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ABSTRACT: We use string field theory to fix the normalization of the D-instanton corrections
to the superpotential involving the moduli fields of type II string theory compactified on an
orientifold of a Calabi-Yau threefold in the absence of fluxes. We focus on O(1) instantons
whose only zero modes are the four bosonic modes associated with translation of the instanton
in non-compact directions and a pair of fermionic zero modes associated with the two super-
charges broken by the instanton. We work with a generic superconformal field theory and
express our answer in terms of the spectrum of open strings on the instanton. We analyse the
contribution of multi-instantons of this kind to the superpotential and argue that it vanishes
when background fluxes are absent.
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1 Introduction

D-instantons generate non-perturbative contributions to string theory amplitudes [1]. Com-
puting these contributions is of significant importance not only because they encode non-
perturbative effects in string theory but also because they play a prominent role in moduli
stabilization [2, 3]. As in all instanton contributions, the D-instanton amplitude carries an
overall factor of e~ where —7r is the action of the instanton characterized by some ‘charge’
I'.! However, even at leading order, this needs to be accompanied by the one-loop determi-
nant of fluctuations of open strings around the instanton since this determines the overall
normalization of the amplitude. Initial studies involving D-instantons bypassed this problem
and instead determined the D-instanton contribution to the amplitude using a combination
of S-duality, supersymmetry and mirror symmetry / T-duality [4-17].

More recently, the problem of computing the one-loop determinant of fluctuations around
D-instantons was resolved by combining insights from open string field theory with explicit
world-sheet expressions for the same quantity. Even though both expressions are formal,
combining the two leads to an unambiguous result. This approach has been applied to ten-
dimensional type IIB string theory [18; 19], compactification of type II string theories on
Calabi-Yau threefolds [20, 21] as well as two-dimensional string theory [22] and minimal string
theory [23]. In each case the result agrees with earlier predictions based on symmetries.

Encouraged by this success, in this paper we analyze the D-instanton generated superpo-
tential in type II string theory on Calabi-Yau orientifolds. Since these theories have NV = 1
supersymmetry in four dimensions, dualities and symmetries are not powerful enough to de-
termine the overall normalization of instanton corrections. Therefore, we cannot compare our
results with any known result. Nevertheless, since we follow the same procedure that was used
in the analysis of [18-23], we expect our analysis to produce the correct result.

D-instanton contributions to the superpotential in type II string theory on Calabi-Yau
orientifolds have been extensively studied earlier in the literature, see e.g. [24-38]. Our results
agree with the results in these papers. However, to the best of our knowledge, the overall
normalization of the amplitude has not been determined unambiguously in any of the earlier
papers, although some attempts were made in [28]. Our main contribution is towards fixing
the overall normalization.

Before presenting our final result, let us make a few remarks on the limitations of our
analysis:

1. We work in backgrounds containing type II string theory on Calabi-Yau threefolds with
D-branes and orientifold planes, but ignore the presence of any flux in the background. It
may be possible to take into account the effect of fluxes by treating them as perturbations
[39-41], but this has not been done.

2. We focus on the computation of the superpotential involving only the closed string
moduli fields that parametrize the bulk world-sheet CFT and the string coupling, and
the open string moduli fields that characterize the boundary CF'T associated with the

1We use the convention that the path integral is weighted by e where S is the action.



background space-filling D-branes and orientifold planes. It may be possible to combine
our approach with those in [28, 30, 31, 33| to determine the superpotental involving
massless open string fields that live on space-filling D-branes but are not moduli, but we
have not done this.

3. We focus on rigid instantons whose only bosonic moduli are those associated with trans-
lation of the instanton along the four non-compact space-time directions. We also assume
that the only fermion zero modes on the instanton are the ones associated with broken
supersymmetry.

Our main result on the one-instanton induced superpotential, given in (3.25), (5.19), takes

the form: X
K _
Wel /2 = TL Re (Tr () Ko e~ (11)
where
1/e dt 1/e dt 1/e dt
Ko = lim li —7 —Zu+3 —(e?™ —1)]. 1.2
0= 1540 P [/ 21 A+/E,/4 o Mt /0 2 ) (12)

Here Wr is the superpotential induced by an instanton of charge I', I is the Kahler potential, x4
is the four-dimensional gravitational constant, —7r () is the action of the instanton expressed
as a function of the moduli fields ¢, Z 4 is the sum of annulus partition functions, either with
both ends on the D-instanton or with one end on the D-instanton and the other end on a
space-filling D-brane, and Z,; is the Mobius strip contribution to the partition function with
its boundary on the instanton. Ky has implicit moduli dependence through Z4 and Z,;. Note
that due to the possibility of Kihler transformations IC — K + f + f, Wp — e /Wy, where f
is any holomorphic function of the moduli, neither K nor Wr can be defined unambiguously,
but |[Wr|e*/? can. This is the combination that appears in (1.1).

Some other results obtained in this paper, within the limitations stated above, are the
following:

1. We argue that the multi-instanton contributions do not correct the superpotential for the
moduli fields in the absence of fluxes. This appears to be consistent with the results of
[42] on worldsheet instanton corrections to the superpotential in heterotic string theory.?

2. We generalize the analysis of [26, 27] (see also [44]) to show that for any compactification
of type II string theory on Calabi-Yau orientifolds preserving N = 1 supersymmetry, the
partition functions Z, and Z,; associated with D-instanton corrections are equal to the

2We remark that in heterotic string theory, worldsheet instantons can generate two different classes of
corrections to the superpotential: terms that involve only the moduli fields characterizing the Kahler class and
complex structure of the Calabi-Yau threefold and the Eg x Eg or SO(32) vector bundle, and terms that also
involve the matter fields. The second class of terms is often called Yukawa couplings, and known to receive
non-trivial multi-instanton contributions [43]. Via the F-theory/heterotic duality, the first class of corrections
are mapped to D-instanton corrections that only involve the moduli fields and the second class of corrections
are mapped to D-instanton corrections that also involve the matter fields living on D-branes [24]. We stress
that our claim on the absence of the multi-instanton contributions does not apply to the terms involving the
matter fields.



threshold correction to the gauge coupling when we replace the D-instanton by a space-
filling D-brane. This result is required for proving the holomorphy of the superpotential.

3. In any solvable string compactification, e.g. orbifold models discussed in [30], we can
explicitly compute Z4 and Z); and hence K, appearing in (1.2). For a generic com-
pactification we do not have such a closed form expression. Nevertheless, we show how
we can organize the contributions to Z4 and Z,;, both from the open string channel
and from the closed string channel, using character formulas for the representations of
the extended A/ = 2 superconformal algebra that underlies the theory associated with
Calabi-Yau compactifications [45-48]. The relevant formulae can be found in (D.23),
(D.18), (D.28) and (D.44). This can facilitate computation of Z4 and Z), in theories
that are obtained from solvable models by small deformations.

The rest of the paper is organized as follows. In §2 we introduce our conventions for the
world-sheet theory, D-instantons and orientifolds. We use the language of two-dimensional
superconformal field theory (SCEFT) instead of the language of Calabi-Yau geometry so that our
results are applicable even for stringy compactifications. In §3 we compute the normalization
of the instanton induced amplitude for a single D-instanton by carefully taking into account
the effect of zero modes. In §4 we combine the result of §3 with some disk amplitude results
to compute certain instanton induced amplitudes. In §5 we compare this result with the
result expected from a supergravity theory with instanton induced superpotential to actually
compute the superpotential. This leads to the results (1.1), (1.2) quoted above. In §6 we
analyze the contribution to the superpotential from multi-instanton configurations and argue
that it vanishes. In §7 we conclude the paper.

The appendices contain various technical results. In appendix A we use string field theory
action to fix the normalization of the fermion kinetic terms. In appendix B we discuss some
aspects of the procedure for fixing the integration measure over the open string zero modes.
Appendix C contains a list of various theta function identities. In appendix D we use the
formulee for the characters of the extended N = 2 superconformal algebra on the world-
sheet to organize the annulus and Mo6bius strip partition functions Z4 and Z,; that enter
(1.2). In appendix E we establish the relation between D-instanton partition function and
threshold correction on space-filling D-branes which is used in §5 to establish holomorphy of
the superpotential.

2 Worldsheet theory

We shall consider type ITA or IIB string theory compactified on a Calabi-Yau threefold 2).
The world-sheet theory contains the usual b, ¢, 5, v ghost system, the fields &, 7, ¢ obtained by
bosonizing the (3,~ system, the anti-holomorphic counterpart of these fields and the matter
superconformal field theory (SCEFT). The latter consists of two parts: the four space-time
coordinates X* and their fermionic partners 1*, ¢* describing free field theory, and an in-
teracting (2,2) supersymmetric SCFT with central charge 9 describing the non-linear sigma
model with target space %).



The matter sector of the theory has four sets of spin fields, S, S, Sa, S¢. The fields S,,
S¢ are holomorphic vertex operators of dimension 5/8, each given by the product of a holomor-
phic dimension 1/4 spin field associated with the non-compact directions and a holomorphic
dimension 3/8 spin field associated with the internal SCFT. Here «, & denote respectively
chiral undotted index and chiral dotted index of the 3+1-dimensional Lorentz group. S, S,
are the anti-holomorphic counterparts of these fields. These operators are used to construct
the GSO even vertex operators in the —1/2 picture, i.e. e %/2S,, e 9/2S,, e 9/25, e 9/25,
are the GSO even dimension one vertex operators. We also introduce the matter spin fields
Yos By Ly T of the opposite GSO parity so that e 3¢/2%,,, e 3%/2%,, 6*3‘5/25]@, 6*3‘{’/220-4 are
the GSO even vertex operators in the —3/2 picture. X, differ from S, S, respectively
only in the four-dimensional sector and similar relations hold between %, ¥4 and Ss, S.. In
the o/ = 1 unit, the singular operator product expansions involving these fields are:

n
K v -t .
OXH(2)0X" (w) 20— wp +--
_ _ 2.1
c(2)b(w) = (2 —w) "+ Enw) = (—w) g, 1)
e10(2) pa2é(w) _ (Z _ w)*q1Q2€((I1+Q2)¢(w) 4 a(b(z) a(b(w) = —(Z — w) 24 ,
v nuu —1
P ) = =T (e w) (2.1b)
e () Su(w) = 3 (2 = w) () Je T -
; dc
(e Sa(w) = £ (2 = w) () fe T
e=?285(2)e 328, (w) = (2 — w) Zeqpe” 2 (w) +
/2 ~36/2 ~2¢ (2.1d)
e ?7S4(2) e Ya(w) = (z —w) ™2 eape (W) +
e250(2) 2S5 (w) = i (2 — w) ™ () eV (w) + - (2.1¢)
where --- denotes terms that are suppressed by integer powers of (z — w) compared to the

leading term and
(M)ap = (Ma'ess (Mas = ("a'ers (Mag = (Mgar 1077 =201 (2.2)

There are also similar operator product expansions involving the anti-holomorphic fields. Fol-
lowing [18, 20, 21], we shall normalize the vacua for closed strings such that

<k|C_1E_100506161 6_2(15(0)6_2(13(0)“{3/) = —(271')45(4)(]{? -+ k’,) s (23)

where k£ denotes the momentum along the non-compact directions. Several other operator
products have been described in appendix A.

The (2,2) world-sheet superconformal algebra has a pair of U(1) currents J(z) and J(2).
It is useful to characterize the spin fields introduced above by their (J, J) charge. The fields
S, and X4 carry J charge 3/2, whereas the fields S; and X, carry J charge —3/2. A similar
charge assignment holds in the anti-holomorphic sector.



2.1 Closed string moduli fields

We now turn to the vertex operators associated with the closed string moduli fields. We
shall use the type IIB viewpoint for which we have identical GSO projection rules in the left
and right-moving sectors, and focus on Kéahler moduli and their superpartners since the D-
instanton action —7r is expected to depend only on these moduli.®> If we denote by wu,, the
canonically normalized fluctuation of one such Kahler modulus field around some background

uSS), then its vertex operator V™ in the (—1, —1) picture will be given by

V™ = cee P W (2.4)

where W™ is a dimension (1/2,1/2) superconformal primary of the internal SCFT with (.J, J)
charge (—1,1). The vertex operator U™ for the complex conjugate field (u,,)* has the form

U™ = cée %e Y™, (2.5)

where Y™ is a dimension (1/2,1/2) superconformal primary of the internal SCFT with (.J, J)
charge (1, —1). We shall assume that W™ and Y™ are normalized so that
5mn

e —wp

W™ (2, 2)Y ™(w, @) = (2.6)

In the language of [49], W™ represents an (anti-chiral, chiral) operator and Y™ represents a
(chiral, anti-chiral) operator. The unusual minus sign on the right hand side of (2.6) ensures
that the operator product of e e~ ¢IW™(z, z) and e %e Y™ (w, ©) is given by e~ 2?e20§5™"| 5 —
w|~* without any extra sign.

The field wu,, has a pair of superpartner fermions % and /% from the NSR and RNS
sectors, whose vertex operators can be written as

VI = cee~ e W VI = cge~beOPWIM (2.7)

«

in the (—1,—1/2) and (—1/2,—1) picture, respectively. Then we have the operator product

expansions:

e™9/25,(2) e’d’/ze’&Wg”(w, w) = (z —w)! eagefd’e"{’Wm(w, W)+,
$/2 G b/2117 1 % (2'8)
e255(2) e WM (w, @) = (2 — @) egge et W w, @) 4 -

Wm and W™ carry (J,J) charges (—1,—1/2) and (1/2,1), respectively.
Similarly, the field (u,,)* has a pair of superpartner fermions ¢% and ¢/* from the NSR
and RNS sectors, with vertex operators

U™ = cce ey U™ = cée %e?y™ (2.9)
in the (—1,—1/2) and (—1/2, —1) picture, respectively. Then we have the operator product
expansions:

e_¢/25d(z)e_¢/26_‘5Yﬁ-m(w, w) = (z —w) ™ €4 e e Y M (w, W) + -

- ) ) (2.10)
e_¢/25a(2)e_¢e_¢/2Yﬁ'm(w, w) = (2 —w) teape P Y™ (w,w) + -

3The type IIA viewpoint corresponds to redefining .J as —.J and the associated redefinition of the other
generators of the left-moving superconformal algebra.



Field Vertex operator Picture number | (/,.J) charge
u™ | (—1,-1) (—1,1)
(W) | U™ = e deoym (—1,-1) (1,—1)
g | v =Pty | ) | -1
g | vim = et | ) | w2y
cro | UP = cee e Y | (—1,-1/2) (1,1/2)
g U = cgere Py | ) | (c12-

Table 1. A list of closed string fields and vertex operators that are relevant for our analysis, their

picture numbers and (J,.J) charges.

Y™ and Y™ carry (J,J) charges (1,1/2) and (—1/2, —1), respectively. Since the operators at
z or Z on the lhs of (2.8) and (2.10) are supercurrents, the above OPEs encode the space-time
supersymmetry transformations. W, W/ Y and Y™ are obtained by taking the product
of four-dimensional spin fields with Ramond sector ground states of the SCFT associated
with ) in left /right moving part, while keeping the right /left moving part the same [49]. For
convenience we have listed in table 1 the picture numbers and (.J, J) charges of various vertex
operators.

2.2 Orientifold operation

We now consider an orientifold of this theory, obtained by taking its quotient by the orien-
tation reversal on the world-sheet, together with a possible Z, transformation g that acts on
the SCFT associated with ).* We shall call the combined transformation €2,. If the transfor-
mation includes (—1) that changes the sign of RNS and RR states, we include it in g since
this can be regarded as an action on the internal parts of S,, S;. On ghost fields as well as on
matter field X* and ¢* associated with the non-compact space-time directions, the orientifold
transformation acts by exchanging the left and right-moving sectors and exchanging the ar-
gument z with —z.%> Therefore, a holomorphic field of weight i constructed from X*, y* and
the ghost fields transforms to its anti-holomorphic counterpart with the argument replaced by
—Zz and an overall multiplicative factor of (—1)". In particular, under Q, we have

OXH(2) = —0X"(=2), clz) = —c(=2), b(z) = b(—2), e %P"(2) = —e PPH(—2),

06(z) — —0&(—2), n(z) = —n(—2), e 2(2) = e (~2). (2.11)

Some caution is needed in interpreting these transformation laws. They clearly do not repre-
sent symmetries of a general correlation function in the conformal field theory but preserve

4Early papers investigating orientifolds of type II strings include [50-53] and modern reviews of the subject
can be found in [54, 55].

®Defining z = ™17, orientation reversal corresponds to the transformation o <+ ™ — o, with fixed points
at 0 = /2 and 37 /2. The fixed points may be shifted using o translation. This corresponds to a redefinition
z — €%, Z — e7Z and makes the orientifold transformation z <> —e~2!*z. In particular, by choosing
a = /2, we can make the orentifold transformation act as z — z, i.e. ¢ — 271 — 0. However, since changing
the phase of z by e is generated by e¢‘*(Zo—Lo) this does not affect the transformation laws of level matched

closed string states.



the operator product expansion on the real axis. The correct way to interpret these trans-

formation laws is to use them to find the transformation of a state |V) = V(0)[0) from the

transformation properties of the local operator V' and the SL(2, R) invariant vacuum |0).
On the graviton and 2-form vertex operators €}, acts as

ewcée*‘bd)“e*&&”(z, zZ) = euyéce*‘{’&“e*‘i’@b”(—é, —z) = —euycée*‘i’@b”e*&&“(—é, —z). (2.12)

Thus, the graviton vertex operator at z = 0 is odd under €2,. In order to keep the graviton in
the spectrum, we need to declare that the SL(2, C) invariant vacuum |0) is also odd. Therefore,
in the orientifold we only keep the vertex operators that are odd under €,. This is consistent
with the fact that the sphere three-point function of three graviton vertex operators is non-zero
even though each of these vertex operators is odd under €.

Next, we consider the vertex operators associated with the compact directions. In order to
make sure that the orientifold preserves N' = 1 space-time supersymmetry in four dimensions,
the action of €, on the extended superconformal algebra must again take a weight h holo-
morphic current of the algebra to (—1)" times the anti-holomorphic current with argument z
replaced be —z. Under ), we take J(z) — —J(—2) and we can choose

e 28, (2) = —e 925,(=2), e ?25,(2) = —e 284 (—2). (2.13)

The minus signs in these equations could be changed to phases by redefining S,, Ss, Xa, 24 as
€S, e7#BS,, e7 Py, ePY, without affecting the operator product expansion (2.1c)-(2.1e),
but we shall stick to the convention in which (2.13) holds. Under €2,, W™ and Y™ also get
exchanged up to a phase. By multiplying W™ and Y™ by equal and opposite phases so as not
to affect (2.6), we shall ensure that

e e W™ (2,2) = e e Y™ (—Z, —2) = V™ (z,2) = =U™(—2,—2) (2.14)
under €. It also follows from (2.8), (2.10), (2.13), (2.14) on the real axis that under €,
Vi (2, 2) = =U" (=2, —2), Vit (z,2) = =UG (=2, —2). (2.15)
Therefore, taking into account the fact that |0) is odd, the states invariant under €, are:
1
V2

corresponding to the fields

1

[V™(0) + U™ (0)]]0), %[ng(O)JrUém(O)]IO)’ 7

VIm(0) + UT(0))0),  (2.16)

o = (i (), B = (¢, PB= By, (17)

V2 V2 V2

respectively. Note that ngSm /v/2 becomes the real part of the scalar component ¢,, of a chiral
superfield, the imaginary part of ¢,, being given by a field from the RR sector.



