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The gravitational-wave signal from inspiralling neutron-star—neutron-star (or black-hole—neutron-star)
binaries will be influenced by tidal coupling in the system. An important science goal in the gravitational-
wave detection of these systems is to obtain information about the equation of state of neutron star matter
via the measurement of the tidal polarizability parameters of neutron stars. To extract this piece of
information will require accurate analytical descriptions both of the motion and the radiation of tidally
interacting binaries. We improve the analytical description of the late inspiral dynamics by computing the
next-to-next-to-leading—order relativistic correction to the tidal interaction energy. Our calculation is
based on an effective-action approach to tidal interactions and on its transcription within the effective-one-
body formalism. We find that second-order relativistic effects (quadratic in the relativistic gravitational
potential u = G(m,; + m,)/(c?r)) significantly increase the effective tidal polarizability of neutron stars
by a distance-dependent amplification factor of the form 1 + @ u + a,u® + - - - where, say, for an equal-
mass binary, a; = 5/4 = 1.25 (as previously known) and a, = 85/14 =~ 6.07143 (as determined here for
the first time). We argue that higher-order relativistic effects will lead to further amplification, and we
suggest a Padé-type way of resumming them. We recommend testing our results by comparing resolution-
extrapolated numerical simulations of inspiralling binary neutron stars to their effective one-body

description.

DOI: 10.1103/PhysRevD.85.124034

I. INTRODUCTION

Inspiralling binary neutron stars are among the most
promising sources for the advanced versions of the cur-
rently operating ground-based gravitational wave (GW)
detectors LIGO/Virgo/GEO. These detectors will be maxi-
mally sensitive to the inspiral part of the GW signal, which
will be influenced by tidal interaction between two neutron
stars. An important science goal in the detection of these
systems (and of the related mixed black-hole-neutron-star
systems) is to obtain information about the equation of
state of neutron-star matter via the measurement of the
tidal polarizability parameters of neutron stars. The ana-
lytical description of tidally interacting compact-binary
systems (made of two neutron stars or one black hole and
one neutron star) has been initiated quite recently [1-8]. In
addition, these analytical descriptions have been compared
to accurate numerical simulations [5,9—-11], and have been
used to estimate the sensitivity of GW signals to the tidal
polarizability parameters [11-15].

Here, we shall focus on one aspect of the analytical
description of tidally interacting relativistic binary
systems: namely, the role of the higher-order post-
Newtonian (PN) corrections in the tidal interaction energy,
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as described in particular within the effective one body
(EOB) formalism [16—-19]. Indeed, the analysis of Ref. [5],
which compared the prediction of the EOB formalism for
the binding energy of tidally interacting neutron stars to
(nonconformally flat) numerical simulations of quasi-
equilibrium circular sequences of binary neutron stars
[20,21], suggested the importance of higher-order PN cor-
rections to tidal effects beyond the first post-Newtonian
(1PN) level and their tendency to significantly increase the
“effective tidal polarizability” of neutron stars.

In the EOB formalism, the gravitational binding of a
binary system is essentially described by a certain “‘radial
potential” A(r). In the tidal generalization of the EOB
formalism proposed in Ref. [5], the EOB radial potential
A(r) is written as the sum of three contributions,

A(r) = ABBH(y) 4 AUSI() + ASGI(H), (1)

where ABBH(r) is the radial potential describing the dy-
namics of binary black holes and Ali(r) and AYd!(r) are
the additional radial potentials associated, respectively,
with the tidal deformations of body A and body B. (For
binary neutron-star systems, both AUl and AUdl are
present, while for mixed neutron-star—black-hole systems,
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only one term, corresponding to the neutron star, is present;
see following). Here, we consider a binary system of
(gravitational) masses m, and mpg, and denote

mymp

M= my + mp, v= (1.2)

(my + mp)*
(A labelling of the two bodies by the letters A and B will be
used in this introduction for writing general formulas. We
shall later use the alternative labelling A = 1, B = 2 when
explicitly dealing with the metric generated by the two
bodies.) The binary black-hole (or point-mass) potential
ABBH(7) is known up to the third post-Newtonian (3PN)
level [18], namely

ABBH(r) = 1 — 2u + 2vu® + ayvu?, (1.3)
where a, = 94/3 — (41/32)7 ~ 18.68790269 and
GM
u= 5 (14)
c*r

with ¢ being the speed of light in vacuum and G the
Newtonian constant of gravitation.

It was recently found [22,23] that an excellent descrip-
tion of the dynamics of binary black-hole systems is ob-
tained by augmenting the 3PN expansion Eq. (1.3) with
additional fourth post-Newtonian and fifth post-Newtonian
(5PN) terms, and by Padé-resumming the corresponding
SPN Taylor expansion.

The tidal contributions A4{%%'(r) can be decomposed ac-
cording to multipolar order ¢, and type, as

idal _ (6)LO A0
Ag : (}") - Z{AA electric(r)AA electric(r)
=2

4 ~¢
+ AL (AY Llagneﬁc(r) +..)

A magnetic

(1.5)

Here, the label “electric” refers to the gravito-electric
tidal polarization induced in body A by the tidal field
generated by its companion, while the label ‘“magnetic”
refers to a corresponding gravito-magnetic tidal polariza-
tion. On the other hand, the label LO refers to the leading-
order approximation (in powers of u) of each (electric or
magnetic) multipolar radial potential. For instance, the
gravito-electric contribution at multipolar order € is equal
to [5]

ARO () = —ku2t?, (1.6)
where
R,c? 20+1
Ky = 2k @(A—C) Cam
mA G(mA + mB)

Here, R, denotes the radius of body A and kff) denotes a
dimensionless “tidal Love number”. (Note that kﬁf) was
denoted k? in our previous work. Here we shall always put
the multipolar index € within parentheses to avoid ambi-
guity with our later use of the labelling A, B = 1, 2 for the
two bodies.) The corresponding leading-order radial
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potential of the gravito-magnetic type is proportional to
w3 (instead of u?*2), and to ' R2*1, where j de-
notes a dimensionless magnetic tidal Love number. It was
found [3,4] that both types of Love numbers have a strong
dependence upon the compactness Cy, = Gm,/(c*R,) of

the tidally deformed body, and that both kif) and jgf)
contain a factor 1 —2C,, so that they would formally
vanish in the limit where body A becomes as compact as
a black hole (i.e., C4 — Cpyg = %). This is consistent with
the decomposition Eq. (1.1), where the binary black-hole
radial potential ABBH(r) is the only remaining contribution
when one formally takes the limit where both C4 and Cg
tend to the black-hole value Cgy = 1/2. Finally, the sup-

plementary factors A} . () and Afﬁnagnetic(r) denote the
distance-dependent amplification factors of the leading-
order tidal interaction by higher-order PN effects. They

have the general form

A (6) _ A(€) A(€) 5
AAelectric(r) =1+ A electric ¥ + @) electric ¥ + .. (5] (18)
A (0 _ A(€)
AAmagnetic(r) =1+ @ magneticu +... (1.9)

where u is defined by Eq. (1.4).

The main aim of the present investigation will be to
compute the electric-type amplification factors Aﬁf)electric,
for € = 2 (quadrupolar tide) and € = 3 (octupolar tide), at
A(6)

1 electric and

the second order in u, i.e., to compute both «

g(flimic. We shall also compute the magnetic-type ampli-
fication factor A\ for £ = 2, at the first order in u.

A magnetic

The analytical value of the first-order electric amplifica-
tion coefficient afgictric was computed some time ago for
€ =2 (see Ref. [29] in Ref. [5]) and was reported in

Eq. (38) of Ref. [5], namely

A(l=2)
@ electric

5
where X, = m,/(m4 + mp) is the mass fraction of body
A. The analytical result Eq. (1.10) has been recently con-
firmed [6]. On the other hand, several comparisons of the
analytical description of tidal effects with the results of
numerical simulations have indicated that the amplification
A2 (r) s larger than its 1PN value 1 +

factor A electric
) u, and have suggested that the higher-order coef-

ficients ag(e(?ectric, ... take large, positive values. More pre-
cisely, the analysis of Ref. [5] suggested (when taking into
account the value Eq. (1.10) for «;) a value of order
ag(e{;:ci)ic ~ +40 (for the equal-mass case) from a compari-
son with the numerical results of Refs. [20,21] on quasi-
equilibrium adiabatic sequences of binary neutron stars.
Recently, a comparison with dynamical simulations of
inspiralling binary neutron stars confirmed the need for
such a large value of @} . . [9.10]. (Note that, while
the comparison to the highest-resolution numerical data
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suggests the need of even larger values of aé(;i;zr)ic, f

order +100, the comparison to approximate resolution-
extrapolated data call only for a, values of order +40.
See Fig. 13 in Ref. [10].)

II. EFFECTIVE ACTION APPROACH
TO TIDAL EFFECTS

A. Finite-size effects and nonminimal
worldline couplings

It was shown long ago [24] using the technique of
matched asymptotic expansions that the motion and radia-
tion of N (nonspinning) compact objects can be described
up to the SPN approximation by an effective action of the

type

d’x c*
So= | — R(g) + S , 2.1
0 f ¢ 167G \/§ (g) point mass ( )

where R(g) represents the scalar curvature associated with
the metric g,,,, with determinant —g, and where

Z ijcszA

is the leading-order skeletonized description of the com-
pact objects as point masses. Here, d7, denotes the proper
time along the worldline y%(74) of A, namely, d7, =

(2.2)

pomt mass

¢ (—g,,(va)dy! dy%)/2. To give meaning to the notion
of point-mass sources in General Relativity, one needs to
use a covariant regularization method. The most conve-
nient one is dimensional regularization, i.e., analytic con-
tinuation in the value of the spacetime dimension
D = 4 + g, with ¢ € C being continued to zero only at
the end of the calculation. The consistency and efficiency
of this method has been shown in the calculations of the
motion [25,26] and radiation [27] of binary black holes at
the 3PN approximation.

It was also pointed out in Ref. [24] that finite-size effects
(linked to tidal effects and the fact that neutron stars have,

contrary to black holes, nonzero Love numbers kif)) enter
at the 5PN level. In effective field theory, finite-size effects
are treated by augmenting the point-mass action of
Eq. (2.2) by nonminimal worldline couplings involving
higher-order derivatives of the field [28-30]. In a gravita-
tional context, this means considering worldline couplings
involving the 4-velocity uly = dy'/dr, (satisfying
gy uy = —c?), together with the Riemann tensor
R,pu, and its covariant derivatives. To classify the pos-
sible worldline scalars that can be constructed, one can
appeal to the relativistic theory of tidal expansions
[31-33]. In the notation of Refs. [32,33], the tidal ex-
pansion of the ‘“external metric” felt by body A can be
entirely expressed in terms of two types of external
tidal gradients evaluated along the central worldline of
this body: the gravito-electric G{(74) = G4 ,.(74) and
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gravito-magnetic Hy(r,) = Hy , (7,) symmetric trace-
free (spatial) tensors, together with their time-derivatives.
(The spatial indices a; = 1, 2, 3 refer to a local frame Xg =
cTa, X4 attached to body A.) This implies that the most
general nonminimal worldline action has the form

nonminimal Z Z{Z €‘ (g) [CJ?'A((;A(TA))2

A (=2

1 ¢ © Ay )2
+————

2¢+1€ ¢ deA(H ()

111 /(f) A 2
+§€' C2 deA(G (TA))

1 ¢ 11 /(f) 74 2 4
+————

(2.3)

where G7(7,) = dG/}/dr,, and where the ellipsis refer
either to higher proper-time derivatives of G4 and H4 or
to higher-than-quadratic invariant monomials made from
G/, H{ and their proper-time derivatives. For instance, the
leading-order nonquadratic term would be

[ anci6.ae.

Note that the allowed monomials in G, H;, and their time
derivatives are restricted by symmetry constraints. When
considering a nonspinning neutron star (which is symmet-
ric under time and space reflections), one should only allow
monomials invariant under time and space reversals. For
instance, G,,G,, and G ,,H,,, are not allowed.

(2.4)

B. Tidal coefficients

The electric-type tidal moments G4 are normalized in a
Newtonian way, i.e., such that in lowest PN order, they
reduce to the usual Newtonian tidal gradients: G4 =
[0, UX)]gazq + O(Clz), where U(X) is the Newtonian po-
tential and 9, = 9; 9;, ... d;, represents multiple ordinary
space derivatives. The magnetic-type ones H/ are defined
(in lowest PN order) as repeated gradients of the gravito-
magnetic field c3g,,. With these normalizations, the coef-
ficients ,u(e) and a’if) in the nonminimal action in Eq. (2.3)

both have dimensions [length]?*!/G. They are related to
the dimensionless Love numbers kf) and ](f) and to the

radius of body A, via [3]

0 — (6) p2¢+1
Gux' = =y 2ka BA (2.5)
€—1 1
Gol = VR (2.6)

4(€+2) 20— 1n'a

Note that the coefficients associated with the first time
derivatives of G4 and H{ have dimensions G,u/(e)

[length?¢*+3 ~ GO'A((). The nonminimal action in Eq. (2.3)
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has a double ordering in powers of R, and in powers of
1/c?. The lowest-order terms in the R, expansion are
proportional to R} and correspond to the electric and mag—
netic quadrupolar tides, as measured by G4, and H
respectively.

C. Tidal tensors

We have written the most general nonminimal action
Eq. (2.3) in terms of the irreducible symmetric trace-free
spatial tensors [with respect to the local space associated
with the worldline y’ (74)] describing the tidal expansion
of the “external metric”” felt by body A, as defined in
Ref. [32]. These tidal tensors played a useful role in
simplifying the (1PN-accurate) relativistic theory of tidal
effects. In our present investigation, it will be convenient to
express them in terms of the Riemann tensor and its
covariant derivatives. Eq. (3.40) in Ref. [32] shows that
(in the case where one can neglect corrections proportional
to the covariant acceleration of the worldline) the first two
electric spatial tidal tensors, G,, and G,,., are simply
equal (modulo a sign) to the nonvanishing spatial compo-
nents (in the local frame) of the following spacetime
tensors (evaluated along the considered worldline)

Gap = —R 2.7)

apprutu

Gapy = —Sym,p, (VEIRg,,,)u*u”. (2.8)

Here the notation G, g for (minus) the electric part of the
curvature tensor should not be confused with the Einstein
tensor, Sym, g, denotes a symmetrization (with weight
one) over the indices a8y, while VL = P(u)4V . denotes
the projection of the spacetime gradient V,, orthogonally
to u* (P(u)y = 6% + c *utu,). (Note that in the
Newtonian limit, u* = c66‘ , so that the Newtonian limit
of Gup is —c?R4op0, Where the factor ¢? cancels the
O(1/c?) order of the curvature tensor.) By contrast, the
presence of the extra term —3c‘2EjuE:> on the right-hand
side of Eq. (3.40) in Ref. [32] shows that the € = 4 electric
spatial tidal tensor G ;. = 9, ,,CE;"I> would differ from the
symmetrized spatial projection of (V,VgR,, 5,)u*u” by a
term proportional to G, G gs). [Here, the angular brackets
denote a (spatial) symmetric trace-free projection.] In ad-
dition, the electric time derivatives, such as G,,, can be
replaced by corresponding spacetime tensors such as
utV,G,p. Similarly to Egs. (2.7) and (2.8), one finds
that the € = 2 and € = 3 magnetic tidal tensors (as defined
in Refs. [32,33]) are equal to the nonvanishing local-frame
spatial components of the spacetime tensors

H.p = +2cR Jutu” 2.9

Heapy = +2¢Symap, (VaRp,,, Jutu, (2.10)

PHYSICAL REVIEW D 85, 124034 (2012)

where R}, .5 = T €uvpaRP7, g 1s the dual of the curvature
tensor, €,,,, denoting here the Levi-Civita tensor (with
€123 = t./g). Note the factor +2 entering the link be-
tween the magnetic tidal tensors H, g, . . . (normalized as in
Refs. [32,33]) and the dual of the curvature tensor, which
contrasts with the factor —1 entering the corresponding
electric tidal-tensor links, Eqgs. (2.7) and (2.8). [The defi-
nition of B4 B in the text below Eq. (5) of Ref. [5] should
have included such a factor 2 in its right-hand side. On the
other hand, the corresponding magnetic-quadrupole tidal
action, Eq. (13) there, was computed with H,, and was
correctly normalized.] Let us also note that the expressions
in Egs. (2.7), (2.8), (2.9), and (2.10) assume that the Ricci
tensor vanishes (e.g., to ensure the tracelessness of G,p).
One could have alternatively defined G 4, etc. by using the
Weyl tensor C,,p, instead of R,,z,. However, as dis-
cussed in Ref. [29], the terms in an effective action which
are proportional to the (unperturbed) equations of motion
(such as Ricci terms) can be eliminated (modulo contact
terms) by suitable field redefinitions.

