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Bistable pulsating fronts in slowly oscillating
environments*

Weiwei Ding' Francois Hamel* Xing Liang®

Abstract

We consider reaction-diffusion fronts in spatially periodic bistable media with large periods.
Whereas the homogenization regime associated with small periods had been well studied for
bistable or Fisher-KPP reactions and, in the latter case, a formula for the limit minimal
speeds of fronts in media with large periods had also been obtained thanks to the linear
formulation of these minimal speeds and their monotonicity with respect to the period, the
main remaining open question is concerned with fronts in bistable environments with large
periods. In bistable media the unique front speeds are not linearly determined and are not
monotone with respect to the spatial period in general, making the analysis of the limit of
large periods more intricate. We show in this paper the existence of and an explicit formula
for the limit of bistable front speeds as the spatial period goes to infinity. We also prove that
the front profiles converge to a family of front profiles associated with spatially homogeneous
equations. The main results are based on uniform estimates on the spatial width of the fronts,
which themselves use zero number properties and intersection arguments.

1 Introduction and main results

In this paper, we study the following reaction-diffusion equation
up = (ap(x)ug), + fr(z,u), teR, x €R, (1.1)

with L > 0, where u; = Oyu = %1; and (ar(z)uyz)y = Ox(ap(x)0yu) and 9, = a%' The diffusion
and reaction coefficients ay, and f7, are given by

ar(@)=a($) and fi@w) = (F.u),

where the function a : R — R is positive, of class C?(R), 1-periodic, that is, a(z + 1) = a(x) for
all z € R, and the function f : R x [0,1] = R, (z,u) — f(x,u) is of class C!, 1-periodic in =,
and (x,u) — 0, f(x,u) is Lipschitz-continuous in w € [0, 1] uniformly with respect to x € R. We
also assume the following conditions on f:
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(A1) there is a continuous function b : R — (0,1),  — b(x), such that for every x € R, the
profile f(z,-) is of the bistable type in the following sense

f(2,0) = f(x,1) = f(z,b(x)) = 0, f(z,") <0on (0,b(x)), f(z,-)>0on (b(z)1);

(A2) 0 and 1 are uniformly (in z) stable zeroes of f(z,-), in the sense that there exist 79 > 0
and dp € (0,1/2) such that

{ f(z,u) < —you for all (z,u) € R x [0, do], (1.2)

f(zyu) > (1 —u) forall (z,u) € R x [1—d,1],
and 0, f(-,0) and 9,f(-,1) are assumed to be of class C! in R.

Notice that the assumptions (A1)-(A2) imply in particular that max(9,f(z,0), 0, f(x,1)) < —y0
for all z € R. Hence, 0 and 1 are two linearly stable L-periodic steady states of (1.1).
Here, an L-periodic steady state @ is said to be linearly stable (resp. linearly unstable)
if Ai(a) < 0 (resp. Ai(u) > 0), where Aj(u) is the principal eigenvalue of the operator
0+ Lo = 0y(ar(2)0p) + Oufr(z,u(x))p in the space of L-periodic functions ¢ € C2?(R).

In the paper, for mathematical convenience, we extend f in R x (R\[0, 1]) as follows:

{ f(z,u) = Oy f(z,0)u for (z,u) € R x (—00,0),

flzyu) =0uf(z,1)(u—1) for (z,u) € R x (1,+00). (13)
Thus, it is clear that f is of class C! in R?, 1-periodic in x, mingeg f(z,u) > 0 for all u < 0 and
maxger f(z,u) < 0 for all w > 1, and f(x,u), O, f(x,u) are globally Lipschitz-continuous in u
uniformly in « € R. It is also easily seen that this extension does not affect the behavior of the
pulsating front connecting 0 and 1 defined below.

By a pulsating front of (1.1) connecting 0 and 1, we mean a classical entire solution Uy, :

R xR — (0,1) of (1.1) for which there exist a real number ¢z, and a function ¢, : R xR — (0,1)
satisfying

Ur(t,z) = ¢L(ac —crt, %) for all (t,z) € R x R,

or(&,y) is 1-periodic in y, (1.4)

¢r(—o0,y) =1, ¢r(+00,y) = 0 uniformly in y € R.
The constant ¢y, is called the front speed and ¢, is the front profile. Clearly, if ¢y, # 0, then

L
Uw(t, ) :UL(t—&—a,x—i—L) for all (,z) € R x R, (1.5)

that is, the spatial profiles © — UL (t,z + ct) of the solution in the frame moving with speed cr,
repeat periodically in time with period L/cy. In the case ¢, = 0, (1.4) simply means that Uy, does
not depend on t (that is, it is a steady solution) and Uf(—o0) = 1, Ur(4+00) = 0. Throughout
this paper, when we refer to a pulsating front for (1.1), we mean a solution Ur, : R x R — (0, 1)
satisfying (1.4) or, equivalently, a pair (¢r,cr) given as in (1.4), with ¢r, : RxR — (0,1) and Uy,
solving (1.1).

Fronts are of great importance in reaction-diffusion equations, which are the most-used equa-
tions in population dynamics models in biology and ecology, as fronts are the main mathematical
notion for the description of the invasion of a state (here, the trivial state 0) by another one



(here, the constant state 1). The notion of pulsating front in spatially periodic media was first
introduced in [51, 54]. It is a natural generalization of the classical notion of traveling front
in spatially homogeneous media where the coefficients a and f are independent of x. In that
case, the function x — b(z) is a constant which is the only unstable zero of f in (0,1). For the
homogeneous bistable equation

up = augy + f(u),

it is well known [4, 28] that there exist a unique speed ¢ € R and a unique traveling front
u(t,z) = ¢(x — ct) with 0 < ¢ < 1 in R and ¢(—o0) = 1, ¢(+00) = 0. The speed ¢ has the
sign of the integral fol f, and the front profile ¢ is decreasing, unique up to shifts, and globally
asymptotically stable, as in Theorem 1.1 (iii) below. The global stability of the traveling fronts
reinforces their fundamental role in reaction-diffusion equations.

Media are however rarely homogeneous, and reaction-diffusion equations with spatially pe-
riodic coefficients, such as (1.1), are some of the most important classes of non-homogeneous
equations. Their study has attracted much attention in the mathematical literature. One of the
reasons for that interest is that the question of the existence of pulsating fronts is rather subtle.
Indeed, the possible presence of multiple ordered L-periodic steady states may prevent the exis-
tence of pulsating fronts connecting the extremal steady states 0 and 1, see [16, 23, 31, 32]. On
the other hand, it is known from [23, 27| that such a possibility does not happen provided that
equation (1.1) admits a bistable structure in the sense that any L-periodic steady state strictly
between 0 and 1 is linearly unstable (we recall that 0 and 1 are linearly stable steady states).
With such a bistable structure, pulsating fronts have been proved to exist by using different ap-
proaches [22, 23, 27]. Furthermore, in an earlier paper by the first two authors [18], the bistable
structure was verified under various explicit conditions on the functions a(x) and f(z,u) when
the spatial period L is large or small. In particular, if in addition to (A1)-(A2) the function f is
assumed to satisfy

1
(A3) / f(z,u)du >0 and 9,f(z,b(z)) >0 forall x € R,!
0

then a pulsating front with a positive speed ¢y, exists when L is large (i.e., the medium oscillates
slowly). On the other hand, if the function z fol f(z,u)du is not of a constant sign, it was
shown in [17] that, when L is large, non-stationary pulsating fronts do not exist, while multiple
stationary fronts do exist (see also [17, 34, 38, 55, 57| for further results on the existence of
stationary fronts for bistable equations of the type (1.1)). We point out that, apart from the
aforementioned works, the existence of pulsating fronts was investigated in [43, 46, 54, 56, 58].
References [43, 46, 58] were also concerned with generalized transition fronts in the sense of [9, 10],
for which the media can be non-periodic (see [3, 14, 20, 24, 25, 41, 45, 47, 49, 52] for further
propagation or blocking results in non-periodic bistable media).

For clarity, we collect some known results from [17, 18] concerning the existence and qualitative
properties of pulsating front which will be frequently used in the present work.

Theorem 1.1. [17, 18] Let (A1)-(A3) hold. Then there exists L, > 0 such that, for any L > L,
problem (1.1) admits a pulsating front UL (t,x) = ¢r(x — cpt,x/L) with speed cr,. Furthermore:

(i) ¢ >0, cp, is the unique front speed and the map L — cr, is bounded in [Ly,+00);

(ii) the front Uy, is unique up to shifts in time t, and 0;UL(t,z) > 0 for all (t,r) € R?;

!Together with (A1) and the C' smoothness of f, condition (A3) implies that b € C*(R).



(iii) the front Uy, is globally asymptotic stable in the sense that, for any ug € C(R)NL>(R) with

liminfug(z) >1—40p and limsupup(x) < do, (1.6)

Z——00 T—+00

where dg > 0 is the constant given in (A2), we have

Jm a5 u0) =Un(t+70, )l ey = i lu(t, 5 u0) = ¢r(-—crt—ermo, /L) L) = 0,
where (t,x) — u(t, z;up) is the solution of the Cauchy problem for (1.1) with initial condi-
tion ug, and 19 € R is a constant depending on ug;

(iv) the front speed cr, and the front profile ¢1, are continuous with respect to L > L, in the sense
that ¢, — cr, as L — Lg in [L.,+00) and, up to translations of ¢, in such a way that
#1,(0,0) = ¢1,(0,0), there holds ¢1, — ¢, — 0 in HY(R x (0,1)) and U, — Uy, ¢1 — b1,
locally uniformly in R2.

More precisely, we refer to [18, Theorems 1.1, 1.5, 1.9] for the existence, uniqueness, mono-
tonicity and global stability of pulsating fronts as well as the sign property of c¢z,. The continuity
of (¢, ¢r,Ur) with respect to L follows directly from [18, Theorem 1.8] and its proof, together
with the uniform boundedness of ||0;UL || por2) + [|0zUL | o (r2) With respect to L € [Lu, +00)
(which itself follows from standard parabolic estimates). The boundedness of ¢y, is an easy con-
sequence of [17, Theorem 1.4] which established a uniform bound for the propagation rates of all
generalized transition fronts.

In this paper, we are chiefly interested in the asymptotic behavior of the front speeds ¢y, and
the front profiles ¢y, as L — +o00. Before stating our main results, let us first recall some related
results in the spatially periodic Fisher-KPP case,? i.e., when, instead of (A1)-(A2), f(x,u) is
periodic in = with f(-,0) = f(-,1) =0 in R and

0< f(z,u) < 9y f(z,0)u for all (x,u) € R x (0,1). (1.7)

In this case, for each L > 0, there is a minimal front speed ¢} of pulsating fronts [8, 53] (namely,
pulsating fronts exist for all speeds ¢ > ¢}, and do not exist if ¢ < ¢} ), this minimal speed ¢j is
positive and non-decreasing with respect to L > 0 [44], the limit of ¢j as L — +o00 was determined
in [34, 35],% and the homogenization limit of ¢} as L — 0 was characterized in [26, 39, 50].
The proofs in the aforementioned papers strongly rely on the fact that the minimal speed is
linearly determined and has a variational characterization in terms of principal eigenvalues of
parameterized elliptic operators [11, 12, 42, 53]. However, for equation (1.1) with the bistable
assumptions (A1)-(A2) or (A1)-(A3), the unique front speed ¢y, is not linearly determined and
it is not monotone in L in general. More precisely, first of all, the limit of ¢y as L — 0 was
determined in [18, 37] under certain assumptions (see also Remark 1.5 below). Moreover, in
the case where the diffusion rate a is a constant and b in (Al) is piecewise constant, numerical
results [34] showed that ¢z can in some cases be increasing in small L and then decreasing for
larger L. On the other hand, if a(z) truly depends on x while the reaction is homogeneous and

2This case is named after the seminal works [29, 40] on homogeneous equations.

3In multidimensional periodic media, even if the minimal speed ¢, (e) of pulsating fronts in a given direction e is
not monotone in general with respect to L for equations with periodic drifts, the existence of a finite limit of cJ (e)
as L — +oo is still known, see [35, 44]. We also refer to [1, 16, 32, 33] for further results on the dependence
of the minimal or unique speeds of multidimensional pulsating monostable or bistable fronts with respect to the
direction e.



has the special form f(u) = u(l — u)(u — b) with 0 < b < 1/2, it was proved in [19] that the
speed ¢y, for L ~ 0 is smaller than its limit as L — 0.

In short, the question whether, in the bistable case (A1)-(A3), the speeds ¢y, of the pulsating
fronts of (1.1) (which exist for all large L by Theorem 1.1) converge as L — +oco is the main
remaining open problem in the theory of bistable pulsating fronts. This question, which is
definitely more challenging than in the Fisher-KPP case (1.7), is solved in this paper (see the
main Theorem 1.2 below). Furthermore, a formula for the limit speed is established, as well as
further properties on the front profiles as L — +o0.

Convergence of the front speeds ¢, as L — +o0

In this section, we state our main result on the convergence of ¢j, as L — +oo. To do so, we need
some notations. For each y € R, let u(t,z) = ¥(x — c(y)t,y) be the traveling front connecting 0
and 1, with speed ¢(y), of the following equation with coefficients frozen at y:

up = a(y)uze + f(y,u) for t € R and = € R. (1.8)
Namely, (¢¥(€,y),c(y)) satisfies

{ a(y)Oeetp (£, y) + c(y)0e (&, y) + f(y,1(&,y)) =0 for £ €R,

1.9
P(—00,y) =1, P(400,y) = 0. (1.9)

In (1.8)-(1.9), y is viewed as a parameter, since the derivatives only concern the variables (¢, )
or £. Under conditions (A1)-(A3), it is well known [4, 28] that the function ¢ : y — ¢(y) is
1-periodic and positive, and that for each y € R, the wave profile ¥(§,y) is unique up to shifts
in £ (see Section 4.1 below for more properties of the speed ¢(y) and the wave profile (&, y), in
particular the C'! smoothness of y — ¢(y)). Throughout this paper, we normalize (£, y) uniquely
in such a way that

1
P(0,y) = 3 for each y € R, (1.10)

and we denote by ¢, the harmonic mean of the 1-periodic function y — ¢(y), that is,

1

Cy = (/Olc_l(y)dy) . (1.11)

Theorem 1.2. Let (A1)-(A3) hold, and for any L > L, (with L, > 0 as in Theorem 1.1), let cf,
be the unique front speed of the pulsating front of (1.1). Then, c;, — ¢x as L — +o0.

Several comments are in order. Let us first point out that Theorem 1.2 coincides with the
known result for the minimal front speeds ¢} of equations with Fisher-KPP reactions (1.7) in the
special case where the function r := 9, f(x,0) is a constant, see [35, Corollary 2.4]. Indeed, in
the latter case, the limit of the minimal front speeds ¢} as L — +o0 is given by

NG ( / 1<a<y>>1/2dy) -

which is equal to the harmonic mean of the 1-periodic function y — w*(y) := 24/r a(y), where,
for each y € R, 24/7 a(y) is the minimal front speed of the associated homogeneous equation (1.8).
In the case where 0, f(x,0) truly depends on z, the limit of the minimal front speeds ¢} has a



variational formula in terms of the underlying parameters (see [35, Theorem 2.3]), but it may
be not equal to the harmonic mean of the function w* (see [34] for the case where 9, f(z,0) is a
piecewise constant function). It is noteworthy that, in our bistable case (A1)-(A3), Theorem 1.2
shows that the unique wave speed ¢y, converges to the harmonic mean ¢, of the function y — ¢(y),
no matter whether f depends on z or not.

Theorem 1.2 is proved by taking the large-time and large-space scaling, i.e., t — Lt, * — Lx,
and determining the singular limit of the Cauchy problem of the rescaled equation

dwur, = L0, (a(2)0pur) + Lf(z,ur), t €R, z € R. (1.12)

For a given initial condition independent of L, the singular limit of the solutions uy of (1.12)
as L — 400 has been widely investigated, even in the general case where the coefficients are
allowed to be non-periodic. Due to the smallness of the diffusion and the largeness of the reaction
in (1.12), an interface separating the regions where ur (t,z) — 1 and ur (¢, z) — 0 is developed in a
short time. This property has been proved by different approaches, see e.g. [30] for a probabilistic
approach and [5, 6, 7, 15] for a viscosity solution approach. Particularly, in our spatially periodic
case, Gartner’s result [30] suggested that, as L — 400, the interface propagates at a mean speed
equal to ¢,. Thanks to this observation and further crucial uniform estimates on the boundedness
of the wave length (more precisely, see Theorem 1.7 below), we show that ¢, is the limit of ¢z, by
constructing suitable sub- and super-solutions of (1.12).

Notice that, if the assumption fol f(z,u)du > 0 in (A3) if replaced by fol flz,u)du < 0,
equation (1.1) admits a pulsating front with negative speed ¢z, < 0 for all large L, see [18]. In this
situation, the quantity c, is negative, and similarly to Theorem 1.2, we can prove that c;, — ¢, as
L — +00. Furthermore, as an immediate consequence of this observation and [17, Theorem 1.7],
we have the following classification of the asymptotic behavior of ¢y, as L — +oc.

Corollary 1.3. Let (A1)-(A2) hold. Then, we have
(i) if (A3) holds, then cp, > 0 for all large L, and ¢, — ¢ as L — 400;

(ii) of fol f(z,u)du < 0 and Oy f(x,b(x)) > 0 for all x € R, then ¢, < 0 for all large L, and
cr, = ¢, as L — +o0;

(iii) if the functions a, Oy f(-,0) and Oy f(-,1) are constants and if

1 1
i du <0< d
I;lelﬂg/o f(z,u)du glgg/o f(z,u)du,

then (1.1) admits pulsating fronts for all large L, with necessarily cg, = 0, that is, the fronts
are stationary.