2.3 D-instantons

We now consider a D-instanton in this theory. We shall use the upper half plane description of
the open string world-sheet. First, we shall analyze the system before taking the orientifold.
We choose Neumann boundary condition on the ghosts, Dirichlet boundary condition on
XHF 4 p* and

J(z) = J(2),  ce P8, (z) = —ce??5,(2), ce ¥?S4(z) =ce ¥25:4(2), (2.18)
on the real axis. Also, we normalize the vacuum of the open strings on the D-instanton as
(Olc_1coer e722(0)|0) = 1. (2.19)

Here, as well as in the rest of the equations in this section, |0) denotes the SL(2,R) invariant
vacuum of the open string with both ends on the D-instanton. Note that the relative minus
sign between the last two equations in (2.18) is forced on us by the consistency with the
operator product expansion (2.1e) and its anti-holomorphic counterpart and the Dirichlet
boundary condition on ¥*, but which of the two equations carries the minus sign is a matter
of choice and distinguishes a D-instanton from an anti-D-instanton. These equations are also
consistent with the fact that the J charge carried by S, (S4) is equal to the J charge carried
by S, (Ss). In particular, the boundary condition J(z) = —.J(2) would not be consistent with
the last two boundary conditions in (2.18).

With this choice of boundary conditions, the vertex operators ¢, V(i) and ¢, U™ (i) are
allowed to have a non-zero one-point function on the upper half plane. We shall illustrate
this using the one-point function of ¢; V™. Since it carries (J,.J) charge (—1,1), we can
replace ¢y V™ (i) either by § dzJ(2)cy V™(i)/(2mi) or — ¢ dzJ(Z)cg V™(i)/(2mi) where § and
f’ are integrals along anti-clockwise and clockwise contours around i, respectively. We can
now deform both contours and make them lie along the real axis, but in opposite directions.
This compensates the minus sign due to the negative J charge of ¢y V™ and, using the J = J
boundary condition on the real line, we get identical results. Therefore, we do not encounter
any contradiction. Similar result holds for ¢; U™. In contrast, if we had vertex operators
carrying equal J and .J charges, then we would get equal and opposite results from the .J
and J contours, leading to a contradiction. Therefore, the one-point function of such vertex
operators must vanish. If we consider the compactification of type IIB string theory on a
Calabi-Yau manifold, then the vertex operators with (.J, J) charges (F1, £1) represent Kihler
moduli and the vertex operators with (.J,.J) charges (41,41) represent complex structure
moduli. This is consistent with the fact that the instanton action depends only on the Kéhler
moduli. For type IIA compactification the two sets of moduli get exchanged, but we can
repeat the analysis presented here by reversing the sign of J in all equations. This would be
consistent as well.

The spectrum of open strings with both ends on the D-instanton consists of a set of massive
modes and a set of zero modes — those with vanishing L, eigenvalue. We shall analyze the
states in Siegel gauge, satisfying the constraint that by annihilates the state. Some of the
zero modes are physical, describing the collective coordinates of the instanton. These include
the four fermionic zero modes associated with broken supersymmetry since the instanton



breaks four out of eight supersymmetries, and bosonic zero modes describing the position of
the instanton in non-compact directions. In particular, the four zero modes associated with
broken supersymmetry are described by the vertex operators ce ?/2S,(z) = —ce %/25, (%)
and ce ?25,(z) = ¢e?/254(Z) on the real line. However, there are also ghost zero modes in
the NS sector corresponding to the states:

e1Brpal = 1) = cOE2(0)]0),  eryo1j] — 1) = en(0)[0). (2.20)

The presence of these ghost zero modes in the spectrum reflects the breakdown of Siegel gauge
choice [22].

The zero modes described above are universal, but there could be additional non-universal
zero modes associated with the deformation of the instanton along the Calabi-Yau threefold
) and their fermionic partners. We shall comment on these after discussing the effect of the
orientifold projection.

2.4 D-instantons in orientifold

Let us now analyze the same D-instanton in the orientifold considered above following [56-59].
We shall assume that the resulting instanton is of O(1) type [33, 59] so that the D-instanton is
invariant under the orientifold projection and we do not need to add its image. The open string
spectrum on the resulting D-instanton is supposed to include the four translation zero modes
along the non-compact space-time directions and the two fermion zero modes associated with
broken supersymmetry, since the D-instanton now breaks two out of four supersymmetries.
The translation zero modes are associated with the NS sector states

V2ot | —1) = —iv2ce ?4#(0)[0) . (2.21)

It follows from (2.11) that under Q,, cy#e=?(0) transforms to cp*e~?(0) which can be equated
to —cyte=?(0) using the boundary conditions (2.11). Therefore, in order that (2.21) be even
under this transformation, we must declare |0) to be odd under €, or equivalently declare the
Chan-Paton factor, which in this case is a 1 x 1 matrix, to be odd under Q, [57, 58]. This
in turn implies that the states (2.20) are odd under ), since 3, v, &, 1, ¢ satisfy Neumann
boundary conditions. Therefore, in the orientifold the ghost zero modes (2.20) are absent.
Once the action of the orientifold transformation on the vacuum |0) has been determined, we
can also determine the spectrum of massive modes that survive the orientifold projection.

Let us now turn to the Ramond sector of the open string on the D-instanton. Using (2.11),
(2.13) and (2.18), we see that under :

ce ?28,(0) — ce=?%5,(0) = —ce=*/%5,(0), 2.2
ce ?28,(0) — ce=?25,(0) = ce~?/25,4(0).. '

Taking into account the fact that |0) is odd under Q,, we see that the zero modes that are

even under €2, in Ramond sector are

ce™%/%25,(0)|0) . (2.23)
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Note that once we consider an orientifold, we need to have a certain number of space-
filling D-branes® to cancel any RR charge carried by orientifold planes. As a result, we shall
get additional open string states with one end on the instanton and the other end on the space
filling D-brane. There could in principle be additional zero modes in this sector. Furthermore,
some of the non-universal zero modes associated with the deformation of the instanton inside
) may also survive the orientifold projection. In our analysis we shall assume that the only
zero modes on the D-instanton are the four bosonic modes and two fermionic modes associated
with broken translation symmetry and supersymmetry.

2.5 Normalization conventions for orientifolds

In the orientifold that involves projection into {2, invariant states, the various parameters of
the parent theory are related to those in the daughter theory by powers of 2. We shall now
briefly discuss the origin of these factors.

Since in the computation of the one-loop open string partition function in the orientifold
theory we need to average over the annulus and the Mobius strip contribution, the contribution
from the annulus carries a multiplicative factor of 1/2 compared to the annulus amplitude in
the parent theory before taking the orientifold projection. Since the annulus amplitude can
also be viewed in the closed string channel as the exchange of a single closed string between
the D-instanton with itself, it is proportional to the square of the action of the D-instanton.
Therefore, the D-instanton action in the orientifold is 1/4/2 times the D-instanton action in
the parent theory, provided the two theories share the same value of the four-dimensional
gravitational coupling xy.

More generally, the rules for computing a general amplitude in an orientifold is that for an
amplitude with N external closed strings, M external open strings, b boundaries, ¢ crosscaps
and ¢ handles, we have an extra factor [60]

27gf(b+0)/2+M/4 ’ (224)

compared to that in the parent theory. Therefore, closed string one-point function on the disk,
having b = 1, carries an extra factor of 1/4/2. Since this is proportional to the action of the
instanton, it confirms that the action —7p is multiplied by a factor of 1/4/2. On the other
hand, since each external open string carries a factor of the open string coupling constant g,,
the 2M/4 factor shows that g, is effectively multiplied by 2/4. Therefore, the relation between
the real part of the action —7 of the D-instanton and the open string coupling constant g,
on the D-instanton [61]

1
R _
7} = @, (225)

is not affected. Similarly, the closed string coupling x4, captured e.g. by the sphere three-point
function of three external closed strings, remains the same as in the parent theory since we
have g = b = ¢ = M = 0. Therefore, the expression for the instanton action, given in terms
of the closed string coupling constant, acquires a factor of 1/v/2.

SWe use the term ‘space-filling D-brane’ for any D-brane that extends along all the non-compact directions
and ‘D-instanton’ for any D-brane that is localized at a point along the non-compact directions, irrespective
of how they extend along the internal directions.
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We shall follow the convention that unless mentioned otherwise, the parameters used here
are those in the daughter theory, e.g. k4 and —7Tr will label respectively the four-dimensional
gravitational coupling and D-instanton actions in the daughter theory.

3 Normalization of rigid instanton amplitudes

In this section, we shall compute the normalization of the instanton contribution to the am-
plitude by evaluating the exponential of the annulus and Mobius strip diagrams. However,
we need to treat the contributions from the zero modes carefully with the help of open string
field theory. For this, we need to first review some aspects of free open string field theory on
the D-instanton.

Since an open string with both ends on the D-instanton has states with zero L, eigenvalue
that leads to zero modes in the open string spectrum, we shall first consider a regulated
system where we put slightly different boundary conditions on the two ends of the open string
[18, 20, 21]. This lifts the zero modes and helps us to make the correspondence between the
worldsheet expressions and string field theory path integral expressions for the normalization
manifest. Once this correspondence is established, we shall take the limit of zero separation
and compute the normalization by evaluating the string field theory path integral. Further
discussion on this deformation can be found in appendix B. For simplicity of notation we shall
continue to refer to the modes that become zero modes in the limit of zero separation as zero
modes even for non-zero separation.

For our analysis we shall need some aspects of open string field theory that will be de-
scribed in §3.1. Later, in order to fix the normalization of the closed string fields, we shall also
need some aspects of closed string field theory which we review in appendix A. The reader
interested in more details can consult [62-67].

3.1 Open string field theory

The NS sector open string field in Siegel gauge corresponds to a general GSO even state | yg)
of picture number —1, subject to the condition

bo|Pns) = 0. (3.1)

Let {|¢,)} denote a set of basis states and [®Png) = > & |¢r). The quadratic part of the
string field theory action has the form

1
Sns = 3 (PnslcoLo|Pws) (3.2)

where L, are the Virasoro generators. We shall normalize the basis states |¢,) so that in
any given Ly eigenvalue sector, the matrix —(¢p,|colps) has determinant 1. This does not
completely specify the choice of basis, but for our purpose any basis satisfying this condition
will suffice. The minus sign in the definition of the matrix is related to our sign convention

S

for the action — we use e” as the weight factor in the path integral. For classical string fields

carrying ghost number 1, such a choice of basis can be achieved by taking the basis states
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|g0§1)> to satisfy ((pgl)|co|g0§1)) = —0,5. For other ghost numbers we can achieve this by pairing

_n)) of ghost number (2 —n)

the basis states |<p§">> of ghost number n with the basis states |<pg2
such that <g0$2_")|co|cpgn)> = —0,5 for n <0.

For the R sector there are various formalisms, but for our analysis it will be simplest to
use the one given in [68, 69] (see also [70-72]) and restrict to string fields with Ly > 0 using
the trick of considering open strings stretched between a separated pair of instantons. In this
formalism the R sector string field in Siegel gauge is a general GSO even state |$g) of picture

number —1/2; subject to the conditions
bo|®r) =0,  Bo|Pr) =0. (3.3)

Let {|(q)} denote the set of basis states and [®r) = >, €a|Pa) be a general string field in
Siegel gauge, obtained by the action of b, ¢, 3, oscillators and matter operators acting on
e~?/25,(0)]0) or e7%/25,(0)|0). The quadratic part of the action has the form

1
Sr = 5 (PrlcoGod(70)|Pr) , (3.4)
where G, are the modes of the super-stress tensor —2v,0X* + --- of the combined matter-

ghost theory, normalized so that G2 = Lg. Since the operator §(v) has not been introduced
before, we need to describe how to compute matrix elements of §(~). It is a Grassmann odd
operator with specific (anti-)commutation rules with the usual operators. Most of the rules
are obvious, e.g. if this is multiplied by a factor of ~y the result will vanish and it (anti-
Jcommutes with all non-zero mode 3, oscillators as well as all b, ¢ and matter operators.
Since [y annihilates the vacuum in the —1/2 picture, we do not encounter products of [y
and 0(7p) for evaluation of (3.4). Using these rules, we can manipulate the matrix element
appearing in (3.4) so that d(7g) acts on e%/25,(0)|0) or e=#/254(0)|0) to the right. In these
cases we follow the rules

d(0)e 254 (0)[0) = e*725,(0)0),  d(r0)e”??S4(0)|0) = e254(0)[0).  (3.5)

Once the factor of () has been removed this way, we can use (2.19) and operator prod-
uct expansions to compute the remaining matrix element. We shall normalize the basis
states |@,) such that inside a subspace of states of fixed Ly eigenvalue h, the matrix My, =
(PalcoGo L0_1/25(70)|g5b> satisfies det(M) = 1. As can be verified from (2.1b)-(2.1e), for the
zero modes associated with broken supersymmetry, this simply amounts to choosing the zero
mode vertex operators to be ce~?/2S, and ce~%/2S,; without any further normalization. This
normalization also agrees with the one used in [18, 20, 21].

We further note that in the formulation of superstring field theory, it is possible to integrate
out a set of degrees of freedom and work with the remaining fields. There is a large amount
of freedom in deciding which degrees of freedom we integrate out. We can use this freedom to
work with a truncated version of string field theory with a finite number of degrees of freedom
that contains all the zero modes and possibly some other modes. In this context we note that
if in the R sector we integrate out all the non-zero modes, then we can also work with the
action where in the kinetic term Gyd(7o) is replaced by a more conventional operator Yy@p
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where Qg is the BRST operator and )}y is the zero mode of the inverse picture changing
operator [18]. The resulting action coincides with (3.4) in the zero mode sector. The choice
(3.4) allows us to also include some of the non-zero modes in the string field theory, but the
final result is not affected by this choice.

3.2 Normalization before the orientifold projection

We first analyze the normalization of the instanton amplitude before the orientifold projection.
Formally this is given by the exponential of the annulus amplitude with the boundaries lying
on the D-instanton. Our strategy will be to interpret (part of ) the annulus amplitude as arising
from path integral over open string modes and then use insights from string field theory to
tame the divergences associated with the zero modes. Even though this has been discussed
in detail elsewhere [18-22], we shall reformulate the earlier analysis in a language that makes
the extension to the orientifold case straightforward.

We begin by writing down the usual expression for the exponential of the annulus ampli-

fude:
A — exp [ /0 h g—i ZA@)] | (3.6)

This has possible divergences from the t — oo end due to massless open string states propa-
gating in the loop and also from the ¢ — 0 end due to massless closed string states exchanges
between the instanton and itself. Our goal will be to make sense of these divergences using
the language of string field theory and extract a finite, unambiguous answer. For this, we first

et = exp [/jg—’;zA(tH/fg—izA(t)], (3.7)

where 0 is some small positive constant. The two terms appearing in this expression can be

express (3.6) as

interpreted as follows.
For the first term in the exponent we make a change of variables £ = 1/t and interpret it
as the matrix element of

[ee} _ 1 - _
g bd / dl e~ LotLo) — = cgbge ™ EotLI /(Lo 4 L), (3.8)
1/8

between the boundary states of the D-instanton. Here Ly and Lg are the Virasoro generators
acting on the closed string states. Physically this represents a correction to the D-instanton
action due to the emission and absorption of a closed string, with the factor 1/(Lo+Lg) coming
from the closed string propagator with both ends attached to the instanton. The e~m(Lo+Lo)/d
factor can be absorbed into the definition of the two off-shell one-point functions of the closed
string on the D-instanton. Potential divergence of the left hand side of (3.8) from the ¢ — oo
region can be traced to the contribution from closed string states with Loy + Ly = 0. For the
annulus with both boundaries on the D-instanton the closed string carries four-dimensional

"As will be discussed below (D.14), under the assumption that the only fermion zero modes on the instanton
are those associated with broken supersymmetry, the contribution to Z4 4+ Zj; from the odd spin structure
sector vanishes. Otherwise the relation between the open string channel expression and the closed string
channel expression is more complicated due to the existence of 3, zero modes.
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momentum & and we get a factor proportional to [ d*k/k* which has no divergence from the
small k& region. This implies finiteness of the matrix element of (3.8) between the boundary
state of the D-instanton.

To analyze the second term in the exponent of (3.7), we first express Z4 as:

Za = Trys (e 20 (~1)F) + % Trp (e2™0(=1)F) = s, % > St (3.9)
where h, and h, are respectively the L, eigenvalues of the basis states |@,) and |@,) in the
NS and R sectors, F' is the space-time fermion number, s, is 1 or —1 depending on whether
the mode &, is Grassmann even or Grassmann odd, and similarly s, is 1 or —1 depending on
whether the mode &, is Grassmann even or Grassmann odd. Both in the NS sector and the
R sector the Grassmann parity is correlated with the (—1) eigenvalue. The extra factor of
1/2 in front of the R-sector reflects the fact that the kinetic operator in the R sector is Gy,
which is the square root of Ly. As long as we have h, > 0 and h, > 0, (3.9) substituted
into the second term in (3.7) gives a finite result, while divergences come from states with
h, =0 and/or ﬁa = (0. To deal with these cases, we shall first work with the deformed system
discussed at the beginning of this section by considering a slightly shifted boundary condition
at the two boundaries of the annulus so that we have h, > 0, ﬁa > 0 for all » and @ and then
recover the result for coincident boundary condition by taking the appropriate limit.
We now rewrite (3.9) as
Za=74+27Y, (3.10)

where
Z/ — § /8 6727rthr +l § /5 6727rtf~za Z// _ E //8 6727rthr +l § //g 6727rtl~1a (3 11)
A - T 2 - a 9 - r 2 - a . .

Here the set labelled by ' gets contributions from a finite number of modes and the rest of
the modes are included in the set labelled by ”. The set ' is supposed to satisfy the following
restrictions:

1. The set " includes all the A,’s and ﬁa’s which will be zero when we remove the deformation
that separates the two boundaries.