D. Covariant description of tidal interactions

Finally, the covariant form of the effective action de-
scribing tidal interactions reads

Stot = SO + Spoint mass + Snonminimalr (211)
where S and Spqin; mass are given by Eqgs. (2.1) and (2.2) and

where the covariant form of the nonminimal worldline
couplings starts as

Snonminimal
_ Z{l
e
tea / dr HA HSP
(3) G*PY
deAGaﬁy

o M;@ [ @m0, 69,650 +

(2.12)

2 a
¢ deAG/;BGAﬁ

where G4 =
worldline).

In principle, one can then derive the influence of tidal
interaction on the motion and radiation of binary systems
by solving the equations of motion following from the
action of Egs. (2.11) and (2.12). More precisely, this action
implies both a dynamics for the worldlines where the
geodesic equation is modified by tidal forces [coming
from 88 onminima/ 6Y% (74)], and modified Einstein equa-
tions for the gravitational field of the type

g““gﬁ”Gw, etc. (evaluated along the A
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1 87G A .
Ry = 5 Rguy = = ATGAM ™ + Tygpminimat), - (2.13)

where the new tidal sources Th' .. (x)=
(2¢/fg)dsmonminimal /5o (x) are essentially sums of de-

rivatives of worldline Dirac distributions:

Tnonminimal(x) ~ Z Z 3(’}5()6 - yA)-
A ¢

E. A simplifying, general property of reduced actions

The task of solving the coupled dynamics of the world-
lines and of the gravitational field, both being modified by
tidal effects, at the second post-Newtonian (2PN) level,
i.e., at the next-to-next-to-leading order in tidal effects, and
then of computing the looked-for higher-order terms in the
amplification factors of Egs. (1.8) and (1.9), is quite non-
trivial. Happily, one can drastically simplify the needed
work by using a general property of reduced actions.
Indeed, we are interested here in knowing the influence
of tidal effects on the reduced dynamics of a compact
binary, that is, the dynamics of the two worldlines y/ (7),
v (7), obtained after having ““integrated out™ the gravita-
tional field (i.e., after having explicitly solved g,,,(x) as a
functional of the two worldlines). When considering, as we
do here, the conservative dynamics of the system (without
radiation reaction), it can be obtained from a reduced
action, which is traditionally called the ‘“‘Fokker action.”
See Ref. [28] and references therein for a detailed discus-
sion (using a diagrammatic approach) of Fokker actions (at
the 2PN level, and with the inclusion of scalar couplings in
addition to the pure Einsteinian tensor couplings). If we
denote the fields mediating the interaction between the
worldlines y = {y4, y} as ¢ (in our case ¢ = g,,), the
reduced worldline action S,.4[y] (a functional of the world-
lines y) that corresponds to the complete action S[¢, y]
describing the coupled dynamics of y and ¢ is formally
defined as:

Sred[y] = S[¢sol[y]r yl

where @[ y] is the functional of y obtained by solving the
¢-field equation,

(2.14)

8S[e, yl/6¢0 =0,

considered as an equation for ¢, with given source-
worldlines. (This must be done with time-symmetric
boundary conditions and, in the case of g,,, the addition
of a suitable gauge-fixing term; see Ref. [28] for details.)

Having recalled the concept of reduced (or Fokker)
action, let us now consider the case where the complete
action is of the form

S[e, y1= SO, y] + eSV[e, y],

where € denotes a ‘““small parameter.” In our case, € can be
either a formal parameter associated with all the nonmini-

(2.15)

(2.16)

PHYSICAL REVIEW D 85, 124034 (2012)

mal tidal terms in S,onminimals Eq- (2.12), or, more con-
cretely, any of the tidal parameters entering Eq. (2.12):

Ef=2), ,uisz), etc. As said previously, when turning on €,
the equations of motion and therefore the solutions of both
@ and y get perturbed by terms of order e: ¢ = ¢© +
eoM + ... y=yO0+ ey + _ but a simplification
occurs when considering the reduced action Eq. (2.14).
Indeed, it is true that the field Eq. (2.15) for ¢ gets modified
nto

_3Sle.yl _ 05Le vl _88"Me,y]

0 , 2.17
S¢ S¢p S¢ @1

so that its solution ¢,[y] gets perturbed:
ewuly] = eQD] + egD]+ 0(eD).  (2.18)

However, when inserting the perturbed solution of
Eq. (2.18) into the complete, perturbed action of
Eq. (2.16), one finds

Srealy] = S[eOy] + €@yl + O(€?), y]

oS
= Slely) y] + E¢§3[y]%[¢§23[yl ]+ 0(e?)

550
= STelih v+ el oGl y] + 0(e)

= S[eOy] y] + O(€d),

because, by definition, ¢(0) is a solution of 8S© /8¢ = 0.

sol

Note that, in Eq. (2.19), while the functional S is the
complete, perturbed action, the functional argument is
the unperturbed solution. Decomposing the functional S
into its unperturbed plus perturbed parts [see Eq. (2.16)]
then leads to the final result:

Srealy] = SOLey] y] + eSOLe[y] ¥] + O(€)
= SO+ eSVLeOy] y] + O(ed).
In words: the order O(e) perturbation
eSly] = Sealy] = SODV]

of the reduced action is correctly obtained, modulo terms
of order O(€?), by replacing in the O(e) perturbation

eSW[e, y]

of the complete (unreduced) action the field ¢ by its

(2.19)

(2.20)

unperturbed solution ¢%)[y].
In our case, the ordering parameter € is either the

collection

2 2 3 3 2) —
w2 ud w2,

corresponding sequence of powers of R, and
Rp: RS, R3, R}, R}, ... The terms quadratic in € would
therefore involve at least ten powers of the radii [and would
mix with higher-than-quadratic worldline contributions
akin to (2.4)]. Neglecting such terms, we conclude that

., ,LLQZ)C*Z,..., or the

124034-5



DONATO BINI, THIBAULT DAMOUR, AND GUILLAUME FAYE

the higher-PN corrections to the tidal effects are correctly
obtained by replacing in Eq. (2.12), considered as a
functional of g,,,(x) and y)(7,), the metric g, (x) by the
point-mass metric obtained by solving Einstein’s equations
with point-mass sources. [This was the method used by one
of us (T. D.) to compute the 1PN coefficient of Eq. (1.10)
from the calculation by Damour, Soffel, and Xu of the
1PN-accurate value of G, [34,35].]

III. THE 2PN POINT-MASS METRIC AND ITS
REGULARIZATION

A. Form of the 2PN point-mass metric

The result of the last section allows one to compute the
tidal corrections to the reduced action for two tidally
interacting bodies A, B with the same accuracy at which
one knows the metric generated by two (structureless)
point masses my, y4; mp, y5. The metric generated by
two point masses has been the topic of many works
over many years. It has been known (in various forms
and gauges) at the 2PN approximation for a long time
[36-38]. Here, we shall use the convenient, explicit
harmonic-gauge form of Ref. [39], with respect to the
(harmonic) coordinates x* = (x° = ct, x%), i.e., the metric

ds® = goo(dx®)* + 2g0;dx"dx’ + g;;dx'dx/, 3.1)
where, at 2PN, the metric components are written as
8oo = -1+ 2€2V - 2€4V2
. . 1
+ 866(X + 8UV,V; + 6v3) + 0(3),
g0 = —4€V; — 8€°R; + 0(7),
gi; = 8,(1 +2€*V + 2€*V?) + 4e*W;; + 0(6). (3.2

Here, as below, we sometimes use the alternative notation
€ = 1/c for the small PN parameter. We used also the
shorthand notation O(n) = O(e") = O(c™").

The various 2PN brick potentials V, V;, W
are the (time-symmetric) solutions of

ijs R; and X

OV = —4#Go, OV, = —4wGo;,
DWU = _47TG(0'1] - 8ija-kk) - 8,V81V,
N 3
DRi = _47TG(V0'l - VZO') - 28kV8,-Vk - EB,V(‘),-V,

A 3
OX = —47GV oy +2V,0,0,V + VoV + 2(3,V)?

where d, denotes a time derivative (while we remind that
d;, for instance, denotes a spatial one), and where the
compact-supported source terms are [40]
TOO + Tii TOi
o=—7", g, =—,
c c

3.4

O-ij = T’J’
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with T*” being the stress-energy tensor of two point
masses:

T = (v (vl (D6(x — y(1) + 12, (3.5)

where

(1) = m1[8_1/2(ngfv1”/62)_1/2]1-

Here, v} = % = (¢, v}) and the index 1 on the bracket in
Eq. (3.6) refer to a regularized limit where the field point x’
tends towards the (point-mass) source point y|. Note that,
in this section, we shall generally label the two particles as
(my, yt), (my, y5) instead of (my, y',), (mg, y;) as above.
The notation 1 < 2 means adding the terms obtained by
exchanging the particle labels 1 and 2.

The explicit forms of the 2PN-accurate brick potentials
Vv, Vi, W,»j, Iéi, X were given in Ref. [39]. Their time-
symmetric parts are recalled in Appendix . These brick
potentials are expressed as explicit functions of r; = x —
yor=lrl,ny=r/r,rn=x—y,etc, yp,=y —
Y2, 'z = Iyl miy = yio/r12, V12 = vy — vy, (npvy) =
ni, - vq. Note the appearance of the auxiliary quantity S,
which denotes the perimeter of the triangle defined by x,
¥1, and y,, viz.

(3.6)

S=r trtrmn (3.7

In all the PN expressions, the spacetime points x*, y{’,
y5 (and the velocities v) are taken at the same instant 7,
e, X0 =)0 =39 =cr.

B. Regularization of the 2PN metric and
of the 2PN tidal actions

Let us now discuss in more detail the crucial operation
(already implicit in Sec. II above) of regularization of
all the needed field quantities, such as g,,(x), g(x),
R ,avp(%), ..., when they are to be evaluated on a worldline:
x* — yX. As mentioned at the beginning of Sec. II, all the
quantities [G,,,(x)];, ..., [R arp(®)]; are defined by di-
mensional continuation. It was shown long ago [24,41]
that, at 2PN, dimensional regularization is equivalent to
the Riesz’ analytic regularization and is a technical shortcut
for computing the physical answer obtained by the matching
of asymptotic expansions. In addition, because of the re-
stricted type of singular terms that appear at
2PN [see Egs. (25), (30), and (33) in Ref. [24]], the
analytic-continuation regularization turns out to be equiva-
lent to Hadamard regularization (used, at 2PN, in
Refs. [38,39,42]); see below. Here, it will be technically
convenient to use Hadamard regularization (which is de-
fined in D = 4) because the explicit form of Egs. (A1)-(A5)
of the 2PN metric that we shall use applies only in the
physical dimension D = 4 and has lost the information
about its dimensionally continued kin in D = 4 + €.

Let us summarize here the (Hadamard-type) definition
of the regular part of any field quantity ¢(x) (which might
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be a brick potential, V(x), V;(x), ..., a component of the
metric g, (x), or a specific contribution to a tidal moment,
Gaps - - ). We consider the behavior of ¢(x) near particle 1,
i.e.,, when r; = |x — y;| — 0. To ease the notation, we
shall provisionally put the origin of the (harmonic) coor-
dinate system at y; (at some instant ¢); i.e., we shall assume
thaty, = 0,sothatr, = |x| = randn, = r\/r, = x/r =
n. We consider the expansion of ¢(x) in (positive and
negative) integer powers k of r; = r, and in spherical
harmonics of the direction n, = n, say (for k € Z,
teN,NeN)

ex)= > > rfalff, (3.8)
k=—N (=0
where Al = a®+% denotes the symmetric trace-free pro-

jection of the tensor n” = n® ... n%. (The angular func-
tion ffﬁL is equivalent to a sum of ZH;—« CcmYem) We
(uniquely) decompose the field ¢(x) in a regular part (R)
and a singular one (),

@(x) = Rle(x)] + S[e(x)], (3.9)
by defining (n € N)
Rle)]= > 3 rttpl it (3.10)
€£=0n=0
Sle)]= Y rkatfl. (3.11)

k#€+2n

Note that R[¢(x)] can be rewritten as a sum of infinitely
differentiable terms of the type xl(x?)". By contrast,
S[¢(x)]is such that it (if N, in Eq. (3.8), is strictly positive),
or one of its (repeated) spatial derivatives, tends towards
infinity as r — 0. Note also that the R + S decomposition
commutes with linear combinations (with constant coeffi-
cients), as well as with spatial derivatives, in the sense that
Rlag(x) + biy(x)] = aRle(x)] + bR[¢(x)], Slap(x) +
byp(x)] = aS[e(x)] + bS[¢ ()], R[0;0(x)] = 9;R[¢(x)]
and S[9;¢(x)] = 9,5[¢(x)]. By contrast, the R + S de-
composition (as defined above, in the Hadamard way)
does not commute with nonlinear operations (e.g.,
R[] # R[@]R[¢]), nor even with multiplication by a
smooth (C®) function f(x) (e.g., R[f¢] # fR[¢]). This is
a well-known inconsistency of the Hadamard regulariza-
tion, which created many ambiguities when it was used at
the 3PN level [43,44]. One might worry that our present
calculation (which aims at regularizing nonlinear quanti-
ties quadratic in R, ~ 0°g + g~ 'dgdg) might be in-
trinsically ambiguous already at the 2PN level. Actually,
this turns out not to be the case because of the special
structure of the 2PN metric, which is at work in the Riesz-
analytic-continuation derivation of the 2PN dynamics in
Ref. [24]. This structure guarantees, in particular, that
the Riemann tensor (or its derivatives) is regularized
unambiguously.
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C. On the special structure of the 2PN metric
guaranteeing its unambiguous regularization