Remark 1.4. By [18], the conditions (A1)-(A3) not only imply the existence of pulsating fronts
of (1.1) satisfying (1.4), but they also provide the existence of pulsating fronts propagating in
the opposite direction for the same range of periods L. Namely, for any L > Ly, (1.1) admits
a pulsating front of the type ﬁL(t,x) = ¢r(x + cpt,x/L), where ¢r is 1-periodic in the second
variable, and satisfies the reversed limiting conditions:

gL(—oo,y) =0, $L(+m7y) =1 uniformly iny € R. (1.13)



Moreover, both ¢y and ¢, are positive. It is worthy pointing out that if the functions a(x)
and f(x,u) are not even in x, the speeds cr, and ¢, may be dramatically different [16]. Neverthe-
less, since the function y — c(y) given in (1.9) is 1-periodic and c, in (1.11) can be expressed as

1/2 -1 1/2 -1
Cy = </ cl(y)dy> = (/ cl(—y)dy> :
—1/2 —-1/2

it follows from Theorem 1.2 that c;, and ¢, have the same limit ¢, as L — +00.

Remark 1.5. For Fisher-KPP functions f satisfying (1.7), for each L > 0, pulsating fronts
of (1.1) exist, with speeds not smaller than a minimal speed ¢ > 0, and the map L — ¢} is non-
decreasing [44], hence limy_,oc] < limp 1o ¢ (and the inequality is strict if the coefficients
a(x) and O, f(x,0) are not constant in x).

In the bistable case with assumptions (Al)-(A3), the situation is in general different and
more complicated. Consider for instance a function f defined by f(x,u) = u(1l — u)(u — b(x))
for (z,u) € R x [0,1], where b : R — (0,1/2) is a given 1-periodic function of class C*. Such a
function f satisfies (A1)-(A3).

On the one hand, if a is constant, then it follows from [18, Theorems 1.2 and 1.4] that
equation (1.1) admits a pulsating front with speed cr, for every small L > 0, and that c;, — co as
L — 0, where cg = V/2a (1/2 — b) is the unique speed of a traveling front connecting 0 and 1 for
the homogeneous equation u; = iy, + u(l — u)(u — b), with b = fol b(x)dx € (0,1/2). With the
notations (1.9), one has c(y) = v2a (1/2 — b(y)) for each y € R, and Theorem 1.2 implies that
crL — ¢ =V2a ( f01(1/2 — b(y))_ldy)_1 as L — +oo. Therefore, the Cauchy-Schwarz inequality
yields cg > ¢« and even cg > ¢y as soon as b is not constant. This is in sharp contrast with the
inequality limy,_,0 ¢; < limyp_, o ¢} under the Fisher-KPP assumption (1.7).

On the other hand, if b = b € (0,1/2) is constant, it follows from [18, Theorems 1.2
and 1.4] that equation (1.1) admits a pulsating front with speed cr for every small L > 0,*
and that ¢, — ¢y as L — 0, where cog = /2ap (1/2 — b) is the unique speed of a traveling
front connecting 0 and 1 for the homogeneous equation u; = aguzy + u(l — u)(u — b), with
ag = (fol a(y)~tdy)~! being the harmonic mean of the diffusion coefficient a. With the nota-

tions (1.9), one has c(y) = /2a(y) (1/2 — b) for each y € R, and Theorem 1.2 implies that
cL — e =2 (1/2—b) (fol \/a,(y)ildy)f1 as L — +o00o. Therefore, the Cauchy-Schwarz inequa-

lity yields co < ¢, and even co < ¢y as soon as a is not constant.

To sum up, the influence of the oscillations of the heterogeneities in (1.1) under the bistable
assumptions (A1)-(A3) turns out to be more complicated than under the Fisher-KPP assump-
tion (1.7). Moreover, the oscillations in the diffusion and reaction terms can lead to opposite
effects on the bistable front speed.

Convergence of the front profiles ¢, as L — 400

The second main result of the present paper is concerned with the convergence as L — 400 of
the front profiles ¢, (€, y) given in (1.4). It is difficult to address this problem by considering the
singular equation (1.12), since the solutions ¢, (L(x—cpt), ) of (1.12) converge to a step function
as L — oo for any ¢t € R (this will actually be a consequence of Theorem 1.8 below), hence
the information of ¢r (&, y) is lost when passing to the limit as L — +oo. We instead show the

4Notice that, in this case, pulsating fronts are even known to exist for all L > 0 if the function a is uniformly
close to a constant [27, 54].



convergence of ¢r(§,y) by constructing sub- and super-solutions for the original equation (1.1)
when L is large (as a matter of fact, this approach also provides the convergence of ¢y, as L — +00,
as will follow from the proof of Theorem 1.6 below).

Before stating the result, we point out that, since equation (1.1) is invariant by translation
in time ¢, we have to suitably shift the fronts in order to pass to the limit as L — +o00. Namely,
with L, > 0 as in Theorem 1.1, since for each L > L, the pulsating front Uy, is unique up shifts
in time, with U (—o0,z) = 0 and UL (400, z) = 1 for all x € R, we normalize for definiteness Uy,

by requiring .
Ur(0,0) = 5 (1.14)

Clearly, under such a normalization, Ur (¢, ) is uniquely determined, and the front profile ¢, (€, y)
is uniquely determined and satisfies ¢1,(0,0) = 1/2. Now, for each L > L., since d¢¢, < 0 in R?
and ¢y, satisfies (1.4) and is at least of class C*(R?), the implicit function theorem yields the
existence of a uniquely determined C'(R) function y — (1 (y) such that

1

or(CLy),y) = 5. (1.15)

Clearly, (1(0) = 0 and (r,(y) is 1-periodic in y € R. Moreover, it follows from Theorem 1.1 (ii)
and (iv) that the function (L,y) — (r(y) is continuous in [L,, +00) x R.

For the convergence of the front profiles as L — +o00, in addition to (A1)-(A3), the following
condition will also be assumed:

(A4) the function a is a constant, and there exists a constant d; € (0,1/2) such that 0, f(z,u) = 0
for all z € R and u € [0, §)]U[1—4}, 1], and then for all z € R and u € [—4], §)]U[1—0, 147]
by (1.3).

Theorem 1.6. Let (Al)-(A4) hold. For each L > Ly, let Ur(t,xz) = ¢r(x — cpt,x/L) be the
pulsating front of (1.1) given by Theorem 1.1, and let (1, be the function given by (1.15). Let
also (&,y) — ¥(&,y) and y — c(y) be given in (1.9)-(1.10). Then,

sup
yeR, E€R

— 0. (1.16)
L—+o00

ou (6+6u0) 5 +v) - e

Moreover,

T y+x/L cL
sup Coly+ = —CL(y)—L/ <1—> ds| — 0 (1.17

yER, z€[—A,A] ( L) y L—+00 )
for every A >0, and

+x/L
sup L (y + %) —¢u(y) — L/y <1 - CL) ds| < +oo. (1.18)
Yy

L>L.,yeR, z€[—L,L]

Several remarks are in order. First of all, by choosing y = 0 and x = yoL for some yp € (0, 1]

in (1.18), one has
Yo L
CL(yo) — L/o <1 - C(S)> ds

In the special case yo = 1, since (1,(1) = ((0) = 0, we rediscover that c;, — ¢, = (fol c(s)"tds)™1
as L — 400, here under the additional assumption (A4). Furthermore, since the function y —

< —+o0.

sup
L>L

*



¢(y) is in general not constant even under the assumption (A4), it then follows that (r(yo) is
unbounded in L > L, for each yo € (0,1) such that yo fol c(s)"tds # [{° c(s)"'ds. On the other
hand, (1.18) implies that (;(yo) = O(L) as L — 4oo for all yo € R (that will coincide with the
observation in Theorem 1.8 (iii) below).

Secondly, we point out that (1.16) can be equivalently rephrased as

<Ly —CEL(ZJ)

sup |Up,

— 0.
y€ER, £ER L—+o0

As we will see, this last formulation implies that, as L — +oo, the spatial profiles Uy (t, -) look,
at any time ¢ and uniformly in space, like shifts of the profiles ¢(-,y) of traveling fronts of the
homogeneous equations (1.9) for some values of y. Indeed, by (1.18) and limy_ i cr = ¢4,
the continuous functions z — z — (1 (z)/L converge as L — +oo locally uniformly in z € R
to the function z — ¢, [; ¢(s)~'ds (by applying (1.18) with y = 0 and & = Lz). Therefore, for
every L > 0 large enough and for every t € [0, L/cp], thereis z1,; € R such that 2y, —(r(21¢)/L =
CLt/L. Hence UL<t, ) = UL((LZL,t — CL(ZL,t))/CLa ) and HUL(t, ) — 1/)( — LZL7t, ZL7t)HLoo(R) —0
as L — +oo uniformly in ¢ € [0, L/cr]. Since the profiles  — UL (t, z+crt) in the frames moving
with speeds ¢y, are periodic in time with period L/cr, one finally gets that

sup d(UL(t, D {v(+ay) acR, ye R}) 0, (1.19)
teR L—+00

where d is the distance associated with the norm in L*°(R). Actually, the convergence of the
profiles of the pulsating fronts to profiles of homogeneous traveling fronts as L — +oo is quite
natural since equation (1.1) looks like, as L — +oo, families of locally spatially homogeneous
equations. But the difficulty in Theorem 1.6 and in the consequent formula (1.19) is to show
rigorously this convergence and its uniformity with respect to time and space.

The strategy of the proof of Theorem 1.6 can be briefly summarized as follows. First, by
virtue of Theorem 1.1 (iii) on the global stability of the pulsating front ¢, we show that, up to
some shift in &, ¢r(+,y) is close to ¥(-,y) when L is sufficiently large. Next, we use Theorem 1.8
below on the uniform boundedness of the front width to determine the limit shifts appearing
in (1.16). The assumption (A4) is used in the construction of suitable sub- and super-solutions
(see Lemmas 4.2-4.3 below), which is the key point of the proof of Theorem 1.6. It is unclear
whether this assumption can be relaxed.

Uniform boundedness of front width

As a matter of fact, Theorems 1.2 and 1.6 on the limit speeds and profiles of the pulsating fronts
as L. — +oo are based on the uniform boundedness of the width of the front profiles, in a sense
to be made more precise below. Under conditions (A1)-(A3), with L, > 0 as in Theorem 1.1, it
follows from the definition (1.4) of pulsating fronts that, for any 6 € (0,1/2] and L > L., there
exists a constant C' > 0 such that

sup diam ({t e R: § <Up(t,z) <1-6}) <C (1.20)
z€R

and
sup diam ({z € R: § < Up(t,z) <1-46}) <C, (1.21)
teR

where diam(FE) denotes the diameter of a set £ C R. Notice that, for each § € (0,1/2], L > L,
and z € R, the set {t € R: ¢ < Ur(t,z) < 1— 0} is a compact interval, from (1.4) and the



continuity of Uy, and its monotonicity with respect to t. Hence the diameter of the set in (1.20)
is equal to its length. We also point out that property (1.21) could be rephrased equivalently by
saying that, for any A € (0,1), the distance between ¢t and the level set {z € R : Ur(t,z) = A}
is uniformly bounded in ¢.

Our next result, which is a key stone in determining the convergences of front profiles ¢y,
and front speeds ¢y, as L — 400, and which has its own interest, shows that the constants C
in (1.20)-(1.21) can be taken independently of L > L.

Theorem 1.7. Let (A1)-(A3) hold. For each L > L., with L, as in Theorem 1.1, let Ur, be a
pulsating front of (1.1). Then, for any 6 € (0,1/2], there exist constants C > 0 and 3 > 0 (both
are independent of L) such that (1.20) and (1.21) hold true for all L > L, and

oUL(t,x) > B for all L > Ly and (t,x) € R? such that 6 < Up(t,z) <1 —6. (1.22)
The following theorem is a consequence of Theorem 1.7.

Theorem 1.8. Let (A1)-(A3) hold. For each L > L., with L, as in Theorem 1.1, let ¢, be a
front profile of (1.1) and let (1, be defined by (1.15) and (;,(0) = 0. Then,

(i) the following two convergences hold uniformly in L > L, and y € R:

,SEIPOO or(E+C(y),y) =1 and égrfoo or(§+Cu(y)y) =0;

(ii) for any ¢ € (0,1/2], there exists 5 > 0 (independent of L) such that
Oepr(&,y) < = for all L > Ly and (§,y) € R? such that § < ¢r,(&,y) < 1 — 0;

(iii) the function (L,y) — Cr(y)/L is continuous and bounded in [L,,+00) X R.

Notice that the continuity of (L,y) — (r(y)/L in [L,,+00) x R follows from the comments
after (1.15), while the quantities (1 (y) are in general unbounded with respect to L > L, from
the discussion after Theorem 1.6.

Theorems 1.7 and 1.8 mean that the fronts do not flatten as L — +o00. Their proofs are based
on some intersection number arguments inspired by [2] and from the comparison of the pulsating
fronts with some well chosen stationary solutions.

Outline of the paper

Section 2 is devoted to the proof of Theorems 1.7 and 1.8 on the uniform boundedness of the
wave lengths of the pulsating fronts Uy, with respect to L > L,. The proof of Theorem 1.2 on
the limit of the speeds ¢;, as L — 400 is done in Section 3, and that of Theorem 1.6 on the limit
of the profiles is done in Section 4. Lastly, Section 5 is an appendix on some properties of the
profiles (£, y) and speeds c¢(y) of the family of homogeneous equations (1.8)-(1.9).

2 Uniform boundedness of front width: proofs of Theorems 1.7
and 1.8

This section is devoted to the proof of Theorems 1.7 and 1.8. Our proof strongly relies on a zero
number argument, and the classification of all solutions to the ordinary differential equations

(agw’) + fr(z,w) =0 in R, w(0) € (0,1), (2.23)
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according to the number of intersections of their graphs with those of the constant solutions 0
and 1. First, after recalling in Section 2.1 some properties on intersection number arguments, we
investigate in Section 2.2, for any given L > L, with L, > 0 as in Theorem 1.1 and for any time
t € R, the number and type of intersection points of the spatial profiles Uy (t,-) of the pulsating
fronts Ur, with all solutions to (2.23). Then, using a passage to the limit as L — 400 and some
properties of the stationary solutions to the y-frozen equation (1.8), we prove Theorem 1.7 by
contradiction in Section 2.3. Lastly, we show in Section 2.4 that Theorem 1.7 implies Theorem 1.8.

2.1 Zero number properties

We begin with the collection of some zero number properties which will be used later. We refer
the reader to [2, 21, 23, 48] for a more detailed overview of the general arguments and their
applications.

Let us first introduce some fundamental notions. For any function w : R — R, let Z[w] denote
the number of sign changes of w, namely, the supremum of all £ € N such that there exist real
numbers x1 < 3 < -+ - < Ty with

w(z;) - w(wiy1) <0 foralli=1,2--- K,

and we set Z[w] = 0 if w has a constant sign and is not identically 0, and Z[w] = -1 if w =0
in R. Furthermore, if 0 < Z[w] < 400, we use SGN[w] to denote the (k + 1)-uple of the
type [e1,- -, €g+1] consisting of + and —, which stand for the signs of w(z1), w(z2), -+ , w(Tg41)-
When Z[w] = 0, we set SGN[w] = [sgn(w)] (where sgn(w) € {—,+} is the classical sign
function), and we set SGN[w] = [ ] (the empty word) if w = 0. By definition, the length of the
word SGN[w] is equal to Z[w] + 1.

For any two words A, B consisting of + and —, we write A > B (or equivalently, B < A) if B
is a subword of A.

It follows from the above definitions that Z is semi-continuous with respect to the pointwise
convergence, as stated below.

Lemma 2.1. Let (w,)nen be a sequence of real-valued functions converging to w pointwise on R.
Then,
Zw] < liminf Z[w,], and SGN[w] < liminf SGN [wy,].
n—-+oo

n——+oo

The following lemma is an easy application of the zero number properties for solutions to a
linear parabolic equation of the form

Orw = a(t, x)O0pgw + b(t, v)Opw + c(t, z)w in (t1,t2) X R, (2.24)

where —oo < t; < ty < +oo and the coefficients a > 0, a™!, as, az, gz, b, by, by, ¢ belong
to L>((t1,t2) x R).

Lemma 2.2. [2, 21, 23] Let L > 0, let ui(t,x) be a bounded solution of the Cauchy problem
associated with (1.1) in (0, +00) xR, with a piecewise continuous bounded initial condition uy (0, -),
and let ua(x) be a C?(R) stationary solution of (1.1). Assume also that uy(0,-) —ug changes sign
at most finitely many times on R, that is, Z[u1(0,-) — ug] < +00. Then,

(i) For any 0 <t <t < +o0, we have
Z[ul(t, ) — UQ] 2 Z[U1(t/, ) — 'LLQ]

and

SGN[ul(t, ) — UQ] > SGN[ul(t’, ) — UQ].

11



(ii) If uy(te,s) = ua(xy) and Opui(te,z.) = ub(xs) for some t. > 0 and z. € R, and
if ui(t,z) # ua(z) in (0,+00) x R, then

Zlui(t, ) —u2]l —2 > Zui(s,-) —uz] >0 forallt € (0,t) and s € (t., +00).

Since the function (z,u) — f(x,u) is globally Lipschitz-continuous with respect to u € R
uniformly in € R, it is easily seen that w(t,z) := ui(t,z) — ua(z) satisfies an equation of
the form (2.24) in (0,4+o00) x R with a bounded continuous coefficient ¢ defined by c(t,z) =
(fo @ w1 () — Fi (s a () (s (b ) — a () i wa (£, )  ua(a) and clt, ) i= D fi (o, w1 (1))
if uq(t, x) = ua(x). Then, the proof of Lemma 2.2 follows from that of [23, Lemma 2.4] with some
obvious modifications; therefore, we omit the details.

2.2 Intersections of pulsating fronts with stationary solutions

Now, for any given L > L., with L, > 0 as in Theorem 1.1, we investigate Z[UL(t,-) — w]
and SGN[UL(t,-) — w] at any time t € R, where Uy, : R? — (0,1) is the pulsating front of (1.1)
and w is an arbitrary C?(R) solution to (2.23). Let us first classify the solutions of (2.23) as
follows.

