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Bistable pulsating fronts in slowly oscillating
one-dimensional environments *

Weiwei Ding' Francois Hamel* Xing Liang®

Abstract

We consider reaction-diffusion fronts in spatially periodic bistable media with large periods.
Whereas the homogenization regime associated with small periods had been well studied for
bistable or Fisher-KPP reactions and, in the latter case, a formula for the limit minimal
speeds of fronts in media with large periods had also been obtained thanks to the linear
formulation of these minimal speeds and their monotonicity with respect to the period, the
main remaining open question is concerned with fronts in bistable environments with large
periods. In bistable media the unique front speeds are not linearly determined and are not
monotone with respect to the spatial period in general, making the analysis of the limit of
large periods more intricate. We show in this paper the existence of and an explicit formula
for the limit of bistable front speeds as the spatial period goes to infinity. We also prove that
the front profiles converge to a family of front profiles associated with spatially homogeneous
equations. The main results are based on uniform estimates on the spatial width of the fronts,
which themselves use zero number properties and intersection arguments.

AMS Subject Classifications: 35B10; 35B27; 35B30; 35B51; 35C07; 35K57.

Keywords: reaction-diffusion equations; pulsating fronts; slowly oscillating media.

1 Introduction and main results
In this paper, we study the following reaction-diffusion equation
w = (ar(z)ug)s + fr(z,u), teR, z R, (1.1)

with L > 0, where u; = Oyu = %It‘ and (ar(z)uy)r = Ox(ar(x)0yu) and 9, = 8%' The diffusion
and reaction coefficients ay, and fr are given by

ar(@)=a(F) and fi@w) =(F.u),
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where the function a : R — R is positive, of class C%(R), 1-periodic, that is, a(z + 1) = a(z) for
all z € R, and the function f : R x [0,1] — R, (z,u) + f(z,u) is of class C*, 1-periodic in z,
and (x,u) — Oy f(x,u) is Lipschitz-continuous in u € [0, 1] uniformly with respect to z € R. We
also assume the following conditions on f:

(A1) there is a continuous function b : R — (0,1),  — b(x), such that for every x € R, the
profile f(z,-) is of the bistable type in the following sense

f(2,0) = f(,1) = f(z,b(x)) = 0, f(z,") <0on (0,b(x)), f(z,-)>0on (b(z)1);

(A2) 0 and 1 are uniformly (in z) stable zeroes of f(z,-), in the sense that there exist y9 > 0
and gy € (0,1/2) such that

{ f(z,u) < —you for all (z,u) € R x [0, o], (1.2)

f(zyu) > (1 —w) forall (z,u) € R x [1—do,1],
and 0, f(-,0) and 9,f(-,1) are assumed to be of class C! in R.

Notice that the assumptions (A1)-(A2) imply in particular that max(9,f(z,0), O, f(x,1)) < =y
for all x € R. Hence, 0 and 1 are two linearly stable L-periodic steady states of .
Here, an L-periodic steady state @ is said to be linearly stable (resp. linearly unstable)
if \i(w) < O (resp. Ai(u) > 0), where Aj(u) is the principal eigenvalue of the operator
0+ Lo = 0p(ar(2)0p) + Oufr(z,(x))p in the space of L-periodic functions ¢ € C?(R).

In the paper, for mathematical convenience, we extend f in R x (R\[0, 1]) as follows:

{ f(z,u) = 0y f(z,0)u for (z,u) € R x (~00,0), (1.3)

flz,u) =0uf(z,1)(u—1) for (z,u) € R x (1,+00).

Thus, it is clear that f is of class C' in R?, 1-periodic in =, mingegr f(z,u) > 0 for all u < 0 and
maxger f(z,u) < 0 for all w > 1, and f(z,u), Ouf(x,u) are globally Lipschitz-continuous in u
uniformly in € R. It is also easily seen that this extension does not affect the behavior of the
pulsating front connecting 0 and 1 defined below.

By a pulsating front of connecting 0 and 1, we mean a classical entire solution Uy, :
RxR— (0,1) of for which there exist a real number ¢z, and a function ¢r, : R xR — (0,1)
satisfying

Ur(t,z) = ¢rL (x —crt, %) for all (t,z) e R x R,

or(&,y) is 1-periodic in y, (1.4)

or(—00,y) =1, ¢r(+00,y) = 0 uniformly in y € R.
The constant ¢y, is called the front speed and ¢y, is the front profile. Clearly, if ¢y, # 0, then

Uw(t, ) :UL(t+CLL,x+L) for all (t,z) € R x R, (1.5)

that is, the spatial profiles z — UL (t, z + crt) of the solution in the frame moving with speed cr,
repeat periodically in time with period L/cr. In the case ¢, = 0, simply means that U, does
not depend on ¢ (that is, it is a steady solution) and Up(—o0) = 1, Ur(4+00) = 0. Throughout
this paper, when we refer to a pulsating front for , we mean a solution Ur, : R x R — (0,1)



satisfying or, equivalently, a pair (¢, cr) given as in (L.4)), with ¢, : RxR — (0,1) and Uy,
solving .

Fronts are of great importance in reaction-diffusion equations, which are the most-used equa-
tions in population dynamics models in biology and ecology, as fronts are the main mathematical
notion for the description of the invasion of a state (here, the trivial state 0) by another one
(here, the constant state 1). The notion of pulsating front in spatially periodic media was first
introduced in [51, 54]. It is a natural generalization of the classical notion of traveling front
in spatially homogeneous media where the coefficients a and f are independent of . In that
case, the function x — b(z) is a constant which is the only unstable zero of f in (0,1). For the
homogeneous bistable equation

Ut = QUgg + f(u)a

it is well known [4, 28] that there exist a unique speed ¢ € R and a unique traveling front
u(t,z) = ¢(x — ct) with 0 < ¢ < 1 in R and ¢(—o0) = 1, ¢(+00) = 0. The speed ¢ has the
sign of the integral fol f, and the front profile ¢ is decreasing, unique up to shifts, and globally
asymptotically stable, as in Theorem u (iii) below. The global stability of the traveling fronts
reinforces their fundamental role in reaction-diffusion equations.

Media are however rarely homogeneous, and reaction-diffusion equations with spatially pe-
riodic coefficients, such as , are some of the most important classes of non-homogeneous
equations. Their study has attracted much attention in the mathematical literature. One of the
reasons for that interest is that the question of the existence of pulsating fronts is rather subtle.
Indeed, the possible presence of multiple ordered L-periodic steady states may prevent the exis-
tence of pulsating fronts connecting the extremal steady states 0 and 1, see [16] 23] 31, 32]. On
the other hand, it is known from [23], 27] that such a possibility does not happen provided that
equation admits a bistable structure in the sense that any L-periodic steady state strictly
between 0 and 1 is linearly unstable (we recall that 0 and 1 are linearly stable steady states).
With such a bistable structure, pulsating fronts have been proved to exist by using different ap-
proaches [22, 23], 27]. Furthermore, in an earlier paper by the first two authors [I§], the bistable
structure was verified under various explicit conditions on the functions a(z) and f(z,u) when
the spatial period L is large or small. In particular, if in addition to (A1)-(A2) the function f is
assumed to satisfy

1
(A3) /0 f(z,u)du >0 and O,f(x,b(x)) >0 forall z e R

then a pulsating front with a positive speed ¢, exists when L is large (i.e., the medium oscillates
slowly). On the other hand, if the function z — fol f(z,u)du is not of a constant sign, it was
shown in [I7] that, when L is large, non-stationary pulsating fronts do not exist, while multiple
stationary fronts do exist (see also [I7, [34], B8] 55, 57] for further results on the existence of
stationary fronts for bistable equations of the type ) We point out that, apart from the
aforementioned works, the existence of pulsating fronts was investigated in [43] [46] 54, [56] [58].
References [43], 46, [58] were also concerned with generalized transition fronts in the sense of [9, 10],
for which the media can be non-periodic (see [3), 14, 20}, 24, 25 4T, 45| [47, 49, (2] for further
propagation or blocking results in non-periodic bistable media).

For clarity, we collect some known results from [17, 18] concerning the existence and qualitative
properties of pulsating front which will be frequently used in the present work.

'Together with (A1) and the C' smoothness of f, condition (A3) implies that b € C*(R).



Theorem 1.1. [17, [I8] Let (A1)-(A3) hold. Then there exists L, > 0 such that, for any L > L,
problem (1.1) admits a pulsating front Ur(t,x) = ¢r(x — cpt,x/L) with speed cr,. Furthermore:

(i) e >0, cr, is the unique front speed and the map L — cr, is bounded in [L,,+00);
(ii) the front Uy, is unique up to shifts in time t, and 8;UL(t,z) > 0 for all (t,r) € R%;
(iii) the front Uy, is globally asymptotic stable in the sense that, for any ug € C(R)NL>(R) with

liminfug(z) >1—00 and limsupup(x) < do, (1.6)

Z——00 T—+00

where 6y > 0 is the constant given in (A2), we have

Jm (5 u0) =Un(t+70, )llpem) = im lu(t, s u0) = ¢r(-—crt—ermo, /L) L) = 0,
where (t,x) — u(t,x;up) is the solution of the Cauchy problem for (1.1)) with initial condi-
tion ug, and 19 € R is a constant depending on ug;

(iv) the front speed cr, and the front profile ¢, are continuous with respect to L > Ly in the sense
that ¢, — cr, as L — Lo in [Ly,+00) and, up to translations of ¢r, in such a way that
¢1(0,0) = ¢1,(0,0), there holds ¢, — ¢r, — 0 in Hl(R x (0,1)) and U, — Ur,, ¢ — ¢rL,
locally uniformly in R2.

More precisely, we refer to [18, Theorems 1.1, 1.5, 1.9] for the existence, uniqueness, mono-
tonicity and global stability of pulsating fronts as well as the sign property of ¢;. The continuity
of (er,¢r,Ur) with respect to L follows directly from [I8 Theorem 1.8] and its proof, together
with the uniform boundedness of [|O.UL|| foo(r2) + [|0:UL| oo (r2) With respect to L € [Lx, +00)
(which itself follows from standard parabolic estimates). The boundedness of ¢y, is an easy con-
sequence of [I7, Theorem 1.4] which established a uniform bound for the propagation rates of all
generalized transition fronts.

In this paper, we are chiefly interested in the asymptotic behavior of the front speeds ¢y, and
the front profiles ¢ as L — +oo. Before stating our main results, let us first recall some related
results in the spatially periodic Fisher-KPP caseﬂ i.e., when, instead of (A1)-(A2), f(z,u) is
periodic in = with f(-,0) = f(-,1) =0 in R and

0< f(z,u) < yf(xz,0)u for all (x,u) € R x (0,1). (1.7)

In this case, for each L > 0, there is a minimal front speed ¢} of pulsating fronts [8, 53] (namely,
pulsating fronts exist for all speeds ¢ > ¢}, and do not exist if ¢ < ¢} ), this minimal speed ¢} is
positive and non-decreasing with respect to L > 0 [44], the limit of ¢j as L — +o0o was determined
in [34 35]E| and the homogenization limit of ¢} as L — 0 was characterized in [26] 39} [50].
The proofs in the aforementioned papers strongly rely on the fact that the minimal speed is
linearly determined and has a variational characterization in terms of principal eigenvalues of
parameterized elliptic operators [11} 12} 42} 53]. However, for equation with the bistable

2This case is named after the seminal works [29, 40] on homogeneous equations.

3In multidimensional periodic media, even if the minimal speed ¢, (e) of pulsating fronts in a given direction e is
not monotone in general with respect to L for equations with periodic drifts, the existence of a finite limit of c7 (e)
as L — +oo is still known, see [35], [44]. We also refer to [I} 16, [32] B3] for further results on the dependence
of the minimal or unique speeds of multidimensional pulsating monostable or bistable fronts with respect to the
direction e.



assumptions (A1)-(A2) or (A1)-(A3), the unique front speed cy, is not linearly determined and
it is not monotone in L in general. More precisely, first of all, the limit of ¢; as L — 0 was
determined in [I8, B7] under certain assumptions (see also Remark below). Moreover, in
the case where the diffusion rate a is a constant and b in (Al) is piecewise constant, numerical
results [34] showed that ¢z can in some cases be increasing in small L and then decreasing for
larger L. On the other hand, if a(z) truly depends on z while the reaction is homogeneous and
has the special form f(u) = u(l — u)(u — b) with 0 < b < 1/2, it was proved in [19] that the
speed ¢y, for L ~ 0 is smaller than its limit as L — 0.

In short, the question whether, in the bistable case (A1)-(A3), the speeds ¢y, of the pulsating
fronts of (which exist for all large L by Theorem converge as L — +oo is the main
remaining open problem in the theory of bistable pulsating fronts. This question, which is
definitely more challenging than in the Fisher-KPP case , is solved in this paper (see the
main Theorem below). Furthermore, a formula for the limit speed is established, as well as
further properties on the front profiles as L — +oo.

Convergence of the front speeds ¢, as L — +o0

In this section, we state our main result on the convergence of ¢y, as L — +00. To do so, we need
some notations. For each y € R, let u(t,z) = ¢(z — ¢(y)t,y) be the traveling front connecting 0
and 1, with speed ¢(y), of the following equation with coefficients frozen at y:

up = a(y)uge + f(y,u) for t € R and = € R. (1.8)
Namely, (¢(€,y),c(y)) satisfies

{ a(y)eet) (§,y) + c(y) 0 (&, y) + f(y,1b(&,y)) =0 for £ €R,
@b(—oo,y) =1, ¢(+Oo,y) =0.

In -, y is viewed as a parameter, since the derivatives only concern the variables (t,x)
or & Under conditions (A1)-(A3), it is well known [4, 28] that the function ¢ : y — c(y) is
1-periodic and positive, and that for each y € R, the wave profile (£, y) is unique up to shifts
in £ (see Section below for more properties of the speed ¢(y) and the wave profile ¥(§,y), in
particular the C! smoothness of y ++ ¢(y)). Throughout this paper, we normalize (¢, y) uniquely
in such a way that

(1.9)

1
P(0,y) = 3 for each y € R, (1.10)

and we denote by ¢, the harmonic mean of the 1-periodic function y — ¢(y), that is,
1

Cy = (/Olcl(y)dy>_ . (1.11)

Theorem 1.2. Let (A1)-(A3) hold, and for any L > L, (with L, > 0 as in Theorem[L.1), let cf,
be the unique front speed of the pulsating front of (1.1). Then, cp, — ¢« as L — +oo.

Several comments are in order. Let us first point out that Theorem coincides with the
known result for the minimal front speeds ¢} of equations with Fisher-KPP reactions in the
special case where the function r := 9, f(z,0) is a constant, see [35, Corollary 2.4]. Indeed, in
the latter case, the limit of the minimal front speeds ¢} as L — +o0 is given by

2 (| 1<a<y>)—1/2dy)l ,

5



which is equal to the harmonic mean of the 1-periodic function y — w*(y) := 24/r a(y), where,
for each y € R, 24/7 a(y) is the minimal front speed of the associated homogeneous equation .
In the case where 0, f(x,0) truly depends on z, the limit of the minimal front speeds ¢} has a
variational formula in terms of the underlying parameters (see [35, Theorem 2.3]), but it may
be not equal to the harmonic mean of the function w* (see [34] for the case where 9, f(z,0) is a
piecewise constant function). It is noteworthy that, in our bistable case (A1)-(A3), Theorem
shows that the unique wave speed ¢y, converges to the harmonic mean ¢, of the function y — ¢(y),
no matter whether f depends on x or not.

Theorem [T.2]is proved by taking the large-time and large-space scaling, i.e., t — Lt, z — Lz,
and determining the singular limit of the Cauchy problem of the rescaled equation

Orug, = L_lﬁx(a(x)ﬁmuL) + Lf(z,ur), teR, z R (1.12)

For a given initial condition independent of L, the singular limit of the solutions uj of
as L — 400 has been widely investigated, even in the general case where the coefficients are
allowed to be non-periodic. Due to the smallness of the diffusion and the largeness of the reaction
in ([1.12)), an interface separating the regions where ur,(t,z) — 1 and ur,(t,2) — 0is developed in a
short time. This property has been proved by different approaches, see e.g. [30] for a probabilistic
approach and [5 [6, [7, 15] for a viscosity solution approach. Particularly, in our spatially periodic
case, Gartner’s result [30] suggested that, as L — 400, the interface propagates at a mean speed
equal to ¢,. Thanks to this observation and further crucial uniform estimates on the boundedness
of the wave length (more precisely, see Theorem |1 - 1.7| below), we show that ¢, is the limit of ¢, by
constructing suitable sub- and super- solutlons of -

Notice that if the assumption fo z,u)du > 0 in (A3) if replaced by fo z,u)du < 0,
equation ([1.1]) admits a pulsating front with negative speed ¢y, < 0 for all large L, see [18]. In this
situation, the quantity ¢, is negative, and similarly to Theorem [I.2] we can prove that cj, — ¢, as
L — +o00. Furthermore, as an immediate consequence of this observation and [17, Theorem 1.7],
we have the following classification of the asymptotic behavior of ¢;, as L — +oc.

Corollary 1.3. Let (A1)-(A2) hold. Then, we have
(1) if (A3) holds, then cg, > 0 for all large L, and cf, — ¢« as L — +00;

(i) of fO z,u)du < 0 and O, f(x,b(x)) > 0 for all x € R, then ¢, < 0 for all large L, and
cr, = ¢, as L — +o0;

(iii) of the functions a, Oy f(-,0) and 0, f(-,1) are constants and if

1
min/ flz,u du<0<max/ f(z,u)du
TzeR z€R

then (1.1) admits pulsating fronts for all large L, with necessarily c, = 0, that is, the fronts
are stationary.

