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Concentration in Lotka-Volterra parabolic equations: an
asymptotic-preserving scheme

Vincent Calvez*, Héléne Hivert!, Havva Yoldas!

Abstract

In this paper, we introduce and analyze an asymptotic-preserving scheme for Lotka-Volterra parabolic
equations. It is a class of nonlinear and nonlocal stiff equations, which describes the evolution of a pop-
ulation structured with phenotypic trait. In a regime of long time and small mutations, the population
concentrates at a set of dominant traits. The dynamics of this concentration is described by a constrained
Hamilton-Jacobi equation, which is a system coupling a Hamilton-Jacobi equation with a Lagrange mul-
tiplier determined by a constraint. This coupling makes the equation nonlocal. Moreover, the constraint
does not enjoy much regularity, since it can have jumps.

The scheme we propose is convergent in all the regimes, and enjoys stability in the long time and small
mutations limit. Moreover, we prove that the limiting scheme converges towards the viscosity solution of
the constrained Hamilton-Jacobi equation, despite the lack of regularity of the constraint. The theoretical
analysis of the schemes is illustrated and complemented with numerical simulations.

1 Introduction

We are interested in the numerical analysis of a Lotka-Volterra parabolic equation

one(t,z) —eAyn.(t,z) = @R(m, I.(t)), z¢€ Rt >0 (1)

I (t) = [ga ¥(2)ne(t, x)d, t >0,

supplemented with the initial condition n.(t = 0,z) = ni"(x) € L}(R?), such that n'" > 0. It is a particular
case of models arising in the theory of adaptative evolution [30, 18, 17, 29, 13]. It describes the evolution of
a population structured with phenotypic trait, where n.(t,z) denotes the amount of individuals with trait
x € R? at time ¢ > 0. The evolution of the population is driven by births and deaths, synthesized in the
net growth rate R. Note that the birth and death rates depend on the phenotypic trait, meaning that some
individuals may be advantaged, because they are better adapted. The function R also depends on I, defined
in (1), accounting for the total population burden on each individual growth rate. Mutations in the model
are represented by unbiased random changes of phenotypes, with the Laplacian term in the left-hand side of
(1). The parameter € € (0,1] in (1) is a scaling parameter, so that considering the limit € — 0 stands for the
study of the population in an asymptotic regime of long time and small mutations. This is usually referred
to as the separation of ecological and evolutionary time scales.

The asymptotic analysis of phenotype-structured population models has been carried out for various
situations, we refer for instance to [14, 33, 9, 12, 32, 27, 26]. The particular case of (1) was studied in
[34, 4, 28], and more general mutation operators than the one in (1) were considered in [5, 4]. Generally
speaking, because of the selection and the dynamics of adaptation, the population density is expected to
concentrate on a set of dominant traits, meaning that it degenerates to a Dirac mass, or a sum of Dirac
masses, located at the dominant trait(s). In particular, in the asymptotic regime ¢ — 0, the solution is
expected to enjoy no better than measure regularity, requiring dedicated analytical methods. The Hopf-Cole
transform, a logarithmic transformation of the unknown, is introduced to circumvent the regularity issues and
study the dynamics of the concentration points. Coming back to (1), the Hopf-Cole transform u. of n. is
introduced

Vt>0,VzeRY n(t,z)=e vt/ (2)
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such that wu. satisfies the following problem

Ayuc(t, ) + |Vaue (t, 2)|* = eAguc(t,z) — R(z, I.(t)), =R t>0,

P.
L(t)= / P(ax)eueto)/eqy, t>0, (Pe)
Rd
with the initial data u.(t = 0,7) = ul"(z) = —e Inn'*(z).
The asymptotic behavior of u. when £ — 0 is studied in [4], under suitable assumptions on the parameters.
Following [4], we will suppose that there are two constants ¢, s such that

Vo eRY 0< vy, <U(z) <ty < 400, and p € W22 (RY). (A1)

It is also assumed that there exist two constants 0 < I,,, < Iy < 400 satisfying
in R(x,I,,) =0, R(z,Ip) =0, A2
min (, Im) max (z, Inr) (A2)

that R is decreasing with respect to its second variable, and that there exists a constant K > 0 such that

Ve eRY VI €R, —K < 9;R(x,I) < —1/K <0, and sup  [[R(, ) |ly2ioe (rey < K. (A3)
I?n/2<I§211\/l

In section 5, we will also use slightly stronger assumptions for R, namely that I — ||R(-, I)||y2 . (r) is bounded
on all compact sets of Ry. The initial data v® in (P.) is chosen such that

e f e LMY, I, < [ w(z)e " @/eda < Iy (A4)
Rd
Because of assumption (A4), ul* has to be large at infinity. However, in what follows, a quantitative estimate
of this behavior will be needed. Still following [4], we will then rather suppose that
Ja,a>0,3b,bER, Ve >0, Vo € RY, alox — xo| + b < ul™(x) < @lz — 0| +0, (A5)

where the upper bound is introduced for technical reasons, see Section 4. Moreover, we will supose that u®
enjoys Lipschitz regularity, uniformly with respect to € > 0. Its Lipschitz constant is denoted by Ly,

Va,y € R, Jul(z) — u(y)| < Lolz - yl. (AG)
Eventually, a refined assumption is made on the minimum of ui, as we suppose that there exist two constants
¢ and cjyy such that . _ _
cme <minu < cppe. (A7)
Under these assumptions, the following theorem holds

