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Stabilization of Heterogeneous Quasilinear Traffic Flow
System with Disturbances

Lina Guan, Liguo Zhang and Christophe Prieur

Abstract—In this paper, we investigate the problem of boundary
stabilization for a heterogeneous quasilinear traffic flow system with
disturbances in the congested regime. The H?2 integral input-to-state
stability of multi-type traffic system described by first-order quasilinear
hyperbolic partial differential equations is obtained in closed loop with a
boundary controller. The control is at the inlet boundary of the considered
road section and is optimally designed and computed for the linearized
system. Making use of the backstepping transformation, the integral
input-to-state stability of the quasilinear system is derived by mapping
the transformed quasilinear system into an integral input-to-state stable
target system for which a strict Lyapunov function is constructed. By
simulations, we illustrate that the linear controller designed by using
backstepping method locally stabilizes the quasilinear system.

Index Terms—Heterogeneous quasilinear traffic flow system, distur-
bances, backstepping, integral input-to-state stability, Lyapunov function.

I. INTRODUCTION

High traffic demand causes the slow velocity of traffic stream
as a result of the interaction between vehicles. The extreme traffic
congestion will happen when the traffic demand approaches the
capacity of the intersections along the road. Traffic congestion has
some negative effects: wasting time, delays, air pollution, wasting
fuel, frequent vehicle repairs and replacements, road rage and high
chance of collisions.

Aiming to understand and develop an optimal transport network
with efficient movement of vehicles and minimal traffic congestion
problem, traffic flow is used to study the interactions between
travellers (drivers and their vehicles) and infrastructure (highways,
signage and traffic control devices). Congestion propagates upstream
from a traffic bottleneck and depends on the upstream traffic flow
and density in the direction of propagation. Several equilibriums,
frequent lane changes, overtaking and platoon dispersion probably
happen in the congested traffic on account of the interplay between
different types of vehicles and drivers [20]. In this paper, we develop
a control law to reject disturbances (high traffic demand) for the
congested traffic on a freeway, which involves several types of
vehicles characterized by some properties including vehicle size,
drivers’ style of vehicle operation and reaction time and other factors.
There are many macroscopic traffic flow models for heterogeneous
traffic. In [14], an extended speed gradient (SG) model is used to
study the mixed traffic flow system. A new car-following model is
presented in [23]. In [19], a continuum multi-type traffic model is
introduced on the basis of a three-dimensional flow—concentration
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surface. Paper [10] studies a two-type vehicle heterogeneous traffic
model to acquire overtaking and creeping traffic flows. In [18],
the extended macroscopic N-type Aw-Rascle (AR) traffic model is
used for heterogeneous traffic by using area occupancy. This paper
introduces this nonlinear model considering vehicle size, area occu-
pancy, road width of the heterogeneous traffic to study the problem
of disturbances rejection in the congested traffic. The concept of
area occupancy is introduced for measuring heterogeneous traffic
concentration in [17] and [2].

In [15], the data-driven optimal controller is designed for connected
and autonomous vehicles (CAVs) in a mixed-traffic situation (specif-
ically, including heterogeneous human-driven vehicles). In [21], for
a comparison of the ecological potential of variable speed limits
(VSLs) and signalized access control, the dynamics of the system is
modeled by microscopic traffic simulator (SUMO) and is controlled
by a nonlinear model predictive control (NMPC) framework with
an artificial neural network (ANN) to predict the fuel consumption.
The interaction between CAV and human-driven vehicle (HDV)
dynamics is investigated, and a complete CAV control input and
the feasible conditions of a platoon formation is presented in [16]
(see also [24]). By using the linear component of a nonlinear
dynamical system to define a warm start for a model-free, policy
gradient method, the nonlinear model is guaranteed to converge to
the (nearly) global optimal controller in [22]. Paper [29] designs the
reinforcement learning controllers to remove the congested traffic
for 2 x 2 quasilinear Aw-Rascle-Zhang (ARZ) partial differential
equations (PDEs) model by using the proximal policy optimization.
This paper uses the backstepping method to obtain the integral input-
to-state stability (iISS) of the quasilinear system with the application
of the designed control law for the corresponding linearized system.
This method has been used in many research. More recently, by using
the backstepping, paper [27] designs an observer to estimate traffic
states of the nonlinear ARZ traffic flow model. Paper [3] designs
a controller for the underactuated cascade network of interconnected
PDE:s systems. Paper [8] designs an output feedback boundary control
to solve the stop and go traffic problem of linearized two-type AR
traffic flow system.

In this paper, extending the control problem of the single vehicle-
type traffic system in paper [11], we solve the problem of the stabi-
lization for a multi-type traffic flow system of first-order hyperbolic
quasilinear partial differential equations (PDEs) in the congested
regime, with disturbances and actuation at the inlet boundary and
capacity drop in the downstream boundary of a considered road
segment. The optimal controller which is designed for the linearized
system by backstepping method is applied to locally stabilize the
quasilinear system around a nonuniform equilibrium. The iISS of the
quasilinear system is derived by making use of the Lyapunov method
to analyze the iISS of the target system, which is mapped into the
quasilinear system by a backstepping transformation.

