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Précisé Asymptotics for the Complété Moment
Convergence : The General Case

Mohamed ATLAGH *

Abstract: Let (X,Xi,i>l) be a sequence of i.i.d. random variables. Let f be a différentiable function, 0</(æ)îoo
and g be a one to one function, 0<g(x)|oo with g-1 différentiable and regularly varying at infinity with index A>0.
We achieve a general law of précisé asymptotics of complété moment convergence. We give, in an adéquate way, a

generalization and extension of Lin and Liu’s results [13]. Under optimal moment conditions, we give, for ail p>0, a

précisé asymptotics of: l/g_1(i)^ > f'(n) e| |PI{|Sn|>eg(/(n)))}.
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1 Introduction:

Throughout this paper, let (X,Xi,i > 1) be a sequence of i.i.d. random variables and Sn =
For ail increasing positive fonctions K and positive fonctions H, we associate the

functional defined for ail e > 0, by

v{e) = Y] H(n) , (1.1)
n>l

where I is the indicator function. The complété convergence of the partial sums of r.v. studies
under certain conditions on the moments, the expectation convergence of i/(e), i.e.:

Eu(e) = Y^H(n) P {l'S'nl > e-\/nK(n)J < 00. (1.2)
n>l

It was Hsu and Robbins [12] who introduced this notion. They proved that (1.2) occurs for
ail e > 0 if, and only if EX = 0 and EX2 < 00 when H{n) — 1 and K{n) = y/n, n > 1.
Baum and Katz [1] hâve generalized this resuit for the case H(n) = nr~p, K(n) = n1/p_1/2with
n>l, l<p<r and r >2. They proved that (1.2) occurs for ail e > 0 if, and only if EX = 0
and E|X|rp < 00. Davis [6] has extended this resuit to the case when H is non polynomial,
H(n) = ln(n)/n and K{n) = \/hin, n > 1. In the last few years, many authors hâve given
précisé asymptotics of Ep(e) when e j 0 (cf [4], [8], [9], [14]).
For ail n > no fixed, put G{n) — H(n)/y/nK(n) and define, for ail e > 0 and p > 0:

/OO tp~lEv{t)dt = J2 G(n) E[|5n|pti (eyftiK{n))p]+. (1.3)
n>n0
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Chow [5] has introduced the complété moment convergence by studying L(e, 1) with yfnK(ri) =

na, a > 1/2 and G(ri) = na^q~y~2, q > 1. Lin and Liu [13] gave a précisé asymptotics for
L(e,p), 0 < p < 2, when £ J, 0 in the case G(n) = 1/n2 and K(ri) = y/n. For p = 2, they
examined L(e, 2) when e j 0 in the case G{n) — ln<5~1(n)/n2,0 < S < 1 (resp. G(n) = 1/n2),
n > 1 and K(ri) = \/ln n (resp. K(ri) = y/n), n > 1. Their results are the following:

Theorem A (Lin, Liu, [13]): Let 0 < p < 2 The moment conditions

EX = 0, EX2 = a2 < oo (1.4)

are équivalent to

lim e2_p H EjS'n|pI(|S'n| > en) = —^—. (1.5)
e- o ^ n? ■ ' 2-p

n> 1

Theorem B (Lin, Liu, [13]): The moment conditions

EX = 0, EX2 = a2 < oo and EX2 ln(|X| V e) < oo (1.6)

are équivalent to

lim VH E|5„|2I(|5n| I en) = 2a2,o ln(-) ^ nz '
n>l

and, for 0 < ô < 1,
EX = 0, EX2 = a2 and EX2 ln5(|X| V e) < oo

are équivalent to

Hn 1 r. —2*5+2
lim e25 VI—■ E|,Sn|2I(|5n| 9 eVrünn) = —^E|iV(0,1)|25+2.e—>0 nz à '

n> 1

(1.7)

(1.8)

(1.9)

In this work, we extend and generalize theorems A and B by giving précisé asymptotics, for
a large class of functions G and H of L(e,p), 0 < p < oo, when the random variable X satisfies
certain moment conditions.