Theorem 1.1 ([4, 8]). Suppose that assumptions (Al)-(A2)-(A3)-(A4)-(A5)-(AG6)-(AT7) are satisfied. Let
ue be the solution of (P.) and I. be defined in (P.). Suppose also that (ul®). is a sequence of uniformly
continuous functions which converges locally uniformly to v'®. Then, (u.). converges locally uniformly to a
function v € C([0, +oo[xR?), and (I.). converges almost everywhere to a function J, such that J € BV (0,T)

for all T >0, and that (v,J) is the unique viscosity solution of the following equation

dyo(t,x) + |Vau(t,z)|* = —R(z, J(t)), z€R% t>0
min v(t,z) =0 t>0,

zERC

(Po)

with initial data v™.
Equation (Py) is a constrained Hamilton-Jacobi equation, with quadratic Hamiltonian
vp € R, H(p) = [pf*, (3)

where |-| stands for the Euclidean norm on R?, and the unknown J behaves as a Lagrange multiplier regarding
the constraint minv(¢,-) = 0. In Theorem 1.1, uniqueness of the pair (v, J) holds true in the class of locally
Lipschitz-continuous functions v, and locally BV functions J. On the one side, Lipschitz regularity is a natural
setting for viscosity solutions of Hamilton-Jacobi equations [3, 16, 10]. On the other side, the limiting function
J may have jump discontinuities [34, 33, 4], so that BV is the appropriate functional space for well-posedness.
The existence of a solution (v,J) of (Pg) is a consequence of [4], where it is obtained as the limit of the
sequence (ue, I.)e of solutions of (P¢), together with locally uniform Lipschitz and BV estimates, respectively.
The uniqueness of the pair (v, J) has been adressed in some particular cases in [34, 31, 23|, then in [§] in a
more general setting including the problem under study. It is in fact composed of two companion results.
Considering (Py), the following holds



B , loc
the same initial data v™. Assume that v'™ is coercive, that minv™ = 0, and that R is uniformly

decreasing with respect to its second argument (A3). Then, vi = v, and J; = Jo almost everywhere.

Theorem 1.2 ([8]). (3). Suppose that (v1,J1) and (ve, J2) are two solutions of (Pg) in Wb x BVio. with

(ii). Let J € BV(0,T) be given. Then, the variational solution v of
ow(t,x) + |Veu(t,z)|> = —R(x, J(t), t>0, z € RY, (4)

with initial data v'™™, is the unique locally Lipschitz viscosity solution of (4) over (0,T] x R%. Moreover,
v is independent of the choice of a representative of J in BV. Namely, if (4) is considered with two
source terms Jy and Jy in BV(0,T) such that J, = Jo almost everywhere in (4), then v1 = vs.

Theorem 1.2 suggests the following argument, which will be a key strategy in the present work. It is
possible to consider J being given as a source term in (Pg), and show separately that the solution satisfies the
constraint minv(t,-) = 0, in order to prove that (v, J) is the unique viscosity solution of (Py). This enables
decoupling the Hamilton-Jacobi equation from its constraint.

In this paper, we propose and investigate a numerical scheme for (P.) which enjoys stability properties
when the parameter € goes to 0. Indeed, because of the definition of I. in (P.), the problem becomes stiff
in the small-¢ regime. If no specific strategy was employed, the accuracy of the numerical approximation of
(P.) would hence be deteriorated in the asymptotic regime. Schemes specifically designed for such singular
problems are called Asymptotic-Preserving (AP). They were introduced for kinetic equations [21, 24, 25], and
their properties are usually summarized by the following diagram

) =20, ()

h—0 h—0

)

h h
(%) 50 (S6)
that should be understood as follows: an equation (P.) depending on a parameter ¢ > 0 is given, and its
solution converges when ¢ — 0 to the solution of another equation (Py). The scheme (S?), where all the
discretization parameters are included in the notation h, enjoys the AP property if it converges to the solution
of (P.) when € > 0 is fixed and h — 0, and if its solution converges when h > 0 is fixed and ¢ — 0, to the
solution of another scheme (S{}). The latter scheme is required to be convergent to the solution of problem
(Po), when h — 0. Even if it is in general not true, an AP scheme can also enjoy the stronger property of
being Uniformly Accurate (UA), meaning that its precision is independent of . There is a large literature
about AP schemes for various asymptotics of kinetic equations [22, 15], but, to the best of our knowledge,
there are few results in case the asymptotic problem belongs to the class of Hamilton-Jacobi equations: a
scheme for front propagation in a one-dimensional kinetic linear BGK equation is analyzed in [20], a scheme
for dynamics of concentration in a selection-mutation equation close to (P¢) but with an integral mutation
kernel is proposed, tested but not analyzed in [6], and a model structured with age but where mutations are
not considered is treated in [1]. In contrast with AP schemes designed for linear kinetic equations, the latter
works share the following features: the nonlinear character of the continuous problem (P.), and the need of
a specific numerical analysis for the approximation of Hamilton-Jacobi equations (Py).

The discretizations of the two problems (P.) and (Py) raise several challenges. Concerning (P.), the stiffest
term I, is handled implicitly in the numerical approximation. It implies stability in the small € limit, but it
requires the resolution of a nonlinear scalar equation, whose cost is independent of €. The other terms are
discretized according to the properties expected for the scheme in the limit ¢ — 0.

The numerical analysis of the constrained Hamilton-Jacobi problem (Py) is original, to the best of our
knowledge. We identified two important difficulties: the unbounded character of the solution on the one hand,
and the lack of regularity of J on the other hand. We propose a finite-difference scheme for (Pg), which enjoys
partial monotonicity properties. The classical Hamilton-Jacobi side of the problem is handled with a standard
monotonic scheme compatible with the discrete maximum principle [11, 35]. The contribution issued from
the constraint comes with a nonlinear scalar problem to solve. During this step, the monotonicity of R with
respect to its second argument is crucially used to handle the lack of regularity. Thanks to this construction,
the scheme enjoys strong stability properties even if it is nonlocal, nonlinear, and it is used for unbounded
data.