This paper is organized as follows. In Section II, the quasilinear
system and control problem are formulated. In Section III, the main
result is given, such that the controller designed for linearized system
locally stabilizes the quasilinear system in the H? sense. Moreover,
the proof of this result is given. The simulations are in Section IV.



Some concluding remarks are shown in Section V.

Notation. M., (R) denotes the set of n x n real matrices. [A]; ;
denotes the entry of matrix A in the i-th row and the j-th column.
For a function ¢ = (@1, --,¢n) : [0,L] = R, ||¢le =
SUp,epo,r |#(2)]- For a matrix M € My, |[M| = sup{|M¢| :
@ € R[] =1}, [M]|oc = sup{|M(x,§)| : ,£ € [0, L]}, the

VIE@RE) +- + p2(9)de,
H2-norm s (]2 = Ilell.z + 1050l 12 + [9es 2.

definition of LZ-norm is loll 2 =

II. MULTI-TYPE QUASILINEAR HYPERBOLIC TRAFFIC FLOW
SYSTEM AND PROBLEM STATEMENT

A. Multi-type traffic model

The introduced multi-type traffic flow model in [18] that represents
the dynamics of a heterogeneous traffic on a road segment with road
length L and the number of vehicle types IV is as follows,

Orpi(x,t) + Oy (pi(x, tvi(z, t)) =0, €))
Ot (vi(x, t) + pi(Ao)> + vi(z, )0 (vi(x, t) + pi(Ao))
_ Ve,i(Ao) — vi(gr:,t)7 @

Ti

with the independent space variable x € [0, L] and the independent
time variable ¢ € [0,00). The density p;(z,t) is the number of
vehicle type ¢ passing road section per unit length and the velocity
v;(x,t) is the average speed of vehicle type ¢ passing location x in
unit time, with the index of vehicle type ¢ = 1,2,--- , N. The area
occupancy Ao(p) is Ao(p) W, with a = (a1, az,--- Jan) "
and p = (p1,p2,--- ,pn) ", a; is the occupied surface per vehicle
for type i and W is the road width. Area occupancy 0 < Ao <1
describes the percentage of road space that is occupied by all the
vehicle types on the considered road section. The relaxation time
7; describes the driving behavior of drivers for vehicle type i. The
coefficients a; and 7; characterize the vehicle type i.

In the model (1)-(2), the traffic pressure p;(Ao) of vehicle type i is

(see [8]), pi(Ao) = v (Ao(m)% ,@=1,2,--- , N, where the free-

AoM
flow velocity v} and the m;ximum area occupancy 0 < Ao} <1
respectively describe the maximal velocity of vehicle type ¢ in the
free regime and the maximum percentage of occupied surface for
vehicle type ¢ in the congested regime, when only vehicle type i is
on the road. The constant 7; > 1 is the pressure exponent of type
i. In [7], the equilibrium speed-Ao relationship of vehicle type ?Y (=
1,2,---,N) is Voi(Ao) = v}M — pi(Ao) = vM (1 — (ﬁ) )
The decreasing function V¢ ;(Ao) of area occupancy Ao rei)resents
the desired velocity of the drivers. Define a nonuniform equilibrium,
for z € [0, L], w”(z) = (pi(x),vi(2), -, pi(x), v (z)) " with
pr,v; € C*([0,L];R). Denoting u = (p1,v1, -+ ,pN,vn)' and
u = u — u”, the system (1)-(2) is rewritten as, for all z € [0, L],
t € [0, +00),

Az, t) + F(,u" (2))0sti(z, t) = G(u,u" (z))u(x, t),

3)
where

F (ii, u”(z))

Fiy (U, u*(z))

F21 (ﬂ, u* (J}))

Fyi(@,u*(z))  Fya(u,u*(z))
with for 4,7 =1,2,--- | N,

Fij (U, u” (x)) =
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vl () i (@) ] i
0 v(z)—pi(x)dilp)|’ ’
0 0 . .
(07 (2) — ] (2))55(p) ﬂmM%wJ’””¢“
and
GEw@)= ~
Gu@u (@) Gl (@) G (@, u* (1))
G (3, u* () “()) (@)

G22(u,u Gan (1,

éNN(ﬁ, u*(z))

with for 4,5 = 1,2,--- , N, Gi; is defined in (4) at the top of next
page. Therein, for ¢,5 =1,2,--- | N,

Gt (@0 (2))  Gva(@, ()

ovM~a; Ao \ 7!
8i5(p) = 0p,pe(A0) = o <A0M> ’

v yi(yi — D (Ao 72
oup) = Or, 0 (b) = (AoMW)2 ’ <A0M) .

Assume that the system (3) is strictly hyperbolic, for all u* €
RN ([0, L]), the matrix F(0,u*) has 2N real distinct nonzero
eigenvalues. Given 2N eigenvalues, Vz € [0, L], A1 (z) > A2(z) >
> Apl(z) > 0 > —Apqa(z) > > —Xon(zx), of
F(0,u*) (N € CH[0,L]), i = 1,...,2N, m is the number of
positive eigenvalues and 0 < m < 2N). For z € [0, L], de-
fine A(z) = diag{A\1(z), -, Am(2), = Amt1(z), -, =den(2)},
therein —Am+1(x), -+, —Aan(x) < 0 means that the traffic wave
moves upstream in the congested regime.

