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We derive a theoretical upper bound on the oscillation frequency in the scalar perturbation power

spectrum of single-field inflation. Oscillations are most naturally produced by modified vacua with

varying phase. When this phase changes rapidly, it induces strong interactions between the scalar

fluctuations. If the interactions are sufficiently strong the theory cannot be evaluated using perturbation

theory, hence imposing a limit on the oscillation frequency. This complements the bound found by

Weinberg governing the validity of effective field theory. The generalized consistency relation also allows

one to use squeezed configurations of higher-point correlations to place constraints on the power spectrum

oscillations.

DOI: 10.1103/PhysRevD.88.123511 PACS numbers: 98.80.Cq, 98.80.Es

I. INTRODUCTION

The scalar fluctuation �ðt;xÞ is the gauge-invariant per-
turbation [1,2] which appears in the nearly Friedmann-
Robertson-Walker (FRW) metric as

ds2 ¼ �dt2 þ aðtÞ2e2�dx2 (1)

once gauge-fixing has been imposed. Much attention has
been given to the late-time correlation functions of � in
inflating backgrounds. For example, the two-point correla-
tion measures the power spectrum P� ðkÞ,

h�k1
�k2

i0 ¼ P� ðk1Þð2�Þ3�3ðk1 þ k2Þ: (2)

The subscript indicates that this is evaluated in the back-
ground with the classical scalar field set to zero, �B ¼ 0.
It has been experimentally determined [3] that the power
spectrum is very nearly scale-invariant and is well
described by the following form,

P� ðkÞ �
�
H2

_�

�
2 1

2k3

�
k

k0

�
ns�1

; (3)

where H � _a=a is the energy scale of inflation, � is
the background field responsible for inflation, ns � 0:96
is the ‘‘tilt’’ of scale-dependence, and k0 is a ‘‘pivot point’’
which should be taken somewhere near the middle of
observationally accessible k. The amplitude of the power
spectrum has been measured to be roughly

P� � 10�10:

The bispectrum, or three-point correlation, probes self-
interactions of the field. One such type of interaction is
that which is local in position space [4],

�ðxÞ � �GðxÞ þ 3

5
flocNL�

2
GðxÞ;

where �G is a Gaussian-distributed field and flocNL is a
constant parametrizing this local nonlinearity. Fourier
transforming this gives the following relation,

h�k1
�k2

�k3
i ¼ 6

5
flocNL½P� ðk1ÞP� ðk3Þ þ P� ðk2ÞP� ðk1Þ

þ P� ðk3ÞP� ðk2Þ�: (4)

Here, and henceforth, we will omit the factors of
ð2�Þ3�3ðPikiÞ.
A single-field consistency relation was noted by

Maldacena [5] as follows. If one of the momentum magni-
tudes, say k3, is much smaller than the others then that
mode will freeze out into a background configuration in the
spatial metric much earlier. The bispectrum can then be
evaluated with �k3

simply rescaling the magnitudes of the

other momentum.
A formal proof of this was provided in [6,7]. The two-

point correlation (2) in a background (1) with j�j � 1 will
then be close to the homogeneous FRW case,

h�ðx1Þ�ðx2Þi�B
� h�ðx1Þ�ðx2Þi0 þ �B

�

��B

��������0
h�ðx1Þ�ðx2Þi�B þ � � � :

(5)

If we further assume that the short-distance difference
xS � x1 � x2 is much smaller than the long-distance av-
erage position xL � ðx1 þ x2Þ=2, then we can approxi-
mate the background value by the average position,
�BðxÞ � �BðxLÞ. Using the fact that � represents a spatial
rescaling, this makes the above expansion
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h�ðx1Þ�ðx2Þi�B � h�ðxS=2Þ�ð�xS=2Þi0 þ �BðxLÞ d

d ln xS

� h�ðxS=2Þ�ð�xS=2Þi0 þ � � � :
Now Fourier transforming with respect to x1 and x2,
defining kS � k1 � k2 and kL � ðk1 þ k2Þ=2 and per-
forming some algebra gives the relation

h�k1
�k2

i�B � h�kS
��kS

i0 �
�kL

k3S

d

d lnkS
ðk3Sh�kS

��kS
i0Þ þ � � �

(6)

