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CMB anisotropy power spectrum using linear combinations of WMAP maps
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In recent years the goal of estimating different cosmological parameters precisely has set new
challenges in the effort to accurately measure the angular power spectrum of the CMB. This has required
removal of foreground contamination as well as detector noise bias with reliability and precision.
Recently, a novel, model-independent method for the estimation of the CMB angular power spectrum
solely from multifrequency observations has been proposed and implemented on the first year WMAP
data by Saha et al. 2006. All previous estimates of the power spectrum of the CMB are based upon
foreground templates using data sets from different experiments. However, our methodology demonstrates
that the CMB angular spectrum can be reliably estimated with precision from a self-contained analysis of
the WMAP data. In this work we provide a detailed description of this method. We also study and identify
the biases present in our power spectrum estimate. We apply our methodology to extract the power

spectrum from the WMAP data.

DOI: 10.1103/PhysRevD.78.023003

I. INTRODUCTION

Starting from the end of the last millennium, remarkable
progress in cosmology has been made by the precise
measurements of the anisotropies in the CMB from differ-
ent ground based as well as satellite observations [1-4]. In
the 1-year and 3-year data release, the WMAP science
team has provided the science community with a large
amount of high quality CMB anisotropy data sets measured
by its 10 independent differencing assemblies (DA) [5-8].
However, extracting the primordial CMB signal from these
large data sets is a nontrivial task. The anisotropies in the
CMB are weak in comparison to those originating due to
radiation in the local universe, which inevitably contami-
nate the observed signal. These dominant foreground emis-
sions are from within the Milky Way as well as from
extragalactic point sources [9]. In the low frequency mi-
crowave regime the strongest contamination comes from
the synchrotron and free-free emission [5,10]. At higher
frequencies, where synchrotron and free-free emissions are
low, dust emission dominates. A reliable extraction of the
CMB signal from the multicomponent foreground conta-
minated data is thus complicated. There exist several
methods in the literature to remove foregrounds using
foreground tracer templates [10-12] built from observa-
tions from other experiments. However, this requires a
prior model of (joint) spatial and spectral dependence for
all the foreground components. The effect of uncertainties
in the foreground models to estimate the CMB anisotropies
have been discussed in [13,14]. Detector noise is another
important concern that has to be addressed in order to
precisely measure the angular power spectrum. The angu-
lar power spectrum from detector noise is dominant over
the CMB power spectrum at small angular scales. The
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detector noise, being a random quantity, is treated differ-
ently from foreground contamination which is treated here
as fixed templates on the sky. However, the noise is un-
correlated between different DAs [10,12,15,16]. The
WMAP science team used this property to remove detector
noise bias in a cross-correlated power spectrum obtained
from two different DAs [10,12] using DA maps at frequen-
cies 41 GHz, 61 GHz, and 94 GHz.

An interesting model-independent method to remove
foregrounds from the multifrequency observations of the
CMB has been proposed in [17] and implemented in [18] in
order to extract the CMB signal from the WMAP data. The
foreground emissions were removed by exploiting the fact
that their contributions in different spectral bands are con-
siderably different, while the CMB anisotropy power spec-
trum is the same in all the bands in units of thermodynamic
temperature due to the Planck blackbody energy spectrum
of the CMB [19,20]. The main advantage of this fore-
ground cleaning method is that it is totally free from any
assumption about foreground modeling. Another advan-
tage is that it is computationally fast. However, the auto-
power spectrum obtained from a single cleaned map as
reported in [18] is not directly usable for primordial power
spectrum estimation at small angular scales. This is be-
cause the detector noise bias dominates over the CMB
power spectrum at small angular scales, beyond the beam
width of the WMAP detectors.

In earlier publications [21-23] we extended this model-
independent foreground removal method to remove detec-
tor noise bias. Here we describe the basic formalism of our
previous work in detail, while also performing a detailed
study of the nature of bias in the cleaned power spectrum.
We apply our method to the WMARP 3-year data to estimate
the CMB angular power spectrum.

© 2008 The American Physical Society
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TABLE 1.

Symbols Definitions

(& Theoretical CMB angular power spectrum

o An estimator of Cj

B(#i - #') Circularly symmetric beam function

B, Legendre transform of B(7 - i)

w Weight for channel @ and multipole [/

¢ ! Empirical covariance matrix for the CMB, foreground, and detector noise
C{*N Empirical covariance matrix for foreground and detector noise
ey Empirical detector noise covariance matrix

cy Theoretical detector noise covariance matrix

C{ Foreground covariance matrix

cP Unresolved point source covariance matrix

C f‘”’)o A chance correlation between the CMB and the pth foreground at some reference frequency v,
f 1 0 Shape vector of the pth foreground component scaled by C‘;f (P)0
fy S B

At Moore-Penrose generalized inverse of a matrix A

ne Number of channels linearly combined

ng Number of foreground components

C(A) Column space (range) of matrix A

Null (A) Null space of matrix A

The plan of this paper is as follows. We describe the
foreground removal methodology in Sec. II. The cross-
power spectrum estimation methodology is described in
Sec. III. In Sec. III B we describe the method of estimating
the residual, unresolved, point source power spectrum.
Section IV deals with the estimation of error bars on the
final power spectrum. In Sec. V we analytically derive the
bias in the cleaned power spectrum. The results are de-
scribed in Sec. VI, and finally we conclude in Sec. VIIL.

In this paper we use indices a, b, ¢, d to denote fre-
quency channels, and the index n to denote a sky region or
a mask. A foreground component is denoted by the index
p- We use bold faced roman indices i, j to denote cleaned
maps. The multipole moments are represented by [ or /.
The Greek letter « is used to denote the index for the
binned power spectrum. We denote matrices and vectors
by bold faced letters. Any variable (scalar, vector, or
matrix) which depends on the stochastic component is
denoted by a hat on the top. As an example, we note that
the CMB power spectrum is a stochastic variable which is
represented as C’f In Table I we define commonly used
symbols in this article.

II. FOREGROUND REMOVAL

In this section we outline the mathematical formalism to
obtain the foreground-cleaned map and describe its imple-
mentation on the WMAP data.

A. Formalism

The observed signal at frequency channel a in a differ-
ential telescope like WMAP can be modeled as

ATa(i) = f (ATSA) + AT () B(7 - #)dd!
+ AT™(R). (1)

Here ATS(7) and AT™(#) are, respectively, the CMB and
foreground component of the anisotropy in the channel a.
We note that the CMB component does not contain any
index, as this component is independent of frequency. The
detector noise in channel a is AT". The beam function
B4(# - A’) represents the smoothing of the map due to finite
resolution of the antenna of channel, a. The beam is
assumed to be circularly symmetric, as done in most
analyses. We note that the detector noise is not affected
by the beam function. An experiment such as WMAP
provides multifrequency maps AT*(A), a =1,2,...,n,,
corresponding to observations of the CMB at n, different
frequency bands. Equivalently, in the spherical harmonic
representation,

aj, = (ay, + ap)Bf + aj, 2)
where af , a$,, and af¢ are, respectively, the spherical
harmonic transforms of AT¢(#), AT*(#4), and AT (n),
and B{’s are the Legendre transform coefficients of the
beam B“(7A - #’). Our aim is to linearly combine the maps
with appropriate weights to get an optimal estimator of the
CMB anisotropy AT®(7A’) that minimizes the contribution
from the foregrounds. The linear combination of the multi-
frequency maps can be carried out in pixel space, or
equivalently, in terms of the spherical harmonic coeffi-
cients. The former has been followed by the WMAP
team to produce its Internal Linear Combination (ILC)
map, and also, in a related, but more elaborate approach,
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in [24] to produce the Lagrange Internal Linear
Combination map. The approach of carrying out a multi-
frequency map combination in the spherical harmonic
space was proposed in [17]. For the first year of WMAP
data this was implemented in [18]. This method has the
advantage that we can simultaneously take into account
variation of foreground with sky positions and with differ-
ent multipoles for a given sky position.

We define a cleaned map as a linearly weighted sum of
the maps at different frequencies,

ne

Cledn — Z 61121. (3)

a= l

Here w{ is a weight factor which depends upon the multi-
pole [ and the frequency channel a. Since each of the
channels has a different beam resolution, the maps are
deconvolved by the corresponding circularly symmetric
beam transform functions B; prior to the linear combina-
tion. The total power in the cleaned map at a given multi-
pole [ is then

. 1 m=1
C Clean — aCleanaCledn*. (4)
l Im Im
20+ 1 mzz_ l

Substituting Eq. (3) in Eq. (4), we obtain
Cflem = W,C W, (5)

where the matrix él is given by

e gine
BIBI BIBT*
=] | (©)
C"wnfl é;lcnc
B;,(. B,I . . B:‘"B;’(

W, is a row vector describing the weights for different
channels,

W), )

and C’?b is the cross-power spectrum between the ath and
bth channels,

m=l _a _ b* a ,b m=l _a _b*

A aj.a asya aj.a
Cab — Im~™Ilm _ 1010 + 2Re Im™Im 8
! m;lzl+1 20+ 1 lezzH ®

By construction, the matrix ¢ ; is symmetric. If we denote
the total non-CMB contamination at channel a by af, =
B”a m T apy, then using Eq. (2) we can simplify the ex-

ab

pression for B B,, as
é?b — 1 rfl (B?afm + ('_l?m) (Bbalm ﬁlbr:)
B?Bf’ 20+ 1 &, B{ Bf’

_ C"w}v + C",;zb(junk))

PHYSICAL REVIEW D 78, 023003 (2008)
where
=l -q =bx 1 = b =] =
— mz alma?m + mz alma?m + Z almalm
~ 2]+ 1 ~ 2]+ 1 &~ 2]+ 1’
m=—1 m=-1 m=-1
)]

for all values of a and b. Now using Eq. (5) we obtain

é 7h(junk)

GOl = CIW,epel WT + W,CM™NMW!, (10)
where e is a column vector with unit elements
1
eo=1|"1 (11)
1
The CMB signal power in the cleaned map is kept unal-
tered by imposing the constraint

Wie, = e]W/ =1, (12)

on weights w{. Using Eqgs. (10) and (12), the total power at
a multipole / in the cleaned map is

CGem = € + W, O™ W (13)

Thus the CMB signal power is only an additive positive
constant in the expression of the total power of the
weighted map. Hence, choosing weights that minimize
Clean 4150 minimizes the combined contamination coming
from foreground, detector noise, and a chance correlation
between the CMB and the non-CMB components. It may
be shown, using the Lagrange multiplier method, that
minimizing C$'** subject to the constraint Eq. (12), gives
the following expression for the weight factors [17,25],
TH—1
W, =G (14)
€y Cl €
Following Eqgs. (5) and (14) we can express the power in
the cleaned maps neatly as
1

Clean = TC e (15)

Equation (15) is valid for the estimation of the autopower
spectrum of a cleaned map obtained using a global method
of foreground cleaning. However, as discussed later, we
estimate the power spectrum using cross correlation. In this
case Eq. (15) does not remain valid. The numerical imple-
mentation also involves an iterative method of foreground
cleaning and application of a sky mask before power
spectrum estimation. These effects are also not incorpo-
rated in Eq. (15).

