pθ2 ` φ2q ` pθ1q2 ` pφ1q2
¯

pk, x2qdx2

“
1

k2

ż 1

´1

pk4φ2 ` 2k2pφ1q2 ` pφ2q2qpk, x2qdx2.

(5.21)

Owing to (5.18), (5.20) and the definition of µcpk,Ξq (see (3.5)), we get
ż

2πLT
pξ`|w1px1, 1q|

2 ` ξ´|w1px1,´1q|2qdx1

ď
1

2πL

¨

˚

˚

˚

˝

lim sup
kÑ0

1

k2
pξ`pφ

1pk, 1qq2 ` ξ´pφ
1pk,´1qq2q

`
ÿ

kPL´1Zzt0u

1

k2
pξ`pφ

1pk, 1qq2 ` ξ´pφ
1pk,´1qq2q

˛

‹

‹

‹

‚

ď
1

2πL

¨

˚

˚

˚

˚

˝

lim sup
kÑ0

µcpk,Ξq

k2

ż 1

´1

pk4φ2 ` 2k2φ12 ` φ22qpk, x2qdx2

`
ÿ

kPL´1Zzt0u

µcpk,Ξq

k2

ż 1

´1

pk4φ2 ` 2k2φ12 ` φ22qpk, x2qdx2

˛

‹

‹

‹

‹

‚

.

Thanks to Proposition 3.1, we obtain
ż

2πLT
pξ`|w1px1, 1q|

2 ` ξ´|w1px1,´1q|2qdx1

ď
µcpΞq

2πL

¨

˚

˚

˚

˚

˝

lim sup
kÑ0

1

k2

ż 1

´1

pk4φ2 ` 2k2pφ1q2 ` pφ2q2qpk, x2qdx2

`
ÿ

kPL´1Zzt0u

1

k2

ż 1

´1

pk4φ2 ` 2k2pφ1q2 ` pφ2q2qpk, x2qdx2

˛

‹

‹

‹

‹

‚

.

(5.22)

Combining (5.19), (5.21) and (5.22), it gives
ż

2πLT
pξ`|w1px1, 1q|

2 ` ξ´|w1px1,´1q|2qdx1 ď µcpΞq}∇~w}2L2pΩq.

Lemma 5.4 is proven. �

We now prove Proposition 5.2.
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Proof of Proposition 5.2. We rewrite (5.6)2 as

pρ0 ` σ
δqBt~u

d ´ µ∆~ud `∇qd “ ~fδ ´ gσd~e2,

where ~fδ “ ´σδBt~uM ´pρ0`σ
δq~uδ ¨∇~uδ. Differentiate the resulting equation with

respect to t and then multiply by Bt~ud, we obtain after integration that

ż

Ω

Btσ
δ|Bt~u

d|2d~x`

ż

Ω

pρ0 ` σ
δqB2

t ~u
d ¨ Bt~u

dd~x

“

ż

Ω

µ∆Bt~u
d ¨ Bt~u

dd~x´

ż

Ω

∇Btqd ¨ Bt~udd~x`
ż

Ω

pBt ~f
δ ´ gBtσ

d~e2q ¨ Bt~u
dd~x.

Since divBt~ud “ 0, we use the integration by parts to further obtain

ż

Ω

Btσ
δptq|Bt~u

dptq|2d~x`

ż

Ω

pρ0 ` σ
δptqqB2

t ~u
dptq ¨ Bt~u

dptqd~x

“

ż

Ω

pBt ~f
δptq ´ gBtσ

dptq~e2q ¨ Bt~u
dptqd~x´ µ

ż

Ω

|∇Bt~udptq|2d~x

`

ż

2πLT
pξ`|Btu

d
1pt, x1, 1q|

2 ` ξ´|Btu
d
1pt, x1,´1q|2qdx1.

That means,

1

2

d

dt

ż

Ω

pρ0 ` σ
δptqq|Bt~u

dptq|2d~x

“ ´
1

2

ż

Ω

Btσ
δptq|Bt~u

dptq|2d~x`

ż

Ω

pBt ~f
δptq ´ gBtσ

dptq~e2q ¨ Bt~u
dptqd~x

´ µ

ż

Ω

|∇Bt~udptq|2d~x`
ż

2πLT
pξ`|Btu

d
1pt, x1, 1q|

2 ` ξ´|Btu
d
1pt, x1,´1q|2qdx1.

Using (5.6)1, we then get

d

dt

ż

Ω

´

pρ0 ` σ
δptqq|Bt~u

dptq|2 ´ gρ10|u
d
2ptq|

2
¯

d~x

` 2µ

ż

Ω

|∇Bt~udptq|2d~x´ 2

ż

2πLT
pξ`|Btu

d
1pt, x1, 1q|

2 ` ξ´|Btu
d
1pt, x1,´1q|2qdx1

“ ´

ż

Ω

Btσ
δptq|Bt~u

dptq|2d~x` 2

ż

Ω

pBt ~f
δptq ` g~uδptq ¨∇σδptq~e2q ¨ Bt~u

dptqd~x.

Integrating in time variable, we get

}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq ` 2µ

ż t

0

}∇Bt~udpsq}2L2pΩqds

´ 2

ż t

0

ż

2πLT
pξ`|u

d
1ps, x1, 1q|

2 ` ξ´|u
d
1ps, x1,´1q|2qdx1ds

“

ż

Ω

gρ10|u
d
2ptq|

2d~x`
´

ż

Ω

pρ0 ` σ
δptqq|Bt~u

dptq|2d~x
¯
ˇ

ˇ

ˇ

t“0

`

ż t

0

ż

Ω

p2Btf
δpsq ` 2g~uδpsq ¨∇σδpsq~e2 ´ Btσ

δpsqBt~u
dpsqq ¨ Bt~u

dpsqds.

(5.23)
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We continue using (5.11), (5.12) and (5.13) to estimate each term of the r.h.s of
(5.23). This yields

}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq ` 2µ

ż t

0

}Bt~u
dpsq}2L2pΩqds

´ 2

ż

2πLT
pξ`|Btu

d
1pt, x1, 1q|

2 ` ξ´|Btu
d
1pt, x1,´1q|2qdx1

ď

ż

Ω

gρ10|u
d
2ptq|

2d~x` C16δ
3F 3

M ptq.