Let us first recall why the Riesz-analytic-continuation
method, or, equivalently (when considering the regulariza-
tion of the metric and its derivatives), the dimensional-
continuation method, is consistent under nonlinear
operations. The dimensional-continuation analog of
Egs. (3.9), (3.10), and (3.11) consists of distinguishing,
within ¢(x), the terms that (in dimension 4 + &) contain
powers of r of the type r*~ "¢, with n = 1,2, 3, ... [which
define the e-singular part of ¢(x)], and the terms that are
(formally) C* in 4 + ¢ dimensions [which define the
e-regular part of ¢(x)]. It is then easily seen in dimensional
continuation (simply by considering the continuation to
large, negative values of the real part of &) that the
e-singular terms give vanishing contributions when eval-
uated at r — 0, and that they do so consistently in non-
linear terms such as d¢@d. Let us now indicate why
the special structure of the 2PN metric ensures that the
decomposition into e-singular parts and e-regular parts
of the various brick potentials V(x), V;(x), ... coincides
with their above-defined decomposition into Hadamard-
singular (S[V(x)], S[V;(x)],...) and Hadamard-regular
parts (R[V(x)], R[V;(x)],...) in the four-dimensional
case. This is trivially seen to be the case for most of the
2PN contributions to the brick potentials (because one
easily sees how those contributions smoothly evolve
when analytically continuing the dimension). However,
the most nonlinear contributions to the 2PN metric,
namely, the terms, say XYYV in X that are generated by
the cubically nonlinear terms contained in the last source
term, WS./V) d;;V, on the right-hand side of the last Eq. (3.3)
(where W§,.VV) is the part of W, ; generated by —d;Va;V) are
more delicate to discuss. Actually, among the contribution
XYYY)only the terms proportional either to m}m, or to
mlm%, i.e., the terms whose cubically nonlinear source
~3*VA~19VaV involve two V potentials generated by
one worldline and one V potential generated by the other
worldline, such as X"1V1¥2) o« m2m,, pose a somewhat
delicate problem. More precisely, it is easily seen that the
only dangerous part in XWVViV2) | considered near the first
worldline, is of the form f(x)/ r(12+28) in dimension 4 + &,
where f(x) denotes a smooth function. [Here, we add back
the particle label indicating whether the expansions
Egs. (3.10) and (3.11) refer to the first (A = 1) or the
second (A = 2) particle. The appropriate label should be
added both on r and 7 in Egs. (3.10) and (3.11): r*al —
r*ik.] The problem is that the power of 1/r; in this
e-singular term becomes an even integer when & — Q.
When inserting the Taylor expansion of f(x), say f(x) ~
3 A t2ak £E42n  some of the terms in the e-singular con-
tribution f(x)/r'>***) might be of the form r{*2n'~2e4kL,
with n’ =n — 1 =0, and might then contribute to the
Hadamard-regular part of XVViY2) in the limit & — 0.
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This would mean that the Hadamard-regular part of
XWVViV2) would not coincide with its e-regular part. We
already know from Refs. [38,39], which used Hadamard
regularization to derive the 2PN-accurate dynamics and
found the same result (modulo gauge effects) as the
analytic-continuation derivation of Ref. [24], that this is
not the case for the regularized values of XV1"1V2) and of its
first derivatives on the first worldline. (Indeed, these quan-
tities enter the computation of the equations of motion.) On
the other hand, the computations that we shall do here
involve higher spatial derivatives of X, and it is important
to check that we can safely use Hadamard regularization to
evaluate them. This can be proven by using the techniques
explained in Ref. [24], based on iteratively considering

the singular terms in WS/V) and XVVV) generated by the

singular local behavior (near the first worldline) of their
respective source terms. One finds then that the smooth
function f(x) entering the dangerous terms f(x)/ r(12+28) in
XWMViVa) s of the special form f(x) ~ Y c¢,G rint in
dimension 4+ ¢, with € =1, where Gp=9,V,
denotes the ¢-th tidal gradient (considered near the first
worldline) of the V potential generated by the second
worldline. When working (as we do) at the 2PN accuracy,
we can take V at Newtonian order, and the gradients G; =
[aL(sz/r(ZHS))]I are then traceless: G, = Gy 4,...q, =
Gla,ay-a,)- As @ consequence, it is immediately seen
that, in the limit & — 0, the potentially dangerous term
F)/r%% in XViViV) does not give any contribution to
the Hadamard-regular part of X. This means that we
can compute the e-regularized reduced tidal action in
Eq. (2.12) by replacing, from the start, the brick potentials
V(x), Vi(x), ..., by their Hadamard-regularized counter-
parts, R[V(x)], R[V;(x)], ...

Summarizing: The A-worldline part of the tidal ac-
tion Eq. (2.12) can be obtained by computing all its ele-
ments (d7, = cil(—gw(yA)dyxdy};)lﬂ, Gﬁﬁ, ...) within
the A-regular metric g/,°%(x) obtained by replacing each
2PN brick potential V(x), V;(x),... by its A-Hadamard-
regular part Ry[V(x)], R4[V:(x)], ...

As a check on our results (and on the many complicated
algebraic operations needed to derive them) we have also
recomputed the -electric-quadrupole tidal Lagrangian,
L= L(dr,/dnGAsG4P by effecting the Hadamard
regularization in a different way. More precisely, we first
calculated G, 5(v4) as —Ra[R g, 5, IRA[u* IR s[u"], then we
computed [G3,1(v4) = Gap(v4)Gr (Va)RA[g“*IRA[gP"],
which we inserted into the expression of Luf’ just written.
The remaining factor, (d7,/dr)/4, was taken to be
R4[d7/dr]/4. Note in passing that, while one can a priori
prove that the alternative regularization of G, z(y,) (and sub-
sequently  [G2,]1(v4) =Gap(ya)G(va)RALg**IRA[gP"])
just explained, must coincide with the one explained above,
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namely (GaBG“B)[RA(V), R4(V)),...] (because both of
them agree with the Riesz-analytic-regularization and/or
dimensional-regularization), a different result would have
been obtained if one had postponed the Hadamard regulari-
zation of the squared tidal quadrupole to the last moment;
i.e., if one had computed R4[G,G**]. [Such a difference
occurs because of the appearance of a dangerous nonlinear
mixing of Hadamard-regular and Hadamard-singular parts
ind;Vo,; j)? ViViva) (with the special structure of the delicate
terms in X1V1V2) given above). This shows again the con-
sistency problems of the Hadamard regularization when it is
used beyond the types of calculations where it is equivalent
to the Riesz analytic regularization (or to dimensional
regularization).]

D. Explicit rules for computing the regular parts
of the 2PN brick potentials

Let us now give some indications on the computation
of the regular parts of the various brick potentials
V(x): Vi(x): e

1. Regularizing V and V;

The situation is very simple for the ‘“‘linear potentials™ V
and V;, which satisfy linear equations with delta-function
sources [see Eqs. (3.3)]. Near, say, the particle A = 1, the
A-regular parts of V and V; are the terms in Egs. (A1) and
(A2) which are generated by the source terms « 8(x — y,)
of the second particle. It is indeed easily seen [from the
definition in Eq. (3.10)] that the I-regular part of all the
terms explicitly written in Eq. (Al) vanishes, while all
the nonexplicitly written terms obtained by the 1 < 2
exchange are regular near the particle 1. The same is true
for V;, Eq. (A2). A simple rule for obtaining these results is
to note that, from the definition in Eq. (3.11), any term of
the form

r 1 f(x), kez (3.12)

where f(x) is a smooth function of x* (near x = y, at fixed
instant #) and where the power of r; is odd, is purely
singular.

The situation is more complicated for the higher-order
potentials W, ;and R;, whose sources contain both compact
terms « 6(x — y,), and quadratically nonlinear noncom-
pact ones « aVaV, and still more complicated for the X
potential whose source even depends on the previous W; J
potential.

2. Regularizing W

The potential W, ; can be decomposed in powers of the
masses. It contains terms proportional to m;, m,, m3, m3
and m;m,. It is easily seen that, while the terms propor-
tional to m; and m? are 1-singular, the terms proportional
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to m, and m3 are 1-regular. It is more delicate to decom-
pose the mixed terms o« m;m, into l-regular (R;) and
I-singular (S;) parts. More precisely, the m;m, part of
W, ; has the form

W['r'nlmz] _ W[mlm7] + W[mlmz]

ij j(0) ij(0) > (313)
where
W) = 80+ [ 0lfnd + 2nfi
AN
T Ny 2 + m
_ b P(nyp)"7 + i(n(’ ) 2n(’n — ninl,)
oS 2 12 1212)>
(3.14)
X mym ] 1 1
Wz]((lJ) ’ 128 — 07 + {S (n; g ]1) - 2”(21’1]1)2

- ”iz”jz<i + — >}
! S2 rle

1 .. 1 )
— P 4 L)
128 (”12) 52 (nz ny —

2”(21”12 - ”12”12)’
(3.15)

and where P(n;,)" = 8 — ni,n}, denotes the projector
orthogonal to the unit vector n,. (The decomposition in
Eq. (3.13) simply corresponds to the decomposition of
Eq. (A4) into an explicitly written term and its 1 < 2
counterpart.) Here, we see that there appear (modulo

x-independent factors, such as !, ni,, P(n1,)", ...) terms
of the type

1 1 n n' nind

-, — —1 =2 il ) (3.16)

S S2 ) S2 ) S2 ) S2 )

where we recall that S = r| + r, + ry,. Near particle 1, n}
is a smooth function, while n{ = ri/r; is the ratio of a
smooth function (ri = x' — yi) by r;. In other words, the
five terms listed in Eq. (3.16) are of three different types:

l, JL)ZC) and Lxl (3.17)
S S rS
where f(x) denotes a generic smooth function near particle
1. (As we always consider the neighborhood of particle 1,
we do not add an index to f(x) to recall that it is 1-regular,
but might be singular near particle 2.) Because S = r; +
r, + rq, is a function of “mixed character” (partly regular
and partly singular), it is not immediate to decompose the
functions in Eq. (3.17) into 1-regular and 1-singular parts.
(This mixed character of S is deeply linked with the fact
that it enters the 2PN metric because of the basic fact that a
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solution of Ag = r;’!r;! is g = InS.) A simple (though

somewhat brute-force) way of extracting the regular parts
of the functions in Eq. (3.17) consists of decomposing S
into

S=S,+r = 50(1 + ﬂ), (3.18)
So

with
SQ =7 + rp (319)

(note that S, is a smooth function near particle 1), and then
expanding S™" in powers of r;/S,. Namely,

1 1 rno,non )
=1 -2y iy ) 3.20
S So< So S<2) 5(3) ( :
1 r
- 52(1 —2S_0+3S0 LA ) (3.21)

and more generally,

1 1 (1 +(n+ l)n(rl)Z (n+2)n+ n
—_— — n —_— ——
Y S 2 \S, 31

v (SO) (n +3)(n Z!Z)(n + n (;;) n )’

n=12... (3.22)

Using these expansions, together with the rule that terms of
the form in Eq. (3.12) are purely singular, it is easy to
derive the following results for the 1-regular parts of
functions of the type in Eq. (3.17), and, more generally,
of the types f(x)/S, f(x)/S?, f(x)/(r,S), and f(x)/(r,S?):

() =5 0 G 6) -G )

- f(;d(é)R, (3.23)
(), =5 (8) =) () <)
_ f(x)%)R, (3.24)
o)~ () + () )
- f(x)<r]_S)R, (3.25)
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(%)R - f;;‘) (z + 4(50) " 6(;—;)4 + s(;_;)ﬁ +.)
- f(X)(W)R'

Here, we use a lower R subscript (¢(x))g to denote the
I-regular part of a function ¢(x) (above denoted as
Rl¢(x)]). [We omit decorating R with a label 1, but one
should remember that we are always talking about the
1-regular part of ¢(x).]

Note that, as indicated, all the terms above have the
simple property that the regular-projection operator R
commutes with the multiplication by a smooth function,
e.g., R[f(x)S™ '] = f(x)R[S™']. Beware that this property
is true only for the special singular terms considered here.
We shall later see that more-complicated singular terms
(entering the X potential) do not satisfy this simple com-
mutativity property.

Note that the number of terms one needs to retain in the
above expansions depends on the quantity one wants to
evaluate on the first worldline. For instance, when evaluating
G| > Which involves the curvature tensor and therefore two

(3.26)

spatial derivatives of the metric (and, in particular, of R[W; D
we need to include enough terms to ensure that R[W; ;1is c?
nearx = y;.Actually, we shall push our calculations up to the
level of G}, s> Which depends on the first covariant derivative
of the curvature tensor, and we shall therefore need all the
brick potentials to be at least C® near x = y;.

The application of the above results yields the following
explicit expressions for the 1-regular part of the two sepa-
rate O(m;m,) delicate contributions to W, ; [defined in
Eqgs. (3.13), (3.14), and (3.15)]:

P(n1n)" (1+ non, )
ry SO S2 S4

+r§’n§)( 2_4r_%_6r‘l‘+ )
2 \s 578

{mym;]
Wi e =

i Jj)
+2r(1n112< 2 ﬁ—6r1+ )
So SO SS S5
1 2 4
n12n1252<1+3r12+5 l+

S 5 ) (3.27)

P(n)Y 1
[ = P (1+”12+r1+ )

rin SO SO S

()] 72 4
+”2'2'/1(—3 4 3—6%+...)
ss\'s, "8 s

Q1 o

= 2nyn]y — (1+3 +55+. )
s? s3 T s
1 2 4

”12”1252<1 +3r12 +557 i T

52 5 ) (3.28)
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3. Regularizing R;

As the potential R; has a source of the same type as W; J
(namely, §(x — y,) terms plus a noncompact term qua-
dratic in the V potentials), the calculation of its regular part
can be done in exactly the same way as W ; contains
terms o« m3, m5 and m;m,. The O(m?}) plece is purely
singular, the O(m3) one is purely regular, while the
O(m;m,) one is a mix of regular and singular terms. As
above, we can decompose the m;m, part of R; in two
pieces, say

RUmmal = glamal 4 Rl (3.29)
where
Almmy] (n12U1)(1 1) 2(nyvy) 3(”2”2)}
R —+—) - +
i(0) "12{ 25 \S s? 257
1 3(npv,)
+ }’lll §<2(7’112U1) - % + 2(7’12111)
) (L Y L
2 ririy  2rpS rri
(3.30)
Almymy] (n12v2)< 1 ) 2(”1U2) 3(]’111.)1)}
Rummal +—)- +
0 "'2{ 25 S ) 8 252
1 3(nav))
+n12§<—2(n121}2)+%+2(n1v2)

_3(n1v1))

. l.( Lo, ) o1
v —v .
2 2 rarin Zrle 17'27'12

(3.31)

Applying the above results then yields the following
expressions for the 1-regular parts of these quantities:

3(npvp)\ (1 vl (1
+2mvn) - 2 )r1(71S2>R+2r12<§)R’

(3.32)
A = =52 (), + 75
2(r1v2)( Sz) t3 (rlvl)( ISZ>R}
] (2 + 2082
+ (2(r1vz) - 3(r]2Ul))(r1152>R:|

RN e
Nrary o 2r;\S/k Yryrn

(3.33)
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One should substitute the expansions in Egs. (3.23), (3.24),
(3.25), and (3.26) into these results to get their explicit
forms.

