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We extend to curved backgrounds all flat-space scalar field models that obey purely second-order
equations, while maintaining their second-order dependence on both field and metric. This extension
simultaneously restores to second order the, originally higher derivative, stress tensors as well. The

process is transparent and uniform for all dimensions.
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I. INTRODUCTION

Recently, an interesting scalar field, ““Galileon,” theory
[1], inspired by the decoupling limit of the Dvali-
Gabadadze-Porrati (DGP) model [2] and its cosmological
consequences [3], was introduced.! (This model was pre-
viously proposed in [6], also in flat space, with a quite
different motivation.) Originally formulated in flat space-
time and dimension D = 4, its defining property was that,
while the action contains both first and second derivatives,
the equations of motion uniguely involve the latter. As
shown in Ref. [7], the simplest covariantization led to field
equations for the scalar 7 and its stress tensor that con-
tained third derivatives; fortunately, [ 7] also showed how to
eliminate these higher derivatives by introducing suitable
nonminimal, curvature, couplings. (This cure’s small price
was to break an original symmetry of the model, that of
shifting the first derivatives of 7 by a constant vector,
which is not meaningful in curved space anyhow.)
Although the phenomenological relevance of the nonmini-
mal terms has not been studied, [7] furnished a nontrivial
example of “safe,” purely second order, class of scalar-
tensor couplings. However, it was restricted to D = 4 and
involved rather complicated algebra.

In the present work, we will provide the transparent and
uniform basis in arbitrary D for this, a priori surprising,
nonminimal completion. To do so, the Galileon model will
first be reformulated in Sec. II; in particular, we will exhibit
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its simplest flat-spacetime properties. Section III will in-
corporate curved backgrounds, in D = 4 for concreteness.
This will illustrate how the new formulation leads very
directly to the original nonminimal couplings of [7]. The
final section completes our results by extending them to
arbitrary dimensions and backgrounds. Our results are
encapsulated in Eqgs. (9) for flat, and (35) for general,
background.

To define our framework more precisely, we will exhibit,
starting from a transparent ‘“‘canonical” flat-space action
with purely second-derivative field equation (but still un-
avoidably higher derivative stress tensor), a “minimal”
nonminimal gravitational coupling extension that simulta-
neously guarantees no higher than second derivatives of
either field or metric in both the field equation and stress
tensor in any D and background. We do not claim unique-
ness for this construction simply because one may add
infinitely many (rather trivial because irrelevant) terms,
all vanishing in flat space, that also avoid higher deriva-
tives. Examples include Lagrangians such as (any function
of) the scalar field times all Gauss-Bonnet-Lovelock or
Pontryagin densities, let alone plain scalar curvature.
Likewise, starting from a flat “noncanonical” version dif-
fering from ours by a total divergence, other nonminimal
terms would be generated. Finally, our aim being to avoid
higher than second derivatives, we will not discuss, for us
trivial, incidental first and zeroth order terms such as V(7).

II. FLAT-SPACETIME GALILEON

In Ref. [1] it was argued that the most general flat-space
action in D dimensions for a scalar field 7 whose field
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equations contain only second-order (but neither zeroth,
first, nor higher) derivatives is obtained by a linear combi-
nation of the following Lagrangian densities:”

Ly =Y elo)mtm,]

TgES,

X [artte@ 1 77-,%(3)/“ . 77-#«(;,)#”]’ €))

where indices on the scalar field will always denote (ordi-
nary or covariant according to context) derivatives, e.g.
Ty = T,y O 7., and o denotes a permutation of
signature e(o) of the permutation group S,, with n < D.
If this last inequality is not satisfied, the above Lagrangian
density (1) vanishes identically. Thus in four dimensions,
there are only four nontrivial Galileon Lagrangians (1)
beyond the nonderivative L, o) = 7 of Ref. [1]; they are
L) = 7, 7", acubic Lagrangian L3 = 7,7 Om —
w7, = 3,0 + totdiv (the one obtained in
the decoupling limit of DGP [2]), and L4 and L5 ):