(5.24)

Due to (5.16), we further get that

}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq ` 2µ

ż t

0

}∇Bt~udpsq}2L2pΩqds

´ 2

ż t

0

ż

2πLT
pξ`|Btu

d
1ps, x1, 1q|

2 ` ξ´|Btu
d
1ps, x1,´1q|2qdx1ds

ď Λ2

ż

Ω

ρ0|~u
dptq|2d~x` Λµ

ż

Ω

|∇~udptq|2d~x

´ Λ

ż

2πLT
pξ`|u

d
1pt, x1, 1q|

2 ` ξ´|u
d
1pt, x1,´1q|2qdx1 ` C16δ

3F 3
M ptq

ď Λ2

ż

Ω

pρ0 ` σ
δptqq|~udptq|2d~x` Λµ

ż

Ω

|∇~udptq|2d~x

´ Λ

ż

2πLT
pξ`|u

d
1pt, x1, 1q|

2 ` ξ´|u
d
1pt, x1,´1q|2qdx1 ` C17δ

3F 3
M ptq.

(5.25)

On the other hand, we have

d

dt
}

b

ρ0 ` σδptq~u
dptq}2L2pΩq “ 2

ż

Ω

pρ0 ` σ
δptqq~udptq ¨ Bt~u

dptqd~x`

ż

Ω

Btσ
δptq|~udptq|2d~x.

Let us recall $0 from (2.19) and ν0 “
3`$0

2`$0
P p1, 3

2 q. We fix two positive constants
m1,2 such that

m1 “ ν0 `

b

ν2
0 ´ 1 (5.26)

and that

m2 “ µpm2
1´m1`1q´µcpΞqpm

2
1`1q`

b

pµpm2
1 ´m1 ` 1q ´ µcpΞqpm2

1 ` 1qq2 ´ µ2m2
1.

(5.27)
With m1 ą 0 from (5.26), we use Young’s inequality to observe

2

ż

Ω

pρ0 ` σ
δptqq~udptq ¨ Bt~u

dptqd~x

ď
1

Λm1
}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq ` Λm1}

b

ρ0 ` σδptq~u
dptq}2L2pΩq.

That will imply

d

dt
}

b

ρ0 ` σδptq~u
dptq}2L2pΩq ď

1

Λm1
}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq

` Λm1}

b

ρ0 ` σδptq~u
dptq}2L2pΩq ` C18δ

3F 3
M ptq.

(5.28)
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With m2 ą 0 defined as in (5.27), we obtain from (5.25) and (5.28) that

d

dt
}

b

ρ0 ` σδptq~u
dptq}2L2pΩq `m2}∇~udptq}2L2pΩq

ď

´

m1 `
1

m1

¯

Λ}
b

ρ0 ` σδptq~u
dptq}2L2pΩq `

´ µ

m1
`m2

¯

}∇~ud}2L2pΩq

`
2

Λm1

ż t

0

ż

2πLT
pξ`|Btu

d
1ps, x1, 1q|

2 ` ξ´|Btu
d
1ps, x1,´1q|2qdx1ds

´
2µ

Λm1

ż t

0

}∇Bt~udpsq}2L2pΩqds` C19δ
3F 3

M ptq.

Together with (5.17), we deduce

d

dt
}

b

ρ0 ` σδptq~u
dptq}2L2pΩq `m2}∇~udptq}2L2pΩq

ď

´

m1 `
1

m1

¯

Λ}
b

ρ0 ` σδptq~u
dptq}2L2pΩq `

´ µ

m1
`m2

¯

}∇~udptq}2L2pΩq

´
2pµ´ µcpΞqq

Λm1

ż t

0

}∇Bt~udpsq}2L2pΩqds` C19δ
3F 3

M ptq.

(5.29)

We use Young’s inequality to get that
´ µ

m1
`m2

¯

}∇~udptq}2L2pΩq “ 2
´ µ

m1
`m2

¯

ż t

0

ż

Ω

∇~udpsq ¨∇Bt~udpsqd~xds

ď
2pµ´ µcpΞqq

Λm1

ż t

0

}∇Bt~udpsq}2L2pΩqds

`
Λm1

´

µ
m1
`m2

¯2

2pµ´ µcpΞqq

ż t

0

}∇~udpsq}2L2pΩqds.

(5.30)

Combining (5.29) and (5.30) gives us

d

dt
}

b

ρ0 ` σδptq~u
dptq}2L2pΩq `m2}∇~udptq}2L2pΩq

ď

´

m1 `
1

m1

¯

Λ}
b

ρ0 ` σδptq~u
dptq}2L2pΩq

`
Λm1

´

µ
m1
`m2

¯2

2pµ´ µcpΞqq

ż t

0

}∇~udpsq}2L2pΩqds` C19δ
3F 3

M ptq.

(5.31)

It follows from (5.26) and (5.27) that

Λm1

´

µ
m1
`m2

¯2

2pµ´ µcpΞqq
“ Λ

´

m1 `
1

m1

¯

m2 “ 2ν0Λm2.

Therefore, (5.31) becomes

d

dt
}

b

ρ0 ` σδptq~u
dptq}2L2pΩq `m2}∇~udptq}2L2pΩq

ď 2ν0Λ
´

}

b

ρ0 ` σδptq~u
dptq}2L2pΩq `m2

ż t

0

}∇~udpsq}2L2pΩqds
¯

` C19δ
3F 3

M ptq.

(5.32)

Recalling that ~udp0q “ ~0, thus, applying Gronwall’s inequality to (5.32), one obtains

}

b

ρ0 ` σδptq~u
dptq}2L2pΩq`m2

ż t

0

}∇~udpsq}2L2pΩqds ď C19δ
3e2ν0Λt

ż t

0

e´2ν0ΛsF 3
M psqds.