Remark 1.4. By [18], the conditions (A1)-(A3) not only imply the existence of pulsating fronts
of satisfying , but they also provide the existence of pulsating fronts propagating in
the opposite direction for the same range of periods L. Namely, for any L > L., admits
a pulsating front of the type Ur(t,x) = ¢r(x + cpt,z/L), where ¢r, is 1-periodic in the second
variable, and satisfies the reversed limiting conditions:

QEL(—oo,y) =0, ¢~5L(+oo,y) =1 wuniformly in y € R. (1.13)



Moreover, both ¢y and ¢, are positive. It is worthy pointing out that if the functions a(x)
and f(x,u) are not even in x, the speeds cy, and ¢, may be dramatically different [16]. Neverthe-
less, since the function y — c(y) given in (1.9) is 1-periodic and c, in (L.11]) can be expressed as

1/2 -1 1/2 -1
Cx = </ cl(y)dy> = (/ cl(—y)dy> :
—1/2 —-1/2

it follows from Theorem [1.2] that c;, and ¢, have the same limit c, as L — +oo.

Remark 1.5. For Fisher-KPP functions f satisfying , for each L > 0, pulsating fronts
of exist, with speeds not smaller than a minimal speed c; > 0, and the map L — c} is non-
decreasing [44), hence limy_,oc] < limp 1o c] (and the inequality is strict if the coefficients
a(x) and O, f(x,0) are not constant in x).

In the bistable case with assumptions (Al)-(A3), the situation is in general different and
more complicated. Consider for instance a function f defined by f(x,u) = u(1l — u)(u — b(x))
for (z,u) € R x [0,1], where b: R — (0,1/2) is a given 1-periodic function of class C*. Such a
function f satisfies (A1)-(A3).

On the one hand, if a is constant, then it follows from [I8, Theorems 1.2 and 1.4] that
equation admits a pulsating front with speed cy, for every small L > 0, and that c;, — co as
L — 0, where co = V/2a (1/2 — b) is the unique speed of a traveling front connecting 0 and 1 for
the homogeneous equation u; = atge + u(l — u)(u — b), with b = fol b(x)dx € (0,1/2). With the
notations (L.9), one has c(y) = v/2a (1/2 — b(y)) for each y € R, and Theorem implies that
crL — ¢ =V2a ( f01(1/2 — b(y))_ldy)_1 as L — +oo. Therefore, the Cauchy-Schwarz inequality
yields cg > ¢« and even cg > ¢y as soon as b is not constant. This is in sharp contrast with the
inequality limy,_,0 ¢; < limp_, 1 ¢} under the Fisher-KPP assumption (1.7)).

On the other hand, if b = b € (0,1/2) is constant, it follows from [I8, Theorems 1.2
and 1.4] that equation admits a pulsating front with speed cp for every small L > OE|
and that ¢, — ¢o as L — 0, where cg = /2ay (1/2 — b) is the unique speed of a traveling
front connecting 0 and 1 for the homogeneous equation u; = aguzy + u(l — u)(u — b), with
ag = (fol a(y)~tdy)~! being the harmonic mean of the diffusion coefficient a. With the nota-

tions (L.9), one has c(y) = +/2a(y) (1/2 — b) for each y € R, and Theorem implies that
cL — e =2 (1/2—b) (fol \/a,(y)ildy)f1 as L — +o00o. Therefore, the Cauchy-Schwarz inequa-
lity yields co < ¢, and even co < ¢y as soon as a is not constant.

To sum up, the influence of the oscillations of the heterogeneities in under the bistable
assumptions (A1)-(A3) turns out to be more complicated than under the Fisher-KPP assump-
tion . Moreover, the oscillations in the diffusion and reaction terms can lead to opposite
effects on the bistable front speed.

Convergence of the front profiles ¢, as L — o0

The second main result of the present paper is concerned with the convergence as L — 400 of
the front profiles ¢, (€, y) given in . It is difficult to address this problem by considering the
singular equation , since the solutions ¢ (L(z—cpt), x) of converge to a step function
as L — +oo for any ¢t € R (this will actually be a consequence of Theorem below), hence
the information of ¢r (&, y) is lost when passing to the limit as L — +oo. We instead show the

4Notice that, in this case, pulsating fronts are even known to exist for all L > 0 if the function a is uniformly
close to a constant [27] [54].



convergence of ¢r(&,y) by constructing sub- and super-solutions for the original equation
when L is large (as a matter of fact, this approach also provides the convergence of ¢y, as L — +00,
as will follow from the proof of Theorem below).

Before stating the result, we point out that, since equation is invariant by translation
in time ¢, we have to suitably shift the fronts in order to pass to the limit as L — +o00. Namely,
with L, > 0 as in Theorem since for each L > L, the pulsating front Uy, is unique up shifts
in time, with Ur(—o0,z) = 0 and UL (400, z) = 1 for all x € R, we normalize for definiteness Uy,
by requiring .

Ur(0,0) = 3
Clearly, under such a normalization, U (¢, ) is uniquely determined, and the front profile ¢, (&, y)
is uniquely determined and satisfies ¢1,(0,0) = 1/2. Now, for each L > L., since d¢¢, < 0 in R?
and ¢y, satisfies and is at least of class C''(R?), the implicit function theorem yields the

existence of a uniquely determined C'(R) function y — (1 (y) such that

(1.14)

1

or(CLy),y) = 5. (1.15)

Clearly, (1.(0) = 0 and (z(y) is 1-periodic in y € R. Moreover, it follows from Theorem (ii)
and (iv) that the function (L,y) — (r(y) is continuous in [L,, +00) x R.

For the convergence of the front profiles as L — +o00, in addition to (A1)-(A3), the following
condition will also be assumed:

(A4) the function a is a constant, and there exists a constant d; € (0,1/2) such that 0, f(z,u) = 0
for all z € R and u € [0, §)]U[1—4}, 1], and then for all x € R and u € [—4), §5]U[1—0(, 1467]

by (L.3).
Theorem 1.6. Let (Al)-(A4) hold. For each L > Ly, let Ur(t,xz) = ¢r(x — cpt,x/L) be the

pulsating front of (L.1)) given by Theorem and let (1, be the function given by (1.15)). Let
also (§,y) = (&, y) and y — c(y) be given in (1.9)-(1.10). Then,

sup | ¢r (E + C(y), L y) - (& y)| — 0. (1.16)
y€ER, £ER L L—+o00
Moreover,
y+x/L crL
sup Cr |y + ¢ / <1 — ) ds| — 0 1.17
yeR, ze[—A,A] b ( ) L( ) y C(S) L—+o0 ( )
for every A >0, and
y+a/L
sup (L <y +— L/ < ) ds| < +oo. (1.18)
L>L.,yeR, ze[—L,L) y c(s)

Several remarks are in order. First of all, by choosing y = 0 and x = yoL for some yp € (0, 1]

in (1.18), one has
Yo L
CL Yl L/ <1 — ) ds
(v0) — ; )

In the special case yo = 1, since (1,(1) = (£(0) = 0, we rediscover that c;, — ¢, = fo )~tds)~
as L — 400, here under the additional assumption (A4). Furthermore, since the functlon Y —

sup
L>L

< +00.




¢(y) is in general not constant even under the assumption (A4), it then follows that (r(yo) is
unbounded in L > L, for each yo € (0,1) such that yo fol c(s)"tds # [{° c(s)"'ds. On the other
hand, implies that (r(yo) = O(L) as L — +oo for all yg € R (that will coincide with the
observation in Theorem (iii) below).

Secondly, we point out that can be equivalently rephrased as

U, (Ly —(L(y)

CL

— 0.
L—+o00

,§+Ly) — (&, y)

sup
yEeR, £€R

As we will see, this last formulation implies that, as L — +oo, the spatial profiles Uy (t, ) look,
at any time ¢ and uniformly in space, like shifts of the profiles ¢(-,y) of traveling fronts of the
homogeneous equations for some values of y. Indeed, by (1.18) and limy_ 4o cp = ¢,
the continuous functions z — z — (;(2)/L converge as L — +oo locally uniformly in z € R
to the function z — ¢, foz c(s)'ds (by applying with y = 0 and = = Lz). Therefore, for
every L > 0 large enough and for every t € [0, L/cy], thereis z1; € Rsuch that 2y ;—(r.(21,+)/L =
CLt/L. Hence UL(t, ) == UL((LZL’t - CL(ZL,t))/CLv ) and ||UL(t, ) - ¢( - LZL,taZL,t)HLOO(R) —0
as L — +oo uniformly in ¢ € [0, L/cr]. Since the profiles  — U (t, z+ct) in the frames moving
with speeds ¢y, are periodic in time with period L/cy, one finally gets that

sup d<UL(t, ), {w( +a,y):a€R, ye R}) — 0, (1.19)
teR L—+o00

where d is the distance associated with the norm in L*°(R). Actually, the convergence of the
profiles of the pulsating fronts to profiles of homogeneous traveling fronts as L — —+oo is quite
natural since equation looks like, as L — +oo, families of locally spatially homogeneous
equations. But the difficulty in Theorem and in the consequent formula is to show
rigorously this convergence and its uniformity with respect to time and space.

The strategy of the proof of Theorem can be briefly summarized as follows. First, by
virtue of Theorem (iii) on the global stability of the pulsating front ¢, we show that, up to
some shift in &, ¢r,(,y) is close to ¥(-,y) when L is sufficiently large. Next, we use Theorem [1.8
below on the uniform boundedness of the front width to determine the limit shifts appearing
in . The assumption (A4) is used in the construction of suitable sub- and super-solutions
(see Lemmas below), which is the key point of the proof of Theorem We believe that
(A4) is only a technical assumption, as one can see from Theorem that the wave speed cy,
converges to ¢, without this assumption. However, at the moment, it is unclear how to remove
this assumption in Theorem [1.6

Uniform boundedness of front width

As a matter of fact, Theorems [[.2] and [I.6] on the limit speeds and profiles of the pulsating fronts
as L. — +oo are based on the uniform boundedness of the width of the front profiles, in a sense
to be made more precise below. Under conditions (A1)-(A3), with L, > 0 as in Theorem 1.1} it
follows from the definition of pulsating fronts that, for any ¢ € (0,1/2] and L > L,, there
exists a constant C' > 0 such that

sup diam ({t e R: § < U(t,xz) <1-6}) <C (1.20)
zeR

and
sup diam ({z € R: 6§ < Up(t,z) <1-4}) <C, (1.21)
teR



where diam(FE) denotes the diameter of a set £ C R. Notice that, for each § € (0,1/2], L > L,
and x € R, the set {t € R: 6 < Ur(t,x) < 1— 4} is a compact interval, from and the
continuity of Uy, and its monotonicity with respect to t. Hence the diameter of the set in
is equal to its length. We also point out that property could be rephrased equivalently by
saying that, for any A € (0,1), the distance between ¢yt and the level set {z € R : Ur(t,z) = A}
is uniformly bounded in ¢.

Our next result, which is a key stone in determining the convergences of front profiles ¢y,
and front speeds ¢y, as L — 400, and which has its own interest, shows that the constants C

in ([1.20)-(1.21)) can be taken independently of L > L.

Theorem 1.7. Let (A1)-(A3) hold. For each L > L., with L. as in Theorem[L.1] let Uy, be a
pulsating front of (1.1)). Then, for any § € (0,1/2], there exist constants C > 0 and 3 > 0 (both
are independent of L) such that (1.20)) and (1.21)) hold true for all L > L., and

oUL(t,x) > B for all L > Ly and (t,x) € R? such that 6 < Up(t,z) <1 —6. (1.22)
The following theorem is a consequence of Theorem

Theorem 1.8. Let (A1)-(A3) hold. For each L > L., with L, as in Theorem[L1], let ¢1, be a
front profile of and let (1, be defined by (1.15)) and (1 (0) = 0. Then,

(i) the following two convergences hold uniformly in L > L, and y € R:

{Lir_noo (€ +Ce(y),y) =1 and ggffto o€+ CL(y),y) = 0;

(ii) for any ¢ € (0,1/2], there exists 5 > 0 (independent of L) such that

Oedr(&,y) < —B for all L> Ly and (&,y) € R? such that § < ¢r(&,y) <1—6;

(iii) the function (L,y) — (r(y)/L is continuous and bounded in [L,+o00) x R.

Notice that the continuity of (L,y) — (r(y)/L in [Ly, +00) x R follows from the comments
after , while the quantities (z,(y) are in general unbounded with respect to L > L,, from
the discussion after Theorem [L6]

Theorems and mean that the fronts do not flatten as L — +o00. Their proofs are based
on some intersection number arguments inspired by [2] and from the comparison of the pulsating
fronts with some well chosen stationary solutions.

Outline of the paper

Section [2] is devoted to the proof of Theorems [I.7] and [I.§ on the uniform boundedness of the
wave lengths of the pulsating fronts Uy, with respect to L > L,. The proof of Theorem on
the limit of the speeds ¢y, as L — +o00 is done in Section 3, and that of Theorem on the limit
of the profiles is done in Section @ Lastly, Section [f]is an appendix on some properties of the

profiles (£, y) and speeds ¢(y) of the family of homogeneous equations (1.8])-(1.9).
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2  Uniform boundedness of front width: proofs of Theorems
and [L.§]

This section is devoted to the proof of Theorems and Our proof strongly relies on a zero
number argument, and the classification of all solutions to the ordinary differential equations

(apw") + fr(z,w) =0 in R, w(0) € (0,1), (2.1)

according to the number of intersections of their graphs with those of the constant solutions 0
and 1. First, after recalling in Section [2.1] some properties on intersection number arguments, we
investigate in Section for any given L > L, with L, > 0 as in Theorem and for any time
t € R, the number and type of intersection points of the spatial profiles Uy (t,-) of the pulsating
fronts Ur, with all solutions to (2.1)). Then, using a passage to the limit as L — +oo and some
properties of the stationary solutions to the y-frozen equation (|1.8]), we prove Theorem by
contradiction in Section[2.3] Lastly, we show in Section[2.4]that Theorem [I.7]implies Theorem .8

2.1 Zero number properties

We begin with the collection of some zero number properties which will be used later. We refer
the reader to [2, 2], 23] 48] for a more detailed overview of the general arguments and their
applications.

Let us first introduce some fundamental notions. For any sign-changing function w : R — R,
let Z[w] denote the number of sign changes of w, and let SGN[w] (which is defined when Z[w] <
+00) be a word consisting of + and —, which describes the sign changes of w. More precisely,
Z[w] is the supremum of all £ € N* such that there exist real numbers 1 < o < -+ < zj41 with

w(x;) - w(wiy1) <0 foralli=1,2--- K,

and if Z[w] < +o0, SGN[w] = [sgn(w(x1)), -, sgn(w(zks1))], where sgn(w) € {—,+} is the
classical sign function, and 1 < --- < xRy is the sequence that appears in the definition of
Z[w] with maximal k. When w does not change sign, for convenience, we set Z[w] = 0 and
SGN[w] = [sgn(w)] if w #Z 0, and set Z[w] = —1 and SGN[w] = [] (the empty word) if w = 0.
By definition, the length of the word SGN[w] is equal to Z[w] + 1.

For any two words A, B consisting of + and —, we write A > B (or equivalently, B < A) if B
is a subword of A. For example, any element in {[+—], [+],[—],[ |} is a subword of [+—].

It follows from the above definitions that Z is semi-continuous with respect to the pointwise
convergence, as stated below.

Lemma 2.1. Let (wy)nen be a sequence of real-valued functions converging to w pointwise on R.
Then,
Zw] <liminf Z[w,], and SGN[w] <liminf SGN [wy,].

n—-+o0o n—-+00

The following lemma is an easy application of the zero number properties for solutions to a
linear parabolic equation of the form

Ow = a(t, x)0gzw + b(t, v)0zw + c(t, z)w in (t1,t2) X R, (2.2)

where —0o < t; < to < 400 and the coefficients ¢ > 0, a™ !, as, az, azs, b, by, b, ¢ belong
to Lm((tl,tg) X R)
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Lemma 2.2. [2| 21 23] Let L > 0, let ui(t,x) be a bounded solution of the Cauchy problem
associated with in (0, 4+00) xR, with a piecewise continuous bounded initial condition uy(0, -),
and let uz(x) be a C*(R) stationary solution of (L.1)). Assume also that ui(0,-) —ua changes sign
at most finitely many times on R, that is, Z[u1(0,-) — ug] < +o00. Then,

(i) For any 0 <t <t < +o0, we have
Z[ul(t, ) — UQ] Z Z[Ul(t/, ) — UQ]

and
SGN[ul(t, ) — UQ] > SGN[ul(t’, ) — UQ].

(i) If ui(te, ) = ua(xs) and Opui(ts,xs) = ub(zy) for some t. > 0 and z, € R, and
if ui(t,z) # ua(z) in (0,+00) x R, then

Zlui(t,:) —ug] —2 > Zui(s,:) —ug] >0 forallt € (0,t.) and s € (ts, +00).

Since the function (z,u) — f(z,u) is globally Lipschitz-continuous with respect to u € R
uniformly in z € R, it is easily seen that w(t,z) := ui(t,z) — ua(z) satisfies an equation of
the form in (0,400) x R with a bounded continuous coefficient ¢ defined by c(t,z) =
(fr(z,ui(t,x))— fr(x,ua(z)))/(ui(t,x) —ua(z)) if ui(t, ) # ue(x) and c(t, z) := Oy fr(z,u1(t, x))
if w1 (t, ) = uz(x). Then, the proof of Lemma[2.2|follows from that of [23, Lemma 2.4] with some
obvious modifications; therefore, we omit the details.