Lemma 2.3. Let L > L, be fived, and let w € C*(R) be a solution of (2.23). Then, w must be
one of the following types:

(a) Zlw—1]=1 and Z[w] = 1;
(b) Zw—1]=0, Z[w] =0, and 0 < w < 1 in R;

(c) Zlw—-1]=0, Zlw] =1, w < 1 in R, and SGN[w] = [—, +]|;
(d) Zlw—-1=0, Zlw] =1, w <1 in R, and SGN[w] = [+, —];
() Zlw—1]=0, Z[w] =2, w< 1 in R, and SGNw] = [—, +,—].

Proof. First of all, since w(0) € (0,1), we have Z[w — 1] > 0 and Z[w] > 0. Suppose now that
there exists some z1 € R such that w(z1) = 1. It is then clear that w'(z1) # 0 (otherwise,
since fr(+,1) = 0, the Cauchy-Lipschitz theorem would imply that w = 1 in R, a contradiction
with w(0) € (0,1)).

Then, we observe that, if w'(x1) > 0, then w(z) > 1 for all x > x;. Indeed, otherwise, there
would exist some zo > x1 such that w(ze) = 1, w'(z2) < 0 and w(z) > 1 for all z € (z1, z2).
Since maxg fr(-,u) < 0 for all u > 1, one would have (apw’) > 0 in (x1,22), and hence,
ar(zo)w'(x2) > ar(x1)w'(z1) > 0. Since a is a positive function, there holds w’(x2) > 0, which is
a contradiction. Similarly, we can conclude that, if w’(z1) < 0, then w(z) > 1 for all x < x1. As
a consequence, we obtain that Z[w — 1] < 2, and if Z[w — 1] = 2, then SGN[w — 1] = [+, —, +].

Since ming f7.(-,u) > 0 for all u < 0, with similar arguments as above, one gets that Z[w] < 2,
and if Z[w] = 2, then SGN[w] = [—,+, —].

Consequently, we always have

Zlw - 1]+ Z[w] < 2.

Observe that the Cauchy-Lipschitz theorem also implies that, if w < 1 in R (respectively w > 0
in R), then w < 1 in R (respectively w > 0 in R). Therefore, since 0 < w(0) < 1, one gets
that w < 1 in R if Z[w — 1] = 0 (respectively w > 0 in R if Z[w] = 0).

Now, to complete the proof, it remains to exclude the following three cases:

12



o Zlw—1] =1, Z[w] =0 and SGN[w — 1] = [+, —];
e Zlw—1] =2, Zw] =0 and SGN[w — 1] = [+, —, +];
e Zlw—1] =1, Zlw] =0 and SGN[w — 1] = [—, +].

In the first two cases, one can find a continuous function g : R — [0, 1] satisfying (1.6) such
that ¢ < w in R. Let u(t,x) be the solution of the Cauchy problem associated with (1.1) with
initial condition u(0,z) = g(z). Then, the comparison principle immediately implies that

u(t,z) < w(z) forallt>0and z €R. (2.25)

On the other hand, it follows from Theorem 1.1 (iii) that |[u(t,-) — UL(t + 70,)||peem) — O
as t — oo, for some 7y € R. Remember that the wave speed ¢y, is positive. This implies in
particular that u(¢,0) — 1 as t — 4o00. Since w(0) € (0, 1), we have u(t,0) > w(0) for all large t,
which is a contradiction with (2.25).

Finally, if the last case occurs, then one reaches a similar contradiction by noticing that
equation (1.1) admits a pulsating front of the type UL(t,z) = ¢r(x + cpt,z/L) satisfying the
asymptotic conditions (1.13), and that such a front is also globally asymptotic stable, with positive
speed ¢, (see Remark 1.4). The proof of Lemma 2.3 is thus complete. O

Lemma 2.4. Let L > L, be fired, let UL, be a pulsating front of (1.1), and let w € C*(R) be a
solution of (apw') + fr(z,w) = 0 in R. Then Z[UL(t,-) —w] < 2 for all t € R. Furthermore,
if Z[UL(t,-) —w] =2 for some t € R, then there must hold

SGN[UL(t, ") — w] = [+, —, +]. (2.26)

Proof. Let t, € R be an arbitrary time such that U (t., x«) = w(z,) for some z, € R. Denote
a = w(zr,). Notice that a € (0,1) since 0 < Uz, < 1 in R?, hence w(- + z,) solves (2.23) and
Lemma 2.3 applies to w(- + x,) and then to w as well. To show Lemma 2.4, it suffices to prove
that either Z[UL(t, ) —w| <1, or Z[UL(t«, ) — w] = 2 and (2.26) holds with ¢t = ¢,.

For any z € R, let u(t, z; 2) be the solution of the Cauchy problem associated with (1.1) with
initial condition

u(0,z;2) = H(z — ),

where H denotes the Heaviside function defined by H(y) = 0if y < 0 and H(y) = 1 if y > 0.

When z < z,, we define
7(z) :==min {t > 0: U(t, z4;2) = a}. (2.27)

Let us first observe that 7(z) is well defined and 0 < 7(z) < 4o00. Indeed, since ¢ > 0,
it follows from Theorem 1.1 (iii) that lim; ,4oo u(¢,24;2) = 1 > «. This, together with the
continuity of u(:,z4;z) in [0,+00) and the fact that u(0,x.;2) = 0 < «, immediately implies
that the minimum in (2.27) is well defined and 0 < 7(z) < +o00. Moreover, since u(t,z;z) — 0
as z — —oo locally uniformly in (¢,z) € [0, +00) x R, we have
lim 7(z) = +o0.
Z——00
Furthermore, by the proof of [23, Lemma 3.1], there is an entire solution 7, : R? — (0,1) of (1.1)
that is steeper than any other entire solution between 0 and 1,%> and such that the following limit

5The steepness is understood in the following sense: for any two entire solutions w1 : R x R — (0,1) and
uz2 : R x R — (0,1) of (1.1), we say that u; is steeper than us provided that SGNui(t +t',-) — u2(t,-)] < [+, —]
for any t and ¢’ in R.
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exists in the topology of ol (R?), up to extraction of a subsequence:

t;x;loc
lim u(t+ 7(—kL),z; —kL) = U (t, ). (2.28)
k——+o0
Next, we claim that
Uoo(t, ) = UL(t + ts, x). (2.29)

Indeed, since the pulsating front of (1.1) is unique up to shifts in time (see Theorem 1.1 (ii))
and since U, is steeper than any other entire solution between 0 and 1 by [31, Theorem 1.8], the
function Uy, is then identically equal to Ui up to a shift in time. Since U (0, z4) = UL (ts, ) = a
we obtain (2.29).

For clarity, we divide the remaining arguments into two parts, according to the behavior of w.
First, if w is one of the types (a)-(c) listed in Lemma 2.3, then there exists k. € N sufficiently
large such that

Z[u(0,;—kL) —w] =1 for all k > k.

It then follows from Lemma 2.2 that
Zlu(t+7(—=kL),;—kL) —w] <1 for all t > —7(—kL) and k > k..

Hence, by Lemma 2.1 and (2.28)-(2.29), we obtain that Z[UL(t,-) — w] < 1 for all ¢ € R.
Notice actually that, since Uf,(t«, x+) = w(zx) = o and Uy, is not stationary, Lemma 2.2 implies
that Z[UL(t., ) —w] = 1.

Next, we consider the case where w is one of the types (d)-(e) in Lemma 2.3. In this situation,
it is also easily seen that

Z[u(0,;—kL) —w] =2, and SGN[u(0,-;—kL)—w| = [+,—,+] for all large k € N.
By using Lemmas 2.1 and 2.2 again, we have
ZUp(ts, ") —w] <2, and SGN[UL(t, ) —w] <[+, —, +].

In particular, this implies that if Z[Up (¢, ) — w] = 2, then SGN[U (t., ) — w] = [+, —,+]. The
proof of Lemma 2.4 is thus complete. O

In the following lemma, we give a special solution of (2.23) that decays to 0 as © — 400, with
a decay rate that is controlled uniformly with respect to L > L..

Lemma 2.5. For any L > L, and any § € (0,0¢], where oy € (0,1/2) is the constant provided
by (A2), there exists a solution w € C%(R) of (2.23) such that

w(0) =06, Zw-1=0, w<linR, Zw]<l1, (2.30)

and
0 <w(x) <de ™ forall x>0, (2.31)

for some constant p > 0 independent of L.

Proof. For any L > L, and any § € (0, 0], we show the existence of the desired solution by an
approximation argument. For each n € N, let us first consider the following problem in bounded

interval :
{ (apw') + fr(x,w) =0 in [0,n],

w(0) =6, w(n) = 0. (2.32)
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Since fr(xz,0) = 0 and since fr(x,d) < 0 for all x € R, it follows that w = 0 and w = ¢ are,
respectively, a sub-solution and a super-solution of (2.32). Then, a classical iteration argument
implies that there exists a solution w, € C?([0,n]) such that 0 < w, < ¢ in [0,n]. Furthermore,
0 < wp, < ¢ in (0,n) from the strong maximum principle and, from the sliding method [13],
each w,, is unique and the sequence (wy, ) en is nondecreasing in n € N, in the sense that w, < w,,
in [0,n] if n < m. Define now

w(z) == nBI—&I-loo wy(z) for x € [0, +00).

It then follows from the standard elliptic estimates that w is a C2([0, +00)) solution of
(agw") + fr(x,w) =0in [0,4+00), w(0)=4, 0<w<§in [0,+00),

hence 0 < w < § in (0,400) from the strong maximum principle. Since fr(z,u) is continuous
in R x R and globally Lipschitz-continuous in v € R uniformly in x € R, the function w can
be extended to x € R so that it is a C?(R) solution of (2.23) with w(0) = 6. It further follows
from Lemma 2.3 that this solution must satisfy Z{w — 1] =0, w < 1 in R, and Z[w] < 1 (more
precisely, only cases (b) or (c) are possible).

Now, to complete the proof, it remains to show the estimate (2.31). Since 0 < w, < J in
[0,n], by the first line of (1.2), we have, for each n € N,

(apwh) —yow, >0 for x € [0,n].

Since ar(z) = a(x/L) is L-periodic and a is positive and at least of class C'(R), we can find a
small constant y > 0 (independent of L > L,) such that ar(z)u? — a’; (z)u— 0 < 0 for all x € R.
Letting w(zx) := de™"* for = > 0, we compute that

(ap@") (z) — yow(x) = (ar(x)p? — af(2)pu — yo)w(z) <0 for all > 0.

It then follows from the elliptic weak maximum principle that wy(z) < w(z) = de™"* for all
x € [0,n] and n € N, hence w(z) < Je”#* for all > 0. This ends the proof of Lemma 2.5. [

In the last lemma of this subsection, we consider the intersection of the pulsating front with
the stationary solution of (2.23) obtained in Lemma 2.5.

Lemma 2.6. Let L > L, be fized, let Uy, be a pulsating front of (1.1), let § € (0,d0] and let
w € C%(R) be the solution of (2.23) provided by Lemma 2.5. Then, Z[UL(t, ) —w] < 1 for every
t € R. Furthermore, if Z[UL(t,-) —w] =1 for some t € R, then SGN[UL(t,-) — w] = [+, —].

Proof. The proof is similar to that of Lemma 2.4; therefore, we only give its outline. Let ¢, €
R be arbitrary. Without loss of generality, we suppose that there exists some z, € R such
that Up(t«,z«) = w(zy), hence w(x,) € (0,1). To show the lemma, it suffices to prove that
ZUL(ts,-) —w] <0, or Z[UL(ts,) —w] =1 and SGN[UL(ts,-) — w] = [+, -]

For any z < xy, let u(t,x;z) be the solution of (1.1) with Heaviside type initial condition
H(z—") and let 7(z) be defined as in (2.27) with & = w(x,). By the proof of Lemma 2.4, we see
that 0 < 7(2) < 400, lim,_,_o 7(2) = 400, and that, up to extraction of a subsequence,

Ut + 7(—kL), &3 —kL) = UL(t + t.,7) ask — +oo in Cpiry (R?).
Since w satisfies (2.30) and limg_, 4o w(z) = 0, it is straightforward to check that
Z[u(0,;—kL) —w] =1 and SGN[u(0,;—kL) —w] = [+, —]
for all large £k € N. Passing to the limit as k& — o0, it follows from Lemmas 2.1 and 2.2
that Z[UL(ts, ) —w] <1 and SGN[UL(ts, ) — w] < [+, —], yielding the desired results. O
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2.3 Proof of Theorem 1.7

For clarity, we divide the proof into three steps. In our arguments below, ¢ € (0,1/2] is given.
Step 1: (1.20) holds true with C' > 0 independent of L > L,. For any L > L, and = € R, since
UL(t,z) is continuous and increasing in ¢ with Ur(—oo,z) = 0 and Ur (400, x) = 1, the set

I(x):={teR: 6 <UL(t,z) <1—0}

is a compact interval in R. Denote by m(Ir(x)) the length of this interval. It follows from
Theorem 1.1 (ii) and (iv) that m(I(z)) is continuous with respect to (L, z) € [L., +00) x R.

Assume by contradiction that the desired result (1.20) is not true. Then, there exist sequences
(Lp)nen C [Lyx, +00) and (zp)nen C R such that

m(Ir, (zn) =m({t €R: § <UL, (t,zn) <1—0}) — 400 as n — +oo. (2.33)

From (1.5), one easily sees that m(l,(zy)) = m(I,(zp+Ly)). Therefore, without loss of generality,
we may assume that (z,)neny C [0, Ly,). Moreover, it follows from the continuity of m(IL(z)) in
(L, x) that L, — 400 as n — +o0.

For each n € N, since Uyp, (-, z,) is increasing and continuous, with U, (—o0,x,) = 0 and
Ur, (+00,x,) = 1, there exists a unique t,, € I, (x,) such that Ur, (tn,z,) = 1/2. Define

Un(t,z) := Uy, (t + tn,x +x,) for (t,z) € R

Clearly, each function ﬁn is an entire solution of

n Ln

with (7”(0, 0) = 1/2. Up to extraction of some subsequence, one can assume that z, /L, — T €
[0,1], and that, from standard parabolic estimates, there exists a function Us, € C’tlﬁ (R2,10,1))
such that

Uy, = Uso in CF2 (R?) as n — 4o0. (2.35)

t;x;loc
Moreover, Uy, satisfies Uso(0,0) = 1/2 and it is a solution to
O Uso = a(To0)032Unc + f(Tos, Uso) in R (2.36)

By the strong maximum principle, we have 0 < (700 < 1 in R?. Furthermore, since 8tﬁn > 0
in R?, we have 0;Us > 0 in R2. Finally, one infers from (2.33) that

m({t eR: 6 < Us(t,0) <1—6}) = +o0. (2.37)

By the monotonicity of (700 in t and standard parabolic estimates applied to equation (2.36),
it follows that there exist two steady states 0 < p_ < py <1 of (2.36) such that

Uso(t,") = p+ ast — oo in C}.(R). (2.38)

It is clear that py satisfy
a(zo0)pL + f(Too,p4) =0 in R, (2.39)
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and 0 < p_(0) < 1/2 < p4(0) < 1. Moreover, due to (2.37), one can conclude that either
0<p_(0)<1/20r1/2<pi(0) <1—4. Then, by the strong maximum principle, we have

either 0 <p_ <1inR, or 0 <py <1linR.

Without of loss generality, we assume that the former case happens, since the latter case can
be handled in a similar way. Then, thanks to the assumptions (A1) and (A3), according to the
phase diagrams of equation (2.39), the solution p_ can only be one of the following three types:
either a constant function, or a non-constant periodic function, or a ground state solution such
that p_(z) — 0 as © — +o0o. We will derive a contradiction in each of these three cases.

Case 1: p_ is a constant solution, that is, p— = b(r~) in R. In this case, for any non-constant
periodic solution 0 < ¢ < 1 of (2.39), one finds some points y; < 21 < y2 < 22 and some constant
go > 0 such that

q(yi) —p—(yi) = €0, and q(z) —p-(2) < —eo fori=1,2. (2.40)

Remember that function w +— f(z,u) is globally Lipschitz-continuous in v € R uniformly in
x € R. Then, for each n € N, it follows from the classical ODE theory that the following problem

/
<a <$ H”) w’> T (m JLr:”w> —0 inR, (2.41)

with w(y1) = q(y1) and w'(y1) = ¢'(y1), admits a unique solution w, € C?(R). Moreover, by
standard elliptic estimates, we have w, — ¢ as n — 400 in CZQOC(R). This implies in particular
that there exists N € N such that

|wn(x) — q(x)] < %0 for all z € [y1,22] and n > N.

On the other hand, it follows from (2.35) and (2.38) that there exists s, < 0, with |s.| sufficiently
large, such that, replacing N by a larger integer if necessary,

Un(ss,x) —p_(2)] < %0 for all x € [y1, z2] and n > N.

Combining the above, we obtain that, for all large n,

~ € ~ I3 .
wn(yz) - Un(3*7yi) > 507 and wn(zz) - Un(s*azi) < _50 for i = 172

By continuity, the function o — Uy (ss, #) —wy (2) has at least three sign changes in [y1, 22], which
is a contradiction with the fact that Z[U,(sy,-)—wn] < 2 (by Lemma 2.4 applied with Uy, (-, - —y,)
and wy, (- — x,)). Hence, Case 1 is ruled out.

Case 2: p_ is a non-constant periodic solution. In this case, letting q(z) = b(z), wWe see
that ¢ is a constant solution of (2.39). Then, we can find some points y; < 21 < y2 < 22 and a
constant €y > 0 such that (2.40) holds true, and hence, the same reasoning as in Case 1 yields a
contradiction. Therefore, Case 2 is ruled out too.

Case 3: p_ is a ground state solution with p_(x) — 0 as © — +oo. In the case, p_(x) is
symmetrically decreasing and there exist some points ¥; < yo < y2 and a constant £g > 0 such
that

b(xoo) —p—(yi) > o for i = 1,2, and b(zs) — p—(Y0) < —Ep.
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Similarly as in Case 1, for each n € N, problem (2.41) with w(71) = b(zs) and w'(y1) = 0 has
a unique solution w, € C?(R), and from standard elliptic estimates, W, — b(z) as n — +00

in CIQOC(R). As a consequence, there exists a large integer N € N such that

|Wn(x) — b(2s0)| < %0 for all z € [§1, 7] and n > N.