(5.33)
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Since F 3
M ptq ďM2 maxjmďjďM |cj |

2FM p3tq, we then have from (5.33) that

}~udptq}2L2pΩq ď C20δ
3e2ν0Λt

M
ÿ

j“jm

ż t

0

|cj |e
p3λj´2ν0Λqsds. (5.34)

Because of (2.21), we have λj ą 2
3ν0Λ for jm ď j ď N and λj ă 2

3ν0Λ for j ě N`1.
It yields that for jm ď j ď N ,

ż t

0

ep3λj´2ν0Λqsds “
1

3λj ´ 2ν0Λ
pep3λj´2ν0Λqt ´ 1q ď

1

3λj ´ 2ν0Λ
ep3λj´2ν0Λqt

(5.35)
and that for j ě N ` 1,

ż t

0

ep3λj´2ν0Λqsds “
1

3λj ´ 2ν0Λ
pep3λj´2ν0Λqt ´ 1q ď

1

2ν0Λ´ 3λj
. (5.36)

In view of (5.35) and (5.36), we obtain from (5.34) that if M ď N ,

}~udptq}2L2pΩq ď C20δ
3
´

M
ÿ

j“jm

|cj |

3λj ´ 2ν0Λ
e3λjt

¯

and if M ě N ` 1,

}~udptq}2L2pΩq ď C20δ
3
´

M
ÿ

j“jm

|cj |

3λj ´ 2ν0Λ
e3λjt `

M
ÿ

j“N`1

|cj |

2ν0Λ´ 3λj
e2ν0Λt

¯

.

That means

}~udptq}2L2pΩq ď C21δ
3
´

N
ÿ

j“jm

|cj |e
λjt `maxp0,M ´Nq

´

max
N`1ďjďM

|cj |
¯

e
2
3ν0Λt

¯3

.

(5.37)

To show the bound of }σdptq}L2pΩq, we use Cauchy-Schwarz’s inequality to deduce
from (5.6)1 that

d

dt
}σdptq}L2pΩq ď }σ

dptq}L2pΩq ď pmax ρ10q}u
d
2ptq}L2pΩq ` }~u

δptq}L2pΩq}σ
δptq}H1pΩq.

Using (5.5), we obtain

d

dt
}σdptq}L2pΩq ď C22p}u

d
2ptq}L2pΩq ` δ

2F 2
M ptqq.

Note that σdp0q “ 0, integrating the resulting inequality in time, we have

}σdptq}L2pΩq ď C22

ż t

0

p}ud2psq}L2pΩq ` δ
2F 2

M psqqds.

Together with (5.37), we have

}σdptq}2L2pΩq ď C23δ
3
´

N
ÿ

j“jm

|cj |e
λjt `maxp0,M ´Nq

´

max
N`1ďjďM

|cj |
¯

e
2
3ν0Λt

¯3

.

(5.38)
The inequality (5.10) follows from (5.37) and (5.38). Proof of Proposition 5.2 is
complete. �
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5.3. Proof of Theorem 2.2. Note that

}~uM ptq}2L2pΩq “

M
ÿ

i“jm

c2
i e

2λit}~ui}
2
L2pΩq ` 2

ÿ

jmďiăjďM

cicje
pλi`λjqt

ż

Ω

~uip~xq ¨ ~ujp~xqd~x.

(5.39)

It can be seen that

}~uM ptq}2L2pΩq ě

M
ÿ

j“jm

c2
je

2λjt}~uj}
2
L2pΩq ` 2

ÿ

jm`1ďiăjďM

cicje
pλi`λjqt

ż

Ω

~uip~xq ¨ ~ujp~xqd~x

´ |cjm |}~ujm}L2pΩq

´

M
ÿ

j“jm`1

|cj |}~uj}L2pΩq

¯

epλjm`λjm`1qt.

By Cauchy-Schwarz’s inequality, we obtain

2
ÿ

jm`1ďiăjďM

cicje
pλi`λjqt

ż

Ω

~uip~xq ¨ ~ujp~xqd~x

ě ´
ÿ

jm`1ďiăjďM

|ci||cj |e
pλi`λjqt}~ui}L2pΩq}~uj}L2pΩq

ě ´epλjm`1`λjm`2qt
´

M
ÿ

j“jm`1

|cj |}~uj}L2pΩq

¯2

.

This yields

}~uM ptq}2L2pΩq ě

M
ÿ

j“jm

c2
je

2λjt}~uj}
2
L2pΩq ´ e

pλjm`1`λjm`2qt
´

M
ÿ

j“jm`1

|cj |}~uj}L2pΩq

¯2

´ |cjm |e
pλjm`λjm`1qt}~ujm}L2pΩq

´

M
ÿ

j“jm`1

|cj |}~uj}L2pΩq

¯

.

Due to the assumption (2.17), we deduce that

}~uM ptq}2L2pΩq ě

M
ÿ

j“jm

c2
je

2λjt}~uj}
2
L2pΩq ´

1

2
c2
jme

pλjm`λjm`1qt}~ujm}
2
L2pΩq

´
1

4
c2
jme

pλjm`1`λjm`2qt}~ujm}
2
L2pΩq.

This yields

}~uM ptq}2L2pΩq ě c2
jm

´

e2λjm t ´
1

2
epλjm`λjm`1qt ´

1

4
epλjm`1`λjm`2qt

¯

}~ujm}
2
L2pΩq

`

M
ÿ

j“jm`1

c2
je

2λjt}~uj}
2
L2pΩq.

Notice that for all t ě 0,

e2λjm t ´
1

2
epλjm`λjm`1qt ´

1

4
epλjm`1`λjm`2qt ě

1

4
e2λjm t.

Hence, we have
}~uM ptq}L2pΩq ě C24FM ptq, (5.40)

for all t ď minpT δ, T ‹, T ‹‹q.

Let

c̃pMq “ max
N`1ďjďM

|cj |

|cjm |
ě 0.
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We recall the definition of T ‹ and T ‹‹ from (5.4) and the fact that T δ satisfies
uniquely δFM pT δq “ ε0, provided that ε0 is taken to be

ε0 ă min
´C2δ0
C3

,
C2

2

2C4p1`M c̃pMqq3
,

C2
24

4C4p1`M c̃pMqq3

¯

. (5.41)

We then prove that
T δ ď mintT ‹, T ‹‹u. (5.42)

In fact, if T ‹ ă T δ, we have from (5.5) that

Eppσδ, ~uδqpT ‹qq ď C3δFM pT
‹q ď C3δFM pT

δq “ C3ε0 ă C2δ0.