4. Regularizing X
Finally, we come to the most complicated 2PN brick
potential, namely, X. It contains contributions proportional
to m3, mym, m3; m3, mimy, mym3 and m3 [see Eq. (A5)].
The terms in m3, m3, m3, m3 are easily dealt with (they are
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either purely singular or purely regular). Many, but not all,
of the m;m, terms can be dealt with in the same way as the
mm, terms in W and R,. If we again decompose X["12]
in two pieces

Slmim,]

Rlmm] = gl R, (3.34)

we have the following results for their regular parts:

-], 6, O, ) o),
L)), ) (), L) ame ),

—5(’112112)(1‘1“1)( 11 ) —(rjv 1)2< 252 1

1 1

—(r 2( 4+
(ryv2) r%S2 r?S R

X[ mm 1 1/1 1 /1 1
ol 0, 0)
rarip 1 \S/r rip\S/r r

TS)R + 20112”2)0‘1%)(#)1e + 2(r1v1)(r1v2)<i + L)

F%Sz r?S R

1 1 3 1
) - 2("12”2)("2”1)<?)R + 2(1'1U2)(H2U1)(W)R —5(1'11’1)("2U2)<W)R, (3.35)

S 5)) )6,

(2 ) -3, () - (), L)

_2(,1121,2)(”21,2)(%)1?+5(n12v1)(n2v2)< ) — (npv << )

2( ) )— 2(”12”1)("2”1)(%)

+ 2(”21}2)(”21}1)(<;>R + é(;)}) - (nzvl)z(( )R rlz( ) ) + 2(n12v1)(r1u2)( 1ISZ>R

+ 2(nyvy)(ry Uz)(ﬁ)R

One should substitute the expansions in Egs. (3.23),
(3.24), (3.25), and (3.26) into the corresponding terms in
Egs. (3.35) and (3.36). However, these equations involve
new types of terms not discussed above. These new terms
are of the form

f(x)( oy ?1 S). (3.37)

The fact that we have a specific combination of r; 2S~2 and

r3S~! simplifies things. Indeed, using the expansions in
Egs. (3.20) and (3.21) above, we have
S3 S
_fz(xz_iff)[ 22043445 1+ ] (3.38)
S S ”1 0 S5
3 @
@—@[s— S‘)+S° 1+ﬂ—r12+ ] (3.39)
s S¢ L oo So S5

When summing these two equations, we see that the terms
o 1/rf cancel. We shall deal later with these terms, which
turn out to be delicate to handle, but anyway, in the sum of

3 1
- E(”zvz)(ﬁvﬁ(m)k

(3.36)

[

Egs. (3.38) and (3.39), they cancel out. The remaining
terms contain either an odd power of r; [and are therefore
purely singular, Eq. (3.12)] or a positive, even power of ry
(which makes them purely regular). As a consequence, the
regular part of the combination of Eq. (3.37) reads

Do )], -5 45) + <G
+8<;—;>6+...)

=/ m( 1282 %IS>R'

Note that, thanks to the cancellation of the 1/ r% terms, we
have again a property of commutativity R[f(x)¢(x)] =
F(X)R[e(x)], for the special type of terms ¢(x) entering
Eq. (3.37).

Concerning the m;m3 contribution to X, it is the sum of

(3.40)

gmml _ 1 r

— (3.41)
© 2"?2

Y
2riry,  2ryr,
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and
Z[mym?2] 1 1 1 r3 r
X" =+ + —
©) Zr% 16r? l6r%r1 Zr%r?z Zr%r?z
_ r% _ 3 151, _ r%
32r3r}, 16riri,  32r3ri, 21313,
2
r1 r12
- . 342
Zr%rlz 321%;"% ( )

Using the rule of Eq. (3.12), we easily see that each term
clearly is either purely regular or purely singular.
Computing the regular part of X172 is then easy.

The most delicate contribution to X is its O(m3m,) one,
which can again be written as the sum of

plmtm] _ s 1 1 r r
© Zr? 16r% 16r%r2 272 rl2 253 r12
B r% _ 3 157, _ r%
32r3r%2 16r2r%2 32r%r%2 Zr?r%z
2
ry rlz
- - (3.43)
2rir 3213
and
% [m2m;] 1 r 1
= —— - 3.44
© Zr?2 2r2r%2 2r2r%2 ( )

2

Actually, the part X (0) i is easy to discuss: Its regular part

is obtained simply by discarding the term r/(2r,r3,).

[m%mz]

Similarly, most of the terms in X(o) are easy to treat,

being either purely regular or purely singular because of
Eq. (3.12). However, the third, fourth, eighth, and last
terms in the right-hand side of Eq. (3.43) are somewhat
tricky. (These terms correspond to the ‘“‘dangerous terms’
in XV1V1"2) that were discussed in Sec. III when making the
link between the e-regularization and the Hadamard one.)
The third term is

1
16r%r2’

0= (3.45)

while the sum of the fourth, eighth, and last terms reads
r% 15r, r%2
22 r12 32r%r%2 32}%1%
Both Q and P are of the form f(x)/r? (but we shall see that
Q is special compared with P). The computation of the
regular part of f(x)/r? is a bit subtle. It can, however, be

done by brute force, namely, by replacing the smooth
function f(x) by its Taylor expansion around y;:

f(-x) rlr{aljf(yl)

P= (3.46)

f) + o fn) + 5

1
+ 'r rlr a”kf(yl) +. (3.47)

3!
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When replacing | — rin} and dividing by 2, one sees
that the regular part of f(x)/ r? will only come from the
terms rk = r|'">' with € = 2,4,6,... Moreover, by de-

composing i = r{n! in irreducible tensorial parts, as in

rllj = r%n’lj =r [ a4 - 8”] (3.48)

where n{7 = a¥ = nl - 167 denotes the symmetric
trace-free projection of nj = ninj, we see [in view of

the definition in Eq. (3.10)] that only the pieces containing
at least one Kroneker & in the decomposition of nf will
contribute to the regular part. For instance, in the case
¢ =2, only the 87 in Eq. (3.47) will contribute to the
regular part of f(x)/ri. More generally, we have that
R[rE/r3] = (rk = L) /r3.

Applying this method yields the following result [here
written with the simplified notation used around Eq. (3.8)]
for the regular part of f(x)/r?:

(’CS))R _ fAf(O) + 1—10x 5.A£(0) + ffc”aUAf( )

1 ..
+ —r?A2f(0) + —£7%9; A
120r f(()) ]()Sx at_/k f(())

U ooia a2 4
+ 550"~ 3;A%fF(0) + O(x*).
As one sees in Eq. (3.49) (and as can be proven to all
orders), all the terms on the right-hand side of Eq. (3.49)
are derivatives of the Laplacian of f(x) (taken at x = y,).
As a consequence, in the particular case where A f(x) = 0,
the regular part of f(x)/r? is exactly zero. This is the case
for the term Q in X" Eq. (3.45). (Let us point out in
passing that the discussion in Sec. III C of the link between
the e-regularization and the Hadamard one essentially
consisted in remarking that all the ‘“‘dangerous’ terms in
XImim2] had this innocuous structure f(x)/ r(12+28) with
Af(x) = 0.) Therefore, we have simply

Or =0. (3.50)

On the other hand, this is not the case for the term P,
Eq. (3.46). The evaluation of the regular part of P needs to
appeal to the result in Eq. (3.49) and yields (modulo terms
of order O(r‘l‘) that will not be needed in our calculations)

P 1 <r§) L 15 15 (rz) r%z( 1)
R 2r12 r% 32r12 r% 32 r1r2 R

(3.49)

3 173 15
= — + 2 _ 2]
813, | 15, [224 A TEAE
3
+ 127‘?2 (I‘lnlz)[(rlnlz)z - gr%] 3.51)

Summarizing: We have explicitly displayed all the rules
needed to compute (near particle 1) the regular parts of the
various brick potentials V, V;, W, i R;, X entering the 2PN
metric. By replacing V — Vg, ..., X — Xy in Eq. (3.2) we
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define a regularized version of the 2PN metric generated
by two point masses, gk, (x) = g,,[Vr(), ..., Xz(x)],
which is smooth near particle 1.

IV. COMPUTATION OF THE INVARIANTS
ENTERING THE TIDAL ACTION

As we explained above, when neglecting terms qua-
dratic in the tidal parameters u'©, etc., the tidal part of
the two-body action is simply obtained by evaluating the
Shonminimals EQ- (2.12), as a function of the worldlines, by
replacing the metric g,,, (x) entering the right-hand side of
Eq. (2.12) by the (regular part of the) point-mass metric

P M (x, 1, ¥, my, my). This reduced action is a sum
over the various tidal parameters, ,LLEf), a’ff), /Lifg), ... We
can therefore compute separately the part of the reduced
action associated with each of them. This is what we shall
do in this section for the actions associated with the pa-
rameters w\( =2, u=Y, (=2 and 157, (We shall only
explicitly write down the results for A = 1 but, evidently,
they also yield the results for A = 2 by exchanging 1 < 2.)

First, let us note that each action, say, associated with the
parameter w; related to the first worldline, is of the form

M fdeM,(YI’ Yo, vy, UZ)’ (41)

where the Lagrangian L, is the product of a geometrical

invariant by d7,/dt. For instance,
1 dTl 1 dTl
= _ - ap =_ - 2
Lup = 377 GapGPh = 377 1G] (42)

We shall separately evaluate each geometrical invariant,
G2,,G2,.. ..., before multiplying it by the (regularized)
proper-time redshift factor dr,/dr (“Einstein time dila-
tion””). Note also that we systematically work with the
order-reduced 2PN metric, i.e., the 2PN metric in which
the higher time derivatives of y; and y, have been ex-
pressed in terms of positions and velocities only,
(¥1, ¥2, vy, v,), by iterative use of the (harmonic-gauge)
equations of motion. As was discussed long ago, such an

order reduction of the action is allowed when it is under-
|

6G2m? 1
JZe = 6 2{
T
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stood that it corresponds to a certain additional change of
coordinate gauge [45—47]. As we shall ultimately be inter-
ested in computing gauge-invariant quantities associated
with the EOB reformulation of the dynamics, we do not
need to keep track of this coordinate change.

A. Explicit 2PN-accurate tidal actions for general orbits

Let us start by discussing the simplest (and physically
most important) geometric invariant, namely, the one as-
sociated with the electric-type quadrupolar tide, say

Jr2e =[G uyGupli = [GopG*P];

= [Ra,u.,BVRyKS/\gaygBlsu#uVuKuA]l) (43)
where uf = dy{'/dr| = (¢, v|)dt/dr;, and where the
subscript 2e on J,, refers to “€ = 2 electric.” Using two
independently written codes (one based on the Maple
system and the other one based on the Mathematica soft-
ware supplemented by the package xAct [48]) we have
computed the right-hand side of Eq. (4.3) within the
(regularized) 2PN metric. [Actually, as explained above,
the Mathematica code alternatively regularized, a la
Hadamard, the value of G,z computed with the full (non-
regularized) 2PN metric.]

As the PN expansion of the quadrupolar tidal tensor
Eq. (2.7) starts as

_ 2
Gap, = —C"Ryopo T -

1
=+ 562(5@800 — 940850 — 90840 T 00&a) t - -»

one sees that the 2PN-accurate metric [i.e., the knowledge
of ggo up to O(1/c®) terms included, of g, up to O(1/c3),
and of g, up to O(1/c*)] is exactly what is needed to be
able to compute G, to the 2PN (fractional) accuracy, i.e.,
Gup = +3,V + ¢ 2(...) + ¢ *(...). The same is true for
the higher electric tidal moments G, . ... However, one
can easily see that one loses a PN order when evaluating
either the magnetic tidal moments H,,, H,p,, ... or the
time-differentiated electric one G, .... The result we
obtained, for general orbits, is

G 1
1+ ?<—3("12U12)2 = 3(njpv,y)* + 3vi, — r—u(5m1 + 6’"2)) + ?[3("121)12)4 + 12(n1pv5)(n1pv1,)?

+ 6(n1pv7)* — v, (n1pv12)? — 6(n12v12)*(Vav 1) — 6(n1v2) (11 v12)(Vav 1) — 3v3(n15v 1) — v, (nHv,)?

G 109 41 21

- 3U%(l’l12‘l}2)2 + 61}?2 + 61}%2(1)21112) + 3(1)21)12)2 + 31)%1)%2 + " (_ T(n12v12)2 + 7(”12112)2 + ZU%Z)
V)

G G? (365m? 125
+ 22 (6(n1,v10)? + 21(n15v2)? — 602, + T( e UL 21m§)]}. (4.4)
12 rio\ 28 2
Similarly, we computed the further geometrical invariants “¢ = 3 electric”
T3 =[Gy ]i = [Gap, G711, 4.5)

and “¢ = 2 magnetic”
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Jom = —[sz]1 = —[H pH*P],
= R}, 5, R 52877 &P ut u"uul];. (4.6)

Note the factor , introduced in the definition of J,,, to

have J,,, = (cRa Lpoi#u’)?,  analogously to J, =
(Rypprit” u”)?. Let us also note in passing that, in evaluat-
|
9OG2 1
J3e = {1 + [—2(7112”12)2 — 4(n1pvp)* + 307, —
r
14

G(4m, + 10m,)
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ing Js,, ie., the square of the electric octupole G,g,,
Eq. (2.8), it is important to use the orthogonally projected
covariant derivative V1. If, instead of (G, 5,)°, one eval-
uates (C,p,)* Where Cop, = Sym,,V, Rﬁwv” u”, one
finds a result which differs from (G,g,)* by a term pro-
portional to J;, = (G,;,)* [see Eq. (6.51)].

The results for these invariants (along general orbits) are

p ] + —[10("12U2) (n1pv12)* + 10(npv,)*
12

— — v (npv1p)? — 4nv) (vavyn) — 1201 (n15v2)? — 4(npv,)(n1ov10) (Vav1n) — 203(nypv1p)?

3

17
— 4v3(nppv,)? + ?v‘b + 6v3,(vovy,) + 3(vav)n)?