2.2 Intersections of pulsating fronts with stationary solutions

Now, for any given L > L., with L, > 0 as in Theorem [1.1} we investigate Z[UL(t,-) — w]
and SGN[UL(t,-) — w] at any time ¢ € R, where Uy, : R? — (0, 1) is the pulsating front of (T.1))
and w is an arbitrary C?(R) solution to ([2.1]). Let us first classify the solutions of (2.1)) as follows.

Lemma 2.3. Let L > L, be fized, and let w € C*(R) be a solution of (2.1). Then, w must be
one of the following types:

[w—1]=0, Zw] =0, and 0 < w < 1 in R;

[w—1]=0, Zw] =1, w <1 in R, and SGN[w] = [, +];
[w—1]=0, Zw] =1, w < 1 in R, and SGN[w] = [+, ];
[w—1]=0, Zlw] =2, w < 1 in R, and SGNw] = [-,+, —].

Proof. First of all, since w(0) € (0,1), we have Z[w — 1] > 0 and Z[w] > 0. Suppose now that
there exists some x; € R such that w(z;) = 1. It is then clear that w'(z1) # 0 (otherwise,
since fr(+,1) = 0, the Cauchy-Lipschitz theorem would imply that w = 1 in R, a contradiction
with w(0) € (0,1)).

Then, we observe that, if w’(z1) > 0, then w(x) > 1 for all z > x;. Indeed, otherwise, there
would exist some xo > z1 such that w(zy) = 1, w'(x2) < 0 and w(z) > 1 for all x € (z1,x2).
Since maxg fr(-,u) < 0 for all w > 1, one would have (arw’) > 0 in (x1,22), and hence,
ar(zo)w'(x2) > ar(x1)w'(z1) > 0. Since a is a positive function, there holds w’(x2) > 0, which is
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a contradiction. Similarly, we can conclude that, if w’(z1) < 0, then w(x) > 1 for all x < 1. As
a consequence, we obtain that Z[w — 1] < 2, and if Z[w — 1] = 2, then SGN[w — 1] = [+, —, +].
Since ming f7,(-,u) > 0 for all u < 0, with similar arguments as above, one gets that Z[w]| < 2,
and if Z[w] = 2, then SGN[w| = [—,+, —].
Consequently, we always have

Zlw—1]+ Z[w] < 2.

Observe that the Cauchy-Lipschitz theorem also implies that, if w < 1 in R (respectively w > 0
in R), then w < 1 in R (respectively w > 0 in R). Therefore, since 0 < w(0) < 1, one gets
that w < 1 in R if Z[w — 1] = 0 (respectively w > 0 in R if Z[w] = 0).

Now, to complete the proof, it remains to exclude the following three cases:

e Zlw—-1] =1, Z[w] =0 and SGN[w — 1] = [+, —];
o Zlw—1]=2, Zlw] =0 and SGN[w — 1] = [+, —, +];
e Zlw—1]=1, Zlw]=0and SGN[w — 1] = [—, +].

In the first two cases, one can find a continuous function g : R — [0, 1] satisfying (1.6 such
that ¢ < w in R. Let u(¢,x) be the solution of the Cauchy problem associated with (1.1)) with
initial condition u(0,z) = g(x). Then, the comparison principle immediately implies that

u(t,z) < w(zr) forallt >0 and z € R. (2.3)

On the other hand, it follows from Theorem [L.1] (iii) that ||u(t,-) — UL(t + 70,")|[zec®) — O
as t — +4oo, for some 7y € R. Remember that the wave speed cp is positive. This implies in
particular that u(¢,0) — 1 as t — +o00. Since w(0) € (0,1), we have u(t,0) > w(0) for all large ¢,
which is a contradiction with .

Finally, if the last case occurs, then one reaches a similar contradiction by noticing that
equation admits a pulsating front of the type U (t,x) = ér(x + cpt,z/L) satisfying the
asymptotic conditions , and that such a front is also globally asymptotic stable, with positive
speed ¢, (see Remark . The proof of Lemma is thus complete. O

Lemma 2.4. Let L > L, be fized, let Ur, be a pulsating front of (L)), and let w € C%(R) be a
solution of (apw') + fr(z,w) =0 in R. Then Z[UL(t,-) — w] < 2 for all t € R. Furthermore,
if Z[UL(t,-) — w] =2 for some t € R, then there must hold

SGN[UL(t,") —w] = [+, —, +]. (2.4)

Proof. Let t, € R be an arbitrary time such that U (t., x«) = w(z,) for some z, € R. Denote
a := w(zs). Notice that a € (0,1) since 0 < Uy, < 1 in R?, hence w(- + ) solves and
Lemma applies to w(- + z,) and then to w as well. To show Lemma it suffices to prove
that either Z[UL (¢, ) — w| < 1, or Z[UL(t, ) —w] = 2 and holds with t = t,.
For any z € R, let u(t, z; z) be the solution of the Cauchy problem associated with with
initial condition
u(0,z;2) = H(z — x),

where H denotes the Heaviside function defined by H(y) = 0 if y < 0 and H(y) = 1 if y > 0.
When z < z,, we define
7(2) ;== min {t > 0: U(t, z,;2) = a}. (2.5)
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Let us first observe that 7(z) is well defined and 0 < 7(2) < +o00. Indeed, since ¢y, > 0, it follows
from Theorem (iii) that limy 4o U(t, z4;2) = 1 > a. This, together with the continuity
of (-, z4;2) in [0,400) and the fact that u(0,z4;2) = 0 < «, immediately implies that the
minimum in (2.5)) is well defined and 0 < 7(z) < +o00. Moreover, since u(t,z;2z) — 0 as z — —o0
locally uniformly in (¢, z) € [0,4+00) x R, we have
lim 7(z) = +oo.
Z——00
Furthermore, by the proof of [23, Lemma 3.1], there is an entire solution %, : R? — (0,1) of (T.1))

that is steeper than any other entire solution between 0 and 1E| and such that the following limit
exists in the topology of ol (R?), up to extraction of a subsequence:

t;x;loc
lim u(t+ 7(—kL),x; —kL) = Uxo(t, ). (2.6)
k——+o0
Next, we claim that
Uso(t,x) = UL(t + ts, ). (2.7)

Indeed, since the pulsating front of (1.1)) is unique up to shifts in time (see Theorem (i1))
and since Uy, is steeper than any other entire solution between 0 and 1 by [31, Theorem 1.8], the
function Uy, is then identically equal to U, up to a shift in time. Since U (0, z4) = UL (ts, z4) = @,

we obtain ([2.7]).

For clarity, we divide the remaining arguments into two parts, according to the behavior of w.
First, if w is one of the types (a)-(c) listed in Lemma then there exists k., € N sufficiently
large such that

Z[u(0,;—kL) —w] =1 for all k > k.

It then follows from Lemma [2.2] that
Zu(t +7(—kL),;—kL) —w] <1 for all t > —7(—kL) and k > k.

Hence, by Lemma and (2.6)-(2.7), we obtain that Z[UL(t,-) —w] < 1 for all ¢ € R. No-
tice actually that, since Up(ts, xx) = w(z«) = « and Uy is not stationary, Lemma implies
that Z[Uf(t«,) —w] = 1.

Next, we consider the case where w is one of the types (d)-(e) in Lemma[2.3] In this situation,
it is also easily seen that

Z[u(0,-;—kL) —w] =2, and SGNJ[u(0,-;—kL) —w| = [+,—,+] for all large k € N.
By using Lemmas [2.1] and 2.2] again, we have
ZIUL(ts,") —w] <2, and SGN[UL(ts,-) —w] < [+, —, 4]

In particular, this implies that if Z[Up (¢, ) — w] = 2, then SGN[U (t., ) — w] = [+, —,+]. The
proof of Lemma [2.4]is thus complete. O

In the following lemma, we give a special solution of (2.1) that decays to 0 as x — 400, with
a decay rate that is controlled uniformly with respect to L > L,.

®The steepness is understood in the following sense: for any two entire solutions w1 : R x R — (0,1) and
uz : R x R — (0,1) of (L.1]), we say that u; is steeper than wus provided that SGNui(t +t',-) — ua(t,-)] < [+, —]
for any t and ¢’ in R.
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Lemma 2.5. For any L > L, and any 0 € (0,00, where oy € (0,1/2) is the constant provided
by (A2), there exists a solution w € C%(R) of ([2.1) such that

w0)=9, Zw-1=0, w<linR, Zw <1, (2.8)

and
0 <w(x) <de ™ forall x>0, (2.9)

for some constant p > 0 independent of L.

Proof. For any L > L, and any § € (0, 0], we show the existence of the desired solution by an
approximation argument. For each n € N, let us first consider the following problem in bounded

interval:
{ (apw’) + fr(x,w) =0 in [0,n],

w(0) =6, w(n) = 0. (2.10)

Since fr(xz,0) = 0 and since fr(x,d) < 0 for all x € R, it follows that w = 0 and w = ¢ are,
respectively, a sub-solution and a super-solution of . Then, a classical iteration argument
implies that there exists a solution w, € C?([0,n]) such that 0 < w,, < d in [0,n]. Furthermore,
0 < wy < 0 in (0,n) from the strong maximum principle and, from the sliding method [13]@
each w,, is unique and the sequence (wy, ),en is nondecreasing in n € N, in the sense that w,, < w,,
in [0,n] if n < m. Define now

w(z) == ngl—&l-loo wy(x) for x € [0, +00).

It then follows from the standard elliptic estimates that w is a C?(]0, +00)) solution of
(agw") + fr(x,w) =0in [0,4+00), w(0)=4, 0<w<§in [0,+00),

hence 0 < w < ¢ in (0,400) from the strong maximum principle. Since fr(x,u) is continuous
in R x R and globally Lipschitz-continuous in v € R uniformly in « € R, the function w can
be extended to € R so that it is a C?(R) solution of with w(0) = §. It further follows
from Lemma [2.3] that this solution must satisfy Z[w — 1] =0, w < 1 in R, and Z[w] < 1 (more
precisely, only cases (b) or (c¢) are possible).

Now, to complete the proof, it remains to show the estimate . Since 0 < wy, < 4 in [0,n],
by the first line of , we have, for each n € N,

(apw!) — ~yow, >0 for z € [0,n].

Since ar(z) = a(x/L) is L-periodic and a is positive and at least of class C'(R), we can find a
small constant 4 > 0 (independent of L > L,) such that ar(z)u? —a’; (z)u—0 < 0 for all x € R.
Letting w(zx) := de™"* for x > 0, we compute that

(ap@") () — yow(x) = (ap(x)p? — ay(z)p — y0)w(z) < 0 for all z > 0.

It then follows from the elliptic weak maximum principle that w,(z) < w(z) = de™#* for all
x € [0,n] and n € N, hence w(z) < Je™* for all > 0. This ends the proof of Lemma O

5For example, to prove w, < wy, in [0,n] when n < m, the sliding method is used in the following way: one
first proves that wn, (- + 7) < wm(+) in [0,n — 7] when 7 > 0 is close to n, and then slides 7 to 0.
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In the last lemma of this subsection, we consider the intersection of the pulsating front with
the stationary solution of (2.1)) obtained in Lemma

Lemma 2.6. Let L > L, be fized, let U, be a pulsating front of (1.1)), let 6 € (0,00] and let
w € C%(R) be the solution of (2.1) provided by Lemma . Then, Z[UL(t,-) —w] <1 for every
t € R. Furthermore, if Z[UL(t,-) —w] =1 for some t € R, then SGN[UL(t,-) — w] = [+, —].

Proof. The proof is similar to that of Lemma therefore, we only give its outline. Let t, €
R be arbitrary. Without loss of generality, we suppose that there exists some z, € R such
that Up(t«,z«) = w(zy), hence w(x,) € (0,1). To show the lemma, it suffices to prove that
ZUL(ts,-) —w] <0, or Z[Ur(ts,) —w] =1 and SGN[UL(ts,-) — w] = [+, -]

For any z < x,, let u(t,z; z) be the solution of with Heaviside type initial condition
H(z —-) and let 7(z) be defined as in with @ = w(z,). By the proof of Lemma we see
that 0 < 7(z) < 400, lim,_,_o 7(z) = +00, and that, up to extraction of a subsequence,

Ut + 7(—kL), &3 —kL) = UL(t + t.,7) as k — +oo in Cpiry (R?).

x;loc

Since w satisfies (2.8) and lim, 4o w(x) = 0, it is straightforward to check that
Z[u(0,;—kL) —w] =1 and SGN[u(0,;—kL) —w] = [+, —]

for all large k € N. Passing to the limit as ¥ — +oo, it follows from Lemmas and
that Z[UL(ts, ) —w] <1 and SGN[UL(ts,-) — w] < [+, —], yielding the desired results. O

2.3 Proof of Theorem [I.7]
For clarity, we divide the proof into three steps. In our arguments below, ¢ € (0,1/2] is given.

Step 1: (1.20) holds true with C > 0 independent of L > L,. For any L > L, and = € R, since
UL(t,z) is continuous and increasing in ¢ with Up(—oo,z) = 0 and Up (400, z) = 1, the set

In(x) ={teR: §<Ur(t,z) <1-4}

is a compact interval in R. Denote by m(Ir(x)) the length of this interval. It follows from
Theorem |1.1] (ii) and (iv) that m(I;(z)) is continuous with respect to (L, z) € [Ly, +00) x R.

Assume by contradiction that the desired result is not true. Then, there exist sequences
(Lp)nen C [Ly, +00) and (2y)nen C R such that

m(Ip, (zn)) =m({t eR: 6 <Up, (t,,) <1—6}) = +o0 as n — +oo. (2.11)

From (L)), one easily sees that m(I, (2,)) = m(Ip,(zn + Ly)). Therefore, without loss of
generality, we may assume that (z,)neny C [0, L,). Moreover, one observes that L, — 400 as
n — +o0o. Otherwise, there would exist subsequences (L}) C (L,) and (z],) C () such that as
n — +oo, L, — L € [Ly,+00) and z}, — «, € [0, L.], whence by the continuity of m(I(z)) in
(L, z), there would hold m(Iy; (x},)) — m(Iy, (})) as n — oo, which would contradict (2.11)).

For each n € N, since Uy, (-, zy) is increasing and continuous, with Ur, (—oo,x,) = 0 and
UL, (+00,x,) = 1, there exists a unique t,, € I, (x,) such that Ur, (tn,zn) = 1/2. Define

Un(t,z) :=Up, (t + tn, @ + x,) for (t,z) € R
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Clearly, each function U, is an entire solution of

8Uy, = 0, <a <‘””JL”") axﬁn> +f (“x” U ) in R?, (2.12)

) n
n Ln

with U,(0,0) = 1/2. Up to extraction of some subsequence, one can assume that 2, /Ly — Teo €
[0,1], and that, from standard parabolic estimates, there exists a function Uy, € C’tlﬁ (R%[0,1])
such that

Uy, = Uso in CF2, (R?) as n — +o0. (2.13)

t;x;loc

Moreover, Uss satisfies Uso(0,0) = 1/2 and it is a solution to
O Use = a(00)022Use + (00, Uso) in R (2.14)

By the strong maximum principle, we have 0 < (700 < 1 in R2. Furthermore, since 815(7” >0
in R?, we have 0;Us > 0 in R?. Finally, one infers from (2.11)) that

m({t €R: § < Us(t,0) < 1—6}) = +o0. (2.15)

By the monotonicity of Us in t and standard parabolic estimates applied to equation (2.14)),
it follows that there exist two steady states 0 < p_ < py <1 of (2.14] such that

Us(t,”) = p+ ast — Foo in C3(R). (2.16)

It is clear that p4 satisfy
a(200)Plt + f(Too,p£) =0 in R, (2.17)

and 0 < p_(0) < 1/2 < p4(0) < 1. Furthermore, one can conclude that either § < p_(0) < 1/2
or 1/2 < p;(0) < 1—4. (Otherwise, one would have 0 < p_(0) < d and 1 -4 < p;(0) < 1,
whence by (2.16]), there would hold m({t € R : § < Ux(t,0) < 1 —4}) < +oo, which would
contradict ) Then, by the strong maximum principle, we have

either 0 <p_ <1inR, or 0 <py <1linR.

Without of loss generality, we assume that the former case happens, since the latter case can
be handled in a similar way. Then, thanks to the assumptions (A1) and (A3), according to the
phase diagrams of equation , the solution p_ can only be one of the following three types:
either a constant function, or a non-constant periodic function, or a ground state solution such
that p_(z) — 0 as © — £oo. We will derive a contradiction in each of these three cases.

Case 1: p_ is a constant solution, that is, p— = b(r~) in R. In this case, for any non-constant
periodic solution 0 < g < 1 of , one finds some points y; < z1 < y2 < z2 and some constant
go > 0 such that

q(yi) —p—(yi) > €0, and q(z) —p—(2i) < —go fori=1,2. (2.18)

Remember that function w +— f(z,u) is globally Lipschitz-continuous in u € R uniformly in
x € R. Then, for each n € N, it follows from the classical ODE theory that the following problem

/
<a <$ Zf”) u/> iy (m JLrnx”,w> —0 inR, (2.19)
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with w(y1) = q(y1) and w'(y1) = ¢'(y1), admits a unique solution w, € C%(R). Moreover, by
standard elliptic estimates, we have w,, — ¢ as n — 400 in CfOC(R). This implies in particular
that there exists N € N such that

lwn () — q(x)] < %0 for all € [y1,22] and n > N.

On the other hand, it follows from ([2.13)) and (2.16)) that there exists s, < 0, with |s.| sufficiently
large, such that, replacing N by a larger integer if necessary,

Un(ss,2) —p—(x)]| < %0 for all z € [y1, 22| and n > N.