Lo = (D7T)2(7TM7T'“) —2(07) (7 " ,)

— (7, )N, 7)) + 20w ), (2)

Lso) = (OmP (7, mt) = 3(0Om)* (7, 7t w,) — 3(On)
X (77, N7, wf) + 6(07) (77 7t 77, ,7F)
+ 2, P )y t) + 3w, )

X (m,mPrar)) — 6(a 7" 77, , TP AT )). 3)

The Lagrangian (1) can also be rewritten as

£(n+l,0) — Z E(a-)gﬂa(l)Vlg#aa)Vz . glu’(r(n)yn(»n"}l 77-’“1)
gES,

X (7, ,. T Ty ) 4)

Vopby V33t TV My

As we will see, the key to success will be to rewrite the
above Lagrangians in terms of the totally antisymmetric
Levi-Civita tensor. We first recall the identity

o)V o)V a(D)V.
Z e(o-)g.u (1) lg/-L (2) V2 .. glu’ (D)¥YD
g€Sp

= —8/L|M2~-MD8V1V2~~VD, (5)
valid for any space and dimension, using

1
———_slrsr sl (6)
VAR
where the square bracket denotes unnormalized permuta-
tions. From our two & tensors, it is useful to define the
2n-contravariant tensor A ,,) by contracting D — n indi-

gHhikrMp =

%In our notation, Ly, ) is a Lagrangian density that is a sum of
monomials, each containing products of n fields 7, acted on by
first and second derivatives, and p explicit occurrences of the
Riemann tensor. Note that Eq. (A4) of Ref. [1] equals n times our
Eq. (1).
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ces:

1
MMMy —
Al (D — n)!

X 8M2M4M6mﬂ2nV1V2~~VD—n' (7)

gMIMIMs - h2p—1 V1 V2 VD—p

The numerical factor 1/(D — n)! is introduced so that
A on) keeps the same expression in terms of products of
metric tensors in any dimension D = n. To further simplify
notation, we sometimes replace indices u; by their index i
whenever i <10 (but never larger, reinstating w; if
needed). For example, (7) now reads

A 1234... — 1

— 135..v1v5..vp_, ~246...
1 e
@n (D —n)!

P ()

Note that the tensor A, is obviously antisymmetric
upon permutations of the odd (1, 3, 5, ... ), as well as those
of even (2,4,6,...), indices. Also, we will only write
expressions containing A ,,) with all indices up, and we
will then omit those indices with the convention that lower
indices denoted by integers 1, 2, ..., 9 or by indices u; are
always contracted with the corresponding upper ones of
A (2. Hence, we will use a letter different from u to
denote indices that are not contracted with those of
A 2. It is now easy to see that the Lagrangian (1) can
be rewritten as

L (n+1,00 = _ﬂ(Zn)(ﬂ-l 7)) (T34 56775 - .. WMZHMH),

€)

while, for example, Lagrangians L, o) and L given in
Egs. (2) and (3) can be rewritten in the compact form:

= MMMV o ot
Lo BT AT  T p T pay T iy pay T s
= —A(e) T T2 T34 56, (10)
= —gMIM3H5MT o Mo g Lo Mg
‘£(5,0) & & Ty T oy Ty g T s g ™ paq s
= — AT Ty T34 T56T 73 (11)

Clearly, the field equations derived from (9) only contain
second derivatives. Indeed, first, upon varying the
Lagrangian (9) with respect to m, the twice-differentiated
term appearing there gives rise, after integration by parts,
to third and fourth order derivatives acting on 7, of the
form T 4 1 and T o ey BUL ANy expression of the

form A, 7 or A, vanishes identi-

Ml Mg Ml Mg g

cally, because flat-spacetime derivatives commute and
such an expression contains at least two indices among
{i, j, k} having the same parity and, hence, contracted with
the same epsilon tensor arising in the definition of A ,,).
So not only does the Lagrangian (9) lead to equations with
at most second derivatives, but it also means that when a
term with a twice-differentiated 7 is varied, one must
distribute, after integrating by parts, its two derivatives
onto the 77y and m, terms. Similarly, when either single
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derivative factor is varied, that derivative must land only
on the other, yielding the only contribution, 7r,. Hence,
as announced, the field equations arising from the variation
of (9) contain only second derivatives. They read
(n + D€ +1,0) = 0, where

i=n
Ewrg == 2. el [Tm*0,,
i=1

gES,

= Ay T12T34Ts6- .. T (12)