During the writing of the paper, I learned about the paper written by Y. Zhang, X. Yang
and Z. Dong ([7]). The authors of that paper dealt with sufficient conditions to get the précisé
asymptotics of L(e, 2) and in two particular cases of the normalizer’s term. Our results, as seen
in the sequel, generalize theirs ([7], Theorem 2.1). We note though, for p > 2, the hypothesis of
aforementioned paper [7] is never valid.
Throughout, log0(a:) = x, log^æ) = log(x) = ln(x V e), and for n > 2, logn(x) = logn_1(log(x)),
N = N(0,1) is the standard normal r.v. Let [x] dénoté the largest integer < x, no > 0 a fixed
integer and C dénotés positive constants, possibly varying from place to place.
2 Main results :

In the following, / and g are two increasing positive functions defined on R+such that:
(a) lim /(x) = oo and / is différentiable.

X—>00

(b) lim g(x) = oo, g is one to one function with différentiable inverse function <?-1which is
X—>00

regularly varying, with index A > 0.
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(c) For ail a > 0, there exists C > 0 such that: lim ^ < C.
X-^OO y/X

Let h a function defined, for ail n > no, by : h(y/ng(f(n))) = n, extended to R+ by linear
interpolating. The function h is strictly increasing, bijective and satisfying h(y/n) <n< h(n) for
n large enough.
We will prove the following theorems: Let g(x) = x*, x > 0,

Theorem 1: Let À > 2 — p, 0 < p < 2. The following propositions are équivalent:

EX = 0, EX2 = a2 < oo and EX2(/ o h)1^(|X|) < oo

® E BE
n>no

IM=”iü

(2.1)

(2.2)

Remark 2.0 For x large enough, / o h(x) = xx/h 2 (x). The condition (2.1) is équivalent to

EX = 0, EX2 = a2 < 00 and E {\X\x+p/h^{\X\) \ < 00.

Corollary 1: For 0 < p < 2, we hâve :

EX = 0 and EX2 = a2 < 00 4=4» lim e2 p ^ f'(n) E
n>n0

Sn
y/n l(\Sn\>ey/nf*-p(n))

This generalizes Theorem A, which one can find by taking /(n) = n1 p'2, n > 1. If p — 0, we
obtain a resuit which is similar to that of Heyde [11]:

EX = 0, EX2 = <t2 < 00 limeA ^ f(n) P jlS'nl > £y/nfJ(n)j = crA E|iV|A (A > 2).
n>no

Let s > 0 such that 1/s > p > 0. In Theorem 1, for A = 1/s-p > 2 and let fy a function defined,
for ail n > no, by : /(n) = /1-ps(n), we obtain the resuit of [7] with the best moment conditions.
Let / and g satisfying conditions (a), (6), and (c). We hâve:

Theorem 2: For p > 2 and A > 0, the following propositions are équivalent:

EX = 0, EX2 = a2 < 00 and E|X|P / 0 h{|X|) < 00 (2.1)'

lim
PB E

n>no

m
nP/2

Ef|5„ (e\/npo/(n))p] =
ppBÊiMSm
A + p

E|iV|" (2.2)'

Remark 2.1 The condition (b) above implies the existence of a slowly varying function at infinity,
L, such that: g~1(x) = xxL(x)(x > 0). The condition (c) provides the connection between / and
g and is in fact équivalent, for x large enough, to /(x) < Cg~1(y/x) = Cxx'2L(y/x).
Remark 2.2 For b > 0 such that f(x)log~b(x)(x > 0) is decreasing, the moment condition
EX2(foh)1 ^(|X|) < 00 (resp. E|X|p/o/i(|X|) < 00) is équivalent to EX2/1 ^(|X|) < 00
(resp. E|X|P/(|X|) < oo).
Remark 2.3 For x large enough, / 0 h(x) = g~1(x/y/h(x)) < p_1(x) and x^—^ j < 1.
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Remark 2.4 One has lim£^0 /o/i(|X|/e)/g HV6) < 1, if A = 0 and the limit equals 0, if A > 0.
The following propositions will allow us to deduce the results of Lin and Liu [13] as particular
cases of ours:

case 1: Let e\(x) = ex, and for k > 2, ek(x) = ek-i(ex). We assume that for n > no,