Multiplying both sides by �k3
and taking the correlation

gives the relation

h�k1
�k2

�k3
ik3�k1;k2 ��P� ðkLÞP� ðkSÞ

d ln½k3SP� ðkSÞ�
d lnkS

: (7)

Assuming the ansatz (3), this makes

h�k1
�k2

�k3
ik3�k1;k2 � �ðns � 1ÞP� ðkLÞP� ðkSÞ:

Comparing this to (4) with ns �Oð1Þ means a measure-
ment of flocalNL * 1 eliminates most (but apparently not all
[8]) models of single-field inflation [9]. Note that there has
been no assumption of the field dynamics (such as slow-
roll), this is a direct consequence of a single field being the
only ‘‘clock’’ in the system. This powerful tool to relate the
bispectrum to the spectrum can also be derived from a dual
conformal field theory perspective [10] and has been
applied in various examples [11–13].

Now suppose that the power spectrum did not fit the
form (3) but instead contained oscillatory features, perhaps
of the form

P� � P0

k3

�
1þ � cos

�
! ln

k

k0

��
:

Then the logarithmic derivative is

d ln ðk3P� Þ
d ln k

� �! sin

�
! ln

k

k0

�
: (8)

By tuning � and ! one could produce arbitrarily small
oscillations in the power spectrum yet arbitrarily large
non-Gaussianity, and so could easily violate the ‘‘spirit’’
of the usual consistency condition. Similar observations
were made in [14]. Of course this also means the non-
Gaussianity will be highly oscillatory and therefore not truly
of the ‘‘local’’ shape, making it more difficult to constrain
[15], but this is a practical issue not a theoretical one. While
there have been previous studies of oscillations in the bi- and
trispectrum, they tended to focus either on the enfolded
shape [16–19] or of a theoretically-motivated origin [20].

Such oscillations are most often the result of vacuum
choice (or equivalently, boundary conditions) which pro-
duce an interference pattern between the positive and
negative frequency modes. Recall that the scalar field is
quantized as

�kð�Þ ¼ H2

j _�j
ffiffiffiffiffiffiffiffi
2k3

p ½aykð1þ ik�Þe�ik� þ akð1� ik�Þeik��;

where we have introduced the conformal time

að�Þd� � dt:

A class of vacuum states are parametrized by complex
�k,�k such that

ð�kak þ �ka
y
kÞj�k; �ki ¼ 0:

Normalization requires j�kj2 � j�kj2 ¼ 1. The special
choice �k ¼ 1, �k ¼ 0 is known as the Bunch-Davies
vacuum [21] and has been assumed for most previous
analyses of the consistency relation (8). The squeezed limit
of single-field inflation with modified vacuum states has
been studied in [22–25] and obtained various bounds on
j�kj based on the backreaction of excited states. However,
these largely assumed slowly varying vacua as in (8). In
[26,27] rapid oscillations were obtained from resonance
interactions but which could be effectively described by a
vacuum rotation [15,28].
In this article we focus our attention on the fact that such

rapid oscillations could overwhelm the prefactor ns � 1,
leading to an apparent violation of the consistency relation,
but is simply the result of including the modified vacuum.
This also produces nontrivial relations between the various
correlation functions which could be used to establish
bounds on the oscillation parameters.