And if T ‹‹ ă T δ, we have by (5.10) and the definition of T δ that

}pσδ, ~uδqpT δq}L2pΩq

ď δ}pσM , ~uM qpT δq}L2pΩq ` }pσ
d, ~udqpT δq}L2pΩq

ď C2δFM pT
δq `

a

C4δ
3
2

´

N
ÿ

j“1

|cj |e
λjT

δ

`maxp0,M ´Nq
´

max
N`1ďjďM

|cj |
¯

e
2
3ν0ΛT δ

¯
3
2

.

(5.43)

Notice from (2.21) that for N ` 1 ď j ďM ,

|cj |δe
2
3ν0ΛT δ ă

|cj |

|cjm |
pδ|cjm |e

λ1T
δ

q ă
|cj |

|cjm |
δFM pT

δq “
|cj |

|cjm |
ε0.

Then, it follows from (5.43) that

}pσδ, ~uδqpT δq}L2pΩq ď C2δFM pT
δq `

a

C4p1`M c̃pMqq
3
2 δ

3
2F

3
2

M pT
δq

ď C2ε0 `
a

C4p1`M c̃pMqq
3
2 ε

3
2
0 .

Using (5.41) again, we deduce

}pσδ, ~uδqpT δq}L2pΩq ă 2C2ε0 “ 2C2δFM pT
δq.

which also contradicts the definition of T ‹‹.

Once we have (5.42), we then get from (5.10) and (5.40) that

}~uδpT δq}L2pΩq

ě δ}~uM pT δq}L2pΩq ´ }~u
dpT δq}L2pΩq

ě C24δFM pT
δq ´

a

C4δ
3
2

´

N
ÿ

j“1

|cj |e
λjT

δ

`maxp0,M ´Nq
´

max
N`1ďjďM

|cj |
¯

e
2
3ν0ΛT δ

¯
3
2

.

Therefore,

}~uδpT δq}L2pΩq ě C24ε0 ´
a

C4p1`M c̃pMqq
3
2 ε

3
2
0 ě

C24ε0
2

ą 0. (5.44)

The inequality (2.22) is proven by taking δ0 satisfying (5.3), ε0 satisfying (5.41)
and m0 “

1
2C24. This ends the proof of Theorem 2.2.
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Appendix A. The precise value of µcpk,Ξq

In this appendix, we prove Proposition 3.1(1). The equality (3.5) can be seen
immediately from the definition of Bk,0,µ.

Note that the quotient

ξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2
ş1

´1
ppφ2q2 ` 2k2pφ1q2 ` k4φ2qdx2

is bounded because of the embedding H2pp´1, 1qq ãÑ C1pp´1, 1qq. To prove (3.6),
let us consider the Lagrangian functional

Lkpφ, βq “ β
´

ż 1

´1

ppφ2q2 ` 2k2pφ1q2 ` k4φ2qdx2 ´ 1q ´ pξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2q

(A.1)
for any φ P H̃2pp´1, 1qq and β ‰ 0. Using Lagrange multiplier theorem, the extrema
of the quotient

ξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2
ş1

´1
ppφ2q2 ` 2k2pφ1q2 ` k4φ2qdx2

are necessarily the stationary points of pφk, βkq of Lk, which satisfy
ż 1

´1

ppφ2kq
2 ` 2k2pφ1kq

2 ` k4φ2
kqdx2 “ 1, (A.2)

and

βk

ż 1

´1

pφ2kω
2 ` 2k2φ1kω

1 ` k4φkωqdx2 “ ξ´φ
1
kp´1qω1p´1q ` ξ`φ

1
kp1qω

1p1q (A.3)

for all ω P H̃2pp´1, 1qq. We obtain from (A.3) after taking integration by parts that

φ
p4q
k ´ 2k2φ2k ` k

4φk “ 0,

and
$

’

’

’

&

’

’

’

%

βkpφ
3
k p1q ` 2k2φ1kp1qqωp1q “ 0,

pβkφ
2
kp1q ´ ξ`φ

1
kp1qqω

1p1q “ 0,

βkpφ
3
k p´1q ` 2k2φ1kp´1qqωp´1q “ 0,

pβkφ
2
kp´1q ` ξ´φ

1
kp´1qqω1p´1q “ 0,

for all ω P H̃2pp´1, 1qq. This yields
#

βkφ
2
kp1q ´ ξ`φ

1
kp1q “ 0,

βkφ
2
kp´1q ` ξ´φ

1
kp´1q “ 0.

(A.4)

Hence, φk is of the form

φkpx2q “ pAx2 `Bq sinhpkx2q ` pCx2 `Dq coshpkx2q,

with A,B,C,D are four constants such that A2 ` B2 ` C2 ` D2 ą 0. Since
φk P H̃

2pp´1, 1qq, we get
#

pA`Bq sinh k ` pC `Dq cosh k “ 0,

p´A`Bq sinhp´kq ` p´C `Dq coshp´kq “ 0.

It yields
C “ ´B tanh k and D “ ´A tanh k. (A.5)



RAYLEIGH-TAYLOR INSTABILITY 29

We then compute

φ1kpx2q “ pA` kD ` kCx2q sinhpkx2q ` pC ` kB ` kAx2q coshpkx2q

and

φ2kpx2q “ p2kC ` k
2B ` k2Ax2q sinhpkx2q ` p2kA` k

2D ` k2Cx2q coshpkx2q.

Substituting these formulas into (A.4), we have
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

βk

´

p2kC ` k2pB `Aqq sinh k ` p2kA` k2pD ` Cqq cosh k
¯

“ ξ`

´

pA` kpD ` Cqq sinh k ` pC ` kpB `Aqq cosh k
¯

,

βk

´

p2kC ` k2pB ´Aqq sinhp´kq ` p2kA` k2pD ´ Cqq coshp´kq
¯

“ ´ξ´

´

pA` kpD ´ Cqq sinhp´kq ` pC ` kpB ´Aqq coshp´kqq.

Thanks to (A.5), that reduces to
$

’

’

’

’

&

’

’

’

’

%

2kβkpC sinh k `A cosh kq

“ ξ`

´

A` kpD ` Cq sinh k ` pC ` kpB `Aqq cosh k
¯

,

2kβkp´C sinh k `A cosh kq

“ ξ´

´

pA` kpD ´ Cqq sinhpkq ´ pC ` kpB ´Aqq coshpkq
¯

.