2. In the quadratic part of the string field theory action given in (3.2) and (3.4) there should
not be any cross term between modes in the set  and the modes in the set . Therefore,
if |¢!) is a basis state in the set ' and |¢”) is a basis state in the set ”, then in the NS
sector (¢! |coLo|¢?) must vanish and in the R sector (¢.|coGod(70)|¢?) must vanish.

3. The normalization condition on the basis states, as described below (3.2) and (3.5), must
hold separately within the set ” (and so also within the set ).

4. The set ' should have the property that

S s+ % S 5 =0. (3.12)
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This condition may force us to include in the set labelled by ’ some modes which will
continue to have non-zero h, and/or h, even in the limit when we remove the deforma-
tion.

Clearly, there is a lot of freedom involved in this decomposition into the two sets, but the final
result will be independent of it. For example, once we have chosen the set containing the zero
modes, we could first add to this set sufficient number of (—1) = —1 NS sector states to
make the left hand side into a negative integer. We then add the correct number of NS sector
states of ghost number 1, each of which contributes 1 and does not need to have a pair, to
cancel the negative integer that we had.

We now write

> dt ! > dt ! —27th, 1 - 727rtl~1a
/6 2_tZA<t):/5 5 [Er Spe +§ Ea 5q€
1 1 ~
- -3 ‘s, Inh, — D “5aln b,

a

(3.13)

where the last equality can be seen by redefining th,. or the as a new variable v in individual
terms in the sum, carrying out the u integration in the small § limit and using (3.12) to show
that the § dependence drops out. More specifically, we need h,8 and h,d to be small for
this manipulation to hold. Therefore, it is important that we apply this formula only on the
primed set containing a finite set of states with bounded h,., Ra. Using this, the contribution
to the second term in the exponent in (3.7) may be expressed as:

exp {/;o ;i—i ZA(t)] = exp {/600 g_i ng(t)] 1:[’<hr>3r/2H’<;La)§a/4

© dt /, / / g ! !
= exp [ /5 o /;(t)} N / [Td¢ [ déae™s5r,  (3.14)

where S ¢ and S, are respectively the open string field theory action (3.2) and (3.4) restricted
to the primed sector and the normalization factor N is chosen such that the intergration
measure is d¢ //27 for Grassmann even modes and d¢ for Grassmann odd modes, irrespective
of whether the mode arises from the NS or the R sector. If all the states have positive L
eigenvalue, then the equality of the first and the second line of (3.14) follows using the relation
G3 = Ly and the form of the actions (3.2) and (3.4).

If we now remove the deformation that puts shifted boundary conditions on the two
boundaries of the annulus, we get back the zero modes on the instanton corresponding to
having some vanishing h, and/or h, in the primed set. As a result, the integral in the exponent
on the left hand side of (3.14) diverges from the ¢ — oo end. To deal with this, we use the
right hand side of (3.14) as the definition of the left hand side and then substitute this and
(3.10) into (3.7) to compute e”. Some of the zero modes are physical, e.g. those describing
the collective coordinates of the instanton. As mentioned earlier, for compactification on
Calabi-Yau threefolds, these include the four fermionic zero modes associated with broken
supersymmetry since the instanton breaks four out of eight supersymmetries, and bosonic zero
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modes describing the position of the instanton in space-time as well as possible (generalized)
motion along ). The procedure for integrating over these zero modes will be reviewed shortly.
However, there are also ghost zero modes in the NS sector corresponding to the states (2.20)
which reflect the breakdown of Siegel gauge choice. These can be dealt with by using a gauge
invariant form of the path integral [22]. As will become clear soon, the last step can be avoided
for orientifold compactifications in the case of O(1) instantons.

3.3 Effect of the orientifold projection

We now consider an orientifold of this theory, obtained by taking a quotient of this theory by
the trasformation €, introduced in §2.2. In this case the normalization factor (3.6) is replaced

by

e = exp {/Om;l—i(ZA(t)+ZM(t)) : (3.15)

where 7,4 is the annulus contribution and Z,; is the M6bius strip contribution. The annulus
contribution itself gets modified from the one appearing in (3.6) in two ways. First of all, due
to the orientifold projection we have an extra factor of 1/2 in the expression for Z,4. Second,
once we have an orientifold, typically we need to also have a certain set of space-filling D-
branes to cancel tadpoles of massless closed string fields. Therefore, we shall also have annuli
with one end on the D-instanton and the other end on a space-filling D-brane. 7,4 appearing
in (3.15) includes all these contributions.
Following the logic leading to (3.7), we again express this as

5 0

et = exp [/0 % (Za(t) + Zu(1)) +/6 — (Zat) + Zn (1)) ] (3.16)
for some small constant 0. As before, the first term can be interpreted as due to the emission
and absorption of closed strings by the D-instanton or exchange of closed strings between a
D-instanton and a space-filling D-brane or orientifold plane. There is however a small subtlety
in that the Schwinger parameter ¢ in the closed string channel is related to the parameter
t by the relation ¢ = 1/t for the annulus, but by the relation ¢ = 1/(4t) for the Mobius
strip [73, 74]. Therefore, for the annulus we have the operator (3.8) sandwiched between the
D-brane boundary states, whereas for the Mébius strip we have the operator

[oe} _ 1 - _
cobd / dl e=™Eotho) — Z coptemm(Lotbo)/0) /(104 T (3.17)
1/(46) n

sandwiched between the D-instanton boundary state |I) and the crosscap states. In the fol-
lowing we shall denote by |S) the total boundary state associated with all the space-filling
D-branes and by |C) the total crosscap state associated with all the orientifold planes. In-
dividually both the Mobius strip contribution and the annulus contribution may diverge due
to the presence of states with Lo + Lo = 0 in |S) and |C). Since |S) and |C) do not carry
any momentum along the non-compact directions, these divergences are not softened by mo-
mentum integrals of the form [ d*k/k* and involve evaluation of 1/k* at k = 0. However, in
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a consistent theory where the tadpoles cancel, the sum |S) + |C) has no Ly + Ly = 0 states.
Therefore, we can organize (3.17) as

o0

1/6 . ,
co b / dt e~ EotLo) 4ok / dp e~ LotLo) (3.18)
1/(49) 1/6

and then combine the contribution of the second term with that from (3.8) so that we get the
matrix element of (3.8) between the D-instanton boundary state |I) and |S) 4 |C'). Thus, the
first term on the right hand side of (3.16) may be written in a manifestly divergence free form
as:

(I|egbg / dl e~ oL 1y 42 (I]eg by / dte~otlo) (1) 4 |C))
1/é 1/6
1/6 _
+2 (I]ey by / dl e~ Eotlo) |0 (3.19)
1/(49)
This is equivalent to putting a uniform upper cut-off 1/¢" on the ¢ integration and taking the
limit ¢ — 0 after summing the contributions of the annulus and the M&bius strip. Since
t = 1/¢ for the annulus and 1/(4¢) for the Mdobius strip, this translates to the following
replacement in (3.16):

o dt o dt o dt
/ B Zat) + Zu(®) = lim [ / @) + / a ZM@)] L (3.20)
0 2t =0 | Jo 2t e/4 2t

We now turn to the second term on the right hand side of (3.16). We express Zy; + Za
as in (3.9), with the only difference that the sum on the right hand side runs only over those
open string states that are invariant under the orientifold projection and we include states
with both ends on the D-instanton as well as states with one end on the D-instanton and the
other end on the space-filling D-brane. We now analyze the resulting expression exactly as in
(3.10)-(3.13), arriving at an expression similar to (3.14).

As stated before, we shall assume that in the orientifold, the only zero modes the D-
instanton has are the four translation zero modes along the non-compact space-time directions
associated with NS sector states (2.21) and the two fermion zero modes associated with broken
supersymmetry, described by the R sector states (2.23). As discussed below (2.21), if the
translation zero modes are invariant under orientifold transformation, the ghost zero modes
(2.20) are odd and are projected out. This is related to the fact that before the orientifold
projection these ghosts arise out of an attempt to gauge fix the rigid U(1) transformation
on the D-instanton. Since U(1) breaks to O(1) in the orientifold, we do not have the gauge
fixing problem that we encounter before the orientifold projection. Therefore, (3.14) does not
contain any ghost zero mode contribution and does not need to be reexpressed in a gauge
invariant form. There is however one subtlety. Since O(1) is a group of two elements, 1 and
—1, the gauge invariant form of the path integral should contain a division by 2 representing
the volume of the gauge group. This effect is not included in the perturbatively gauge fixed
form of the path integral given in (3.14) and must be included as an extra factor of 1/2
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multiplying the expression for e4. Thus we get

1 o dt O dt
A_ — 1 _ _
¢’ =5 mew [ / o2l + /E,/4 ot 2 <t)}
> dt / / g ! !
X exp [ /5 o (Za) + Z}Q(t))} N / H de, H dE, Shs+Sh

Since the primed set includes the four bosonic zero modes £# from the NS sector and the

(3.21)

two fermionic zero modes x* from the R sector, they give a net contribution of 3 to the left
hand side of (3.12). Therefore, to satisfy this condition, we must include some non-zero mode
states in the primed set. Since the final result is independent of how we choose them, let us
choose n modes with Ly eigenvalues yq, - - - , y, and weights wy, - - - , w,, with w; being given by
s, for NS sector modes and 3,/2 for R-sector modes, subject to the condition Z?Zl w; = —3.
Then according to the logic leading to (3.11), we have

ZW) + Zy(t) =3+ Z w; e~ 2Tt
i=1

. (3.22)
Z4(t) + Z3,(8) = Za(t) + Za(t) = 3= wye ™"
i=1
Eq.(3.21) can now be written as
1 > dt ° dt
A_ Ly ar i
e’ =3 Elllg%)exp {/ﬁ/ 2tZA(t) +/€//4 57 ZM(t)} (3.23)

Oodt n 3 dé_ 2 n -
=\ 7.t T (1) — 3 — ; —27y;t u d N 'w1/2
><€Xp[/(S 2t<A()+ m(t) =3 ;we )]/L{O—TWHX ZHlyl :

where the last factor [ v, wil2 comes from explicitly performing the integration over the
non-zero modes in the primed set. Even though we arrived at this result by taking the y;’s
to be among the set of Ly eigenvalues that appear in the spectrum of open string modes,
one can check, by taking a derivative of (3.23) with respect to y;, that the right hand side
of (3.23) is independent of the choice of the y;’s as 6 — 0, which we will eventually consider
for the integral under consideration. Therefore, we shall choose y; = h for some constant h.
Furthermore, although the integration over ¢ in the second line of (3.23) has no divergence
from the t — oo end due to subtraction of the zero mode contribution reflected in the —3
term, we shall find it more convenient to put an explicit upper cut-off 1/e¢ and take € — 0
limit at the end so that we can separate the different terms in the intermediate steps. This

gives, using » ., w; = —3,

1 [ d& 1+
A H
et = — dxq Ky, 3.24
5 / ,!lo o O!|1 Xa £30 ( )
where

Ko = h*? lim lim 1 1/edtZ + 1/edtz +3 1/ﬁdt(?”ht 1) (3.25)
R AP R P T PR T L NI TR ' '
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By splitting each of the integrals at some finite point in the middle one can verify that the
term in the exponent can be written as a sum of terms, each of which depends at most on one
of the small parameters €, ¢ and 0. Therefore, the order of limits in (3.25) is not important.
Furthermore, since the last integral has no divergence from the ¢ — 0 end, we can set § = 0.
Setting h = 1 and § = 0 in (3.25), we recover (1.2).

3.4 Integration over the zero modes

The integration over the zero modes appearing in (3.24) can be carried out as follows. Bosonic
zero modes can be related to the D-instanton position £# by comparing (a) the coupling of
the bosonic zero modes §* and (b) an amplitude of closed strings carrying momentum p to
the expected coupling of £# via the e factor. This gives [18, 20, 21]
@
= , 3.26
‘ \/iﬂgo ( )

where g, is the open string coupling constant on the D-instanton, arising in (3.26) due to the

fact that the coupling of an open string to a closed string amplitude is proportional to g,.
The open string coupling is related to the real part T of the instanton action via (2.25). The
integration over E *is to be done at the end, producing the momentum conserving delta function
(2m)*0™@ (p) where p is the total momentum carried by all the closed strings. On the other
hand, the integration over the fermion zero modes requires that in the rest of the amplitude
we insert a pair of Y® vertex operators. These are given by ce~?/2S,,, each accompanied by a
factor of g,. If we denote by A,z the rest of the amplitude with insertion of the open string
vertex operators ce~%/2S,, and ce~?/2Sj in all possible ways, then the full D-instanton induced
amplitude will be given by

ST @) () (2m) 20,2 g2 P A (3.27)
Here 1/2! is a combinatorial factor that cancels the factor of 2 coming from 5”’51475 = 2A49,
the factor (2m)*0™W (p) (27)~2g; 42737~ comes from £ integration via (3.26) and the factor of
1/2 in (3.24), the factor g2&7 comes from the integration over the open string fermion zero
modes, K, comes from the massive modes as given in (3.25), and A,; comes from rest of the
amplitude.

If we have a solvable world-sheet conformal field theory, e.¢. an orbifold compactification,
then (3.25) can be evaluated explicitly, leading to a finite answer. For general compactification
we cannot get such explicit results. Nevertheless, the contributions to Z,; and Z4 can be
organized using the extended superconformal algebra underlying the world-sheet theory [45—
48]. This is discussed in appendix D, with the final formulee given in (D.23), (D.18), (D.28)
and (D.44). This is useful for proving general results e.g. vanishing of Z4 with the D-instanton
boundary conditions at both boundaries, and the equality of the D-instanton partition function
and threshold corrections to gauge coupling on a space-filing D-brane, required for proving
holomorphy of the superpotential, as discussed in appendix E. This may also be useful if the
theory under consideration is a deformation of a solvable theory and one attempts to compute
Z 4 and Z); using perturbation expansion in the deformation parameter.
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4 Instanton induced amplitudes and effective action

In this section we shall use the results of §3 to compute some amplitudes which will eventually
lead to the determination of the holomorphic superpotential defining the effective action in
four dimensions.

Let us denote by ®,, the chiral superfields whose scalar components represent the Kahler
moduli of ). We choose a background value qﬁ,(fb) of ®,, and denote by ¢,, and p, the bosonic
and fermionic fluctuations around this background, as introduced in (2.17). Due to the reality
condition (A.18), p% introduced in (2.17) is related to the hermitian conjugate of p2 . Also
note that (2.17) only defines ¢,, = (¢m + ¢,)/v/2, the imaginary part of ¢, being a field in
the RR sector. The background ¢§2) will be taken to be real so that it represents an NSNS
background. We shall denote by x4 the four-dimensional gravitational coupling and by gfﬁ) the
four-dimensional string metric. Covariantizing the kinetic terms of string field theory found in
(A.23) and (A.19), which are written in the background g,(fy) = 1,w, We can express the kinetic
terms of the various fields as:

/d4x V. |:2 2 RY — %g wj&u‘bm u(bm —2pmkE, () Hy0 uhPm | (4'1)
where ES" is the inverse vierbein.

Our goal will be to compute the leading instanton contribution to the amplitude involving
moduli fields gigm, cee g?)mn labelling the real parts of the scalar components of chiral superfields
and a pair of chiral fermions p, , p? | and use this to determine the instanton correction to
the effective action. The relevant contribution comes from the product of &k disk / upper half
plane amplitudes, of which (k — 2) disks carry the vertex operators of the scalars <;5m3, . <;5mk
and each of the remaining two disks carries the vertex operator of a closed string fermion p,
or pfw and an open string fermion zero mode.

The disk one-point function of the corresponding vertex operator of <;A5m, given in (2.16),
takes the form:

m m __87}
\/—<CO<V (0) +U™(0)) = 9.

The left hand side follows from the rules for computing disk one-point functions in the nor-
malization convention of [20], and the right hand side follows from the standard rule that the

- /i47} ¢y = =(co— o) - (4.2)

DO | —

disk one-point function of a field is given by the derivative of the instanton action with respect
to that field.

On the other hand, the disk two-point function of the field p , whose vertex operator is
also given in (2.16), and the fermion zero mode described by the vertex operator ce=?/2S,, is
given by [20]:
<06_¢/25 (0) (V" (4) + U™ (1)) - (4.3)

1T K4 o

s
To evaluate this amplitude, we first analyze the correlation function <ce ¢/ %S, (= > in
the upper half plane. Due to (2.7), we can write

<ce’¢/25,y(z)vam(i)> = <ce"b/QS,y(z)cée’d’/ze’&W(;”(i)> : (4.4)
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Using SL(2, R) symmetry of the upper half plane, and the fact that both vertex operators are
conformally invariant, one can show that the result does not depend on the locations of the
vertex operators as long as z lies on the real axis. However, we can now use holomorphy of the
operator ce™%/ 25.(2) to extend the result to the case where z lies anywhere in the upper half
plane. Therefore, we can evaluate this correlation function by taking the z — ¢ limit. Using
the operator product expansion (2.8) we can write:

<ce_¢/25y(z)Vam(i)> =Ea <80 cc 6_¢6_$Wm(i)>

_ ) (4.5)
= % Evar <(6c — 0e) céef¢ef¢Wm(i)> = &30 (G V(1)) -

In arriving at the second equality we have used the replacement rule ¢(z) — ¢(z) and the
explicit expression for the correlation functions of the ¢’s in the upper half plane.

Next we shall analyze the correlation function <ce_¢/ 28, (2) U™ > in the upper half plane.
Using the boundary conditions (2.11) on the real axis allows us to replace ce™#/2S.(z) by

—ze=%/25,(%), so that we can express the correlation function as — <Eé_q3/25’7(2)U;m(i)>. We

can now take the z — —i limit as before and use (2.9), (2.10) to write

(ce™28, (UL (D)) = = 20 (Ie(0) c(D)ali) e~ Y (0))

_ . (4.6)
= 6770‘ <(8c —0¢)cce Pe? Ym(i)> =40 (o U™ () .
Using (4.5), (4.6) and (4.2), we can express (4.3) as
i ks T €ya—r ! (cg (V™) +U™())) = —2i7rem%. (4.7)

V2 O

Combining (4.2) and (4.7) with (3.27), we get the leading contribution to an amplitude for a
pair of fermions pf, pﬁm and (k — 2) scalars <;5m3, e ,(bmk

k
L _ —20-3 -4 — . oTr
5 e %<2W)45(4) <p> (271-) ? 2 37T 490 ? KO 575<8“fa555 - 875850,)(—2”1')2 H <_8q§ 2 ) . (48)
' i=1 m;
Note that we have summed over the possibility of exchanging the zero mode vertex operators
ce=?/ 25, and ce~?/2Ss on the two disks keeping the closed string vertex operators fixed. The
result (4.8) translates to the following contribution to the effective action

273174 4 ) —Tr a B -2 L JTr
d*z/—g®e EaB Py Py 9o K0H¢ij — . (4.9)

(k—2)2l 5 00,

We now define the Einstein metric using the relation

gl(fy) = K2 gfﬁ). (4.10)

In order to canonically normalize the kinetic terms, we define

Om = 51 s Pl =1 (4.11)
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Then the kinetic terms take the form
1 1 ~ - _
/ diz\/—g®) {5 R®) — 5 GE D, 000y P — 2 megEMaawam] . (4.12)

In these variables the interaction term (4.9) becomes

2 34 _ o~ _ AN OTr
T o2 /d456\/ —g ) e g0 i, Py K19, Ko [ [ om, [ (— L ) . (413)

7j=3 i=1 agbmz

In the next section we shall translate this result to a formula for the instanton generated
holomorphic superpotential.