B. Problem statement

The motivation of control is to reduce the traffic congestion on a
road segment, with disturbances at the inlet boundary, in the presence
of constant density and capacity drop in the downstream boundary.
The diagram of control model is presented in Figure 1. As proven
in [12], the problem is equivalent to computing the boundary control
U in the space H? such that system (3) converges to zero equilibrium,
with the following boundary conditions, for all ¢ € [0, +00),

A11(0,t) = d(t) + OU(t) — Unr(u(0,1)), (5)
Biu(L,t) =0, 6)
where
Ay = diag {[v1(0), p1(0)], ..., [vx(0), pn(0)]} € Mn 2N,

. 1 0 1 0
Blzdlag{[o O]""’{O O:|}€M2N,2N7

Mz (@(0,8)) = [51(0,8)51(0,8),- -, pn (0, 8)on (0,8)] .

The actuation signal vector U € C°([0,00); R*N~™) with a coef-
ficient matrix © € My 2n—m(R) is implemented to reduce the
unknown and bounded disturbances d € C2([0,00); RY) by the
on-ramp metering at the upstream boundary of the considered road
segment and Ty, (%(0,t)) € C*([0,00); RY). The well-posedness
of the closed loop system (3), (5)-(6) in the H? space is under a
necessary condition that the initial conditions %(-,0) = wo(-) €
H?([0, L]; R*N) satisfy the following second-order compatibility
conditions,

Ao (0) = d(0) + OU(0) — i (ue(0)),
Biuo(L) =0,

A (—F(ao(o),u*(o))ag(o) + é(ao(O),u*(O))ao(O))

@)
®)
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L(Sn'(/)) + v (x)ou(p)pi’ (x) —

0
me) + 0} (@)1 (p)p5 (@) — 815(p)

Sii(p)v;

i’ (x) =
(@) £+ (@) + 200, . 0u(p)e} (@)
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0
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Fig. 1. Multi-type vehicles traffic on a road with on-ramp metering and disturbances at the inlet boundary and a capacity drop in the downstream boundary.

dllnz
du |,_,

x (=F(@i0(0), w (0))i(0) + G(iin(0),uw” (0)d(0) , )
By (iin(L), w' (L))iig (L) = BrGiin(L), u” (L)io(L).  (10)

In the compatibility conditions, (8) and (10) naturally derived from
the physical meaning, but (7) and (9) are artificially derived from the
designed feedback control law and they rigorously require the specific
values of the initial conditions. Keeping the effect of stabilization of
the control law, a modification of the control law is done in the
boundary conditions (5)-(6), so that there is not requirement of any
specific values on the initial conditions. To more specific, inspired
by [9], the modified boundary conditions extend the controller as
follows:

Ayi(0,8) = d(t) + OU(E) + wy (t) + wa(t) —

= d(0) +0U(0) —

Ny (u(0,1)),
(1)
Blﬂ(L, t) =0, (12)

where w1, w2 € C*([0,00); RY) are the solutions of the following

system:

13)

with the constant N-dimension diagonal positive definite matrices
diInxN,d2Inxn (di # dz2). Under the modification of the control
law, we can obtain the following compatibility conditions,

w1 = —diINxNwi, W2 = —d2INxNW2,

Aviig(0) = d(0) + OU(0) + w1 (0) + w2(0) — My (ii0(0)),
(14)

B1Eo( ) =0, (15)

Ay (=F(ii0(0), u" (0t (0) + G(iio(0), u™(0))iio(0))

— d(0) + OT(0) + (—di I x yw: (0) — daTn nw3(0)) — dggL

x (= F (@ (0),u" (0)g(0) + G(n (0),u" (0)(0) ), (16)

B F(tio(L), v (L)) (L) = BiG(uo(L), w* (L))tio(L). a7

For the purpose of eliminating the compatibility conditions (7)
and (9), the initial conditions of w1, wo satisfy, w1(0) + w2(0) =
91(t0), —(dilnxnvw1(0) + dalnxnw2(0)) = g2(%o), with
91(ti0) = Aruo(0) — d(0) — OU(0) + IInL(u0(0)), g2(w0) =

Ar (=F(@(0), w* (0))i(0) + G(iio(0), u* (0))o(0)) — d(0) —
OU (0)+ 15y
In order to verifﬁlzﬁqe compatibility conditions (7) and (9), select
g2(uo) + d2Inx g1 (o)

A (18)
_ dilnxngi(tio) + g2(to)
wa(0) = o . (19)

C. State transformations

For deriving the form of characteristic values of the quasilinear
system (3), (11)-(12), (13) and making the analysis easier, we handle
a transformation for the state @. Defining an invertible transformation
R(z,t) = ®(z)u(z,t) with = € [0,L], t € [0,+00), from &
to the new variables R = (R*,R™)T : [0,L] x [0,400) —
R?N with RY : [0,L] x [0,400) — R™, R~ : [0,L] x
[0,4+00) = R*N="™ R, (t) = (RT(0,t), R™(L,t)) ", Rout(t) =
(RT(L,t), R=(0,t)) T, the system (3), (11)-(12), (13) is mapped into
the following simplified system, for all = € [0, L], ¢t € [0, +o0),