Equivalently,
$

&

%

2kβk

´

A`B ` pA´Bq coshp2kq
¯

“ ξ`

´

pA´Bq sinhp2kq ` 2kpA`Bq
¯

,

2kβk

´

A´B ` pA`Bq coshp2kq
¯

“ ξ´

´

pA`Bq sinhp2kq ` 2kpA´Bq
¯

.

(A.6)
Then, pA,Bq is a solution of the following system

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

A
´

2kp1` coshp2kqqβk ´ ξ`p2k ` sinhp2kqq
¯

“ B
´

2kpcoshp2kq ´ 1qβk ´ ξ`psinhp2kq ´ 2kq
¯

,

A
´

2kp1` coshp2kqqβk ´ ξ´p2k ` sinhp2kqq
¯

“ ´B
´

2kpcoshp2kq ´ 1qβk ´ ξ´psinhp2kq ´ 2kq
¯

.

(A.7)

System (A.7) admits a nontrivial solution if and only
´

2kp1` coshp2kqqβk ´ ξ`p2k ` sinhp2kqq
¯

ˆ

´

2kpcoshp2kq ´ 1qβk ´ ξ´psinhp2kq ´ 2kq
¯

“ ´

´

2kp1` coshp2kqqβk ´ ξ´p2k ` sinhp2kqq
¯

ˆ

´

2kpcoshp2kq ´ 1qβk ´ ξ`psinhp2kq ´ 2kq
¯

.

(A.8)

We rewrite Eq. (A.8) as a quadratic equation of βk, that is

4k2pcosh2
p2kq ´ 1qβ2

k ´ 2kpsinhp2kq coshp2kq ´ 2kqpξ` ` ξ´qβk

` psinh2
p2kq ´ 4k2qξ`ξ´ “ 0.

(A.9)

The discriminant is
∆k,Ξ “ k2psinhp2kq coshp2kq ´ 2kq2pξ` ` ξ´q

2

´ 4k2pcosh2
p2kq ´ 1qpsinh2

p2kq ´ 4k2qξ`ξ´

“ k2psinhp2kq ´ 2k coshp2kqq2pξ` ` ξ´q
2

` k2 sinh2
p2kqpsinh2

p2kq ´ 4k2qpξ` ´ ξ´q
2.
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Because tanhp2kq ă 2k for all k ą 0 and ξ2
` ` ξ2

´ ą 0, we have ∆k,ξ is always
positive. Hence, we have that (A.9) has two roots

βk,˘ “
kpsinhp2kq coshp2kq ´ 2kqpξ` ` ξ´q ˘

a

∆k,Ξ

4k2 sinh2
p2kq

.

We take the higher value βk,` ą 0 and then solve the system (A.7) as βk “ βk,`.

If ξ´ ě ξ`, we have

4 sinh2 k
´

2kpcoshp2kq ´ 1qβk,` ´ ξ`psinhp2kq ´ 2kq
¯

“ psinhp2kq coshp2kq ´ 2kqpξ´ ´ ξ`q ´ 2psinhp2kq ´ 2k coshp2kqqξ` `
1

k

a

∆k,Ξ

ą 0.

Then, we obtain from (A.7)1 that

B “ A
2kp1` coshp2kqqβk,` ´ ξ`p2k ` sinhp2kqq

2kpcoshp2kq ´ 1qβk,` ´ ξ`psinhp2kq ´ 2kq
“: Aak,Ξ. (A.10)

So that
pA,B,C,Dq “ Ap1, ak,Ξ,´ak,Ξ tanh k,´ tanh kq

with A ‰ 0 and φkpx2q “ Azkpx2q, with

zkpx2q “ px2 ` ak,Ξq sinhpkx2q ´ tanh kpak,Ξx2 ` 1q coshpkx2q.

We find A from (A.2), such that

A2

ż 1

´1

ppz2kq
2 ` 2k2pz1kq

2 ` k4z2
kqdx2 “ 1. (A.11)

If 0 ă ξ´ ă ξ`, that will imply

2kpcoshp2kq ´ 1qβk,` ´ ξ´psinhp2kq ´ 2kq ą 0.

We further get from (A.7)2 that

B “ ´A
2kp1` coshp2kqqβk,` ´ ξ´p2k ` sinhp2kqq

2kpcoshp2kq ´ 1qβk,` ´ ξ´psinhp2kq ´ 2kq
“: ´Abk,Ξ.

So that, we have

pA,B,C,Dq “ Ap1,´bk,Ξ, bk,Ξ tanh k,´ tanh kq

with A ‰ 0 and φkpx2q “ Awkpx2q, with

wkpx2q “ px2 ´ bk,Ξq sinhpkx2q ` pbk,Ξx2 ´ 1q tanh k coshpkx2q.

We still find A from (A.2),

A2

ż 1

´1

ppw2kq
2 ` 2k2pw1kq

2 ` k4w2
kqdx2 “ 1. (A.12)

We have just shown that

µcpk,Ξq “ max
φPH̃2pp´1,1qq

ξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2
ş1

´1
ppφ2q2 ` 2k2pφ1q2 ` k4φ2qdx2

“
1

4k sinh2
p2kq

¨

˚

˚

˝

psinhp2kq coshp2kq ´ 2kqpξ` ` ξ´q

`

˜

psinhp2kq ´ 2k coshp2kqq2pξ` ` ξ´q
2

` sinh2
p2kqpsinh2

p2kq ´ 4k2qpξ` ´ ξ´q
2

¸
1
2

˛

‹

‹

‚

.
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That variational problem is attained by the function φkpx2q “ Azkpx2q, where A
satisfies (A.11) or φkpx2q “ Awkpx2q, where A satisfies (A.12). The equality (3.6)
is shown and the first part of Proposition 3.1 then follows.

Appendix B. Asymptotic behavior of µcpk,Ξq in low/high regime of
wave number

Let us prove Proposition 3.1(2). Clearly, we have that µcpk,Ξq is a decreasing
function in k ą 0. It yields (3.7).