/(n) < C\ogk(y/n). The condition (c) is then satisfied for g(n) = ek(n) and we hâve the
following proposition:

Proposition 1: Let p > 2. For any k> 1, the moment conditions :

EX 10, EX2 = a2 < oo and E|X|P/(|X|) < oo,

are équivalent to

lim
£—►()

1

logfc(J) £ /'(") E|
n>no

Sn
y/n I{|5„| > £y/nek{f(n))}} apE|lV|p. (2.3)

Observe that if /(n) = logfe y/n or logfe_1 y/ïôgn then (2.1)' is équivalent to

EX = 0, EX2 = a2 < oo and E|X|P logfc |X| < oo,

it follows the corollaries:

Corollary 2: Forp> 2, we hâve the following equivalencies:

(2.4) ^ lhn £

lim

0h^)ntOnïïUh^
l \ ^

BriH

E

nfe—2 1/ A—~—\
_ j—0 °gj (VlQgn) E

^ ny/logn

I{|Sn| > en} J 2apE|iV|p,

^
I{l'S’n| > ey/n\ogn} =

(2.4)

k>l,

2apE|IV|p, k > 2.

For p = 2, the first équivalence generalizés the first resuit of Theorem B and extends it to the
case p > 2, and the second spreads the équivalence (1.8) <*=£■ (1.9) to the case 5 = 0 and p > 2.
In that case, the change of the normalizing term seems to be necessary and we hâve, for p = 2:
lim -—yjT- T ——— E|5lJ2I{|5'n| > £y/n\ogn\ = a2 if and only if, EX = 0, EX2 = cr2
e-°log(J)n^orc2log(n)
and EX2 log log |X| < oo.
Let k = 1 and f\ a function defined, for ail n > ni, by : /i(n) = e2^n\ Proposition 1 gives, for
p — 2, the resuit of [7], with necessary and sufficient conditions:

Corollary 3: The moment conditions: EX = 0, EX2 = cr2 and EX2log|X| < oo occur if
and only if,

KmÆtSJÊStK
£->° log(-) ^ /i(n)

Sn
I{|S„| > £y/nfi{n)} = 2<r2.

case 2: We define for n > 1, g(n) = n1^. Condition (c) imposes that, for n > no, /(n) < Cr/'2.
In this case we hâve the following resuit:
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Proposition 2: The moment conditions (2.1)' are équivalent to

lim/ Y, m E 4 > ^/*W} = p>2. (2.5)
n>no

:t us point out that Proposition 2 is a natural extension of Theorem 1 to the case p > 2:
Corollary 4: For A >0, p >0 and \ + p>2, the following propositions are équivalent:

EX = 0, EX' = ol < oo and E\X\x+p/h^[\X\) < oo.

lim/ Y, /» E 4 "l{|S„l >eV5/*(n)} = <rH’‘E\N\x+t.
n>no v

it k > 0. For À=2(5 > 0, we put for any n > 1, f(n) = log5k n. Then (2.1)' becomes

EX = 0, EX2 = o2 and EX2 logafc |X| < oo.
2 i ,<5 (2.6)

om this follows a generalization and an extension of the équivalence (1.8) (1.9); the condi-
>n S < 1 is not necessary:

Corollary 5: The moment conditions (2.6)) are équivalent to

lim P T ^4—EIl SKI511
7

( -> 0.2<5+p
I jl^nl > ev/«ïôg^rî} = —E|iV|2 , <5>0, p>2. (2.7)

Proof of Theorem 1 and Theorem 2 : We only discuss the case p>0, because for p=0,

El&TOW > £\/ng{f(n))) = P(|5„| > ey/ng(f(n))).
ithout loss of generality, we assume a2 = 1. We hâve:

E|5n|pl(|<Sn| >ey/ng(f(n)))
°n2gp(f(n))P {\Sn\ > ey/ng{f(n))} +

îen E[|S„|»-(eVS9(/(n))r]+=/,
(ey/ng{f{n)))P

„ P{|S„pX}Æ.