5 Supergravity analysis

Eq.(4.13) gives the result for the leading instanton induced scattering amplitude of a pair of
fermions and arbitrary number of scalars. In this section we shall compute the same amplitude
in an A/ = 1 supergravity theory coupled to matter with a superpotential. The comparison
of the two results will then be used to determine the explicit form of the D-instanton induced
superpotential.

5.1 General structure

We take the following convention for A' = 1 supergravity action [75]

1 - _
L5 5R=Ky (&;ﬂ&;" + anﬁaf) Vet Lo, (5.1)

1

where ¢! are complex scalars, o! are complex left-handed Weyl fermions, K is the Kahler

potential and we define

K7 = 005K, (5.2a)
Vie = e (KWW = 3w ), (5.2b)

1
LnD—5 M2V VW) oo’ + hec.. (5.2¢)

Here W is a holomorphic function of the moduli known as superpotential and
VW =0, W + (0, K)W. (5.3)

Comparing the Einstein-Hilbert terms in (4.12) and (5.1), we see that the metric in (5.1) has
been normalized in the same way as the Einstein metric.

Typically the massless chiral multiplet fields of N/ = 1 supersymmetric type II string
compactifications include, besides closed string moduli, the open string moduli, e.g. the
locations of space-filling D-branes inside the Calabi-Yau space, and other massless open string
fields e.g. those living at the intersections of space-filling D-branes. The dependence on the
open string moduli is already captured in K, appearing in (4.13), since the annuli with one
end on the instanton and the other end on a space-filling D-brane will depend on the moduli
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of space-filling D-branes. The dependence on other chiral multiplet open string fields may
be obtained by inserting their vertex operators in an amplitude, as discussed in [30, 31, 33].
Since our main aim is to describe how to fix the overall normalization of the superpotential,
we shall ignore the dependence on the open string fields in the subsequent analysis, working
at their fixed values.

Even though our results are valid for general compactification, we list below as an example
the specific closed string moduli that arise in type IIB string compactification on Calabi-Yau
threefolds with O7-D7-03-D3 systems. For such compactifications the complex scalar fields
o! comprise [76, 77]

e the complex structure moduli 2*, k =1,..., hq;

e the axio-dilaton
7= +ie” (5.4)

e moduli arising from RR and NS 2-forms (a = 1,...hy;)

G* = ¢ — 1b (5.5)

e complexified Kihler moduli (o =1,...hT,)®
» i

(& i~ ~\c
To=— Fapyt 't + it — Ca(T,G),  Ca= T2 —7) RaneG'(G = G)°, (5.6)

where Kqpy, Kabe €ncode triple intersection numbers of 4-cycles on 2), t* is the volume of 2-
cycles 7o € H (9,Z). and b, denote the number of harmonic (p, ¢) forms that are even /
odd under the orientifold action.

At the classical level, the Kahler potential is given by

K = Kg + Kq, (5.7)

where

K (z) = —log (z/Q /\ﬁ) , (5.8a)
Ko(r,G,T) = —2log(VF) —log (—i(r — 7)), (5.8b)

with 2 being the holomorphic 3-form on ¥), and we introduced the Einstein-frame volume
VE) =Ry V= % Kag 12717 (5.9)

In this coordinate system the D-instanton being analyzed here represents an Euclidean D3-
brane wrapped on a 4-cycle of ) and its action depends only on the coordinates T;,. On the
other hand, the scalar vertex operators given in the first equation of (2.16) describe fluctuations
of the real parts of iT, /7 and G®/7 since they correspond to marginal deformations of the
CFT describing the Calabi-Yau compactification.

2

8Comparing to [76], we renormalized T, by the factor 2.
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5.2 The superpotential

The general contribution Wr to the superpotential from an instanton of charge I' is expected
to have the structure

Wr = Ar(p) e ), (5.10)

where —7r () is the classical instanton action and Arp(y) is the correction term that we are
trying to determine. According to (5.2c), this superpotential gives rise to a fermion mass term
in the effective action. Below we compare this term with (4.13) with £ = 2 to determine the
prefactor Ar(yp).
We have
ViWr = =0, Tt Wr 4 01 Are™ ™ + 0, K Wy . (5.11)

This relation is valid in any complex coordinate system in the moduli space. Let us choose
a coordinate system such that when we set the RR fields to zero, only one of the moduli
depends on the string coupling whose expectation value has an additive term proportional
to In g,, and the remaining moduli are g, independent functions of the Kahler and complex
structure moduli of ). For instance, in the example of §5.1 we can take the moduli to be In T,
2% T,/7 and (,/7. Then Tr(y) contains an explicit factor of 1/g,. Therefore, in the weak
coupling limit the 9;7r(¢) term in (5.11) has an extra factor of 1/gs compared to the other
two terms and will dominate, giving

VIWF >~ —8[7} WF, V[VJWF ~ 617} aJﬁ WF . (512)

Using this, we can express the leading contribution to (5.1) as:

1 — _ = -
L5SR=Kyy (3(,0[8@“] + JJlD0J> P (/c”a,Tpa T — 3) W2
(5.13)
- |:% GK/2<617}) (8]7}) WF 80{50'10{0"][3 —+ th| .

Note that we have kept only the Wt term in the superpotential that arises from the instanton
of charge T'.

Let us introduce the matrix R such that (RTR);; = K;;(¢®) where ¢ denotes the
background fields around which we carry out our computation. Then relabelling Ry and ¢
and Ro as o, we can express (5.13) as

1 — - = — _
LOSR=by (&013@‘] + JJIDJI> S (5”817} 5;Tr — 3) Wre|?
(5.14)
— E 20T 05T Wr eago’®o?? + h.c] ,

up to higher order terms involving Taylor expansion of K, ;(¢) around ¢® which will not be
relevant for our analysis.

Since the form of (5.14) remains unchanged under a unitary rotation of the coordinates
¢!, we shall use this freedom to ensure that the fields ¢, appearing in (4.12), (4.13) can be
identified, up to normalization, as the real part of one set of chiral fields ¢ appearing in (5.14).
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The corresponding fermionic partners p,, appearing in (4.12), (4.13) can then be identified,
up to a normalization, with superpartners ¢ of ¢™ appearing in (5.14). To determine the
relative normalization factors, we match the kinetic terms for fermions and scalars in (4.12)
with (5.14). This requires the identification
A - 1
~ & i&/2 m - m m*
m = e~ o™, m = + . 5.15

=5 b= (" + (")) (5.15)
where €%/2 is an arbitrary phase that does not affect the fermion kinetic terms. The phase
could depend on the moduli since at the leading order any term that may arise from derivative
of £ will be subdominant, the dominant term coming from the same derivative acting on 7Tr.

We now focus on the part of the action containing the mass term for the fermion fields
o™ in (5.14):

- / b2 \/ =G /2 (0, T0) (O0Tr) Wi £aga™ ™ (5.16)

The hermitian conjugate term will come from anti-D-instanton and will not be considered
here. On the other hand, using (5.15) and the fact that 7r is a holomorphic function of the

©™’s, we get
1 0 0 ,
_ 7} . 7} gaﬁo_mlao_mgﬁ ezg ) (5.17)
4 Opm™ Opm2

2

o 8’5)

a =B

5aﬁpm1pm2 (_ 7
5.

Using this, (4.13) for £ = 2 may be expressed as:

»(0)

1 K3 e 2 Tt
— d*zr/—gBle 0 g, g™ A K (— ) 5.18
167 / I ’ 1g2 " 211 o™ J | 40 (5.18)
Comparing (5.16) and (5.18) and identifying g, with (E), we get
g Ymg gu Gu g
Ry et —K/2 ,=Tr(p)
= Soniy? Kye e : (5.19)

! we recover (1.1).

Finally, using the relation Re (7r) = (27%g2)~

Even though in the analysis in this section we have used the two-point function of the
superpartners of the Kahler moduli to fix the normalization of the superpotential, we could also
use the two-point function of the superpartner of the four-dimensional dilaton to fix the same
normalization. The analysis will proceed in an identical manner with the vertex operators
for the Kahler moduli and their fermionic partners replaced by those of the four-dimensional
dilaton and its fermionic partner. At the end we shall get back the same normalization since the
same superpotential controls these different contributions to the amplitude. A manifestation
of this is already reflected in the fact that the final form of the superpotential (5.19) does not

depend on which Kéahler modulus and its superpartner we use for our computation.

5.3 Holomorphy of the superpotential

While (5.19) gives a concrete, calculable expression for Wi at the leading order in the string
coupling, it is not immediately obvious that it is a holomorphic function of the moduli. We
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shall now show that this is indeed the case. Our starting point will be a result given in [30]
(see e.g. eq.(6.11))

> dt 2 > dt 2 3. M7 o1 Vr
li — Zye ! — Zye "t = =87 Re (fM)+= log —L+= K—log —, (5.20
JL%{/& 2% A€ +/e’/42t M€ } 7 Re (f )‘|“2 0g /~L2+2 Oggs’( )
in the g — 0% limit. Here f() is a holomorphic function of the moduli, M, is the four-
dimensional Planck mass, Vi is the volume of the cycle I' € Hy(2), Z) measured in the string
metric and g, is the ten-dimensional string coupling. Before we go on, let us review the origin
and some of the features of this equation:

1. To the best of our knowledge, (5.20) has not been proved from first principles. The
way this equation was arrived at was by arguing that the same expression appears in
the result for the threshold correction to the gauge coupling on a space-filling brane
(78, 79], given by the one-loop correction to the gauge kinetic term, and then using
some general properties of the threshold correction [80]. This correspondence with the
threshold correction can be traced to the fact that the left hand side of (5.20) may
be regarded as a one-loop correction to the D-instanton action. If we now regard the
D-instanton as a regular instanton on a space-filling brane obtained by changing the
Dirichlet boundary condition to Neumann boundary condition along the non-compact
directions, then the D-instanton action should be controlled by the gauge coupling on
this space-filling brane. Therefore, the one-loop correction to the D-instanton action
should be related to the one-loop correction to the gauge coupling on the space-filling
D-brane. This correspondence was also explicitly checked for some cases in [26, 27]. We
shall give a detailed derivation of this correspondence in appendix E (see (E.33)).

2. The parameter u serves as an infrared cut-off and makes the integral finite. The exact
way of regulating the divergence is often not stated in the literature. For example, the
regularization used here is the same one used in [79], while [81] used an upper cut-off
p? on the t integral. In the g — 0 limit different regulators give results that differ
by a numerical constant which can be absorbed into the definition of f®. Since the
goal of this subsection is to prove the holomorphy of Wr, having already obtained an
unambiguous expression in (5.19), we can make any choice of the regulator. We shall
use the one given in (5.20) since this will make direct connection with the expression for
K, given in (3.25).

3. To resolve all ambiguities on the right hand side of (5.20), we need to make a specific
choice of I, which is defined up to a Kihler transformation X — K + h(¢) + h(p). This
can be absorbed into a shift of f) by h(y)/(872) and reflects the usual ambiguity in
the definition of the superpotential. We choose K to be whatever choice we have made
in arriving at (5.19).

4. We shall fix all further ambiguities in the definitions of various quantities on the right

hand side by taking
_ Vr 1
Mp:"i417 - :7}R<90>

- 5.21
s 27m2g?2 (5.21)
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With this (5.20) can be viewed as a definition of f(!). The non-trivial content of (5.20)
is that f(1) so defined is a holomorphic function.

5. Since the left hand side of this equation is independent of the string coupling g, =
(e?) = (r;°!), the right hand side should also be independent of g,. There are however
various terms on the right hand side that depend on gs. In particular, since x4 o g
we get —3log g, from the term with log M; and log g, from the last term. The form of
IC depends on the specific compactification we use, but the gs-dependence is expected
to be the same for all compactifications. For the class of compactifications described in
§5.1, K has 3log gs from the first term in (5.8b) and log g5 from the last term. Putting
these results together, we see that the g,-dependent terms indeed all cancel.

6. One-loop quantum effects are known to correct the definition of the moduli fields to
ol — o +v!(p, @) where v! have a power of the string coupling, see for example [82].
Due to this redefinition, we have e~ 7(¥) — e~ (@) =0T (9:9)  Since the threshold
correction to the gauge coupling is also affected by this redefinition, the right hand side
of (5.20) is understood to include an additive term —d;Tr(p)v! (¢, ®) to compensate for
this effect. Since this term is independent of g, it does not affect the gs-independence
of the right hand side of (5.20).

Taking into account these effects, we now write a more accurate version of (5.20)

> dt 2 < dt 2
l = Zye = Iyt
e’lg%] |:L 2t A€ +L/4 2t M€ :|

3 1 1
= —872Re (f(l)) + 3 log I{g—,ug + 3 K +log(2mg2) — 01 Tr(e)v' (¢, @) -
1

(5.22)

We shall now use (5.22) to evaluate K given in (3.25). First, we note that we could have
put an upper cut-off 1/e on the integrals over ¢ on the left hand side of (5.22). This allows us
to express the left hand side of (5.22) as:

e at 2 Ve dt 2 Vedt Vedt
lim lim li — Zge Mt — 7 ‘”—3/ —e Mt 3/ —e Mt 5.23
i“i“i“[/ g iae [ e AT A

where we have added and subtracted the same quantity. Noting that Z4 + Z); — 3 receives
contributions only from massive open string states which are exponentially suppressed for large
t, we can drop the factor e " from the first three terms. Therefore, (5.23) can be replaced

by
Ve dt Ve dt Vedt 1 a
. . . - - - _M t _
i T Yy [/ oAt /6//4 o M 3/5 2 (6 1) ’ (5.24)
in the p — 0 limit. We now compare this with (3.25). Since (3.25) is independent of h, we

can take 2rh = p?. With this (5.24) may be identified as log ((27)%?Ky/u?), and (5.22) now
gives

1 3
log Ko = =872 Re (fV) — 3log kg + ) K +log(2ng?) — 3 log(27) — O Te(@)v' (0, @). (5.25)

~ 98 —



Notice that the p-dependence on both sides cancelled. We now substitute this into (5.19) and
choose ¢ = —872Im (f(V)). This gives

Wp = o8 fM(9)9=11/2~7/2 ~81 Tr (¢)v (2.0) o~ T (¥)
(5.26)

— 9~ 11/2-7/2 =87 {1 (¢) ,~Tr (o+v(p.0))

Since ¢! +v!(p, p) give the quantum corrected holomorphic coordinates in the moduli space,
we see that Wr is a holomorphic function of the moduli.

When additional zero modes are present from open strings at the intersection of the D-
instanton and space-filling D-branes, there are additional non-holomorphic terms on the right
hand side of (5.22). However, it was shown in [30] that these terms are still consistent with
the holomorphy of the superpotential, which now involves additional chiral multiplets living
on the space-filling D-branes.

6 Multi-instanton contribution

We shall now compute the overall normalization of the k-instanton amplitude. As in the case of
single instanton amplitudes, we shall carry out our analysis in the absence of background fluxes.
Since the single instanton effect already generates a superpotential and one needs to switch on
fluxes to find an extremum, one might question the usefulness of the multi-instanton results
in the absence of fluxes. Nevertheless, as long as the effects of fluxes are small, our results
may be interpreted as the analysis of the leading order contribution to the superpotential
from multi-instanton effects. We shall argue that this contribution actually vanishes for the
multi-instantons whose single-instanton constituents only have the two universal fermionic
zero modes that we have been considering throughout this paper.

Formally, the normalization factor is given by the exponential of the annulus amplitude
for open strings living on the configuration of k identical instantons. Our analysis will closely
follow section 4 of [20], the main difference being that in the zero mode sector we only have a
subset of the degrees of freedom that were present in [20].

The system of k identical O(1) instantons has an underlying O(k) gauge symmetry and
it is useful to classify the zero modes by their transformation properties under O(k). This is
done as follows:

1. In the NS sector we have four bosonic zero modes &} in the symmetric rank 2 tensor
representation of O(k), arising from a symmetric Chan-Paton matrix multiplying the
states (2.21). Here the index A labels the gauge index and runs over k(k + 1)/2 values.
Of these the trace part, denoted by A = 0, gives the collective mode associated with
space-time translations, while the other values of A label the elements of a symmetric
traceless rank two tensor.

2. In the NS sector we have a pair of Grassmann odd zero modes p,, g, in the anti-symmetric
rank two tensor representation (adjoint representation) of O(k), arising out of antisym-
metric Chan-Paton matrix multiplying (2.20). The gauge index a runs over k(k —1)/2
values.
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3. In the R-sector we have two fermionic zero modes x4 in the symmetric rank two ten-
sor representation of O(k), with « labelling the undotted spinor index. These arise
from symmetric Chan-Paton matrix multiplying (2.23). The trace part x§ describes the
fermionic collective coordinates associated with broken supersymmetry up to a normal-
ization, while the rest belongs to the symmetric traceless rank two tensor representation

of O(k).

4. In the R-sector we have two fermionic zero modes ¢ in the adjoint representation of
O(k), with & labelling the dotted spinor index. These arise from anti-symmetric Chan-
Paton matrix multiplying the states of the form (2.23), with « replaced by d.

Let us first count the (—1)" weighted number of zero modes in the NS and R sector
since this will determine how to analyze the non-zero mode contribution. In the NS sector
the number of (—1)F weighted zero modes is 2k(k + 1) — k(k — 1) = k* + 3k. On the other
hand, in the R-sector all the zero modes are fermionic and the number of (—1)F" weighted
zero modes is —k(k+ 1) — k(k — 1) = —2k*. Adding the NS sector contribution to half of the
R-sector contribution, we get 3k. Following the discussion leading to (3.25), and using the h
independence of the result to set h = 1, we now see that the non-zero mode contributions may
be expressed as:

K" = exp U di <ZA(t) + Zar(t) + 3k (e 2™ — 1))} : (6.1)

2t

with appropriately chosen limits of integration as in (3.25). We remark that (6.1) is indepen-
dent of g, since the open string spectrum is independent of g, and all the divergences can be
properly subtracted by introducing cut-offs as in (3.25) without introducing g, dependence.
Compared to the case of single instantons, the annulus contribution with both boundaries on
the instanton is multiplied by k2 due to the trace over the Chan-Paton factor on its two bound-
aries, while the Mobius strip contribution and the annulus contribution with one boundary on
the D-instanton and the other boundary on a space-filling D-brane are multiplied by k.