16

Gm1

+ 3vjvi, + —( 32(n1pv1)? + 2(nppvy)(n1pvy,)
Fio

G G2 259
+ 22(npvy)? + ?1@2) + 2 (12(n12v12)2 +45(n10v,)% — 1802) + —<9 2 4 # + 54m§)]} (4.7)

and

18G?*m
JZm =

T2

— v3(n1pv12)? = 2(n1pv0)(n1pv10)(Vav1n) — 3, (n1pvy)? + 201, + 20}, (vav)) + (Vavn)? + vivh,

2G(
4+ ==

-t mz)(("12U12)2 -
2

3

U%z)jl}
dry

The result Eq. (4.4), after multiplication by the redshift
factor
v vivi\1/2
D S -2 i N 1 1) )
dt ( 800 80i c glj C‘

which evaluates to (we use again the notation € = 1/¢, and
henceforth often set Newton’s constant to one)

d 1 1
i=1—62<

m, (1
24 2 ) 4+ < 4+—2<— 2
dt 2 r12) € [ Svl rio 2(”121}2)

4.9)

3
- —v% + 4(vyv,y) — 2v%)

) 2 P (3m1 + mz)]

12
(4.10)

provides the O( M(l€=2)) piece (“gravitoelectric tidal quadru-
pole’) of the reduced two-body action at the 2PN approxi-
mation level; i.e., including tidal correction terms that are
(v/c)* smaller than the leading order tidal Lagrangian,
which is simply given by J% = 6m2/rS,. Similarly, multi-
plying the results of Egs. (4.7) and (4.8) by the redshift factor
in Eq. (4.10) provides the reduced tidal actions associated
with J3, = [G2, ], and J,,, = 1[H?2,] at the 2PN approxi-
mation for the electric—octupole term J3,, and at the 1PN
approximation for the magnetic-quadrupole term J,,,,.

In view of their complexity, the results of Egs. (4.4),
(4.7), and (4.8), which provide the action for general orbits,
are not very useful as they are. In what follows, we shall
extract the physically most useful information they contain

"2

1
c { (npvp)* + vi, + zli(nuvlz)4 + 4(n1502)*(n12v12)* = 3vi,(n1v10)* = 2(n1pv12) (Vav)

2

(4.8)

by: (i) focusing our attention on circular orbits and
(ii) reformulating our results in terms of the EOB descrip-
tion of binary systems. Note in passing that though circular
orbits are only special solutions of binary dynamics, they
are the ones of prime physical importance in many situ-
ations, most notably radiation-reaction—driven inspiralling
binary systems.

B. Tidal actions along circular orbits

In the following, we shall therefore restrict our attention
to circular motions. (However, we shall show below how
this restricted result can crucially inform the EOB descrip-
tion of tidally interacting binary systems.) We shall also
focus on the relative dynamics in the center-of-mass frame.
As we see in Egs. (4.4), (4.7), (4.8), and (4.10), the various
Lagrangians depend only on the relative position y;, =
¥1 — ¥, and start depending on (individual) velocities only
at 1PN (for general orbits) and even at 2PN for the invar-
iants themselves (in the case of circular orbits). This im-
plies that we shall not really need to use to its full 2PN
accuracy the relation between center-of-mass variables
Y™, ySM, ™M M and relative ones y;,, v;,, namely,
(in the c1rcular case)

M
X, +3|l—— VX12 Yio
ripc?
M \2 ;
5| vXi2 (Vi

4.11)
ripc
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and the corresponding velocity relations obtained by time-
differentiating them, using the fact that y,, = rj,n,, where
r1, is constant and n, rotates with an angular velocity
given by

2
Q02 —g[l + e (v — 3)£+ e4<6 + %11} + 1/2)(%) ]

&7 ri» 2
4.12)
Here and below, we use the notation
Xl E%, Xzz%, VEX1X2,
4.13)
Xp=X—X;

(recall that M = m; + m, so that X; + X, = 1). In our
calculations, the €* = 1/c* contributions in Eqs. (4.11)
and (4.12) do not matter and can be neglected from the
start.

Using such an additional circular (and center-of-mass)
reduction, we get a much simplified result for the electric-
quadrupole invariant J,,, Eq. (4.3), namely,

Jé‘:rc) _ 6M62X§ [1 L X, —3M

V) T2
2

— -
28717,

(713X3 — 805X, — 336)]. (4.14)

In a similar manner, one gets much simplified results for
the other (subleading) geometrical invariants of tidal
significance, namely, the magnetic quadrupolar term Jj,,,,
Eq. (4.6), the electric octupolar term J3,, Eq. (4.5), and also
for the time-differentiated electric-quadrupole coupling, say,

Jse =[G2)1 = [FV,Gop) 'V, G*F)];. (4.15)

Among these invariants, the 2PN accurate metric allows one
(as for Gﬁ ») to calculate to 2PN fractional accuracy only the
electric-octupole term J5,. The other ones can be computed
only at 1PN fractional accuracy because of their magnetic or
“99 = ¢~ '9,” character. Our explicit “circular” results for
Joms J3e, and J5, are

. 18X2M3 M
s =M 2 M v x, - 9)] @ae)
rl 3rp,
. 90X2M? M
i) — TZ[l + eX(6X, — 1) —
s 2
M2
— et —- (61X} +4X, — 98)], (4.17)
3r
12
. 18X2Mm3 M
J(2c1rc) _ 92 [1 + EZ(X% _ 7) _] (418)
e s I

To complete the above results and allow one to compute
the corresponding associated Lagrangians, let us note that
the circular value of the redshift factor is

PHYSICAL REVIEW D 85, 124034 (2012)

dry _ 1

dt T

M - DX =), MY - D)
2715 Sr%2

X (3X3 — 9X? + 13X, — 3)e*.

=1

(4.19)

Let us also quote the value of the inverse redshift factor, I';
(analog to a Lorentz y-factor y = 1/4/1 — v?/c?), namely,
dt
I'=—
: dTl
MX, — DX, —3) , M
27"12 87’%2

X (X, — (X3 + 5X2 — 17X, + 15)€*.

=1+

(4.20)

V. EOB DESCRIPTION OF THE TIDAL ACTION

We have computed above the effective actions associ-
ated with the tidal parameters /.L(lz), ,LL(13), 0'(12), and ,LLII(Q).
Before the restriction to circular motions (in the center-of-
mass frame), they have the general form

My fdtL,Ll(}’u, vy, 1)), (5.1)
where w; denotes a generic tidal parameter, and y;, =
¥y; — y,. In this section, we discuss how one can describe
the actions of Eq. (5.1) within the EOB formalism. Let us
recall that the EOB formalism [16-19] replaces the (pos-
sibly higher-order) Lagrangian dynamics of two particles
by the Hamiltonian dynamics of an “effective particle”
embedded within some *“‘effective external potentials.” For
nonspinning [49] bodies, the original (velocity-dependent)
two-body interactions become reformulated (and simpli-
fied by means of a suitable contact transformation in phase
space) in terms of three “EOB potentials’: A(7eg;), B(reg),
and Q(ry p°). The first two potentials, A(r.;) and
B(re), parametrize an “effective metric”

sy = 8 (Xegr)dXLipdxli
- _A(reff)czdtgff + B(reff)drgff + rgff(dﬁgff

+ sin? O d ) (5.2)

and its associated Hamilton-Jacobi equation, while the
third potential, Q(r., p°) (Which necessarily appears at
3PN [18]), describes additional contributions to the
(Hamilton-Jacobi) mass-shell condition,

eff eff

0= qu + g;;}(xeff)pﬂ Py + Q(reff’ Peff) (53)

[where u = m;m,/M = vM is the reduced mass of the
binary system], that are higher than quadratic in the effec-
tive momentum p°. Following the EOB-simplifying
philosophy of Ref. [18], we shall assume that the third
potential has been reduced (by a suitable canonical
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transformation) to a form where it vanishes with the radial
momentum peff.

In addition, EOB theory introduces a dictionary between
the original dynamical variables (positions, momenta, an-
gular momentum, energy) and the effective ones. A crucial
entry of this dictionary is a nontrivial transformation be-
tween the original “real” energy, i.e., the value of the
original (total) Hamiltonian H, and the “effective’ energy
—p&ft = H.g entering the mass-shell condition of Eq. (5.3)
. Because of this transformation, the final EOB-form of the
(original, real) Hamiltonian reads (here we set ¢ = 1 for
simplicity)

H
HEOB (x5, pesr) = M\/ 1+ 2v(—eff - 1), (5.4)
“

where Hep = Hegr(Xefr, Pegr) is given by

J2 sff 2
Heff=\jA(reff)(u2+ ;ff+(p )+Q<reff,peff)). (5.5)

Tegr B(reff)

Here, J it = x4t X pesr denotes the effective orbital angu-
lar momentum which, by the EOB dictionary, is actually
identified with the original, total (center-of-mass) orbital
angular momentum J of the binary system: J.; = J.

A. EOB reformulation of tidal actions: General orbits

Let us now discuss what the various possible methods
are for reformulating an original action of the type
Lo(y12, vy, 03, ...) + L, (y12, vy, ;) (Where w; stands

for a sum over a collection of tidal parameters M(lz)’

/.L(zz), ,u(13), ,u,g), ...) into corresponding w;-deformations

of EOB potentials: Ag(re) + 1A, (regr), Bo(resr) +

B, (rege), Qolregr, ) + w10, (rege, p). The main
difficulty in finding the perturbed EOB potentials A, ,
Em’ and @, that encode the dynamics of L, is that
such a dynamical equivalence is obtained only after
some a priori unknown phase-space contact transforma-
tion between the EOB phase-space coordinates, say
&t = (Xepps Pesr), and the original (harmonic-coordinate-
related) ones, say &, = (312, ;). For simplicity, we
assume that we have already performed the reduction of
the original harmonic-coordinate dynamics to its center-
of-mass version, in which one can express v; and v, in
terms of the relative velocity v, = vy — v, and of y;, =
¥1 — ¥2. On the other hand, we do not immediately assume
that the original Lagrangian dynamics is expressed in
Hamiltonian form. [Let us recall that, as was found long
ago [24,50], starting at the 2PN level, the harmonic-
coordinate dynamics does not admit an ordinary Lag-
rangian, L(y, y), but only a higher-order one, L(y, y, j). In
order to express the 2PN dynamics in Hamiltonian form,
one already needs some (higher-order) contact transforma-
tion. However, this transformation is well-known, e.g.,

PHYSICAL REVIEW D 85, 124034 (2012)

Ref. [46], and we do not need to complicate our discussion
by explicitly mentioning it. Nonetheless, it will be taken
into account in our calculations below.]

The transformation 7" between & and &, will have the
general structure

Ep = TolEet) + p1 Ty, (Ectr). (5.6)

The unperturbed part Ty(&.¢) is known from the pre-
vious EOB work [16,18], but the O(u;) perturbed part
T, () is unknown, and actually is part of the problem
which must be solved for reformulating the (perturbed)
harmonic-coordinate dynamics in EOB form. This means,
in particular, that it would not be correct to try to compute

A, B, ,and Q, simply by replacing in the tidal action in
Eq. (5.1) the harmonic variables &, by their unperturbed
expression Ty(&.¢) in terms of the effective variables &.

For the general case of noncircular orbits, a universal,
correct method for transforming the original Lagrangian
L(&) = Lo(é) + piL,, (¢,) in EOB form consists (as
explained in Ref. [16]) of the following steps: (i) to trans-
form the original Lagrangian L(£;,) in Hamiltonian form
H(¢y) = Ho(éy) + piHy, (§y), where &y = (g, p) are
canonical coordinates; (ii) to extract the gauge-invariant
content of H(&y) by expressing it in terms of action
variables 1, = ﬁ $ p.dq,, which yields the Delaunay
Hamiltonian H(I) = Hy(I) + w,H, (I); (iii) to do the
same thing for the EOB Hamiltonian, i.e., to compute as
a functional of the unknown EOB potentials its Delaunay
form  Hgop(I) = HEOB(I) + w HEOB(I); and finally,
(iv) to identify the known H(I) to Hgogp(I), which depends
on the unknown functions A, , B, , Q,, . This last step
yields (functional) equations for A, , B us Qu,» and
thereby allows one to determine them. (In practice, the
functional dependence on A, B, Q is replaced by a much
simpler parameter dependence by using the method of
undetermined coefficients for parametrizing general forms
of A, B, Q.) An alternative (and equally universal) method
for transforming L(£;) in EOB form (as used in Ref. [18])
is to add the transformation &, = T(&.) to the list of
unknowns (using the method of undetermined coeffi-
cients), and to directly solve the set of constraints for
T, A, B, and Q coming from the requirement that
Hgop (e A, B, Q) = H(T(€.5)). (One must then take
into account that 7 is constrained to be a canonical
transformation.)

B. EOB reformulation of tidal actions: Circular orbits

The 2PN-accurate results, given for several tidal inter-
actions in the case of general orbits in the previous section,
can in principle be transformed within the EOB format by
using any of the two methods we just explained. However,
from the point of view of current astrophysical applica-
tions, one is mainly interested in knowing the EOB de-
scription of (quasi)-circular motions. In this case, we know
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a priori that it is only the A radial potential which matters.
Knowing this, the question arises whether to compute the
tidal perturbation A, of the EOB A potential in the most
efficient manner, possibly without having to go through the
rather involved, general universal methods recalled above.
Fortunately, it is possible to do so by using the following
facts.

The first useful fact concerns the relation between the
tidal perturbation (in harmonic coordinates) of the
Lagrangian of the binary system, say

SLM(yp, vy) = piL,, (y12, v1, 1), (5.7)

and the corresponding tidal perturbation (in harmonic-
related phase-space coordinates) of the Hamiltonian, say

SH"(yy, pn) = Hipn i Pr) — Hlgaotree O P1)- - (5.8)
(Strictly speaking, as we recalled above, the harmonic-
related (g, p) = (vj,, ps) phase-space coordinates involve
a supplementary O(1/c*) gauge transformation linked to
the order reduction of L,py(y, ¥, ¥) into L& (), 3').) Note
that here and in the following, the notation §Q(&) will
always refer to the tidal contribution to some function of
specified variables, i.e., 60Q(&) = Qnu(€) — Qidar-ree (§)-
One has to be careful about which variables are fixed, as for
instance, the transformation between Lagrangian (g, ¢) and
Hamiltonian (g, p) coordinates does contain a tidal contri-
bution [because 89 L(y,, y,) does depend on velocities].
This being made clear, we have the well-known universal
result about first-order deformations of Lagrangians
by small parameters7 L(Q’ q) = L()(C], f]) + MIL,ul(q’ q)a
namely,

SH"(y;, pr) = —8L"(yy, vy), (5.9)

which follows from the properties of the Legendre
transform.

Let us now apply the second method recalled above for
transforming the ‘“‘harmonic” Hamiltonian H}' (v, ps) =
H!(y;, pn) + 8H"(yy, pj,) (where the index O refers to the
unperturbed, tidal-free dynamics) into its corresponding
EOB form HEQB(xgop, peop). defined in Egs. (5.4) and
(5.5) above. (For clarity, we denote here the effective-
one-body phase-space coordinates by xgop, Pros, instead
of X., pest, as above.) The crucial point is that the EOB
potentials entering the definition of HEQP must be the full,
tidally completed values of A, B, and O, e.g.,

Agn(reos) = Ao(rgos) + w14, (reos)

= Ay(rgop) + 6A(rgop)- (5.10)

In other words,  H*® (xgop, pros) = Hiy (XgoB, PEOB) —
HEOB(xgop, peop) is obtained by varying the functions A,

B, and Q (i.e., A(FEOB) = Ao(rEOB) + (SA(VEOB), etC.) in
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the definition in Eqs. (54) and (5.5) of HEPB[xgop,

Pros: A(reop), B(reos), Q(reos, pEOB)].
This second method for mapping H?ull(fh) into

HEQB(€pop) (where &, = (v, p1), éros = (XEoB. PEOB))

consists of looking for a full, i.e., perturbed, (time-
independent) contact transformation &, = Ty (Egop) =

To(érop) + 1T, (€gop) that transforms HY,(£,) into
HEQB(Epop), i.e., such that

Hf}illl[Tfull(fEOB)] = Hgﬁ)lB(fEOB)- (5.11)

Rewriting the full transformation Ty, as the composition
T' o Ty, of the known unperturbed (tidal-free) contact
transformation &) = T,(égop) mapping HA(£Y) into
HEOB(£pop) with an unknown near-identity additional
transformation, &, = T'(§)) = &) + u{G, (&), &)}
(where {f, g} denotes a Poisson bracket and where
u1G,, (£)) is the first-order generating function associated
with the canonical transformation 7'), and expanding all
functions in Eq. (5.11) into unperturbed plus tidal contri-
butions (H" = H} + 6H", T = (1 + 8T') o Ty, H*OB =
HEOB + SHEOB), leads to the condition

[8H"(&)) +{8G(£D), H"(ENH =1, ¢uon)

= SH"P(€gop), (5.12)

where G (&) = u,G,, (£).