P{|5n|P>t}dt.

+ J{e\/ng{f{n)))

J(e) âM^ê E[|S„|” - (eVüg(f(nW

= E fM
P{\Sn\p>t}dt

n>n0 W2 ^(eV^9(/W))p
nOO

^2 nS / pip-1P{|Sn| > ty/n}dt.
L&i Jeg(f{n))

(3.0)

n>n

A- Direct part of Theorems 1 and 2: We hâve to prove that if (2.1) ( or (2.1)') occurs,
en:

1 '

- P T?\ AH*+Plim —fMm = —^-—E|iV|;
-«rH*) P + A 1 1 (3.1)
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Assume then for 0<p<2 (resp. p>2), that (2.1) (resp. (2.1)') is satisfied. We prove équation
(3.1) in two steps. At first, we establish it for the normal case, then we extend it to the general
case. The following propositions will help us to reach the conclusion.

Proposition 3: We hâve:
11 /*°° „

-^£;'(n)Lrlp{|N|'tl4=^|Nr-
Proof of proposition 3 : We hâve:

1 r°°
B 0-l/g-n E ÜNI11dt^ Jeg(f(n))

1 POO 1*00
rr=-J j»fp_1p {|n| > tjdtdxl£ ) Jnn Jeot ftx))

(3.2)

= lim —

£-> o </'

= lim

JegUi.*))

p + A

oo-itpïï / ® B*)) / <ilp{lNl H H9 (E ) Jeg(f(n0)) Jz
O

p£î>+À-ip ||]\j| > i} dt (because g~mis regularly varying)

E|N|p+\
Let M > 1 and, for ail e > 0, put d(e) = /"B(p 1((M/e))). Then lim d(e) = oo.e—>0

Proposition 4: We hâve:
1 r00

lim»^ïr=n E/» / pf-1|P{|S„|> iVi)}-P{|N|> f}|Æ = 0. (3.3)
n>no 4K/(n))

The proof of this proposition will obviously follow from the following Lemmas 1 and 3:
Lemma 1: We hâve:

1 W£)] ,00

lim^îT^nE/»/ ptp_1|P {|S„| > <Vn} -P{|N| > f}|<# = 0. (3.4)£_*° 9 (£ ln=no 4h/(n))
Proof of Lemma 1:
Put An j supn>0|P {IS'nl > ty/n} - P {|N| > t}\. Then, by taking t = (z + e)g(f(n)), we hâve:

pf-1^ {\Sn\> ty/fi] - P {\N\> t}\dt
eg(f{n))

nOO

Ifl / i>(Z + er1|P{|S„|> (z + e)\Æ9(/(n))}-P{|N|> (z + e)j(/(n))}|<fe
./O

< Tn i + Tn2 + Tn3
where

îhi = /(/(«))

T„2 = /(/("))

T„s = /(/(«))

riM/M)A‘/2p

l/ff(/(n))Anl/2p

b/S(/(n))Ay2p

> (2 + e)Vnp(/(n))}-V,((^ + eM/(w)))|^,

p(z + e)p-1P {|Sn| > (2 + e)V«5(/(n))} ^ and

p(* + e)p~ V((z T £)9{f{n))) dz.
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This gives

r„i </(/(»))
J 0

Igp(f{n))\

,l/g(f(n))A1n/2p
p(z + e)p i-Andz

1 >p
+ £

,g{f(n))A1n/2p
< (Aj/2p + MAj/p)p.