We now turn to the contribution due to the zero modes. First, we consider the Grassmann
odd zero modes p,, q, in the NS sector. These modes represent the breakdown of Siegel gauge
choice and are dealt with by using the gauge invariant formulation [22]. This introduces
an integration over a set of out of Siegel gauge bosonic modes ¢, multiplying the states
cof_1/2] — 1), with action — Y ¢2/4, and division by the volume of the gauge group labeled
by the parameters 6,. Therefore, the integration over p,, q, is replaced by

k(k—1)/2 k—1)/2

/ 1:[ Ay ¢~/ / / k([[ Do, (6.2)

The integral over ¢, gives the result (2/7)**~1/2 while the integral over 6, can be found
by comparing the string field theory gauge transformation parameters with the rigid O(k)
transformation parameters 0. At the leading order in the expansion in powers of k4, the
relation takes the form 6, = 26, /9o [22]. Therefore, we can express (6.2) as:

(VT g0) V2 /(2 Vo) (6.3)
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where Vsoq) denotes the volume of the SO(k) group in appropriate normalization and the
factor of 2 accompanying Vsox) takes into account the contribution from the Z, subgroup of
O(k) that is outside SO(k).

Next we turn to the integration over the zero modes &. Of these & is related to the
center of mass coordinate g“ of the instanton system by an equation analogous to (3.26):

w_ Vk
* V27,

where the extra factor of vk can be traced to the fact that the Chan-Paton factor accom-
panying the correctly normalized vertex operator for & is given by 1/ Vk times the identity
matrix [19]. The rest of the £/’s are redefined as

&, (6.4)

ah=gl%eh . for 1 < A<k(k+1)/2-1, (6.5)

so that the action written in terms of z/; does not have any factor of the string coupling
[19, 20]. This will be seen explicitly in (6.9).

For the fermion zero modes, we first consider the zero modes x{ that are related to the
collective mode associated with supersymmetry breaking. The redefinition that makes the
vertex operators of the collective modes independent of the string coupling is [20]:

X" = o X§ - (6.6)
Finally, the fermion zero modes x4 and x¢ for A > 1 are redefined as

1/4

yG = gi\G, e =gy, (6.7)

so that the action expressed in terms of the zero modes xy, ¥, y% does not have any explicit
dependence on the string coupling [19, 20]. In fact, by defining

Xr=ah LA Y*=ySL?, YO =0T, (6.8)

where L4’s give a basis of real, symmetric Chan-Paton factors and T%’s give a basis of imagi-
nary, anti-symmetric Chan-Paton factors, one can write the action for the zero modes as

1 v 1 (63 :
S=3 Tr([X,, X J[X", X)) + 7 7T (YOX, YO)) (6.9)
This has the same form as described in [20] that came from dimensional reduction of N = 1
supersymmetric Yang-Mills theory from 4 to 0 dimensions, except that there X*, Y and Y7
were all given by arbitrary linear combination of the generators of SU (k).
Using (6.3)-(6.9), we can now represent the exponential of the annulus amplitude as:

4
Vk
(ﬁgo)k(lc—n/z ( g2 (g—l/Z)Qk(k+1)—4
V2rg, ) 70
2

df“
1/4\k(k+1)—2+k(k—1) K(k M / ~
(go ) k H \/%H X

N —

(6.10)
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where

k(k+1)/2—1 dSL’A (b-1)/2 2
M= VSO(k / H { \/ﬁ} {deA}/ H de (6.11)

This result has to be combined with the product of the disk amplitudes as in (3.27). Each
disk gives an extra factor of k from the trace over the Chan-Paton factors and the Chan-Paton

factor associated with the fermion zero mode x* has a factor of 1/ V'k. Therefore, the product
of two disk amplitudes with insertion of a pair of fermion zero modes gives a net factor of
k, replacing A.p in (3.27) by kA.s. The integration over the g’“s produce the momentum
conserving delta functions as usual. Thus, the net amplitude is given by:

%e—lﬂ’(qb(o)) (27?)45(4) (p) 2—5ﬂ_k(k—1)/4—6k,3gg—(3k+1)/2 Kék) My Ass. (6.12)

We shall now argue that M vanishes. The point is that each term in the action (6.9) has
equal number of dotted and undotted spinors. Therefore, when we expand e in powers of the
second term in (6.9), we have equal powers of dotted and undotted spinors in each term in
the expansion. However, the integration over the zero modes is saturated only when there are
k(k+1)/2—1 undotted spinors and k(k—1)/2 dotted spinors in the expansion. Therefore, the
result vanishes unless £k = 1. This is in agreement with the fact that the amplitude is consistent
with the holomorphy of the superpotential only when the power of g, is —2, corresponding
to k = 1, in which case we get (4.13). This however leaves open the possibility that higher
order contributions could affect the superpotential. In particular, the counting of powers of

3(k—1)/2 above

g, indicates that the k-instanton amplitude can receive contributions at order g,
the leading contribution given by the product of disk amplitudes.’

We can analyze this possibility as follows. In order to saturate the zero mode integrals, we
need to insert the excess y* zero mode vertex operators in the amplitude. There are 2(k — 1)
of these modes, taking into account the fact that o takes two values. Since xy* are cano/nically
s,

we see that each extra y9 integration will be accompanied by a factor of go/ . Therefore, we
3(k=1)/2 —(3k+1)/2

normalized, each x® vertex operator carries a factor of g,. Since (6.7) gives dys = go

get a net factor of gO which can combine with the g, factor in (6.12) to give g, 2.
Therefore, the net power of g, we get is independent of k and the same argument as in §5 will
give a superpotential independent of g,.

There is however a further consistency check that we need to perform. We recall from
§2 that each S, that appears in the —1/2 picture vertex operator carries a J charge of 3/2.
Therefore, we have a net excess .J charge of 3(k — 1). Since J + .J charge is conserved by the
boundary condition (2.18), we must compensate for this excess J charge. To compute the

superpotential of bulk fields we need to insert a number of scalars from the chiral multiplet,

In this argument we have assumed that all the 2/;’s in the integral (6.11) are of the same order, in which
case the action (6.9) forces them to be of order unity. (6.9) also has flat directions that correspond to large
commuting X*’s. Physically this represents the freedom of separating the instantons in space-time. In terms of
effective field theory, the contribution to an amplitude from this region of integration corresponds to using the
instanton induced superpotential term in the action multiple times in a Feynman diagram instead of correction
to the superpotential itself.
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each of which carries vanishing J + .J charge, and a pair of chiral fermions, each carrying .J + .J
charge —3/2 according to the results given in §2. Therefore, we see that the closed string
vertex operators carry net J + J charge —3. This compensates for the 3 units of (J + J)
charge carried by the zero mode vertex operators associated with broken supersymmetry and
therefore does not help in cancelling the excess 3(k — 1) units of .J + J charge. The only other
source of excess J charge are the picture changing operators (PCO). Each PCO has a term
e?Tp where Ty = —, 0X" + T + Ty is the matter super-stress tensor current and Tf carry
J charge +1. Since we have 2(k — 1) extra open string vertex operators in —1/2 picture, we
need (k — 1) PCOs to conserve the picture number. Even if we pick 7. from each of these
PCOs, we can at most get a net J charge of —(k — 1). Since this cannot compensate the
3(k — 1) units of excess J charge carried by the additional zero mode vertex operators, the
amplitude must vanish. At higher genus we need more PCOs which could compensate the J
charge, but this will involve additional power of string coupling. In particular, to compensate
for the 2(k —1) unit of excess J charge we need to insert at least 2(k—1) PCOs which will take

us to genus (k — 1)/2, producing an extra factor of gh=1 ~ gi(’“—l)

. This will be inconsistent
with holomorphy of the superpotential. Thus, we conclude that there are no multi-instanton
contributions to the superpotential.

In the above analysis we have assumed that we are working on a fixed world-sheet, con-
sisting of the exponential of the annulus or Mobius strip and a product of disks, with each
disk containing one closed string vertex operator and some open string vertex operators. But
we also have the possibility of adding more disks containing only open string vertex operators
which will take into account the effect of additional terms in the effective action (6.9). Since
the counting of the powers of g, associated with the vertex operators remains unchanged,
the net effect will be to generate additional powers of g;? — one for every additional disk.
Therefore, one could ask whether these negative powers of g, could compensate for the the
extra powers of g, that we saw in the previous paragraph. To this end, note that on the disk
the total picture number of all the operators must add up to —2. Therefore, if we have r
extra disks, then the total number of required PCOs will change from (k — 1) to (k — 1 —2r)
in the previous paragraph. On the other hand, the minimal number of PCOs required for
J-charge conservation remains fixed at 3(k — 1). Thus, we now have to increase the genus by
(k—1+47)/2 to get the extra 2(k — 1+ r) PCOs. This gives an additional factor of gtk
From this we see that the extra factors of ¢g; 2, that we had gotten for each extra disk, are
precisely cancelled by the extra factor of g2 that we get from imposing .J-charge conservation
and picture number conservation. Therefore, having extra disks does not help us generate a
multi-instanton contribution to the superpotential.

It is easy to see that the argument based on conservation of .J-charge generalizes in a
straightforward fashion even to the cases where we have different types of instantons instead
of identical instantons. In particular, for a total of k instantons we always have 2(k — 1) extra
Grassmann integrals over undotted spinor zero modes. To saturate these integrals, we need
to insert 2(k — 1) vertex operators of the form ce~#/23, into the amplitude. We can then use
J-charge conservation to argue that any contribution to the amplitude from products of disks
and annuli vanishes.
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One must keep in mind however that our argument for the vanishing contribution to the
superpotential does not apply to systems in which the fermion zero mode structure on the
individual instantons is different from that of the O(1) instantons considered here. In [83]
the authors considered a combination of U(1) instanton and O(1) instanton and argued that
this system can give non-vanishing contribution to the superpotential. The U(1) instanton
has equal number of chiral and anti-chiral fermion zero modes and therefore in the combined
system the difference between chiral and anti-chiral fermion zero modes remains fixed at two,
allowing it to contribute to the superpotential. Refs. [84, 85] also provided examples of multi-
instanton systems which could contribute to the superpotential. In this system many of the
constituent instantons had non-universal fermion zero modes for which our computation of
the J-charge does not hold.

7 Conclusion

In this paper we have described a systematic procedure for computing the D-instanton induced
superpotential in an orientifold of type IIB/ITA string theory compactified on a Calabi-Yau
threefold, preserving AN/ = 1 supersymmetry in four dimensions. Our analysis includes all
Euclidean D-branes preserving half of the space-time supersymmetry. This problem has been
addressed by many authors in the past, and our main contribution has been to fix the overall
normalization of the correction terms by drawing insights from string field theory. Our final
results are quoted in (1.1), (1.2).

We have focussed on instantons whose only zero modes are the four bosonic zero modes
associated with translation of the instanton along non-compact directions and the fermionic
zero modes associated with the supersymmetries that are broken on the D-instanton world-
volume. More general instantons are possible, and while in principle our methods could be
extended to these cases as well, we have not addressed those in this paper.
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A Normalization of the fermion kinetic term

In this appendix we shall find the normalization of the fermion kinetic terms obtained from
string field theory. We begin by listing some additional operator product expansions in the
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world-sheet theory beyond those listed in §2:

e~ PP (2) e*¢/2e*‘5WgL(w, w) = (7“)0{5(2 - w)*le*wﬂe*‘{’ Wgn(w, W)+

2
G (2) e PP ) = 5 () 22— w) e e T ) o
TP (2) e eV (w, w) = % (7)d (2 = w) e e Y (w,w) - B
TP (2) e e Y (w, w) = 5 () (2 = w) e e Y M w, ) + -
e 28 (2)e e WM (w, w) = O(1)
TPSa(z)e e W (w,w) = O(1),
2 Sa(2)e POV (w, w) = O(1), A
254(2)e e PV (w,w) = O(1),
e‘bef( )cce —30/2¢ ¢W£”(w,w) =0(z — w),
PTE(Z) cee Pe 3 PPW ™ (w,w) =O(z — w), (A1
e‘bT}E( ) cce —36/2¢- Yy(w,w):(’)(z—w),
PTE(Z) cee e 3RPY!I™(w, w) = O(z — ),
e 3RO W (2, 2) e e "{’Y-"( ) =K |z —w| ™t e e e Eaf Omn + 7,
673‘1’/2?75/\}:}?(2, z) e ? ¢W"(w w) =K |z —w|™ e e Eag O + -+, (A1d)
e e 3 WIM (2, 7) e e WQY’"(UJ w) =K |z—w|™ e % 2 “Eap O + -+,

o0 30/2 ?ém(Z’ ) e —bo— WzWé"(w,w) = K|z —w|” —4 20,2 %5 Somm +

where K is a constant to be determined and T3, TZ are the superconformal generators of
the (2, 2) superconformal algebra associated with Calabl-Yau compactlﬁcatlon carrying (J,.J)
charges (0,41) and (£1,0) respectively. The operators W and Y appearing in (A.la) differ
from the corresponding operators W and Y appearing on the left hand side of the equations
only in the chirality of the four-dimensional spin fields, but the parts coming from the CFT
associated with the Calabi-Yau threefold remain unchanged and continue to represent the
Ramond sector ground states. (A.1b) follows from the observation that the net J (J) charge of
the operators on the left hand side is given by 4+2 and therefore the matter sector contribution
to the Lo (Lg) eigenvalue of any operator on the right hand side is bounded from below by
|J|/2=1(]J|/2=1) [49]. (A.1c) follows from the fact that the zero modes GF of T% (G of
T5) annihilate the Ramond ground states of the CFT associated with the Calabi-Yau threefold
[49].

To determine the constant K appearing in (A.1d), we begin with the worldsheet correlator:

I= < %dz (e’d’/QSA,(z)) (c e ?285(21)) (55@56"1’/26"5 Wf(zg,@))
= (A.2)

X (cée*(b/?e*‘{’ YB"(Zg,Eg)) > ,
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where § is normalized to include the 1/(274) factor so that § dz/z = 1. Using (2.1e), we get
I'=—i(Vu)s <c e~ P (21) Decc e Pe P W (29, %) cce 2 ? YB"(Zg, 23)> . (A.3)

Using the normalization of the closed string vacuum given in (2.3) and (A.la), (A.1d), we can
express (A.3) as

I =i(y,).5(2m)"6@(0) %75 3 K O = (21)* 6D (0) K 250355 0, (A.4)
where in the last step we used

(7“)75(7#)0{8 = —2¢65a845- (A.5)

On the other hand, deforming the z integration contour in (A.2) away from z; to pick the
residues from zp and z3 using (2.8) and (A.1b), we get

I =c¢, <ce’¢/255(21) decce e W (29, ) cce?/%e~? Vi (zs, 23)> . (A.6)
Using (2.10) and (2.6), we can express this as
I =—(2m)"6“(0) 210855 mn- (A7)

Comparing (A.4) with (A.7), we get
K=-1. (A.8)
We shall now determine the normalization of the fermion kinetic term in closed string
field theory. Since the kinetic term couples NSR sector to NSR sector and RNS sector to RNS

sector, we can analyze the two sectors independently. First, let us consider the NSR sector.
The massless string fields in Siegel gauge take the form:

4 _ . _
onsi) = [ 5 [ ) coe e WD + ) eoe ety YO0 (A9)

in the (—1, —1/2) picture, and

~ P [\ sesr —aTm . 7By - 302 —63rm] i X
‘¢NSR>:/(27T)4 [¢m(p)006 e Wi+ (. (p)cce e Yﬁ}e (0)[0),  (A.10)

in the (—1,—3/2) picture. Note that the fields ¢, ¢? % and (? are Grassmann odd and
so are the vertex operators multiplying them. Furthermore, all states appearing in (A.9) and
(A.10) are GSO even as required. The quadratic part of the string field theory action, given
in the normalization used in [21], is

Snsr =4 {—% (dnsrlcy Xo (Qp + Qp) |dnsr) + (dnsrlcy (Qp + Q) |¢NSR>:| . (A1)

where c¢; = (co — @)/2, Qp,Qp are the holomorphic and anti-holomorphic BRST operators,
and X, X, are the zero modes of the holomorphic and anti-holomorphic picture changing
operators. We have

Qp = %dzyB(z), (A.12a)
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1
]B:c(TerTBW)+7Tp+bcﬁc—iyzb, (A.12b)

1 1
X(2) =2{Qp,&(2)} =2c0¢ +2e°Tp — B one*’b — B 0 (7]62¢ b) (A.12¢)
Xy = %zldz X(z). (A.12d)
Here Ty = —,0X" + T}t 4+ Ty . Similar expressions exist in the anti-holomorphic sector.

Using the operator products given in (2.8), (2.10), (A.1), and (A.8), the action (A.11)
evaluates to

d'p Lo . T ; o
Snsr = / ) [—5 P (=) PasC(p) — Pe gt (—p)Ch (p) —pzeaﬁém(—p)wﬁb(p)} :
(A.13)
The fields 9 and ¢? do not actually represent independent physical degrees of freedom —
they are part of the extra free fields that we need to add in order to write the action of
superstring field theory. Therefore, they can be eliminated using their equations of motion:

VasCh(p) = —22,4Ch (), Poatla(p) = —225a05(p) (A.14)

Substituting these relations into (A.13), we get

Swsn =2 [ G VD hsGhD). (A.15)

A similar analysis can be performed in the RNS sector, leading to the total action:

Swsiins =2 [ 5 [P0 HaCH) + VD). (AT6)

These results can be expressed in terms of fields that are even and odd under €),, with the
even fields given by p%, p2 introduced in (2.17). Keeping only the terms involving the even
fields, we can write the kinetic term as

2 / (;ijf; P (—p) Paspin(p) - (A17)

In the construction of string field theory one begins with all fields complex and then
imposes an appropriate reality condition that eliminates half of the degrees of freedom. In
this spirit, before imposing the reality condition, the fields p2 and p? appearing in (A.17) can
be regarded as independent complex variables. We can then impose the reality condition

pi(p) = i () () = i (D)) (A18)
which turns the action to
=2 [ 2 (pn0) o) = =2 [ 2 ple) Do), (A19)

with the understanding that p(x) represents a chiral spinor.
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For completeness we shall also determine the normalization of the scalar superpartners of
these fermions. They appear as components of the string field in the NSNS sector as

|oNsNs) = /(547];4 [um(p) cée Pe W™ + uy (p) cée*%*@Ym] X (0)]0). (A.20)

The action is given by a formula similar to (A.11) except that we can take Xy = 1 and set
|dNsns) = |dnsns) from the beginning. This gives

Snsns =4 X % (pnsnslcy (Qp + Qn) |dnsns) - (A.21)

Substituting (A.20) into (A.21) and using the operator product expansion (2.6), we get

d4

SNsns = —/ P u’ (—p) p* um(p) = —/d4:c Oy, My, . (A.22)
(2m)*

If one keeps only the part qgm that is even under the orientifold projection, as defined in (2.17),

the kinetic term takes the form:

1 . R
-3 / d*2 0y Oy - (A.23)

B Regularization of the zero modes

During our analysis we have fixed the normalization of the integration measure over the modes
of open string field theory on the D-instanton by comparing the result of the path integral
with the annulus partition function. This procedure breaks down for the zero modes since the
annulus amplitude diverges. We resolved this by adding a small constant to the Ly eigenvalues
of the states in the Siegel gauge so as to make the annulus amplitude finite, used this to fix
the integration measure over the zero modes, and then set the Ly eigenvalues back to zero.
As indicated in the main text and elsewhere [18, 20, 21], the result does not depend on how
we shift the Ly eigenvalues of the zero modes, but one concrete procedure involves putting
slightly different boundary conditions on the two boundaries of the annulus. In this appendix
we shall elaborate on this procedure.