Combining the above, we obtain that, for all large n,

€0

U %0, and  wp(2) — Un(ss, 2i) < -5 fori=1,2.

wn(Yi) — Un(sx, i) >
By continuity, the function = — ﬁn(s*, x) —wp(z) has at least three sign changes in [y, 23], which
is a contradiction with the fact that Z[U, (s, ) —wn] < 2 (by Lemma applied with U, (-, -—y,)
and wy, (- — x,)). Hence, Case 1 is ruled out.

Case 2: p_ is a non-constant periodic solution. In this case, letting q(z) = b(r~), we see
that ¢ is a constant solution of . Then, we can find some points y; < 21 < y2 < 23 and a
constant 9 > 0 such that holds true, and hence, the same reasoning as in Case 1 yields a
contradiction. Therefore, Case 2 is ruled out too.

Case 3: p_ is a ground state solution with p_(x) — 0 as x — £oo. In this case, p_(z) is
symmetrically decreasing and there exist some points 71 < 7o < y2 and a constant £y > 0 such
that

b(xoo) —p—(yi) > o for i =1,2, and b(zs) — p—(y0) < —Ep.

Similarly as in Case 1, for each n € N, problem (2.19) with w(71) = b(2) and w'(y1) = 0 has
a unique solution w, € C?(R), and from standard elliptic estimates, w, — b(2s) as n — +oo

in C2_(R). As a consequence, there exists a large integer N € N such that

(@ () — b(zo0)| < %0 for all z € [§,7] and n > N.

On the other hand, by using (2.13) and (2.16)) again and by making some adjustment to N if
necessary, one finds some negative time s, < 0, with |s,| large enough, such that

Un(56,2) —p—(z)| < %0 for all z € [§1,72] and n > N.

Therefore, we obtain that, for each n > N ,

(i) — Un (3, 5i) > %0 fori=1,2, and @ (o) — Un(3s,T0) < —%0. (2.20)

Remember that by Lemma (applied with Uy (-, - — z,,) and Wy (- — zp)), we have Z[U, (5, -) —
W] < 2. Then, (2.20) implies that

Z[Up(5ey) — W) =2, and  SGN[Up(3s, ) — W) = [—,+, -

This last property contradicts property ([2.4) of Lemma hence Case 3 is ruled out too.
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Consequently, the case where 0 < p_ < 1 cannot happen. Furthermore, with similar argu-
ments, one can exclude the case where 0 < p; < 1. Therefore, our assumption (2.11)) at the
beginning of the proof is unreasonable. This ends the proof of Step 1.

Step 2: holds true with 8 > 0 independent of L > L,. Assume by contradiction that there
exist sequences (Ly)pen C [Ls, +00) and (n, Tn)nen C R? such that Uz, (&, Zn) € [6,1 — 0] for
each n € N, and

0tUg, (tn,Tn) — 0 asn — 4o0.

Due to ([L.5]), we may assume without loss of generality that 0 < Z,, < L,. By Theorem (i) (iv)
and standard parabolic estimates, it follows that L, — 400 as n — +00.
Define now
Un(t,z) :=Up (t+ty,x+2,) for (t,z) € R

Up to extraction of some subsequence, we may assume that the sequence (Z,/Ly)nen C [0, 1]
converges as n — +oo. By a slight abuse of notation, we still denote by x, this limit. Then,
standard parabolic estimates imply that, possibly up to extraction of a further subsequence,
U, — U in cL? (R?), where U, is an entire solution of . It is clear that 9;Us > 0

t;x;loc
in R? and 9,U(0,0) = 0. Furthermore, the strong maximum principle applied to the equation
satisfied by 0;Us immediately gives that 0;Us = 0 in R2. In other words, Us(t, z) = Uso () is
independent of ¢ and it obeys a(zoo)U%L + f(%oo,Usxo) = 0 in R. Notice that 0 < Uy, < 1in R
and § < U,(0) < 1 — 4. It then follows from the strong maximum principle that 0 < Uy, < 1
in R. Furthermore, it follows from (A1) and (A3) that either U, is a constant solution (i.e.,
Uso = b(25)), or it is a non-constant periodic solution, or it is a ground state solution decaying
to 0 as * — +o0o. Proceeding similarly as in Step 1, we can find a contradiction in each of these
cases: namely, for each large n € N, there exists then a solution w,, of (with L, and %,

instead of L,, and x,) such that either
Z[U,(0,-) — wy,) > 3,

or

Z[Un(oa ) - U_}n] =2 and SGN[UH(()? ) - U_]n] = [_7 +, _]
(the proof is even simpler than that in Step 1, as the limit function U, is stationary; there-
fore we do not repeat the details). Both situations are impossible, due to Lemma (applied
with Uy (-,- — Zp,) and w,(- — Z,)). As a consequence, the proof of Step 2 is complete.

Step 3: (1.21) holds true with C' > 0 independent of L > L. Assume by contradiction that there
does not exist such a bound independent of L. Then, we can find sequences (L )pen C [Lx, +00),
($n)neN C R, (an)nen, (Yn)nen C [0,1 — 0] and (2y)nen, (Yn)nen C R such that

UL, (Sn,xn) =y and Ur, (Sp,yn) = n for each n € N,

and
|Tn, — yn| = +00 as n — +oo.

Without loss of generality, for each n € N, we may assume that y, > x,, and thanks to , we
may also assume that 0 < z,, < L. Moreover, by Theorem [1.1] (ii) (iv) again, we have L,, — 400
as n — +00.
Define now
Un(t,z) := U, (t + $p, @ 4 x,) for (t,2) € R?,
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Clearly, each function Uy, (t,z) is an entire solution of (2.12) with U, (0,0) = ay, and Uy, (0, z,) =
Yn, Where 0 < z, =y, — T, — +00 as n — +00. Up to extraction of some subsequence, we have

z—n%xooe[O,l], ap = Qoo € 10,1 =96], Y = Yoo €[6,1 =6], asn — 4oo,
n

and by standard parabolic estimates, U, — (,Nfoo in Ctljl oc
solution of with Uss(0,0) = ase.

Set 0. := min{dg, 6}, where &y is the constant provided by (A2). It follows from Lemma
that, for each n € N, with L = L,, admits a solution w, € C%(R) such that w,(0) = é,
Zlwp, — 1] = 0, Z[w,] < 1 and 0 < wy(x) < de™#* for all x > 0, where > 0 is independent
of n € N. Notice that for each n € N, U,(t,z) is increasing and continuous in ¢ € R, with
Un(—00,z) = 0 and Up(+00,z) = 1 locally uniformly in = € R. This implies in particular that
there exists a unique time 7, € R such that Uy, (7y, 2n) = wy(2n). Since wy(2n) < 0 <0 <y =
Un(0, z,) for each n € N, it is clear that 7, < 0.

Now, we claim that

(R?) as n — +oo, where Uy, is a

Tp —» —00 as n — +oa. (2.21)

Suppose to the contrary that (7,,),en converges, up to extraction of a subsequence, to 7o, €
(—00,0]. For each n € N, let us write

Zn = 27/1 + ZZ? and Vn(tax) = ﬁn(t7x + Z’ﬂ) in RQ’

where 2z, € L,N and 2! € [0, L,,). It is easily checked that each V;, is an entire solution of

" "
ov =0, (a (LT o)+ (TR m

with V,,(0,0) = v, and V,(7,,0) = wy(2z,). Since z, — 400 as n — +oo and since wy(z)
decays to 0 as * — 400 uniformly in n € N, it follows that lim, oo Vi (75,0) = 0. Next, up
to extraction of another subsequence, we may assume that 2]/ /L, — 25 € [0,1] as n — +o0,
and that, by standard parabolic estimates, V,, = Vo as n — +o00 in Ctl;f;l o C(R2), where V, is an
entire solution of

OtVoo = a(Too + 200) 0z Voo + f(Too + 200, Vo) 1IN R2.

Since 0 < Voo < 1 and since Voo(Too,0) = limy 400 Vi (70,0) = 0, it follows from the strong
maximum principle that V4, = 0 in R?. This contradicts the fact that Vo (0,0) = limy, s 00 Yn =
Yoo = 0. Therefore, our claim is proved.

We are now ready to derive a contradiction. By the proof of Step 1, it follows that the
sequence (m({t € R: 4, < Un(t,0) <1— 6*}))nEN is bounded uniformly in n € N. This together
with U,(0,0) = a,, € [6,1 — 6] C [6,,1 — 4,] and 9,U,, > 0 yields the existence of A > 0 such
that {t € R : 8, < Uy,(t,0) <1—d,} C [-A, A] for all n € N. As a consequence, one finds ¢, < 0
such that

Un(t«,0) < 6, = wy(0) for all n € N.
Furthermore, by (2.21]) and the positivity of atﬁn, there exists n, € N sufficiently large such that

Un, (ts, 2n,) > wn, (2n,).
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Combining the above, we immediately obtain that

Z[Upn. (te,) —wn,] > 1 and  SGN[Up. (ts,") — wn,] & [, +],
which is a contradiction with the conclusions of Lemma (applied with U, (-, — #,,) and

This ends the proof of Step 3, and the proof of Theorem is thus complete. O

2.4 Proof of Theorem [1.8

We first show statements (i). From Theorem (ii), it suffices to prove that for any § € (0,1/2],
the interval

Er(y) = {6 €R: 6 < or(E+(rly),y) <1-0)

is bounded uniformly with respect to y € R and L > L,. To do so, observe that the formula
UL(t,z) = ¢r(x — cpt,z/L) implies that

” (_5 L Ly =G

,Ly) =¢r(€+(r(y),y) forall { € Rand y € R. (2.22)
Cr, Cr,

Clearly, Ur((Ly — Cr(y))/cr, Ly) = 1/2 for all y € R, by (1.15). Then, by Theorem the
following interval

Ir(Ly) := {t eR: <UL <t+ Ly—Gly) CCL(y),Ly> <1- 5}
L
is bounded uniformly in L > L, and y € R. Remember that ¢y is bounded in L > L,, by
Theorem [1.1] (i). This together with immediately implies that the interval E7 (y) is bounded
uniformly in y € R and L > L,. The proof of statements (i) of Theorem is thus complete.
Next, we show statement (ii). It follows from that for any (£,y) € RxR with £ € Er(y),
we have —£/cp, € I (Ly) and

L _
Bedn (€ + CLly).y) = —clLatUL (—fL + ych(y) Ly) .

Then by Theorem and the fact that ¢z > 0 is bounded in L > L,, we immediately obtain
statement (ii) (with a constant S > 0 which is in general different from the one appearing
i ().

Finally, we prove statement (iii). Since (1(y) is continuous in (L,y) € [Ls,+00) x R, it is
clear that (L,y) — (r(y)/L is also continuous. It remains to show that this function is bounded.
Since (r,(y) is 1-periodic in y € R, we only need to show that (7 (y)/L is bounded in (L,y) €

[Ly,+00) x [0,1]. Tt follows from (1.14) and Theorem_ that the set {z € R: Ur(0,2) = 1/2}
is bounded uniformly in L > L., that is, there exists L > L, such that

{z eR:UL(0,2) =1/2} C [-L,L] forall L > L,.

Remember that lim,_, . Ur(0,2) = 0 for each L > L,. This implies that Ur (0, L(y + 1)) < 1/2
forally € [0,1] and L > L. Thanks to (2.22)) applied with ¢ := L(y+1)—(r(y+1) and y+1 instead

of y, it follows that ¢r(L(y+1) —Cr(y+1)+C(y),y) = ¢r(Lly+1) —Coly+1)+C(y),y+1) =
Ur(0,L(y + 1)) < 1/2. Hence, the monotonicity of ¢, in its first variable implies that

Liy+1)—(r(y+1) >0 forall y € [0,1] and L > L.
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Consequently, by the periodicity of (7 (y), we obtain (1(y)/L < y+1 for ally € [0,1] and L > L.
In a similar way, by using the fact that lim,_,_~ Ur(0,2) = 1 and the monotonicity of Uy, in
its first variable, we can prove that

Liy—2)—<((y—2) <0 forall y € [0,1] and L > L,

hence (1 (y)/L > y — 2 for all y € [0,1] and L > L. Combining the above, we immediately
obtain that —2 < (1,(y)/L < 2 for all y € [0,1] and L > L. This together with the continuity of
Cr(y)/L in [Ly, +00) x [0,1] implies that (z(y)/L is bounded in [Ly,+00) x [0,1]. The proof of
Theorem [1.§] is thus complete. O

3 Convergence of c; as L — +00: proof of Theorem [1.2

This section is devoted to the proof of Theorem When L is large, we consider the Cauchy
problem associated with equation under the large-time and large-space scaling, t — Lt,
& — Lz. More precisely, letting v(t,z) = u(Lt, Lz) with u(t, ) being a solution of (L.1)), the
rescaled Cauchy problem reads

%(a(x)vm)x + Lf(z,v), t>0,z€R, (3.1)

v(0,z) = g(x), zeR.

Ve =

We consider initial conditions g € C(R,[0,1]) which are independent of L and front-like, in the
sense that
liminf (g(z) — b(z)) > 0, limsup (g(z) —b(z)) <0, (3.2)
T—=— T—+00
where x +— b(z) € (0,1) is the zero of f(x,-) provided by (Al). For each L > 0, denote
by vr,(t, ) the solution of the Cauchy problem (3.1]). By the strong maximum principle, we have
0 <wvp(t,z) < 1forallt >0 and x € R. Moreover, it is easily seen from that for each
L > L, with L, > 0 as in Theorem ¢r(L(x — cpt), x) is a solution of the first equation
of (3.1)), and it is defined for all (¢,z) € R?.
As we mentioned in Section [, we use Géartner’s result [30] to show the convergence of ¢y, as
L — +00. Recall that the function ¢ : R — R, y — ¢(y) denotes the unique front speeds of
the family of homogeneous equations . The following lemma is a direct application of [30}
Corollary, p. 140] to our one-dimensional spatially periodic equation (3.1 (see also Xin’s review
paper [56, Theorem 3.7] in the case where g is compactly supported):

Lemma 3.1. [30] Let g € C(R,[0,1]) satisfy (3.2) and let Tg = {x € R: g(x) = b(x)}. For any
L >0, let vi(t,z) be the solution of (3.1) with initial condition g (g is independent of L). Then,
as L — +o00,

vr(t,z) = 1 locally uniformly in {(t,z) € (0,+00) x R: p(x,Ty) < t},

vr(t,z) = 0 locally uniformly in {(t,z) € (0,+00) x R: p(x,Ty) > t},
where p(x,To) = inf{p(x,z2) : x2 € T'o} and p(-,-) denotes the signed distance function defined
by

1
p(x1,x2) ::/ c(y)dy for zy € R, x5 €R.

2
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Recall that ¢, is the constant defined in (L.11)). Since the function y — c(y) is 1-periodic,
the above result suggests that as L — +oo, the solution vy (t,x) propagates at a mean speed
equal to c¢,. This however does not imply directly the convergence of the speeds cy, to ¢, since
the profiles of the pulsating fronts, say at time 0, depend on L, unlike the initial condition g in
Lemma [3.1] To circumvent this difficulty, we establish in Lemma [3.2] some further comparisons
between the solutions vy, (¢, z) and the pulsating fronts ¢, (L(x —cpt), z) for L > L,, which easily
lead to the proof of Theorem on the basis of the uniform estimates proved in Section [2|f'}
To do so, let dp and 7y be the positive constants provided by the assumption (A2). Since
f(,0) = f(-,1) = 0 in R, there is g¢ € (0, d0/2] such that

Buf(z,u) < —? for all u € [~2¢0, 260] U [1 — 220, 1 + 2¢0] and « € R. (3.3)

We now choose a special initial condition g € C'(R, [0, 1]), independent of L > L., such that

liminf g(z) > 1—¢p, limsup g(z) <ep, and To={0}. (3.4)
T—=— T—+00
Notice that it is for instance possible to choose g in such a way that ¢ = 1 in (—oo0, —A] and
g =0 in [A, +00), for some large A.

Lemma 3.2. For any L > L., with L, > 0 as in Theorem[L.1] let (¢, cL) be a pulsating front

of (L.1) and let v (t,x) be the solution of (3.1) with the initial condition g satisfying (3.4). Then
there exist constants Cx > 0 and Ky > 0 (all independent of L) such that

vp(t,x) > ér(L(x — cpt + C_) + Koeg, x) — gge0L/2
{ ) = oL - ) 00, 2) ’ for allt >0 and x € R. (3.5)

UL(t’ $) < ¢L(L($ —crt — C+) — Koeg, JU) + 806_70“/2

Proof. We use a Fife-McLeod [28] type sub- and super-solutions method to show this lemma. We
only give the construction of a super-solution, as the analysis for a sub-solution is analogous.

First of all, since the initial function g satisfies (3.4), it follows from Theorem [L.8] (i) and (iii)
that there exists a constant C'; > 0 independent of L such that, for all L > L, and = € R,

CL()
L

o1 (L(z— Cy),2) + 20 = 6 (L2 = C = 2E2) £ (@) 2) +20 2 g(a).  (36)
For any L > L,, we then set
oLt z) == ¢r(L(z — cpt — C4) + ni(t),z) + qr(t) for t >0 and z € R,

where t + g7, (t) and t — np(t) are some C1([0, +00)) functions satisfying

3.7
nL(0) =0, 7n.(t)<0 for all ¢ > 0. (3.7)

{ q.(0) = ¢e0, ¢ (t) <0<qr(t) forallt>0,

By choosing suitable functions 77, and ¢r, later, we will show that oy, is a super-solution of ({3.1]).