The paper is organized as follows: the scheme for (P.) is constructed, in Section 2, as well as the scheme
for the limit problem (Py). The AP property of the scheme for (P.) is proved in Section 3. The convergence



of the scheme for (Pg) is proved in Section 4, while the convergence of the scheme for (P.) for a given positive
€ > 0 is treated in Section 5. Finally, various properties of the schemes are illustrated and discussed via
numerical tests in Section 6.
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2 Construction of the scheme and main results

In this section, we present the construction of an AP scheme for (P.) in dimension d = 1, and we state
its properties. Presenting the results in dimension 1 avoids useless technical complications in what follows.
However, the scheme can be generalized to any finite dimension, and its properties can be proved as in
dimension 1. The generalization of the scheme in higher dimension is presented in Section 6.6.

Let T > 0 be fixed, the number N; of time steps be given. The time step is defined as At = T'/Ny, and let
t, = nAt for n € [0, N¢]. The trait step is denoted Az > 0, and the grid is defined with z; = 29 + iAx for a
given g € R and for all ¢ € Z. For n € [0, Ny — 1] and i € Z, the scheme for (P.) is given by

n+1 n n n n n n n n
ult Tt — ul —ul u , —ul ul = 2ul 4+ u!
7 7 H 7 7—1 1+1 7 _ 141 7 1—1 - R i In+1
N ( Ar 7 Az © Az? (s, ) (S.)
It = Az Y w(xi)e_“nﬂ/e.

1€ZL

Note that sequences (ul'),; and (I"*1), depend on ¢, although it is ommitted to simplify the notation. The
scheme is initialized with u = u!®(z;) for all i € Z. The function H is given by

H(p,q) = max {H(p), H (q)}, (5)
with ) )
pe ifp>0 qgc ifg<O
H*(p) = and H™ = 6
) { 0 otherwise, (@) { 0 otherwise. ©)

Such a choice of discretization for the Hamiltonian # defined in (3) makes the scheme (S.) enjoy monotonicity
properties. It is a classical assumption in numerical schemes for Hamilton-Jacobi equations, see [11, 35], and
discretizations like (5) were for instance used in [19]. Here, together with the implicit definition of I"*! in
(Se¢), it provides stability properties in the small ¢ limit. Moreover, we will show that the monotonicity is
conserved when ¢ — 0. It is a key ingredient of the convergence of the scheme in the asymptotic regime.

In what follows, we will denote, for a given L > 0,

Cu(L) = Sup [(H) (p)] + sup [(H™) (q)| = 4L. (7)

Then, the following results hold:

Proposition 2.1 (Convergence of the scheme (S.)). Suppose that assumptions (Al)-(A2)-(A3)-(A5)-(A6)
are satisfied, and that € > 0 and T > 0 are fived. Let A € (0,1). There exists Iny > 0, and Aty > 0 such that
for all At < Aty and Ax satisfying

At At
4 Cu(Lo+Tr)— = A, (CFL.)

2 =
¢ Az

Az
with Ly defined in (A6), Cy in (7), and

k= _sup ||R(, I)|lw2 ), (8)
0<I<



scheme (S:) is well defined. Moreover, there exists a constant C(e), depending on T, [|0fucloo 0, 7]xR
||8’;u5||007[0,T]XR for k=1,2,3, and Ha,? (z/mE)Hoo such that for alln € [0, Ny — 1],

,[0,TI xR’
sup [u? ™t — uc(tni1, )| < C(e)(| In(At)|At + Ax), 9)
i€l
and
I (tnga) = I"TH < C(e) (| In(A)|AL + Axz), (10)

where u. and I. are defined in (P.), u"™' = (u}*);cz and I"* in (S.), ne in (1) and ¢ in (Al).

Remark 2.1. It is worth remarking that the L° norms of derivatives of u. and n. in Prop. 2.1 are well
defined, provided that v is smooth enough. Indeed, the bound for [|0,uc| . [0,7)xr is & consequence of the
Lipschitz property of u. in z, and comes from the maximum principle applied to (P.) derivated with respect
to x. Bounds for higher order derivatives, as well as derivatives of n., are consequences of Duhamel’s formula
for (1) and (P.), and of regularizing effects of the Laplacian. As it is not the purpose of this paper, we omit
the details of these properties. One can refer to [16] for the necessary tools.

Remark 2.2. The estimate in |In(At)|At in (9)-(10) comes from the quadrature rule in the approximation of
I.. At first sight, this could be seen as a reduction of order of the scheme, compared to the order 1 in At that
could be expected. However, because of (CFL.), one has Az =a; 0 O(v/At), so that the order reduction in
time has no impact on the precision of scheme (S;).

Remark 2.3. The behavior of C(g) when e goes to 0 brings serious difficulties. Indeed, it goes to +0o when
¢ — 0, meaning that the time step At should be refined according to € to make (S.) approximate (P.)
properly. The asymptotic behavior of C(¢) for small & does not only come from regularity issues of u. when
€ — 0. Indeed, it is strongly related to the fact that Prop. 2.1 holds for fixed € > 0 only. In particular, the
constant x in (CFL.) depends on ¢ and may go to +oco when ¢ goes to 0. To overpass this difficulty, Prop.
2.1 is supplemented by the two forthcoming propositions, that give the behavior of (S.) when ¢ is small.