We note that in certain cases C; may be singular. This
may happen if the number of channels is more than the
number of unknown components, assuming negligible de-
tector noise. In this case it is useful to employ the Moore-
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Penrose generalized inverse (MPGI) of él in the above
expressions for the weights and cleaned power spectrum.
The MPGI is well defined even when the matrix é, is
singular.

The generalized weights and cleaned power spectrum
are then given by

. elC}
1= (16)
eOCl €y
A?lean — Al , (17)
elCle

where (Ajf is the MPGI of C ;- A detailed derivation of the
generalized weights and cleaned power spectrum is given
in Appendix A.

B. Implementation on WMAP data

We use the “raw” DA maps (i.e., that have not under-
gone any foreground cleaning process) both for the WMAP
I-year and WMAP 3-year data release from the LAMBDA
website. These maps follow the HEALPIX' pixelization
scheme at a resolution level N4 = 512 corresponding
to approximately 3 X 10° sky pixels. During spherical
harmonic transform of these maps, we restrict ourselves
to a maximum multipole, /,,,,, = 1024.

The spectra of foreground emission components as well
as their amplitudes depend on the location in the sky.
Therefore, foreground removal becomes more efficient
by allowing the weights to depend on the sky parts rather
than using a single set of weights for the entire sky [11,18].
We partition the sky into a total of r = 9 regions, depend-
ing upon the level of foreground contamination, following
[18] with minor variations.> We describe our sky partition-
ing method, which depends upon the level of foreground
contamination, in detail in Appendix B. An alternative
approach may be to partition the sky based upon the
information about the spectral index variation of the fore-
ground components.

All the sky regions obtained by us are similar to those
obtained in [18]. However, instead of forming a single
cleaned map by combining averaged DA maps for each
of the frequency channels as in [18], we form 48
foreground-cleaned maps taking different possible combi-

"For a comprehensive description of HEALPIX, we refer to [26—
28].

;A]though this scheme is found to be effective, it is possible to
envisage other schemes such as those that make foreground
contamination in each part closer to the rigid scaling approxi-
mation. The emission pattern, g(6, ¢, v), of a foreground com-
ponent satisfying the rigid scaling approximation follows
g0, &, v) = g(0, p, vy)f,, with f, =1 for v = v,, where v,
is a reference frequency. In an ongoing study we have inves-
tigated and demonstrated improvement in foreground cleaning
for different levels of partitioning [29].

PHYSICAL REVIEW D 78, 023003 (2008)

nations of DA maps. These maps are labeled as Ci and CAi
wherei = 1, 2, ..., 24. The detailed nomenclature of these
48 maps is given in Table 1 of [21]. For all bands, except
the W band, we use data from individual DAs, since at
most two different DAs are available per band. For the case
of the W band we have four different DAs and we use
averaged maps of two DAs. This reduces the contamina-
tion in any particular cleaned map. Let Q1 (V1) and Q2
(V2) denote the maps corresponding to the two Q (V) band
DAs and Wnm denote the averaged map of the DA n and m
for the W channel. The cleaned map C1, for example, is
obtained by a linear combination of the K, Q1, V1, W12
maps. Here W12 denotes the averaged map for the first and
second W band DAs. Similarly, the cleaned map CAl is
obtained by a linear combination of KA, Q1, V1, W12
maps. We defer a discussion about the philosophy of
forming several cleaned maps till Sec. I1I. For each combi-
nation we perform foreground cleaning in an iterative
fashion following the method described in [18]. The entire
cleaning procedure of all the 48 maps is automated.

We note that the weights given by Eq. (14) are such that
they tend to weigh the maps in an inverse-noise variance
manner at large /. One can easily see this using Eq. (14),
considering for simplicity only 2 channels. Assuming that
the noise is uncorrelated between two detectors and effec-
tive (beam-deconvolved) detector noise dominates over
other components at large /, the weights for the 2 channels
are given by

(1/N9)
(1/N}) + (1/N3)’
(18)

(1/N})
(1/N}) + (1/N})’

Al ~y
w = wr =

where N} and N7 are the beam-deconvolved noise power
spectra of the two maps. At large /, due to inverse-noise
weighting, the weights for all channels are negligible com-
pared to the highest resolution channel. We explicitly
confirm this with our numerical simulations. For WMAP,
the W band has the highest resolution. Hence, while all DA
maps contribute at low /, only the W band survives at high

-0.516 =———

sesssssss +().536

FIG. 1 (color online). The figure shows cleaned map CAS
using WMAP 3-year data. There is some residual foreground
contamination near the galactic regions.
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FIG. 2 (color online).
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The left panel of the figure shows the weights for the cleanest region for the combination KA, Q1, V1, W12.

The weights W, W,, W3, W, correspond to the channels KA, Q1, V1, W12, respectively. The right panel shows the weights for the
same combination but for the second cleanest region. At low multipoles foregrounds dominate. Therefore, weights take large positive

and negative values to subtract foregrounds.

[. This results in cleaned maps which have the same
resolution as the W band.

In Eq. (7) the weights could have numerical errors if the
matrix C; becomes ill conditioned at specific values of /.
Hence, in practice, the numerical implementation obtains
weights using the ¢ ; matrix smoothed over a range of
Al = 11 prior to inversion.

The cleaned map CA8 for WMAP 3-year data is shown
in Fig. 1. There is some residual foreground left in the
galactic plane as seen in this map. We apply the Kp2 mask,
supplied by the WMAP team, to flag the contaminated
pixels near the galactic plane. Therefore, these residuals
do not affect our final estimated power spectrum.

The weights w; are shown in Fig. 2 for one of the cleaned
maps (CA1) for the cleanest and second cleanest regions.
For low [ where the diffuse foregrounds are dominant, the
weights take large positive and negative values to subtract
the foregrounds. At large / the maximum weight is given to
the W band channel since it has the highest resolution.

III. POWER SPECTRUM ESTIMATION

In this section we describe our procedure for estimating
the power spectrum of the WMAP CMB signal. The power
spectrum is obtained by cross correlating the 48
foreground-cleaned maps, C1, C2, ..., C24 and CAl,
CA2, ..., CA24. We also describe our method for estima-
tion of the residual unresolved point source contamination.

A. Cross-power spectrum estimation using foreground-
cleaned maps

We estimate the CMB power spectrum by cross corre-
lating pairs of foreground-cleaned maps. In order to re-
move detector noise bias we cross correlate two cleaned

maps which do not have a common detector map. For
example, cross correlating the two cleaned maps C1 and
CA12, obtained from the individual maps (K, QI, VI,
W12) and (KA, Q2, V2, W34), respectively, yields a power
spectrum with substantially reduced detector noise bias.’
The WMAP-supplied Kp2 mask is applied to each of the
cleaned maps prior to cross correlation in order to remove
residual contamination from the galactic region and re-
solved point sources. Using all 48 cleaned maps we obtain
a set of 24 cross-power spectra [21], shown in Table II. We
note that the WMAP team also used cross correlation of
independent DA maps to remove detector noise bias from
their power spectrum [10,12]. The alternative to cross
correlation is to use autocorrelation and use a detector
noise model to remove bias from the power spectrum. In
the autocorrelation case the detector noise model uncer-
tainty affects the mean of the cleaned power spectrum,
whereas the cross-correlation method is advantageous
since the power spectrum is not affected by the uncertainty
in the noise model.

We estimate the 24 full-sky power spectra using partial-
sky spectra following the MASTER method [10,30,31].
The basic idea of the MASTER method is that removing a
sky region effectively introduces uneven weighting of the
pixels. Those removed have effectively zero weight and the

*In [18] a single foreground-cleaned map is obtained by
linearly combining 5 maps corresponding to each of the different
WMAP frequency channels. For each of the Q, V, and W
frequency channels, where more than one DA map is available,
an averaged map is formed using all the DA maps for that
channel. However, averaging over all the DA maps in a given
frequency channel precludes any possibility of removing detec-
tor noise bias using cross correlation, as one obtains only one
cleaned map at the end.
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TABLE II. List of all the 24 cross-power spectra using the 48 cleaned maps, C1, C2, ..., C24 and CAl, CA2, ..., CA24.
Cl ® CAl12 C2® CAll C3 ® CAIO C4 ® CA9 C5® CAS8 C6 ® CA7
C7 ® CA6 C8 ® CAS Co9® CA4 C10 ® CA3 Cl1 ® CA2 Cl12 ® CAl
Cl13 ® CA24 Cl14 ® CA23 C15® CA22 C16 ® CA21 C17 ® CA20 C18 ® CA19
C19® CA18 C20® CA17 C21 ® CAl6 C22 ® CAl5 C23® CAl4 C24 ® CA13

rest have unit weight. Weighting a map in pixel space
induces correlations between neighboring multipoles.
The correlation of the multipoles is described by the cou-
pling matrix which is determined by the geometry of the
sky coverage. Moreover, the partial-sky power spectrum of
such a map has a lower bias because of the reduced cover-
age. The MASTER method removes bias from the partial-
sky power spectrum on the ensemble average by inverting
the coupling matrix.

We convert each of the 24 partial-sky cross-power spec-
tra to full-sky estimates using the coupling (bias) matrix
corresponding to the Kp2 mask. The small scale systematic
effects of beam and pixel smoothing are removed using
appropriate circularized beam transform [30] and pixel
window functions. The resulting 24 full-sky cross-power
spectra are then combined with equal weights into a single
“uniform average” power spectrum.4 There exists some
residual unresolved point source contamination in the uni-
form average power spectrum. We next describe the
method we used for removing this contamination.