On the other hand, by using (2.35) and (2.38) again and by making some adjustment to N if
necessary, one finds some negative time s, < 0, with |s,| large enough, such that

Un(5x,2) —p—(z)| < %0 for all z € [1, 7o) and n > N.

Therefore, we obtain that, for each n > N ,

wn@VZ) - Un(g*ygi) > %) fori=1,2, and wn(ﬂo) - ﬁn(gm%) < _(%O- (2'42)

Remember that by Lemma 2.4 (applied with Uy, (-, - — 2,,) and @y (- — #,)), we have Z[Uy (5., ) —
wy] < 2. Then, (2.42) implies that

Z[UnBs,) —@Wn) =2, and SGN[Uy (5, -) — @) = [, +, .

This last property contradicts property (2.26) of Lemma 2.4, hence Case 3 is ruled out too.

Consequently, the case where 0 < p_ < 1 cannot happen. Furthermore, with similar argu-
ments, one can exclude the case where 0 < p; < 1. Therefore, our assumption (2.33) at the
beginning of the proof is unreasonable. This ends the proof of Step 1.

Step 2: (1.22) holds true with > 0 independent of L > L,. Assume by contradiction that there
exist sequences (Ly)pen C [Ly, +00) and (fn, Tn)nen C R? such that Uz, (I, Tn) € [6,1 — 0] for
each n € N, and

0Ug, (tn,Tn) = 0 as n — 4o0.

Due to (1.5), we may assume without loss of generality that 0 < #,, < L,. By Theorem 1.1 (ii) (iv)
and standard parabolic estimates, it follows that L,, — 400 as n — +o0.
Define now
Un(t,z) :=Up (t+ty,x+T,) for (t,z) € R

Up to extraction of some subsequence, we may assume that the sequence (Z,/Lyn)neny C [0,1]
converges as n — +o00. By a slight abuse of notation, we still denote by x this limit. Then,
standard parabolic estimates imply that, possibly up to extraction of a further subsequence,
U, — Uy in C;ZZOC(RQ), where U, is an entire solution of (2.36). It is clear that 0;Us > 0
in R? and 0;U(0,0) = 0. Furthermore, the strong maximum principle applied to the equation
satisfied by 0;Us immediately gives that 0;Us = 0 in R?. In other words, Us(t,z) = Uso() is
independent of ¢ and it obeys a(2eo)UZ + f(Zoo,Us) = 0 in R. Notice that 0 < Uy, < 11in R
and § < Ux(0) < 1 — 6. Tt then follows from the strong maximum principle that 0 < Uy, < 1
in R. Furthermore, it follows from (A1) and (A3) that either U, is a constant solution (i.e.,
Uso = b(25)), or it is a non-constant periodic solution, or it is a ground state solution decaying
to 0 as x — Fo00. Proceeding similarly as in Step 1, we can find a contradiction in each of these
cases: namely, for each large n € N, there exists then a solution w,, of (2.41) (with L, and Z,

instead of L,, and x,) such that either

Z[Un(0,-) — wy] > 3,
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or

Z[Un(0,) — @p] =2 and SGN[T,(0,) — @] = [—,+, -]

(the proof is even simpler than that in Step 1, as the limit function U, is stationary; there-
fore we do not repeat the details). Both situations are impossible, due to Lemma 2.4 (applied
with U, (-, — &) and w,(- — Z,)). As a consequence, the proof of Step 2 is complete.

Step 3: (1.21) holds true with C' > 0 independent of L > L. Assume by contradiction that there
does not exist such a bound independent of L. Then, we can find sequences (Ly,)nen C [Ls, +00),

($n)nen C R, (an)nen, (Yn)nen C [6,1 — 6] and (zp)nen, (Yn)nen C R such that
Ur, (Sn,xn) =y and Ur, (Sn,yn) = n for each n € N,

and
|Tn, — Yn| — +00 as n — +oo.

Without loss of generality, for each n € N, we may assume that y,, > x,, and thanks to (1.5), we
may also assume that 0 < x,, < L,,. Moreover, by Theorem 1.1 (ii) (iv) again, we have L,, — 400
as n — +0o0.
Define now
Un(t,z) := Up, (t + sp,x + ) for (¢, z) € R

Clearly, each function U, (¢,z) is an entire solution of (2.34) with U,(0,0) = ay, and Uy, (0, z,) =
Yn, where 0 < z, = yp, — x, = +00 as n — +o00. Up to extraction of some subsequence, we have

%—)xooe[(),l], ap = Qo €10,1 =0], Y = Yoo €[0,1 —06], asn — +oo,
n

and by standard parabolic estimates, U, — U in Ctljloc(Rz) as n — 400, where Us is a
solution of (2.36) with Uso(0,0) = aiee.

Set 0, := min{dg, 0}, where &y is the constant provided by (A2). It follows from Lemma 2.5
that, for each n € N, (2.23) with L = L,, admits a solution w,, € C?(R) such that w,(0) = 6.,
Zlw, — 1] =0, Z[wyp] <1 and 0 < wy(z) < dee”# for all @ > 0, where 1 > 0 is independent
of n € N. Notice that for each n € N, U,(t,z) is decreasing and continuous in t € R, with
Up(—o00,z) = 0 and Uy (400,2) = 1 locally uniformly in z € R. This implies in particular that
there exists a unique time 7, € R such that U, (7, 2n) = wp(2n). Since wy(2z,) < 0 <0 <7y, =
(NJn(O, zp) for each n € N, it is clear that 7,, < 0.

Now, we claim that

Tp — —00 as n — +o0. (2.43)

Suppose to the contrary that (7,),en converges, up to extraction of a subsequence, to 7o, €
(—00,0]. For each n € N, let us write

’n = Z':z + Z’Z? and Vn(tax) = ﬁn(t,l‘ + Zn) in RQ?

where 2], € L,N and z!! € [0, L,). It is easily checked that each V;, is an entire solution of

1!
oV, =0, <a (fC”L+> wﬂ) Ly <w+~’6L+ v ) 0 B2,

with V,,(0,0) = v, and V,(7,,0) = wy(2z,). Since z, — 400 as n — +oo and since wy(z)
decays to 0 as * — 400 uniformly in n € N, it follows that lim, oo Vi (75,0) = 0. Next, up
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to extraction of another subsequence, we may assume that z!/L, — 2z € [0,1] as n — 400,
and that, by standard parabolic estimates, V,, — Vo, as n — +o00 in Ctl,f,l o c(]1%2), where V. is an
entire solution of

8t‘/v()o = a(xoo + Zoo)agvaoo + f(xoo + 200 Voo) in Rz.

Since 0 < Voo < 1 and since Voo(Too,0) = limy 400 Viu(7n,0) = 0, it follows from the strong
maximum principle that V., = 0 in R2. This contradicts the fact that Vo (0,0) = lim, 10 Y =
Yoo > 0. Therefore, our claim (2.43) is proved.

We are now ready to derive a contradiction. By the proof of Step 1, it follows that the
sequence (m({t eR:6, < ﬁn(t, 0)<1- 5*}))n€N is bounded uniformly in n € N. This together
with Uy, (0,0) = an, € [6,1 — 8] C [6,,1 — 8,] and 9,U,, > 0 yields the existence of A > 0 such
that {t € R: 6, < Up(t,0) <1—4,} C [~A, A] for all n € N. As a consequence, one finds ¢, < 0
such that

Un(ts,0) < 6, = wy(0) for all n € N.
Furthermore, by (2.43) and the positivity of 8t(7n, there exists n, € N sufficiently large such that

Un* (t*7 ZTL*) > wn* (Zn*)'

Combining the above, we immediately obtain that

Z[Up, (te,) —wp,] >1 and SGN[Up,, (ts,-) —wp,] > [—, +],

which is a contradiction with the conclusions of Lemma 2.6 (applied with U,, (-,- — 2,,) and
This ends the proof of Step 3, and the proof of Theorem 1.7 is thus complete. U

2.4 Proof of Theorem 1.8

We first show statements (i). From Theorem 1.1 (ii), it suffices to prove that for any ¢ € (0,1/2],
the interval

Er(y) ={§€R: 6 < (€ +Culy)y) <1- 5}

is bounded uniformly with respect to y € R and L > L,. To do so, observe that the formula
Ur(t,z) = ¢r(x — cpt, /L) implies that

" (_ £, -aw

,Ly> =¢r(€+(r(y),y) forall { € Rand y € R. (2.44)
Cr, Cr,

Clearly, Ur((Ly — ¢r(y))/cL, Ly) = 1/2 for all y € R, by (1.15). Then, by Theorem 1.7, the
following interval

TL(Ly) = {tER: o0 <Ug (t—i—Ly_ch(y),Ly> Sl—é}
L

is bounded uniformly in . > L, and y € R. Remember that c¢; is bounded in L > L,, by
Theorem 1.1 (i). This together with (2.44) immediately implies that the interval Er,(y) is bounded
uniformly in y € R and L > L,. The proof of statements (i) of Theorem 1.8 is thus complete.
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Next, we show statement (ii). It follows from (2.44) that for any (§,y) € RxR with { € EL(y),
we have —¢/c, € Ir(Ly) and

6Ll + Culoha) = — o (5 4 G gy )
CL CL CL
Then by Theorem 1.7 and the fact that ¢z, > 0 is bounded in L > L,, we immediately obtain
statement (ii) (with a constant S > 0 which is in general different from the one appearing
in (1.22)).

Finally, we prove statement (iii). Since (z(y) is continuous in (L,y) € [L.,+00) x R, it is
clear that (L,y) — (r(y)/L is also continuous. It remains to show that this function is bounded.
Since (r,(y) is 1-periodic in y € R, we only need to show that {7(y)/L is bounded in (L,y) €
[Ly,+00) x [0,1]. It follows from (1.14) and Theorem 1.7 that the set {x € R : Ur(0,z) = 1/2}
is bounded uniformly in L > L,, that is, there exists L > L, such that

{z eR:UL(0,2) =1/2} C[-L,L] forall L > L,.

Remember that limg 4o Ur(0,2) = 0 for each L > L,. This implies that Ur(0, L(y +1)) < 1/2
forally € [0,1] and L > L. Thanks to (2.44) applied with £ := L(y+1)—(r(y+1) and y+1 instead

of y, it follows that ¢r(L(y+1) =Cr(y+1)+Cn(y),y) = on(Lly+1) =Coly+1) +Cu(y), y+1) =
Ur(0,L(y + 1)) < 1/2. Hence, the monotonicity of ¢y, in its first variable implies that

Liy+1)—(r(y+1) >0 forall y € [0,1] and L > L.

Consequently, by the periodicity of ¢z,(y), we obtain (1(y)/L < y+1 for all y € [0,1] and L > L.
In a similar way, by using the fact that lim,_, o Ur(0,2) = 1 and the monotonicity of U, in
its first variable, we can prove that

Liy—2)—<((y—2) <0 forally € [0,1] and L > L,

hence (1 (y)/L > y — 2 for all y € [0,1] and L > L. Combining the above, we immediately
obtain that —2 < (1(y)/L < 2 for all y € [0,1] and L > L. This together with the continuity of
Cr(y)/L in [Ly, +00) x [0,1] implies that (z(y)/L is bounded in [L,+00) x [0,1]. The proof of
Theorem 1.8 is thus complete. O

3 Convergence of c; as L — +oo: proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. When L is large, we consider the Cauchy
problem associated with equation (1.1) under the large-time and large-space scaling, t — Lt,
x — Lxz. More precisely, letting v(t,x) = w(Lt, Lx) with u(t,z) being a solution of (1.1), the
rescaled Cauchy problem reads

UVt = %(a(x)vx)x + Lf($,’U), t> 0’ T e R’ (345)

v(0,2) = g(x), z €R.

We consider initial conditions g € C(R, [0, 1]) which are independent of L and front-like, in the
sense that
liminf (g(z) — b(x)) > 0, limsup (g(x) —b(z)) <0, (3.46)

T—=— T—+00
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where © — b(z) € (0,1) is the zero of f(x,-) provided by (Al). For each L > 0, denote
by vr(t,z) the solution of the Cauchy problem (3.45). By the strong maximum principle, we
have 0 < vp(t,z) < 1 for all ¢t > 0 and x € R. Moreover, it is easily seen from (1.4) that for
each L > L,, with L, > 0 as in Theorem 1.1, ¢1.(L(x — cpt), x) is a solution of the first equation
of (3.45), and it is defined for all (¢,z) € R2.

As we mentioned in Section 1, we use Gértner’s result [30] to show the convergence of ¢y, as
L — +00. Recall that the function ¢ : R — R, y +— ¢(y) denotes the unique front speeds of
the family of homogeneous equations (1.8). The following lemma is a direct application of [30,
Corollary, p. 140] to our one-dimensional spatially periodic equation (3.45) (see also Xin’s review
paper [56, Theorem 3.7] in the case where g is compactly supported):

Lemma 3.1. [30] Let g € C(R,[0,1]) satisfy (3.46) and let Tyg = {x € R : g(z) = b(x)}. For
any L > 0, let vy (t,x) be the solution of (3.45) with initial condition g (g is independent of L).
Then, as L — +00,

vr(t,x) = 1 locally uniformly in {(t,z) € (0,+00) x R: p(x,Tg) < t},
vr(t,z) = 0 locally uniformly in {(t,z) € (0,+00) x R: p(x,Tg) > t},

where p(z,Tg) := inf{p(x,x2) : 2 € I'o} and p(-,-) denotes the signed distance function defined
by

1

p(x1,x2) ::/ cY(y)dy for xy €R, x5 €R.
€2
Recall that ¢, is the constant defined in (1.11). Since the function y — ¢(y) is 1-periodic,

the above result suggests that as L — +oo, the solution vy (t,x) propagates at a mean speed
equal to c¢,. This however does not imply directly the convergence of the speeds ¢y, to ¢, since
the profiles of the pulsating fronts, say at time 0, depend on L, unlike the initial condition ¢ in
Lemma 3.1. To circumvent this difficulty, we establish in Lemma 3.2 some further comparisons
between the solutions vy, (¢, 2) and the pulsating fronts ¢ (L(z —crt), x) for L > L,, which easily
lead to the proof of Theorem 1.2, on the basis of the uniform estimates proved in Section 2.9
To do so, let §p and 7o be the positive constants provided by the assumption (A2). Since
f(,0) = f(-,1) = 0 in R, there is g¢ € (0, d0/2] such that

Ouf(z,u) < —? for all u € [—2eq,2¢0] U[1 — 2e0,1 + 2¢0] and z € R. (3.47)

We now choose a special initial condition g € C'(R, [0, 1]), independent of L > L., such that

liminf g(z) > 1 —¢p, limsup g(x) <eg, and Ty ={0}. (3.48)
T——00 T—+00

Notice that it is for instance possible to choose g in such a way that ¢ = 1 in (—oo0, —A] and
g =0in [A, +00), for some large A.

Lemma 3.2. For any L > Ly, with L, > 0 as in Theorem 1.1, let (¢r,cr) be a pulsating front
of (1.1) and let vi(t,z) be the solution of (3.45) with the initial condition g satisfying (3.48).
Then there exist constants C+ > 0 and Ko > 0 (all independent of L) such that

{ UL(t’ x) > ¢L(L($ —crt+ C_) + K050,-1’) _ 606*70Lt/2

v (t,2) < ¢r(L(z — et — Cy) — Koeo, ) + ege 104/

6 An alternate approach could be to use [30, Theorem 4.1] with L-dependent initial conditions ¢, (L-,-) combined
with Theorem 1.8. We here use Lemma 3.1 and the comparisons established in Lemma 3.2, since the method of
proof based on sub- and super-solutions will serve as an archetype to get more involved comparisons in Section 4.2.

forallt >0 and x € R.  (3.49)
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Proof. We use a Fife-McLeod [28] type sub- and super-solutions method to show this lemma. We
only give the construction of a super-solution, as the analysis for a sub-solution is analogous.
First of all, since the initial function g satisfies (3.48), it follows from Theorem 1.8 (i) and (iii)
that there exists a constant C;. > 0 independent of L such that, for all L > L, and x € R,
¢L(z)

o (L(x = Ci)ow) +eo=on(L(w — Oy = > ) +Cula)x) 40 2 g(x). (350)

For any L > L., we then set
oLt x) == ¢r(L(z — et — C4) + ni(t),z) + qr(t) for t >0 and z € R,

where t — qr,(t) and t — 11 (t) are some C'([0,+00)) functions satisfying

3.51
nr(0) =0, () <0 for all t > 0. ( )

By choosing suitable functions 7y, and ¢y, later, we will show that Ty, is a super-solution of (3.45).
Notice first that (3.50)-(3.51) imply that v1(0,-) > g = v1(0,-) in R for each L > L,. Now,
for (t,z) € (0, +00) x R, we define

{ q.(0) = €0, ¢p(t) <0< qr(t) forallt>0,

Np(t,x):= 0vL(t,z) — %Ox(a(x)am@,;(t,m)) — Lf(z,0L(t,x)).