Remark 2.4. Since the scheme (S.) is a coupled system of two implicit equations, a nonlinear equation has to
be solved to compute (u?+1)iez and I™t!. The fact that ™! is well-defined is straightforward. Indeed, it is
solution of the equation ¢(I) = 0, where

(1) =T — Az wpag)e ™ /el De, (11)
1€Z

with

ur = 2ul +ul ur —ul o ulg —ul
ﬂ;H_l:’u?—Fé‘At i+1 qug zl_AtH(zsz 17 z+1Ax z)'

It is worth remarking that since ¢ is a difference between an increasing and a decreasing function, there exists
an unique 1" ™! € R such that ¢(I"*1) = 0. This property is independent of &, therefore the scheme (S.) is well-
defined for all ¢ € (0,1]. In practice, I"™! is computed first, with Newton’s method for . However, it must
be implemented with care, to ensure that it is properly solved for all € € (0, 1], with constant computational
cost. The solution of equation (11) is uniformly bounded with respect to €. Indeed, we prove in Section 3
that it is bounded by 21, when ¢ is small enough, with I, defined in (A2), and a bound is given in Section
5 for larger e, see Remark 5.3. However, (11) is very sensitive to approximations in the arguments of the
exponentials, that are dramatically increased when ¢ is small. As a consequence, the numerical resolution of
(11) can collapse during Newton’s iterations. To avoid such a phenomenon, Newton’s iterations are computed
as analytically as possible, and implemented with special care of the compensations between terms. When it
is not enough, ¢(I) = 0 with ¢ defined in (11) is replaced by the equivalent equation

In(/) = In(Az) + In (Z w(xi)e_ﬁyﬂ/semm“’I)/E> ,
i€z

that is also solved with Newton’s method. We refer to [6], and to the codes available at [7], for more details.

Remark 2.5. Since it is defined for indices i € Z, the scheme (S.) cannot be implemented exactly as it is

defined. However, Prop. 2.1 also holds for a truncated version of the scheme (S.), in which the sum defining
I™*1 is considered on a finite number of indices. We refer to Section 5 for details.

Proposition 2.2 (Convergence of the scheme (S.) to the scheme (Sp)). Under assumptions (Al)-(A2)-(A3)-
(A5)-(A6)-(AT), and supposing that At and Ax are fized, such that
At

At
25@ + C(H(LO + TK)E <1, (CFLE—>0)



is satisfied for all e € (0,1], where Ly is defined in (A6), K in (A3) and Cy in (7). Let (u?*),; and (I"*1),,
be the e-dependent sequences defined by (Sc). Then, for all n € [0, Ny — 1] and for all i € Z,

n+1
u;

U;l-‘rl’ In+1 Jn+1
e—0 e—0

where the sequences (v, ; and (J"1),, satisfy the scheme

%

n+1 n n n n n
A Vi — Ui 1 Vg — n+1 .
+ —* 1+ H , = —R(x;,J , eo,N;—1],i€Z
A ( Az Az ) (s, 70, n e [0, N 1], d

- 1
min vt =0, n € [0, N, — 1],

initialized with v) = v'™(z;), for all i € Z.

Remark 2.6. As in Remark 2.5, Prop. 2.2 also holds for the truncated scheme that is implemented in practice.

Remark 2.7. The well-posedness of (Sp) is a consequence of Prop. 2.2. Indeed, the convergence of u?“ and

I"*1 when ¢ — 0 gives the existence of a solution of the implicit scheme (Sp). The fact that (v/"');cz and
J"*1 are uniquely defined follows from the proof of Prop. 2.2. Discussion about the direct implementation
of (Sp) is postponed to Section 4.

The next proposition states that the solution of the scheme (Sp) converges to the solution of the limit
equation (Pg) when the discretization parameters go to 0. To this end, we extend the definition of the scheme
(So), in order to make it coincide at the grid points with a function defined over [0, T] x R, and we reformulate
it, so that the monotonic component of the scheme is taken apart. It can be seen as an operator, denoted by
M, acting on functions defined on R. Namely, for all s € (0,At] and f: R — R, Ms(f) : R — R is defined

by
f(@) — flz — Az) f(z+ Az) — f(x)>
Az ’ Az '

Suppose now that the ratio A = At/Ax is fixed. Let us define (¢,x) — vat(t,z) on [0,T] x R, and ¢ — Ja:(¢)
on (0,71, such that for all n € [0, Ny — 1], s € (0, At], and = € R,

Vo € R, Mo(f)(@) = flz) — s H ( (M,)

vat(tn + 8,2) = Mg (vat(tn, ) () — sR (z, Jae(tn + 8)) (12a)
Ini(ty +s) = Jmtt (12b)
min vAt(tng1, i) = 0, (12c)
1€

and initialized with va;(0,-) = v'®. The function Ja, is piecewise constant, with J"*1 defined in (Sp). It is
easy to remark, that va; and Ja; coincide with the solution of the scheme (Sy) at the grid points

Vn € [0, Ny], Vi € Z, vas(tn, z;) = v, and Vn € [0, Ny — 1], Jas(tnir) = J™

This is due to the fact that the constraint minva; = 0 is only considered on the grid points in (12c).
For the sake of simplicity, let us denote

Cy = Cu(14(Lo + KT) + 1), (13)
in what follows, where Cy is defined in (7), Ly in (A6), and K in (A3).

Proposition 2.3 (Convergence of the scheme (Sp)). Suppose that the assumptions of Theorem 1.1 are satis-
fied, and that v satisfies (A5)-(A6)-(AT) for e = 0. Suppose that the ratio At/Ax is fized such that

At At
—_— < R 2 <
Cu <1, and p \/(LO +TK)?+ K <1, (CFLy)

with Cy defined in (13), Lo in (A6), and K in (A3). Then for allt € (0,T] and for all x € R,

lvat(t, ) — v(t, x)] A:>O 0,

and the convergence is locally uniform on (0,T] x R. Moreover, for almost all t € (0,T],

[Jae(t) — J(t)] frn et 0,

where v and J are uniquely determined as the viscosity solution of (Py), and with vay, Jar defined by (12).