7 An alternate approach could be to use [30, Theorem 4.1] with L-dependent initial conditions ¢, (L-,-) combined
with Theorem ‘We here use Lemma and the comparisons established in Lemma [3.2] since the method of
proof based on sub- and super-solutions will serve as an archetype to get more involved comparisons in Section @
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Notice first that (3.6)-(3.7)) imply that v(0,-) > g = v1(0,-) in R for each L > L,. Now, for
(t,z) € (0,+00) x R, we define

Np(t,z):= 0w(t,z) — %3I(a(x)ax@L(t7x)) — Lf(z,vL(t,x)).

Since (t,z) — ¢r(L(x — cpt — Cy),x) is an entire solution of the first equation of (3.1), a
straightforward calculation gives, for all (¢,z) € (0, +00) x R,

Nip(t,x) = np(t)0edr(L(z — cpt — Cy) +ni(t), =) + ¢1,(t)
—|—Lf(x, o (L(x —cpt — Cy) + nr(t), JJ)) — Lf(x,vL(t,x)).
Since de¢pr, < 0 in R?, we get 0] (1)0cpr(L(z — cpt — C1) + ni(t),z) > 0 and 0 < gr(t) < &
for all t > 0 and = € R, provided qr and nz fulfill (3.7). Then, on the one hand, for any pair

(t,x) € (0,+00) x R such that ¢ (L(x —cpt — Cy) + nr(t),z) € (0,e0] X [1 — €o, 1), it follows
from ({3.3]) that

Np(t,z) > qp(t) + Lf(z,¢r(L(x — cpt — Cy) +ni(t), x)) — Lf(z, (L, x)) > qr(t) + %QL@)-

On the other hand, by Theorem (ii), there is f > 0 (independent of L > L,) such that
Oepr(&,y) < =B for all L > L, and for all (§,y) € R? with g9 < ¢(£,y) < 1 —go. It follows
that, if ¢p(L(x —cpt — Cy) +nr(t), x) € (9,1 — &p), then
Np(t,x) = =y ()8 + qp(t) + Lf (2, dr(L(x — cpt — Cy) +ni(t), x)) — Lf(z,0L(t, 2))
> = ()8 + q(t) — LC1qw(t),

where C1 := |0y f|| oo (rxRr)- Let us now choose qr,(t) and 7 (t) such that

L
ar(0) = c0, g4 (1) + %qL(t) ~0 for t > 0,
ne(0) =0, —Bnp(t) +q(t) — LCiqr(t) =0 fort > 0.

Namely, we set

_eo(y0 +2C1)
Byo

These functions ¢y, and 7, satisfy (3.7). Consequently, Ny (t,z) > 0 for all (¢,z) € (0,+00) x R.

Finally, the comparison principle implies that, for any L > L., v (t,x) > vp(t,z) for all t > 0
and = € R. Taking Ky = (70 + 2C1)/(B70) and using the fact that ¢ (£, y) is decreasing in &, we
obtain the second inequality of . As we have mentioned above, similar arguments imply the
first one. The proof of Lemma is thus compete. O

qr(t) = eoe M2 and np(t) = (1 —e 02y for t > 0.

We are now ready to complete the

Proof of Theorem[1.2] Assume by contradiction that ¢z, does not converge to ¢, as L — +oc.
Since the family (cr)r>r, C (0,400) is bounded by Theorem (i), one finds a sequence
(Lp)nen C [Ly, +00) with L, — 400 as n — +0o and a real number co > 0 such that

CL, — Coo @SN — +00, and Coo 7 Cs.
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Without loss of generality, we assume that co, < ¢i (as sketched below, the case where coo > ¢y
can be treated similarly). Then we have cr,, < (¢ +¢4)/2 < ¢4 for all large n € N. Now, we can
choose a large time ¢, > 0 and a positive integer x, (both independently of n) such that

cr,te +Cr +1 < xy < ity for all large n € N, (3.8)

where C'y > 0 is the constant given by Lemma Since each function ¢r,, (€,y) is decreasing
in &, it follows from the notations of Lemma and the second inequality of (3.5)) that

0 <, (ts, 2) < ¢, (Ln(2s — cp,te — C4) — Kogo, 24) + gge 0 Ents/2

3.9
< ¢r,(Ln — Koeo, ) + 506_70Lnt*/2 (3.9)

for all large n € N. Moreover, since z, € N and each function (z, given by (1.15]) is 1-periodic,
we have (z, (2+) = (1, (0) = 0. Therefore, passing to the limit as n — +oo in (3.9)), we see from
Theorem that ¢r, (Ln — Koo, z+) — 0 as n — +o00, hence v, (t4, z+) — 0 as n — 4o0.

On the other hand, we had chosen g such that 'y = {z € R: g(z) = b(x)} = {0}. Since z, is
a positive integer and since the function y — ¢(y) is positive and 1-periodic, we have p(z., o) =
Xy /Cx, whence p(z4,T0) <t due to . It then follows from Lemma that vr, (tx, x4) — 1
as n — 400, yielding a contradiction. Therefore, the case where ¢, < ¢4 is ruled out.

In the case where ¢ > ¢4, one can derive a similar contradiction by choosing a large time
t* > 0 and a positive integer 2* (both independently of n) such that

cr,t*—C_ —1>z" > c¢,t* for all large n € N.

As a conclusion, cj, — ¢, as L — 400, and the proof of Theorem [I.2]is thus complete. O

4 Convergence of the front profiles: proof of Theorem [1.6

This section is devoted to the proof of Theorem 1.6} that is, the convergence of the front profiles ¢,
as L — 400, under the assumptions (A1)-(A4). The key step is to determine the asymptotic
behavior as L — 400 of the solutions of Cauchy problem of the following equation:

Oszr, = a0pa2r + f (y + %,zL) fort >0, x € R, (4.1)

where y € R is arbitrary. We point out that a is here a positive constant, thanks to (A4). We
recall that, for each y € R, the couple (¢ (-,¥y),c(y)) denotes the front profile and front speed

of the homogeneous equation ([1.9)-(1.10). We first present some properties on (¢(-, ), c(y))
in Section In Section we choose the initial condition of (4.1)) sufficiently close to the

homogeneous front (-, y), and then construct a pair of sub- and super-solutions of (4.1)). This
will ensure that, at a certain time ¢, zz, (¢, -+ L) is still close to ¥ (-, y) provided that L is sufficiently
large (see Proposition in Section . We complete the proof of Theorem in Section

4.1 Preliminaries on homogeneous fronts

In this subsection, we present some properties regarding the homogeneous traveling front
(W(-,y),c(y)) of (1.9)-(1.10) with respect to the parameter y. These properties will be used

in our construction of sub- and super-solutions later and are also of interest in themselves.

Proposition 4.1. Let (A1)-(A3) hold. Then, the following statements hold true:
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(i) the function y — c(y) is positive, 1-periodic, and the function (&,y) — ¥(&,y) € (0,1) is
1-periodic in y € R and decreasing in £ € R;

(i) limgsioo (&, y) =0 and lime,_ o (&, y) = 1 uniformly in y € R; furthermore, there exist
positive constants i, pa, M, C1 and Cy (all are independent of y) such that

{ 0 < (&,y) < Cre M forallE > M andy e R, (42)

0<1—1(&y) < Cet2 forallé < —M andy € R;

(iii) for any 0 € (0,1/2], there exists v = v(0) > 0 (independent of y) such that

Oep(&,y) < —v for all (£,y) € R® such that § < ¢(&,y) < 1—0;

(iv) the function y — c(y) is of class C1(R), and the function (£,y) — ¥(€,y) is of
class C’?;; (R2), and satisfies

sup[0yb(€,y)| < +oo. (4.3)
EER, yeR

The proof of Proposition is quite lengthy and is therefore postponed to the appendix in
Section [5l Let us emphasize that this proposition holds without the extra assumption (A4).

4.2 Sub- and super-solutions

In the remaining part of Section |4 we always assume that (A1)-(A4) hold. To present our sub-
and super-solutions, we need some notations. Since the function z — ¢(z) is 1-periodic and of
class C*(R) by Proposition (iv), one infers that, for each y € R and L > 0, the following ODE

problem

X, 1 (t
X, () =c <y + @’LL()> fort >0, X, (0)=0, (4.4)

admits a unique solution Xy 1 : [0,+00) — R, with X, 1 = X411 in [0, +00) for each y € R
and L > 0. Furthermore, each function X, ; is increasing in [0,+00) and X, 1(t) — +oo as
t — +o00, since ming ¢ > 0. Let then 77, > 0 be the unique time such that

Xyo(Tr) = L.

Since the function ¢ is 1-periodic, it is then checked by integrating the function ¢ — X ; () c(y+
Xy 1(t)/L) =1 over [0,T7] that Ty, does not depend on y and is equal to

T, = — 4.5
L= (4.5)

where ¢, > 0 is the constant defined by (L.11). In particular, 77, — 400 as L — +oo (uniformly
in y € R). Notice also that, again by 1-periodicity of the function ¢, one has

X, 0(kT) = kL for all k € N. (4.6)

Our super-solution is stated in the following lemma.
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Lemma 4.2. There exists €9 € (0,00), with 09 € (0,1/2) as in assumption (A2), such that, for
every € € (0,e9], there exists L1 > 0 such that, for everyy € R and L > Ly ., the function

v;f%L :[0,4+00) x R — R defined by

U;y,L(tax) =1 (I — Xyr.(t) +ne,r(t), y + XyIL/<t)> + ge,1.(t)

is a super-solution of (4.1) fort >0 and x € R, where q. 1, and 1.1, are C*([0,+00)) functions
independent of y € R satisfying

{ ¢,1.(0) =&, q;L(t) <0< qer(t) forallt>0,

(4.7)
N,.(0) =0, nl(t) <0 for all t > 0.

Proof. First of all, by the assumptions (A1)-(A2) and the C*(R x [0, 1]) smoothness of f and its
periodicity in z, together with (1.3, there exist d; € (0,1/2) and 41 > 0 such that

Ouf(z,u) < —v forall z € R and u € [—01,01] N [1 — 61,1+ 1] (4.8)

Without loss of generality, one can assume that d; < §f, with d; > 0 as in assumption (A4).
Moreover, by Proposition (iv) and the boundedness of the function z +— ¢(z), there is a
constant C7 > 0 such that, for all y € R and L > 0,

X! (t
Z”’Ij/:()ayw(faz) < % forallt > 0 and (§,2) € R x R. (4.9)

It further follows from Proposition (i)-(ii) that there exist M; > 0 and
€0 € (O,min{51/2,50}) C (0, 1/4),

with dg € (0,1/2) as in assumption (A2), such that, for all (£,2) € R x R,

0< (e < o if € > M,
1Ny <1 ie< M,

2€0§¢(§,2’)§1—2€0 if—M1<§<M1,

where the last inequality is actually a consequence of the continuity of ¢ : R? — (0,1) and its
periodicity in the second variable.

In the arguments below, e € (0,g¢] is arbitrary. To show Lemma it suffices to find
suitable C1([0, +00)) functions g. 1, and 7., satisfying (4.7) such that, if L is sufficiently large
and independently of y, there holds

x
N(t,z) := 8tv;y7L(t,a:) — aamv:%L(t, z)—f (y + Z,v:y’L(t,x)) >0
for all (¢,z) € [0,+00) x R. Since 9 is a solution of (1.9) and since here a is constant by
assumption (A4), it is straightforward to check that, for any y € R, L > 0 and any C*([0, +00))
functions ¢ ;, and 7. 1, one has
X (¢
N(t,z) = Xl

X
00+ 10060+ 4.0+ (+ 0 0) < 1 (34 Foodu0.0)
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for all (t,z) € [0,400) x R, where ¢ = ¢(x — X, 1(t) + n.,0(t),y + Xy.0(t)/L), and O¢g1p, Oytp
stand for the partial derivatives of 1) with respect to the first variable and the second variable,
respectively, evaluated at the same point (x — Xy 1,(t) +7-,0(t), y + Xy,(t)/L). We complete the
proof by considering three cases: (a) x — Xy 1,(t) + 7, 1(t) > My, (b) x — Xy 1.(t) +7e,0.(t) < —M;y,
(C) M <x-— Xy7L(t) + ns,L(t) < M.

In case (a), with g 1, required to satisfy , we have

X, (t 1) 1)
0< (e~ X0 +nes®y+ 2D) cof pay <D<y <o

L &y,L
Since 1) is decreasing in its first variable and since 7. r, is required to satisfy (4.7)), we have
Xy1(t)
L1, (t) Ot (m — Xyp(t) +me,L(t),y + yT> > 0.

Remember that f(z,u) is independent of = for u € [0,4;1] C [0, dy] by assumption (A4). It then

follows from (4.8))-(4.9) that

N(to) >~ g () + f (o,z/) (:c Xy () ety XL(”)) TR )

L L
C
> —fl +q. () +71¢.,L(1).
Let us choose o0
Lie=="2>0 (4.10)
"€
(notice that L; . is independent of y € R) and the function ¢, ;, such that
C
¢r(0) =¢ and — fl +¢L 1 (t) + 71ge,(t) = 0 for t > 0, (4.11)
namely,
Ch Ci\
)= — - 7t for ¢t > 0. 4.12
%L (f) Ly - (8 L71> ‘ nre (4.12)

It is clear that, for any L > L; . and for any y € R, the function ¢. ;, satisfies and N(t,z) >0
for all (t,z) € [0, +00) x R such that @ — X, 1.(t) + 1., (t) > My, provided 7, 1, satisfies (|4.7) too.
Proceeding similarly as above, we can conclude that, for any L > L; . and y € R, N(¢,z) > 0
for all (t,z) € [0,400) x R such that = — X, 1.(t) +n.,1.(t) < —My, as soon as 7 , satisfies (4.7).
It remains to find a suitable function 7. such that N(¢,z) > 0 in case (c), i.e., —M; <
x — Xy 1(t) + ne,1.(t) < M. In this case, we have

X, (t
2e0 < (96 — Xy r(t) +ne,1(t), y + ylj.f()) <1-2¢

and 2g9 < v;“va(t,x) < 1 —¢p (since 0 < g r(t) < e < gp). It then follows from
Proposition (iii) that there exists f; > 0 (independent of ¢, y, L, t and z) such that
Oep(x — Xy r(t) + nen(t),y + Xy 1(t)/L) < —p1. Noticing that the function f is of class
CH(R x [0,1]) and periodic in z, one finds some constants K; > 0 and Ko > 0 (independent
of e, y, L, t and x) such that

|f(z1,u) — f(z2,u)] < Ki|zy — 29| for all x1, 29 € R and uw € [0, 1],
|f(z,u1) — f(z,u2)| < Ka|up —ug| for all z € R and u;, ug € [0,1].

28



Therefore, with 7. r, required to satisfy (4.7)) (then being nonpositive in [0, 400)), we have

Cy Xy, (1 Xyt
N(ta) 2 =G = 0+ o + 7 (54 25 0o = X000 + et + 22Y)
T+
—f (y + T v, ot a:))
Cl X L t)—x
> =Dl + g0 - 10 T g,
1 My —n. (T
> Bl o) - 6 O g,
Then, with g. 1,(t) given by (4.11)-(4.12)), by choosing 7. 1, such that
K KM
er(0) =0 and =il p(H) + 7 0en(t) = (o + K2)gep(t) = =7 for t >0,

we have N (t,z) > 0 for (t,z) € [0,+00) x R such that —M; < x — X, .(t) + 1., 0(t) < M;. It is
straightforward to compute that

K
7757L(t) = _’}/1;2 |:(CQ + 03787L)eKlt/(L’81) - 03757Le_71t — CQ for ¢ Z 0, (4.13)
1
where o M o (L
Cy = 151 n 151 and  Cy.p — e—Ci/(Lm)

MKy Ka+m 1+ K1/(LB1)
It is clear that Co > 0 and Cs3. > 0 if L > L;., whence the function 7. given in (4.13)
satisfies (4.7)).

Combining the above, we can conclude that for any € € (0,&9], ¥ € R and L > L; ., one has
N(t,z) >0 for all (¢,z) € [0,+00) x R. This ends the proof of Lemma [4.2] O

The following lemma gives the sub-solution of problem ({4.1J).

Lemma 4.3. Let gy € (0,9) be given by Lemma and, for any e € (0,0, let L1 > 0 be
given by (4.10) as in Lemma . Then, for every e € (0,e0], y € R and L > Ly, the function
Uy [0,+00) X R = R defined by

U;y’L(t’ l‘) =1 (IE - Xy,L(t) - 776,L(t)a Y+ )(yf(t)> - qE,L(t)

is a sub-solution of [(&1) for t > 0 and z € R, where q. 1, and 1.1, are C1([0,+00)) functions
satisfying (4.7)), given by (4.12)) and (4.13)), respectively.

Proof. The proof is analogous to that of Lemma therefore, we omit the details. O

Before going further on, we give two remarks about the functions ¢. ;, and 7. 1, which will be
useful in the proof of our main result later.

Remark 4.4. For any € € (0,e0] and L > Ly, = 2C1/(m€), let Ty, = L/ci > 0 be the time
provided by . For any giwen k € N and 7 > 0, the function 7. 1, given by s bounded
in [0, kT, + 7] uniformly with respect to € € (0,e0] and L > Ly .. More precisely, we can find
some constants 0 < A; < Ag (independent of €, L, k and T) such that

A — A26K1k/(0*51)+K177180/(201ﬂ1) < Ay — A2eK1/€/(C*51)+K17’/(L51) < naL(t) <0

for all0 <t < KTy + 7.
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Remark 4.5. We also point out that, for any e € (0,0], the functionst — q. .(t) and t — 1. (%)
converge locally uniformly int > 0 as L — 400. More precisely, there holds
7+ Ky

1 ty=ce ™ and i e (1—e
L:}IilooqaL() ge an L—I)IJrrl naL() "}/1,81 ( € )7

locally uniformly in t € [0, +00).