Since (t,z) — ¢r(L(z — cpt — Cy),x) is an entire solution of the first equation of (3.45), a
straightforward calculation gives, for all (¢,z) € (0, +00) x R,

Ni(t,z) = np()3br(L(x —crt — C),x) + 41, (8) + Lf (v, ¢r(L(z — ept — C4) + nr(t), 2))
~Lf(z v (t,2)).
Since d¢¢pr, < 0in R?, we get 7} (¢)O¢dr(L(z—cpt—Cy),x) > 0and 0 < qr(t) < g forallt > 0 and

x € R, provided ¢, and 7y, fulfill (3.51). Then, on the one hand, for any pair (¢,z) € (0,4+00) xR
such that ¢r(L(x — cpt — Cy) +nr(t),xz) € (0,g0] x [1 — €0, 1), it follows from (3.47) that

Ni(t,z) 2 q(t) + Lf (2, ¢r(L(z — ept = Cy) + i (t), 2)) — Lf(z,0L(t, @) = q(t) + %QL@)-

On the other hand, by Theorem 1.8 (ii), there is 5 > 0 (independent of L > L) such that
Oepr(&,y) < —B for all L > L, and for all (£,y) € R? with g9 < ¢1(&,y) < 1 —¢gp. It follows
that, if ¢r(L(x —crt — C1) +nr(t),z) € (0,1 — €0), then
Np(t,x) = =np(t)B + qp(t) + Lf (z, op(L(x — cpt — Cy) +ni(t), =) — Lf(z,0L(t, )
> =, (t)B + qr(t) — LC1qL(t),

where C1 := |0y f|| oo (rxr)- Let us now choose qr,(t) and 7 (t) such that

YoL

qr(0) = g0, qp(t)+ TQL(t) =0 for t >0,

nL(0) =0, —pBny(t) +qp(t) — LC1qr(t) =0 for t > 0.

Namely, we set

Y0 + 2C1)

qr(t) = gge ™02 and np(t) = _&ol B (1 — e 052y for ¢ > 0.
0
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These functions ¢y, and 7y, satisfy (3.51). Consequently, Ny (¢t,z) > 0 for all (¢,2) € (0,4+00) X R.

Finally, the comparison principle implies that, for any L > L., vy (t,xz) > vi(t,z) for all t > 0
and xz € R. Taking Ky = (79 + 2C1)/(Bv) and using the fact that ¢ (£, y) is decreasing in £, we
obtain the second inequality of (3.49). As we have mentioned above, similar arguments imply
the first one. The proof of Lemma 3.2 is thus compete. O

We are now ready to complete the

Proof of Theorem 1.2. Assume by contradiction that c¢; dose not converge to ¢, as L — —+oc.
Since the family (cp)r>r. C (0,400) is bounded by Theorem 1.1 (i), one finds a sequence
(Lp)nen C [Ly, +00) with L, — 400 as n — +0o and a real number ¢, > 0 such that

CL, — Coo @SN — 400, and coo 7# Cs.

Without loss of generality, we assume that co, < ¢, (as sketched below, the case where coo > ¢y
can be treated similarly). Then we have ¢, < (¢ +¢4)/2 < ¢ for all large n € N. Now, we can
choose a large time ¢, > 0 and a positive integer x, (both independently of n) such that

e te +Cr + 1 <z, < city for all large n € N, (3.52)

where C; > 0 is the constant given by Lemma 3.2. Since each function ¢r,, (£,y) is decreasing
in &, it follows from the notations of Lemma 3.2 and the second inequality of (3.49) that

0 <wp, (tey ) < ¢p, (Ln(2e — e, ts — Cy) — Kogo, ) + gge0Lnt=/2

(3.53
< é1, (Ly — Koo, &) + gge~10Lnt+/2 )

for all large n € N. Moreover, since z, € N and each function (z,, given by (1.15) is 1-periodic,
we have (r,, (z+) = (1, (0) = 0. Therefore, passing to the limit as n — +oo in (3.53), we see from
Theorem 1.8 that ¢, (L, — Kogo,x«) = 0 as n — 400, hence vy, (t«, z«) — 0 as n — +o0.

On the other hand, we had chosen g such that 'y = {x € R: g(x) = b(x)} = {0}. Since z, is
a positive integer and since the function y — ¢(y) is positive and 1-periodic, we have p(x,,Ty) =
T/, whence p(z4, ) < ti due to (3.52). It then follows from Lemma 3.1 that v, (s, z+) — 1
as n — 400, yielding a contradiction. Therefore, the case where ¢, < ¢4 is ruled out.

In the case where co > ¢4, one can derive a similar contradiction by choosing a large time
t* > 0 and a positive integer z* (both independently of n) such that

cr, t*—C_ —1>z" > ¢,t* for all large n € N.

As a conclusion, ¢;, — ¢4 as L — 400, and the proof of Theorem 1.2 is thus complete. O

4 Convergence of the front profiles: proof of Theorem 1.6

This section is devoted to the proof of Theorem 1.6, that is, the convergence of the front profiles ¢,
as L — 400, under the assumptions (A1l)-(A4). The key step is to determine the asymptotic
behavior as L — +oo of the solutions of Cauchy problem of the following equation:

Oyzp, = a0pzzr, + f (y + %,ZL) fort >0, r € R, (4.54)

where y € R is arbitrary. We point out that a is here a positive constant, thanks to (A4). We
recall that, for each y € R, the couple (¢(-,y),c(y)) denotes the front profile and front speed
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of the homogeneous equation (1.9)-(1.10). We first present some properties on (¢(-,y),c(y)) in
Section 4.1. In Section 4.2, we choose the initial condition of (4.54) sufficiently close to the
homogeneous front ¥ (-, y), and then construct a pair of sub- and super-solutions of (4.54). This
will ensure that, at a certain time ¢, zy (¢, -+ L) is still close to ¥ (-, y) provided that L is sufficiently
large (see Proposition 4.7 in Section 4.3). We complete the proof of Theorem 1.6 in Section 4.4.

4.1 Preliminaries on homogeneous fronts

In this subsection, we present some properties regarding the homogeneous traveling front
(¥(-,y),c(y)) of (1.9)-(1.10) with respect to the parameter y. These properties will be used
in our construction of sub- and super-solutions later and are also of interest in themselves.

Proposition 4.1. Let (A1)-(A3) hold. Then, the following statements hold true:

(i) the function y — c(y) is positive, 1-periodic, and the function (&,y) — ¥(&,y) € (0,1) is
1-periodic in y € R and decreasing in £ € R;

(ii) limgsqoo ¥(€,y) =0 and lime_,_ oo (&, y) = 1 uniformly in y € R; furthermore, there exist
positive constants i, pa, M, C1 and Cy (all are independent of y) such that

0< , < Che M€ orallE>M andyeR,
{ (& y) < Cy f 3 y (4.55)

0<1—(&y) <028 forallé < —M andy € R;

(iii) for any 0 € (0,1/2], there exists v = v(d) > 0 (independent of y) such that

Oep(&,y) < —v forall (&,y) € R? such that § < (&,y) <1 —6;

(iv) the function y + c(y) is of class CY(R), and the function (£,y) — ¥(&,y) is of
class Cg;‘; (R?), and satisfies

sup[0,0(€,y)] < +oc. (4.56)
EER, yeR

The proof of Proposition 4.1 is quite lengthy and is therefore postponed to the appendix in
Section 5. Let us emphasize that this proposition holds without the extra assumption (A4).

4.2 Sub- and super-solutions

In the remaining part of Section 4, we always assume that (A1)-(A4) hold. To present our sub-
and super-solutions, we need some notations. Since the function z — ¢(z) is 1-periodic and of
class C*(R) by Proposition 4.1 (iv), one infers that, for each y € R and L > 0, the following ODE
problem

Xy r(t
X! (1) = <y N yLL()> for t >0, X,.(0)=0, (4.57)
admits a unique solution X, r, : [0,+00) — R, with X, ; = X411 in [0,+00) for each y € R

and L > 0. Furthermore, each function X, 1 is increasing in [0,4+00) and X, r(t) — +oo as
t — +o00, since ming ¢ > 0. Let then 77, > 0 be the unique time such that

Xyr(Tr) = L.
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Since the function ¢ is 1-periodic, it is then checked by integrating the function ¢ — X/ 1 (t)/c(y+
X, 1(t)/L) =1 over [0,Ty] that Ty, does not depend on y and is equal to
L
== (4.58)
Cx
where ¢, > 0 is the constant defined by (1.11). In particular, 77, — 400 as L — 400 (uniformly
in y € R). Notice also that, again by 1-periodicity of the function ¢, one has

X,.0(kTy) = kL for all k € N. (4.59)

Our super-solution is stated in the following lemma.

Lemma 4.2. There exists eg € (0,00), with 69 € (0,1/2) as in assumption (A2), such that, for
every ¢ € (0,e9], there exists L1 . > 0 such that, for every y € R and L > Ly, the function
v:yL :[0,400) x R — R defined by

oty tr) = (2= 00+ s v+ 22 10

is a super-solution of (4.54) fort >0 and x € R, where q. 1, and ., are C*([0,400)) functions
satisfying

¢0(0)=¢, ¢ (t) <0<q.r(t) forallt>0,
{ € ( . E,L( € () (4.60)

7e,1,(0) nep(t) <0 for allt > 0.

Proof. First of all, by the assumptions (A1)-(A2) and the C'(R x [0, 1]) smoothness of f and its
periodicity in x, together with (1.3), there exist d; € (0,1/2) and y; > 0 such that

Ouf(z,u) < —v; forall z € R and u € [—d1,01] N[l — 01,1 + §1]. (4.61)

Without loss of generality, one can assume that ; < §f, with ; > 0 as in assumption (A4).
Moreover, by Proposition 4.1 (iv) and the boundedness of the function z — ¢(z), there is a
constant C > 0 such that, for all y € R and L > 0,

/
‘Xy (t)

———0,Y(&, 2)| < % for all £ > 0 and (€, 2) € R x R. (4.62)

L
L

It further follows from Proposition 4.1 (i)-(ii) that there exist M; > 0 and
€0 € (07 min{61/27 50}) - (Oa 1/4)a

with &g € (0,1/2) as in assumption (A2), such that, for all (£,2) € R x R,

0< (e < o if € > M,
1Ny <1 ie< M,

2€0§¢(§,2)§1—2€0 if—M1<€<M1,

where the last inequality is actually a consequence of the continuity of ¢ : R? — (0,1) and its
periodicity in the second variable.
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In the arguments below, € € (0,e¢] is arbitrary. To show Lemma 4.2, it suffices to find
suitable C1([0, +00)) functions g. , and 7. 1, satisfying (4.60) such that, if L is sufficiently large
and independently of y, there holds

N(t,z) := 0w}, (t2) - aﬁmvsyL(t,J:)—f(y+L, o, 1t :c)) >0

for all (t,z) € [0,+00) x R. Since 9 is a solution of (1.9) and since here a is constant by
assumption (A4), it is straightforward to check that, for any y € R, L > 0 and any C*([0, +00))
functions ¢ 1, and 7. 1, one has
X! o (t
for all (t,x) € [0,+00) x R, where ¢ = ¢(x — Xy () + n.,0.(t),y + Xy.0(t)/L), and O¢1p, Oytp
stand for the partial derivatives of 1 with respect to the first variable and the second variable,
respectively, evaluated at the same point (x — Xy 1,(t) +1-,0(t), y + Xy,(t)/L). We complete the
proof by considering three cases: (a) x — Xy 1,(t) + .. 1(t) > My, (b) x — Xy 1.(t) + 0, 0.(t) < —M;,
(¢c) =My <z— nyL(t) + 7757L(t) < M.
In case (a), with ¢. 1, required to satisfy (4.60), we have

Xyt
L())< : (t,x)§%+sg%+so§6l.

0 < (= Xyr(t) + ner(t)y + =25 S

Since 9 is decreasing in its first variable and since 7, j, is required to satisfy (4.60), we have

e () M(”J’ — Xy () +7e,(t),y + ny% > 0.

Remember that f(x,u) is independent of = for u € [0,41] C [0, (] by assumption (A4). It then
follows from (4.61)-(4.62) that

C X, (t
N(ta) = = a0+ 1 (00 (0= Xyn) +nen0+ 222D ) ) < 0,08, 0.0
C
> —fl + ¢ 1 (t) + 71e,1(t).
Let us choose 00
Le=—2>0 (4.63)
V1€

(notice that L; . is independent of y € R) and the function ¢, ;, such that

C
¢-,(0) =¢ and — fl + ¢ 1 (t) + 7e,(t) = 0 for t >0, (4.64)
namely,
1 Ci\ _¢
t Mt for t > 0. 4.
q-1(t) = I + (8 L71> e ort>0 (4.65)

It is clear that, for any L > L;. and for any y € R, the function ¢, satisfies (4.60) and
N(t,z) > 0 for all (t,z) € [0,400) x R such that v — X, () + ne,(t) > My, provided 7. 1,
satisfies (4.60) too.
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Proceeding similarly as above, we can conclude that, for any L > L; . and y € R, N(¢,z) >0
for all (t,x) € [0,4+00) x R such that © — X, 1.(t) + 1. .(t) < —M;, as soon as 1,1, satisfies (4.60).

It remains to find a suitable function 7. such that N(¢,z) > 0 in case (c), i.e., —M; <
x — Xy 1(t) + ne,0(t) < M. In this case, we have

220 < 0 (0 X0+ s 0+ 22D ) <10
and 2g9 < v; ptr) < 1 —¢g (since 0 < g r(t) < & < g). It then follows from
Proposition 4.1 (iii) that there exists 81 > 0 (independent of e, y, L, ¢ and x) such that
Oep(x — Xy r(t) + nen(t),y + Xy r(t)/L) < —p1. Noticing that the function f is of class
CH(R x [0,1]) and periodic in z, one finds some constants K; > 0 and Ko > 0 (independent
of e, y, L, t and x) such that

|f(z1,u) — f(z2,u)] < Ki|ry — 29| for all x1, 29 € R and u € [0, 1],
|f(z,u1) — f(z,u2)| < Ka|up —ug| for all 2 € R and uyg, ug € [0,1].

Therefore, with 7. 1, required to satisfy (4.60) (then being nonpositive in [0, +00)), we have

N(ta) = =G it al6) 4 a0+ 1 (3 22 0 (o= X0+ ety + 2220 )

—f (y + Evviy,L(tJ))

L
C Xyo(t)—=x
z—ﬁ—&%ﬁw+¢ﬂw—m"§f—&%ﬂﬁ
C M1—7]Lt
z—i—m%ﬁw+%ﬂw—ﬁlf<)*@%ﬂ”

Then, with ¢, 1,(t) given by (4.64)-(4.65), by choosing 7. 1, such that

KMy
L

K
Ne,L(0) =0 and — Binl (t) + Tlns,L(t) —(m + K2)ge,L(t) = for t > 0,

we have N (t,z) > 0 for (t,z) € [0,+00) x R such that —M; < x — X, .(t) + 1., 0(t) < M. Tt is
straightforward to compute that

K
Nen(t) = =2 ; - [(Cz + Oy, )™ /B — Oy et — Cy| for t >0, (4.66)
1
where o o o (L
Cy — 151 n 151 and  Cy.p — e—C1/(Im)

K Ko+ Y1+ K1/(Lp1)

It is clear that Cy > 0 and Cs3. > 0 if L > L;., whence the function 7. given in (4.66)
satisfies (4.60).

Combining the above, we can conclude that for any € € (0,¢¢], ¥ € R and L > L; ., one has
N(t,z) >0 for all (¢,z) € [0,+00) x R. This ends the proof of Lemma 4.2. O

The following lemma gives the sub-solution of problem (4.54).
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Lemma 4.3. Let g9 € (0,60) be given by Lemma 4.2 and, for any ¢ € (0,e0], let L1 > 0 be
given by (4.63) as in Lemma 4.2. Then, for every e € (0,¢¢], y € R and L > Ly, the function

Uy [0,+00) X R = R defined by

X, 1 (t
2y ulte) =0 (2= X000 = a0+ 20 ) —aste)
is a sub-solution of (4.54) for t > 0 and xz € R, where q.., and 1, are C1([0,+00)) functions
satisfying (4.60), given by (4.65) and (4.66), respectively.

Proof. The proof is analogous to that of Lemma 4.2; therefore, we omit the details. O

Before going further on, we give two remarks about the functions ¢, and 7. 1, which will be
useful in the proof of our main result later.

Remark 4.4. For any € € (0,e0] and L > Ly, = 2C1/(m1€), let Ty, = L/ci > 0 be the time
provided by (4.58). For any given k € N and T > 0, the function n. 1, given by (4.66) is bounded
in [0, kT, + 7] uniformly with respect to € € (0,e0] and L > Ly .. More precisely, we can find
some constants 0 < Ay < Ay (independent of €, L, k and T) such that

A — A26K1k/(c*51)+K1T’Y1€0/(20151) < Ay — A2€K1k/(c*51)+K1T/(L51) < naL(t) <0

for all0 <t < kTp + 7.

Remark 4.5. We also point out that, for any € € (0,¢], the functionst — q. ,(t) and t — 1., 1(t)
converge locally uniformly int > 0 as L — 4+00. More precisely, there holds
.t K

lim t)=ce M and  lim —e———— (1 —e M),
o QaL() Lo naL() ~151 ( )

locally uniformly in t € [0, +00).

Now, for any € € (0, 50] with g9 € (0, dp) provided by Lemmas 4.2-4.3, we consider any family
of continuous functions v2, : R — [0,1] such that

. 1
vgyﬂ = vgy in R, vgy(O) =3 and vay (Y llpeem) <€ forally € R.7 (4.67)

Then, for any y € R and L > 0, we denote by v, 1, : [0,400) x R — [0, 1] the solution of (4.54)
with the initial condition vgy Since the function f is 1-periodic in its first variable, it follows
that the functions v, 4 1, are 1-periodic with respect to the parameter y € R. It is also easily seen
that

max {v

(0,2),0} < v, (z) <min{vl, ;(0,x),1} forallz €R, (4.68)

ey,L ey, L

with v 4L are in Lemmas 4.2-4.3. Therefore, the next lemma is an immediate consequence of
the companson principle.

Lemma 4.6. For any ¢ € (0,g¢], with g € (0,d0) as in Lemmas 4.2-4.3, any y € R, and any
L > L, with L1z >0 as in (4.63), there holds

max {v_, ;(t,x),0} < vy r(t, x)<m1n{v L(t,x), 1} for allt >0 and z € R.

&,y,L

"A typical example is given by: vQ,y = (-, y) for y € R, but other functions vgy will be used in the proof of
Theorem 1.6 in Section 4.4.