In general, o G(fg) is part of the unknown functions that
must be looked for when writing the condition in Eq. (5.12)
. However, another simplifying fact occurs in the case
where one focuses on circular motions: The supplementary
term {8G, H"} happens to vanish. Indeed, §G(£Y) is a
scalar function and the Poisson bracket {§G, H"} is equal
to the time derivative of 6G(£)) along the H"-dynamical
flow, which clearly vanishes along circular motions. This
allows one to conclude that, along circular motions, we
have the simple condition

[5Hh(§2)]?§iTo(§EOB) = [6HFOB(&Rop) [, (5.13)

where the left-hand side is, in principle, fully known.

C. Link between the circular tidal action and the tidal
contribution to the EOB A potential

Let us now evaluate the right-hand side of Eq. (5.13).
When restricting the definition of Egs. (5.4) and (5.5) of
the EOB Hamiltonian to circular motions, the terms
(pEOB)2/B and Q(rgop, pE°B) disappear (because one
works with a gauge-reduced Q which vanishes with
pEOB). As a consequence, HX:(rgop, J) only depends
on the A potential. The difference, SHL, =
HES [ reop, J, Aran] — HESS[rgop, J, Ag), can  then be
simply computed by varying A (Apy = Ao + 6A) within
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HE[A]. To write explicitly the result of this variation,
it is convenient to work with dimensionless variables.
We can replace the two phase-space variables rggp,
ptOB =17 that enter Hfy,, by their dimensionless
counterparts

GM _ G(m + m,)

2 2 ’
C"VYEOB C"FEOB

(5.14)

u=

and
cJ _ cJ
GMu  Gmymy’

In terms of these variables, the explicit expression of
[HEQBT™ reads

LHEOB (1, ) — Mc2\/ 1+ 2,,<_1 + AW+ ) )

(5.16)

Varying A(u) in Eq. (5.16) then yields the following ex-
plicit expression for the right-hand side of Eq. (5.13):

[5HEOB (l/l, j)]circ

(5.15)

~.
Il

]M 5 1+ j2u?
=_Mvc

2 A(u)[l +2p(—1+\/m)]

SA(u).

e

(5.17)

In addition, one must take into account the constraint
coming from the reduction to circular motions,
namely, from pEOB = —9HFOB/grpop, the fact that
3,[A)(1 + j2u*)] = 0, i.e., the fact that j* is the follow-
ing function of u (using a prime to denote the
u-derivative):

A'(u)
(?Au))"”
Note that this relation depends on the value of the radial
potential A(u). If one is considering the full, tidally per-
turbed circular motions, one must use Ag;(u) = Ay + 6A
in Eq. (5.18). On the other hand, as we are now interested in
considering the (first-order) tidal perturbations SH" and
SHEOB and their link in Eq. (5.13), we can evaluate § HEOB
with sufficient accuracy by replacing in the coefficient of
SA(u) on the right-hand side of Eq. (5.17), A(u) and j? by
their unperturbed, tidal-free expressions Ay(u) and 1/240(“)
(obtained by replacing A — A, on the right-hand side of
Eq. (5.18). [This remark applies to several other results
below; notably Eqgs. (5.20) and (5.22)]..

Combining our results of Egs. (5.9), (5.13), and (5.17),
we finally get a very simple link between the tidal variation
of the harmonic-coordinate Lagrangian 6 L(y,, v;,) and the
corresponding tidal variation 5A(u) of the EOB A poten-
tial, namely,

7= k) = — (5.18)

2

SAW) = - Muvc?

\ F(u)[5L(yh’ vh)](;j]riro(u)r (519)
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where
Flu) = [%(1 + 2y(—1 A0+ j2u2)))]j:0.
(5.20)

Here, the superscript “circ”” means that j2> must be re-
placed by j2_(u), Eq. (5.18). (Note that the replacement
A — A, indicated as a subscript must be done both in the
explicit occurrence of A in Eq. (5.20) and in the definition
in Eq. (5.18) of jfirc(u)). Finally, if we introduce the short-
hand notation

Au) = A(w) + %uA’(u), (5.21)

F(u), Eq. (5.20), can be rewritten in the explicit form

= A(u vl — AW ,
Flu) = A( )[1+2< 1+ A(u))]

(5.22)

which is valid along circular orbits and applies for any
relevant (exact or approximate) value of the A potential. On
the other hand, as we computed 6L only to the 2PN frac-
tional accuracy, it is sufficient to use a value of F(«) which
is also only fractionally 2PN-accurate. One might think
a priori that this would mean using for A(u) in Eq. (5.22)
the tidal-free approximation Ay(u) truncated at the 2PN
order, namely A3N(u) =1 — 2u + 2vu’. However, the
contribution 2vu® = 2v(GM/(c*rgog))? is O(1/c%) com-
pared to one, which is the leading-order value of F(u),
which starts as F(u) =1+ O(u) =1+ O(1/c?). The
same consideration applies to A(u). (The situation would
have been different if F(u) had been, say, « A’(u).) This
means that, at the 2PN fractional accuracy, we can use
the value of F(u) obtained from the leading-order,
“Schwarzschild-like” value of Ay(u), namely APN(u) =
1 — 2u. The corresponding A function is then APN(u) =
1 — 3u, so that

F?N(y) = (1 — 3u)[1 + 21/(—1 + %)] (5.23)

Consistently with the fractional 2PN accuracy, and remem-
bering, that u = O(1/c?), we could as well use the 2PN-
accurate series expansion of Eq. (5.23), say, F>™N(u) =
1+ fi(v)u + fr(v)u* + O(u®). However, it is better to
retain the information contained in Eq. (5.23) that, in the
test-mass limit ¥ — 0 (where Ag(u) — 1 — 2u), the exact
value of F(u) becomes 1 — 3u (see later).

There remains only one missing piece of information to
be able to use our result in Eq. (5.19) for computing the
various tidal contributions to A(«). We need to work out the
explicit form of the unperturbed transformation 7, be-
tween rgog and ry,.

A first method for getting the transformation 7}, (at 2PN)
is to compose the transformation fg — &apm (obtained at
2PN in Ref. [46], and at 3PN in Ref. [51]) with the
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transformation &py — €gop  (obtained at 2PN in
Ref. [16], and at 3PN in Ref. [18]). For our present pur-
pose, it is enough to restrict these transformations to the
circular case, i.e., to transformations r, — rypy and
Fapm — TEOB-

The transformation 7 — ADM starts at 2PN, i.e., yf‘ =
XADM p (—4y2PN(yADM pADM) \ith y2PN(xADM pADM)
given, e.g., in Eq. (4.5) of Ref. [51]. Its circular, and
center-of-mass, reduction (with np,-pys =0, p, =
—p>=p, and (p/p)> = GM/r;, + O(1/c?)) yields at

2PN
1 29 GM \2
= r’l*zDM[l + (Zl + SV)(czrl) ]

On the other hand, the transformation ADM — EOB starts
at 1PN. To determine the corresponding radial transforma-
tion r#PM — rEOB one could think of using Eq. (6.22) of
Ref. [16]. However, this equation needs to be completed by
the knowledge of the circularity condition relating
(p"PM/)? to GM /riPM at the 1PN level included. This
1PN-accurate circularity condition can, e.g., be obtained
from combining the 1PN-accurate rAPM = pADM(j)
relation given in Ref. [52] (see below), with the fact
that [setting uspm = GM/(c*rapm)] (Papm/(mc))* =
JPuapy- This yields (papm/(1£¢))* = tapm + 4u3pys
and therefrom the relation between r,py and rgop.

Another method (which we have checked to give the
same result) for determining the rPM — rgqp transforma-
tion does not need to use Eq. (6.22) of Ref. [16]. It consists
of directly eliminating the dimensionless angular momen-
tum j between the two relations rAPM = pADM(j) and
rEOB — yEOB() The former relation was derived at 3PN
in Ref. [52] and reads, at 2PN,

apm _ GM .

4 1 1
= S p[1- - ge-amg] 629

(5.24)

while the latter one is obtained by inverting the 2PN-
accurate version of Eq. (5.18), namely, using Apyn(u) =
1 — 2u + 2vu’:

1 u(l —3u+5vi’)
- = 5.26
72 1 —3vu? ( )
Inserting Eq. (5.24) into Eq. (5.23) yields (at 2PN)
GM 5 19
I KR (o 0 B

Then, combining Eqgs. (5.27) and (5.24) yields the looked-
for transformation rE9B — %, at 2PN accuracy,

2
iy + G—ZZVI = rEOB<1 + 6v< oM ) )
C

CZrEOB

(5.28)

or, setting u, = GM/(c*r,) by analogy with u =
GM /(c*reop),
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Y1 - 6vud).

u, = (5.29)

1—u
We have written the transformation of Egs. (5.28) and
(5.29) so as to exhibit the exact form of the transformation
r, — rgop in the extreme mass ratio limit » — 0, namely,
ry, = reop — GM/C2 + O(V)

Summarizing: The (first-order) tidal contribution
0A(u) = uA,, (u) to the main EOB radial potential,
associated with any tidal parameter wu,(= ,u,(lz), ,u,gz),
,U«(13), ...), is given in terms of the corresponding
harmonic-coordinate tidal contribution to the action
OL(yp vy) = uL,, (vy vy), for circular motion, by
Eq. (5.19), where F(u) is given (at 2PN) by Eq. (5.23),
and where the transformation between the harmonic radial
separation %, and the EOB radial coordinate rgog =
GM /(c*u) is given by Eq. (5.28) or (5.29).

VI. EOB DESCRIPTION OF TIDAL ACTIONS

A. Tidal actions for comparable-mass systems

We have explained in the previous section how to convert
each contribution ~u L, (ys v,) to the (reduced) tidal
action into a corresponding additional contribution
1A, (1) to the main EOB radial potential A(u). For in-
stance, if we consider the dominant tidal parameter, i.e., the
electric quadrupolar one, ,u(f:z) (or ,u(;:z), after exchang-
ing 1 « 2), the combination of the result of Eq. (4.2) for the
associated Lagrangian, with Eq. (5.19) yields

D4 ) = — “('2)\/1? U116, 5G], (6.1
My “?)(M)— 22 My (M)E[ af li. (6.1)

In other words, apart from a (negative) numerical coeffi-

cient, and the rescaled tidal parameter ,u(lz) /(Mv) (where
Mv = u = m;m,/(m; + m,) is the reduced mass of the
system), the corresponding tidal contribution to A(u) is the

product of three factors: /F(u), dt;/dt and the geometrical
invariant associated with the considered tidal parameter,
e.g., [G,pG*F]; for the electric quadrupole along the first
worldline. In addition, two of these factors, d7,/dt and the
geometrical invariant, must be reexpressed as functions of
the EOB coordinates by using Eq. (5.28).

Let us start by applying this procedure to the dominant
tidal action term: the electric-quadrupole one in Eq. (6.1).
We have given above, in Eq. (4.14 ), the 2PN-accurate
value of Jp, =[G,gG*]; in harmonic coordinates.
Using the transformation of Eq. (5.29) to replace 1/r%, in
terms of 1/rgop leads to

6M>X? [1 LoXiEIM M?

6

(circ) __
Jée -
TEoB

2
TEOB 28rgop

X (295X% — 7X; + 336)]. (6.2)
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In addition, the reexpression of the time-dilation factor
dr,/dt, Eq. (4.19), in terms of 1/rgop yields

dTl 1

dr T,
1 2 3 2
X (X3 —3X2 43X, +3)€*. (6.3)

Their product yields tidal
Lagrangian (stripped of its prefactor }Uu(lz)) in EOB coor-
dinates, at the 2PN accuracy, namely,

the electric-quadrupole

dr,  JE9 66X, — 1)2ub -
2 _1 — Y2e — 1 6.4
Gab dt 1‘*] M4 £2e’ ( . )

where

o 1 2 2 u’ 4 3

£26—1—EM(X1 _6X1_3)€ +%(21X1 _112X1
+ 744X% + 238X, + 357)€*. (6.5)

Adding the further factor 4/F(u), as well as the prefactor,
leads to the corresponding contribution to the EOB A
potential, namely

M(lz)A,U«(lz) (M) = A(lzgtt(c)tric (rEOB )AA (lzglectric (Lt), (66)
where
)LO 3G? ,LL(IZ)M X3
Al electric(rEOB) = T3 ” 1”6—, 6.7)
EOB
and
A(lzglectric(u) = VF(u)zZe =1+ a%eu + a%eMZ + 0(”3))
(6.8)
with
2e — 5
CYl - EXI’ (69)
337 1
af =X} + X +3. (6.10)

28 8

The leading-order (i.e., Newtonian-level) A potential of
Eq. (6.7) is equivalent to Egs. (1.6) and (1.7) above (i.e.,
Egs. (23), (25) of Ref. [5]), using the link

0__ 1 (0) p2e+1
Guy, 00— 1)!!2kA R (6.11)
The term of order u (i.e., 1PN) in the relativistic amplifi-
cation factor A?),. . («), Eq. (6.8), coincides with the
result computed some time ago (see Eq. (38) in Ref. [5]).

By contrast, the (2PN) term of order u” in A? (u) is the

1 electric
main new result of our present work. Let us discuss its

properties.
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Similarly to the 1PN coefficient a3¢ = %X 1, which was

positive, and monotonically increasing (from 0 to 5/2) as
X, = m; /M varies between 0 and 1, the 2PN coefficient
@3¢ is also positive and increases as X, varies between
0 and 1. When X, = 0 (i.e., in the limit m; < m,), a3
takes the value +3, while when X; = 1 (i.e., in the limit
my 3> m,), it takes the value

849
(X, =1)= 56 - 15.16071429.

(6.12)
Note that this is about five times larger than its value when
X; = 0. Of most interest (as neutron stars are expected to
have rather similar masses ~1.4M) is the equal-mass
value of @3¢, which is

1 85
a%e(Xl = —) = — = 6.071428571. (6.13)

2 14
In other words, the distance-dependent amplification
factor of the electric quadrupole reads, in the equal-mass
case,

A 5 85
2) equal-mass —
[A(l electric(u)] qual =1+ Zu + ﬁuz + 0(u3)
=1+ 1.25u + 6.071429u2 + O(u3).
(6.14)

We will comment further on these results for A(lzglectric(u)
and on the recent comparisons between numerical simula-
tions and the EOB description of tidal interactions below.
For the time being, let us give the corresponding results of
our analysis for some of the subleading tidal interactions.