B. Estimation of the residual, unresolved, point source
power spectrum

There have been several studies regarding the point
source contamination in the CMB maps [32-34]. We esti-
mate residual contamination due to unresolved point
sources in the uniform average power spectrum following
the point source model constructed by the WMAP team
[10,12]. After masking resolved point sources using the
Kp2 mask, the WMAP science team directly fits the am-
plitude A of the unresolved point sources following a
likelihood analysis using the cross-power spectra of the
template cleaned maps and a model CMB power spectrum.
The unresolved point source covariance matrix modeled by
WMAP is given by C‘I)S(“b) = cA(v,/vo) 2(v,/vy) % in
thermodynamic temperature units and for two different
frequency channels, a and b. Here A is the amplitude of
the unresolved point source spectrum in antenna tempera-
ture at a reference frequency v, and c,, is the conversion
factor from antenna to thermodynamic temperature. Using
the best fit value of A, the WMAP science team subtracts
out the unresolved point source contamination.

The residual unresolved point source contamination is
much smaller in our case since much of the contamination

“There exists the additional freedom to choose optimal
weights for combining the 24 cross-power spectra which we
do not discuss in this work.

is removed by our foreground removal method. Therefore,
we need to estimate unresolved point source contamination
in our cross spectra in a method different from WMAP. We
model unresolved point source contamination in the un-
cleaned maps by WMAP’s point source model with their
fitted values. Then we compute the residual unresolved
point source contamination in each of the 24 cross-power
spectra assuming that the residual unresolved point source
contamination has a statistically isotropic distribution in
the sky. Unresolved point source contamination in each
cross-power spectra is effectively computed by summing
up contributions from individual sky parts formed during
cleaning. As described in detail in Appendix C, our esti-
mate of the residual unresolved point source contamination
in a cross-power spectrum of the cleaned maps Ci and CA j
reads

pg(‘]) Z Z M”/

+ 3 S Mpwickwi, (19)

nn'n#n I

where M}/ "is the cross-coupling matrix of two masks 7, n’.

Here W7 and W/" are, respectively, the weight vectors of
Ci and CAj for the sky region n. The final residual un-
resolved point source contamination in the uniform aver-

140
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I(1+1)CPS/(2m)

40

20

0 g 4
0 100 200 300 400 500 600 700 800 900
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FIG. 3 (color online). The effective contribution from each of
the elements (a, b) of the matrix C}° (see text) in the total
residual point source estimation. The total residual unresolved
point source spectrum is also shown (blue filled diamonds).
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FIG. 4 (color online).
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The left panel shows 28 cross-power spectra obtained by the WMAP team’s 1-year analysis without removing

the unresolved point source contamination. The right panel shows our 24 cross-power spectra based on 1-year data.

age power spectrum is obtained by simply averaging over
all such 24 residual unresolved point source spectra.
Figure 3 shows the residual unresolved point source

contamination Y "=, M}, whe ?,S(“b)ﬁ/;‘,” for different
values of a, b after averaging over all the 24 cross-power
spectra, i.e., on (ij). The total residual unresolved point
source spectrum is also shown. The dominant contributors
to the total unresolved point source spectrum at large / are
the WW, VW, and VV combinations. This is expected
since the V and W bands share most of the weights at large
[ because of their higher angular resolutions. Weights are
negligible for K, Ka, Q bands in the large / limit, and hence
point source contamination from these bands is heavily
suppressed.

The WMAP team’s 1-year power spectrum is derived
from the 28 cross-power spectra which are available from
the LAMBDA website in the unbinned form. These 28
cross-power spectra are not corrected for the residual un-
resolved point sources. The point source correction is, of
course, applied before using these for power spectrum
estimation. Following the WMAP team’s 1-year bins we
compare these 28 cross-power spectra in Fig. 4 with 24
cross-power spectra (Table II) obtained from our own 1-
year results. These 24 cross-power spectra also are not
corrected for the residual unresolved point sources and
show very little dispersion compared to WMAP’s point
source contaminated cross-power spectra. The uniform

SWe note that the second term on the right-hand side of
Eq. (19) gives a negligible contribution to the total estimate of
the residual point source correction. This is a result of the fact
that weights are effectively determined by the detector noise in
the large ! limit. Two different sky parts have uncorrelated
noises. So weights from two different sky regions are uncorre-
lated at large /, making the second term much smaller compared
to the first term.

average power spectrum plotted in starred (green) points
in Fig. 5 has less excess power near the second acoustic
peak compared to a uniform average of WMAP’s 28 cross-
power spectra (filled circles in red). This merely shows that
we have removed some amount of point source contami-
nation at this range of / during our cleaning.

IV. COMPUTING ERROR BARS

We rely upon Monte Carlo simulation to compute the
error bars in the power spectrum. We generate synchrotron,
free-free, and thermal dust maps corresponding to different
frequencies in a given combination using the publicly

6000 ‘ ‘ ‘
o« WMAP average ——
ot Uniform average
5000 | WMAP final e
e
< 4000 |
n
Q
g 3000 E
*
= 2000 f
1000 f o,
/’\V‘O’%
0 L L L L \ )
1 10 100 250 500 750
Multipole, |

FIG. 5 (color online). Comparison of WMAP’s 1-year average
power spectrum (filled circles in red) with our binned power
spectrum without any point source subtraction (starred green
points). WMAP’s final binned power spectrum is shown by
unfilled blue circular points. Interestingly, the notch at [ =4
appears to be reduced in WMAP’s average power spectrum.
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from our simulation plotted with respect to the bin index for the WMAP 1-year (left

panel) and 3-year (right panel) analyses. The matrix is found to be dominated mostly by the diagonal elements.

available Planck Sky Model® (PSM). Each of the random
realizations of the CMB and foreground maps are con-
volved by the appropriate beam function for each detector.
Random noise maps corresponding to each detector are
generated by first sampling a Gaussian distribution with
unit variance. In the final step we multiply each Gaussian
variable by o /,/N, to form realistic detector noise maps.
Here o is the noise per observation of the detector under
consideration and N, the effective number of observations
at each pixel. These realistic maps with detector noise,
foreground, and CMB signal are then passed through the
cleaning pipeline. The error bars for our power spectrum
correspond to the standard deviation of the power spectrum
obtained from Monte Carlo simulations.

Because of the (Kp2) mask applied to remove potential
foreground contaminated regions, the neighboring multi-
poles become coupled. In the presence of detector noise,
correlation between neighboring C§ becomes stronger. The
covariance matrix <AC‘;AC}> = (3§ — (é,‘))(é; — <C';/>)>
obtained from simulations is therefore expected to have
nondiagonal elements. It is convenient to bin the power
spectrum in order to minimize the correlations and errors.
We have considered a binning identical to that used by the
WMAP team in their analysis. Let C‘a denote the binned
power spectrum. Then the covariance matrix of the binned
spectrum is obtained as (A@iAéZ,) = (€ —(CS)) X
(CA'fI/ - (é‘;})}. The standard deviation obtained from the

“We acknowledge the use of version 1.1 of the Planck refer-
ence sky model, prepared by the members of Working Group 2
and available at www.planck.fr/heading79.html.

diagonal elements of the binned covariance matrix was
used as the error bars on the binned final spectrum. We
also define a correlation matrix of the binned power spec-
trum using

o (ACACY)
VACHAC,)

(20)

wherein all the elements of this matrix are bound to lie
between [—1, 1]. In the left panel of Fig. 6 we show the
correlation matrix for WMAP 1-year simulations. The
right-hand panel of this figure is the corresponding plot
for the WMAP 3-year analysis. Both these matrices are
seen to be dominated by diagonal elements.

The results of Monte Carlo simulations of the fore-
ground removal and power spectrum estimation method
reveal a negative bias in the low [ moments. The left and
right panels of Fig. 7 show the existence of such bias from
110 simulations using PSM generated foreground maps
with WMAP 1-year and 3-year noise models, respectively.
The origin of this negative bias is explained in Sec. V. For
[ =2 and [ = 3 the bias is —27.4% and —13.8%, respec-
tively. However, this bias becomes negligible at higher /;
e.g., at [ =22, it is only —0.8%.

V. BIAS ANALYSIS

Although foreground cleaning is performed with the
constraint that the CMB power spectrum is preserved, the
method biases the final power spectrum. This section is
devoted to a discussion of the full bias in the method. In the
entire discussion that follows we do not treat foregrounds
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FIG. 7 (color online).
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The left panel (filled red circular points) shows the ensemble-averaged power spectrum from 110 Monte Carlo

simulations of our power spectrum estimation method. The simulations were carried out using the 1-year WMAP detector noise maps
available from the LAMBDA website. We use publicly available PSM to generate the diffuse foreground models. The recovered
spectrum is binned in the same manner as the WMAP 1-year power spectrum. The input theoretical spectrum is shown by the solid
(blue) line along with cosmic variance. The right panel is the same as the left but with 3-year noise maps. The 3-year noise maps were
generated following the method described in the text. The spectrum is binned using the binning scheme of the WMAP team’s analysis

of 3-year data.

as a stochastic component. Instead we consider them as
fixed templates in all the realizations. This is entirely
justified since we are interested in computing a
foreground-free CMB map rather than extracting informa-
tion about the distribution of the foreground from which
they are drawn. We discuss the bias in a few different cases
depending upon the rank of the covariance matrix él.

The existence of some bias is not difficult to anticipate
and understand. The method is intended to perform a
minimization of the foreground power spectrum which is
a positive-definite quantity. Unless the foreground cleaning
is fully effective at all multipoles, the minimization would
leave some residual foreground which naively would give
rise to a positive bias in the cleaned power spectrum.
However, it is very interesting that there exists an addi-
tional negative bias in the method. This negative bias is
strongest at the lowest multipoles and increases in magni-
tude with an increase in the number of channels that are
combined.

We carry out analytical calculations for bias assuming
that the entire sky is cleaned simultaneously. Our analysis
elucidates the generic features of the power spectrum
estimated using the foreground removal algorithm. A gen-
eralization of the analysis to the case of the iterative
method of foreground removal is straightforward, however,
with a complicated algebra. The analytic results in this
section are being presented mainly to get an understanding
of the origin of the bias and to verify simulation results.
The actual value of the bias is estimated by direct numeri-
cal simulations of the complete iterative procedure used for
power spectrum estimation, as described in Sec. IV.