Mon—1M2n"

III. GALILEONS IN D = 4 CURVED SPACE

In Ref. [7], it was noted that minimal covariantization of
(1), just with covariant derivatives (still omitting semi-
colons),

— /de«/—gﬂ(zm(Wl T T TGI8 - Ty, )
13)

led to third derivatives of the metric, as gradients of curva-
tures, in the field equation, as well as to third derivatives of
7 in the stress tensor. This is not very desirable, due to the
well-known stability problems caused by higher deriva-
tives in both scalar and gravitational sectors: More initial
conditions would have to be specified, and in some back-
grounds, new excitations might appear. Note that these
problems arise as soon as the Lagrangians (1) contain a
product of at least two twice-differentiated 7’s, as will be
seen in detail in Sec. IV. For example, in D = 4, this is the
case for {L ), L(s0)}, but not for {L0), Li30)}. A way
out was provided in [7] where it was shown that, in D = 4,
there exists a unique (in the minimal sense explained in the
Introduction) nonminimal term that removes all the third
derivatives arising in both variations of the action: the field
equations and the stress tensor. Indeed, adding the
Lagrangians L ;) and Ls ),

Ly = (mym)m,[R* — 3¢#"Rlm,,  (14)

Ly = —3(77,\77’\)(77#77,,77,,01?“”””) — 18(m, m")

X (7, 7R, ;77) + 3(7,,m#)(O7) (7, R ,)
15
+ 7(77'#77“)(77,,77”/377[,)R + totdiv, (15)

respectively to L and L0, we obtain covariant
Galileon actions whose field equations contain derivatives
of order lower or equal to two, both in 77 and metric
variations. We now show how the nonminimal terms
L) and L5 ) can easily be obtained using our general-
ized form (9). To match the expressions for L,y de-
rived below, a total derivative must actually be added to
Eq. (15), namely 3 times Eq. (18) of Ref. [7], which reads

PHYSICAL REVIEW D 80, 064015 (2009)
totdiv = 3(7, 7*) (7, 7" )(7,,RP7) + 12(7r, ")
X (7, m"PR,,77) — %(WMWM)(’/'TV’ITV)(D’F)R
— 6(m, ") (7, 7" ,)R. (16)

Let us first consider L), and vary its action with
respect to 7. Denoting it by 6, L5, we have

0nLs0) = —2A %) 0T Ty T34 56773
— 3 A (5) T T 0T34 5673, (17)

where the coefficients 2 and 3 are easily obtained by a
renumbering of the dummy indices w;. Upon integration
by parts, we see that the first term in the right-hand side
above cannot possibly lead to derivatives in the field equa-
tions of order higher than two, because such terms could
only (after integration by parts) lead to third-order cova-
riant derivatives acting on 7. But we know by construction
that third derivatives are absent in flat spacetime; hence
they can only lead, in curved backgrounds, to terms pro-
portional to (undifferentiated) curvatures times a first de-
rivative of 7r. The highest order derivatives appearing in
such a product are obviously of second order and act on the
metric. Hence, the only term which can potentially lead in
the equations of motion to derivatives of order higher than
2 (we will call those terms “‘dangerous’ in the following)
is

87Ls0) ~ =3 A )T T 035673, (18)

where a tilde will mean that we only write the dangerous
terms and omit the others. Note that no dangerous terms are
generated by varying the volume factor ,/=g in the action,
so we may henceforth work at Lagrangian density level and
allow integration by parts when writing expressions con-
taining the ~ symbol, with the understanding that such
expressions might differ by a total derivative. When inte-
grating the term on the right-hand side of the above equa-
tion (18) by parts to obtain the 7 field equation, we see, for
reasons similar to those given above, that the only danger-
ous terms occur when letting the two derivatives, V 15 and