The EOB-coordinate value of the electric octupole in-

variant, chgim), Eq. (4.17), reads

. 0X2M? M
sy - 0XGM° [1 + 26X, + 1)
’ TEoB TEOB
2
et (83X7 + 14X, + 17)]. (6.15)
EOB

Its corresponding action (stripped of its prefactor) is

(circ)
2 @ _ J;erC _ 90X§u8 'ZSe

6.16
abe gy I, MO (6.16)

with

I o= Lo 2 1 4 3

Ly, =1~ E(X1 — 16X, + Nue +ﬁ(9X1 — 108X3
+994X? — 56X, + 73)u’€, (6.17)

while the corresponding contribution to the EOB A poten-
tial reads
,LL<13)AM(]3) (u) = A(l3e):ll<;cc)tric (rEOB )A (13Z,Iectric (u)’ (6.18)

where
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_15G* wPM X3
A ione(reos) = =5 FL= L (6.19)
EOB
and
(136):lectr1c(u) VF(u)'Z3e =1+ a{aeu + a%euZ + O(l/l3),
(6.20)
with
15
alt =X -2, (6.21)
110 311 8
= X2 X, +-. 22
2T %13 (6.22)

Here, both results in Egs. (6.21) and (6.22) are new. Note
that, contrary to the quadrupolar case where o and a,
were always both positive (so that Al elecmc(”) was always
an amplification factor) the electric-octupole factor
A(l3é):lectrlc(u) is smaller than 1 (for large separations) when
X, < 4 =~ (.2667. Moreover, while the X,-variation of 3¢
is monotonic (going from —2 to ” as X, increases from O
to 1), @3¢(X) first decreases from a3(0) = 8 = 2.666667
to a3¢(XMin) = 42853/28160 = 1.521768 as Xl increases
from O to Xmln = 311/1760 = 0.1767046, before increas-
ing as X; goes from X™" to 1, to reach the final value

3¢(1) = 211/8 = 26.375 for X; = 1. Note, however, that
when (as expected) the two masses are nearly equal, the

factor A(1 glecmc(u) is an amplification factor. In particular,

its equal-mass value is

A 7 257
[A(lz.e)lccmc(”t)]cqmll =14+ 4M + K” + O(uq))

=1+ 1.75u + 5.354167u> + O(u?),
(6.23)

which is similar to its corresponding quadrupolar counter-
part, Eq. (6.14).

Let us finally give the corresponding results for the
magnetic quadrupole and time-differentiated electric quad-
rupole. For the magnetic quadrupole (at the 1PN fractional
accuracy), we found

% sz = J(c1rc)
18X3M3
=—2 [1 + €2 BX?+X, + 12)], (6.24)
TEoB TEOB
dr, _ 18X?
ibd_tl = M42 7£2m’ (625)
. 1
Lop=1+ 6(X1 +3)(3X, + 5)uée?, (6.26)
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A(lzr)ndgnetlc(u) = VF(M)-EZm =

1+ a¥u+ 0(u?),
(6.27)

with

aim = X3 + %Xl + 1. (6.28)
Here, @3™(X;) is always positive and monotonically in-
creases from a3"(0) = 1 to a}"(1) = 2 = 3.833333, its
equal-mass value being alm(2) = 13 = 2 166667.

Finally, for the time- dlfferentlated electric quadrupole,
we got

~2 . glcire) _
Gah_J'Cer

5 18)(72[1+ 2()(2+2)—] (6.29)

5 EOB TEOB

2 dTl _ 18X

T M62 w0 ls,, (6.30)
. 1
L5, =1 +§u62(X% +4X, + 1), (6.31)
ADw) = JF) Ly, = 1+ afeu+ 0G?),  (6.32)
with
2e = (Xl + 2)(2X1 - 1) (633)

B. Tidal actions of a tidally deformable test mass

One of the characteristic features of the EOB formalism
for point-mass systems is the natural incorporation of the
exact test-mass limit ¥ — 0. Indeed, in this limit the effec-
tive metric in Eq. (5.2) describing the relative dynamics
reduces to the Schwarzschild metric: lim,_,A(u) =
1 — 2u = (lim,_ B(u))~!. Let us study the test-mass limit
of tidal effects with the aim of incorporating it similarly in
their EOB description. When considering the nonminimal
worldline action of particle 1, the simplest test-mass limit
to study is the limit m;/m, — 0. (When considering tidal
effects within body 2, the permutation 1 < 2 of our results
below allow them to describe the limit m,/m; — 0. We
leave to future work a study of the limit m,/m; — 0, when
considering tidal effects taking place within body 1.) In the

limit investigated here, one is considering a tidally deform-

able test-mass (m, ,u,(1 ), ...) moving around a large mass

m, > m;. The effective action of body 1 is then exactly
obtained by evaluating the A = 1 contribution of the gen-
eral (two-body) effective action of Eq. (2.12) within the
background metric generated by the (nontidally deform-
able) large mass m,, at rest, i.e., within a Schwarzschild
metric of mass m,. The latter reads
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dr?

| —28m
cry

G
ds*(my) = —(1 - 2#)&(11‘2 +
c2r,
+ 2(d6? + sin®0de?) (6.34)

in “Schwarzschild” or areal coordinates, and

_ szz + G2m2
2 - _ Sy 2 g0 P )
ds*(m,) = G € dr* + e dr;,
Czrh Czr,,

G \2
+ <rh + #) (d6? + sin20dg?)  (6.35)
c

in harmonic coordinates: r, = r, — Gm,/c?. As a check
on the results below (and on our codes), we have computed
them both in Schwarzschild coordinates and in harmonic
ones.

The geometrical invariants J,, = Gib, etc., take the
following values in this Schwarzschild limit, and when
considering as above circular motions (we again set G
and c to one for simplicity):

82 _ 35
Gab - ‘]2e
_ 6’"%(’"% + ”;21 — myry)
(r, = 2my)*(r), + m,)°

3
Ty

6m3 3m,  12m3
~ 22 22y +..
o [l r ra ] (6.36)
_ bus #[1 N 37“?]
T _ —
ms (1 31/!5) (1 31/!5)
6 _
:6#[1 +3 s (1 2”3)2]’
m; (1 — 3uyg)
12 _ 5
ZHab - J2m
_ 18m3(ry, — my)
(rp = 2my)*(ry, + my)°
18m3[ 3m,  1lmd (6.37)
~ 2y M2y DML
ry, ry rh
n, (1 — 3ug)
S)2 _ 7(S)
Gae = T
_ 30m3(ry, — my)2m3 + 3r3 — 3myry,)
(rp = 2my)*(ry, + my)°
~90m5[1—7@+%m—%+...] (6.38)

_90u§ (1 — 2u3)|: 8u? ]
m§ (1 — 3ug) 3(1 — 3ug) [
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18m3(r), — my)?
(rp = 2my)*(r), + my)°

3 2
- 18'"2[1 72y 3" ] (6.39)

9
Vh ry l"h

82 _ 3(S) _
Gy =5, =

_ 18u3 (1 — 2ug)?

m$ (1 — 3ug)?*’
where ug = Gm,/(c*r,). We have indicated above the
expansions in powers of the inverse harmonic radius 7,
as checks of our 2PN-accurate results, written in harmonic
coordinates; see Egs. (4.14 ), (4.16), (4.17), and (4.18).

In the following, we shall focus on the transformation of
the exact test-mass geometrical invariants above into cor-
responding contributions to the EOB A potential. As ex-
plained previously, Eqs. (5.19) and (6.1), apart from the
universal prefactor —2/(Mvc?) and the specific original
tidal coefficient multiplying the considered geometrical
invariant (such as % ,LL(lz) for the electric quadrupole), the
contribution to A(u) associated with some given invariant
is obtained by multiplying it by two extra factors: (i) the
time-dilation factor d7,;/dt and (ii) the EOB-rooted factor
W F(u). Let us discuss their values in the test-mass limit
m; < m, that we are now considering.

The first factor is the square-root of

<d71)2 | _26my 1, (dgo)z
e = - — —=r\— .
dt cry 2 \dt

Denoting, as above, ug = Gm,/(c*r,), and using the well-

known Kepler law for circular orbits in Schwarzschild
coordinates, (> = Gm,/r?, simply yields

(6.40)

d test-mass
(l) ™ = T 3us.

6.41
dt circ ( )
The exact test-mass limit of the second factor is obtained
by taking the limit » — 0 in the exact expression of
Eq. (5.22). In this limit, A(x) — 1 — 2u, so that A(u) —
1 — 3u, and

(W )les{_masg —JVT-3u (6.42)

circ

In addition, as the EOB coordinates reduce to
Schwarzschild coordinates in the test-mass limit v — 0,
and M = m| + m, — m,, we have simply

sz GM
Uug 3 —u= 5 .
Cry C"TEOB

(6.43)

In other words, the two extra factors in Egs. (6.41) and
(6.42) become both equal to /1 — 3u. As a consequence,
the A contribution corresponding to the various geometri-
cal invariants of Egs. (6.36), (6.37), (6.38), and (6.39) is
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obtained (apart from a constant prefactor) by multiplying
these invariants by (v1 —3u)>=1—3u=1— 3ug.
Including the universal factor —2/(Mvc?) and the various

©
tidal coefficients 1 ,u(le) R i—‘z ... (as well as the

factor 4 in H?, = 4J,,,) yields the following exact, test-
mass contributions

G? pu? (m,)? 3u?
(2) 4 test-mass — ’ul 2
A — 13- 1+ R 6.44
Hraue (w) 2 m rgOB< 1—3u> (049
G? M(3) (m,)?
M(13)Ate(33t>—mass(u) — _15_2 7”1 82
My ¢” My Tgop
8 2
X (1 - 2u)(1 +31 - 3M), (6.45)
G3 0_(2) (my)3 1 —2u
a(lz)Ateiqzt)—mass(u) — _24_4 -1 72 T , (6.46)
[ C my rEOB 3u
3,102 3 2
/(2)  test-mass — G ld (mz) (1-2u)
K w? () ct my oy 1-3u 6.47)

One easily sees that the various exact, test-mass ampli-
fication factors A(u) exhibited here are compatible with the
X; — 0 limit of the 2PN-expanded ones ~1 + aju +
au’ + O(u?) derived above.

C. Light-ring behavior of test-mass tidal actions

A striking feature of all the amplification factors present
in Egs. (6.44), (6.45), (6.46), and (6.47), such as

2

2 (2)test-mass _
Alaeeie W) =1+ 37—,

(6.48)

is that they all formally exhibit a pole o 1/(1 — 3u) mathe-
matically located at 3u = 1, i.e., corresponding to formally
letting particle 1 tend to the last unstable circular orbit,
located at 3Gm,/c? (“light-ring” orbit). This behavior has
a simple origin.

The invariant that is simplest to consider in order to see
this is J,, = G2,. From Eq. (4.3), its covariant expression
reads

a B v, KA
apprRe ot u’u"u’.

G2, =R (6.49)
Let us study its mathematical behavior in the formal
limit where particle 1 tends to the light-ring orbit. Using
the language of Special Relativity, we consider the
Schwarzschild coordinates as defining a ‘‘lab-frame.”
With respect to this lab-frame, particle 1 becomes ultra-

relativistic as it approaches the light ring. More precisely,
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near the light ring, the lab-frame components of the
4-velocity u* = (dt/dr,)(c, v') tend towards infinity pro-
portionally to dt/d7; = I'; = 1/+/1 — 3u, while the lab-
frame components of R, g, (and of the metric) stay finite.
As G2, is quartic in the lab-frame components of u*, it will
tend towards infinity, like I'l = (dt/d7)* = (1 — 3u)~2.
The corresponding contribution to A(u) is obtained
by multiplying G2, by the factor (dr,/d1)* =172 =
(1 — 3u)*!, which reduces the blowup of G2, to the milder
(1 —3u)"2*" = (1 — 3u)~! behavior that is apparent in
Eq. (6.44) or (6.48).

A different way of phrasing this result uses the law of
transformation of the electric and magnetic components of
the Weyl tensor, G,, and H,;,, under a boost. Using, for
instance, the fact that under a boost with velocity
[ =tanhg in the x direction, the complex tensor
F,, = G,, + iH_,, undergoes a complex rotation of angle
¥ = i@ in the yz plane [53], one easily finds that the
transverse traceless components of F,, (in the yz plane)
acquire, under such a boost, a factor of order cos?iy =
cosh’¢p = (1 — B?)~! =TI'2. Because of the special struc-
ture of the tensor F,;, « diag(—1, —1,2), with the third
axis z labelling the radial direction, this reasoning shows
that boosts in the radial (z) direction leave F,, invariant.
However, we are mainly interested here in boosts in a
tangential direction, say x, associated with the fast motion
of a circular orbit, and therefore orthogonal to the radial
direction, which do introduce a factor I'? in some of the
boosted components of F,,. For completeness, let us in-
dicate that because of this special structure of F,
the invariant J,, = G2, for general, noncircular orbits is
equal to

2
6ms3

— (2 —
JZe—Gab_ 6
rS

(1 + 3ud + 3ud), (6.50)

where uf, = r2((u?)? + sin*6(u?)?) is the square of the
part of the 4-velocity u* that is tangent to the sphere.
(The radial component of the 4-velocity brings no contri-
bution to J,,.)

The behavior near the light ring of the magnetic-quad-
rupole invariant J,,, = ;{H Z » isunderstood in the same way as
that of J,, = G2,. Concerning the other invariants, one can

note that J;, = G%bc can be written as the sum

J3e = Gope = Copy C*P7 + 3—i2J~26, (6.51)
where
Capy = SyMupy VR g,y utu” (6.52)
and
Ty = Gop = Gaﬁ(;aﬁ (6.53)
with
G op = W'V)\Rypuputu’. (6.54)
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Similarly to G2,, Eq. (6.49), the term Ciﬁy in Eq. (6.51) is
quartic in u* and is therefore expected to blow up like I'{. On
the other hand, though G, 8> Eq. (6.54), is cubic in u*, itonly
blows up like I'? (so that J;, ~ I'f and J3, ~ C2 + J3, ~ ')
because of the special geodetic-precession properties of the
proper-time derivative operator V/dr = u?V, (see, e.g.,
Sec. 3.6 of Ref. [54]).