29



4.3 Asymptotic behavior of the Cauchy problem as L. — +o0

In this subsection and the following one, we always let ¢y € (0, dy) be provided by Lemmas 4.2-4.3.
Now, for any ¢ € (0, 0], we consider the asymptotic behavior as L — +oo of the solutions v, 1,
of (4.54) with initial conditions Ug,y satisfying (4.67), at a time T, , ;, defined by

1
T. 41 = inf {t >0: vy r(t,L) = 5} (4.69)

Notice immediately that, since the functions v, , ; are l-periodic with respect to y, so are the
quantities T, , 1.’s. Furthermore, for each y € Rand L > L; ., one has v, 1,(0,L) < v;’y (0,L) =
Y(L,y) + € by (4.60) and (4.68), hence

1
lim sup (supvé«’y’L(O,L)) <e<gy<dg <=
L—+oco MyeR 2

since ¥ (+00,y) = 0 uniformly in y € R by Proposition 4.1 (ii). Therefore, T;ML > 0 for all L
large enough, uniformly in y € R. On the other hand, for each y € R and L > L; ., with 77, as
in (4.58), one has vy (21, L) = v_, (217, L) = (=L —ne,0(2T),y + 2) — € by Lemma 4.6
together with (4.59)-(4.60). Hence,

1
liminf ( inf 2y, L)) > 1—e>1-2>1-6 > -
jroint (fnfvens 2T D) 2122 120> 10 > 5
by Remark 4.4 and since ¥(—oo,y) = 1 uniformly in y € R by Proposition 4.1 (ii). As a
consequence, there is

Loe>L1:>0

such that _
0<Tryr <2 <+oo forallyeRand L > Lo, (4.70)
and then N )
Ve, L(Tey,z, L) = B% (4.71)
The fo~llowing proposition shows that when L is sufficiently large, the profile v, , (¢, + L) at

0

time ¢ =T. , , is close to that of the initial condition vey 1.(0,-) = v .

Proposition 4.7. For any ¢ € (0,g9], with g € (0,00) as in Lemmas 4.2-4.3, there exists
L3. > Lo, with Ly > 0 as in (4.70), such that, for any y € R and L > L., there holds

where TE,%L is given by (4.69), and v. 4 1, solves (4.54) with initial conditions vgyy satisfying (4.67).

Vet (Teyons - + L) — (-, y)H

IN

€
LooR) — 27

For the proof of Proposition 4.7, let us first show two lemmas which are concerned with the
comparison of Ty, and T} , 1.

Lemma 4.8. For any fized € € (0,e¢], with €9 € (0,00) as in Lemmas 4.2-4.3, let T1, and Tz—:,y,L
be given by (4.58) and (4.69), respectively, for y € R and L > La.. Then, there is a constant
M, > 0 such that _
sup  |Tp —Tey] < M.,
yER,L>Lo ¢

for all families of initial conditions ’Ugy € C(R,[0,1]) satisfying (4.67).
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Proof. We fix € € (0, g¢] throughout the proof. We first prove the existence of some real numbers
L3, € [Lae,+00) and M > 0 such that

sup  (Teyr —Tr) < MF (4.72)
yeR, L>L7

for all families of initial conditions v?, € C(R, [0, 1]) satisfying (4.67). Assume by contradiction,
there exist sequences (yn)nen C R, (Lp)nen C [L2e,+00), and initial conditions (Ug,yn)neN C
C(R, [0, 1]) satisfying (4.67), such that L,, — +o0 and Tvavym,;n —Tr, — +00 as n — +oo. Then
for each n € N, by Lemma 4.6, we have

X t
e (02) 2 (2~ X 1, (0) = e, (1), o+ 22D gy
n

XynyLn (t)
Ly

(4.73)

Vet (6:0) S92 = Xy, (0) + e, (8, 9 + )+ der, )
forallt > 0 and x € R. N

We already know from (4.70) that 1., 1, < 2T, for all n € N. Next, for any n € N,
choosing t =T, 1, and & = L,, in the first inequality of (4.73) yields

1 ~ i~ X nyLin T: n>Ln
5 = vE,yn,Ln(TE,yn,an TL) > ¢< ynyLn(TE,yngLn) - nE7Ln(TE,yn,Ln)v yn + o (L Y ))

n

_q&‘,Ln (Tgyynan ) :

Since we have assumed T tynLn — 11, — +00 as n — +00, we may assume without loss of
generality that 7. wn,Ln > Tr, = Lyn/cy for all n € N (hence, T- yn,Ln — +00 as n — 400). Then,
we have

~ T2 yn,Ln Xyn,Ln (t) o~
XynaLn (T 7yn7Ln) Xyn,Ln (TLn) C\Yn + Li dt Z Ln +c (TaayruLn - TLn)’
— Ty, n

=Ln "
where ¢~ = min,cg ¢(z) > 0. Remember that the function (&, z) — (&, 2) is decreasing in £ € R.
It follows that

— T X nyLin T Yn,Ln T
Z w( —C (T€7yn,Ln - TLn) - "757Ln (T‘S,yn,Ln)v yn + ¥ é b )> - quLn (TsyynyLn)' (474)
n

N |

Since Tvs’yan — 400 as n — 400, we see from (4.65) that qE’Ln(ﬁ’yan) — 0 as n — +o0.
Furthermore, since 0 < Tv&ym L, < 2T, by (4.70), one infers from Remark 4.4 that the sequence
(ML, (ﬁ;,yn,Ln))neN is bounded. Passing to the limit as n — 400 in (4.74) and using Proposi-
tion 4.1 (ii), we obtain 1/2 > 1, which is impossible. Thus, (4.72) is proved.

Similarly as above, one can prove the existence of some real numbers L, € [L.,+00)
and M. > 0 such that SUPyeR, [>1; (T, — ZFE’%L) < M_ for all families of initial conditions

v, € C(R,[0,1]) satisfying (4.67), by using this time in the previous paragraph the second
inequality of (4.73) instead of the first one, together with ¢. 1, <e < 1/2in [0, +00) by (4.60).
Finally, since 0 < T, 1 < 217, = 2L/c, for all y € R and L > Lo, by (4.58) and (4.70), the

desired conclusion of Lemma 4.8 follows, with M, := max{M*, M 2L2 . /¢y, 2L5 . Jci}. O
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Lemma 4.9. For any fized € € (0,e9], with €9 € (0,d0) as in Lemmas 4.2-4.3, let T, and T;y,L
be given by (4.58) and (4.69), respectively, for y € R and L > Lo .. Then there holds

X, 1t +T.
lm 2wl Tows) (4.75)
L—+o00 Xy,L(TL)
and B
lm [ Xy 1 (t+Teyr) — Xy (Tp) — e(y)(t + Teyr — T1)| =0 (4.76)

L—+00

locally uniformly with respect to t € R, and uniformly with respect to y € R and with respect to
the families of initial conditions v2,, € C(R, [0,1]) satisfying (4.67).

Proof. For any y € R, L > Lo, and t € R, one has Xy7L(TL) = L and

[Ty st ,
T L < Ty — T+t

Xy,(TL) B L ’

Xy,L(t + fe,y,L) 1 =
Xy,o(T1)

where ¢ = max,cg ¢(z). Lemma 4.8 then immediately gives (4.75).

It remains to show (4.76). Let y € R, L > Ly, and t € R be arbitrary. Without loss
of generality, we may assume that ¢ + Tey L > T (the case t + Tgy 1, < Tj can be treated
identically). Since

_ _ t+ T2y 1 X 1 (s
Xyt +Tey 1) — Xyr(TL) —c(y)(t + 1y —TL) = / <C (y + yé()) - C(Z/)) ds,
1L

and since the function z ~ ¢(z) is 1-periodic and of class C* by Proposition 4.1 (iv), we have
c(y) = c(y+1) and

Xy,L(t + Te,y,L) - Xy,L(TL) —c(y)(t + Tvay,L - TL)‘

Xy,(s)

<N N psomy X |t + Teyr — T,

SE[TL:tJFTE,y,L}

-1.
Lemma 4.8 and (4.75) then yield (4.76). O

Now, we are ready to give the

Proof of Proposition 4.7. Fix any € € (0, ¢0], and assume by contradiction that the conclusion is
not true. Then, there exist sequences (Yn)nen C R, (Lp)nen C [La2g, +00), (Zn)neny C R, and
initial conditions (ugyn)neN C C(R,[0,1]) satisfying (4.67) such that L,, — 400 as n — +o0, and

Vegnin (Tegins Tn) — V(T — L, yn)| > % for all n € N. (4.77)

Remember that, for each n € N, the inequalities stated in (4.73) hold true. By 1-periodicity
of the functions v., 1 and 1(-,y) with respect to y, we may assume without loss of generality
that (yn)nen C [0, 1].

We first claim that the sequence (z,, — Ly)nen is bounded. Suppose by way of contradiction
that z, — L, — 400 as n — +oo (as we will sketch below, the case where z,, — L, — —oc0
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as n — 400 can be treated analogously). Choosing ¢t = Te,yn, L, (notice that T;,ym L, — +00
as n — 400 by (4.58) and Lemma 4.8) and = = z,, in the second inequality of (4.73), we have

0 S Uszynan (Tavyn,Ln ) xn)
/8l T X n L’ﬂ T ) ’ﬂyLn
S 17b (J:n - Ln + X nyLn (TLn) - Xyn,Ln (T&yn,Ln) + T]E,Ln (TE,yn,Ln)7 y’n + Yn é =Y )>

n

+4e,L, (Ts,yn,Ln)'

Due to Lemma 4.8 and the definition of Xy, 1., (t), the sequence (X, 1., (TLn)—Xn(f&yan))neN is
bounded. Moreover, by Remark 4.4 and (4.70), the sequence (7e.1.,, (1% y,, L, ) Jnen is also bounded.
Thus, since (&, y) — 0 as £ — +oo uniformly in y € R by Proposition 4.1 (ii), we have

T T X n L’n fv n:Ln
Q/)(xn — Ly + Xy 1, (T1,) = Xy, Lo Loy L) + 1,10 (Lo 1) Y+ —2 é &Y )) —0
n

as n — 4o00. This together with ¢. 1, (7% y,,,) = 0 as n — +oo (from (4.65) and Lemma 4.8)
yields ve y, 1., (Ts,yan,xn) — 0 as n — 400, hence v, y, 1, (Tvg,yn,Ln,xn) —(xyp, — Lp,yn) — 0
as n — +o00, which is a contradiction with (4.77).

Similarly, if x,, — L, — —o0 as n — 400, by using the first inequality of (4.73), one can
conclude that v., 1., (f&yan,xn) — 1 and 9¥(x, — Ln,yn) — 1 as n — +oo, which is also a
contradiction with (4.77). Therefore, the sequence (x,, — Ly )nen is bounded.

Next, for each n € N, we set wy(t,z) = voy, 1,(t + f€7y7L7L7l,x + L,) for (t,z) €

[—T% .y, L., +00) X R. Clearly, w,(0,0) = 1/2 and w,, solves
0wy, = a0ppWn + f (yn + ;,wn) for ¢t > —Tvavyan and z € R.
n

It is also easily seen from (4.73) that, for any t € R, z € R and any n € N such that t+f€,yan >0,
wy(t, x) satisfies

T = Xy L (t+Te o 1
wn(t, x) Z ¢(ﬂ7+X n,Ln(TLn)_Xyn,Ln(t+TS,yn,Ln)_WE,Ln(t—FTS,yn,Ln);yn+ Yn, ( &:Yn; )>

Ly,
—Qe,L, (t + Ta,yn,Ln)
and
~ ~ Xyt t+ Ty 1,
wp(t,z) < 17ZJ(x—l—XynuLn(TLn)_Xyn,Ln(t—i_TevynaLn)_'_ne,Ln(t—i—TEvyn,Ln)’yn+ o (L = ))
n

+ qeaLn (t + T/E’ynan)'

Thanks to Lemma 4.8 and the boundedness of the sequence (x,, — Ly )nen, one can find some
Too € R, s € R and yoo € [0, 1], such that, up to extraction of some subsequence,

Tyt — T, = Too, Tn—Lp =& and Yy, — Yoo asn — +oo.

Furthermore, by standard parabolic estimates and possibly up to extraction of a further sub-
sequence, there is a function we € C’;f(RQ) such that w, — we in C’tl,f,loc(RQ) as n — +0o0.
Clearly, wso is an entire solution of

O Woo = a0zzWoo + [ (Yoo, Weo) for t € R and z € R. (4.78)
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Notice that for any ¢ € R, lim,, 400 ¢e 1., (t + f&yan) = 0 and there exists a constant C > 0
independent of ¢ such that

—C <liminf 7.4, (t + T;yan) < limsup ne y, (t + ﬁ,yan) <0 (4.79)

n—+00 n—~+00

(indeed, since the sequence (17, — 7. &.yn,Ln )neN is bounded by Lemma 4.8 and since 77, — 400
as n — +oo, it follows that, for any ¢ € R, one has 0 < ¢t + 1T, 1, < 217, for all large n;
then (4.79) follows immediately from Remark 4.4). Passing to the limit as n — +o0 in the above
inequalities on wy (¢, z), it follows from Lemmas 4.8 and 4.9, together with the continuity of the
map z — ¢(z) and the 1-periodicity of ¥ (&, y) with respect to y, that

Y (2 — (Yoo ) (t + Too) + C' Yoo) < Woo(t, ) < Y (2 — (Yoo ) (t + Too) — € Yoo)

for all (¢,z) € R?. Namely, wy is an entire solution of (4.78) which is trapped between two shifts
of the corresponding traveling front ¥ (z — ¢(yoo)t, Yoo ). Remember that the reaction f(yoo,-) is of
the bistable type from (A1l). It then follows from [9, Theorem 3.1] that there exists z¢p € R such
that weo(t, 2) = Y(2— (Yoo )t +0, Yoo) for all (¢, z) € R?. Furthermore, notice that w,,(0,0) = 1/2
for each n € N, hence woo(0,0) = 1/2. This together with the normalization condition (1.10)
implies that xy has to be 0. Therefore, we have

woo(t7 37) = 1/1(35 - c(yoo)t7 yoo)
for all (t,7) € R2.
On the other hand, it follows from (4.77) that |w, (0,2, — Ly) — ¥ (xn, — Ln, yn)| > €/2 for
all n € N. Taking the limit as n — 400 yields |ws(0,&x0) — ¥ (€0, Yso)| = €/2, which is a
contradiction. The proof of Proposition 4.7 is thus complete. O

In addition to the previous observations, the last step before doing the proof of Theorem 1.6
in Section 4.4 is the global stability of the pulsating fronts ¢, as stated below.

Proposition 4.10. For any € € (0,e0] with 9 € (0,00) as in Lemmas 4.2-4.3, and for any
L > L, with Ly > 0 as in Theorem 1.1, let (vey 1.)yer be the family the solutions of (4.54) with
initial conditions (vgy)yeR satisfying (4.67). Then, there exists a 1-periodic real-valued function
Y > &y, Such that

lim
t——4o00

Proof. Let € € (0,e0] C (0,00) and L > L, be fixed. For each y € R, the function

=0 for everyy € R. (4.80)

Uz—:,y,L(ta ) - ¢L ( —crt+ fs,y,La Z + y) HLOO(R)

Ue,y,L : (ta :E) = us,y,L(ta IL‘) = 'Ue,y,L(ta T — Ly)
is a solution of
OtUe,y, 1, = AO0pzUcy 1 + f(2/L,usy 1) fort >0 and z € R,

with initial condition uc y,£(0,-) = 02, (-—Ly) € C(R, [0, 1]) such that [Juc £ (0, ) =1 (-— Ly, y)|| <
e <gp < dp, by (4.67). It then follows from Theorem 1.1 (iii) that there exists a unique Es,y, LR
such that

lim ‘ =
t——+o0

Uey L(t, ) — L ( —ert+ gf’y’L’ f) HLOO(R)

Choosing & 4 1, = Ee,y,L + Ly, we see from the above that (4.80) holds.

Lastly, since ve,  and ¢r(-,y) are 1-periodic in y, and since ¢r(,y) is decreasing with
respect to &, it follows that & , 1 in (4.80) is unique and necessarily 1-periodic in y. The proof
of Proposition 4.10 is thus complete. O
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4.4 Proof of Theorem 1.6

For clarity, we proceed with several steps.

Step 1: approximation of the front profiles ¢r, by ¥ (-, y). In this step, we fix any e € (0, go], with
g0 € (0,9p) as in Lemmas 4.2-4.3 and dg € (0,1/2) as in assumption (A2). Let

Ly, :=max{L,, L3},

with L, > 0 and L3, > 0 provided by Theorem 1.1 and Proposition 4.7, respectively.
We shall prove in this step that there exists a real number Ls. € [L4.,+00) such that, for
every L > L5, there is a 1-periodic real-valued function y §:y ; such that

HQSL ( + ég,y,La 7

7 + y) — ¢(,y)“ <e foreveryyc€Rand L > Ls.. (4.81)

L(R)
To do so, for any yeRand L > Ly, (> L3e > Lo.), let v 1, be the solution of (4.54) with

initial condition v? , satisfying (4.67) (for instance, say, take here vg’y = 9Y(-,y)). By Proposi-
tion 4.7 and (4.71) we have

1
Ve, L(Tey,r, L) = 5 and

Ve L (fs,y@ 4+ L) — (-, y) H

IA
o™

<e
L (R)
where T, . 18 defined by (4.69)-(4.70). Since f is 1-periodic with respect to its first variable, the
function (¢, a:) = Uey, L(t+T. ty.L, X+ L) is still a solution of (4.54), now with the initial condition
v€7y7L(T cw.L- + L) € C(R,[0,1]). Furthermore, since both v, , 1 and Tay 1, are 1-periodic with
respect to y, one has vgjy“’L(i,yH’L, +L)= UE,%L(T ty.L,-+L)in R for each y € R. By using
Proposition 4.7 again, we infer that

<e

U57y7L (Tg,y,Lv : + 2L) - ¢(a y)H

IN

€
Le(R) ~ 2

where TEQyL ;= min {¢ > Tvay,L : Veyn(t,2L) = 1/2} (the quantities TV&‘%%L are well defined
real numbers, as are the 7., 1’s, from the same arguments as in (4.69)-(4.71)). Then, a simple

induction argument implies that, for any k£ € N,

where T% = min{t > TF 1 . Veq.1(t, kL) = 1/2t. Moreover, due to Lemma 4.8, there holds
e,y,L ey, L * Yy

IN

Usvva (fskjy,[ﬂ ’ + kL? y) - w(7 y)H (482)

€
Le(®) — 2’

Tk+1 Tk
Sup ‘Ts ,L T€7y,L o TL‘ < 400,
yER, L>Ly o, keN

where T}, is defined by (4.58). Since 77, — +o00 as L — +oco (independently of y € R), there
exists Ls . € [Ly.,+00) such that T;f%L — +00 as k — 400 uniformly in y € R and L > Ls ..