We first consider k Ñ 0. Let us recall the Taylor’s expansion of sinhp2kq and
coshp2kq. We have

sinhp2kq “ 2k `
4

3
k3 `

4

15
k5 `Opk6q, and coshp2kq “ 1` 2k2 `

2

3
k4 `Opk5q.

We deduce that

sinhp2kq coshp2kq ´ 2k

4k sinh2
p2kq

“

1
6 `

2
15k

2 `Opk3q

1
2 `

2
3k

2 `Opk3q
“

1

3
´

8

15
k2 `Opk3q,

that

sinhp2kq ´ 2k coshp2kq

4k sinh2
p2kq

“
´ 8

3 ´
16
15k

2 `Opk3q

16` 64
3 k

2 `Opk3q
“ ´

1

6
`

7

45
k2 `Opk3q

and that

sinh2
p2kqpsinh2

p2kq ´ 4k2q

16k2 sinh4
p2kq

“

16
3 `

128
45 k

2 `Opk2q

64` 256
3 k2 `Opk2q

“
1

12
´

1

15
k2 `Opk3q.

We deduce that

lim
kÑ0

µcpk,Ξq “
1

3
pξ` ` ξ´q `

c

1

36
pξ` ` ξ´q2 `

1

12
pξ` ´ ξ´q2. (B.1)

That will imply (3.9), i.e.

µscpΞq “
1

3

´

ξ` ` ξ´ `
b

ξ2
` ´ ξ`ξ´ ` ξ

2
´

¯

.

Furthermore, we have that

lim
kÑ0

µcpk,Ξq ´ µ
s
cpΞq

k2
“ ´

2

15

´

4pξ` ` ξ´q `
4ξ2
` ´ ξ`ξ´ ` 4ξ2

´
b

ξ2
` ´ ξ`ξ´ ` ξ´

¯

. (B.2)

Two limits (B.1) and (B.2) help us to get (3.8).

For high wave number, i.e. k Ñ `8, we can see that

sinhp2kq coshp2kq ´ 2k

sinh2
p2kq

“
1´ e´8k ´ 8ke´4k

1` e´8k ´ 2e´4k
ď 2,

that

sinhp2kq ´ 2k coshp2kq

sinh2
p2kq

“
1

2

1´ 2k ´ p1` 2kqe´4k

e2k ` e´6k ´ 2e´2k
ď 1.
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Hence,

µcpk,Ξq “
1

4k

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

sinhp2kq coshp2kq ´ 2k

sinh2
p2kq

pξ` ` ξ´q

`

¨

˚

˚

˚

˝

´ sinhp2kq ´ 2k coshp2kq

sinh2
p2kq

¯2

pξ` ` ξ´q
2

`

´

1´
4k2

sinh2
p2kq

¯

pξ` ´ ξ´q
2

˛

‹

‹

‹

‚

1
2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

ď
1

4k

´

2pξ` ` ξ´q `
b

2pξ2
` ` ξ

2
´q

¯

.

That implies (3.10). The proof of the second assertion of Proposition 3.1 is com-
plete.

Appendix C. Proof of Proposition 3.1(3)

In this appendix, we prove Proposition 3.1(3). We first show that

µscpΞq “ sup
φPH̃2pp´1,1qq

ξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2
ş1

´1
pφ2q2dx2

(C.1)

Indeed, let

µ̃cpΞq :“ sup
φPH̃2pp´1,1qq

ξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2
ş1

´1
pφ2q2dx2

and then prove that µscpΞq “ µ̃cpΞq. Clearly, we have µcpk,Ξq ď µ̃cpΞq for all
k P Rzt0u. It yields µscpΞq ď µ̃cpΞq. It suffices to show that µ̃cpΞq ě µscpΞq. For
any ε ą 0, from the definition of µcpΞq, we fix a function φε P H̃

2pp´1, 1qq such
that

ξ´pφ
1
εp´1qq2 ` ξ`pφ

1
εp1qq

2

ş1

´1
pφ2εq

2dx2

ě µ̃cpΞq ´ ε.

Let k ‰ 0 be small enough, we then obtain

ξ´pφ
1
εp´1qq2 ` ξ`pφ

1
εp1qq

2

ş1

´1
ppφ2εq

2 ` 2k2pφ1εq
2 ` k4φ2

εqdx2

ą
ξ´pφ

1
εp´1qq2 ` ξ`pφ

1
εp1qq

2

ş1

´1
pφ2εq

2dx2

´ ε.

That implies
µcpk,Ξq ą µ̃cpΞq ´ 2ε.

We deduce that µ̃cpΞq “ supkPRzt0u µcpk,Ξq, i.e. (C.1).

Then, we show that

max
φPH̃2pp´1,1qq

ξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2
ş1

´1
pφ2q2dx2

“
1

3

´

ξ` ` ξ´ `
b

ξ2
` ´ ξ`ξ´ ` ξ

2
´

¯

. (C.2)

Let us consider the Lagrangian functional

L0pφ, βq “ β
´

ż 1

´1

pφ2q2dx2 ´ 1
¯

´ ξ´pφ
1p´1qq2 ´ ξ`pφ

1p1qq2. (C.3)

for any φ P H̃2pp´1, 1qq and β ‰ 0. Owing to Lagrange multiplier theorem, the
extrema of the quotient

ξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2
ş1

´1
pφ2q2dx2
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are necessarily the stationary points pφ0, β0q of L0, which satisfy
ż 1

´1

pφ20q
2dx2 “ 1, (C.4)

and

β0

ż 1

´1

φ20ω
2dx2 ´ pξ´φ

1
0p´1qω1p´1q ` ξ`φ

1
0p1qω

1p1qq “ 0 (C.5)

for all ω P H̃2pp´1, 1qq. We obtain from (C.5) after taking integration by parts that

φ
p4q
0 “ 0 on p´1, 1q.

and
#

φ20p1q “ ξ`φ
1
0p1q,

φ20p´1q “ ´ξ´φ
1
0p´1q.

(C.6)

Hence, φ0 is of the form

φ0px2q “ px
2
2 ´ 1qpAx2 `Bq.

Substituting this form of φ0 into (C.6), we have that
#

β0p3A`Bq “ ξ`pA`Bq,

β0p3A´Bq “ ξ´pA´Bq.