Now, for any € € (0, 60] with g € (0, dp) provided by Lemmas we consider any family

of continuous functions v2, : R — [0,1] such that

o _,0 0 1 0
Ve yi1 = Vo, N R, v, (0) = 3 and [lvz, — (-, y)llpem) <€ forally € R (4.14)
Then, for any y € R and L > 0, we denote by v, 1, : [0,+00) x R — [0, 1] the solution of (4.1))
with the initial condition vgyy. Since the function f is 1-periodic in its first variable, it follows
that the functions v, 4 1, are 1-periodic with respect to the parameter y € R. It is also easily seen
that

max{vayL 0,2),0} < Ug’ () < min {UeyL 0,2),1} for all z € R, (4.15)

with vgcy ;, are in Lemmas 4 Therefore, the next lemma is an immediate consequence of
the comparison principle.

Lemma 4.6. For any € € (0,e9], with eg € (0,00) as in Lemmas any y € R, and any
L> L. with L1 >0 as in (4.10), there holds

max {v_, ;(t,2),0} < vey (L, x)<m1n{v .(t,x),1} forallt >0 and z € R.

&,y,L

4.3 Asymptotic behavior of the Cauchy problem as L — +o0

In this subsection and the following one, we always let €g € (0, dg) be provided by Lemmas
Now for any € € (0,e9], we consider the asyrnptotic behavior as L — 400 of the solutions v, 4. 1,

of { with initial conditions v , satisfying (4 , at a time ﬁ,% 1, defined by

1
Ty 1 = inf {t >0: veyr(t, L) = 5} (4.16)

Notice immediately that, since the functions v, , ; are 1-periodic with respect to y, so are the

quantities 7. ,L’s. Furthermore, for each y € R and L > Ly ., one has v, (0, L) < v ,(0,L) =

W(L,y) —i—sbyand- hence

1
lim sup (supvs’y,L(O,L)> <e<eg<d <=
L—+o00 MyeR 2

&,y,L

since ¥ (+00,y) = 0 uniformly in y € R by Proposition (ii). Therefore, f&y,L > 0 for all L
large enough, uniformly in y € R. On the other hand, for each y € R and L > L., with T}, as
in (4.5), one has vey (271, L) > v_, (217, L) > ¢(—L — 0.0 (21L),y + 2) — € by Lemma

together with (4.6])-(4.7). Hence,

1
liminf<1nfvgyL(2TL,L)> >1—e>1—gyp>1—-6p > =
L—40c0 \yeR 2

8 A typical example is given by: v‘;y = (-, y) for y € R, but other functions vgy will be used in the proof of

Theorem @ in Section @
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by Remark and since 1(—o0,y) = 1 uniformly in y € R by Proposition (ii). As a
consequence, there is
L2,z—: > Ll,z—: >0

such that N
0<T.yr <2Tp <+oo forallye€ Rand L > Lo, (4.17)
and then )
Ve, L(Tty,, L) = 3 (4.18)
The following proposition shows that when L is sufficiently large, the profile v (¢, + L) at

0

time ¢t = T, 1, is close to that of the initial condition v.y 1(0,-) = v .

Proposition 4.7. For any ¢ € (0,g9], with g € (0,80) as in Lemmas there exists
L3. > Lo, with Ly, > 0 as in (4.17), such that, for any y € R and L > L3, there holds

where f&y’L is given by (4.16), and v. . 1, solves (4.1)) with initial conditions vg,y satisfying (4.14)).

For the proof of Proposition let us first show two lemmas which are concerned with the
comparison of Ty, and 17 , 1.

IN

~ £
verTeyrr + 1) =) o <5

Lemma 4.8. For any fized € € (0,e9], with eg € (0,dp) as in Lemmas let Tt and ﬁ,y,L
be given by and , respectively, for y € R and L > Lo.. Then, there is a constant
M, > 0 such that B
sup ‘TL - Ta,y,L‘ < Maa
yER, L>Lo ¢
for all families of initial conditions vg’y € C(R,[0,1]) satisfying .

Proof. We fix € € (0, p] throughout the proof. We first prove the existence of some real numbers
L3, € [Lae,+00) and M > 0 such that

sup  (Teyr —Tr) < M (4.19)
yeR, L>LF

for all families of initial conditions vg,y € C(R, [0,1]) satisfying (4.14)). Assume by contradiction,
there exist sequences (yn)nen C R, (Ln)nen C [Lae, +00), and initial conditions (v2, )nen C
C(R, 0, 1]) satisfying , such that L,, — +oo and Tvavyan —Tr, — +00 as n — +oo. Then
for each n € N, by Lemma [4.6] we have

Xy, L, (t
/UE’yn:Ln (t’ x) 2 Q]Z)(:B - Xynan (t) - ,’757L’n (t)7 yn + y[’/ ( )) - quLn (t)
n

Xyn ’Ln (t)
Ly

(4.20)

,UE,y'thn (t’ '1") S ’IJZ)(:L' - XyngLn (t) + "757Ln (t)? yn + ) + qE,Ln (t)

forallt >0 and xz € R.
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We already know from (4.17)) that f&yan < 2Ty, for all n € N. Next, for any n € N,
choosing t =T, 1, and & = L, in the first inequality of (4.20) yields

1 - - Xyasto Ty n
5 - v€7yn’Ln (T87y"7L"7 ’VL) > w( ynyLn (Tfyyn,Ln) - na,Ln (TE,yn,Ln)7 y’n + Y -([/ o )>
n

—Ge,L, (T&ynan ) .

Since we have assumed Tvﬁyan T, — +o0o as n — 400, we may assume without loss of
generality that 7. wn,Ln > T, = Ln/cy for all n € N (hence, 1. wn,Ln — +00 as n — 400). Then,
we have

~ TEyynan X L t ~
Xyn:Ln (T 7yn7Ln) XynyLn (TLn) +/ c <yn + yni "( )> dt 2 Ln + c (TE:yH’LTL - TLn)’
N TL n

n
=Ln

where ¢~ = min,ecp ¢(z) > 0. Remember that the function (&, z) — (&, 2) is decreasing in £ € R.
It follows that

— o X nyLin T Yn,Ln el
Z dj( —C (T€7yn,Ln - TLn) - "757Ln (Tsyyn,Ln)7 yn + ¥ é b )> - qg7Ln (TsyynyLn)' (421)
n

N | —

Since fayan — 400 as n — 400, we see from that qaLn(ﬁ,yan) — 0 as n = +o0.
Furthermore, since 0 < Ts,yn, . <217, by , one infers from Remark that the sequence
(Me, L, (fgyyan))neN is bounded. Passing to the limit as n — +o0 in and using Proposi-
tion (ii), we obtain 1/2 > 1, which is impossible. Thus, is proved.

Similarly as above, one can prove the existence of some real numbers L2_7 . € [Lae,+00)
and M. > 0 such that SUPyeR, [>1; (T, — Ts,y,L) < M_ for all families of initial conditions

vgy € C(R,[0,1]) satisfying (4.14), by using this time in the previous paragraph the second
inequality of (4.20) instead of the first one, together with ¢. 1, <e <1/2in [O, +00) by 1'
Finally, since 0 < T, < 271, = 2L/c, for all y € R and L > Lo, by (4.5)) and ( , the

desired conclusion of Lemma E follows, with M. := max{M}, M, 2L5 o/ Cxs 2L2 </ c*} O

Lemma 4.9. For any fized € € (0,e9], with eg € (0,d9) as in Lemmas let Tt and ﬁ,ny
be given by (4.5)) and (4.16]), respectively, for y € R and L > Lo .. Then there holds

Xy,L(t + fe,y,L)

li =1 4.22
L—1>I-iI-1<>o Xy,L(TL) ( )

and N
hm [ Xy (t+Teyr) — Xyr(Tr) — c(y)(t + Teyr — T1)| =0 (4.23)

L—+o0

locally uniformly with respect tot € R, and um'farmly with respect to y € R and with respect to
the families of initial conditions vo € C(R,[0,1]) satisfying (4.14)).

Proof. For any y € R, L > Ly, and t € R, one has X, 1.(T7) = L and

/*T ( . Xy,L<s>> ;
cly+ ——|ds ~
Ty, L < C+|Tg’y,L - TL + t|

Xy,L(TL) - L ’

Xyr(t+Teyr) 1 =
Xy,L<TL)
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where ¢t = max,cg c(z). Lemma [4.§] then immediately gives (4
It remains to show Let y ¢ R, L > Ly, and t € R be arbitrary. Without loss

of generality, we may assume that t+ T eyl > Tp (the case t + T ey < 17 can be treated
identically). Since

— - t“l‘Ta,y,L X S
Xyt +Tey 1) — Xyr(TL) —c(y)(t + 1y — Tp) = / <C (?J + yi()) - C(y)) ds,
1

and since the function z ~ ¢(z) is 1-periodic and of class C! by Proposition (iv), we have
c(y) =c(y+1) and

‘Xy,L(t + Tve,y,L) - Xy,L(TL) —c(y)(t+ Tve,y,L - TL)‘

5 Xy,r(s)
<\ peomy X [t 4+ Teyr —To| X max e
) o selty, t+7.,,0) | Xy,L(TL)

Lemma and (4.22) then yield (4.23). O

Now, we are ready to give the

-1.

Proof of Proposition[4.7. Fix any € € (0,£¢], and assume by contradiction that the conclusion is
not true. Then, there exist sequences (Yn)nen C R, (Lp)nen C [L2e,+00), (n)nen C R, and
initial conditions (v2, Jnen C C(R, [0,1]) satisfying (4.14) such that L, — 400 as n — +oc0, and

UszynaLn (TE,yn,Lm xn) - ¢($n - Lna yn)

> % for all n € N. (4.24)

Remember that, for each n € N, the inequalities stated in hold true. By 1-periodicity
of the functions v, , 1 and (-, y) with respect to y, we may assume without loss of generality
that (yn)nen C [0, 1].

We first claim that the sequence (2, — Ly )nen is bounded. Suppose by way of contradiction
that =, — L, — 400 as n — +oo (as we will sketch belo~w, the case where Ty — Lp — —00
as n — 400 can be treated analogously). Choosing t = T, 1, (notice that 1., 1, — +oo
as n — +oo by and Lemma and x = x, in the second inequality of , we have

0 S U&ynaLn(T&yn,Ln,xn)

. . X n Ln T ) n7LTL
S 'l,Z)(l‘n - Ln + X mLin (TLn) - XynuLn (Ta,yn,Ln) + 7757Ln (Tsuynan% Yn + Yo é el )>

+4e,1, (Ts,yn,Ln)'

n

Due to Lemmaand the definition of X, 1, (), the sequence (X, L (T1,)—Xn (T Wn,Ln ) )neN is
bounded. Moreover, by Remark and ((4.17), the sequence (7. 1, (TE Y, Ln))nEN is also bounded.
Thus, since ¥(&,y) — 0 as & — +oo uniformly in y € R by Proposition (ii), we have

T T Xy tn(Teyu,l
/I’Z)(:I:n - Ln + X nyLn (TLn) - XynyLn (TsyynyLn) + nE,Ln (TE,yn,Ln)7 yn + Y é SYn. )) — 0
n

as n — +oo. This together with ¢. 1, (T. wn,Ln) — 0 as n — +oo (from (4 and Lemma )
yields vs,yan(T YniLn>Tn) — 0 as n — 400, hence vey,, Ln(T WniLn>Tn) — w(a:n — Lp,yn) — 0
as n — 400, which is a contradiction with (| -
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Similarly, if z, — L, — —o0 as n — +00, by using the first inequality of , one can
conclude that v.y, 1. (T%y, L., Tn) — 1 and ¥(x, — Ly, yn) — 1 as n — 400, which is also a
contradiction with (4.24). Therefore, the sequence (2, — Ly )nen is bounded.

Next, for each n € N, we set wy(t,z) = vey, 1.(t + Tey,.1.,2 + Ly) for (t,z) €
[—fa,yn,Ln, +00) x R. Clearly, w,(0,0) = 1/2 and w, solves

0wy, = a0ppWn + f (yn + ;,wn> for t > —Tg,yan and x € R.
n

It is also easily seen from (4.20]) that, for any t € R, z € R and any n € N such that t—i—i,yan >0,
wy(t, ) satisfies

7 o Xy,.0, (t+ Tty L,
wn(t,x) > 1/}(-’L‘—FXyan(TLn)—Xyan(t—i-Ta,yan)—7757Ln(t+T87yan)’yn+ Yn, (L €,y ))
n
- qvan (t + Tsvynan)
and
7 . Xy L, (t+ Tty L,
wn(t,z) < ’(/}(x—"_XZhuLn(TLn)_Xy7L7Ln(t+T€7y7L,Ln)+7]8,L,L(t+T57y,L,L7L),yn+ o (L Y ))
n

+ e, (T + Te,yn,Ln)-

Thanks to Lemma and the boundedness of the sequence (x,, — Ly )nen, one can find some
Too € R, £oo € R and yoo € [0, 1], such that, up to extraction of some subsequence,

Teynin — T, = Toos Tn—Lp =& and y, = Yoo asn — +oo.

Furthermore, by standard parabolic estimates and possibly up to extraction of a further sub-
sequence, there is a function ws € C’;f(RQ) such that w, — we in Ctl.ﬁloc(RQ) as n — +o0.
Clearly, weo is an entire solution of

OWoo = 0zzWoo + [ (Yoo, Woo) for t € R and z € R. (4.25)

Notice that for any ¢ € R, lim, 40 ¢c, 1., (t + i,yan) = 0 and there exists a constant C > 0
independent of ¢t such that

— C < liminf n.,, (t+ Tve’yan) < limsup ey, (t + T€7yn,Ln) <0 (4.26)
n—+0o00 n——+o0
(indeed, since the sequence (T, — ﬁ,ym L, )neN is bounded by Lemma and since 717, — +00
as n — +oo, it follows that, for any ¢t € R, one has 0 < ¢t + Tvg’yan < 2Ty, for all large n;
then follows immediately from Remark . Passing to the limit as n — +oco in the above
inequalities on wy(t, z), it follows from Lemmas and together with the continuity of the
map z — ¢(z) and the 1-periodicity of ¥(§,y) with respect to y, that

P (T — (Yoo ) (T + Too) + €, Yoo) < Woo(t, ) <9 (2 — (Yoo ) (t + Too) — C' Yoo)

for all (¢,z) € R2. Namely, wy is an entire solution of (4.25)) which is trapped between two shifts
of the corresponding traveling front ¥ (z — ¢(yoo)t, Yo ). Remember that the reaction f(yo,-) is of
the bistable type from (Al). It then follows from [9, Theorem 3.1] that there exists zop € R such
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that woo (t, 2) = (2 — (Yoo )t +70, Yoo ) for all (t,x) € R?. Furthermore, notice that w,, (0,0) = 1/2
for each n € N, hence woo(0,0) = 1/2. This together with the normalization condition ([1.10])
implies that xy has to be 0. Therefore, we have

Woo (t, ) = (T — (Yoo )t, Yoo)

for all (¢,7) € R

On the other hand, it follows from that |wn (0,2, — Ly) — Y(xn — Lp,yn)| > /2 for
all n € N. Taking the limit as n — +oo yields |woo(0,&00) — ¥(éso, Yoo)| = €/2, which is a
contradiction. The proof of Proposition [£.7] is thus complete. O

In addition to the previous observations, the last step before doing the proof of Theorem [1.6
in Section [£.4] is the global stability of the pulsating fronts ¢, as stated below.

Proposition 4.10. For any ¢ € (0,e0] with eg € (0,60) as in Lemmas and for any
L > L, with L, > 0 as in Theorem let (Vey.1)ycr be the family the solutions of ({.1)) with
1.14)

initial conditions (Ug,y)yeR satisfying ( . Then, there exists a 1-periodic real-valued function
y = &y, Such that

lim
t——4o00

Ve, L(t, ") — oL ( —crt+ &y L, Z + y) =0 for everyy € R. (4.27)

.
Proof. Let € € (0,&0] C (0,9p) and L > L, be fixed. For each y € R, the function
Uey L (t, ) = Uey 1(t, ) := Ve y.1.(t, 2 — Ly)
is a solution of
Oty 1, = A0pzUcy 1, + f(2/L,ucy 1) fort >0 and z € R,

with initial condition ucy,7(0,-) = 02, (-—Ly) € C(R, [0, 1]) such that [Jucy,£(0, ) —1(-— Ly, y)|| <
e <¢gg < dg, by . It then follows from Theorem (iii) that there exists a unique Ee,y, L €R
such that
lim ‘ —0.
t——+00

Uey,L(t,+) — O ( — ety Z> HLOO(]R)

Choosing & 4 1, = gg,y,L + Ly, we see from the above that holds.

Lastly, since ve, ; and ¢r(-,y) are 1-periodic in y, and since ¢r(,y) is decreasing with
respect to &, it follows that & , 1 in is unique and necessarily 1-periodic in y. The proof
of Proposition is thus complete. O

4.4 Proof of Theorem [1.6]

For clarity, we proceed with several steps.