The last inequality is due to the fact that, if n < d(e) then eg(f(n)) < M.
For Tn3, by Markov’s inequality, we hâve:

Tn3 <
P dz

92{fin)) Jl/g{f{n))A1n/2p {z + sf

292{f{n))
pA i/p

1/2PN2 - 2
?Al/p.

2(1 + eg(f(n))A

By the CLT, and for any continues function H, we hâve: limJT(An) = 0. This implies

U

n—KX)

[d(e)]

i?HIjaMIMii /,(B)ff(A")=a
Since g 1 is regularly varying with index À > 0, we hâve:

[d(e)] 1 [<*(e)l
HP(FÎ) E rw*(A~)=1 £H$4=°- (3-5)

Then lim1 —Î7 nTnl = lim ,Jn3 I 0.
[d(Ê)l

To get (3.4), it remains to prove that lim —1. Y'' f'(n)Tn2 — 0. For this, we will use the
e—>0 0 1 (£: 1) '

f v | n=no

following lemma due to Spàtaru [14]:
Lemma 2: Lef 1 < 7 < 2. Suppose that E|X|7 < 00. For ail x,y> 0, we hâve:

P{\Sn\>x)<nF{\X\>y) + 2nx/y

Then, we hâve : Tn2 < T'n2 + T"2, where

pOO

T:2<Cgp(f(n))

eE|Jp
7-1

x/y

f p(7+f;‘ dz < c I cæ„
l/S(/(n))AÎl/2p (^ + e)VP(/(«))

and

T'n2 =Pngp{f{n))
'l/S(/(n))Ay2p

+ e)p-1P {pl-X'l > {z + e)y/ng{f{n))} dz.
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According to (3.5), lim = 0- On the other hand,

Tn2<pngp{f{n))E / {z + e)p fl{p|3f| > {z + e)Vng{f{n))} dz
\ p|X|

, , ^ , 1 p\X\ [ ViïgUW)
<n/(/(n))E i; — < I 1

< ngp{f{n))E

g(f(n))An2p yfiMn)) J Ji/9(f(n)K/2p
1

d(z ■(■ £)

( pW
\Vng{f{n))

p

+ £| - + s

,g{f(n))A1n/2p
< n1_p/2E (p|X| + ey/ng{f(n)))p I |>/n < p|A|Ai/2pJ
<nl-pl2lü(v\X\ + M^[nfl{^< 2p\X\)
<Cn1-p/2E\X\pl{y/^i< 2p\X\} <E\X\2l{yfd< 2p\X\} ,

lWn<

[d(e)]

Using Toeplitz’ lemma [10], we obtain: lim . - X f'(n)T'n2 = 0. Lemma 1 is then proved.e->0 9 l£ j n=no

Lemma 3: We hâve:

1 r°°
MB Y /»/ <-1|P{|S„|>t,Æ}-P{|N|>i}|<i( = 0. (3.6)~'°s <e >»>W01+i W»

Proof of Lemma 3: Let

/OO pf',_I|P{N>f^}-P{|N|>f}|<ii
«ppp -s(/(n))

pOO
^4 XI f(n)9P{f(n)) Piz + eY^^Sn]^ {z + £)y/ng{f{n))} dz and

n>[d(e)]+l ,/0
poo

T'l := X f(n)9P(f(n)) P{z + e)p^-P{\N\> (z + £)g{f{n))} dz.
n>[d(e)]+l 0

Taking t = (z + £)^/ng(f(n)), we obtain: T4 < Ï4 + T4.
Let 6 > A be fixed. Markov inequality gives:

/o (* + £)*+1n<c y /'www)]-*

<c E 4#(/lill
n>[d(e)]+l

poo
< Ce-» / MWMm

Jd(e)