O R(z,t) + A(2)0: R(x,t) — Z(z)R(z,t) + ANL(R, 2)0. R(x, 1)

= Ynr(R,z)R(z,t), (20)

Rin(t) = Kp Rout(t) + To(d(t) + OU(t)) + To(wi (¢) + wa(t))
— Tollnz (@1 (0)R(0, 1)), 21
where A(z) = A(0,2), Z(z $(0,2), Anp(R,x) =

) )
AR, z) — A(z), Enr(R,z) =%

( (z), with
AR, z) = ®(z)F (@ '(z)R,u"(z)) @ ' (2),
S(R,x) = <I>(3c)G~(<I>_l(x)R:u* () d'(x)

. the main diagonal elements of matrix ¥ € C([0, L]; Man,2n(R))

e zeros, and Kp € Mananv(R),To € Man n(R) are given
gain matrices. The well-posedness of the system (20)-(21) in the
H? space is under a necessary condition that the initial condition
R(-,0) = Ro(-) € H?([0, L]; R*) satisfies the following second-
order compatibility condition,

Rin(0) = KpRout(0) + T'o (d(0) + OU(0))

+ To(w1(0) + w2(0)) — ToIlnr (" (0)Ro(0)), 22

(= F o (0), u™ (0))i#a(0) + G(iH0(0), u"(0))iio (0) ).



(IMMi<i<m, M7 ]mi1<j<an) |
= Kp([M{|1<i<m, [Mj]mt1<j<an) +Fo( (0) +0U(0 ))
dlIng

+Lo(—=diInxvwi(0) — dalnx Nw2(0)) — To a (@'(0)
x ®71(0) < — (A(0) + Anr(Ro(0),0)) R (0)
+ (2(0) + Enz(Ro(0),0)) Ro(o)), (23)
with
M*' = — (A(0) + Anr(Ro(0),0)) Ro(0)
+ (E(O) + ENL(RO(O),O)) Ro(0),
M?=— (A(L) + Anr(Ro(L), L)) Ry(L)
+ (2(L) + Enr(Ro(L), L)) Ro(L).

Since for z € [0, L], An2(0,2) = 0, X¥n2(0,2) = 0and [InL(0) =
dr;%(0) = 0, then 0 is an equilibrium of the quasilinear system
(20)-(21). For the sake of conveniently analyzing the applicability of
designed controller for the linearized system, the quasilinear system
(20)-(21) is written as the linear part plus the nonlinear terms, done
in the next section.

III. LocAL H? 1ISS OF THE QUASILINEAR MODEL

Inspired by [9], the problem of local H? iISS of the first-order
hyperbolic quasilinear system (3) and (13) is studied in this section.
We will show that the controller derived for linearized system by
using backstepping method locally stabilizes this quasilinear system.

Concerning the linearized system, for all z € [0, L], ¢t € [0, +00),

O R(z,t) + A(2)0 R(z,t) = E(z)R(z, 1), (24)
Rin(t) = KpRout(t) + To (d(t) + OU(t)), (25)

the designed control law U is derived by using the following
backstepping transformation, for all z € [0, L], ¢ € [0, +00),
Z(x,t) =

Rz, t) - / K(x,O)RE ) dE = KR, (26)

0 0
where K (z,€) [Gl(x,f) Gz(x,f)} € Moanan(C ())

with suitable G' €  Moan_mm(C3(T)) and G?
MoN_man—m(C*(T)) defined in the domain T
{(z,f) ER0<z<EL L} as in paper [12]. The kernels
G (x,€), G*(x, €) satisfy an 2N x 2N first-order hyperbolic PDEs,
whose well-posedness is shown in [1, D.6]. The corresponding iISS
target system is, for all z € [0, L], ¢t € [0, +00),

OZ(z,t) + NMx)0: Z(z,t) = X1(x)Z(x, t)

L
+ [ awozeni @

S

t
Zin() = Ko Zow(t) + K1 / Zout(0)do +Tod(t),  (28)

0
where Z = (Z7,Z7)7, with Z* [0,L] x [0,+00) —
R™, Z= : |0, }x [0,400) — RE-™  Z, @1t =
(Z4(0,8), Z7 (L, )T, Zowt(t) = (Z(L,t), Z7(0,t))7, the ma-

L])), C1 € Man2n(C*(T)) and K; =

)
trices 211 € Moanan( 2@
K; Ki ,with K € My (R), K}2

OeN—m)m O@N_—m),eN-m)
M 2an—m(R) are given. The controller for the linearized system

(24)-(25) is derived as follows, for all ¢ € (0, +00),

U(R) = (@rze)*l@/t (Ki'R™(L,0) + Ki°R™(0,0)) do
0
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~ (Br:0) 'K}’ / / (0,ORY (€ 0)
G*(0.§)R"(&,0)| d¢ do — (BT26) '8,
x /0 [G0.OR €D +G0.OR (0], @9

where the coefficient matricei I'y, T’ are given, and the matrix Ois
in MaN_m,m and such that ©I'2© is invertible. So the controller in
terms of the original variable @ in (11) is, for all ¢ € (0, +00),