Step 1: approximation of the front profiles ¢r, by ¥ (-,y). In this step, we fix any € € (0, g¢], with
g0 € (0,0p) as in Lemmas and dp € (0,1/2) as in assumption (A2). Let

L475 = maX{L*, L376},

with L. > 0 and L3, > 0 provided by Theorem [I.T| and Proposition [4.7] respectively.
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We shall prove in this step that there exists a real number Ls. € [L4., +00) such that, for
every L > L5, there is a 1-periodic real-valued function y 52‘7% 7, such that

H“bL ( e Z n y) _ ¢(.,y)HLw(R) < e forevery y € Rand L > Ls.. (4.28)

To do so, for any y € R and L > Lye (> L3 > La.), let vy 1, be the solution of (4.1]) with ini-
tial condition v? , satisfying (4.14)) (for instance, say, take here voy ¥(+,y)). By Proposition

and (| -, we have

=~ 1
Usvny(TE,y,La L) = 5 and

IN

<e

~ 5
Ve y,L (Ts,y,Lv -+ L) - Ip(a y) HLOO (R) 5
where 7. =y.L is defined by (4.16)-(4.17). Since f is 1-periodic with respect to its first variable, the
function (¢, x) = Ve, L(t+ T2y 1, ¢+ L) is still a solution of (4.1), now with the initial condition
Vey,L(Tey,L,- + L) € C(R,[0,1]). Furthermore, since both vy, and Tty 1 are 1-periodic with

respect to y, one has v, 41, L(T ey, L, T L) = vy, L(T L~ + L) in R for each y € R. By using
Proposition [£.7] again, we infer that

IN

<e

S
vs,y,L(TayLa +2L) 1/}( ,y)HL‘X’( R) 5

where TEQyL := min {t > T&%L D Veyr(t,20) = 1/2} the quantities T2 ,.1 are well defined

real numbers, as are the TE,% 1’s, from the same arguments as in -—- . Then, a simple
induction argument implies that, for any k£ € N,

= €
e (P24 K)o y)HLw(R) < (4.29)
where Teky 1, = min {¢ >T y vy n(t kL) = 1/2} Moreover, due to Lemma there holds
(Thr, = T, 1 = Tu| < +oo,

yeR, L>L4 <, keN

where Tp, is defined by (4.5)). Since Tp, — +o00 as L — 400 (independently of y € R), there exists
Ls. € [Lye,+00) such that Tky ;, — +00 as k = +oo uniformly in y € R and L > Ls ..

On the other hand, for each L > L5, (> L4, > L), it follows from Proposition [4.10] “ 0f that
there exists a 1-periodic real-valued function y — &, 1 such that

lim ’ UE,y,L( ) ¢L < —crt+ feyLy + y> H =0

t—4o00

for every y € R. Therefore, for each L > L5, and y € [0, 1), there is k., 1, € N such that

A“](:E7 L * . g
Vey,L (Ts,y,yL v key L) = o1 ( &y L * y) HLoo(lR) = 2’
where f Yo = ke, LL c LT(E ;yL +&. .1 (we here use the 1-periodicity of ¢ in its second variable).
Combmmg this with (| at k = ke, 1, we obtain that
lor(-+eymr+w) —vtw)| _ <e (4.30)

L L>(R)
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We can then extend the function y — £ ; as a 1-periodic function, so that (4.30)) holds for all
y € R, since ¢1(&,y) and ¢ (&,y) are 1-periodic with respect to y € R. The proof of Step 1 is
thus complete.

Step 2: proof of

im ( sup e, Gv)]) =0, (4.31)
€20 \yeR,L>Ls,.

with (1, given by (1.15)). Indeed, for each € € (0,eg], since ¥(0,y) = ¢r(CL(y),y) = 1/2 for all
y € Rand L > L5, (4.28)) implies in particular that
* 1
sup |01 (€2,009) — ¢1(Gw).y) | < e <=0 < (4.32)
—_———

yeR, L>Ls. 4
=1/2

Then, by Theorem (i)-(ii), it follows that there exists a constant By > 0 such that
€20 — CL(y)| < By foralle € (0,20], y € Rand L > Ls, (4.33)

and also that (4.31)) holds.
Step 3: limsupy_, | |L — crTL| < 400, with Ty, given by (4.5) E| Notice that for any y € R and
L>Ls., > Ly., = max{L,, L3, }, the function

* € 5:07y7L Ly
(t,z) I—>¢L<$—0Lt+fgo7y’[/,z+y> :UL<t—T+E,£U+Ly>

is the solution of (4.1)) with initial condition ¢r(-+ &, , 1,"/L +y). Since L > L5, > L1, it
follows from (4.28) and Lemmas [4.24.3| (with their notations) that

_ . x
Voo wn(60) S 01 (x —cpt+ &2, 1 T + y) < v;y’L(t,x) forallt > 0 and x € R. (4.34)

In particular, choosing ¢t =T, and x = L yields
Y(Ne0,£(TL),Y) — Geo,t(TL) < dL(L —cLTL + &)y 15Y) < (e, (TL), Y) + Geo,(TL)-

Since limr, 400 Gy, .(17) = 0 by (4.12) and since SUPL>; . 1Me0,.(TL)| < +00 by Remark it
then follows from Proposition (namely, the continuity of ¢ : R2 — (0,1) and its 1-periodicity
in its second variable) that there exist ko € (0,1/2) and L > L5, such that

ko < Or, (L — Ty —i—fjo’y’L,y) <1—kg forally e Rand L > L.
Hence, by Theorem (i), there exists By > 0 such that
|L—crTp+&,, 1 —Co(y)| < By forally e Rand L > L.

This together with (4.33)) implies that |L — ¢ T1| < By + By for all L > L, which yields the
desired result.

Step 4: proof the convergence (|1.16]). We fix any o > 0. We have to show the existence of L} > 0
such that for any L > L7,

sup on (- ¢elw). 7 +u) =0, S (4:35)

9With this property, we here recover that cr, — ¢, as L — +00.
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To do so, we ﬁrst recall that the map L +— ¢p is continuous and positive from Theo-
rem - and (iv), and that ¢, — ¢, > 0 by Theorem (or by Step 3 of the present
proof), hence supLZ L. c;' < +4oo. Tt then follows from standard parabolic estimates that

M = supp>p, 0oLl Loom2) = supLZL*cEIH&ULHLoo(Rz) € [0,+00). Next, by Step 2, there is
€ (0, min{ep, 0/2}] such that

M x € 1 —Coy)] < % forall y e Rand L > Ls.. .

Hence,

* i g
[or (+ @) g )~ (+€ g+, S5 frallycRand L2 L5,

Then, (4.28) (applied with €,) and the inequality e, < o /2 give (4.35) for all L > L} := L5, > 0.
This ends the proof of Step 4.

Step 5: the convergence (1.17) holds locally uniformly in x € R. Let us first show that, for any

given A > 0,
. y+x/L crL T
fe,y,L+L/y <1—C(8)>d3—CL(Z/+[)

For any € € (0,¢¢], y € R, L > Ls . and = € [0, A], define

sup — 0 ase — 0. (4.36)

y€ER, L>L5 o, x€[0,A]

y+ax/L
ty Lo = L/ c(s)ds. (4.37)
y

Clearly, t, 1, > 0. It is easily seen from the definition of X, 1(¢) in . ) that Xy 1(ty,r2) = 2.
Choosing x and t = t, 1, in (4.34]) (these inequalities actually hold as in Step 3 with g9 replaced
by any € € (0,¢0], and for any L > Ls.) gives

Xy o(ty,L.z
¥ (-na,L(%L,x) y+ (LyL)> — Ge,1.(ty,L.2)
y+x/L cr 2
< L 1-—= * — 4.
< oL ( /y ( C(S)) ds + ga,y,b I + y) ( 38)

XyL(ty,L
< w <77€,L(ty,L,x)a Yy + W) + QE,L(ty,L,x)'

Moreover, by the normalization conditions and -, we have

o ) o) )

It then follows that

oL (L /yy—i-x/L <1 . Ci;) ds+ &, 1,2 =+ y) — ¢ (g (% + y) % + y)

X @ X .
: max{'z/; (US’L(ty’L’””)’ v yL(;yL)) —v (0, y+ yL(;yL)> l : (4.39)
o (st v Ketllotad) oy (o Bl )
+QE,L(ty,L,m)-
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By definition of t, 1 ., we have t, 1 /L — 0 as L — o0 uniformly in y € R and z € [0, A].

Furthermore, thanks to (4.7) and (4.13), and since Ls. > L1, — 400 as ¢ — 0 by (4.10)), one
infers that
sup (q(S,L(ty,L,:c) +|775,L(ty,L,x)‘) —0 ase— 0.
—_———

yeR, L>Ls ., z€[0,4]
>0

Passing to the limit as ¢ — 0 in ([£.39) and using the boundedness of 9t in R? (which itself
follows from standard elliptic estimates), one infers that

ytz/L cr, T T T
sup oL L/ <1—>d8+§: sty = (C{++y),~+y) =0
yER, L>Ls ., 2€[0,A] < y c(s) v ( <L ) L )

=1/2

as € — 0. This together with Theorem ()-(ii) implies (4.36]) (the proof is actually similar
to that of Step 2; therefore, we omit the details). Combining and , we immediately
obtain that holds in the case where x € [0, A].

It remains to consider the case where x € [—A, 0]. Clearly, the convergence holds with x
replaced by A and by =+ A € [0, A] as well. Since &2 ,.1 is independent of the variable z, it then

follows that
r+ A A yt+A)/L cr
o)) )
L L v L y+A/L c(s)

as € — 0. Replacing y by y + A/L, we obtain (1.17)) in the case where x € [—A,0]. The proof of
Step 5 is thus compete.

Step 6: proof of the estimate (1.18)). By (4.31) and the continuity of the map (L,y) — (r(y)
in [L,., 4+00) xR and its 1-periodicity in y, in order to show (1.18)), it suffices to prove the existence
of 1 € (0, ep] such that

&L T L/yy”L (1 - CC(§)> ds — (L (y + E)

Consider any € € (0,e9], y € R, L > Ls., and = € [0, L]. Let ¢, 1, be as in . There
holds 0 < t, 1. < Tr and X, 1(ty,12) = z, since Xy (T) = L > x and X, 1, is increasing. It
is also easily seen that the inequalities remain valid. Moreover, by and Remark
we have 0 < ¢.,r(tyr2) < € and —Bs < 0. .(Tr) < 1er(ty,L,2) < 0, where B3z is a positive
constant independent of ¢, y, L and x. Then, by the continuity of the map ¢ : R> — (0,1) and
its 1-periodicity with respect to its second variable, there exist €1 € (0,e0] and k1 € (0,1/2) such

that
y+x/L cr x
< L 1———)d x — <1-
K/l = ¢L /y ( C(S)) S +€5,y7L’ L + y — K/l

for all e € (0,e1], y € R, L > L5, and x € [0, L]. It further follows from Theorem that there
exists By € [0, 400) such that

sup —0

yER, L>Ls ., 2€[—A,0]

< 4o0.  (4.40)
Leo([-L,L])

sup
e€(0,e1),yER, L>Ls .

sup < By. (4.41)

e€(0,e1],y€R, L>L5 ., x€[0,L]

§yLt L/nyrx/L (1 - CC(Z)> ds — (L, (y + %)
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This means that (4.40) holds true with [—L, L] replaced by [0, L].
Next, for any z € [—L,0], we have x+L € [0, L]. Since z — (1(z) and z — ¢(z) are 1-periodic,
it then follows from (4.41)) and the formula 77, = L/c, that

§eyr —CL (y + %) + L/yy+m/L <1 — CZ)) ds

x+L yH(@+L)/L cr
= (& - ) +L 11— — — (L =T,
&yL = GL <y+ T >+ /y < c(s))ds (L —eLTr)

< By+ |L — e Ty,

for all € € (0,e1], y € R, L > Ls,, and = € [-L,0]. By the conclusion of Step 3 and the
continuity of ¢y and T with respect to L, the last quantity is then bounded uniformly with
respect to € € (0,¢1], y € R, L > L5, and z € [~L,0]. Combining the above, we obtain ([4.40)),
hence is proved. This ends the proof of Theorem (1.6 O

5 Appendix

The appendix is devoted to the proof of Proposition Statement (i) follows easily from the
assumption that a(y) and f(y,u) are l-periodic in y and the classical theory on homogeneous
bistable traveling waves established in [4]. It is also not difficult to prove statements (ii)-(iii) by
using phase-plane arguments. As we failed to find a direct proof in the literature, we just sketch
the main arguments below for the sake of completeness.

Proof of Proposz'tion (ii)-(iii). For each y € R, with writting ¢(-,y) = ¥(-,y), the equation
in ([1.9) is equivalent to the following first-order system

da&y) _ ey WEY) W) oy T0aE0) o e g (5.1)
y

dg dg a(y) a(y)
Since p(&,y) < 0 for all £ € R and y € R, there is a one-to-one corresponding between the
trajectories Ty(€) = (¢(&,v),p(&,y)) of (5.1) and the integral curves I,(q) = (q, P(q,y)) of the

equation
dP(q,y) _ cly)  f(y.9) (5.2)

dq a(y)  aly) P(q,y)

in the semi-strip S = (0,1) x (—00,0) of the (g, p)-plane. It follows directly from [30, Proposi-
tion 2.3] that ¢(y) is continuous in y € R, and hence, the right hand side of is continuous with
respect to (¢, P,y) € S xR. This together with the fact that for each y € R, I, is the unique curve
lying in S and connecting (0,0) and (1, 1), implies that the function (¢q,y) € (0,1) x R — P(q,y)
is continuous. Now, coming back to equation and recalling that ¢(0,y) = 1/2 by (L.10)), we
obtain that ¢(&,y) is continuous in (¢,y) € R2. Then, applying standard elliptic estimates to the
equation in (1.9)), one can conclude that the map y — (-, y) from R to C? (R) is continuous.
Using this continuity and arguing by contradiction, one can derive that ¥ (£, y) tends to its limits
and 0:9)(§,y) tends to 0 as £ — oo uniformly in y € R. This immediately gives the first part
of (ii), and (iii) as well. Furthermore, together with 48, Lemmas 3.2-3.3] (see also [4]), the above
convergences also imply that

e (&, ) 0ep(&,y)

=2 5 —Ai(y) as { &> +oo and ———"— — —Xa(y) as { - —o0,
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where the convergences are taken uniformly in y € R, and A\ (y), \2(y) are positive constants
given by

A(y) = v+ VW) 2a( ) WS W.0) 4 Ao(y) = y) + VW) 2a( ) Y)ouf(y, 1)

Thanks to the assumption (A2) and the fact that the functions y — a(y) and y — c(y) are
continuous positive and 1-periodic, choosing p1 > 0 and po > 0 such that

2 4 2 4
)+ \/C ) +400(y) and 0 < pg < min — )+ \/C )+ 400 ),
2a(y) yER 2a(y)

one obtains (4.2)). This gives the second part of (ii). The proof of Proposition (ii)-(iii) is thus
complete. n

0<p < min
y€R

Remark 5.1. Before proceeding with the proof of statement (iv), we collect some easy corollaries
of the estimate , which will be used frequently later. First of all, by~ and standard
elliptic estimates applied to and its derivative, we can find a constant C; > 0 (independent
of y € R) such that

1T =922 ((—00,0)) + 10 C W L2((0,400)) + 100 (5 Y | 2 () < Ch (5.3)
for all y € R. Furthermore, for £ € R and y € R, letting
‘ c(y) >
w (&, y) :=exp | —=& | D JY), 5.4
€)= (§9¢) cvtcon) (5.4

one observes from the proof of (4.2) and standard elliptic estimates that there is a constant Cy >0
such that

10690(€,y)| < Co min{e™(CWHVEW+H0eW)/2aWNE 1Y for all (€,y) € R?. (5.5)

Therefore, w*(&,y) decays no slower than e M1¢ as & — 400, where Jiy is given by

i = mip ~W VIO )
yeR 2a(y) ’

and, as above, there is a constant Cs > 0 such that ||w* (-, Dlg2w) < Cs for all y € R.

Now, we turn to the proof of statement (iv) of Proposition The proof shares some
similarities with the proof of [I8, Theorem 1.2] which established the existence of pulsating fronts
of when L is small and the convergence of those fronts as L. — 0 by using the implicit
function theorem (see also [36l, Theorem 1.1] for the study of pulsating fronts in perforated
domains). Here, we will apply the implicit function theorem under a similar setting to show the
Cl-smoothness of the homogeneous fronts (1(-,y),c(y)) with respect to y € R.

Let us first introduce a family of auxiliary operators. In the sequel, we fix a real number
B > 0. For any ¢ € R and y € R, we define

M,y (v) = a(y)v” + v’ — pv for v € H*(R).

Clearly, each M., maps H%(R) into L?*(R). In the following lemma, we present some basic
properties of this operator.
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Lemma 5.2. Fiz 8 > 0. We have

(i) For any c € R and y € R, the operator M., : H*(R) — L?(R) is invertible. Furthermore,
for every A > 0, there exists a constant C' > 0 (depending on 8 and A, but independent
of y) such that for any c € [-A, A], y € R and g € L*(R),

1M} (Dl 2@ < Cllgllr2w)- (5.6)
(ii) For any g € L*(R), B B o
Mcn,yn (gn) - Mc,y (g) m H (R) (57)

as n — +oo for all sequences (gn)nen C L2(R), (cn)nen C R, (Yn)ner C R such that
lgn — g||L2(R) — 0, ¢y, > c and y, = y as n — +oo. Furthermore, the above convergence is
uniform in (g,c,y) € B4y X R for any A > 0, where By is the ball given by B4 = {(g,¢) €
L*(R) x R : [|gll2m) + lc| < A}

Proof. The proof of the invertibility of M., follows from similar arguments used in the proof
of [I8, Lemma 3.1]; therefore, we omit the details. To obtain the estimate (5.6), let v = M.} (g).
Integrating M., (v) = g against v over R gives [, a(y)(v')? + Bv? = — [; gv, whence

N2 §v2 1 2
[atwwr+5e <5 [ o

This together with M. ,(v) = g implies that

1 1
vl 2 m) < B lgllL2my,  [1V'[lL2) < \/(x) 91l L2 (m)

28 mingcg a

and

1 c2
" < 1 )
vl 2@y < minyex a(z) (\/2ﬁminxeR (@) + ) 9122 (w)

Thus, part (i) of Lemma [5.2| follows.