V,.,» act on an already twice-differentiated 7. We obtain
57T£(5’0) ~—=3X 2677-*52[(8)7717727756437778’ (19)

where the extra factor 2 comes from the possibility that
those derivatives act on 754 or 775, both of which give the
same term, after appropriate renumbering and index per-
mutations. Using similar rearrangements, we can rewrite
(19) as

87 Ls0) ~ 38T A gy Ty (Tse43 — Ts463) 773
~ =38 A )T Ty T Rygs03 778
~ _%57T~7L(8)77177277/\(R465)\;3 + Ruo)3:5) 778
~ 387 A (5T T 7 R3s46:0 78, (20)

where the last line uses the Bianchi identity Rye[3s.0] = 0.
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Hence, as already shown in [7], the 7 field equations
contain third derivatives of the metric, as first derivative
of the curvature. The above term is the only dangerous one
coming from the variation of

'/d4x\/—_g£(5,0). (21)

It can be canceled by adding to the above action the
following:

3
1 [d4x\/_gﬂ(8)71 Ty (AT ) R3sasmrs,  (22)

which on the other hand is easily seen not to generate any
further dangerous term. In fact, one can check explicitly
that this action is identical to the one obtained from L ),
that is

L 51 = 3 A7 () T)R3s4675. (23)

It was shown in [7] that the metric variation of the sum (21)
plus (23) does not contain derivatives of order higher than
two, but as we will see in the next section, this can also
easily be checked explicitly using our expressions Ls
and L s ;). Before proceeding, let us note that a calculation
similar to the one given above leads to a simple expression
for the nonminimal term

L 41y = 1A (77" Rasse. 24)

IV. ARBITRARY D BACKGROUNDS

We now show how the previous results can be general-
ized from D = 4 to arbitrary D. Namely, we will show that
a covariant Galileon model whose field equations have
derivatives of order lower or equal to two can be obtained
in arbitrary dimensions by a suitable linear combination of
Lagrangian densities of the type

Lty = ~AenmmR Sy (25)
where R ,) and S(,) are defined by

i=p
R » = (7T/\ 77./\)17 l_[ Rﬂ4i—|ﬂ«4i+1ﬂ4i#«4i+z’ (26)

i=1

i=q—1

S(‘I) = l_[ T g1 =i Man—2i? (27)
i=0

and one has ¢ = n — 1 — 2p. The Lagrangian densities
L, +1,p) are obtained from L, o) by replacing p times a
pair of twice-differentiated 7, by a product of Riemann
tensors by 77, 7! (with suitable indices). To further stream-
line the discussion and the notations, we will also use (in
the spirit of Petrov notation) an index A; to denote the four
indices fLy;— 1 fai+1 Maitlai+o taken in that order: We will
write, e.g.,

PHYSICAL REVIEW D 80, 064015 (2009)

i=p
R () = (my7)? [ ] Ra, (28)
i=1
and we will also use the convention that R, and S,
vanish, respectively, for p <0 and ¢ <0, while R =
S() = 1 by consistency of definition (25) with Eq. (9). Let
us first look at the variation of L, ,, denoted by
87Ly+1,p), With respect to 7. We find

87 Lins1p) = —2A0n0m ™RSS
- zpﬂ(Zn)WlWZR(p—l)‘SW)\W)LRAFS(q)
g Aeym ™R ()™ Sig-1)-
(29)

Map+3Map+4

After integrating by parts, the first term on the right-hand
side of the above equation does not lead to dangerous terms
(in the terminology of the previous section). Indeed, the
only possible dangerous terms it could generate are deriva-
tives of the curvature in the form R, .;. However, when
contracted with A ,,,) those terms vanish by virtue of the
Bianchi identity R, ,[,q.«] = 0. The terms obtained from
the second one of Eq. (29) by letting (after integration by
parts) the derivative V act on S, are a priori dangerous,
because the index A is not contracted with one index of
A (2. and hence our previous argument for discarding
third derivatives would fail. However, those terms are
exactly compensated (up to nondangerous ones) by those
obtained from an integration by parts of the third term of
Eq. (29), where the derivatives V \% act on one of