Remark 2.8. Remark that condition (CFLg) contains two items. Although they both show linear relations
between At and Az, they are of very different nature. Indeed, the first one is a classical stability condition,
which yields in particular the monotonicity of scheme (M), with Cy in (13) taken a few larger than necessary
for technical reasons. On the other hand, the second condition makes Ja; nondecreasing. This is crucial in
the compactness argument used to prove that Ja; converges when At — 0. We refer to Section 4 for details.

Remark 2.9. Contrary to Prop. 2.1, Prop. 2.3 does not give any convergence rate for scheme (Sp). This
comes from the lack of regularity of the viscosity solution v and J of (Pg). Indeed, J € BV (0,T), while v
enjoys Lipschitz regularity in [0, 7] x R. This property is a consequence of the definition of v as the variational
solution of (Py), but it is also obtained in Section 4, where v is shown to be a limit of Lipschitz functions.
According to this observation, one can come back to Prop. 2.1, and remark that no uniform bound in ¢ is to
be expected for C(g), even if the estimates of the proof of Prop. 2.1 were made sharper.

Remark 2.10. Scheme (Sp) can be implemented on a truncated domain, that is reduced at each time step,
but with no more approximation. Hence, Prop. 2.3 holds for the scheme that is implemented in practice.

3 Convergence of (S.) to the limiting scheme (S))

In this section, we prove that (S.) enjoys stability properties with respect to € € (0, 1], thus Prop. 2.2 follows.
Prop. 2.2 states that, when ¢ goes to 0 with fixed discretization parameters, the solution of (S.) converges to
the solution of (Sp). It relies on a convenient reformulation of the scheme (S.), for all n € [0, N, — 1] and for
all i € Z

ul = M5, (u N),—Am(xi,fn“) (14a)
" = Ax Y (e e, (14b)
1E€EZ

where u™ = (u?);ez, and M4, (u") € RZ is defined for all i € Z by

n

ult 1 —2ul +ul ul —ul ;o ult, —ul
S (W), = ul + et Zl—AtH<l el il ) (15)

Az Az Ax

As it has been announced in Section 2, the scheme (S.) enjoys monotonicity properties. More precisely, it is
a consequence of the first step (15). Indeed, the following properties hold (see [11]):

Lemma 3.1. Let u = (u;)iez and v = (v;)iez € RZ, and M%, defined as in (15). Let L > 0, and suppose
that 2e At/ Az + AtCy(L)/Ax < 1, with Cy (L) defined in (7). Then the following results hold true

o If there exists i € Z such that, |u; — uis1| < LAz, |v; —vi41| < LAz, and Vj € [i — 1,7+ 1], u; < vy,
then M3, (u); < M, (v);-

o If for alli € Z, |u; — ui—1| < a (W), = M&, (u);_| < LAz,

o Ifu—v=(u;—v;)icz € L°(Z), and if, for alli € Z, |u; — ui—1| < LAz, and |v; — v;—1| < LAz, then
ar (W) = My, (v) € L2(Z) and | MG, (u) — M3, (U)Hoo [u = vl|oo
Using this lemma and the reformulation (14) of the scheme (S.), stability properties of the scheme (S.)
when € goes to 0 are proved. The following lemma is stated:

Lemma 3.2. Suppose that assumptions (Al)-(A2)-(A3)-(A5)-(A6)-(AT7) hold true, and that At and Ax are
fizxed such that the inequality (CFL._) is satisfied. Then, there exists an g9 > 0, depending only on the

constants arising in the assumptions and on Az and At, such that for all € € (0,e9), the sequence (u})n;

defined by the scheme (S¢) satisfies:

(i). Uniform Lipschitz continuity in trait: For all n € [0, Ny], there exists a constant L, = Lo + nAtK <
Ly + TK, with Lo defined in (A6) and K in (A3), such that the sequence u™ = (ul');cz enjoys Li,-
Lipschitz property:

n n
Uipr — Uy

Az

(ii). Uniform bound from below for u™: For all n € [0,N¢], there exists b, € R, such that b, > by, =
b—TH(a,a) — TK, and that for all i € Z,

Vi€ Z, < L.

ui > alr; — xo| + by,

where a and b have been defined in (A5), H in (5), K in (A3), and T is the fized final time.



(#i). Uniform bounds for (I"),en,n,j: For all n € [0, N; — 1],

I,/2 < I"TH <20y,

(iv). Estimate for minu™: There exist c,, and cpr such that for all n € [0, N,

cm€ < minu < ey,
i€Z

and ¢, < A2 and ey > ci]\r}[ depend only on the constants defined in the assumptions and on Az and

n
m
At.