D. Suggested “resummed” version
of comparable-mass tidal actions

Having understood that the formal polelike behavior,
~(1 —3u)”!, in the test-mass limit of the electric-
quadrupole A potential is linked to simple boost properties
of G, near the light-ring orbit, and knowing that the EOB
formalism predicts the existence of a formal analog of the
usual Schwarzschild light ring at the EOB dimensionless
radius 7 g = 1/uy g, defined as the solution of

A(urg) =0, (6.55)
with A(u) defined in Eq. (5.21), it is natural to expect the
(unknown) exact two-body version of the electric-
quadrupole A potential to mathematically exhibit an analo-
gous polelike behavior of the form ~(1 — 7 gu)~'. As we
shall discuss elsewhere, such a mathematical behavior,
linked to considering (within the EOB-simplifying ap-
proach advocated in Ref. [18]) what would happen if one
formally considered (unstable) circular orbits with
u — upr, does not mean that there is a real physical
singularity in the EOB dynamics near u = u;g, but it
indicates that higher-than-2PN contributions to the

electric-quadrupole amplification factor AP . (1) =
1+ au + a5°u® + a3°u’® + - - - will probably be slowly
convergent and will tend to amplify further the correspond-
ing tidal interaction. Such an extra amplification might, for
instance, be physically important in the last orbits of
comparable-mass neutron-star binaries (which will reach
contact for values of u smaller than u; g).

This leads us to suggest that a more accurate value (for
u < upr) of the electric-quadrupole amplification factor is
the following ‘“‘resummed” version of Eq. (6.8):

A2 2
A0

— 2 2
lelectric(u) =1+ aleu + a5’

2 1— ?‘LRM’

(6.56)

where @3¢ and a3¢ are given by Egs. (6.9) and (6.10) and
where P g = 1/ug is the solution of Eq. (6.55). Similar
resummed versions of the other amplification factors can
be defined by incorporating in their PN-expanded versions
the formal light-ring behaviors exhibited by the exact test-
mass results of Egs. (6.44), (6.45), (6.46), and (6.47).

Let us finally discuss several possible approximate val-
ues for 7 in the proposed Eq. (6.56). The simplest ap-
proximation consists of using the Schwarzschild value
#r = 3. However, a better value might be obtained by
taking a solution of Eq. (6.55) that incorporates more
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physical effects. This might require solving Eq. (6.55)
numerically, with A(u) being the full A potential (contain-
ing both Padé-resummed two-point-mass effects and the
various tidal contributions). In order to have a feeling for
the modification of 7 g brought by incorporating these
changes, let us consider solving Eq. (6.55) when using
the following approximation to the full A potential:

Agpprox () = 1 — 2u + 2vu® — ku® (6.57)
where

K= ng) + ng)

@<R1762)5 + 2k ﬂ(&icz)s
m; \G(m; + m,) 2 my\G(m; + m,)) "

(6.58)

2
= 2k

Here, the term +2wvu’ is the 2PN-accurate point-mass
modification of A(u), while the term —«xu® is the
leading-order tidal modification. Note that they have op-
posite signs. The corresponding expression of A(u) reads

A ppron () = 1 = 3u + Svu® — duculS. (6.59)

The corresponding value of u g = 1/ is the solution
close to 1/3 of the equation
1
urr = g[l + SVM%R - 4KMER]. (660)
If we could treat both » and k as small deformation
parameters, this would imply that, to first order in these
two deformation parameters, the value of u; g (v, k) would

be obtained by inserting the leading-order value u; g =~ 1/3
in the right-hand side of Eq. (6.60). This would yield

1 5 4
ur(y, k) = g[l + 7 v — 3—6K + 0(1?, vk, K2)] (6.61)

and
R 5 4 2 2
Air(v, k) = 3[1 — 3—31/ + EK + 0(v?%, vk, k )] (6.62)

Note that while comparable-mass corrections ( « ») have
the effect of decreasing 7y, tidal ones ( o k) have the
opposite effect of increasing 71 r. Let us focus on the tidal
effects and consider the equal-mass case with R; = R, and

k(lz) = k(zz) . One has a first-order increase of 7 g equal to

‘ Ric*\s
PPN 16k<12>(1_c> -1 (6.63)

6Gm1

where C; = Gm,/(c*R,) denotes the common compact-
ness of the two neutron stars. This simple approximate
analytical formula shows that §194!7, ¢ is very sensitive to
the value of the compactness of the neutron star. If C; =
1/6 = 0.166667, i.e., R, = 6Gm,/c* (roughly corre-
sponding to a radius of 12 km for a 1.4M neutron star),
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then 8147 = 1.44(k\?/0.09) will be of order 1 (the
value k(lz) = 0.09 being typical for C; = 1/6; see, e.g.,
Table II in Ref. [5]). On the other hand, if 1?1 =
R,c?*/(Gm,) is slightly smaller than 6, 8U%7 o will
quickly become much smaller than 1, while if R, is slightly
larger than 6, 5147 ¢ will quickly become formally large
(thereby invalidating the first-order analytical estimate
of Eq. (6.63), which assumed 67 r < 3). These rough
estimates indicate that in many cases, tidal effects on 7|
will be quite important and will significantly increase the
numerical value of 7] g. Note that an increased value of 7
will in turn increase the effect of the conjectured resummed

2PN contribution a2u?/(1 — fipu) to A, .. (u).

VII. SUMMARY AND CONCLUSIONS

Using an effective-action technique, we have shown
how to compute the additional terms in the reduced
(Fokker) two-body Lagrangian L(y,, y,, y;, y») that are
linked to tidal interactions. Thanks to a general property
of perturbed Fokker actions [explained at the end of
Sec. II, see Eq. (2.20)], the additional tidal terms are
correctly obtained (to first order in the tidal perturbations)
by replacing in the complete, unreduced action
S[gur: 1, y2] the gravitational field g,, by the solution
of Einstein’s equations generated by two structureless
point masses my, y;; m,, y,. This allowed us to compute
in a rather straightforward manner the reduced tidal action
at the 2PN fractional accuracy by using the known, explicit
form of the 2PN-accurate two-point-mass metric [36—39].
The main technical subtlety in this calculation is the regu-
larization of the self-field effects associated with the
computation of the various nonminimal tidal-action terms
~ [dT(Rypupoutu’)* + ..., where, e.g., Ry, p,(x:y1, y2)
is to be evaluated on one of the worldlines that generate the
metric g, (so that R, 4,(v1;y1, y,) is formally infinite).
We explained in detail (in Sec. III) one (algorithmic) way
to perform this regularization, using Hadamard regulariza-
tion (which is equivalent to dimensional regularization at
the 2PN level). We then computed the regular parts of the
brick potentials that parametrize the 2PN metric, from
which we derived the regularized values of several of the
geometrical invariants entering the nonminimal worldline
tidal action terms. [See Eqgs. (4.4), (4.5), (4.6), (4.7), (4.8),
(4.9), and (4.10) for the 2PN-accurate Lagrangians (for
general orbits) of the three leading tidal terms (electric
quadrupole, electric octupole, and magnetic quadrupole)].
We then focused on the most physically useful information
contained in these actions, namely, the corresponding con-
tributions to the EOB main radial potential, A(u), with u =
G(m; + my)/(c*rgog). Our Egs. (5.19), (5.20), and (5.28)
gave the explicit transformation between the previously
derived harmonic-coordinates tidal Lagrangians and their
corresponding contributions to the EOB A potential. Using
this transformation, we could finally explicitly compute the
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most important tidal contributions to the EOB A potential
to a higher accuracy than had been known before; namely,
we computed the quadrupolar (€ =2) and octupolar
(€ = 3) gravito-electric tidal contributions to 2PN frac-
tional accuracy, i.e., with the inclusion of a relativistic
distance-dependent factor of the type u**2(1 + aqu +
a,u®) [see Egs. (6.6), (6.7), (6.8), (6.9), (6.10), (6.18),
(6.19), (6.20), (6.21), and (6.22)]. We also computed the
quadrupolar gravito-magnetic tidal contribution, as well as
a newly introduced time-differentiated electric quadrupo-
lar tidal term, to 1PN fractional accuracy [see Egs. (6.25),
(6.26), (6.27), (6.28), (6.30), (6.31), (6.32), and (6.33)]. Of
most interest among these results is the obtention of the
2PN coefficient a3 entering the distance-dependence of
the electric quadrupolar term. We found that this coeffi-
cient, Eq. (6.10), is always positive and varies between +3
and +15.16071 as the mass fraction X;, = m,/(m; + m,)
of the considered tidally deformed body varies between 0
and 1. In the equal-mass case, m; = m,, i.e., X; = %, we
found that @3¢ = 6.07143. This value shows that when the
neutron stars near their contact, 2PN effects are compa-
rable to 1PN ones. Indeed, contact occurs when the sepa-
ration » = R, + R, = Gm, /(c*C,) + Gm,/(c*C,) [where
Cy = Gmy/(c*Ry4), A = 1, 2, are the two compactnesses].
In the equal-mass case (with C; = C,), this shows that at
contact, u = G(m; + m,)/(c?r) is approximately equal to
Ugontact == C1. If we consider as typical neutron star a star of
mass 1.4M and radius 12 km, we expect C; ~ 1/6, i.e.,
Ueontact ~ 1/6. The successive PN contributions to the

distance-dependent amplification factor A(fglziﬁic(u) =1+
a3u + a3‘u® of the electric quadrupolar tidal interaction

for the first body then becomes, at contact,

A(lzglzeilt\iic(ucontact) =1+ aiC, + a5°C
1.25 6.07143

~1+—+——, 7.1
G 3 (7.1)
where one sees that the 2PN (O(u?)) contribution is nu-
merically comparable to the 1PN one. This suggests that
the PN-expanded form of the tidal amplification factor
A(fglecmc(u) is slowly converging and could get comparable
or even larger contributions from higher powers of u (i.e.,
3PN and higher terms). In order to get a feeling about the
possible origin of this slow convergence of the PN expan-
sion, we followed the approach of Ref. [55], i.e., we looked
for the existence of a nearby pole (in the complex u plane)

within the formal analytic continuation of the considered

function A(lzglecmc(u). [Ref. [55] considered the energy flux

F as a function of x = (GMQ/c*)?/3; it pointed out that
F(x) had (in the test-mass limit) a pole at the light-ring
value x = 1/3 and recommended improving the PN ex-
pansion of F(x) (for x < 1/3) by a Padé-type resummation
incorporating the existence of this pole in F(x).] By com-

puting the exact test-mass limit of the function A(lzglectric(u),

we found that it formally exhibits a pole located at the
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light-ring value ujy ™ = 1/3 [see Eq. (6.44)]. Such a
pole is also present in other amplification factors [see
Egs. (6.45), (6.46), and (6.47)], and we discussed its origin.
(Note that two equal-mass neutron stars will get in contact
before reaching this pole. However the idea here is that the
hidden presence of this pole in the analytical continuation

of the function A(lzglecmc(”) is behind the bad convergence
of the Taylor expansion of this function in powers of u.)

This led us to suggest that one might get an improved value
of the tidal amplification factor A® () by formally

1 electric
incorporating the presence of this pole in the following

Padé-resummed manner:

2
1@ _ 2e 2e u
Alelectric(u) =1+ al’u + a5 1_7}\’

riru

where P g = 1/u;g is the (EOB-defined) dimensionless
light-ring radius, i.e., the solution of Eq. (6.55), with A(u)
defined by Eq. (5.21). Let us point out that Eq. (7.2) is
equivalent to saying that the 2PN coefficient a3° becomes
replaced by the effective distance-dependent coefficient
oS (u) = a3¢/(1 — Pru). Note that aS§T(u) > a3¢. In
particular, for the “typical” compactness C; = C, ~ 1/6
considered above, and when using the unperturbed value
of 7y, ie., ?g = 3, the effective value a§T(u) will at
contact (i.e., when u = ugpae = C; ~ 1/6) be equal to
agff(ucontact) = a%e/(l - 301) -~ a%e/(l - 3/6) -~ 201%6 -~
12. We recalled in the Introduction that several compari-
sons between the analytical (EOB) description of tidal
effects and numerical simulations of tidally interacting
binary neutron stars [5,9,10] have suggested the need for
significant amplification factors A®,__ . (u) parametrized
by rather large values of @3¢. However, up to now the
numerical results that have been used have been affected
by numerical errors that have not been fully controlled. In
particular, in the recent comparisons [9,10], one did not
have in hand sufficiently many simulations with different
resolutions for being able to compute and subtract the
finite-resolution error. We hope that a more complete
analysis will be performed soon (see, in this respect,
Refs. [56,57]). We recommend comparing resolution-
extrapolated numerical data to the pole-improved amplifi-
cation factor of Eq. (7.2). As discussed in Sec. VI, it might
be necessary to use as value of 7 the improved estimate
obtained from the full (tidally modified) value of the A
potential. This suggests (especially for compactnesses
C, = 1/6) as discussed above that 7z might be signifi-
cantly larger than 3, thereby further amplifying the effec-
tive value of @3¢ during the last stages of the inspiral.
The present study has focused on the 2PN tidal effects in
the interaction Hamiltonian. There is also a 2PN tidal
effect in the radiation reaction, which has contributions
from various tidally modified multipolar waveforms. The

PHYSICAL REVIEW D 85, 124034 (2012)

tidal contribution to each (circular) multipolar gravita-
tional waveform can be parametrized (following
Refs. [5,10]) as an additional term of the form

(7.3)

{m tm

htidal (x) — Zh(ézLO (x)l’,l\(j)tail (x)il\‘(g‘ZPN (x)’
J

where x = (G(m; + m,)Q/c?)?/3; J labels the various
tidal geometrical invariants, such as J,, = GaBG“B;

h(dg‘o (x) denotes the leading-order (i.e., Newtonian-order)

tidal waveform; A"!(x) the effect of tails [58,59] and
their resummed EOB form [60]; while

ANy =14 gY"x+ gV ™2+ .. (14

denotes the effect of higher PN contributions. The 1PN

coefficient ,B(IJZ“ZZ) is known [7,15]. The other 1PN coef-
ficients needed for deriving a 2PN-accurate flux can be
obtained from applying the simple 1PN-accurate formal-
ism of Ref. [40]. It is more challenging to compute the 2PN

coefficient ,8(212(22)_ Indeed, this requires applying the 2PN-
accurate version [59] of the Blanchet-Damour-Iyer wave-
generation formalism [40,61-63] to the tidal-modified
Einstein Eqgs. (2.13). Let us, however, note that although

from a PN point of view, the 2PN coefficient nghzz)
contributes to the phasing of coalescing binaries at the
same formal level as the dynamical 2PN coefficient a5
determined above, it has been found in Refs. [9,15] that (if

,8(212“22) ~ a5°) it has a significantly smaller observable effect.

Let us finally point out that our general result in
Eq. (2.20) also opens the possibility of computing the
3PN coefficient a3° in the PN-expanded amplification
factor of the electric quadrupolar tidal interaction

A\(lze)lectric(u) =1+ a%eu + a%eu2 + a%eMB + 0(“4). This
computation would, however, be much more involved
than the calculation of a%g because of the technical subtle-
ties in the regularization of self-field effects at the 3PN
level [43,64—66] that necessitate using dimensional regu-

larization [25,26] instead of Hadamard regularization.
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APPENDIX A: EXPLICIT FORMS
OF (TIME-SYMMETRIC) 2PN-ACCURATE
BRICK POTENTIALS

The explicit forms of the (time-symmetric) 2PN-
accurate brick potentials V, V;, etc. are [39]
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Here,r,=x—y,,ri=|ril,n, =r//ri,ra=x—y,,

etc.;

v —

Yo=Yy 2= ynl, np=yp/rn, v =
v,, (n1,v,) = ny, - v;. In addition, the notation 1 <

2 means adding the terms obtained by exchanging the
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