II. NPH OSCILLATIONS

Consider the ‘‘minimal uncertainty state’’ [29] parame-
trized by

�k ¼ �

2
e
iMH ln k

k0 : (9)

We use H=M to denote the wave number since this type
of vacuum typically arises from ‘‘new’’ physics arising at
energy scale M, referred to as the new physics hypersur-
face (NPH) [30–33]. We further assume that

H=M � 1; � � 1: (10)

This modifies the power spectrum to include oscillations of
magnitude� and periodicity in ln kwith wavelengthH=M:

P� ðkÞ �
�
H2

_�

�
2 1

2k3

�
k

k0

�
ns�1

�
1þ � cos

�
M

H
ln

k

k0

��
:

Such oscillations have been searched for using WMAP
data but not yet found [34,35]. The Planck data [36] will
be much more precise and so may allow detection.
Here we will consider a particular limit of such states,

one in which the oscillations are so rapid that they domi-
nate the scale-dependence of P’ðkÞ,

�M

H
	 ns � 1:
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In this limit the bispectrum relation (7) becomes

h�k1
�k2

�k3
ik3�k1;k2 �

�M

H
P� ðk1ÞP� ðk3Þ sin

�
M

H
ln
k1
k0

�
:

(11)

If we define the slow-roll parameter � � _�2=2H2M2
pl �

H2=P�M
2
pl, it can be seen that ns � 1 ¼ �4�, whereas

�M=H is clearly independent of this parameter. A similar
result was obtained in [14] in a different context.

The fact that (11) is not slow-roll suppressed may appear
paradoxical, since it was shown [5] that all single-field
interactions could only produce a local bispectrum which
is Oð�Þ. The reason for this can be seen as follows. The
choice of vacuum is implemented via a boundary term [37]
of the primordial field fluctuation ’which is schematically
of the form

Sb:c: �
Z
	k

d3k�kj’kj2;

where 	k ¼ �M=Hk is the time at which the mode has
physical energy M and

�k ¼
Z d3x

ð2�Þ3 �ðxÞe
�ixikjgij :

The primordial fluctuation is converted to the gauge-
invariant quantity as ’� ffiffiffi

�
p

� . Once gij is expanded via

(1), additional factors of � will appear but without any
slow-roll suppression, leading to an action of the form

Sb:c: �
Z
	k

d3k�k0

�
1� �

d ln�k

d ln k

��������k0

þ� � �
�
��2: (12)

Substituting (9) into this expression immediately recovers
the bispectrum (11). This Oð�Þ cubic interaction is one
�-power less than the �2�3 interactions appearing in the
bulk. This is why (11) is not slow-roll suppressed.

It is important to note that applying the consistency
relation to modified boundary conditions requires not
only that �k3

freezes out before �k1;2
do, it is also necessary

that it freezes out before these boundary conditions for �k1;2

are defined. This means that

k3	1;2 ¼ k3M

k1;2H
� 1:

This is a factorM=H stronger than the usual condition k3 �
k1;2, and was also noted for the resonance model in [28]. If

this more restrictive condition is not obeyed, the boundary
term will not be included in the spatial rescaling due to �k3

and hence will not be included in the estimation of the
bispectrum. The fact that Planck is sensitive to momentum
scales over a wider range than its predecessor (l� 2500) is
essential in testing this very squeezed limit relation.

Performing the same procedure for the trispectrum
yields an even more dramatic result. Continuing the ex-
pansion of (6) to second order gives

h�k1
�k2

ið2Þ
�B

¼ �kL�q�q

2k3S

d2

dðln kSÞ2
ðk3Sh�kS

��kS
i0Þ:

Taking the 4-point analogue of the squeezed limit means
evaluating the power spectrum with two modes frozen into
their background values [38], and so the trispectrum is
dominated by the second derivative of the oscillations:

h�k1
�k2

�k3
�k4

ik3;k3�k1;k2

� ��

�
M

H

�
2 P� ðk1ÞP� ðk3ÞP� ðk4Þ

2
cos

�
M

H
ln
k1
k0

�
:

Of course this immediately generalizes to the n-point
correlation (ignoring the sign and not distinguishing be-
tween sine and cosine),

h�k1
�k2

�k3
� � � �kn

ik3;...;kn�k1;k2

� �

�
M

H

�
n�2 P� ðk1Þ

ðn� 2Þ! cos
�
M

H
ln
k1
k0

�Yn
i¼3

P� ðkiÞ:

A. Theoretical constraints

We saw in (12) that if the boundary conditions change
with position, this produces higher-order interactions in � .
These are then probed using the free field contraction
h�2i � P� . If the spatial variation is too quick, meaning

the interactions are too strong, this cannot be evaluated
perturbatively. For H=M & P� the n-point correlation

becomes larger than the (n� 1)-point, fixing the bound

M &
H

P�

� 1010H:

This is to be compared to Weinberg’s bound on effective
field theory [39], M *

ffiffiffi
�

p
Mpl. If the oscillations are in-

duced by integrating out heavy physics at scaleM, this fixes

a lower limit M * H=
ffiffiffiffiffiffi
P�

p
. This bounds the frequency as

10 5 &
M

H
& 1010:

It is interesting that this bound does not contain the magni-
tude �, merely the frequency. This is because it is due only
to the relative change of the field as a function of scale. The
Bunch-Davies case �k ¼ 0 of course also satisfies the
constraint.

B. Observational constraints

The close relationship between the power spectrum and
higher-point correlations also places strong observational
constraints on oscillations. One could use the power spec-
trum to place a bound on both the magnitude of the oscil-
lations to a level of � & 10�2. It was estimated in [30] that
upcoming data could in principle resolve oscillation fre-
quencies as high asM=H � 102. The bispectrum condition
(11) implies that a precision measurement will place a
bound on �M=H. A sensitive enough measurement would
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exclude a significant portion of��M=H parameter space.
Similarly, measurement of the trispectrum would place an
analogous bound on �ðM=HÞ2, excluding even more pa-
rameter space. Subsequent measurements of higher-point
correlations would continue this, the n-point correlation
asymptotically producing a bound simply on M=H as
n ! 1. The combined bounds are shown in Fig. 1. This
figure is meant to be merely schematic, as the experimental
bounds on the bi- and trispectrum are not fully known.

III. BEFT OSCILLATIONS

Boundary effective field theory (BEFT) models new
physics which occurs at one moment in time, such as a
discontinuity in single-field inflation [40] or a sharp turn in
multifield inflation [41]. These generically produce oscil-
lations which have magnitude and periodicity which are
linear in k. Even though we are (by definition) only con-
sidering single-field inflation models we may still consider
BEFT theories and their signatures.

The power spectrum will now have the form

P� ðkÞ �
�
H2

_�

�
2 1

2k3

�
k

k0

�
ns�1½1þAk cos ðCkÞ�:

Since all boundary conditions are defined at nearly the
same time 	BEFT, the condition to ensure that �k3

has

frozen out into a background condition is strengthened to

k3	BEFT � 1:

For sufficiently rapid oscillations the squeezed bispectrum
is now

h�k1
�k2

�k3
ik3�k1;k2 � ACk21P� ðk1ÞP� ðk3Þ sin ðCk1Þ:

Subsequent correlations have a magnitude containing
additional factors of Ck1P� .

A. Theoretical constraints

The effective oscillation magnitude is Ak and effective
frequency Ck. The theoretical bound in this case then
requires that Ckmax & P�1

� , where kmax is the maximally

measurable wave number, implying Ckmax & 1010.

B. Observational constraints

The identical procedure can be used to obtain the higher-
point correlation functions for BEFTas used for NPH, using
the above parameter replacements. This implies that an
identical bounding of parameter space can be made by
making the replacementsM=H ! Ckmax and� ! Akmax .

IV. CONCLUSION

We generalized the single-field consistency condition to
include rapid oscillations as a result of modified boundary
conditions. This produces an upper bound on the oscilla-
tion frequency as well as nontrivial relations between the
power spectrum and higher-point correlations.
A precise measurement of the local-shape bispectrum

with oscillations is then exceptionally important. While
upcoming data from Planck should be sensitive to
�flocalNL � 6, in practice this is not of much use because it
would be largely orthogonal to a local shape containing
oscillations [15]. This strongly motivates developing effi-
cient search techniques for correlation functions contain-
ing oscillations such as in [42].
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