<C£ 6 y 9(g 1)'{y)dy, by putting y = g(f(t)).
JM/e
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Since the function g is regularly varying at infmity with index A > 0, there exists C > 0 such
that ([2],Theorem 1.7.2.):

y~\fl)\y) < Cy-Q-lg-\y). (3.7)
The previous inequality becomes

/ wWSrn
JM/e

P 00
'<c msœfëm

JM £

By the monotonous convergence theorem we hâve:
mmm

lim limsup—B—j-T'J < C lim limsup y
eX0 eV ^(i)

H

<C lim Mx~e = 0 (À <
M—>00

hâve for K > 0:

Cn*

It remains to prove that lim ————Tl — 0. By Lemma 2, we
e->o <?-1(£_1)

p{|5„|> (, + £)^(/(n))}<np{m> +
Then T[ < T4(1) + T4(2), with:

9 = e «/'(")/(/(«» H+■l{w > } *
and

n>[d(£)]+l

i(2)

/O

îf = c E fW~2K(f(«))
n>[d(e)]+l

dz

/o (z + ff)2^1

1
To prove lim —77——T; — 0, we need the following lemma:

e-o5-i(e-i)
Lemma 4: There exist Ci, C2 > 0 such that:

k

cik2 {'(mm) < e »/'(")/(/(«)) < c2k2 nkwum.
n=no

ProofofLemma /: Conditions (b) and (c) (see Remark 2.1 also) imply that there exists /3 > À/2+1
such that x1~l3f(x)gp(f(x)) is decreasing. Then we hâve :

E «/'(»)/(/(")) > k^rwmk)) E»^
n=n0 n=n0 '

There exists 0 < 7 < 1/2 such that x1+1f(x)gp(f(x)) is increasing and we hâve:

E «/WW«)) < k^fwum e tt < 2ki^f(kW(mk1-’
Wmnwüm



16

Therefore, Lemma 4 is proved.
Let (f)(x) = x2-p/2f'(x). We hâve:

T^=P E
n>[d(e)]+l 0

IÜ< CE Y, nf{n)9p{f(n)) / -11 \ Vng{f{n)) <
n>[d(e)]+l 6

< CE / ^ 1 £ nf{n)gp{f{n)) Y1 j* < hJe
n>[d(e)]+l i>n ^

2

m
But

Y nf(.n)9p(f(n))Yl[l 1 < /:+ *}
= Y ï|i< h(~~sj<i+l} Y ^(^(/w)

n>[d(e)]+l

Z>[d(e)]+1 n=[<Z(e)]-fl

<c E i2/'(%’’(/(i))i{i<'*(®)<i + i
(>[d(e)]+l

It follows that

r4(1) < ce

< CE

<C

rK\X\/h 1(d(e)) jfp\y\p

rK\X\/h-\d{e))

Hbi■

since eh 1{d(e)) = My/d(e). Putting y = inequality (3.8) gives, for ail e > 0:

T4(1) < CKPE\X\P ( 1 !/} ^l{K\X\ > Mvaie
ffiiü I

< CK<,E\X\rJ yl-^f'(y)l\K\X\ > MÆ
Case : p>2. According to (2.1)/, the inequality (3.9) gives for ail e > 0:

T4(1) < CKp{d{e)Ÿ-p/2 E\X\pf o h{K\X\/e)l [k\X\ > M^d(i)}
FP~ 2

< C—~—rEl-Xl^/ 1~

Mp~2 j e) > < oo.

(3.8)

(3.9)

As previously (Remark 2.4), this allows us to obtain lim ——r^p- TY = 0.e">0—
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Case : p<2. In this case, for x>0, we put g(x) = x^x, A >2-p. By (2.1) and the définition
of the function h, the inequality (3.9) gives, for ail e > 0 :

T4(1) <CE\Xf [h1-"l,‘(K\X\le)(foh)(K\X\/e)\l[K\X\ >
(/o/>)(A-|X|/e)< Cev~lE|X| (gofohf-p(K\X\/e)

< Cep~2E\X\2{f o h)1-2? (K\X\/e)l

:{k\x\
£) 1 < 00.