Ut) = (65@)*1@/; ([K}l o]cb(L)a(L,a)
+ [o K}2]<I>(O)ﬂ(07 a)> do — (Br,0) 'O K}
X /Ot /OL [Gl

-@r.e)er [ [¢'0.0 6*0.9]ea e (o)

0

G*(0,6)|@(©)ii(¢, o) dg do

The formula of control law U in (29) for the linearized system
(24)-(25) is derived by using backstepping method and the proof of
iISS of the corresponding target system (27)-(28) is obtained in [12].
In this paper, we derive the iISS of the quasilinear system (3), (11)-
(12), (13) with the state feedback law (30) as follows:

Theorem 1: Considering the system (3), (13) with the ex-
tended boundary conditions (11)-(12), the initial conditions o €
H2([0, LI; R*N), w1(0), w2(0) € RN verifying (18)-(19), and the
control law (30). Then, for every o > 0, there exist positive constants
8, ¢, b such that, for any d satisfying d, d € L?[0, 00), if ||to|| g2 < 6,
it holds that for all t € [0, +00),

(-, 0)ll32 + [wr (0 + [wa (8)]* < ce™ " (|[doll 72 + w1 (0)]*
+ w2 (0)]%) +b/ (ld(s)[* + ld(s)[*) ds.
0

Proof. As a result of the invertible transformation ®(z), z € [0, L],
the system (3), (11)-(12), (13) has the same dynamical behavior as
the system (20)-(21). Therefore, in order to prove the iISS of the
quasilinear system (3), (11)-(12), (13), we firstly prove the iISS of the
quasilinear system (20)-(21) after applying the control law U in (29),
which is designed for the linearized system (24)-(25). The quasilinear
system (20)-(21) is mapped into a target system Z by using the direct
transformation Z = KC[R] and the inverse transformation R = L[Z]
with C?(T) kernel functions. Differentiating twice with respect to
x in these transformations, it is shown that the H? norm of Z is
equivalent to the H? norm of R. So local iISS of the system R is
same as local iISS of the target system. The equations of the target
system Z is, for all z € [0, L], t € [0, +0o0),

0 Z(x,t) + AM(2)0: Z(,t) = L1 (x)Z(z, 1)

(3D

+ /L Ci(x, &) Z(€,t) dE + F3[Z,0.7Z) + Fu[Z], (32)
KpZout(t) + X (t) + Do(wi (t) + wa(t)),

Zin(t) =

X(t) = Kr / t Zout (o) do + T (d(t) ~Tnz(Z(0, t))), (34)

(33)

where
F5[Z,0.2] = —K[(A(z) + F1[Z]) 0. Z] + M(2)0. Z
Fy[Z] = —K12[Z] - K[(A(z) + F1[Z]) K1 [L[Z]] + E(2)L[Z]
+ 12[Z]L]Z]),
ﬁNL(Z(O,t)) = HNL(CI>71

(0)R(0, 1)),
KislZ) = S1(2) Z(a,t) + / Ci(2,€) Z (€, 1) de,



GUAN et al.

™~

K:l[Z] = 81K($,€)Z(£7t) dg—K(:c,:r)Z(:th

with Z = (Z*,Z7)", Z* . [0,L] x [0,+00) — R™, Z~ :
0.L] x [0,4+00) — BV Z,,(t) = (27(0.0),27(L1) .

Zout(t) = (Z*(L t), Z7(0,t))". Next, the local stability of system
(32)-(34) in the space H? is analyzed by using the Lyapunov
approach. It includes analyzing the growth of ||Z| 12, ||7]/ 2 and
I¢|l 22 (by definition = 8,Z and ¢ = 0 Z).

The following Lyapunov function candidate is introduced for the
stability analysis of system (32)-(34), for all z € [0, L], t € [0, +00),
V (Z(z,t), X(t),n(x,t),((z,t)) = Vi + Vo + Vs, where

— L — — — — — —
" :/0 (2" (@ )Pu(@)2(x.) + 27 (@) Pu(@)X()

N
Il

XT(Ph@)Z(, )+ XT()PeX())dz, ()
7 = / 0" (z,)Pa(@)n(a, ) da, (36)
7 = / ¢ (@, )PalZ)(@)(x, ) da, (37)

with ~
Pl 1 (3;‘)

Piz(x) £ Prodiag {e_%xfm, e%xI2N—m} ,
Ps(z) £ Psdiag {e_“zlm, e“IIQN_m} ,

Pa[Z)(x) is defined in [9, Lemma 5.2], Pi1, P are 2N x 2N
diagonal positive-definite matrices, Poo is a 2N x 2N symmetric
positive-definite matrix, and Pio is a 2N x 2N matrix.