Hence,
#

Ap3β0 ´ ξ`q `Bpβ0 ´ ξ`q “ 0,

Ap3β0 ´ ξ´q ´Bpβ0 ´ ξ´q “ 0.
(C.7)

System (C.7) admits a nontrivial solution pA,Bq if and only if

p3β0 ´ ξ`qpβ0 ´ ξ´q ` p3β0 ´ ξ´qpβ0 ´ ξ`q “ 0.

It yields
3β2

0 ´ 2pξ` ` ξ´qβ0 ` ξ´ξ` “ 0. (C.8)
The discriminant of (C.8) is

∆0,ξ “ pξ` ` ξ´q
2 ´ 3ξ´ξ` “ ξ2

` ´ ξ`ξ´ ` ξ
2
´ ą 0.

Then, Eq. (C.8) has two roots

β0,˘ “
1

3

´

ξ` ` ξ´ ˘
b

ξ2
` ´ ξ`ξ´ ` ξ

2
´

¯

.

We take the higher value β0,`. As β0 “ β0,`, we have from (C.7)2 that

Ap3β0,` ´ ξ´q “ Bpβ0,` ´ ξ´q.

It is obvious that

3β0,` ´ ξ´ “ ξ` `
b

ξ2
` ´ ξ`ξ´ ` ξ

2
´ ą 0.

Then we have

A “ B
β0,` ´ ξ´
3β0,` ´ ξ´

and

φ0px2q “ Bz0px2q, with z0px2q “

´ β0,` ´ ξ´
3β0,` ´ ξ´

x2 ` 1
¯

px2
2 ´ 1q.

We continue using (C.4) to find a non-zero B. This yields

B2

ż 1

´1

pz22px2qq
2dx2 “ 1.
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That is equivalent to

8B2
´

3
pβ0,` ´ ξ´q

2

p3β0,` ´ ξ´q2
` 4

¯

“ 1,

this yields

B “ ˘
1

2
?

2

3β0,` ´ ξ´
b

39β2
0,` ´ 30β0,`ξ´ ` 7ξ2

´

.

That means, we observe

max
φPH̃2pp´1,1qq

ξ´pφ
1p´1qq2 ` ξ`pφ

1p1qq2
ş1

´1
pφ2q2dx2

“
1

3

´

ξ` ` ξ´ `
b

ξ2
` ´ ξ`ξ´ ` ξ

2
´

¯

.

That variational problem is attained by the function

φ0px2q “ ˘
1

2
?

2

3β0,` ´ ξ´
b

39β2
0,` ´ 30β0,`ξ´ ` 7ξ2

´

´ β0,` ´ ξ´
3β0,` ´ ξ´

x2 ` 1
¯

px2
2 ´ 1q.

Combining (C.1) and (C.2), we obtain Proposition 3.1(3).

Appendix D. Comments on the paper of Ding, Zi and Li

In [2], the authors Ding, Zi and Li construct an approximate solution generated
by the maximal normal mode, pσa, ~ua, qaqpt, xq “ δeλ1pkqt~U1p~xq with k being fixed
such that 2Λ

3 ă λ1pkq ă Λ. Applying Proposition 5.1, the nonlinear equations
(2.1)-(2.2) with the initial data

pσδ, ~uδ, qδqp0q “ pσa, ~ua, qaqp0q.

admits a strong solution pσδ, ~uδq P C0pr0, Tmaxq, H1 ˆ H2q with an associated
pressure qδ P C0pr0, Tmaxq, L2q. Let T δ such that δeλ1T

δ

“ ε0 ! 1. We define

T ‹ :“ sup
!

t P p0, Tmaxq|Epσδptq, ~uδptqq ď Cδ0u ą 0,

T ‹‹ :“ suptt P p0, Tmaxq|}pσδ, ~uδqptq}L2pΩq ď Cδeλ1t
)

ą 0.

Then for all t ď mintT δ, T ‹, T ‹‹u, we have

E2pσδptq, ~uδptqq ` }Bt~u
δptq}2L2pΩq `

ż t

0

}∇Bt~uδpτq}2L2pΩqdτ ď Cδ2e2λ1t.

In [2, Proposition 5.2], they claim that the difference functions

pσd, ~ud, qdq “ pσδ, ~uδ, qδq ´ pσa, ~ua, qaq

enjoy
}pσd, ~udq}2L2pΩq ď Cδ3e3λ1t (D.1)

for all µ ą 0. We believe that (D.1) needs to be corrected, not for all µ ą 0.
Precisely, we are in doubt about inequality (137) in that paper, that is for all
t ď mintT δ, T ‹, T ‹‹u,

}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq ` Λµ}∇~udptq}2L2pΩq ` µ

ż t

0

}∇Bt~udpsq}2L2pΩqds

ď Λ
´

ż t

0

}

b

ρ0 ` σδpsq~u
dpsq}2L2pΩq ` Λµ}∇~udpsq}2L2pΩq

¯

` Λ}
b

ρ0 ` σδptq~u
dptq}2L2pΩq ` Cδ

3e3λ1t.

(D.2)
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Due to (D.2) and the following inequality

d

dt
}

b

ρ0 ` σδptq~u
dptq}2L2pΩq

“ 2

ż

Ω

pρ0 ` σ
δptqq~udptq ¨ Bt~u

dptqd~x`

ż

Ω

Btσ
δptq|~udptq|2d~x

ď
1

Λ
}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq ` Λ}

b

ρ0 ` σδptq~u
dptq}2L2pΩq ` Cδ

3e3λ1t,

(D.3)

it is claimed in [2, (138)] that

d

dt
}

b

ρ0 ` σδptq~u
dptq}2L2pΩq `

´

}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq ` Λµ}∇~udptq}2L2pΩq

¯

ď Λ

ż t

0

´

}

b

ρ0 ` σδpsqBt~u
dpsq}2L2pΩq ` Λµ}∇~udpsq}2L2pΩq

¯

ds

` Λ}
b

ρ0 ` σδptq~u
dptq}2L2pΩq ` Cδ

3e3λ1t.

(D.4)

The inequality (D.1) is followed by applying Gronwall’s inequality to (D.4).