Next, we prove the convergence (/5.7)). For each n € N, let u,, = Mc;}yn (gn) and u = M;yl (g)-

Let A > 0 be fixed and (g,c¢,y) € Ba x R. Without loss of generality, we may assume that
(9n, cnyyn) € Baa xR for all n € N. By the proof of (5.6), we have [|ul|g2w) < C1l|g]|r2(r), Where
C1 is a positive constant depending only on S and A. Notice that

Mcn,yn (un - U) = (a(yn) - a(y»uﬁ + (C - Cn)u/ + (gn - g)

for all n € N. By the proof of (5.6) again, we find a positive constant Co depending only on 3
and A such that |[u, — ull g2y < Coll(a(yn) — a(y))u” + (cn — )’ + (gn — 9) || L2(r), Whence

ltn = ll ey < CrCa( max|a' @)]) 1y = yllgllz2ce) + CrColen — elllgliage) + Callgn = gllz2e).

for all n € N. This implies that (5.7) holds uniformly in (g,c,y) € Ba x R. The proof of
Lemma [5.2] is thus complete. O
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In addition to # > 0, we also consider in the sequel an arbitrary real number 3. Now, for
any (v,¢,y) € L*(R) x R x R, we define

K(v,¢,y) : § = K(v,¢,9) () := a(y)9ec (€, y0) + cOgb(&, o) + Bu(€) + f(y, v(&) + (€, %0))-

Clearly, K(0,¢(y0),%0)(&§) = 0 for all & € R, by . By Remark we know that
Y(,y0) € L2((0,+00)), 1 — (-, y0) € L*((—00,0)), and e (-,y0) € H*(R). Moreover, since the
function f(x,u) satisfies (A1) and is globally Lipschitz continuous with respect to u uniformly
in x € R, it follows that the function ¢ — f(y,v(&) + (&, yo)) belongs to L2(R). Therefore, for
any (v,¢,y) € L2(R) x R x R, we have K (v, c,y) € L?(R).

Now, for any (v,¢,y) € H*(R) x R x R, we set G(v,¢c,y) = (G1,G2)(v, c,y) with

Gl(vv Cay) =0+ Mc_,yl(K(va G, y)) and GQ(va C>y) = U(O)

It is easily seen from Lemma (i) that the function G maps H?(R) x R x R into H?(R) x R.
Remember that (¢(-,y), c(y)) is the unique solution of (1.9))-(1.10]). It is straightforward to check

that for any y € R, we have ¢ (-,y) — ¢(-,50) € H*(R) by (5.3), and
G(w(ay) - 1/’(33/0)70@):2/) - (070)

On the other hand, thanks to Lemma (ii) and the assumption that the function f(z,u) is of
class C! in (z,u) € R?, and f(x,u), O, f(x,u) are globally Lipschitz continuous in u uniformly in
x € R, by similar arguments to those used in the proof of [I8, Lemma 3.4], one can check that the
function G : H?(R) x R x R — H?(R) x R is continuously Fréchet differentiable (the verification
is simpler in our case, since no singularity occurs) and that the derivatives are given by

0y G (U, ¢, y) (FQD + 6CG1(U, ) y)(g) + ayGl (’U, ) y) (@ )
OyGa(v, ¢,y)(v) + 8cGa(v, ¢, y)(€) + 0y G2 (v, ¢, y) (y)

for all (v,¢,y) € H*(R) x R x R, where
aUGl(Ua Cy y)(5> =v+ ]\4ci,y1 [auf(y, v+ ¢(, y0)) U+ 55] )
6cc;’l (Ua ) y)(a = _EMC_,g} {af []\40_,3;1 (K(U7 ) y)) - d)(v yO)} }a

ayGl (U7 Cy y)(g) = _gMg;{a/(y)aff [Mc_,yl (K(va G y)) - 1/}(7 yO)] - amf(yv v+ 1/}(7 yO))}7

8(v,c,y)G(v, c,y) (0,6 7) = <

and
0yGa(v,c,y)(v) =v(0), 0.Ga2(v,c,y)(c) =0, 0,G2(v,c,y)(y) =0.

We will apply the implicit function theorem for the function G : H*(R) x Rx R — H?(R) x R
and show the C'-smoothness of the functions y + c(y) and y +— ¥(-,y) at y = yo. To do so, we
need the following lemma.

Lemma 5.3. The operator Qy, = 0(4,c)G(0,c(y0), yo) : H?(R) x R — H?(R) x R is invertible.

Furthermore, there exists a constant C > 0 independent of yo such that for any (g,d) € H*(R) xR,
1Qy- @ D)l 12y x < CIl(@: )| 12y e (5.8)

where the space H*(R) x R is endowed with norm ||(g, CT)HHQ(R)XR = 19l g2m) + \d].
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Proof. Let H be the linearization of (|1.9) with respect to ¥ at (¢(-,y), ¢(y)) with y = yo. Namely,
we define

H(v) = a(yo)v” + c(yo)v' + Ouf (Yo, ¥ (-, yo))v for v € H*(R).

By [36], the operator H and the adjoint operator H*, given by H*(v) = a(yo)v” — c(yo)v' +
Ouf (o, ¥ (-,y0))v for v € H?(R), have algebraically simple eigenvalue 0. Moreover, the kernel
ker(H) is equal to RIetp(-, o) and ker(H*) is equal to Rw*, with w* := w*(-,yo) given by (5.4).
Moreover, it is also known from [36] that the range of H is closed in L?(R). Based on these
properties, one can conclude that the operator @, : H*(R) x R — H?(R) x R is invertible. The
proof follows the same lines as those used in [I8, Lemma 3.4] and [36, Lemma 2.4]; therefore, we
do not repeat the details here.

Next, we show the estimate (with a constant C' independent of yy). To do so, by linearity,
it is sufficient to show that

sup 1Qy0 (7 )l r2(ryxr < +00,
Yo€R, (9,d)€S

where S = {(7,d) € H*R) x R : [[(§,d)| g2z)xr = 1}. For any yo € R and (,d) € S, set

(v,¢0) = Qy_ol (g,d) and w = v — g. It then follows from the definition of @y, that

w _Mczzio)7yo [auf(y()a 1/)() yO)) 0] + ﬁa] - EMci(ylo)yyO [551/’(, yO)] 5

whence, owing to the definition of H,

H(w) = —0uf(yo,%(-,%0)) g — Bg — 0 (-, yo)-

Testing this equation with w*(-,yo) € ker(H™*) (which is given by (5.4))), we obtain

g /R Dt (€, y0) w* (€, yo) dE = — /R [0.f (5o, (£, 90)) () + BF(E)] w* (€, o) dE.

From Remark the map y — [ 9ep(&, y)w* (&, y)d¢ is positive, periodic, continuous in R,
and [|w*(-,y)|/2(r) is bounded uniformly in y € R. Therefore, there is a constant C1 > 0

(independent of yg € R and (g,d) € S) such that
el < Crllgll 2wy < Ch. (5.9)

It remains to estimate [|0]|g2r). Let w = wy + w2, where w; is orthogonal to d¢(-,yo)
in L?(R) and wa € RIet)(-, yo). Since wy € Ker(H), we have

H(wy) = H(w) = —0uf(y0,¥(,40)) § — Bg — cOc¥(-,y0)-

We first claim that ||w1 || z2(g) is bounded uniformly with respect to yo € R and (g,d) € S. Assume
by contradiction that this is not true. Then, thanks to and the 1-periodicity with respect
to Yo, there exist a sequence (yp)nen C [0, 1], a sequence (gn, dn)nen C S, a bounded sequence
(€n)nen C R and a sequence of (pp)neny C H2(R) with |Pnllz2®) — +00 as n — 400 such that p,
is orthogonal to 0¢9(-, y,) for each n € N and

Hy,(pn) = a(yn)pg + C(yn)p;z + Ouf Yn> V(- Yn))Pn = —O0uf (Yns ¥ (- Yn)) Gn — BGn — Enagi/)(-, Yn)-
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For each n € N, writing

—O0uf (Y ¥ (s Yn)) Gn — Bgn — cnOe¥(-,yn)
||pn||L2(R)

Pn
[Pl 2 (R)

qn = and gp, =

we have ||gn”L2(R) — 0asn — 400 by 7 and Mc(yn),yn (@n) = =Ouf (Yns V(s Yn)) @n—BGn+gn is
uniformly bounded in L?(R). Up to extraction of a sequence, we can assume that y, — vs € [0, 1]
as n — +oo. It follows from Lemma and the boundedness of the sequence (¢(yn))nen that
the sequence (¢,)nen is bounded in H?(R). Hence, up to extraction of another subsequence, the
sequence (gn)nen converges in H?(R) weakly and in C} _(R) to some ¢, € H*(R). This implies
that a(ys)q + c(y«)d, + Ouf(ys, ¥ (-, yx))gx = 0. Furthermore, g, is orthogonal to Oz (, y«)
in L?(R), by and the continuity of d¢t(-,y) in y. As a consequence, g, = 0.

Therefore, g, — 0 in CL_(R), hence in L? (R), as n — +oo. In order to get a contradic-
tion, we further show that this convergence holds in L?(R). Indeed, by Proposition (ii)
and the assumption (A2), there exists a constant M’ > 0 (independent of n € N) such
that Oy f(yn, V(& yn)) < —70/2 for all £ € (—oo,—M'| U [M’',+00) and n € N. Integrating

the equation H,(q,) = gn, against g, over (M’ , +00), we get

400 400
—a(yn) / (g5,)2(8) dé + /M Ouf Wn> V(& yn)) g () dE — 0 as n — +oc.

M/

This implies in particular that [|gnllz2(m7 400)) — 0 as n — +oco. The same analysis
over (—oo, —M") gives ||qnl|12((—00,—m7y) — 0 as n — +oo. Finally, the sequence (g5 )nen tends
to 0 in L*(R), which is a contradiction with the fact that ||g, || 2) = 1 for each n € N. We can

thus conclude that [[w1 | z2(r) is bounded uniformly with respect to yo € R and (g, d)eS.

Furthermore7 since Mc(yo),yo (ﬁ;l) = _auf(y071/}(7y0)) (/{Dl + g) - B(/{Dl + g) - Ea§¢()y0)7 it
follows from (5.3)), (5.9) and Lemma together with the bondedness of c(yp) with respect to
yo € R, that there exists a positive constant Cy (independent of yy and (g,d) € S) such that

1] r2(ry < Co. (5.10)

By the Sobolev inequality, maxger |w1(€)| < Csllwi]|gz@r) < C3Cy for some constant C3 > 0

independent of y and (§,d) € S. In particular, we have |wy(0)| < C3C%. Similarly, we have
19(0)] < C3]|9ll g2(r) < C3. Finally, remembering that v(0) = d € [~1,1] and v—g = w = w; + w2,

we have w9 (0) = d— 9(0) — wy(0). This together with Proposition (iii), (1.10)), (5.3 and the
fact that wy € RO (-, yo) implies that

Il = g oy 1960 ) e < C

for some constant Cy > 0 independent of yo and (g,d) € §. Combining this with ( . -
and the fact that v = w + g, we obtain that ||Q,; L(g, )HH2(R «r < C5 for some constant Cs > 0

independent of yo and (g, d) € §. This completes the proof of Lemma O
Based on the above preparations, we are now ready to complete the

Proof of Proposition (iv). For any yo € R, we define
T(y) = (w(v y) - 17/}(7 y0)7 C(y)) for Yy e R.
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Clearly, T maps R into H?(R) x R, and G(T(y),y) = (0,0) for all y € R, by and the
definitions of 7" and G. Applying the implicit function theorem to the function G : H?(R) x
R x R — H?(R) x R, one infers that, for each yy € R, there is § > 0 such that the function
T : (yo — 6,90 +6) — H?*R) x R is continuously Fréchet differentiable, namely of class C?.
Denote the derivative operator at y € (yo — &,y0 + ) by A, : R — H?*(R) x R. Thus, the
function y — A, is continuous from (yo — 8,90 + ) to L(R, H*(R) x R). At y = yo, we have

Ay () = —Qy, (9,G(0, c(yo), 50) (7)) for every € R, that is,

Ay (9) =~ Qyy (M,f(;o),yo (0 (%0)Pectb (-, y0) + O f (o0, ¥ (- 0))) ,0> .

Since the function f is of class C! in R? and satisfies (A1), it follows from (5.3]) that there exists
a constant C; > 0 independent of yo such that ||a’(yo)0ec (-, y0) + Ou f (o, 1/}( Y0))llL2r) < Ch.
Remember that the periodic function yo — ¢(yo) is bounded. Then, by Lemmas E and -, we
find a constant Cz > 0, independent of yo € R, such that |[Ay, (¥)||gz2m)xr < Caly] for all y € R,
that is,

HAyo||H2(R)><R < (o, (5.11)

where we identify A,, € L(R, H*(R) x R) to an element of H(R) x R, with a slight abuse of
notation.
On the other hand, notice that, for each yg € R,

T(yo+¥y) —T(yo) = (V(-, 90 +¥) — ¥ (-, 50), c(yo + ) — c(v0)) = Ay +w(yo,y) for all y € R,

where w(yo,7) € H*(R) x R satisfies lw (o, Y| 2m)xr = o(|y]) as ¥ — 0. Hence, for each yo € R,

H< y0+@ V(- y )C(Z/o+@~—0(yo)>_Ayo

50 as§ 250, (5.12)
J

H2(R)xR

Writing A4,, = (Al A?240> € H?(R) x R for each yg € R, we see from (5.12)) and the previ-

Yo’
ous paragraph that the functions yo ~ c(yo) and yo = ¥(-,y0) are of class C' in R with

derivatives 9y (-, y0) = Azl/0 and (yo) = AZO at each yo € R. It further follows from ({5.11))
that [0, (-,v0)llm2r)y < C2 for all yo € R, with Cy independent of yo. Using the Sobolev
inequality, we immediately obtain (4.3). Finally, by standard elliptic estimates, the function
(&,y) = (&, y) is of class CZ;;(R%. This completes the proof of Proposition O

Remark 5.4. Consider now a reaction-diffusion equation
v = (ar(z)vg)e + qr(@)vy + fr(z,v), teR, z€R (5.13)

with an advection term .
x)=ql—=),
q(z) q( L)
where ¢ : R — R is a given 1-periodic function of class C'. Under the same assumptions on

the coefficients a and f as in Section [l], it follows that, for each y € R, there is a unique pair
(U(-,y),7(y)) € C*(R) x R solving the y-frozen problem

{ a(y)0ee V(€ y) + (W) V(€ y) +q(y)0: (&, y) + f(y, ¥(E,y) =0 for § €R,
\II(_OO7y) = 1? \Ij("i'oovy) = 07
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where W (&, y) is unique up to shifts in &, and v(y) = c(y) — q(y) by uniqueness of the speed c(y)
for problem (actually, by uniqueness, V(-,y) is a shift of the profile ¥(-,y) solving )
Notice that the map ~y is 1-periodic in R. We conjecture that, if v(y) # 0 for all y € R, then
problem admits non-stationary pulsating fronts ®r(x — vyrt,x/L) connecting 0 and 1 for
all L large enough, and that their speeds ~vr converge as L — 400 to the harmonic mean of the
function ~ over [0, 1], that is,

-1

1
yL — </ 7_1(y)dy> as L — +oo.
0

Howewver, the arguments of the paper do not extend as such to this case, especially the intersection-
number arguments of Section |2| using the comparison with stationary solutions of y-frozen pro-
blems, not to mention that the results of [30] used in Section did not cover the case of bistable
equations with advection terms. We point out that even the existence of pulsating fronts ®r(x —
~yrt,x/L) connecting 0 and 1 for all L large enough is not known in this case. Furthermore, when
q has large enough oscillations, the speeds ¥(y) can vanish for some y’s and blocking phenomena
associated with the existence of stationary fronts may occur, as in [17, (34, [38, (55, [57], making
~1, vanish for large L. All these questions are very relevant and left open for further studies.

Coming back to , assume now that, instead of steady 1, the equation admits a
unique stable non-constant positive L-periodic steady state x +— pr(x). After rescaling the un-
known function u = ppv, the equation becomes of the type with an L-periodic ad-
vection term qr(z) = 2ar(x)p} (z)/pr(x) and a new reaction term gr(z,v) = (f(xz/L, pr(z)v) —
f(x/L,pp(z))v)/pr(x) which is L-periodic in z, instead of fr(xz,v). Even if the constant 1 is
now a steady state of this new equation and even if one assumes that these new reaction terms
gr(z,-) have a bistable structure over [0,1] for all x, we are led to the same issues as in the
previous paragraph, together with the additional complication that the functions pr, may not be
L-rescalings of a common function pi, and so for the coefficients qr, and gr,. Nevertheless, un-
der suitable assumptions on the profiles of the functions u — f(x,u), by working directly on the
equations having a stable non-constant positive steady state and adopting strategies analogous to
those employed in [18] and the present paper, we conjecture that the existence of non-stationary
pulsating fronts for large L [18, Theorem 1.5] and the convergence of wave speed as L — +oo
( Theorem in this paper) can be generalized to the case with stable non-constant positive steady
state. The verifications are also left for further studies.
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