Take the time derivative of V; along the solutions to (32)-(34),
use integration by parts, and define Vi = Vip + Vinr, where Vip
is the time derivative of V; along the linear target system (27)-(28),
computed as follows

é F’udiag {e_”xlm, e’wIQN_m} 5

Vie = 27 (2, 0)A@)Pu (@) Z(2,0)]

0

+ /0 77 (@,1) (A@)Pu (@), Z(x, ) da

\/
\V]
PN

8
[N

Jr

3

-

[ \v]
=
V
A
=
=

+ (K[Zout(t) + Fod(t)) (7312( ) (IL' t) + PQQX( ))> dI,
(38)

and where 171 N is defined as:

Vine :/OL ((FS[Z,aZZHE;[Z]) Pri(2)Z(x, 1)

+ Z7 (2, )P () (F3 [Z,8,2] + F4[Z])) dz

-|-/OL (Z—r (x,t)Pr2(z ( FodHNL (Z(o, t))n(O,t))

SE(Z(0,0)0(0,0)) Ph(@)Z(z,1)

n (Fs[Z, axZ] + F4[Z}) Pra(2) X (1)

+
~
=~

o

+ X T ()Ph(z )(Fd[Z 02 7) +F4[Z])) dz

+ L( —To dggL (Z(0,1))n(0, t))TPQQX( )

+ LX " (t)Pas < -T dl;gL (Z(0,1))n(0, t)) (39)
From system (32)-(34), we derive, for all z € [0, L], ¢ € [0, +00),
Ain(x,t) + A(2)dan(z, t) = 1 (2)n(, t)

+ /L Ci(z, )n(&, ) dE + F5(Z, 0an) + Fo[Z,1, 8. 2], (40)

nm(:) = Kpnout (t) + X (£) + To(—di Inx nwi (t) — dolnx nwa(t)),
1)

X(0) = K Zuus(t) + To (d0) - S2EZO,00m0.0)), @)

where

F5[Z,0:m) = K[(A(z) + F1[Z])9en] + A(z)3un,

FsZ,n,0:2) = K[(A(x) + F1[Z]) K [L]n)] — 2(= )Ln]

- B[Z)L [77] + Fia[n](0:Z + K1 [L[Z]]) = Fa2[n] L] Z]] = Kaz2[n),

Fia[n] = EE[Z],

Fali] = S R(2].

Take the time derivative of V5 along the solutions to (32)-(34), use
integration by parts, and define Vo = Vor, + Vanr, where Vo, is the
time derivative of V5 along the linear target system (27)-(28),

Vi = 0 AP+ [ 07w
(A@Pa(@), nwdo+ [ (2@t

+ [ e ome.n ) Putoman) +” @ 0P
(B + [ om0 dc) ) an

(43)

and where \72 N is defined as:

‘72NL = (KPZout(t))TEIPS ( —T

+(*Fo

+ (KIZW (t) + Lo (d(t) -

T3z 0.0m0.0)

THZ0.000.0) PiE(Kr Zona(1)

dlInr
dz

(Z(0,)n(0,1))

—To(diInxnwi(t) + dQINwaz(t))> TE1P?,
dllng

(— To iz (Z(0,t))n (O,t))

+ (- r i z0.0m0.0) B

dz



dlInr
dz

(1 Zowa) + o () — TLEE 20, 0)0(0.0))

—ToldiInxnwi(t) + dalnx nwa (t))>
+ (-1t
<_ ro

+/0L ((Fs[Z,am] +FG[Z,n,amZ])Tﬁg(x)n(x,t)

dHNL

(Z(0,1))n(0, t)) TE1P3

(Z(0,1))n(0, t))

dHNL
dz

+n" (z,t)Ps(z) (F5 [Z,0.m] + Fs[Z,m, amZ])) dex. (44)

Since the term \71 L+ ‘72 1. is analyzed in [12, Theorem 1], which is
for the iISS of the linear target system (27)-(28), there exist positive
constants ci, b1, a1, as, as, such that
Vir + Vo < — (Vi + Va) + bild|® + a1 (wi + w?)
+ a2]| Z]|oo (Vi + V2) + asl1l|oe (V2 + V3).  (45)

Now analyze the remaining items Vinyr and Vanr. There exist
positive constants ki1, k2, k3, k4, ks, ke, k7 such that

. L
Vine gkl/ (|Fs[2,0:2]| + |Fu[2]|) | Z| da
0

+k2/0 |Z|‘ (Z(0,t))n (O,t)‘

+ (|Fs[2,0.2)| + \F4[Z]y) X(®)]) da
dlIng
dz

dHNL

+ ks ‘I‘ (Z(0,1))n(0, t)‘ ])_((t)

dlIng

Vonr < k
2NL > R4 dZ

To

Zoui(t)|

(Z(0,0)n <o,t>'

dllnz
dz

ks ( | K1 Zour(t) + Tod(t)] + |To

(

+ |To(diInxvw(t) + dlewaz(t))|) ‘FO

dH 2
+ ke |T L

+k7/OL(

Applying [9, Lemma B.2], there exists §; > 0, and positive constants
ks, kg, k10, b1, h2, ha, ha such that for all Z satisfying ||Z||OO <41,

— = (2(0,1))n(0,1)

[ Z,0.1)| + | FelZ,m,0.2]] ) In| da.

it holds |ToTlnz (Z(0,1))| < ks|Z(0,8)], | Z]122+| X (8)]” < ko VA,
[nl|72 < ki0Va, and
/ (17512.0.2)] + | F3[2]]) |2] dz < hako(1|Z e + Iinll o) Vi,

dHNL
dZ

/0 (2(0,))n (O,t)’ dz
< ha(kol| Z oo Vi + K10n]| o V2),

/ (|F5(2,8.2]] + | B 2)]) | X (0)] der < hsko([1 Z]]oo + [nlloc)Va,
dlInz
A

\ro (Z(o,t»n(o,t)\ ()] < halkoll ZllooTa + krollnllo o).