A. Case: Rank (C{) =n,—1

In the signal-dominated regime one can ignore detector
noise from analysis. If detector noise is subdominant, the
rank of the empirical full covariance matrix is determined
by the number of independent components. Therefore, for
n; independent foreground components (all of which fol-
low rigid frequency scaling) and a CMB component, the
rank of the full covariance matrix is given by ny + 1. If the
number of bands 7. to be linearly combined becomes equal
to the rank, n ¢t 1, the full covariance matrix is of full rank
and hence invertible. In this section we are interested in
computing bias in the cleaned power spectrum when
rank(C{) = n. — 1. Such a case arises when n, > ny + 1.

Let the pth foreground component for channel a be
denoted by F{ (6, ¢)f%. Here, F{ (6, ¢) is the pth fore-
ground template based on frequency vy, so that fj = 1, for
frequency v,. The full signal map at the ath frequency
channel is given by

i
56, ¢p) = C(6, p) + > FL (6, ¢)fs. (21
p=1
Alternatively, in spherical harmonic space,
nj 0
aj, =a, + > foal. (22)
1

p=

The autopower spectrum of the ath channel
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L L ,
Co=Cl+2Y i + Y pare i, (23)
p=1 p.p'

where CE” P s the correlation between any two fore-
ground components p, p’, and CATE”’ 0 is the chance corre-
lation between the CMB and the pth foreground
component. The cross-power spectrum between two chan-
nels a, b is given by
1y 1y
Cir=Ci+ Y faCi + 3 e + Fb, o (24)
p=1 p=1

where the foreground covariance matrix

nf ,
Fi* = 3 faf e, (25)

p.p'

Introducing an explicit matrix notation, we write

1 1 ... 1
A PO I D A |
C1=Cf
1 . ... 1 (n,xn,)
1 1 1
A(sp)0
+ Z CISP P P P
p=l ne  pn,
Kfp‘ Ir o) n,xn,)
(1p 1} Iy
< ool fLOf e f
+ Y Pt
p=1 0 0 n,
Kp fo o Sp (neXn,)
2 In.
21 22 ne
+ Fl Fl cee FZ . (26)
nl  pn2 g,
F, F, .. F (n.xn,)
We define
1
Ty
Ap0 _ Alsp)O
gro—etrol Jo |, 27)
fr

Clearly, ff’ = R, 1, where R, , denotes the set of
real ny X n, matrices. The full covariance matrix can then
be written as

é[ = é‘;eonT + Al’ (28)

where A| = el + A,, A, = e )" + A;, A5 = F,isthe
foreground covariance matrix, and

1y
£ => 1" (29)
p=1

. £0
with fl = Rn{,,l‘

PHYSICAL REVIEW D 78, 023003 (2008)

We use Eq. (28) to compute the bias in the cleaned
power spectrum. On the ensemble average the cleaned
power spectrum, as given by Eq. (17), can be simplified
with the help of successive use of a set of theorems
reported in [35,36]. An extensive discussion of these the-
orems is given in Appendix D. Assuming a statistically
isotropic CMB sky we obtain the following expression for
the ensemble average of the cleaned power spectrum:

(€
r+1

(CT) =(C}) —n (30)
We easily note a few interesting aspects of the above
equation. First of all, there exists a negative bias. Second,
because of ~1/(2/ + 1) decay, this bias is important at the
lowest multipoles. Another important point to note is that
the bias depends on the underlying CMB power spectrum.
Therefore it is possible to remove bias in any given statis-
tically isotropic CMB model in this approach by construct-
ing an appropriately scaled estimator. Lastly, we find that
there is no foreground bias. One would naively expect that
the foregrounds would contribute a positive bias in the
power spectrum. However, this does not happen in this
case as the rigid scaling assumption, along with the con-
dition n. = ny + 1, ensures that a sufficient amount of
spectral information is available to remove all the fore-
grounds. The negative bias arises since the weights are
determined from the empirical covariance matrix in order
to take into account only the information available from the
observed data.

B. Case: Rank (C{ ) = n,

The rigid scaling assumption for the foreground con-
taminants considered in the previous section is at best a
reasonable approximation and is known not to be valid in
general. As mentioned in [9] a foreground component with
varying spectral index over the sky could be approximated
in terms of two templates, provided the variation is small
compared to the mean spectral index over the sky. A
stronger variation will need more than two templates for
reasonable modeling. In such a situation, if the number of
templates required for modeling all the foreground com-
ponents exceeds the number of maps available for a linear
combination, then C{ is of full rank. In this case a positive
foreground bias appears along with a negative bias. The
negative bias is similar to the previous case in that it
remains proportional to ;ﬁ?l Keeping aside the detector
noise for the moment, the ensemble average of the cleaned
power spectrum is given by

(€
2+ 1

(C§eamy = (C3) + +(1—n.) (31)

eg(le)’leo

A detailed derivation of the above equation is similar to
derivation of Eq. (30). Since C‘lf is of full rank and a
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FIG. 8 (color online).
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The negative bias in the extracted power spectrum at low [ is shown by the dashed (red) line in the left panel.

The bias-corrected spectrum is plotted in the solid (green) line. The input CMB power spectrum (dashed-dotted blue line) lies entirely
behind the solid line and is not visible. The right panel shows how well the analytic results for bias match with those obtained from
Monte Carlo simulations. The wiggly (red) line of this figure shows the magnitude of negative bias obtained from simulations. The

solid (green) line shows (I(I + 1)/2m)2C;/(21 + 1).

positive-definite matrix, the second term on the right
causes a positive foreground bias.

C. Noise and foreground case

The discussion in the last two subsections does not
consider any detector noise. We now consider the most
general case where we have both foreground and detector
noise. Following a method similar to that used in the
derivation of Egs. (30) and (31), we find that on the
ensemble average the cleaned power spectrum in this
case is given by

(C)
204+ 1°
(32)

(csem = ¢+ { JRRIEEN

AT TN
eg(C'lf ) leg

Here the foreground covariance matrix C{' need not be of
full rank. However, the foreground plus noise covariance

matrix é{ "N is assumed to have full rank.

We have carried out Monte Carlo simulations to verify
the analytical result given by Eq. (30). We perform simu-
lations of foreground cleaning using n, = 3 channels,
corresponding to 41, 61, and 94 GHz frequencies. The
foreground model consists of synchrotron and free-free
emission. Each of the foreground components is assumed
to follow arigid frequency scaling all over the sky. First we
generate synchrotron and free-free templates using the
PSM at the three different frequencies. Since these tem-
plates do not follow rigid frequency scaling all over the sky
(e.g., the synchrotron spectral index varies with the posi-
tion of the sky), we developed a method to regenerate rigid

scaling synchrotron and free-free templates at these three
different frequency channels.’

The left-hand panel of Fig. 8§, based on 1000
Monte Carlo simulations, shows that there exists a negative
bias in the cleaning method. For the assumed model of
foreground components with rigid frequency scaling, the
second term on the right in Eq. (30) contributes
—2(C3)/(21 + 1) as a negative bias. In the right-hand panel
of Fig. 8 we explicitly show that the magnitude of the
negative bias is exactly compensated by 2(C$)/(21 + 1).
The negative bias is important at the lowest multipoles and
becomes negligible at high /; e.g., the bias is only = 3 uK?
at multipole [ = 800. The bias-corrected spectrum plotted
by the solid (green) line in the left panel of Fig. 8 com-
pletely hides the dashed-dotted (blue) curve corresponding
to the input CMB power spectrum which is used to gen-
erate random realizations of the CMB maps.

VI. RESULTS

All the 24 cross-power spectra estimated using WMAP
3-year data prior to point source correction are shown in
Fig. 9. The uniform average of these 24 cross-power spec-

"For this purpose, we first note that for each component the

approximate normalization ‘/C;’ /C? remains roughly constant
for all /. Here C,23 is the synchrotron (or free-free) power
spectrum for frequency of 23 GHz and Cf is the synchrotron
(or free-free) power spectrum at any of the other three frequen-
cies. We generate a synchrotron (or free-free) template at the ath
frequency channel by scaling the 23 GHz template by the
number 4/C¢/C?*. This ensures that the emission for each fore-
ground component at different frequencies follows rigid fre-
quency scaling.
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FIG. 9 (color online). The 24 cross-power spectra for the 3-
year WMAP data are shown with the detector noise bias re-
moved. The solid (red) line with (blue) error bars is the uniform
average power spectrum.

tra is also shown in this figure. A similar figure for WMAP
1-year data is shown in the right panel of Fig. 4. Both the
figures are similar. However, for the 3-year data all the 24
cross-power spectra show very little dispersion till the
second trough. In comparison, the 1-year data show small
dispersion only till the second acoustic peak. This may be
explained due to the fact that the detector noise in the 3-
year data is effectively lower compared to the 1-year data.

Subtracting the residual unresolved point source con-
tamination estimated in Sec. III B from the uniform aver-
age power spectrum, we obtain the final CMB power
spectrum as shown in Fig. 10. The unfilled (blue) points

o
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FIG. 10 (color online). Comparison of the 1-year 4-channel
with that of the 3-year 4-channel power spectrum. The best fit
WMAP power spectrum is shown by the solid (black) line along
with the cosmic variance band. The bottom panel of this figure
shows the residual unresolved point source contamination for
both the power spectra.

PHYSICAL REVIEW D 78, 023003 (2008)

show the WMAP 3-year power spectrum and the filled
(red) points show the 1-year spectrum. Both of these
spectra are corrected for residual unresolved point source
contamination. In the lower panel of this figure we show
the residual unresolved point source contamination for the
1-year and 3-year data, respectively.

As shown in the lower panel of Fig. 10, residual unre-
solved point source contamination is less by about 50 uK?
in the 3-year power spectrum in comparison to the 1-year
power spectrum. This is because the WMAP-supplied 3-
year Kp2 mask removes more point sources than the 1-year
Kp2 mask. Also, the original /> dependence of the unre-
solved point source power spectrum present in the fore-
ground contaminated maps (as well as present in template
cleaned maps) is significantly reduced and becomes almost
independent of / at large / indicating that a significant
amount of point source removal is achieved during clean-
ing. In [22], we have shown that the residual point source
contamination is smaller than the contamination arising
from K, Ka, Q, or V bands and intermediate between V and
W bands.