Putting slightly different boundary conditions on the two boundaries of the annulus may
be regarded as having a pair of identical instantons slightly separated in space-time, and
considering the partition function of an open string with two boundaries lying on two different
instantons. This corresponds to considering open string states with off-diagonal Chan-Paton
factors. On the other hand, open string with both ends on the same instanton are described
by diagonal Chan-Paton factors. Now let us take some mode (V) living on the first open string
and let ad¢™™ be the integration measure over that mode. Gauge invariance of string field
theory requires that a must be independent of all the modes of string field theory since by
construction the string field theory is gauge invariant with flat integration measure over the
string fields. Since the separation between the two instantons is also a mode of open string
field theory, a must be independent of the separation between the two instantons. Taking
the separation to infinity and using cluster property, we see that ad¢™™) must also be the
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integration measure over this mode in the absence of the second instanton. If (® denotes the
same mode of the open string living on the second instanton, then the integration measure
over (@ will be ad¢® with the same constant a. Then, since (&) = (¢ 4+ ¢®)/1/2 are
normalized in the same way as (V) and (), the integration measure over these modes must
also be ad¢™) and ad("). One the other hand, if we denote by ¢; and ¢, the same open
string modes on the D-instanton pair associated with Chan-Paton factors o/ V2 and oy / V2,
then in the limit of zero separation between the instantons ¢; and ¢, are related to () by
SU(2) rotation and so must have the same integration measures a d(; and a d(y. Conversely,
by determining the measure of integration over the modes (; and (5, we can find the constant
a, which in turn gives the measure of integration over the zero modes of a single instanton.

Note that for a separated pair of instantons there are two sets of degenerate modes,
involving strings connecting the first instanton to the second one and the reverse, and the
kinetic term of string field theory will couple them. So effectively our procedure amounts to
computing the partition function of both sets of modes and then taking a square root. This
is related to the problem of defining a path integral over chiral fermions, which also requires
doubling the degrees of freedom and then taking a square root. This of course leaves the phase
of the partition function ambiguous. For some amplitudes this ambiguity can be absorbed in
a shift of the RR scalar fields, and for others we can in principle use the cluster property to
determine the phase. This has been discussed in [20], and we shall not discuss it any further
here.

C Theta functions and their properties

In this appendix we shall review some of the properties of Jacobi theta functions that are used
in appendices D and E. We define for o, 3 = 0, 1

imnfB n? n T iz
Dag(2m) = D ™™ Pyr, q=eTT, y =€ (C.1)
nGZJr%

If the first argument is zero, we will simply write Y,5(7) = Ua5(0|7). These functions have
the following product representations

o0

doo(zI7) = [T = ") (14 (g +y a2 + 1), (C.2a)
dor(zlr) = [T =0 (1= (r+y e F +a>7), (C.2b)

1 1

D1o(2]7) = g5 (y2 +y72)

8

(1=¢") 1+ w+y " +q"), (C.2¢)

n

1

011 (2|7) = g3 (y? — y~7)

—s L

(1=¢") (L= (+y "+ ™). (C.2d)

3
I
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They satisfy the relations

1 . 2/ 1
o (z+§]T) = 3 gty o (2], (C.3a)

n€Z+%

Do (24 5|7) = a8 YD ey — gy by (), (C3D)

nEZJr%

where we understood that the dependence on o and 3 is mod 2 up to a phase, i.e. V(4428 = Vap
and ﬁa(5+2) = €ia7r19a5.
The Jacobi identity reads

Doo(7)* = o1 (7)* + V1o(7)*. (C.4)

The relations to the Dedekind eta function

M"

H (1—¢" (C.5)

are the following

9, (0|7) = —2mn(7)?, 19;5(,2\7) = 0,045(2|7), (C.6a)

B T 1 NI TC ) S o
U1o(7) = nr) Vo1 (7) () Poo(T) 0+ 1) n(TrPn @ (C.6b)
Voo (7)V10(T) 001 (1) = 2n(7)°. (C.6¢)

An important identity is[26, 27]

2 ar 2 19// O
Vap (Z|7')2 U1, (0[7) _ ap(0[7) — 9% log O, (2|7) . (C.7)
Oy (2]7)2 ap(0]7)2  Vap(0]T)

Another important set of identities are (see [86, (8.199)]):

Yoo (21
Jox (

+ 22/27) 000 (21 — 2/27) + D10(21 )00 ) )
) ) ( )01 ( ) )

Yoo (21 + 22]27) 000 (21 — 22|27) — Pho(21 + 22|27) 0 (21 — 22|27), (C.8¢)
) ) ( )910( ) )

)

’1900(21|T)’l900(22|7') + 2’2|27' ’1910 1 — 22|2T s
00(21|7)V01(22|7)
01(21|7) Vo1 (22|7)

)

10(21 |7')1910(22 |7'

?911(Z1|7')?911(2’2|7')

)

1 + 22|2T 1901(2’1 — 22|27' — ’1911 1 + 2’2|27' ’1911 21 — 22|2T s

=

)

1910(2’1 + 22|2T 1900(2’1 — 2’2|27' + ’1900 21 + 2’2|27' ’1910 21 — 22|2T s
’1900(21 + ZQ|27')’£910(21 — 22|27') — 1910(2’1 + 22|27')Q900(2’1 — 2’2|27').

We further need the modular transformations of the functions introduced above. The
modular transformation of the Dedekind eta function is given by

n(—l):<—wfﬂMﬂ, nr 1) = e (), (€.9)

T
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while the modular transformation of the theta functions are given by

1 ﬂizQ

Joo (f —;) = (=ir)"2 " Doo(2|7), oo (2l + 1) = Dou(2]7), (C.10a)
z) 1 . \1/2 miz

oy )= (=it) e Yio(2]7), Vo1 (2|7 + 1) = Joo(2]7), (C.10D)
z| 1 - \1/2 iz i

V1o gl bl (=it) " e = Joi(z]7), Yo (2|7 + 1) = e+ Yyp(z|7), (C.10c)
z 1 . . 1/2 7rzz s’

du || == ) = —i=im) Pednedn), P Gl +1) = e dnlzln). (C.10d)

We also define
1
fk Q(Z 7' = — Z
(7 >

3

% (C.11)
_ L MTQQ/ICGQMQZﬁOQ(k?Z + QT“{?T), y = 627riz )
n(7)
In particular, we have
. 1900(2‘7') 1900(22‘27’) 1910(22|27')
fLO(ZvT) - 7](7_) ) f20( ) 7](7_) ) f2 1( ) 7](7_) . (012)

D Evaluation of the partition function

For computing the normalization of the instanton contribution to the amplitude, we need to
evaluate the quantity (1.2). If we have a solvable CFT for which the spectrum of D-branes and
open string states is known, we can evaluate it explicitly. However, in most cases the model is
not solvable and the best we can hope for is to regard the model as a deformation of a solvable
model, and then use conformal perturbation theory to compute the spectrum in the deformed
theory. In such cases we can simplify the analysis by organizing the infinite sums over states
arising in the expressions for the partition function by summing over different representations
of the underlying symmetry algebra and identify the contribution from a given representation
as the character of that representation. In this appendix we shall discuss this procedure in
some detail.

D.1 Open string channel

We define ¢ = e™2™ 7 = it and express the integrands Z4 and Z); in (3.25) as sum of four
sectors: NS with (—1) insertion, NS with (—=1)'(—1)7 insertion, R with (—1) insertion and
R with (=1)F(—1)/ insertion. Here F stands for space-time fermion number and (—1)/ stands
for the GSO parity of the state. In each sector the integrand may be expressed as the product
of the contribution from free fields X*#, ¥* b, ¢, 5,v and the contribution from the internal
part of the CFT associated with Calabi-Yau compactification. We shall denote the free field
contributions by'® foo, fo1, 2f10 and 2f11, respectively, and the internal conformal field theory

10The factors of 2 in front of the R sector contributions are introduced for convenience. Their role is to
cancel the factor of 1/2 appearing in (3.9) due to the R sector kinetic operator Gy being the square root of Ly.
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contributions by goo, go1, 910 and gi1, respectively. In the definitions of these quantities the
ground state contributions to (—1)f and (—1)/ will be included in the definitions of the free
field contributions since they typically arise from the ghost sector. NS sector ground state
ce?(0)|0) has odd GSO parity and even space-time fermion number while R sector ground
state has even GSO parity and odd space-time fermion number.!! We also replace Ly in the
e~ factor by Lo — < - for convenience, even though after adding the contribution from the
free field part and the mternal part these factors cancel out since the total central charge
vanishes. Finally, the minus sign appearing in the action of Q, on the SL(2,R) invariant
vacuum, as discussed below (2.21), will be included in the contribution from the internal
conformal field theory.

D.1.1 Annulus with both ends on the D-instanton

We first compute the free field contribution. We have

foo = q2q éﬁ (1—q" 4ﬁ 1+ ¢ 2) ﬁ (1—q") ﬁ 1+¢"2) % = 1;0&(;), (D.1a)
n=1 n=1 n=1 n=1
foo = —q¥iq: H L= o - [Ia - [Ja-a5) 7 = _1370(17()73)’(]3'”3)
n=1 n= n=1 n=1

(D.1c)

2fu=-(2-2) ﬁl—qn)4H<1—qn)4H(1_q Hl—q ) =0, (D.1d)

where the four factors come from X*, ), b, ¢ and f3,~, respectively. The factors ¢%/?* in the
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NS sector contributions reflect that the free system carries total central charge —9, and the
factors ¢~/2 reflect that the NS sector ground state ce=®(0)|0) has Ly = —1/2. These results
are nicely summarized by

fon = (1) 222, D2

As mentioned before, since the spectrum of states in the internal CFT is not known in gen-

eral, the best we can do is to organize the states into representations of the symmetry algebra
and then evaluate the contribution from a given representation [45-48]. The relevant symme-
try algebra in this case is the N' = 2 superconformal algebra extended by the spectral flow.
For convenience we shall define, for the SCF'T associated with Calabi-Yau compactification
and for any representation r,

a0 =Trns, [ (=DF], g8 = Trs, [¢7(-1)F(-1)7],
9\ =Trr, [¢™(-1)T], a7 = Trg, [¢™ (1T (-1)7].

HThe assignment of GSO parity to R sector ground state is convention dependent. This affects the sign of
f11 but this contribution vanishes anyway due to having equal number of GSO even and GSO odd states at

(D.3)

each level.
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The representations of the extended N = 2 superconformal algebra can be divided into
two broad classes: the massive representations and the massless representations [47, 48]. The
massive representations are characterized by a pair of numbers (h, @), with @) taking values 0,1
and h taking any real value larger than Q/2.12 On the other hand, there are three independent
massless representations, that we shall denote by (vac), () and (—). The SL(2,R) invariant
vacuum state |0) belongs to the representation (vac).

We first consider massive representations. The results for all sectors take the form [48]:

30 [T+ [
gl = ¢ g( 5 ,T,h,Q), (D.4)
where
g(z,m5h,Q) = ¢" 17 77( )" fro(z ) faqlzT) (D.5)
and f o are defined in (C.11). Substituting (C.12) into (D.5), we get for ) =0, 1,
¢
g(Z,T; h, Q) = W’ﬁoo(Z‘T) 19Q0(22|27') s (D6)
which results in
q _%
(h,Q) _ BQ
— (—1 005(T) Dir0(27). D.7
9ap~ = (=1) mEE 8(7) Yatqo(27) (D.7)
Note in particular that g1 = 0 due to 1, (0|7) =

We can now put these results together to compute the annulus partition function for a
massive representation with both boundaries lying on the instanton:

h, 1 h
Z8op =7 D fas(m) gu5? (7). (D)
«a,=0,1

Here the overall factor of 1/4 is the result of the GSO and orientifold projections that act
as (1+ (—=1)7)/2 and (1 + €,)/2, respectively. Note that the annulus partition function only
captures the 1 part of (14 €,), the Q, part being represented by the Mobius strip that will
be discussed in §D.1.3. The factor of 2 in front of f;5 cancelled 1/2 appearing for the Ramond
sector contribution due to a similar factor in (3.9). The subscript DD denotes the fact that we
have the Dirichlet boundary condition along the non-compact directions along both boundaries
of the annulus. Using (D.2) and (D.7), we get

1 a
Z\5 = Z = FUFD 9 5(7)? Dot 0(27). (D.9)

We can now use (C.8) to rewrite the sum as

(Bo0(27)? + D10(27)2 + (=1)+2(Jo0(27)? = 910(27)?) ) Io(27)
— 21900(27_)1910(27-)191—62,0(27_) =0. (D]_O)

12Tt is also possible to have Q = —1 and h > 1/2 representations. Their characters are same as those of
@ =1and h>1/2, so we won’t consider them below explicitly.
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showing that ZX?’D 1)) vanishes. This reproduces the result of [45].

The analysis for massless multiplets proceeds along similar lines. The characters are given
by formulee similar to that in (D.4), but with different functions g(z,7). We have [47]

1
g(UGC)(zaT) 29(277_7070) - g <Za7_; 57 1) )
(D.11)

g(i)(z, )=+ % (fsa(z,7) — fo-1(2, 7)) + %g <z, T %, 1) ,

with f o defined in (C.11). It is easy to see that Zﬁf’“,ﬁD and Z! ) l))D also both vanish, which
follows from our previous analysis together with the identities:

f3,1(277—)_f3,—1(277—) :O fOl"Z—O,;,%, (D12)

so that this term does not contribute to any g(%) except the one with (af3) = (11). Since fi;

vanishes, the net contribution of the (af) = (11) term to ZXEI)) p also vanishes. The identities
(D.12) follow from (C.11) and the standard periodicity and evenness properties of Jgo(2|37).
The vanishing of ZX)D p agrees with the general result of [45]. This may be restated as

the identity

TP 2o (D a() gug(r) =0. (D.13)
,8=0,1

This identity holds for all representations. Furthermore, we can exclude the (af) = (11)

term from the sum due to ¢;(7) = 0. One can view (D.13) as a consequence of N' = 2

supersymmetry in four dimensions, since ZX)D p by itself does not have any knowledge of the

breaking of N' = 2 supersymmetry to A/ = 1 due to the orientifold projection.

Even though gﬂ) does not contribute to (D.13), for later use we shall now quote the
values of gﬁ) for different representations. Using (D.7) and (D.11) we see that gﬁ) vanishes
for the massive representations and the (vac) representation. On the other hand, for the (£)
representations we get

gy =+ q3/8 <f31<1+7_ )—f3,1<1;7_,7'>>:i1. (D.14)

Since the internal components of the operators S, (z) and Si(z) are related to the SL(2,R)

invariant vacuum |0) via spectral flow, the fermion zero modes associated with broken super-
symmetry come from the (vac) representation that contains the state |0). Therefore, they give
vanishing contribution to g;;. Since we have assumed that these are the only fermion zero
modes on the D-instanton, we conclude that the spectrum of open strings does not contain
any (£) representation and therefore g;; vanishes for all open string states.

D.1.2 Annulus between D-instanton and space-filling D-brane

In this case the contributions from a given representation in the internal CFT remain un-
changed although the specific representations and their multiplicities that appear in the open
string spactrum will be different from those appearing on the open string with both ends

— 44 —



on the D-instanton. The contributions from the X* and ¢* fields change since they have
Dirichlet-Neumann boundary conditions and they become

foo = 4gzi [T - g2) [Ta+e* TJa-g? ]+ ) = Yio(r)*n(r)”

n=1 n=1 n=1 n=1 1901(7—)21900(7) ’
(D.15a)
fo=-@2=2¢= [[a-¢ ) [Ja-¢)* [Ja-¢)?[[a -2 =0, (D.15b)
__OO _ 3 —4OO n—%4oo . n2oo -2 _ Doo(1)? n(1)?
2ho = =10 =57 [T0+ a5 TL0 -0 10+ = =2 5005 0o
(D.15c¢)
2f11 = —H (1—q¢"~ 4H (1-¢ 2 [a -] -a)2=-1. (D.15d)

The contribution to the annulus partition function from a given representation of the extended
N = 2 superconformal algebra is now given by

ADN Zfaﬁ (D.16)

Note that the overall factor is 1/2 instead of 1 / 4 since we have two possible orientations of the
open string connecting the D-instanton to the space-filling D-brane giving identical results.
Using (D.7), the contribution from a massive representation is found to be

h— 1+Q

Z48h = 5 53 (Fao2) Vn(r)? = D1-o(2r) dn(r))
_ l qh 1 Q 2’[9@0(27') 1900(27') 1910(27') — 191,Q,0(27) (1900(27')2 + 1910(27')2)
2 Voo (27)? — V10(27)?
—-1)@ _14Q
_ 21) 90 00(27), (D.17)

where we used (C.8).

The contribution due to the massless representations can be computed similarly using
the formula for the characters given in (D.11). In particular, since we have argued that the
representations (£) do not arise in the spectrum, the contribution only involves g(z,7;h, Q)
and can be read out from (D.17). At the end we need to sum over all representations. In
particular, there is an infinite number of massive multiplets labelled by h, both for ) = 0 and
@ = 1. As can be seen from (D.17), for either value of () the dependence on h appears only
through the overall factor of ¢". Thus, the annulus partition function can be organized as

—1 @ e T —27
ZADN = Z ( 2) V1-0.0(27) Z nhod"E q= e = 72t (D.18)
Q=0,1 h>|Ql/2

where ny, ¢ is the number of representations of type (h, ()) appearing in the open string spec-
trum with one end on the instanton and the other end on the space-filling brane, with the
understanding that the representation (vac) contributes 1 to ngo and —1 to 1y 1/s.
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D.1.3 Mbobius strip

For computing the Mobius strip contribution with D-instanton boundary condition, we need
to insert an orientifold operator inside all the traces in the D-instanton partition functions.
This has the following effects:

1. For a holomorphic field ¢(z) of conformal weight h, Q, produces (—1)"¢(—z). Therefore,
if we use the expansions

P(z) = Z ¢nz_n_ha QE(Z) = Z ang_n_hv (D.19)

then Q, takes ¢, to (—1)"¢,.