We deduce, for all Z satisfying || Z||co < d1,

Vine < (b1 + ha)ko([| Zl|oo + [Inlloc) V2

+ (ha + ha) (ko Z]|oo Vi + k10||7]| 00 V2). (46)
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Applying [9, Lemma B.3], there exist positive constants d2 < 41,
hs, he, h7, hs, ho, hio, h11 such that for all Z satistying || Z]|e +
[0l < 82, |l z2 < k11V4 /2, ki1 > 0, it holds

VL 700, 1)0(0, 1)

I =
a4z
dlIng
T

< hs|nllee (V2 + V3),

Zoui(1)|

I'o

( | K1 Zour () + Tod(t)| +

(2(0, t))n(O,w\
dHNL

T [To(ds I v (1) +dszwaz<t>>|) \r (2(0,)n(0, t)\

< hol| Zl|ooVa + hl| Zlloo (Vi + V2) + hr [d(5)] + hs(w + ),

dlIng
dz

2
\ro (20,0)0(0,8)| < holl Z]1oo Vs,

L
| (112,000 + |Fo(2.0,0.2)] ) In] e
0
< ho| Zlloo(Va + V3) + hui | Z]| o Va (/| 2]l + [0l + 1),
and therefore

Vane < kahs||nllse (V2 + Va)
+ (kahs + kshe + keho + krhio + k7h11)|| Z |00 V2
_ o .2
+ ks (hsuzuoo(vl + Va) + hr |d()| + hs(w? + w§)>
+ krhio|| Z]|oo Vs 4 k7h11Va (HZHoo + ||77Hoo) . (47)

Taking the time derivative in (40), we obtain the following equation
for C,

8t€($7t) + (A(LE) + F [Z})aacC(xv t) = F7[Zv Cv aﬂcg]
+F8[Zv777<»812a81n]a (48)
Cin(t) = KpCout () + X (1) + To(dwi () + d3wa(t)),  (49)
X(t) = Kt Zoun(t) + To d(t) - ddHZZ L (Z(0,6))2(0, )

- S (2(0,0)¢0.)). (50)

(0. 0. t)\where

F71Z,¢,0:¢) = —=K[(A(z) + F1[Z])(8:¢ + K1 [L[C]))]
+ (A(z) + F1[Z])(9:¢ + K1 [£[C])),
F3]Z,1,¢,0:2,0:m) = —(A(z) + Fi[Z])Ka[L[C]]
+ K[(3(z) + F2[Z) L[] — 2F12[ 2] (8.0 + K1 [L[]])
+ 2F0[Z) L) + FasL[Z] — Fi3(9.Z + K1 [L[Z]))],
d*Anr(£[Z], )

Fi3[Z,n,(] = 1 ,
- d*Tn 1 (L[Z],
Fp3(Z,m, (] = —NLd(tZ[ ] m)

Take the time derivative of V3 along the solutions to (32)-(34),

apply [9, Lemma 5.2], and define V3 = Vs + Vanr, where Var

is the time derivative of V3, along the linear target system (27)-(28),
’L

Var = =7 (2,8) (PalZ)(@) (A(2) + F1[2)) )¢, )|
+ [ T (Pizi@ e + 7i2)
+ [ e i), cleo.

((z,t)dz

x

and

VSNL = / ((F'?[Z:C,awg} + FS[Z77]7C7 8xZ,3m77})
0
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PalZ)(@)C(w,t) + ¢ (. YPs[Z) () (412, ¢, 0x ]

+ FS[Zan7C7aIZ7 aﬂ]])) dZC

According to [9, Proposition 5.4], there exist positive constants cz,
hi2, his, h1a, has, has, haz, his, hig, hao such that

T — _ L
= (T (PZI@AE) + RIZ))¢(a.)|
< ha2||¢]loo (Vi + V2 + Va) + his(wi + w3)

+ haa|nlloe (Va 4+ V3) + has|d]* + his||C]|oo Vi,

| @n(Pize (@ + Al2)) cenda
<~V + har (1 Zl + lnll) Vo,

/0 (@) (PalZ)(@)), €, ) d < has Vi loc,

0

/0 T (z,t)Ps]Z)(2) (F7[Z, C,0:C] + Fs[Z,1,¢, 0.2, azn]) dz

< h9V2[[Clloo (12100 + [I1lloc)
+ h2o (IInlleVa + [I¢lloo V2 + 1 Z]| o V3) -

Therefore there exist positive constants d3 < d2, c3 and c4 satisfying
c3+ca < ¢ such that, for all Z satisfying || Z||cc +||7]|cc + [|¢]|cc <
d3, it holds

‘73L < (—ea+e3)(Vi + Vo +V3) + hl5|d.|2 + hlB(U)% + w%),
(51)

‘73NL < 64(‘_/1 + Va4 ‘73)- (52)

Combining (51), (52) with (45), (46), (47), and letting ¢ = ¢3+ca —
c2 —c1 and a = a1 + kshs + his, we get, for all || Z]|oo + |90 +
[¢lloo < b2

V < — eV + (by + kshy)|d|* + hus|d]? + a(w? +w?).  (53)

By defining W =V + % (w1 “’2) we derive

W < —cV + (by + ksh?)|d|* + has|d)® + (a — ba)(w? + w?).