We perform a quadratic fit of the form AT, = AT, +
a(l — 1y)? to the peaks and troughs of the binned spectrum
similar to WMAP analysis [37] using our point source
corrected 1-year and 3-year power spectra. For the 1-year
(3-year) power spectrum we obtain the first acoustic peak
at [ = 219.8 = 0.8 (219.9 = 0.8) with the peak amplitude
AT, =741 03 uK (74.4 £ 0.3 uK), the second
acoustic peak at [ =544 £ 17 (539.5 = 3.7) with the
peak amplitude AT, =48.3 = 1.2 uK (49.4 £ 0.4 uK),
and the first trough at [ = 419.2 = 5.6 uK (417.7 = 3.2)
with peak amplitude AT, =41.7*1uK (“41.4=
0.6 uK). The left panel (right panel) of Fig. 11 shows
the three different ranges of multipoles used to find out
the peak and the trough positions and their corresponding
amplitudes AT, using the 1-year (3-year) power spectrum.

VII. CONCLUSION

We have developed a procedure to estimate the CMB
power spectrum directly from the raw CMB data without
the need of foreground templates. The procedure relies on
the spectral dependence of the foregrounds and the fact that
the CMB signal is independent of frequency. We construct
foreground-cleaned maps by combining subsets of four
DAs out of the ten available from WMAP. These
foreground-cleaned maps are then cross correlated to re-
move the detector noise bias. We have successfully applied
this procedure to the WMAP data. In our analysis we find
that a relatively small contamination remains at large / due
to unresolved point sources. We have developed a proce-
dure to remove this contamination. The resulting power
spectrum agrees well with that obtained by the WMAP
science team.

A very promising feature of our foreground removal
method is that one can model the power spectrum of

023003-12



CMB ANISOTROPY POWER SPECTRUM USING LINEAR ...

6000
5000 | 1
St
< 4000 } ;
=
& 3000 | 1
S
+ 2000 } s3
S2 4
1000 1
0 . . . . . .
0 100 200 300 400 500 600 700
Multipole, |

FIG. 11 (color online).
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The left panel shows the three different multipole ranges used to obtain positions of the first peak, the first

trough, and the second peak from our point source subtracted power spectrum using 1-year WMAP data. Before fitting, the 1-year
power spectrum was binned in the same manner as the WMAP’s binning. The box error bars are used to indicate x and y error bars. The
right panel shows the same figure but using the WMAP 3-year data. A correction due to residual unresolved point sources was

performed prior to fitting.

residual contamination analytically. We have presented an
in-depth study of such residuals for single iteration clean-
ing using the autopower spectrum of the cleaned maps.
These residuals can be modeled by the empirical fore-
ground and noise covariance matrix. We have also shown
that there exists a negative bias in the power spectrum
which is strongest at the lowest multipoles. This negative
bias is directly determined by the underlying CMB power
spectrum. Hence, as long as the negative bias is not very
large, we may estimate it by using the extracted CMB
power spectrum.
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APPENDIX A: ANALYTIC DERIVATION OF
WEIGHTS AND CLEANED POWER SPECTRUM

The main idea behind the blind foreground cleaning
method used here is entirely based upon the minimization
of total power in the cleaned map in multipole space [18].
Weights for different channels are obtained by minimizing
the total power €7 of the cleaned map. However, we
ensure that the CMB angular power spectrum is conserved
during cleaning by imposing the constraint W,eoeg WZT
1 on the weights. The solution for the weights that satisfy
these conditions is the point in weight space where normals
to the functions f(W,) = W,C,W/ and g(W,) = W,e, are
parallel to one another. Following Lagrange’s multiplier
method, this is equivalent to minimizing

W lélwf - /\W[eo.

(AD)

Here A is the unknown Lagrange multiplier parameter
which can be determined by the variational principle. At
the extrema, the expression in Eq. (A1) is unchanged under

small variations in Wz leading to
AW[CZWZ + WICIAWIT - /\AWleo = 0. (A2)

Since the power spectrum matrix ¢ ;1S a symmetric matrix,
the first two terms of the left-hand side are equal to one

another. Hence we obtain
AW[2C,WT — re,] = 0. (A3)

Since this relation is true for any arbitrary variation AW,
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we obtain

2C,W! — dey = 0. (A4)

We now multiply both sides of the above equation from the
left by C,G;, where G; is the MPGI of C;. Using the
condition of the MPGI, C; = C,G,C,, we obtain

2CIWIT - Aéléle() = 0.

Usmg Egs. (A4) and (AS) we find that ey = C,G e, where
C,G, is the orthogonal projector on C(C ,) This implies that
e € C(C)). If we multiply Eq. (A4) by G, from the left, we
obtain

(A5)

2Glé[WIT - )\Gleo =0. (A6)
Since the matrix C ; 1s symmetric, using the conditions of
the MPGI, one can verify that G; is also a symmetric
matrix. Using one of the defining properties of the
MPGI, namely, that C;G; is Hermitian, we obtain

€6, =6, (A7)
ie., G, and C; commute. Using this condition in Eq. (A6),
we obtain

2C,G,WI — AG e, = 0. (A8)
We note that if W/ € Null (C)), i.e., if C;W] = 0, then the
total power in the cleaned map, W,é,W,T, vanishes.
Therefore we require that the weights satisfy WZT &
Null (C)). If we decompose W in terms of two compo-
nents W1, € Null (C;) and W}, € C(C)), then it is easy to
see that the total power in the cleaned map is determined by
the W%, component, i.e., W,C;W! = W,,C,WZ,. In other
words the null space component, W, does not have any
effect on the cleaned map power spectrum. Us1ng the
condition ey € C(C,), we note that el W! = eOW

el W1, = eI W1, = 1 since ] W1, = 0. Thus W5, satlsﬁes
the condition required to preserve the CMB component in
the cleaned map. For this reason we consider only the
component of weight that lies on C(C,) and ignore any
component that belongs to Null (C;) in the following dis-
cussion. Effectively this implies that W/ € C(C,). Since
W’ € ¢(C,) one can show that

C,GW =W (A9)
Using this relation in Eq. (A8), we obtain
~r A
Wl = EG,eO. (AIO)

Multiplying both sides of the above equation from the left
by e] and using eJ W/ = 1, we obtain

2
A= —f—. (A11)
egGleo
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Using Egs. (A10) and (A11), we obtain

AT GleO

, (A12)

egéleo )
The corresponding power spectrum of the cleaned map is
given by
a A 1
WZCIWf = A’

Al3
e Geg ( )

where we have used the first condition of the MPGI,
G,C,G, = G,. Equation (A13) has an interesting property.
It remains valid even when the full covariance matrix C ;s
singular. A singular full covariance matrix is encountered
in the noiseless case (or numerically, the very low noise
case) when the effective total number of foreground and
CMB components becomes less than the number of bands
available for the linear combination. If C ; 1s not singular
we can replace G, everywhere by é,_ ! This is because the
MPGI of a nonsingular square matrix is its inverse.

APPENDIX B: PARTITIONING THE SKY

An important advantage of our foreground cleaning
procedure is that we can allow the weights to vary with
sky positions as well as with the multipole moment. To
allow the weights to vary with sky positions, we can
partition the sky into several regions depending upon the
level of foreground contamination. (Alternatively, the par-
titioning could be done directly using the knowledge of the
expected spectral index dependence on the sky.) We fol-
lowed the procedure of [18] to partition the sky. Each of
these partitions is identified with a sky mask. The mask
values are nonzero within the sky partition and zero out-
side. In this section we describe the procedure of construct-
ing these masks.

There are 2 DAs for the Q band, 2 for the V band, and 4
for the W band. To make the masks we first average all the
DA maps for a given frequency band. Correspondingly, we
average the beam functions for each frequency band. For
the K and KA bands there is only one DA in each case.
Therefore, for these bands no averaging was done. We
smoothed all five maps (e.g., K, Ka, Q, V, W) by the
resolution function of the K band, which has the lowest
resolution. We obtained four difference maps, W-V, V-Q,
Q-K, K-Ka, out of these five smoothed maps. The smooth-
ing was performed by first obtaining the a;,, coefficients.
Since each averaged map was effectively smoothed by the
averaged beam function (corresponding to each channel)
during the observations, we first remove the beam effect.
Then we smooth each map by the common resolution of
the lowest frequency band. Mathematically, the difference
maps are obtained as follows:

BX BX
i =l g~ ah g ®1)
[
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_ BX BX
V-0 _ v Z2I o 2
a,, = = a,, =y~ Q5,5 (B2)
m mB}/ mBlQ
_ BX
al K = alQmB_lQ —af (B3)
]
_ BX
allin KA — K KA ~1 (B4)

=a; —a; —Zi-
Im Im BIKA

The a,;, are converted to difference maps using the
HEALPIX supplied subroutine alm2map.

Next we construct a junk map out of these four differ-
ence maps assigning at each pixel the absolute maximum
value among the four difference maps. We down-sample
the junk map using the HEALPIX supplied program
udgrade to a resolution of N4, = 64. We identify seven
different sky mask partitions from this low resolution junk
map after applying cutoffs corresponding to the following
temperature thresholds (in wK): 7> 30000, 30000 =
T>10000, 10000 =T > 3000, 3000 =T > 1000,
1000 = T > 300, 300 = T > 100, and T < 100. The par-
tition 7 > 30000 is maximally contaminated by fore-
ground emission. The second dirtiest partition is disjoint
on the sky, and we use three separate masks corresponding
to this partition. The resulting nine masks are then con-
verted back to the HEALPIX resolution N4, = 512 using
the udgrade routine of HEALPIX. Next we smooth each
mask using a Gaussian beam of FWHM 30’ and redefine
smoother mask boundaries at the threshold of 0.5.® In this
case we find that almost the entire sky is covered by the
nine masks (except for a few pixels in the sky).