Proof. We proceed by induction. Thanks to the assumptions, the initial data u = (u?);cz satisfies the
properties (i)-(ii) and (iv) of Lemma 3.2. Let us suppose that the items (i)-(ii)-(iv) of Lemma 3.2 hold true
for a given n € [0, N; — 1], and prove that u"+ = (u}"!);cz enjoys these properties, while I"*1 satisfies (iii).

e First of all, we recall that 1" is well defined for all ¢ € (0,1], see Remark 2.4. We now prove that, if
e < g9, then I"™! > [, /2. For a given j € Z, the following inequality holds

I— Az S e Mo /EMRED/E < [ Agyp, o= M), /egA R D)2,
€L

where we used (Al). An upper bound for M3, (u"); is obtained thanks to the positivity of H and to

)

At uiy —2u +ul_y u —u o oul ., —ul
€ ny _ j— — AtH 7 i—1 i+1 7
ae (W) =ui e gy Ax ( Ar 0 As
n At
g U] +2€A7{L‘Ln,

using the upper bound Lo + T'K of Ly, and with the choice of j such that u} = min;ez uj’, property
(iv) provides
Lo+TK
€ n ) g vy -
ac(u )] €<CM CH(L0+TK)>

where the estimate independent of At and Az comes from (CFL._,). This estimate yields

S0([) g I o A:L,,l/}mech472(Lo+TK)/CH(L()JrTK)eAtR(I]’,I)/E

)

and the bound from below for I™*! in (iii) is then obtained by a contradiction argument. Indeed, since
© is an increasing function, for all I < I,,,/2, the following inequality holds true

o) < o(In/2) < %n = A e oM ~2Lo+TK) [Crr(Lo+ TK) AtR(x; I /2) /¢ (16)

and thanks to the strict monotonicity of R with respect to its second argument, together with (A2), one
can show that R(z;, I,,/2) is uniformly positive with respect to j € Z. Indeed, it writes

L,

R(xjaIm/Q) 2 R(xjyl’rn) + ﬁ;

thanks to (A3), and assumption (A2) eventually yields
R({Ej, I) > —.
Coming back to (16), one has for all I < I,,,/2

SO(I) < @(Im/Q) < 177” _AxwmefcM72(L0+TK)/CH(L0+TK)eAtIm/2Ks _}O —00,
e—

hence there exists an 1 > 0, depending only on I,,,, ¥u,, car, Cy, Lo, T, K, At, and Az, such that
Ve € (0,e1), VI < 1n/2, p(I) < —1.

Since I"*! is defined as the solution of ¢(I"*1) = 0, the first inequality in (iii) holds true.



e The bound from below (ii) of (U?H)iez, is a consequence of the monotonicity of the first step of the
scheme (S;). Indeed, if we denote v} = a|z; — xo| + b,,, the scheme (15) applied to v™ = (v}*);cz gives

alz; —xo| + b, — AtH(a,a) ifi#0
artr) bn+2g€—t ifi=0,
Az

since H(a,a) = H(—a, —a). Therefore, M%, (u™), > M%, (v"),, for all i € Z, thanks to Lemma 3.1, so
that
u?‘H > alx; — 20| + b, — AtH(a,a) — AtR(x;, I"TY)  ifi #£0

At
wt > b, + 2Q€A—x — AtR(wo, ™).

Since I"** > I,,,/2, and I — R(z;,I) is decreasing for all i € Z, the choice b, ,; = b, — AtH(a,a) — AtK
yields (ii) thanks to (A3).

e The second inequality in (iv) is a consequence of the bound from below of (u}*!);cz, as well as the one
for I"*1. Indeed, considering ¢ € (0,¢1), the definition of I"*! yields

Im/2 g I’nJrl g A‘,L,Zw(xi)e,u;H»l/E’
i€Z
and for an integer N > 1, which will be determined later, the following inequality holds true
L2 < Aw 37 () e Aa Y (e o (Belnmeol)/e
[i|<N |i| >N
because of (ii). In both terms, we use (Al), and since x; — xg = iAx, we have
—minu?! /e .
In/2 < (2N —1)Azppre e /e 4 ong gy e (bv, +aNAD)/e D eraide/e
>0

Therefore, N is chosen such that by, +aNAx > 1. Note that this choice is independent of n, and that
it depends only on the assumptions, and Ax. Hence, the previous inequality can be simplified as

—minu?Jrl/E 2Ax wM e_l/‘S
< _ i€Z _—
Im/2 NS (2N 1)A$ ¢M e ¢ + 1— e—QA;E/E ’

and €5 can be defined, as a function of the parameters arising in the assumptions and of Az, but
independently of n such that

2 Az iy e /e

Ve € (0,¢e9), 1 — g—alz/e

< Im/47
so that for 0 < € < min(eq,e2), the second inequality in (iv) is satisfied, with

Im in
M max{ln (4(2N—1)AmpM> ,CM}.

Once again, it is worth noticing that this choice is independent of n.

e The previous results yield the inequality I"*! < 2I), in (iii). Indeed, thanks to (iv), u? > ¢, for all
i € Z, and because of the monotonicity of (15), this implies that

VieZ, Mi, (u"); = cme.

1 n+1

Moreover the bound from below (ii) satisfied by u™™* = (u]'"");cz, ensures that there exists an index
k € Z such that uZ“ = min;ey, u?“ < epre. The definition of u?*l at line (14a) yields

AtR(zp, I") = M, (u™), —up ™ = —(car — em)e = AtR(zr, Ing) — (ear — €m)e,
where the last inequality has been obtained considering that R(zy,Ip) < 0, according to (A2). One
can conclude similarly as above, using (A3) to write

AtR(xp, I"Y) > AtR(xy, 21n) +

Atlyy B ( B )
K elCpm Cm ).



Denoting e3 = AtIy /(K (car —¢m)), the previous inequality states that for all & € (0,e3), Rz, ") >
R(zg,2Ip). Once again, we emphasize the fact that 3 is defined once for all since it depends only on
the assumptions and on At, and it is independent of n. The second inequality in (iii) follows, since R
is decreasing with respect to I.

e The first inequality in (iv) is a consequence of the previous result. Indeed, thanks to the definition of
I™*1 in (14b) and to (A1), one has

Vi€ Ly o Az e T < A (e = L <2ty
1€EZL

YmAx
defined in the assumptions and on Az, and is independent of n.