By Remark 2.3:
1 r(l) < ea+p-2E|X|2(/ oh)i-^ (Km/e)l

= E\X\x+ph~^~
1

we deduce: lim —T;1 = 0.
Fl’w

On the other hand,
p00

ïf=c y, /'(«)/"“(/(»)) /
n>[d(e)]+l

<æ-2K Y fW~2KU(n))
n>[(i(e)]+l

dz

(2 + e) 2K-p+l

< Cep~2K / f(y)9p-2K(f(y))dy
Jd{e)

r00 R t
= C'e_1 / f“2JC(5_1)'(-)dt, by putting t = eg{f(y))

IM

<C by(3.7).
7m e

The assumption on the function g"1 gives, for M large enough and for t>M: g~\~) <tAg_1 (-).£ £'

Thenl/g-^-)^<CMp+x~2K. Takingif >(p+A)/2, weobtain lim limsupl/^f-jîf^O,£
. M-»oo e\^o £

and Lemma 3 follows.

Combining (3.2) and (3.3), the direct part of Theorem 2 is then proven. To get the direct part of
Theorem 1, it remains to prove :

lim eA+p Y f{n)f^(n) p{|Sn| > £\/n/s(n)j = E|AT|a+p.
n>no

A + p

But,

Jim ex+p Y f'in)f "(n) p {\sn\ > £Vng{f{n))}
n>no

A

A + p e-»0
lim £A+p Y {f^)\n) p {\Sn\ > £\/n(/

n>no

‘^(n)

Acta+p
A+p E|1V|A+P.

(3.10)
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The last limit is deduced from ([4],Theorem 1), and we are done.
B- Proof of the inverse part of Theorems 1 and 2: We assume then (2.21 »

Let us first prove that E|X|2 < oo. Let (Y,Yi,i > 1) be a symmetrized sequence of (y v ,• x i\
and put Sn{Y) = ELi We have: ^ j

ptp :P {|Sn(F)| > ty/n) dt < 2J(e)

where J(e) is defined in (3.0). This implies, by (3.1):

ümsup ' T /'(n)E[|S„(y)|>'-(£v^s(/W))p]+<
«-» S'

^E|AT|A+p
p + A

(3.11)

For M > 0, we define Z = Y1{\Y\< M}, Zn = F„I{|yn| < M} and S„(Z) = Zk. By (3.1)
and the triangular inequality we have:

limsup * Y f'(n)E[\Sn{Z)\p - {ey/ng(f(n)))p]
«-0 » p„p

< ümsup ^ fmm - (£y/ng(f{n)))p] + (3<12)
e-1 0 9 \eJ n>nQ

< hEkIH
~

p + A 1 1

By a similar way to the direct part of the proof, for \Z\ < M, we have:

limsup * Y f\n)E[\Sn{Z)\p - {eVng{f{n)))p] —E|AT|a+p.H mmmo p+
It follows that Var(Z) < 4cr^+p. As Y is symmetric, taking M to infinity, we get: EF2 < 4aA+2-
and then, EX2 < oo.

g
Suppose X is not centred. By the strong law of large numbers, almost surely lim —^ = EX =

n-»oo n

p ^ 0. This implies that lim P{> -1 = 1. But, according to (c), for ail 8 > 0 there
«-it» { n 2 J ’

exists an integer no such that: for ail n > no

I&.I, <q. P f
n ^ 2

py/n <P
1 \/ng{f{n)) > 2g{f(n))

Then, for ail 0 < e < pd/2, lim P {\Sn\ > £y/ng(f{n)) > e} = 1.

f n pô

But then the sériés J{e) = p f'(n)
n>no

1 y/ng{f{n)) ' 2

1.

f-1P {\Sn\ > ty/n} dt would be divergent which
sg(f{n))

contradicts (2.2). Therefore, EX = 0.
In the following, let e = 1. We have:
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Lemma 5: There exists an integer no such that for ail n> no,