On the other hand, for each L > L5, (> L4 > L), it follows from Proposition 4.10 that
there exists a 1-periodic real-valued function y — &, 1, such that

Us,y,L( ) ¢L( _CLt‘ngyL, +y>H =0

lim ‘
L>=(R)

t—+o0
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for every y € R. Therefore, for each L > L5, and y € [0, 1), there is k., 1, € N such that

~k5€7 , " . I
Vey,L (Te,y,yLL" + kf’y’LL) — oL ( + &y L + y) HLoo(lR) = 2’

where & | = k€,y7LL—cLT£Z’7?’,—;L +&. 5,1 (We here use the 1-periodicity of ¢ in its second variable).

Combining this with (4.82) at k = k., 1, we obtain that

+y) =i <= (4.83)

H¢L( €L - Le(®)

L

We can then extend the function y — & | as a 1-periodic function, so that (4.83) holds for all
y € R, since ¢r,(&,y) and ¥(§,y) are 1-periodic with respect to y € R. The proof of Step 1 is
thus complete.

Step 2: proof of

im ( swp [e, - Gv)]) =0, (4.84)
€0 \yeR,L>Ls .

with r, given by (1.15). Indeed, for each £ € (0,e0], since ¥(0,y) = ¢r(¢r(y),y) = 1/2 for all
y € Rand L > L5, (4.81) implies in particular that

\ 1
sup ‘qu (&yroy) —orCL(y),y) ‘ <e<e < (4.85)
yER, L>L5 ¢ %f/_/

=1/2

Then, by Theorem 1.8 (i)-(ii), it follows that there exists a constant B; > 0 such that
€20 — CL(y)| < By foralle € (0,e0], y € Rand L > Ly, (4.86)

and also that (4.84) holds.

Step 3: limsup;_,, o |L —cTr| < +oo, with Ty, given by (4.58).% Notice that for any y € R and
L > Lsc, > Lyr, = max{Ly, L3, }, the function

* € §:O7y7L Ly
(t,l’) — ¢L<x_th+€50,y,L?Z +y) = UL(t— T + E,LL‘—FL@/)

is the solution of (4.54) with initial condition ¢r(-+ &2, 1.-/L +y). Since L > L5, > L1, it
follows from (4.81) and Lemmas 4.2-4.3 (with their notations) that

_ . x
Uy wn(62) S 01 (x —cpt+ &2, 1 7 + y) < v;g’y’L(t,x) forallt >0 and x € R. (4.87)

In particular, choosing ¢t = T, and x = L yields
V(=1e0,L(TL)Y) — Geo,L(TL) < SL(L —cLTL + &2, 1Y) < ¥(Neq,.(TL),Y) + Geo,.(TL)-

Since limy, 400 Geo,1.(T0) = 0 by (4.65) and since SUPL>Ls . Neo...(T1)| < +00 by Remark 4.4, it
then follows from Proposition 4.1 (namely, the continuity_of ¥ : R? = (0,1) and its 1-periodicity
in its second variable) that there exist ko € (0,1/2) and L > Ls ., such that

ko < ¢r (L—cpTp+ €, ,1,y) <1—ko forally € Rand L > L.

8With this property, we here recover that cr, — ¢, as L — +00.
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Hence, by Theorem 1.8 (i), there exists Bs > 0 such that
|L—crTp+&,, 1 —Co(y)| < By forally e Rand L > L.

This together with (4.86) implies that |L — ¢, T| < By + By for all L > L, which yields the
desired result.

Step 4: proof the convergence (1.16). We fix any o > 0. We have to show the existence of L} > 0
such that for any L > L},

sup Hdm ( +CLly), Z + y) - ¢(-,y)HLOO(R) <o (4.88)

To do so, we first recall that the map L +— ¢y is continuous and positive from Theo-
rem 1.1 (i) and (iv), and that ¢ — ¢. > 0 by Theorem 1.2 (or by Step 3 of the present
proof), hence supy>p, czl < +oo. It then follows from standard parabolic estimates that
M = supp>p, ||0¢dLl poom2) = SupLzL*CzlnatULHLOO(]RQ) € [0,+00). Next, by Step 2, there is
£ € (0, min{ep, 0/2}] such that

Mx g, — G <2 forallyeRand L> Ls.,.

g
2
Hence,

H¢L ( +CL(y), f + y) —ér ( + & L f + y)

< forally€e Rand L > L5, .

S
Le[R) ~ 2
Then, (4.81) (applied with €,) and the inequality e, < o /2 give (4.88) forall L > L’ := L5, > 0.

This ends the proof of Step 4.

Step 5: the convergence (1.17) holds locally uniformly in z € R. Let us first show that, for any
given A > 0,

sup
yER, L>Ls ., z€[0,A]

— 0 ase — 0. (4.89)

g+ L /y . (1 - (L)> ds =G (y+7)

For any € € (0,e0], y € R, L > L5, and x € [0, A], define

y+z/L
by Lo = L/ ¢ (s)ds. (4.90)
y

Clearly, t,, 1, > 0. It is easily seen from the definition of X, 1 (¢) in (4.57) that X, 1.(t,.1.) = .
Choosing x and t = t, 1., in (4.87) (these inequalities actually hold as in Step 3 with &g replaced
by any € € (0,¢¢], and for any L > Ls ) gives

X, 1ty 1o
1/) (_nE,L(ty,L,x)a Yy + %L(I/?Ml’)> - Qa,L(ty,L,oc)
y+ax/L cr T
< L 1——|d * — 4.91
= ¢)L < /y < C(S)) S + éE,ny’ L + y) ( 9 )

Xy oty
< <ne,L(ty,L,x), Y+ y(Lyz)) + Ge,n(ty,Le)
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Moreover, by the normalization conditions (1.10) and (1.15), we have

oo Bl oo 00) £ 00) -4

It then follows that

<Z>L( y+w/L(1 )d +§ayL7L+y>_¢L<CL(§+:U>>§+Z/>

Xy oty X, 1(ty 1o
<max{' (77 tyLa); M(LW>_w<O’y+M(LW)" (4.92)
Xy r(t X o (t
—1e,L(ty,L,z); y+y’L(Ly’L’$)>—w(0,y+%L(L%L@)>‘}
+q87L( y,L,:c)-

By definition of t, 1, ., we have t, 1 /L — 0 as L — o0 uniformly in y € R and z € [0, A].
Furthermore, thanks to (4.60) and (4.66), and since Ls. > L; . — +00 as € — 0 by (4.63), one
infers that
sup (QE,L(ty,L,z) +|7757L(ty,L,x)\> —0 ase — 0.
YER, L2 L.z, 2€[0,4] e
Passing to the limit as ¢ — 0 in (4.92) and using the boundedness of 9t in R? (which itself
follows from standard elliptic estimates), one infers that

y+a/L cr T T
sup oL L/ <1—>d8+§ ; +y —or\C{++y),++ty)| =0
VR, L>Ls ., z€[0,4] < y c(s) L ( <L ) L )

=1/2

as € — 0. This together with Theorem 1.8 (i)-(ii) implies (4.89) (the proof is actually similar
to that of Step 2; therefore, we omit the details). Combining (4.84) and (4.89), we immediately
obtain that (1.17) holds in the case where x € [0, A].

It remains to consider the case where z € [—A, 0]. Clearly, the convergence (4.89) holds with =
replaced by A and by =+ A € [0, 4] as well. Since &- .1 1s independent of the variable z, it then

follows that
ot A A PHEAL o
(v 258 ~a (v ) -2 (1- %)
L L y+A/L C(S)

as € — 0. Replacing y by y + A/L, we obtain (1.17) in the case where x € [—A,0]. The proof of
Step 5 is thus compete.

—0

sup
yER, L>L5 o, 2€[—A,0]

Step 6: proof of the estimate (1.18). By (4.84) and the continuity of the map (L,y) — (r(y)
n [L,,4+00) xR and its 1-periodicity in y, in order to show (1.18), it suffices to prove the existence
of 1 € (0, 0] such that

S L/yy+./L <1 - Ci;) ds — (L (y + f)

38
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e€(0,e1),y€R, L>Ls5

< 4o0.  (4.93)
Lee([-L,L])




Consider any € € (0,e9], y € R, L > Ls., and x € [0,L]. Let t, 1, be as in (4.90). There
holds 0 < t, 1, < T and X, 1(ty 1) =z, since X;, 1 (17) = L > = and X, 1, is increasing. It is
also easily seen that the inequalities (4.91) remain valid. Moreover, by (4.60) and Remark 4.4,
we have 0 < ¢ 1(ty 1) < € and —Bs < 0. ,(T1) < 1o r(ty ) < 0, where B3 is a positive
constant independent of ¢, y, L and x. Then, by the continuity of the map ¢ : R> — (0,1) and
its 1-periodicity with respect to its second variable, there exist €1 € (0,e0] and k31 € (0,1/2) such

that y
y+x/L cr T
< L 1—-——=]d * — <1-
R1 > (Z)L ( /?; ( C(S)) S +§57y7L7 L +y> = K1

for all e € (0,e1], y € R, L > L5, and = € [0, L]. It further follows from Theorem 1.8 that there

exists By € [0, +00) such that
. I y+x/L . cr p 7
curt [ (1) e-a ()

This means that (4.93) holds true with [—L, L] replaced by [0, L].
Next, for any = € [—L, 0], we have x+ L € [0, L]. Since z — (1(z) and z — ¢(z) are 1-periodic,
it then follows from (4.94) and the formula 77, = L/c, that

&,n—CL (y + %) + L/yyﬂ/L <1 — Ci;) ds

y+(z+L)/L
= &y —C <y+sz) +L/ (1_%)) ds — (L — e Tr)
Y

- c(s

sup < By. (4.94)

e€(0,e1],y€R, L>Ls ., z€[0,L]

< By + ‘L — CLTL|,

for all e € (0,e1], y € R, L > Ls., and = € [-L,0]. By the conclusion of Step 3 and the
continuity of ¢; and T, with respect to L, the last quantity is then bounded uniformly with
respect to € € (0,e1], y € R, L > Ls ., and = € [—L,0]. Combining the above, we obtain (4.93),
hence (1.18) is proved. This ends the proof of Theorem 1.6. O

5 Appendix

The appendix is devoted to the proof of Proposition 4.1. The periodicity of the functions y — ¢(y)
and (&,y) — ¥(§,y) with respect to y follows easily from the assumption that a(y) and f(y,u)
are l-periodic in y and the fact that (¢(-,y),c(y)) is the unique solution to (1.9)-(1.10). Since
c(y) and fol f(y,u)du have the same sign, the assumption (A3) immediately implies that c(y) > 0
for all y € R. Moreover, it is well known (see e.g., [4]) that (£, y) is decreasing in & € R. Thus,
statement (i) of Proposition 4.1 is proved.

Now, we show statements (ii)-(iv) of Proposition 4.1. Let us first establish the continuity
of ¢(y) and ¥ (-, y) with respect to y, as stated in the following lemma.

Lemma 5.1. For any sequence (Yn)neny C R such that y, — yo as n — +oo for some yy € R,
we have c(yn) — c(yo) as n — +oo, and Y(-, yn) — ¥ (-, y0) in C2 (R) as n — +oo.

loc

Proof. The continuity of the speeds ¢(y) with respect to y could alternatively be derived from [30,
Proposition 2.3]. We here provide a short proof based on explicit estimates and we show with the
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same token the continuity of the functions ¢(-,y) in C?_(R) with respect to y. More precisely,
let us first show that the family (c(y))yer is bounded. Since the function y — fol fly,u)du is
positive, continuous and 1-periodic, and since f is bounded in R x [0, 1], there exists sy € (0,1)
such that foso f(y,u)du > 0 for all y € R. For each y € R, let &(y) be the unique real number
such that ¥(§0(y),y) = so. Then, integrating the first equation of (1.9) against 0¢9)(-,y) over
[€0(y), +00), we obtain

(0e¥(é0(y),y))* = a(zy) /OSO fly,w)du > 0.

Letting & (y) € R be such that 0¢v(&1(y),y) = minger Ogp(€,y) (such a & (y) exists since
O¢1p (00, y) = 0 and the function dge) (-, y) is negative and continuous), we get Jge10(&1(y),y) = 0.
Since ¥(&,y) is decreasing in £ € R and since ¢(y) > 0, it follows that

F,v(6),y) _ maxeer,uefo ) |f(@, )] maxeer uepy £ (2, vl
Oy(&ly)y) —  —0p(ély)y) T \/mjnw€R2a—1(x) I f,u)du

0<cly) =

Since the last quantity is a real number independent of y € R, this completes the proof of the
boundedness of (¢(y))yer.

Next, we show that c(y,) — c(yo) as n — 4o00. Due to the periodicity, we may assume,
without loss of generality, that (yn)nen C [0,1] and yo € [0,1]. Assume by contradiction that
c(yn) does not converge to c(yp) as n — +oo. Then, we can find some co, € [0,c] such that
Co 7 ¢(yo) and, up to extraction of some sequence, ¢(y,) — € as n — 400.

Remember that « — b(z) € (0,1) is the function given in (A1) such that f(x,b(x)) = 0 for
all x € R. Pick any g9 € (0,b(yo)). For each n € N| let z,, be the unique real number such that
U(2n, Yn) = 0. Writing 1, (&) = ¥ (€ + 2zp, yn), we obtain that 1, (§) is decreasing in £ € R and

a(yn)by + c(yYn)¥y + f(Yn,¥n) =0 in R,
0<vp<linR and 9,(0)=¢p.

By the standard elliptic estimates, we find a C?(R) nonincreasing function 0 < v, < 1 such that,
up to extraction of some subsequence, 1, — ¥ in 0120(;<R) as n — 400, and the function ¥
solves

a(y0)¢go + Coowéo + f(y07¢oo) =0 inR, and 77/}00(0) = €0-

By the strong maximum principle, we have 0 < 9o, < 1in R. Since 1), is nonincreasing, the limits
Yoo (£00) 1= limg_y 400 Yoo (§) exist and they are zeros of f(yo,-). Since 0 < 1s(0) = 9 < b(yo),
and since 0, 1, b(yo) are the only three zeros of f(yo, ), it is easily checked that 1o (+00) = 0
and that either 1)oo(—00) = 1 or ¥eo(—00) = b(yp). In other words, either Voo (x — coot) is a
traveling front of (1.8) with y = yo connecting 0 and 1, or it is a traveling front connecting 0
and b(yp). The former case is impossible, since the uniqueness of front speed of bistable traveling
front [4] would give coo = ¢(y0), a contradiction with our assumption ¢ # c(yo). The latter case
leads to a contradiction as well, since equation (1.8) (with y = yo) restricted to u € [0, b(yo)] is
of the monostable type and it is well known [4] that there exists a constant ¢* > 0 such that a
(nonincreasing) traveling front with speed ¢ connecting b(yo) and 0 exists if and only if ¢ < —c*.
This contradicts the fact that ¢, > 0. Therefore, c¢(y,) — c(yo) as n — +oo.

Finally, we also notice that, from the strong maximum principle applied to the nonpositive
function v, one has ¢, < 0 in R. Let then zo, € R be the unique point such that 1 (ze0, yo) =
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go- Then, by the uniqueness of traveling wave of (1.8) connecting 0 and 1, it is easily seen
from the above proof that the whole sequence (¥,)nen converges to ¥(- + 200, 90) in C7 (R) as
n — +oo. This implies in particular that z, — zo, as n — 400. Therefore, by the normalization
condition (1.10), we obtain ¢ (-,y,) — ¥(-,y0) in C3(R) as n — +oo. This ends the proof of
Lemma 5.1. O

We are now ready to give the

Proof of Proposition 4.1 (ii)-(iii). We first prove that (£, y) tends to its limits as £ — =£oo
uniformly in y € R. We only consider the convergence as & — 400, since the proof of the other one
is identical. Assume by contradiction that there exist &1 € (0,1) and a sequence (&, Yn)nen C R?
such that &, — +o0o0 as n — 400 and (&, yn) > €1 for each n € N. Due to the periodicity,
without loss of generality, we may assume that (y,)nen C [0, 1] and that y, — Yoo as n — +oo for
some Yoo € [0,1]. Let £ € R be the unique point such that ¥ ({0, Yoo) = €1/2. Since &, — +00
as n — 400, we have &, > &, for all large n, whence ({00, Yn) > V(En, yn) > €1, since Y (-, yp)
is decreasing in R. By Lemma 5.1, passing to the limit as n — +o00, we obtain ¥ (s, Yoo) = €1,
which is impossible. Therefore, ¥ (£, y) — 0 as £ — +oo uniformly in y € R.

Next, we show that ¥(&,y) decays to its limiting states as £ — 400 exponentially fast uni-
formly in y € R. We only give the proof of the first inequality of (4.55), since that of the second
one is analogous. Since ¥(§,y) — 0 as £ — +oo uniformly in y, there exists some M > 0 (in-
dependent of y) such that 0 < ¥(£,y) < dp for all £ > M and y € R, where dg € (0,1/2) is the
positive constant provided by (A2). Then, by the first line of (1.2), for each y € R, we have

a(y)Oeep(§,y) + c(y)0ep(§,y) — v (§,y) > 0 for all § > M.

Since the functions y — a(y) and y — c(y) are continuous (see Lemma 5.1), positive and 1-
periodic, we can choose a constant p; such that

_c(y) + V/A(y) + 4aly)
0<pu < 2(1615&1 2a(y) 0 .