It gives that Vi € Z, u?ﬂ > cmé€, where ¢, = min {— In ( 2Ly ) , m} depends only on the constants

o Eventually, Lemma 3.1 yields that M%,(u") enjoys L,-Lipschitz property. The L, -Lipschitz bound
(i) of u™*! is then a consequence of (iii) and (A3).

Eventually, we denote g = min(e1,€2,e3), such that Lemma 3.2 holds. O

This technical lemma provides the necessary tools to prove the convergence of the sequences defined by
the scheme (S.) to the sequences defined by the scheme (Sp):

Proof of Prop. 2.2. As for the proof of Lemma 3.2, we proceed by induction. Thanks to the assumptions,
there exists a sequence (v{);ez such that u — v) for all i € Z. We suppose that it is true for a given
e—
n € [0, N; — 1] and we prove that there exist (v *!);cz and J**! € R such that
Vi€ Z, uftt — o and 1M — gt
e—0 e—0

First of all, (u");cz enjoys the Lipschitz property (i) of Lemma 3.2, and (CFL._,) holds. These properties
are uniform with respect to ¢ small enough, thus the convergence of the first step (15) of the scheme (S;)
follows immediately

. € n 0 n ’U _vz 1 UZL+1—U?
VZGZ, MAt(u )i;(;MAt(v )Z :'U — AtH Az s A .

Moreover, Lemma 3.2 gives that (I"*1).¢(0.,) is uniformly bounded with respect to e, so that /™! — Jn+?
when € — 0, up to an extraction. It provides an extraction of (u?+1)5€(0)50) such that

Vi€ Z, ultt ot = MY, (") — AtR(, S,

and such that min;ez v = 0, thanks to the point (iv) of Lemma 3.2. Hence, (v/""!);cz satisfies the scheme
(So).

To conclude the proof, one has to prove that all extractions of (I "“)56(0750) converge to the same limit.
We proceed by contradiction, supposing that there are two extractions which converge respectively to J#+!
and J"+1, with Jrt < J"+1. As previously, it provides two extractions of (u?“)ge(o’eo) which converges

JF

respectively to v}, L and v"+1 when € — 0, where

Vi € Z, v?;’l ~"+1 AtR(xl,J”H) and minv? ™ =0,

Vi € Z, v"“ =o't — AtR (i, ng+1) and minv ' =0,
and as R is decreasing with respect to its second variable (A3),

vie Z, ol = ot = At (R (v, 5 = R (2, 7)) <0

Eventually, we remark that (v]!);cz is increasing enough at infinity, since the inequality (ii) of Lemma 3.2
is uniform with respect to € when ¢ — 0. As a consequence,

Jj ez, v"+1 = minv™ ! = 0.
ez, bb

n+1

But the previous inequality then gives that v~ < 0, which contradicts with the fact that min;ey v H =0. O
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4 Convergence of the limiting scheme (Sy)

As in Section 3, stability estimates for the scheme (Sg) are obtained using the convenient reformulation (12) of
the scheme (Sp), in which the monotonic component of the scheme (M) is taken apart. We start by recalling
useful properties of the monotonic scheme (M) (see [11]):

Lemma 4.1. Let s € (0, At] and M, defined as in (Ms). Let L > 0, and suppose that AtCy (L) < Az, with
Cy (L) defined in (7). Then the following results hold true

(i). If f(z), f(x £ Ax), g(z) and g(x + Ax) are such that f(z) < g(z), f(z £ Ax) < g(z £ Azx), and

f(z) — f(z + Ax)
Az

g(r) — gz + Az)
Ax

<L,

v |

then Ms(f)(x) < Ms(g)(x).

(it). In particular, if f and g are two L-Lipschitz functions such that, f < g, then Ms(f) < Ms(g). More-
over, both Ms(f) and Ms(g) are L-Lipschitz continuous.

Remark 4.1. In particular, using the notations and assumptions of Lemma 4.1, if f : R — R is a L-Lipschitz
function such that Vi € Z, f(x;) > 0, then Vi € Z, M(f)(z;) > 0. Moreover, if

A(a,a) € [O,L]Q, 3(b,b) € R?, Vz € R, alr — zo| + b < f(x) < @l — 0| + b,

then
Vz € R, alr — 20| +b— sH(a,a) < M.(f)(x) < alr — x| +b.

Using these notations, we prove the following lemma, which establishes stability properties of the scheme
(So), as well as the fact that Ja; is nondecreasing.

Lemma 4.2. Suppose that the assumptions of Prop. 2.3 are satisfied, and that va: and Ja; are defined in
(12). The following results hold:

(). Uniform Lipschitz continuity in trait: for allt € [0,T], there exists a constant Ly = Lo +tK < Ly, with
Ly defined in (A6) and K in (A3), such that vae(t,-) is Li-Lipschitz continuous.

(i1). Uniform Lipschitz continuity in finite time: for all z € R, vas(-, ) is (L2 + K) Lipschitz continuous on
[0,T], where Lt is defined in (i) and K in (A3).

(iii). Uniform bounds for vas: for all t € [0,T], there exist b, by € R such that b, = b— tH(a,a) — tK and
by =b+tK, such that

Vz € R, alz — zo| + b, < vae(t, ) < @lz — o] + by
where a, @, b and b are defined in (A5), H in (5), and K in (A3).
(iv). Uniform bounds for Jai: Vt € (0,T], I, < Jac(t) < Ing.
(v). Monotonicity of Jat: Jar is nondecreasing on (0,T).

Remark 4.2. This lemma is similar to the stability properties stated in Section 3, but it is important to notice
that all the constants are independent of the discretization. Moreover, the result (v) only holds for the limit
scheme (Sy).