«P{W > 4vÆs(/(n))} < 4P{|S„| > Vns(/(»))}.
Proof of Lemma 5: We’ll adapt the proof of ([13], Lemma 2.3) to our case. Since E|X|2 < oo,
Markov’s inequality gives limre_KX)nP(|.X’| > 4y/ng(f(n))) = 0. Then, for n large enough, using
Levy’s inequality and the fact that, for ail 0 < t < ln2, t < 2(1 — e_t), we hâve:

nP{|J| > 4y/ng{f(n))} < 2^1 - exp^P{|X| > 4Vnp(/(n))}^
< 2P ( max \Sk\ < 2y/ng(f(n))\Il<«<n J
< 4P{|S'n| < 2Vng(f(n)) - aVïn}
< 4P{|«S'n| < Vng(f(n))}.

Therefore, Lemma 5 is proved.
This gives:

Ji1) > En>non//(n)5p(/(n))/r^p|p{l^l > 4zy/ng{f{n))}dz.
Let (j> and h be as defined in the direct part. According to (2.2)7 (or (2.2)), we hâve:

pOO
o° > Z nf'(n)9P(f(n)) / P {\X\ > 4Zy/ng(f{n))}

n>no

- Z n/'(n)/(/(n)) ^ zV~l1 |n < h(^b) } 1 dz
>ce / z?-1 y nf'(n)gp(f(n))yi!i< }X\ =■ a è. tA ~ v4C j1"4vpw

f /ivin i ^
>ce J-'Y,1 \l^h V <!+1^ l>no ' \ Z J J n—no

Using Lemma 4 and putting y — h(\X\/4z) and K = 1/4h-1 (no), (3.13) becomes
rK\X\

dz

(3.13)

>CEl z’’"1 ft(^) <! + l] iz
>CE j“lX zp-1 Z(fc-1(0W)l{i< <^ + l| dz (3.14)

> CE

i>no

rK\x\ J(V\X\P
'1

Ml
iz

Mmrnm
dz = CE\xn yl-rl‘1ll(y)dv-

Jno

Case : p>2. The inequality (3.14) gives for ail rj > 0 :

oo > E|X|ph}-p/2
1

S E\X\”(foh)

U°h)

T)
K\X\\ /(%)4 /

' /(«o)(s ° / 0 ft)p“2 W El^l1 I {K\X\<r,}
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Since EX2 < oo, for ail rj > 0, we hâve: E|X|P(/ oh)(\X|)I {K|X| < g} < oo. Taking g to infinity,
we obtain E|X|P(/ o /i)(|X|) < oo.
Case : p<2. The inequality (3.14) gives for ail g > 0 :

oo > fpff hl-p/2 K\X I
if°h)

rît t 1 U\liBp>EXz(foh)1—r -n0

—p/2

1-5/(no)EjX|',-/(n0)EX2.

Since EX2 < oo, we get: EX2(/ o h)1 2ap (|X|) < oo.
At last, following the direct part of the proof, we find EX2 = a2. This finishes the proof of

Theorem 1 and Theorem 2.

4 Proofs of propositions 1 and 2: We hâve:
E|S„pI(|S„| >e^s(/W)) =£pn§Sp(/(»))P{|S„| >£v^s(/(»))}+E[|Sn|!>-(EVS9(/(n)))p]+-
To get (2.3), it is sufficient to prove that, for g(n) = efc(n) with k > 2, we hâve:

H f{n)gp{f{n)) P {\Sn\ IeViïgifin))} = 0. (4.1)

But,

Jjm i'0g^i/g) E /'(n)5P(/(n)) p{l5'n| > e>/n5(/(n))}
e■hlHHli

' n>no

!RE9| S («/))'p{ns^(4(/))‘/p}.&k\ / J n>no

By using ([4], Theorem 1), we obtain: lim^ E llw P {\s*\ ^ £^(ek(f))1/P} < oo. So
n>no

(4.1) follows.

Proposition 2 is deduced from (3.10).
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