2. This shows that if ¢ satisfies the Neumann boundary condition ¢, = ¢,,, then Q, acts
as ¢, — (—1)"¢,. This is the case for the generators of the extended superconformal
algebra and the ghost fields. On the other hand, if ¢ satisfies the Dirichlet boundary
condition ¢,, = —¢,, as OX* and *, then Q, acts as ¢, — —(—1)"¢,.

3. Acting on any representation r, €}, produces an overall phase. This phase, which we
shall denote by a;, must be such that acting on GSO even states €}, has eigenvalues +1,
and after we combine this with Z4 pp, only the states with eigenvalue 1 are kept in the
spectrum.

We shall now study how this affects these on the contribution to the partition function
from a given representation of the extended superconformal algebra. First of all, a,. will appear
as an overall multiplicative factor in the partition function. The effect of ¢,, — (—1)"¢,, can be
represented as the (—1)%° operation. This effectively replaces ¢ by § = —¢ in all the expressions
provided we choose the overall phase appropriately by adjusting c,.. We shall define 7 = 7+ %
so that ¢ = €*™. Finally, the effect of the extra minus sign in the transformation laws of X*
and " due to the Dirichlet boundary condition is to replace (D.1) by

foo®) = aza = T+ IO =) TIO =@ [T0+a)
1901@)57](%)3 B n= n=
=4 D10(7)2 Vo (7) (D.20a)
fo(1) = =g [Ja+a [To+ = [T - ¢ [Ja-a57
B ,1900 (71); ,’7<7A_)3 - n= n=
- Uo(7)2 o1 (7) (D.20b)
2f0(7) =~ -2 [Ja -+ [la - TIa a7 Ta+a)~ =0, (D200
2fn(®) = =4 [Ja+a [Ja+a [[a-a?][a-a)*=—4. (D20d)
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Combining these results with (D.7) with ¢ replaced by ¢ and an overall multiplicative factor of
a,., we get the contribution to the Mdbius partition function from a massive representation'?

o, . . o 14Q Voo(27 . .
29 = G X hos 0 = = Da0l27) (00 (7)? — (~1)%00a(7))

1t Uqo(27) Y1-g0(27)°
Yoo (27) V10(27)

_ A 1+Q N
= (=)' Qa, ¢ _g0(27), (D.21)

where we again used (C.8).
In order to fix the allowed form of «,., let us consider the limit 7 — ioc. In this limit
(D.21) reduces to:
(—1)@ 12194 %q,,  for Q=0,1. (D.22)

In order that Z(Mh’Q) has the interpretation as half of a sum over states weighted by (—1)¥Q,,

2mt+im

(D.22) must be half of an integer. Writing ¢ = e~ , we see that a, must be of the form

—im(h=%) 5 where o, = +1.

e
We can now write a formula for the Mdbius partition function analogous to (D.18) by

summing over the contributions from all representations:

Zn = Z( 1)1 _g0(2 Z ZanhQU ”h*%)(jh*%7

Q=0,1 h>|Q|/2 o=+1 (D.23)

where n;hQJ is the number of representations of the type (h, Q) that pick up phase a =

oe~i"=%) under Q,. As in (D.18), due to (D.11), the representation (vac) contributes 1 to

10,0000 a0d —1 t0 1) 1 . Here 0, represents the value of o for the (vac) representation.

Lovac

We shall illustrate the procedure for determining o, by computing it for the (vac) represen-
tation. The first equation in (D.11) implies that the contribution from the (vac) representation
is given by the difference between the contributions from the representations (h = 0,Q = 0)
and (h = 3,Q = 1). Therefore, (D.22) gives the leading contribution in the 7 — ico limit to
be (=2 — 1)ayae = —3Quae- On the other hand, this is to be identified as the contribution to
Zyr from the zero modes in the spectrum. After the GSO projection, we have four orientifold
even and (—1)% even states (2.21) and a pair of orientifold odd and (—1)% odd states (2.20)
in the NS sector. Therefore, the sum over these states, weighted by (—1)f times Q,, gives 6,
and after division by the factor of 2 coming from the orientifold projection operator we get 3.
On the other hand, in the Ramond sector half of the zero modes are even and half are odd
under 2, and therefore give vanishing contribution. Thus, the expected contribution to Z,
from the vacuum representation is 3. This fixes au.. = —1 and hence 0,,. = —1, leading to

/ _ / _ / o _
no,0,-1 = 1, Nyje1,-1 = 1 and ng o, = Nyp11 = 0.

13We do not put on the Mobius partition function any additional index indicating boundary conditions
because the boundary always lies on the instanton.
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D.2 Closed string channel

So far we have analyzed the contribution to the partition function from the open string view-
point by expressing the partition function as integer linear combination of characters in the
open string channel. This approach is useful for generating the large ¢ / small ¢ expansion of
the partition function, e.g. if we are computing the partition function near a solvable theory
using perturbation theory. Under a deformation of the background, the conformal weights h
labelling the representations get deformed, but the integer coefficients nj, o and nj, , , multi-
plying the characters are expected to remain unchanged. For large ¢ we may get a reliable
estimate by working out the deformation of the conformal weights of a few low lying open
string states. However, there is a complementary approach in which we compute the partition
function in the closed string channel [87, 88] — as inner products between boundary states
associated with D-instantons, D-branes and orientifold planes.

D.2.1 Annulus between D-instanton and space-filling D-brane

First, let us consider the annulus amplitude Z4 py — we shall not consider Z4 pp since it
vanishes anyway. As in (3.8), this will be given by [ d¢ (I|e-™(FotLo)c b |S) where |I) and
|S) are the boundary states of the instanton and the space-filling brane, respectively, as in §3.3,
¢ =1/t and § = e ¥ is the modular parameter associated with the closed string channel. If
K, denotes some generator of the extended N' = 2 superconformal algebra, then the boundary
state |S) satisfies

(K, — (=1)"K_,)|S) =0, (D.24)

for all n. Here h is the conformal weight of the operator whose modes are represented by
K, and the (—1)" factor arises from the conformal transformation z = (1 +iy)/(1 — iy) that
relates the disk coordinate z to the upper half plane coordinate y. Therefore, one copy of the
extended superconformal algebra is preserved, which we can take to be the holomorphic part
of the algebra.

We can now express the internal SCFT part of the boundary states as linear combina-
tions of Ishibashi states [89] of the extended N = 2 superconformal algebra — with different
boundary states being given by different linear combinations. The Ishibashi states are ob-
tained by starting with a given left-right symmetric primary in the closed string sector and
then taking a linear combination of states obtained by acting with the generators of the left
and right extended superconformal algebra on this primary so that it satisfies the condition
(D.24). Therefore, the Ishibashi states are linear combinations of states in some particular
representation of the extended N' = 2 superconformal algebra, and the inner product between
the Ishibashi states associated with different representations vanishes. Furthermore, it follows
from the general analysis that the matrix element of §*° between the Ishibashi states in the
same representation is again given by the characters of the corresponding representation [88],
with the argument ¢ replaced by ¢. Therefore, the integrand of the annulus amplitudes, given
by the matrix element of ¢y bfe ™ (Fotlo) = copFe 2o hetween the boundary states, can be
expressed as a linear combination of the characters of the extended superconformal algebra
with argument . The four sectors, labelled by NSNS sector with no (—1)7 insertion, NSNS
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with (—1)/ insertion, RR with no (—1)/ insertion and RR with (—1)7 insertion will correspond
to goo(7), go1(7), g10(7) and g11(7), respectively, where 7 = i¢.14

One point to note is that while we have argued that under our assumption on fermion
zero modes the open string channel does not have the (&) representations, this does not
preclude their existence in the closed string channel. Indeed, the massless chiral multiplet fields
discussed in §2 come from exactly these representations. Nevertheless, using the result that
g —g=) = f31— f3._1 does not mix with any other character under modular transformation
[47], one can argue that the (4) and (—) representations appear in equal numbers in the closed
string channel and give vanishing contribution to g;; due to (D.14).

The contribution from the free field sector can be computed explicitly for each of the

four sectors separately and will be related by the modular transformation 7 = —1/7 to fas
computed in (D.15). More specifically, if we denote it by fa5(7), then we have f,5(7) = fza(7),
with the exchange of a, 8 being due to the fact that the modular transformation 7 = —1/7

exchanges the boundary conditions on the fermions along the width and the circumference of
the annulus. Then the contribution from a particular character to a given amplitude may be
expressed as'®

r Nr 3 ~ )/~
2w =5 D fas(P) 903 (7). (D.25)
OC,B

Here N, is a normalization factor that reflects the product of the coefficients of the Ishibashi
states in representation r in the two boundary states whose inner product we are computing
and the factor of 1/2 is due to the GSO projection. The functions faﬁ(cj) are computed from
(D.15) as follows:

f o (Y () (1) Cina @) e 8
Joo(T) = foo < 7:) a Do (_%)2 Do (_%) T O(P)Me(F) 4 foo(7) ,(D.26a)

for(7) = B Ol n(=1)° i w(F) () _T s
for(7) = f10< ) a J10 (_%)21910 (_%) - U1o(7)2 Vo1 (7) - 4f(n( ), (D.26b)

fio(7) = fo <—;) =0, (D.26¢)

where fag have been defined in (D.20) and we have used the modular transformations given
in (C.9), (C.10) to arrive at this result. We do not need the expression for fi; since gi
contributions would vanish at the end. This shows that the evaluation of (D.25) is analogous
to that of (D.21), the only differences being the replacement 7 — 7 in arguments, a, — N,

“Note that the effect of (—1)7 operation on a boundary state is to change the sign of the (—1)" factor
in (D.24). In a more conventional description, e.g. in [90], one denotes the boundary states that differ by a
change in sign of the (—1)" term for half integral h by + and —, so that the action of (—1)f relates these
states. Note that in [90] the symbols ¢ and ¢ are opposite of what we have used here.

153,(470,)13 ~ s to be distinguished from ZX)D n introduced in §D.1.2 in that the former represents the contribu-
tion from a particular representation in the closed string channel, while the latter represents the contribution
from a particular representation in the open string channel.
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in the normalization and extra multiplication by —i7 /2. This gives

N, 14Q
2

zhQ) (i) (=)' 9F" 01 qo(27), (D-27)

A,DN

for massive representations.
After summing over all representations we can express the partition function as
iT — ~ ~h—1£Q ~ T —2m
Zapy = =75 ) (=1) %1 qo(27) Y Nugd i, G=em = (D28)
Q=0,1 h>|Ql/2

where as before, IV}, ¢ is the normalization constant that multiplies the Ishibashi state asso-
ciated to the representation (h, Q). Using (D.11), we also see that the contribution from the
representation (vac) gets added to Nyo with weight 1 and to Ny /o with weight —1, whereas
the contribution from the (&) representations are added to Ny 1/, with weight 1/2. Note that
even though for individual representations the open string channel result ZX?’Q}, differs from
the closed string channel result ZX}%{,, the total contributions Z4 py and Z4 py are the same.

Since we derived the form of fag’s by rewriting the expressions in the open string channel
in terms of the new variable 7, we need to use the integration measure induced from the open
string channel which is given by dt/(2t) = d¢/(2¢). The factor ¢ in the denominator cancels
the factor —i7 = ¢ in the expression for Z, py in (D.28). The resulting integrand has a
power series expansion in ¢ and therefore can be interpreted as the matrix element of ¢ bt g
between the boundary states of the D-instanton and the space-filling D-brane.

D.2.2 Mobius strip

For the Mébius strip, given by [ d¢ (I|e-™(F0tE0c bt |C) where |C) is the crosscap state,
the analysis is similar but with a few differences. First of all, the relation between ¢ and ¢
changes to ¢ = 1/(4t) [73]. Second, a crosscap state |C') satisfies

(K, — (—1)"™"K_,)|C)=0. (D.29)

Therefore, it is given by a linear combination of (—1)* acting on the Ishibashi states up to
an overall phase. Hence, we need to calculate the matrix element of —e=2™Loc bl = glocy b
between Ishibashi states where

1 T7—1

S 2T h S _ ) D
qg=-e with 7 2+4t 57 _ 1 (D.30)

The matrix element in the (af) sector will now be given by linear combinations of g.z(q).
The contribution from the free field sector can be computed explicitly and is related by the

modular transformation 7 = 2TT—:11 to faﬁ computed in (D.20). Denoting the new functions by

fag(i'), we can write the equations relating the two sets of functions as:

fart=tat (501) =3 ) (01)) wmeaze man

up to relative phases which we will determine below. The modular transformation matrix

B+1

acting on (a—l— 1

) is the same one relating 7 and 7 and the shift of a, 8 by 1 in the modular

— 50 —



transformation law is a reflection of the fact that NS sector corresponds to anti-periodic
boundary condition and the R sector corresponds to periodic boundary condition. This gives

foo(7) = fou(7), for(F) = foo(%), fio(7) = fio(7). (D.32)

We can find f.5(7) explicitly using modular transformations of f.5(7). In order to do
that, first notice

7= ;__11 = TST?S(7) where T(7)=7+1, S(¥)= —; (D.33)
Upon using (C.9)-(C.10) accordingly, we obtain

foolF) = for (TST?S(7))

= 427 — 1)M = —e™ (27 — 1) foo(F) (D.34a)

) Y10(7)% Yoo (7) ’
for(F) = foo (TSTQS(%))
: Yoo (7)2n(7)? : .
= —de (27 — 1)% = e ™27 — 1) for(7), (D.34b)
fio(7) = fio (TST?S(7)) = 0. (D.34c)

The contribution from a particular character associated with a massive representation to
a given amplitude may now be expressed as:

Z hQ) Zfaﬁ T gaﬁQ)(f)
(D.35)
:%@f—l)[ O foo(F)aly @ (7) + e oy (g (7))

Here 1/2 is from the GSO projection and N/ is a (complex) normalization factor that reflects
the product of the coefficient of the Ishibashi state in representation r in the crosscap state
and a similar coefficient in the D-instanton boundary state. We added the relative phase e2™%
between the two terms and this arises as follows. Since ¢ = —q is a negative real number, the
definition of f,s(G) in (D.20) contains certain phases which eventually combine with similar
phases of g hﬁ’Q)((j) to give a real result. Since we have defined the functions f.s(¢) just
by reexpressing the faﬁ( 7)’s in terms ¢, the original phases continue to be present in their
definition. However, g( Q) ( 7) have been written down directly by using the character formula
and not by rewriting the open string channel results in terms of closed string channel results.
Therefore, while combining g( Q)( 7) with fos(¢), we may need to multiply by possible phases.
Since the overall phase can be absorbed into N/, only the relative phase is important, which
we call §. This relative phase will be determined below explicitly.
Substituting (D.34) and (D.7), and using (C.8), one can rewrite (D.35) as

1 . S Voo (27
Z(h Q) _ 2N/ (2 1) qvthrTQ (6”/41901 (71)2 + (_1)Qe2méfz7r/41900<7‘)2> 19?2((7:)2) . <D36)
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More explicitly this is

_14Q i , Yoo (27)?
Z(th) — _N' (27— 1) IZQ [( -1 Q627r16 i /4 + 6z7r/4) 00
M T ( )q ( ) 191_(270(271)
L _ V10(27)*
+( -1 Q627r16 /4 61#/4) .
( ) ’191_Q70(27')
— (—1)ON (27 — 1) qh—ﬂ [(627ri6—i7r/4 _ 6i7r/4> 91_0.0(27)
s\ Vao(27)?
+<627r16 z7r/4+ez7r/4> Q _ ) D.37
’191_Q70(27') ( )

In order to fix §, we first observe that Z](\I}’Q) receives contributions only from NSNS sector,
as is clear from (D.35). Since Z4 pp can be regarded as the matrix element of G between a
pair of D-instanton boundary states, while Z,; can be regarded as the matrix element of (—¢)%o
between a D-instanton boundary state and a crosscap state, the powers of ¢ appearing in Zj,
must be a subset of the powers of ¢ appearing in Z4 pp, the latter being the L, eigenvalues
appearing in the expression for the boundary state of the instanton, leaving out the momentum
contribution. The NSNS sector contribution to Z4 pp from a given representation may be
computed in the same way as Z4 pn, and can be written, using (D.1a), (D.1c), as

ﬁ oo (=3 ) s ¥ 7 = 0 (<3 2 7)

(—iF)!
= o [P V) — () g V)]

Sl

(D.38)

Using (D.13), ¥11(7) = 0 and (D.7), for massive representations we can rewrite this as

(—i7)~ ! 14Q

Bro(7) g2 Q() = S =82 (2129, 0.0(27) (D.30)
n ()’ n(7)

For large imaginary 7 or small ¢, this expression has an expansion of the form:

(—i7) Z anq" (D.40)

nGZ

We now compare this result with the small ¢ expansion of (D.37) which for the two possible
values of @) is given by

1 . .
Z(h 0) 5 N/ (2 1)€3W2/4qh [(Z + 627”5) qV*I/Q + 4( Z —+ 627”5) + .- ~]’ <D4la)
Zﬁ 1) _ ; SN (27 — 1)l [_2 (—i + e*™0) — 8 (i + e2™) g2 + .. ] (D.41b)

Demanding that the powers of ¢ appearing in these expansions are a subset of the powers of ¢
that appear in the expansion (D.40), where the sum over n runs over integers, we see that the
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first term inside the square bracket in (D.41a) and the second term inside the square bracket
in (D.41b) must vanish. This gives'®

e — i for Q=0,1. (D.42)

Substituting this into (D.37), and absorbing an overall phase —e™/* into the definition of
N, we find

1_Q

ZWR) 9N (27 — 1) (—1)' 79T T, _g0(27). (D.43)

In order that Z](\Z’Q) to be real, iN;e”(h’%) must be real. After summing over all representa-
tions we get

Zy =227 1) Y (=) qo(27) Y Njge ST
Q=01 h=|Ql/2 <D44)
qv 2627”'% — _e_ﬂ/(gt) :

for real constants Nj . As before, the contribution from the representation (vac) gets added to
Ng,o with weight 1 and to N{, , with weight —1 and the contribution from the representations
(£) are added to Ny, ,, with weight 1/2. As in the case of Z4 py, the integration measure is
given by dt/(2t) = df/(2¢). The factor of ¢ coming from the (27 — 1) factor in (D.44) cancels
the ¢ in the denominator of the integration measure and the resulting expression has the
interpretation of the matrix element of c; bf ¢*° between the boundary state and the crosscap
state. Finally, as in the case of annulus partition function, the total contribution Zj; from the
closed string channel is equal to its counterpart Zj; computed using the open string channel.