To convert the second dirtiest region into three mask
files, we upgrade the N4, = 64 resolution map to the
Ngge = 512. Then using the mollcursor facility, we
find out the extension in galactic 6, ¢ coordinates of the
three different parts of the second dirtiest region. We then

8We find that if we smooth them by a Gaussian function of 2
degree FWHM (as mentioned in [18]) and then define the
boundaries at the threshold of 0.5, the resulting nine masks do
not cover the entire sky. In that case there are some regions near
the galactic plane which do not belong to any of our nine masks.
Obviously, if such regions are not covered by any of the masks
and remain present in our final cleaned map, then the final power
spectrum will be contaminated by the foreground. Therefore, we
choose to use a Gaussian function of lower FWHM of 30’ for
smoothing. The reason why in our case masks smoothed by a 2°
Gaussian function do not cover the entire sky is clear. This is
actually dependent on the common beam function by which we
are smoothing each map before forming the difference maps. We
find that the masks near the galactic regions contain a few small
isolated regions. Therefore smoothing by a Gaussian with
FWHM as large as 2° gives this isolated small regions a
maximum value far less than unity; in fact, the maximum value
becomes quite near 0.5, the cutoff value, after smoothing.
Consequently, applying a cut of 0.5 removes a considerable
portion of these isolated regions, leading to some parts of the
sky not being covered by the masks.
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implement a method which determines the pixel index in
“ring” format for these three regions. Finally, we con-
verted them to three different masks at Ngy4. = 512. The
masks are then smoothed by the Gaussian function of
FWHM = 30’. We applied a cutoff of 0.5 to each of
them. The 8th, 7th, and 6th masks are numbered according
to the descending order of maximum pixel value in the junk
map at resolution Ny, = 512.

APPENDIX C: ESTIMATION OF RESIDUAL
UNRESOLVED POINT SOURCE
CONTAMINATION

In this appendix we first present a detailed analytical
method for computing the unresolved point source con-
tamination in the power spectrum from WMAP data. The
analytic approach assumes that at large / the weights do not
show significant fluctuations. Hence they are approxi-
mately the same for all random realizations. We demon-
strate the validity of this assumption by detailed analytical
calculations and Monte Carlo simulations.

Let us assume that al are the spherical harmonic co-
efficients obtained from cleaned map Ci or CAi, where i =
1,2,...,24,

ai, = Biaj, + Bial". (C1)

Here a‘;:fl) is the contribution due to the residual unre-
solved point source contamination. We do not consider
any detector noise contribution in this equation.
However, this does not imply any loss of generality, as
we wish to compute point source bias in the cross-power
spectrum where detector noise bias drops out. Also, we do
not include any residual diffuse foreground. In the high /
regime where point source contribution becomes signifi-
cant, the diffuse galactic contamination is entirely subdo-
minant and thus is not of concern.

We assume a statistically isotropic model of the residual
unresolved point source distribution over the sky. The point
sources are uncorrelated with the CMB. On the ensemble

average a partial cross-power spectrum, Ci, obtained by
cross correlating cleaned maps Ci and CA j is related to the
full-sky CMB and point source power spectra as follows:

(Cily = Mup((Coy + (P P)BLBI 2. (C2)

Here, M,; is the coupling matrix corresponding to the Kp2

mask, CA'E’S("') is the estimate of the full-sky residual unre-

solved point source power spectrum, and B},Bﬁ, plz, denotes

the combined effect of beam and pixel smoothing. One
may rewrite the above equation as

o MGNETY

() = ”—J;> — (P, (C3)

B}B; p;

The next task is to obtain the estimates C‘fs(ij) themselves in

each cross-power spectra. To compute them, let us assume
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that f1(6, ¢) is the residual point source function present in
the ith cleaned map. If g,,(6, &) is the point source residual
present in the nth sky part, we have

116, ¢) = Zgn(e ).

n=

(C4)

After expanding both sides in spherical harmonics, we
obtain

aj,, = Z ag,. (C5)
n=

The partial-sky unresolved residual point source modes

could be written in terms of the full-sky modes using

an, = ZM Ll (C6)
We note that aj , represents the residual point source
contamination in the entire cleaned map obtained after
the nth iteration which is obviously different from the
contamination, dj,, that is actually present in the nth sky
part. The symbol M}, denotes the mode coupling matrix
for the spherical harmonlc modes for the nth sky part [30],

2L+ DRI+ D217 + 1)71/2
M = Zwl” (=1) [ ]

!"m" 4m

l l/ l// l l/ l//
X b
( 0 0 O )( m —m' m' )

where wj, are the spherical harmonic coefficients of the
nth mask. We can rewrite aj , in terms of the spherical
harmonic coefficients of the temporary maps obtained at
nth iteration as

(C7)

l’m Z al’ ’Wl/ ’

where W}“ is the weight for the ath channel at the nth
iteration for multipole /. Using Egs. (C5), (C6), and (C8)
we obtain

(C8)

i na Nna
A = Z D M Z Ly Wi

n=110m'

(€9)

Now using <CA"I"S(ij)> = m,,1<a1malm)/(21 + 1) we obtain

m=I

(€ Ps(u)> 21+1 Z Z z Z M M l” "

m==lnn'=11'm"I",m

X Z <a,/m/a’,’u“7fv;"v®§i}“ : (C10)

Because of beam deconvolution the effective noise of the
DA maps dominates over the unresolved point source
contamination at the large / regime. Hence weights become
entirely determined by the noise level of the maps and
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asymptotically ([ — o) become constant for all realiza-
tions.” Using simulations of the cleaning procedure with a
realistic model of point sources and detector noise, we have
verified that the weights remain effectively unchanged
whether we use point sources or not. Also, weights are
uncorrelated with unresolved point sources, as they are
determined by the detector noise only. In this case the
residual unresolved point source contamination becomes

9
Z Z Z Mlml' ’Mlml”m
— n

m=I
CPS(ij)
< ! > 2l + 1 Z—l w'=110m"1l"m

X

Ma

(g, an e i),
1

(C11)

!

a,a

Now using isotropic distribution of point sources over the
Sky, ie., <Lll;,a,a;l,,a;(> = Cps(aa )8,/,//6,n/mu, where Cps(ab) 1S
the point source model as supphed by the WMAP team, we
simplify Eq. (C11) as

. m=1 9
<CIZ)S(IJ)> 21+1 :z Z Z Iml' ! lml’ !

% Z CP*(M) nawgz a' ! (C12)
which can also be written as
i m= 9
Aps(i] n’*
<Cll) > 2l T Z Z Z lml’ / lml’m’
X <W7,C§’,SW,? ) (C13)

Here, W/ is the row vector of weights for sky part z as in
Eq. (7). The elements of the point source power spectrum
matrix, C!*, are given by C?S(“b). We note that, in general,
point sources may not be perfectly correlated at all the
frequencies. The point source power spectrum assumed by
the WMAP team and used in this work assumes the ex-
istence of a single point source template which may not be
perfectly true. However, our point source correction
method can easily incorporate more detailed models of
the point source power spectrum.

The weights are asymptotically constant from realiza-
tion to realization. Hence one can approximate
(W,CPWT) as W,CPWT; i.e. one does not need to com-
pute the ensemble average. Thus we have (é?s(”) )=

@fs(ij), where

Small differences in weights from realization to realization
due to fluctuations in noise from the mean level are not a
concern. These fluctuations could be further suppressed by
computing the binned power spectrum.
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1
21+ 1

X z Z leml” lml”

m=—Ilnn'=11'm

Apsij) _
CE)%]_] _

Cpb

(C14)
Equation (C14) can further be written as
PS(IJ) psyi/n” 1
ZZMU’ hCr Wi TR
m=] I S ps 7/, T
X ( Z Z Z M;lml/m’M;lml’m/ ?’CI’ Wlfl )
m=—1n,n'(n#n") I',m'
(C15)

Here Mj, is the coupling matrix for the sky part n. The first
term on the right-hand side is computed by using the
formula for Mj, given in [30]. The last term can also be
further simplified. Using Eq. (C7) and properties of the

Wigner 3 jm symbol, we find

1 L Q@+
21+ 1 ZM;’ml’m’M;lml’m/ = A

mm’ I"m

1 l/ l” 2
X .
(o 0 0 )

This is easily written in terms of the cross-power spectra
!
wiit of two masks n, n’,

!
n In
w w
l//m// l///m///
" l//l ml//

(C16)

(21’ 1) 2(21,, n 1)Wl//

l//

1 l/ l// 2
X = M.
0 0 O

(C17)

1 .
20+ 1 ZM;lml’m’Mznl’ e
mm'

Here we have defined Mflf‘ as the cross-coupling matrix of
two masks n, n’. Using the above relation in Eq. (C15), we
obtain Eq. (19) which estimates the unresolved residual
point source contamination in the individual cross-power

spectrum.

1. Autopower spectrum

In this section we show, using Monte Carlo simulations,
that the residual point source bias in the autopower spec-
trum of the cleaned map can be modeled as W,C}*W! . To
estimate the point source bias we first obtain an analytical
model of the detector noise bias. This noise bias is sub-
tracted from the cleaned power spectrum. We also give an
analytical model of the point source bias.

The cleaned autopower spectrum obeys Eq. (32). Clearly
the positive bias is given by (1/e7(C/™") 'e,) which is
caused by the detector noise and foreground covariance
matrix of the map. In this appendix we are basically
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interested in studying point source bias. Since diffuse fore-
ground is not a concern at large /, we do not include it in
this study. Considering the second term on the right-hand
side of Eq. (32), we note that it is not possible to identify a
bias which solely comes from point sources. Another point
to note is that we know only the mean noise covariance
matrix Cf’ , not the empirical noise covariance matrix éfv ,
where C) = CcV + SCY and 8CV denotes noise fluctua-
tions. Therefore, we express (1/e](C/ ™) 'e,) in terms of
a mean noise covariance matrix and the foreground covari-
ance matrix. As we will see, such a simplification helps us
to obtain an analytical expression for the point source bias.
Keeping in mind that the WMAP detector noise level is
much larger than the point source spectrum, we simplify
(1/el (C‘lf *N)=lg,) analytically by expanding to first or-
der,'® in terms of Cfs(éfv)_l,

(€™M = (€M = (€N EN

Because of the low point source contamination relative to
the WMAP noise level, it is reasonable to assume that

(el (CV)~1C(CY)"ey)/ (el (CY)'ey) < 1. Expanding
to first order, we obtain

i) e i)
<e€(é‘{'+’v)‘1eo eg(éfv)ﬂ%

Wi
eg(é?’)ﬂeo

(C18)