We shall explain the arguments of (D.2) in [2]. First, we still have

}

b

ρ0 ` σδptqBtu
dptq}2L2pΩq ` 2µ

ż t

0

}∇Bt~udpsq}2L2pΩqds

´ 2

ż t

0

ż

2πLT
pξ`|u

d
1ps, x1, 1q|

2 ` ξ´|u
d
1ps, x1,´1q|2qdx1ds

“

ż

Ω

gρ10|u
d
2ptq|

2d~x`
´

ż

Ω

pρ0 ` σ
δptqq|Bt~u

dptq|2d~x
¯
ˇ

ˇ

ˇ

t“0

`

ż t

0

ż

Ω

p2Btf
δpsq ` 2g~uδpsq ¨∇σδpsqe2 ´ Btσ

δpsqBt~u
dpsqq ¨ Bt~u

dpsqds.

(D.5)

We estimate

}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq ` 2µ

ż t

0

}∇Bt~udpsq}2L2pΩqds

´ 2

ż t

0

ż

2πLT
pξ`|u

d
1ps, x1, 1q|

2 ` ξ´|u
d
1ps, x1,´1q|2qdx1ds

ď

ż

Ω

gρ10|u
d
2ptq|

2d~x` Cδ3e3λ1t.

(D.6)

That implies

}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq ` 2µ

ż t

0

}∇Bt~udpsq}2L2pΩqds

´ 2

ż t

0

ż

2πLT
pξ`|Btu

d
1ps, x1, 1q|

2 ` ξ´|Btu
d
1ps, x1,´1q|2qdx1ds

ď Λ2

ż

Ω

pρ0 ` σ
δptqq|~udptq|2d~x` Λµ

ż

Ω

|∇~udptq|2d~x

´ Λ

ż

2πLT
pξ`|u

d
1pt, x1, 1q|

2 ` ξ´|u
d
1pt, x1,´1q|2qdx1 ` Cδ

3e3λ1t.

(D.7)

By using the inequality

Λµ}∇~ud}2L2pΩq ď Λ2µ

ż t

0

}∇~udpsq}2L2pΩqds` µ

ż t

0

}∇Bt~udpsq}2L2pΩqds
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and the identity

Λ

ż

2πLT
pξ`|u

d
1pt, x1, 1q|

2 ` ξ´|u
d
1pt, x1,´1q|2qdx1

“ Λ2

ż t

0

ż

2πLT
pξ`|u

d
1ps, x1, 1q|

2 ` ξ´|u
d
1ps, x1,´1q|2qdx1ds

`

ż t

0

ż

2πLT
pξ`|Btu

d
1ps, x1, 1q|

2 ` ξ´|Btu
d
1ps, x1,´1q|2qdx1ds

´

ż t

0

ż

2πLT
pξ`|Λu

d
1 ´ Btu

d
1|

2ps, x1, 1q ` ξ´|Λu
d
1 ´ Btu

d
1|

2ps, x1,´1qqdx1ds,

it is obtained from (D.7) that (see (134) in [2])

}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq

`
1

2
Λ
´

µ}∇~udptq}2L2pΩq ´

ż

2πLT
pξ`|u

d
1pt, x1, 1q|

2 ` ξ´|u
d
1pt, x1,´1q|2qdx1

¯

`
1

2

ż t

0

´

µ}∇Bt~udpsq}2L2pΩq ´

ż

2πLT
pξ`|Btu

d
1ps, x1, 1q|

2 ` ξ´|Btu
d
1ps, x1,´1q|2qdx1

¯

ds

ď Λ2}

b

ρ0 ` σδptq~u
dptq}2L2pΩq ` Cδ

3eλ1t

`
3

2
Λ2

ż t

0

´

µ}∇~udpsq}2L2pΩq ´

ż

2πLT
pξ`|u

d
1ps, x1, 1q|

2 ` ξ´|u
d
1ps, x1,´1q|2qdx1

¯

ds

`
3

2

ż t

0

ż

2πLT
pξ`|Λu

d
1 ´ Btu

d
1|

2ps, x1, 1q ` ξ´|Λu
d
1 ´ Btu

d
1|

2ps, x1,´1qqdx1ds.

(D.8)

Integrating (D.3) in time from 0 to t and using (D.8) and Young’s inequality, the
authors deduce (D.2) without providing any detailed explanations.

However, we observe by integrating (D.3) in time that

}

b

ρ0 ` σδptq~u
dptq}2L2pΩq ď

1

Λ

ż t

0

eΛpt´sq}Bt~u
dpsq}2L2pΩqds` Ce

3λ1t.

Then the l.h.s of (D.2) will be bounded by

}

b

ρ0 ` σδptqBt~u
dptq}2L2pΩq ` Λµ}∇~udptq}2L2pΩq ` µ

ż t

0

}∇Bt~udpsq}2L2pΩqds

ď Λ

ż t

0

eΛpt´sq}Bt~u
dpsq}2L2pΩqds`

1

2
Λµ}∇~udptq}2L2pΩq

`
1

2
µ

ż t

0

}∇Bt~udpsq}2L2pΩqds`
3

2
Λ2µ

ż t

0

}∇~udpsq}2L2pΩqds

` Λ

ż

2πLT
pξ`|u

d
1pt, x1, 1q|

2 ` ξ´|u
d
1pt, x1,´1q|2qdx1

´ Λ2

ż t

0

ż

2πLT
pξ`|u

d
1ps, x1, 1q|

2 ` ξ´|u
d
1ps, x1,´1q|2qdx1ds

`

ż t

0

ż

2πLT
pξ`|Λu

d
1 ´ Btu

d
1|

2ps, x1, 1q ` ξ´|Λu
d
1 ´ Btu

d
1|

2ps, x1,´1qqdx1 ` Cδ
3e3λ1t.

(D.9)
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We are not clear about the way in [2] to remove all integral terms over 2πLT in the
r.h.s of (D.9) to get (D.2) for all µ ą 0, especially the following term

ż t

0

ż

2πLT
pξ`|Λu

d
1 ´ Btu

d
1|

2ps, x1, 1q ` ξ´|Λu
d
1 ´ Btu

d
1|

2ps, x1,´1qqdx1.
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