Under a general deformation of the background, starting from a solvable model, the co-
efficients N,, N/ as well as the conformal weights of the left-right symmetric closed string
primaries labelling the Ishibashi states are expected to change. We could calculate these
shifts using perturbation theory, e.g. the changes in N, and N] can be computed by analyzing
the change in the one-point function on the disk or RP? under deformation of the background.
This approach will be useful for computing the behaviour of the partition function in the small
t limit since only a few low lying closed string primary states will contribute in this limit. Once
we analyze both the small ¢ and large ¢ expansions of the partition function, we can find an
approximate interpolating function that gives the partition function over the entire range of ¢
and then integrate it to compute the normalization constant K via (3.25).

If we work with a Calabi-Yau threefold of large volume then we expect many light closed
string states and the expansion described above may not be efficient. In that case there is
an alternate approach where we regard the system of D-branes, orientifold planes and the
instanton as sources for ten-dimensional supergravity fields. We can then solve for the fields
in terms of the sources using standard Green’s function technique and then substitute the
solution into the action in terms of the sources to get the partition function. This has been

16Note that the power of ¥ — % in the expression for Zj; does not match that of 7 in the expression for
Za.pp. This can be traced to the fact that Z4 pp receives an additional contribution from integration over
the momenta of closed strings exchanged between the two boundary states.
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illustrated in [91]. Since this effectively allows us to resum the contribution from many light
closed string states, it should be possible to augment the analysis given above with this
approach to get a better approximation of the contribution from the closed string channel.
However, this procedure does not account for light or string scale open string states living at
the intersection of the D-instanton with D-branes and O-planes, and these must be accounted
for separately by working in the open string channel.

E Relation between instanton correction and threshold correction

In this appendix we shall derive the relation between the instanton partition function and
threshold correction to gauge coupling on a space-filling D-brane [26, 27]. We begin by dis-
cussing a few points that require special attention.

1. Our strategy will be to show that if we replace the D-instanton by a space-filling D-
brane, then the threshold correction to the gauge coupling of the space-filling brane
is proportional to the instanton partition function. We must note however that if the
original configuration satisfies the tadpole cancellation condition then the addition of a
new space-filling brane generally violates the tadpole cancellation condition. For this
reason we shall regard the space-filling brane as a ‘probe brane’ that does not affect the
background. Formally, we shall achieve this by taking the number of probe branes to
zero at the end of the computation. To distinguish the probe brane from other space-
filling branes that were already present earlier, we shall label the former by P and the
latter by N.

2. When we replace the Dirichlet boundary condition on the D-instanton by a Neumann
boundary condition, we need to take even number (2k) of branes and use a different
action of €, on the Chan-Paton factors. This leads to an Sp(k) gauge group on the
brane [56]. The replacement of O(1) by Sp(k) will produce extra factors from traces
over Chan-Paton factors that need to be taken into account in the intermediate steps
of analysis. We shall ignore this issue and various other overall normalization factors in
the analysis of §E.1, §E.2 and return to the discussion of normalization in §E.3. There
we shall also discuss the effect of the formal £ — 0 limit that is needed to get the desired
answer.

3. As we have argued earlier, our assumption that the only zero modes on the D-instanton
are those associated with broken translations and supersymmetry implies that ¢g;; van-
ishes. Therefore, in our analysis we shall focus only on the terms proportional to g.zs

with (af) # (11).
E.1 Annulus partition function with DN boundary condition

We begin by analyzing the annulus partition function with one boundary on the instanton
and the other boundary on a space-filling D-brane. By focussing on the contribution from a
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given representation in the internal SCFT, we can express the partition function ZX)D N given

n (D.16) as

; ZI(—l)%B os (517) 07" o (E.1)

ZX)DN =75 2 PR
p D11 (517)" Das(7)

2
where we have used (D.15) and (C.3b), g have been defined in (D.3), and >’ denotes the
sum over (af3) # (11). We could simplify thls using (D.17), but instead we use the identities
(C.7) and (C.6a) to express (E.1) as

r 1 ! [e% ! ! o r
28w = = ey | 2 ("D s (01m)02 = O log eI li=g D (=1 s (r)gl
a.p a.f
(E.2)

The second term vanishes as a consequence of (D.13). Therefore, we get
Z\y = 32 )29 ,(7) 1) (E.3)

87T2

We shall now compare this with the threshold correction to the gauge coupling when
the D-instanton is replaced by a space-filling D-brane P. On the partition function this will
essentially have the effect of changing the boundary condition on the X* and ¥* fields from DN
to NN, leaving the internal part unchanged. This is almost the same as the partition function
computed with DD boundary condition on X* and ¥*, giving the results (D.1). However,
the open strings now carry momentum along the non-compact directions, producing an extra

R ———— B4
4 / (2m)i© 202’ (E4)

factor

where V = [ d*z is the volume of the four dimensional space-time. After summing over all four
sectors, the resulting partition function in a representation r will be given by an expression
similar to the left hand side of (D.13)

1
w _V 1 o+ (r)
ZANN = 267442 21)(7)3 Zﬁ0<_1) Vap(7) 9ap(7) (E.5)

and vanishes by the same identity (D.13) that ensured the vanishing of the annulus amplitude
with DD boundary conditions. The 4 n(7)?® factor in the denominator of the left hand side of
(D.13) has been replaced by 27(7)? in order to account for the two different orientations of
the open string living on the PN system.

Our goal however is to compute the threshold correction to the gauge coupling. This
requires switching on a background self-dual electromagnetic field strength and setting the field
to zero after taking two derivatives of the partition function with respect to the background
field [78]. The effect of switching on the background self-dual electromagnetic field is to twist
the boundary condition on half of the X*’s and ¥*’s by an angle 2w¢ and the other half of
these fields by an angle —27¢ where ¢ is determined by the background field. We denote the
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strength of the background electromagnetic field by B, normalized so that (see (E.26) for the
precise normalization)

1 _
¢ = — ta n ' (rB). (E.6)
This will replace the first two products in (D.la) by
2232 > 1
gy O 0= [Ja s i iy @)

sinh?(7t¢) vt

The factor t* cancels the factor 12 coming from the momentum integration in (E.4), consis-
tently with the fact that for non-zero B, the continuum of states labelled by momenta are
organized into discrete Landau levels created by the oscillators o ¢ for a pair of p’s. In the
limit B — 0, (E.7) reduces to the first two products in (D.1a), as it should be. The net effect
of (E.7) is to multiply (D.la) by

n(r)°  doo(itg|7)?
1911(’it(}5|7')2 1900(7')2

Repeating the analysis for the other cases, we find that (D.1la)-(D.1c) are multiplied by:

— 47%? B?

(E.8)

n(1)°  Vaplitd])?
A2 2 PN (E.9)

We shall not worry about the corrected form of (D.1d) since it multiplies g1; which vanishes.
The twisted partition function is obtained by multiplying the summand in (E.5) by (E.9):

r V / a 6 1904 . 2 r
2y = T S o ame) S PO g ). (10
a,B

We can simplify this result using (C.7) for z = it¢ and express it as

Z(r) _ VB2 (7')3 Z/( )a+6 (19// (O|T) (7_)62 10g1911(2|7')\ —'t )g(r)<7.>
A,PN 2571'2 19/ (0‘7‘) 2 z=itg ) Yap
/
= 277r4 g > (=)™ P9(017) g (r) (E.11)
a,f

where we have used (C.6a) and (D.13) in the last step.

A consistency test of this formula is that in the strong field limit this should be propor-
tional to the annulus amplitude with DN boundary condition with positive constant of pro-
portionality, since in this limit the space-filling brane P develops a large D-instanton charge
density and we expect the result to be proportional to the amplitude where we replace the
space-filling brane carrying a self-dual background field by a collection of D-instantons. Since
the strong field limit corresponds to B — 0o, ¢ — 1/2 we see that indeed in this limit (E.11)
is proportional to the result (E.3) for D-instantons with positive constant of proportionality.
In fact, the individual terms in the original sum (E.10) can be shown to be proportional to
the individual terms in the sum (E.1) in this limit.
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To compute the threshold correction, we are supposed to take two derivatives of (E.11)
with respect to the strength B of the background gauge field and then set B = 0. This gives

V

=23 Z\ )y - (B.12)

025 pln-0 =~ W 32 D*H05(017) gl

where in the last step we used (E.3). This is indeed proportional to ZX)D N

E.2 Mobius strip contribution

We now turn to the Mébius strip contribution Z,;. As discussed in §D.1.3, the first effect is to
replace 7 by 7 =7+ % in the arguments of the functions on the left hand side of (D.13). The
other effect is the replace the factors (D.1) in the summand in (D.13) by (D.20) and multiply
the result by an overall phase factor «, that determines the parity of the representation of
internal SCEF'T under €2,. This gives

A 3 ’
Z(r) = a, 7I<72 E : 1 a+p
M 1910(7_)2 ( )

GI7)° o,
7(%5(7), (E.13)
where as above the sum is restricted to (af) # (11) due to vanishing of gi;. The identity

(C.7) with z = 1/2 and 7 replaced by 7 gives

Jos (517)° _ 9 (517)° 1 :
= o (01F) = Yag(7)07 1 Mozt ] - E.14
R = T PO = Gas(F)E log I (o17). (B14)

When we substitute this into (E.13), the contribution from the second term in (E.14) vanishes
due to (D.13). Using 9}, (0|7) = —27n(7)* and ¥y (3]7) = —ho(7), this gives

2
Z(T) — ) ! -1 oz—l—ﬁﬁ// A\ (1) /A
M 4m2n(7)3 00(7)2 azB: (=1) ap(0I7) gaﬁ(T) s,

= T 2o U017 g53(7)

On the other hand, the Mobius strip contribution with space-filling D-brane boundary
condition in the presence of background gauge field can be analyzed in the same way as in the
case of the annulus contribution with NN boundary conditon, and is given by the following
set of operations on (E.11):

1. Replace 7 by 7 following the discussion at the beginning of §D.1.3.
2. Include an overall multiplicative factor of ..

3. Include a factor of 1/2 since we have only one open string instead of a pair of open
strings with different orientations.
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4. Replace ¢ by 2¢ since both ends of the open string lie on the same brane (after orientation
reversal) and therefore feel the effect of the background electromagnetic field, where ¢
continues to be given by (E.6). This also requires that we multiply the result by a factor
of 4 so that (E.7) continues to approach the product of the first two factors of (D.1a) in
the limit B — 0 (with ¢ replaced by ¢).

5. Include an extra factor of —1 due to the fact that if we replace the D-instanton bound-
ary condition by a space-filling brane boundary condition along the four non-compact
directions keeping the internal part unchanged, a O(k) type instanton is replaced by
an Sp(k) type instanton [56]. This effectively changes the sign of €2, on the states in
the sector that contains the gauge field. In order to see this, note that changing the
boundary condition from Dirichlet to Neumann will make the states (2.21), representing
gauge fields, odd under €2, and project them out unless we include an extra minus sign
in the transformation law of the vacuum or equivalently the Chan-Paton factor. The
need for the extra minus sign will be verified independently below by taking the strong

field limit.
This gives a net multiplicative factor of —2 c,. and the replacement of 7 by 7 in (E.11), leading
to,
r o VB o .
Zy)p = T (7 Z BY0,(007) gl (7). (E.16)

One can check that in the strong couphng hmlt B — o0, ¢ — 1/2, this is proportional to
the Mobius strip amplitude (E.15) with Dirichlet boundary condition with positive constant
of proportionality. Furthermore, the individual terms in the sum (E.10) with ¢ replaced by
2¢, T replaced by 7 and carrying an extra factor of —2 a,., approach the individual terms in
the sum (E.13) up to a positive constant of proportionality in this limit.

To compute the threshold correction, we need to take two derivatives of (E.16) with respect
to the background field B and set B = 0. This gives:

a T)/ A V T
32 B9 5(017) gU)(F) = o zZ\ (E.17)

where in the last step we used (E.15). This is indeed proportional to Z](\Z). We now see
that the constant of proportionality V/(87?) is exactly the same in (E.12) and (E.17). This
establishes that the total threshold correction to the gauge coupling of a space-filling D-brane
is proportional to the partition function on a D-instanton obtained by replacing the Neumann
boundary condition on the space-filling brane by the Dirichlet boundary condition.

E.3 Fixing the normalization

The analysis of §E.1, §E.2 establishes the relation between the D-instanton partition function
and the threshold correction to the gauge coupling on a space-filling probe D-brane up to a
constant of proportionality. Our goal in this section will be to compute this constant.

Let us consider a single space-filling probe D-brane and switch on a gauge field strength
F15 = —F5 = [ along the 12 plane. We consider an open string whose ¢ = 0 end is on this
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probe D-brane and the ¢ = 7 end is on some other space-filling D-brane on which no gauge
field has been switched on. We shall normalize F),, such that the boundary conditions for
open strings moving in such a background Abelian gauge field is given by (in o/ = 1 unit)

0, X' +iFho, X"=0 at o=0,

(E.18)
O, XF=0 at o=m.

In [92], it has been shown that with this normalization the Euclidean action on the D-brane
is given by the Dirac-Born-Infeld action

—Tp /d‘*:m/det(]l + F) = —Tp/d4:1: (1 + %f2 + - ) 7 (E.19)

where Tp is the tension of the probe brane and in the second expression we evaluated the
action in the chosen background.
Let us define

1
X+ = — (X'+iX?), E.20
75 (X £ix?) (5.20)
so that the boundary conditions (E.18) take the form,

0, XF+ f0.X*=0 at 0=0,

E.21
I, XT=0 at o=r. ( )

We will take the mode expansion for X* to be
X* = aF e P+ cos(pFo + mo4), (E.22)

where p. are real numbers and a* are constants of integration. Applying the boundary
conditions at o = 0 we get

Ftanmor = f. (E.23)

Therefore, we can take
1
b= —¢, =¢=—tan ' f. (E.24)
T

Furthermore, applying the Neumann boundary conditions at ¢ = 7 gives
sin(pzm F71p) =0 —= pr=n+t¢, nez. (E.25)

Comparing this with (E.7), we can identify ¢ with the twist ¢ appearing there. Furthermore,
comparison of (E.6) and (E.24) gives,
f=nB. (E.26)

Substituting this into the action (E.19), we get the part of the classical action quadratic in
the field to be

2 V
— —Tp | B*d*z = —— B? E.27
o (B.27)
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where go is the coupling constant of the open string field theory on the probe D-brane, related
to the tension via Tp = (2m%g%)~! [61]. Note that even though we have used the PN system
to find the relation between f and B, once the relation has been found, it also holds for the
Mobius strip with boundary lying on P.

The actual system of interest differs from the one discussed above in two ways. First, as
in §E.1, §E.2; the electromagnetic field has to be switched on in two planes 12 and 34 at the
same time by self-duality. This produces a factor of 2 in (E.27). Second, as discussed at the
beginning of this appendix, we need to have (2k) D-branes for consistency of the orientifold
projection. Since {2, exchanges the branes, we cannot switch on gauge fields inside only one of
the branes. However, we can switch on a background gauge field inside an Sp(1) subgroup, i.e.
equal and opposite fields on a pair of branes. This produces another factor of 2. Therefore,
the net classical action is given by

— 32 B?. (E.28)
90

The threshold correction results of §E.1, §E.2 can be regarded as one-loop corrections to
the second derivative of this expression with respect to B. This was found to be V/(87?)
times the instanton partition function Zp_.. This includes contributions from the annulus
and the Mo6bius strip. Taking into account the fact that we have switched on gauge fields on
a pair of D-branes gives an extra factor of 2, while integrating this twice to produce the term
proportional to B? gives a factor of 1/2. Therefore, the one-loop correction to (E.28) from the
annulus with PN boundary condition and the Mobius strip with P boundary condition can

be written as:

Y B?
871'2 ZD—inst7 (E29)
so that )
8
5 (g%) = inet - (E.30)
10)

This is consistent with the results of [30] after identifying go with the Yang-Mills coupling
constant gy, on the brane where the latter is defined by normalizing the action as:

1
SYM = —5 TI'(FH,,FMV), Fl“/ = @LA,, — 8,,AH + gYM[A;u Ay] y <E31)

with the trace taken over the fundamental representation of the Sp(k) group. The identifica-
tion of go with gy s follows from the comparison of the triple gluon vertices computed from
string field theory and the Yang-Mills action given above.

The right hand side of (E.30) captures the contribution to the threshold correction due to
the PN annulus and the Mdobius strip with the boundary on P. However, the full threshold
correction to the gauge coupling on the probe brane also involves a contribution from annulus
with both boundaries lying on the probe brane. This contribution will have insertion of
background gauge field on one of the boundaries, producing a k-independent factor from the
trace over Chan-Paton factor on that boundary. However, the other boundary will produce a
factor of k from a similar trace. Thus, the net contribution from these open strings will be
proportional to k. Since this contribution to the threshold correction is not related to any
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contribution to the D-instanton partition function, we have to remove this. This can be done
by taking the formal limit & — 0 in the final result.

Let us now review what is known about such threshold corrections. Our assumption that
the only fermion zero modes on the D-instanton are those associated with broken supersym-
metry translates to the statement that on the probe brane there is no massless chiral multiplet
transforming in a non-trivial representation of the gauge group Sp(k). In this case the formula
for the threshold correction to 87%/g2 takes the form (see e.g. [30], eqgs.(5.1), (5.2)):

2

9 1 3 M, 1 1
8n?Re (fV) — ZT(G)log —L — ~T(G)K + T(G) log —-, (E.32)
2 pro2 96
where most of the quantities on the right hand side have already been defined below (5.20), pu is
an infrared cut-off, giving the energy scale at which the threshold correction is being computed,
and T(G) is defined via the relation Tr,g(L2LY) = T(G)6* where L® are the generators of
Sp(k) normalized so that Trp,,q(L*L°) = §%/2. For Sp(k) we have T(G) = k + 1. Using
(E.30), (E.32), and after adding infrared cutoff y? to Zp_ e like in (5.20), we have
Zpinst (1) = lim | —87? Re (f1)) + 2 (k+1)log M, 41 (k+ 1)K — (k+1)log Eay (E.33)
e k—0 2 wr o2 93
If we now use g3 o gs/Vr, we recover (5.20). All the additive constant ambiguities that arise
due to the precise definition of p and the precise relation between go and g, can be absorbed
into the definition of f). Various other subtleties involving this equation have been discussed
below (5.20).
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