AN
(C)) ey >
! AN — .
e5(C) ey
(C19)
We interpret the first term on the right-hand side as the
detector noise bias. The second term is the point source
bias. In the following subsections we recast these results in

terms of the mean noise covariance matrix. We also verify
our analytic expressions using Monte Carlo simulations.

a. Noise induced bias

We first turn our attention to the detector noise bias. We
estimate this term up to second order in C} (C))™!,

1 1
<e§(f3§v)'eo> - <65(C§V)‘leo
T(CNY-1SEN (VY1
« (1 n e, (C, )T 5[5:1_(1(:1 )" 'ey
eo(cl) €g
eg(CY) ' 8CT (€)' 8C(C)) !
el (C)) e
(eg<c7>'565v<c7>1e0>2)> 0
(ef(C))"eo) ‘

1%We note that we cannot use the Sherman-Morrison formula,
discussed in Appendix D, to decouple the foreground and
detector noise bias from the term (1/e] (C NMy=Te,) in a useful
form.
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The noise fluctuations are assumed to have zero mean,
(8CYy = 0. Hence the second term in the brackets van-
ishes on the ensemble average. Only the numerators of the
third and fourth terms in the brackets on the right-hand side
of Eq. (C20) are stochastic variables. On the ensemble
average the numerator of the third term becomes

(ef(C))18CT(C))18CY(CY) o)
= Z Cf\/aC;VbC;Vc<5éj\/(ah)565\7(b6)>’

a,b,c

where we have assumed that the noise covariance matrix of
WMAP is diagonal. We simplify the ensemble-averaged
quantities using Eq. (28) of [31]. If we consider a term of
the form (& éy(”b)c?é'ﬁv(”i)), then for uncorrelated detector
noises, the ensemble-averaged quantities will survive only
for the same pair, i.e., when (a, b) = (c, d). We further note
that

A=CNeCVba # b,

A 2
<5cN(““>={2lz+l [
l 21_+1Cl Cl a—b.

(C21)

Using the above relations the third and fourth terms in
the brackets of Eq. (C20) become

<e£ <C§V>-1667<C7>—1667(C,N>—1e0> _ (1 +n)

el (CN) e, 204+ 1°
(C22)
<(e§ (c)-tsc(cy )‘eo)2> _ 2 ©3)
(el (CN)"eg)? 20+ 1°

respectively. Using Egs. (C20), (C22), and (C23) we obtain

2042 —n,
20+ 1

1 1
<eg((§§v)‘1e0> el (CY) e (@
This enables us to compute the noise bias in terms of the
theoretical noise models. We verified this equation by
Monte Carlo simulations of 1000 noise covariance matri-
ces corresponding to WMAP V and W bands. The noise
maps used for computing these empirical noise covariance
matrices are obtained using a method similar to that dis-
cussed in Sec. IV. In Fig. 12 we show the difference
between the empirical noise bias (1/e] (CV)~Tey) and the
second-order analytical expression for noise bias, given by
the right-hand side of Eq. (C24). The difference is consis-
tent with zero. The large fluctuations at large [ are caused
by the beam deconvolution effect in the effective noise
covariance matrix.

b. Point source bias

Here we study the point source bias. We perform
Monte Carlo simulations using single iteration cleaning.
Besides CMB, the simulated maps contain contributions
from point sources and detector noise, generated using
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FIG. 12 (color online). The difference between the empirical
noise bias and the theoretical estimate of noise bias given in
Eq. (C24) for V and W bands.

WMAP’s detector noise model. We compute the
ensemble-averaged cleaned power spectrum (C'*) from
1000 such simulations. The validity of Eq. (C24) allows us
to compute noise bias in terms of the theoretical noise
covariance matrix and subtract this analytical result from
(CF'eamy - After correcting for noise bias we find that
(CSteamy — (1/e5(CV)Teg) (2L + 2 — n.) /(2L + 1)) still
has a residual positive bias at the multipole range [ >
400. This excess is a clear demonstration of the presence
of point source bias. The solid (brown) line in Fig. 13 is the
power spectrum, corrected for the noise and the negative
CMB bias of the form —Cj /(2] + 1). The excess is caused
by the point source bias. We analytically compute the point
source bias in terms of the theoretical noise covariance
matrix similar to Eq. (C24). Following a first-order expan-

6000
5000
L 4000 |
=
®
g 3000 ¢
Q
* 2000 |
1000 F =
Theory C; ---------
0 ‘ (Cleaned C+ ps bias ‘

100 250 500 750 1000
Multipole, |

1 10

FIG. 13 (color online). The autopower spectrum without cor-
recting for the residual unresolved point source bias is shown by
the solid (brown) line. The dashed (blue) line shows the theo-
retical CMB power spectrum.
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sion in C?*(C}’)~"! and a second-order expansion in terms
of 8C)(CN)~!, we obtain

<65(C§V)‘1 b (C))ley >
eJ(C) ey ' ef(C)) ey
. eg(Cé\IY1 ps (C?’)’leo 21
el(CN)ley ' el(CN)ley 21+ 1
tr(CP(CY) ™)
(21 + 1)(ef(C))"eg)

(C25)

We again verify the validity of the above expression
using Monte Carlo simulations. We compute the point
source bias from 1000 cleaning simulations using
(CFleany — €5 — 3 /20 + 1) — (1/eF(CN)eg) (21 + 2—
n.)/(21 + 1)), where Cj denotes the theoretical CMB
power spectrum. In Fig. 14 the circular (green) points
show the binned estimate of the point source bias from
simulations. The error bars plotted in this figure are valid
for the mean of 1000 simulations of random samples. The
starred (blue) points show the analytical estimate of the
point source bias computed from the right-hand side of
Eq. (C25). These two results match closely except at the
last two points. However, one can easily conclude from the
error bars plotted in this figure that differences between the
two lines at these two points are not significant. We inter-
pret these deviations as noise fluctuations.
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FIG. 14 (color online). The point source bias (W,CP*WT),
solid (black) line, and the approximation W,CPW/, wiggly
(red) line, for the case of the autopower spectrum of the cleaned
maps. The empirical point source bias computed by using
(CF™ = €} = Cj/ @21+ 1) = (1/ef(C))'eg) (2L +2 — n)/
(21 + 1)) is shown by the unfilled circular points (green). The
error bars are computed only for the term (I/el (CM)~ey)
without including the cosmic variance. All the data points are
binned following WMAP’s 3-year binning method. The analyti-
cal point source bias computed using Eq. (C25) is also shown by
the starred (blue) points.
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Given the large noise level of WMAP maps, one might
expect that (W,C?SWﬂ would be a good approximation of
the point source bias that is given by the second term of
Eq. (C19). In the limit C, — Cﬁv, applicable when noise
dominates at large / and point source bias is also signifi-
cant, these two terms are identical. Using the analytical
form of weights as in Eq. (14), we find that up to the first
order in C?séfv_l,

ef(CN) ! o ef(C))! >

eg(éfv)ﬂ% : eg(éfv)*leo

_q <e5(é7>IC?S<C§V)1eo>
2+ e (C) ey

(W, CIPWT) = (

€L (e @)1y,

2
20+ 1 (€26)

The last two terms in the above equations are negligibly
small compared to the first term on the right-hand side.
From simulations we find that these two terms contribute
less than 0.1 K2 to the point source residual when multi-
plied by the prefactor I(I + 1)/(27). The reason why these
terms become negligible is that, apart from a multiplicative
first-order term, CP*(C}) ™", the first term on the right-hand
side goes as C), whereas the last two terms go as C§ /(21 +
1). Indeed, the noise becomes much larger than the CMB
power spectrum at large / due to beam deconvolution,
making the last two terms insignificant compared to the
first term. In Fig. 15 we show the magnitude of the indi-
vidual contributions arising from the second and third
terms using 1000 Monte Carlo simulations of the cleaning
method. We use V and W bands in the simulations using
realistic WMAP noise levels and the residual unresolved
point source model. The dashed-dotted (red) line shows the
difference between the two terms which is less than
0.01 wK? or even smaller at / > 400. Hence it is justified

100
10 |
I 1
N4
S,
M 0.1 |
Qo
2 o0t}
s
~ 0001 |
1e-04 | .
16‘-05 I I I I 1
0 200 400 600 800 1000
Multipole,|

FIG. 15 (color online). The contributions arising from the third
(dashed blue line) and fourth (solid pink line) terms of Eq. (C26)
and their difference (dashed-dotted red line).
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to assume

ef(C) ™! s el (C))!
eg(é;\/)qeo : 38(67)7130

(W,CPWT) = < > (C27)
In Fig. 14 we show the point source bias computed using
(W,CP”*WT) by the solid (black) line. This matches well
with the starred (blue) points, justifying Eq. (C27).

The unresolved point source bias is then (W,C°W7).
Now we propose that the point source bias could also be
approximated as W,CP*W! ~ (W,CP*WT7). The reason is
that, at large [ where detector noise dominates, the weights
are entirely determined by the mean noise level. Therefore
weights become approximately constant from realization
to realization. Small fluctuations in weights due to noise
fluctuations are not important compared to the magnitude
of total point source bias (W,CP*WT). The advantage of
this method is that we can estimate point source bias in
terms of the weights which are the results of a cleaning. In
Fig. 14 we show how well W,CP*W/ (dashed-dotted red
line) matches with (W,CP**W7). This result is obtained
from 1000 Monte Carlo simulations of our cleaning
method using V and W bands.

2. Cross-power spectrum

In this section we show, using Monte Carlo simulations,
that a residual point source bias in the cross-power spec-
trum of the cleaned maps can be modeled as W} CP*W?'.
Unlike the autopower case, we do not present any analyti-
cal estimate of the point source bias in this section. A

6000 T T T T T :
5000
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Q
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1000 | .
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FIG. 16 (color online).

the cleaning method involving V and W bands is shown in the dashed (blue) line. The negative bias
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detailed analytical result for the cross-power spectrum
will be presented in a future publication.

The ensemble average of the cleaned cross-power spec-
trum is given by

91
20+ 1
+(WIC) WY,

(CFlamy = 5 +2(1 — n,) + (W] CPW?)

(C28)

Here W} and W7 are the weight vectors for the two cleaned

maps and C?’(lz) denotes a chance noise correlation in the
two sets of maps used to obtain the two cleaned maps. If
significant, the last term on the right-hand side may cause a
residual noise bias even in the cross-power spectrum.
However, using Monte Carlo simulations with WMAP’s
noise level, we do not find any noise bias in cross-power
spectra. Hence we ignore this quantity.