Choosing a < by, for some positive constant cs, we obtain

W < — esW + (by + kshr)|d)? + has|d]>. (54)

For sufficiently small W (0), W exponentionally converge to zero.
If ||Z||L2 + InllL2 + |I¢|| L2 is sufficiently small, V' is equivalent to
the H? norm of Z. We deduce (31) by a standard application of
comparison lemma. This concludes the proof of Theorem 1. (]

Furthermore, under the assumption of Theorem 1, coming back to
(1)-(2), we deduce that the quasilinear plant system u is locally iISS
around the nonuniform equilibrium u* in the space HZ.

IV. SIMULATIONS

In consideration of verifying the applicability of the control law
U in (29) to locally stabilize the quasilinear system wu around the
nonuniform equilibrium " on a considered road section (road length:
lkm, width: 6.5m), the values of traffic parameters for two vehicle
classes are chosen as in [12], see Table I. Let

0 0 0 —7.85]
0 0 0 6.85 s
Kr=1 9 0 0 —ar88| X105
—5.67 —5.09 7.15 0
-20 30 30 [60
Ki'=|-24 -7 26| x107° K;>= |30 x107°,
—10 20 -30 20

Name [ Symbol [ Value [ Unit |
Relaxation time T1 30 s
T2 60 S
Pressure exponent Y1 2.5 1
Y2 2 1
Free-flow velocity Prd 80 %
v 60 km
Maximum AO Ao 0.9 1
Aop! 0.85 1
Occupied surface per vehicle a 10 m?
as 42 m2
equilibrium density at the inlet p1(0) 110 ’jc‘”;,g
p3(0) | 70 | 3
equilibrium velocity at the inlet | o7 (0) 50 km
v3(0) 25 km

TABLE I
SELECTED VALUES OF PARAMETERS FOR TWO VEHICLE CLASSES.

0 0.0469
ro_ [00156  —0.0625| . _ I%‘Zgg
7 10.0332 02041 [>T | ’
—4.2039
0 0
0 0.0469
=] 0  —0.0625
0.0332  0.2051

The values of parameters K p, K}l, K}2, I'g, I'1, I's were obtained
by seeking the optimal controller U in paper [12] in order to minimize

the likelihood of congested traffic. Letting © = {0 2} x107°,6 =

0.8
[1 1 1], we derive the optimal controller for the linearized

system (24)-(25), see Figure 2. Given the initial condition, for

1500

1000 [~

5

il m
0‘ \“/‘“‘ W V\f\/\ /\/\
‘ Y
-500 U ‘ HM “ q

-1000 -

S
3

U(t)

1500 L L L L L L L L L

0 0.02 0.04 0.06 0.08 0¢1 0.12 0.14 0.16 0.18 0.2
Fig. 2. Time evolution of controller (30).
z € [0,L]
01 (x) + 0.05p7 () cos 12
| vi(z) 4+ 0.05v7 (x) sin 127z
u(z,0) = p5(x) + 0.05p3(z) cos 12mz | 3
v3(x) + 0.05v5 () sin 127z
27567 cos 30wt | . . .
and d(t) = 87 5e=2% cos 30t | * illustrated for simulation by rush

hours. The optimal controller U not only stabilizes the linearized
system (24)-(25), but also stabilizes the quasilinear system (20)-
(21). Figure 3 gives the numerical simulations of the quasilinear
two vehicle-class traffic model with the controller U. It is obvious
that the designed controller for the linearized system stabilizes the
quasilinear plant system. However, given a large initial condition
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Fig. 3. From left top to right down: time and space evolutions of the state
components p1,v1, p2,v2 to (1)-(2).

u(z,0), z € [0, L], namely the initial condition given by (55) by
replacing 0.05 by 0.1, that is sufficiently “far” from the equilibrium
u* (), the corresponding solution to the same closed-loop system
does not converge to the equilibrium. It is consistent with the locality
of the stability as described in Theorem 1, in other words, the initial
state should be in a neighborhood of the equilibrium (in H? norm)
in order to guarantee the iISS of the multi-type quasilinear traffic
system.

V. CONCLUSION

The problem of boundary stabilization of a multi-type quasilinear
traffic flow system with disturbances was solved by actuation at the
inlet boundary of the considered road segment. The applicability of
the control law, which was designed for the corresponding linearized
system by using the backstepping method, has been proven for the
locally iISS of the quasilinear system. It would be of interest to
extend this result to design an observer and combine them to obtain an
observer-based output feedback controller. The extension of this result
to other first-order hyperbolic systems would be also interesting.
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