Map+3 ~ Mdap+a

the 7, of R ,). We thus find, by a rewriting similar to (20),
that the dangerous terms in the variation 8, L, , read

8rLins1p) ~ 20> AT TR (- Ra 2S(y)

q(g — 1)
= A m MRy T Ry, :aS(g-2)
(30)

Note that this expression also holds for p = 0 and ¢ = 0,
qg=1.

Let us now consider the variation 6, L, ,) of L1 )
with respect to the metric. Defining the variation of the

metric g,,, by h,,,, those of T gy 3o s and of RAp’ denoted

by 8,7 and 6,R, , respectively, obey

Map+3Map+4

) = —%77”(}1

T . .
8 Map+3Map+a O ap+aiMap+3 O Map+3:M4p+4

,U«4p+3M4p+4;zr)r (31)
A (2”)345’1?‘417 = Z’A(Z")h#4p—1lf«4,;+2;#4p+1M4p
+ Awnhy,, R (32)

Map—1""O Mgpt1fMap Map+2°

From those equations, it follows that §, L, , contains
the dangerous terms,
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qq — 1)
2
X Sg-nh

8 Lin+1,p) ~ AnmmR T

Map+5Hap+60

Pq
+ 7.7‘.(2”)7172

Map+3Map+4

X R(p,])’iT(rRAp;o-’ﬂ')"ﬂ'/\S(q,I)h

Map+3Map+a
= 2pqAqnm 772R(p—1)7TA7T’\

X T gy 3 s e Fhaps S(q* 1)hl’v4p—1 Map+2

—Ap* Ay MR ()T a1,

X Siyh (33)

Map—1Map+2°

From a rewriting again similar to (20), it is easily seen that
the second and third terms on the right-hand side of the
above equation cancel each other. Then, after some relab-
eling and permutation of dummy indices, one is left with

qlg — 1)
2
X Sg-nh

8 Lint1p) ~ A onmm Ry

Map+sihapr6A

+ 4172‘54.(2")771772

Map+3Mdap+4
A
X R(F*UW 77)‘/"«4p+2/1o4p+1S(q)hll./tp—],uztp' (34)

Using the above expressions (30) and (34), it is then easy to
see that the action given by

pmax
I= dex\/ -8 Z C(n+1,p)£(n+l,p)’ (35)
p=0

with p..« the integer part of (n — 1)/2 (i.e., the number of
pairs of twice-differentiated 7 in S(,_;)), leads to field
equations (both for 77 and the stress tensor) with no more
than second derivatives, provided the coefficients C, ,)
satisfy the recurrence relation

PHYSICAL REVIEW D 80, 064015 (2009)

(n+1-2p)n—2p)
- : If iy (36)

C(n+1,p) =

The latter is easily solved by (setting C(,+1 ) to one)

ARAY (n—1)!
Covim = ( §) (n—1—2p)!(p!)?

N\efn—1 2p)
=|—= . 37
( 8) < 2p )( p G7
These coefficients correspond to those of (xy)” in the
expansion of (1 + x — y/8)"~!. Remarkably, they suffice

to ensure the disappearance of dangerous terms in both the
metric and 7 field equations.

V. CONCLUSIONS

We have presented, in arbitrary D and gravitational
backgrounds, the “minimally” most general scalar models
whose field equations and stress tensors depend on second
field derivatives and (undifferentiated) curvatures.
Whatever their ultimate physical usefulness, it is remark-
able that these models exist at all and even more that they
can be systematized in so uniformly simple a manner.
Their construction is tantalizingly reminiscent of gravita-
tional Gauss-Bonnet-Lovelock models.
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