We study point source bias in the cross-power spectrum
using 1000 Monte Carlo simulations with realistic point
source and detector noise contamination. For simulation
purpose we use V and W channels with the following
cross-combinations, viwl2 ® v2w34, viwl3 ® v2w24,
viwld ® v2w23, viw24 @ v2wl3, viw34® v2wl2.
The ensemble-averaged cleaned power spectrum shows
the existence of a point source bias at the large multipole
range. The bias is clearly visible from the left panel of
Fig. 16.

The quantity (CS€a) — cy—2(1 - nC)ZIC—JZ] estimates
point source bias in the cross-power spectrum. In the right
panel of Fig. 16 we show this bias by the solid (red) line.

We also compute (W} CP*W?') using the weights from our
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200
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0
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Left panel: The point source bias at a large multipole range obtained from 1000 Monte Carlo simulations of

1—n,

sr++ C) has been removed before

plotting the dashed (blue) line to show the bias coming from the point source only. The solid (red) line shows the theoretical power
spectrum from which random realizations of CMB were drawn. Right panel: The point source bias computed from (CFeam) — c) -
2(1 — n.) % is shown by the filled circles with error bars (red). The triangular points (magenta) show point source bias computed
using (W!C™W?'). This shows excellent agreement with W} CP*W? computed from two arbitrary realizations shown by the plus
(green) and cross (blue) symbols.
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simulations. As this figure shows, the point source bias
estimates, (W] CP*W?') and W} CP*W?', from any two
randomly chosen realizations match well with one another.
Also, these quantities do not deviate significantly from the

. . £ Cle: c o
bias estimate (1) — C} — 2(1 — n.) 55 - This justifies
that the residual noise bias, (W} 67(12) W?'), is ignorable in
the cross-power spectra.

APPENDIX D: BIAS AT LOW [

In this appendix we derive Eq. (30). This derivation
requires frequent use of generalized Sherman-Morrison
formulas. In what follows we first state the generalized
Sherman-Morrison formulas and then use them to derive
Eq. (30).

1. Generalized Sherman-Morrison (GSM) formula
for rank-one updates

The results of this section are mainly based upon the two
papers [35,36]. In [35] analytic expressions for the MPGI
of rank-one modified matrices of the form M = A + bef
(notations changed) are reported. Here M, A are any m X
n matrices, i.e, MMAE€C,,,beC, |, and c €C, ;.
C,nn is the set of all m X n complex matrices, and (1)
denotes conjugate transpose. The motivation of the work in
[35] was to generalize the Sherman-Morrison formula

1
M- '=A"! —XA—lbcTA—1 (D1)

where A = 1 + ¢TA~'b in case of any arbitrary m X n
matrix A. The Sherman-Morrison formula given by the
above equation is valid only for square and nonsingular
matrices.

The main result of [35] is a set of formulas for the MPGI
depending upon the different set of conditions, namely,

(i) b€ C(A) and ¢ & C(A1),

(ii)) b EC(A)and ¢ & C(At)and A =0,

(iii) b € C(A) and c¢ arbitrary and A # 0,

(iv) b¢& C(A) and ¢ € C(A) and A =0,

(v) b arbitrary and ¢ € C(AT) and A # 0,

(vi) b€ C(A)and ¢ € C(At) and A = 0,

where C(A) represents the column space of a matrix A.

Later it was shown in [36] that it is sufficient to consider
five independent cases only. All these five different cases
are listed below along with a useful theorem regarding the
rank modification that occurs during the rank-one update
of the matrix A.

Theorem.—For given A € C,,, and nonzero b € C,, ;
and ¢ € C,, 1, let M be the modifications of A of the form
M = A +bcf andlet A =1 + ¢'A*b. Then
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rM)=r(A)—1eb€ECA), cECAT), r=0,
b ECA),c ECAT), A #0,
(M) =r(A) <= {beECA),cECAL),
b & C(A), ¢ € C(AT),
rM)=r(A)+1ebECA), cECAT), 1=0,

where r(M) denotes the rank of the matrix M. Analytical
expressions of the MPGI M* are given in [35,36] depend-
ing upon the five or six conditions that they find sufficient.
The expressions are of the form

M*=A"+G, (D2)

where G is a matrix obtained from only sums and products
of A, A", b, ¢, and their conjugate transposes. We do not
mention the explicit form of all the cases here. Instead we
give expressions for M* for those cases which will be
useful to us.

a. Case 1
If b € CA), c €CAT), A # 0, then

M* =A" — A ldet, (D3)
where
d =A'b, e=(A"tc. (D4)
b. Case 2
If b & C(A), ¢ & C(A1), then
Mt =A"—ku" —vth+ Aviu™, (D5)

where k = A"b, u= (I — AA )b, v=cT(I — ATA),
h =cfA*.

c. Case 3

In [36], a relation between MM™* and AA™, the unique
projectors on the column spaces of M and A, respectively,
is reported. If b & C(A), ¢ € C(AT), then

MM* = AA" — nleeT + v 1qqT, (D6)

where e = (A")Te, p =efe, v = AN + 0o, ¢ = fTf,
f=(I—-AA")b.

2. Analytic computation of the bias

The analytic computation of bias employs the general-
ized Sherman-Morrison formula and the relation between
orthogonal projectors mentioned in the above three cases.
Consider the previously stated expression for the covari-
ance matrix C;, Eq. (28). First note that e, & C(A;), f’ €
C(A;r ), so that this is identical to the conditions for case 3.
Furthermore rank(A;) = rank(A,) = n +» where n; is the
number of foreground components. However, when we
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consider matrix A, we see that £ & C(A,), e, & C(A;r).
So here the conditions of case 2 apply and rank (A,) =
rank (A,) + 1 = ny + 1. On the other hand, e, € C(A)).
Hence rank (C,) = rank (A,) = ny + 1. We now carry out
the analytic simplification of the expression for C¢'e®",

We first note that e, € C(A,). Therefore we are in a
situation where conditions of case 1 are apphcable Our
aim is to express Cle" = l/eOCl e, in terms of A . For
this purpose we simply need to express (o ; in terms of Al
using the GSM formula appropriate for this case. A
straightforward calculation gives

1

élCICan CX
A1 e0

(D7)
We next simplify 1/(e0 e, in terms of A3 . For this
purpose we express A1 in terms of A2 using the GSM. We

see that f) & C(A,) and ey & C(A}). Therefore the GSM
formula corresponding to case 2 is applicable and yields

Af=AF —ku® —vth+ Aviu”* (D8)

The vectors k and h are given by k = A; f? and h =
egA; , respectively. The Moore-Penrose inverse of the
other two vectors u and v can be computed following the
definition u™ = u'/||ul|, where |lu|| denotes the vector
norm. Thus we have

£7(1 — A,A7)
£7(1 — A, AN

. _ (I-A7Aje
eJ(I— AT Aye,
(D9)

+ =

After some algebra we find
1 BT AL
egAier 11— AA7)e

(D10)

We next notice that both the numerator and denominator
of Eq. (D10) contain the orthogonal projector AZAZ on the
column space of Az. At this stage we only need to reex-
press this term in terms of A3AJ, which is also an or-
thogonal projector on the column space of A;. We recall
that A, = A; + e f}. The foreground shape vector ! lies
on the column space of the foreground covariance matrix,
A;. However, the CMB shape vector is linearly indepen-
dent on the foreground templates. Therefore the shape
vectors follow, e, & C(A3), ¥ € C(A;r ). Thus the condi-
tions of case 3 are applicable. Following the notations of
[36], we obtain

ALA7 = AJAT —plee” + 7l lqq”.  (DI1)
To proceed further we need to express ee’ and qq”

terms of £9 and e,. We note that e = AT f) and q = e +
nf. Following the notations of [36], we see that f is the
component of e, on a plane orthogonal to the column space
of Aj, ie, f=(I— A;A7)e,. We obtain, after some
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BT AATE) = BT ARATE) — ()T AT

ol T ALY

+ n2(#" (1 — A3A] ey)?

+ 2AnET AT 1) (1 — A3AT )ep)).
(D12)

Although there are several terms on the right-hand side of
the above equation, we find that some of them drop out. We
note that f) € C(A;), so that (A;A)f) =f7. Hence

f7(1 — A5AT)ey = el (I — AADE) =0. We define
Yy = f)TAf). Using Eq. (D12) and » = A% + né, we
obtain the numerator of Eq. (D10) as
Y2
£O7(1 — AL ADE) = e (D13)
v

The denominator of Eq. (D10) can be computed in a
similar fashion. The result is

N A A 1
fO7(1 — A,A ey = —— Yo (D14)
v
Thus using Egs. (D10), (D13), and (D14) we obtain
1 N R
——— =Y = —fTA D15
elAle bt (D15)

The quantity (ﬁ} = —(f)T AT 1)) constitutes the nega-

tive bias in the cleaned power spectrum. Below, we further

simplify this term in terms of the rank of the foreground
covariance matrix Aj.

Simplification of the bias expression

We note that the elements of the foreground covariance
matrix are given by

'lf ,
Agh =3 fafbCrr, (D16)
pp

Also, the elements of the vector f'? denoting the chance
correlation between the CMB and all the foreground com-
ponents are given by
ﬂf
A A A(sp)O
o0 == &Pl (D17)
p
We rewrite the magnitude of the negative bias in terms of

the above matrix elements and components of the fore-
ground shape vector. After a little algebra we get

@A) ZA+“b<ZC(”’)O “”’“’)fpfb (D18)
pp'
Using CA‘E”’ V=% (a s aP%)/(21 + 1) and the fact that the
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CMB anisotropies are statistically isotropic, i.e.,
(aymayy) = C;8y 8, , we obtain

Aspoaspo\ _ G (pp)0

crC =——3»C . D1

pp'

Using Eq. (D19) and A% = 3" fafb,Ci""", we can
rewrite Eq. (D18) in terms of the following expression
consisting of the CMB and the foreground covariance
matrices,
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Cf +ab pab
21+1%A3 AL

(FTATE)) = (D20)

However, we observe that Y ,,A7%%A¢" = (AT Az) =
rank (A;) = n;. Thus we have

()
20+ 1

(CF'emy = (C5) — ny : (D21)

which is Eq. (30).
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