It is then easily checked that a(y)(—p1)? + c(y) X (—p1) — 70 < 0 for all y € R. Define v(§) =
Cre™M& where Cy = dpet1M. Clearly, for each y € R, one has a(y)v” (&) + c(y)v'(€) — yov(€) <0
for all £ > M. Then, by the elliptic weak maximum principle, we obtain the first inequality
of (4.55). The second one can be proved in a similar way by using the second line of (1.2).
Finally, statement (iii) is an easy consequence of statements (i)-(ii) and the fact that ¢ : R? —
(0,1) is continuous in R? (due to Lemma 5.1). This ends the proof. O

Remark 5.2. Before proceeding with the proof of statement (iv), we collect some easy corollaries
of the estimate (4.55), which will be used frequently later. First of all, by (4.55) and standard

elliptic estimates applied to (1.9) and its derivative, we can find a constant Cy > 0 (independent
of y € R) such that

1T =Gyl z2((—oo0)) + 1G9 220,400y + 1060 0) 2wy < Ch (5.95)

for all y € R. Furthermore, for £ € R and y € R, letting

w*(£,y) = exp (ZE‘Z)) > XY (€, y), (5.96)
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one observes from the proof of (4.55) and standard elliptic estimates that there is a constant
Cy > 0 such that

|0 (&, y)| < Co min{e~ (CW)HVEW)I+H0aW)/CaWINE 11 for all (£, y) € R2. (5.97)

Therefore, w*(&,y) decays no slower than e M¢ as & — 400, where fiy is given by

- + v/ A(y) + 4v0a(y)
= mi > 0,
= ryn€1£ 2a(y)

and, as above, there is a constant Cs > 0 such that [w* () g2y < Cs for all y € R.

Now, we turn to the proof of statement (iv) of Proposition 4.1. The proof shares some
similarities with the proof of [18, Theorem 1.2] which established the existence of pulsating fronts
of (1.1) when L is small and the convergence of those fronts as L — 0 by using the implicit
function theorem (see also [36, Theorem 1.1] for the study of pulsating fronts in perforated
domains). Here, we will apply the implicit function theorem under a similar setting to show the
C*'-smoothness of the homogeneous fronts (¥(-, ), c(y)) with respect to y € R.

Let us first introduce a family of auxiliary operators. In the sequel, we fix a real number
B > 0. For any ¢ € R and y € R, we define

M.y (v) = a(yv” + cv' — pv for v € H*(R).

Clearly, each M., maps H%(R) into L?*(R). In the following lemma, we present some basic
properties of this operator.

Lemma 5.3. Fiz > 0. We have

(i) For any c € R and y € R, the operator M., : H*(R) — L?(R) is invertible. Furthermore,
for every A > 0, there exists a constant C' > 0 (depending on 8 and A, but independent
of y) such that for any c € [-A, A], y € R and g € L*(R),

1M (Dl 2@ < Cllgll2w)- (5.98)
(ii) For any g € L*(R), B B o
Me, y, (gn) = M,y (g) in HY(R) (5.99)

as n — 4oo for all sequences (gn)nen C L*(R), (cn)nen C R, (Yn)ner C R such that
lgn — 9llL2m) — 0, cn — ¢ and yn, — y as n — +00. Furthermore, the above convergence is
uniform in (g,c,y) € B4 X R for any A > 0, where B4 is the ball given by By = {(g,¢) €
L2(R) X R : [|g|l r2r) + || < A}

Proof. The proof of the invertibility of M., follows from similar arguments used in the proof
of [18, Lemma 3.1]; therefore, we omit the details. To obtain the estimate (5.98), let v = M.} (g).
Integrating M., (v) = g against v over R gives [, a(y)(v')? + Bv? = — [; gv, whence

N2 évz 1 2
Lat@r?+ 5 <5 [ g

This together with M. ,(v) = g implies that

1
vl 2m) < % ||9||L2 ®y V2@ < \/() 91l 2 (m)

I3 28 mingcg a(x
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and

" 1 62
< + .
[|v ||L2(R) = Mingeg a(z) 26 mingcg a(z) 1 ”g”LQ(R)

Thus, part (i) of Lemma 5.3 follows.

Next, we prove the convergence (5.99). For each n € N, let u,, = M, (gn) and u = M_}(g).
Let A > 0 be fixed and (g,¢,y) € Ba x R. Without loss of generality, we may assume that
(9n,Cnsyn) € Baa X R for all n € N. By the proof of (5.98), we have [|ullg2®) < Cillgllr2(r)

where C is a positive constant depending only on 8 and A. Notice that
Me, y, (un —u) = (a(yn) — a@))u” + (¢ = cn)u’ + (g0 — 9)

for all n € N. By the proof of (5.98) again, we find a positive constant Cy depending only on
and A such that ||un, — ull g2y < Call(a(yn) — a(y))u” + (cn — U’ + (gn — 9)|| L2(r), whence

ltn = ulliey < C1C2(max |a’'@)]) Iy = yllgllz2ce) + CrColen = clliglizze) + Callgn — gllr2(e).

for all n € N. This implies that (5.99) holds uniformly in (g,c,y) € B4 x R. The proof of
Lemma 5.3 is thus complete. O

In addition to 8 > 0, we also consider in the sequel an arbitrary real number yy. Now, for
any (v,c,y) € L(R) x R x R, we define

K(v,¢,y) : & = K(v,¢,9) () := a(y)9ec (€, yo) + cOgb(&, yo) + Bu(€) + [y, v(&) + ¥ (€, %0))-

Clearly, K(0,c(y0),y0)(€) = 0 for all £ € R, by (1.9). By Remark 5.2, we know that
Y(-,y0) € L*((0,+00)), 1 — (-, y0) € L*((—00,0)), and ey (-,y0) € H*(R). Moreover, since the
function f(x,u) satisfies (A1) and is globally Lipschitz continuous with respect to w uniformly
in x € R, it follows that the function & — f(y,v(€) + (&, yo)) belongs to L2(R). Therefore, for
any (v,¢,y) € L2(R) x R x R, we have K (v, c,y) € L?(R).

Now, for any (v, c,y) € H*(R) x R x R, we set G(v,c,y) = (G1,G2)(v, ¢,y) with

Gi(v,¢,y) = v+ Mgy (K(v,c,y)) and  Ga(v,c.y) = v(0).

It is easily seen from Lemma 5.3 (i) that the function G maps H?(R) x R x R into H?(R) x R.
Remember that (¢(-,y), c(y)) is the unique solution of (1.9)-(1.10). It is straightforward to check
that for any y € R, we have ¢(-,y) — (-, 50) € H?(R) by (5.95), and

G(Yﬁ(,y) - w('>y0)vc(y)7y) = (070)'

On the other hand, thanks to Lemma 5.3 (ii) and the assumption that the function f(x,u) is of
class O in (z,u) € R?, and f(x,u), d,f(x,u) are globally Lipschitz continuous in u uniformly in
x € R, by similar arguments to those used in the proof of [18, Lemma 3.4], one can check that the
function G : H?(R) x R x R — H?(R) x R is continuously Fréchet differentiable (the verification
is simpler in our case, since no singularity occurs) and that the derivatives are given by

ale (Ua ¢, y) (ﬁ) + 8CG1('U> ) y) (a + ayGl (’U, ) y) (@/) )

av,c, G(,chvy)(aa gvg) = ~
(vew) 0uGa(v, ¢, 1) (V) + BeGa(v, ¢, ) (@) + B, Ga(v, ¢, ) (7)
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for all (7,¢,7) € H2(R) x R x R, where
001 (v, ¢,y) (V) = U+ Mey [0uf(y, v + ¥(,90)) ¥ + 57],
0:Gir(v,0,9)(2) = — M {06 [Me ) (K (v,e,9) = (-, 30)] }-
0y G (v, c,y)(7) = —ﬂMc‘,;{a’(y)asg (M) (K (v, c,9) = (-, y0)] — 0uf (y,v + (., yo))}

and
G2 (v, ¢,y)(v) =0(0), 9cGa(v,c,y)(c) =0, IyGa(v,c,y)(y) =0.
We will apply the implicit function theorem for the function G : H*(R) x R xR — H?(R) x R
and show the C''-smoothness of the functions y + c(y) and y + (-, y) at y = yo. To do so, we
need the following lemma.

Lemma 5.4. The operator Qu, = 8(,,c)G(0,c(y0),y0) : H*(R) x R — H?*(R) x R is invertible.

Furthermore, there exists a constant C' > 0 independent of yo such that for any (g,d) € H*(R) xR,
HQ;OI@E)”HZ’(RVR < CH@,J)HH?(R)xR, (5.100)
where the space H*(R) x R is endowed with norm ||(g, CT)HHz(R)xR = 19l a2 (my + \d].

Proof. Let H be the linearization of (1.9) with respect to ¢ at (¢(+,y), c(y)) with y = yo. Namely,
we define

H() = a(yo)v” + c(yo)v' + 0uf(yo, ¥ (-, yo))v for v € HQ(R).

By [36], the operator H and the adjoint operator H*, given by H*(v) = a(yo)v” — e(yo)v" +
Ouf (o, ¥ (-,y0))v for v € H?(R), have algebraically simple eigenvalue 0. Moreover, the kernel
ker(H) is equal to RO¢ (-, yo) and ker(H*) is equal to Rw*, with w* := w*(-, yo) given by (5.96).
Moreover, it is also known from [36] that the range of H is closed in L?(R). Based on these
properties, one can conclude that the operator @, : H?(R) x R — H%(R) x R is invertible. The
proof follows the same lines as those used in [18, Lemma 3.4] and [36, Lemma 2.4]; therefore, we
do not repeat the details here.

Next, we show the estimate (5.100) (with a constant C' independent of yg). To do so, by
linearity, it is sufficient to show that

sup ”Q;Ol(@ d) || g2r)xr < +00,
yOERv (g’d)es

where S := {(§,d) € HX(R) x R : ||(7, d)||m2myxr = 1}. For any yo € R and (,d) € S, set

(v,¢0) = Qy_ol (g,d) and w = v — g. It then follows from the definition of @y, that

w = _MC_(:'io),yo [8“f(y07 ¥(-90)) v+ ’85] o ’CVMC_(Z;O)vyo [851#(" yo)]’

whence, owing to the definition of H,

H(w) = —0uf(yo,%(-,%0)) g — Bg — 0y (-, yo)-

Testing this equation with w*(+,y9) € ker(H*) (which is given by (5.96)), we obtain
e [ Bevte,m) w (€. w0)ds =~ [ [Duf (0, (& 1)) ) + BT (€, 0)
R R
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From Remark 5.2, the map y — [, 0:0(&, y)w*(§,y)d€ is positive, periodic, continuous in R,
and [[w*(-,y)[|L2(r) is bounded uniformly in y € R. Therefore, there is a constant C; > 0

(independent of yg € R and (g,d) € S) such that
el < Crllgll 2wy < Ch. (5.101)

It remains to estimate [|0]|g2r). Let w = wi + w2, where w; is orthogonal to d¢1(-,yo)
in L?(R) and wy € RIet)(-, yo). Since wy € Ker(H), we have

H(@h) = H(@) = —0uf (4o, b 10)) T — 57 — Geth (-, yo)-
We first claim that ||w1 || f2(g) is bounded uniformly with respect to yo € R and (g, d) € S. Assume
by contradiction that this is not true. Then, thanks to (5.101) and the 1-periodicity with respect
to o, there exist a sequence (yp)nen C [0, 1], a sequence (gn, dn)nen C S, a bounded sequence
(¢n)nen C R and a sequence of (pn)nen € H?(R) with [|pp|f2r) — +00 as n — +oco such that p,
is orthogonal to 0¢9(-, yn) for each n € N and

H,(pn) = a(yn)pg + C(yn)p;z + Ouf Yn> V(- Yn))Pn = —O0uf (Yns ¥ (-, Yn)) Gn — Bgn — Enaﬂz)(‘a Yn)-
For each n € N, writing

_auf(yna@b('vyn)) Gn — Bgn — 5n8§¢('vyn)

and g, = )
" ||Pn||L2(1R)

- P
Hpn”L2(R)

an

we have ||gn||L2r) — 0 asn — +o00 by (5.95), and Mcy,).y,. (@) = —0uf (Yn, ¥, Yn)) @n—BGn+gn
is uniformly bounded in L?(R). Up to extraction of a sequence, we can assume that i, — v €
[0,1] as n — +oo. It follows from Lemma 5.3 and the boundedness of the sequence (¢(yn))nen that
the sequence (¢, )nen is bounded in H?(R). Hence, up to extraction of another subsequence, the
sequence (gn)nen converges in H?(R) weakly and in C} _(R) to some g, € H?(R). This implies
that a(y.)q) + c(y«)ds + Ouf(Ys, ¥ (-, y«))g« = 0. Furthermore, g, is orthogonal to ¢ (-, y«)
in L?(R), by (5.97) and Lemma 5.1. As a consequence, g, = 0.

Therefore, g, — 0 in C} (R), hence in L? (R), as n — +00,. In order to get a contradic-
tion, we further show that this convergence holds in L?*(R). Indeed, by Proposition 4.1 (ii)
and the assumption (A2), there exists a constant M’ > 0 (independent of n € N) such
that Oy f(Yn, V(& yn)) < —0/2 for all £ € (—oco,—M'| U [M',+0) and n € N. Integrating
the equation H,(q,) = gn against ¢, over (M’ 400), we get

00 +o00
~alm) [ TGO+ [0 b n RO 0 asn s .

M/

This implies in particular that ||gnllz2(a400)) — 0 as n — +oo. The same analysis
over (—oo, —M") gives ||qnl|12((—0o,—mry) — 0 as n — +oo. Finally, the sequence (¢n)nen tends
to 0 in L?(R), which is a contradiction with the fact that gnllr2(r) = 1 for each n € N. We can

thus conclude that [[w1][z2(r) is bounded uniformly with respect to yo € R and (g,d) € S.

Furthermore, since M) 4, (w1) = —0uf (Yo, % (-, y0)) (w1 + g) — B(wr + g) — cO(-, y0), it
follows from (5.95), (5.101) and Lemma 5.3, together with the bondedness of c(y) with respect
to yo € R, that there exists a positive constant Cy (independent of yo and (g,d) € S) such that

@11 2 () < Co. (5.102)
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By the Sobolev inequality, maxger |w1(§)| < Csllw1]|gz@m) < C3Cy for some constant C3 > 0
independent of yo and (g,d) € S. In particular, we have |w;(0)] < C3C;. Similarly, we have
19(0)] < C319]| 2 ®) < (3. Finally, remembering that v(0) = d € [—1,1] and v—g = w = w; +wo,
we have wg( ) = d—§(0) — @1 (0). This together with Proposition 4.1 (iii), (1.10), (5.95) and the
fact that wy € ROg1)(-, yo) implies that

w02 2 (r)

=|=—||0 <C
oot sl < €
for some constant Cy > 0 independent of yg and (5, d) € S. Combining this with (5.101)-(5.102)
and the fact that U = @ 4 g, we obtain that [|Q, (7, )HHz «r < C5 for some constant C5 > 0

independent of yo and (g, d) € S. This completes the proof of Lemma 5.4. O
Based on the above preparations, we are now ready to complete the

Proof of Proposition 4.1 (iv). For any yp € R, we define

T(y) = (¥(,y) —¥(,90),c(y)) fory eR.

Clearly, T maps R into H?(R) x R, and G(T(y),y) = (0,0) for all y € R, by (1.9) and the
definitions of 7" and G. Applying the implicit function theorem to the function G : H?(R) x
R x R — H?(R) x R, one infers that, for each yo € R, there is § > 0 such that the function
T : (yo — 6,90 +6) — H?*R) x R is continuously Fréchet differentiable, namely of class C!.
Denote the derivative operator at y € (yo — 6,50 + ) by A, : R — H?*(R) x R. Thus, the
function y — A, is continuous from (yo — 8,30 + ) to L(R, H*(R) x R). At y = yo, we have

Ay () = —Qy (9,G(0, c(y0),50) (7)) for every € R, that is,

Ao () = =5 Q" (Mh) o (6 W0) D, 0) + B2 f (0,0, 90))) ,0)

Since the function f is of class C'! in R? and satisfies (A1), it follows from (5.95) that there exists
a constant C; > 0 independent of yo such that [|a’(y0)O¢et (-, vo0) + Ou f (Y0, ¥ (- y0)) |l L2(m) < C1.
Remember that the periodic function yo — ¢(yo) is bounded by Lemma 5.1. Then, by Lemmas 5.3
and 5.4, we find a constant C > 0, independent of yo € R, such that [[Ay, (¥)||m2@)xr < C2|Yl
for all y € R, that is,

[ Ayo I 2 () xr < C2, (5.103)
where we identify Ay, € L(R, H?(R) x R) to an element of H(R) x R, with a slight abuse of

notation.
On the other hand, notice that, for each yg € R,

T(yo +y) — T(yo) = (W(-, 90 +¥) — (-, 90), c(yo + ¥) — c(yo)) = Ayoy + w(yo,y) for all y € R,
where w(yo, y) € H*(R) x R satisfies [|w(yo, )| r2w)xr = o([7]) as § — 0. Hence, for each yo € R,

H( yo+@) ey C(yo+@—c<y0>> A, 0 asT250. (5.104)
Yy H2(R)xR

Writing A, = (A;O,Aio) € H%*(R) x R for each yg € R, we see from (5.104) and the pre-
vious paragraph that the functions yo — c(yo) and yo — ¥(-,90) are of class C' in R with
derivatives 0,¢ (-, y0) = A;O and (yo) = AZO at each yp € R. It further follows from (5.103)
that [|0,Y(, yo) | g2w) < C2 for all yo € R, with C independent of yo. Using the Sobolev inequa-
lity, we immediately obtain (4.56). Finally, by standard elliptic estimates and Lemma 5.1, the

function (£,y) — (&, y) is of class Cgf;(RQ). This completes the proof of Proposition 4.1. O
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