Remark 4.3. Lemma 4.2 gives hints for the implementation of (Sp) independently of (S.). Indeed thanks to
the properties above, and to (A2)-(A3),

U, Tng] 3 o min dom — Appr (P2 Vm0 Y TV oy Ry (17)
— no_ _ .
mo SM her v Ar 7 Ax i ’

is increasing, takes a negative value at I,,, a positive one at Iy, and it is equal to 0 at J**!. One can
also notice that it is continuous, as the minimum in (17) is taken on a finite number of indices, thanks to
Lemma 4.2-(iii) and (A3). Even with no further result on the regularity of R, and hence on (17), J"*! can
be approximated, for instance by dichotomy. In practice, an approximated Newton’s method works, and it is
more efficient in terms of computational time.
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Proof. We start by proving (i)-(iii) and (iv) by induction. Let n € [0, N; —1]. Suppose that (i)-(iii) are true
for va¢(tn, ), as it is the case for the initial data v'® thanks to (A5)-(A6). Let n € [0, N; — 1] and s € (0, At].
In what follows, we show that va:(t, + s, ) satisfies (i)-(iil), and that Jas(tn41) satisfies (iv):

o Let j realize the minimum of (va:(tn, %i))icz. Hence vai(tn,z;) = 0 thanks to (12b), and the definition
of H in (5) yields
Mai (var(tn,-)) (z;) = 0.

Coming back to (12a), we have
—AtR (x5, Jai(tns1)) = vai(tnyr, ;) 2 0,
and we obtain that I,,, < Ja¢(t,+1) thanks to (A2) and (A3).

o Notice that since (CFLyg) is satisfied, the first step (M) of the scheme (Sg) is monotonic. Hence, Lemma
4.1 gives
Ve € R, alw —wo| +b;, — sH(a, a) < M ((vad(tn,-)) (x),

so that va¢(tn + s,2) = alz — 20| + b, — sH(a,a) — sR(x, Ja¢(t, + s)). The monotonicity of R(z,-) as
well as the lower bound for Ja:(t, + s) yield

alr — xo| + by, s <vaL(tn + 5,7),
with b, . =10, —sH(a,a)— sK, thanks to (A3).
e Since va¢(tn,x;) = 0 for all ¢ € Z, Lemma 4.1 yields that
Vi € Z, Mar (vai(tn,-)) (x;) = 0.
Consider then k£ € Z such that
oat(tnt1, Tk) = %i%UAt(tn+1, x;) = 0.

Note that such a k exists, thanks to the previous step of the proof. We obtain

AtR (zg, Ja(tn+1)) = Mar (vae(tn, ) (k) =0,

thanks to (12a). The inequality Ja¢(tn+1) < Ips is then a consequence of assumptions (A2) and (A3).
The bounds for Ja; in (iv) follow, since it is constant on (¢, tp41]-

e Once again, the monotonicity of the first step (My) of scheme (Sg), yields
Vo € R, M, (vat(tn,-)) (x) < alz — x| + by,,,
so that property (iii) is proved with b;, +, = b;, + sK, thanks to (A3).
o Similarly, vas(ty, + s,-) is Ly, 4 s-Lipschitz continuous thanks to Lemma 4.1 and (A3).

The Lipschitz-in-time property (ii) is a consequence of (i). We now show that Jat(tni1) = Jac(tn)-
Recalling that Ja; is constant on (0, At] and that is not defined at ¢ = 0, we then suppose that n € [1, Ny —1].
Considering an index j such that va:(ty, ;) = minez vai(tn, z;) = 0, (12a) yield

R('rj7 JAt<tn+1)) < 07

as previously. Let us now consider the previous step of the scheme, at the same index j. As this part of the
proof only uses points of the grid, we use rather the formulation (Sp) for the sake of simplicity. We have,

o — '1)7,7‘71 ,Unfl o U;'L:ll 1)7»171 o ’1_)747471
At Az ’ Az

A Lot — | + R(z;,J") =0
(18)
vi =minv;" = 0.
i€l

Since all the v?_l for ¢ € Z are nonnegative, one has

n—1 n—1 n—1 n—1 n—1 n—1
I e PR | Yi+1 T Y Y
< , and >
Ax Ax Ax Ax



Moreover, because H is increasing with respect to its first variable and decreasing with respect to the second
one, the following inequality holds

2
n—1 n—1 n—1 n—1 n—1 n—1 n—1
gY Y1 Uit 7Y <Y Y B
Az ’ Az = Az’ Az Az ’

where the last equality comes from the expression of H, see (5). Once injected in (18), we obtain
n—1
v; At
n J n—1

and the right hand side of this inequality is positive. Indeed, thanks to the Lipschitz-in-time property (ii),
we have

n n—1 n—1
v vy i 72
= < Ly+ K,
At At Tt
and the condition (CFLg) yields the result. To conclude, let us remark that
R(zj, Jar(tnt1)) <O < R (25, J") = R (25, Jai(tn)) , (19)

and use the fact that R is decreasing with respect to its second variable. The monotonicity of Ja; in (v)
follows immediately since it is constant on the interval (¢, t,,11]. O

Remark 4.4. Let us emphasize the fact that the above proof strongly relies on considerations on the minimum
of (v7);. This bears similarities with [34], where the relation R(z(t),J(t)) = 0, with Z(t) = argminv(t,-), is
used to study J. In the discrete setting, (19) is the equivalent of this relation.

The next step consists in establishing the convergence of va; and Ja defined in (12) when At and Az go
to 0 with At/Az fixed. The following results hold

Lemma 4.3. Suppose that the assumptions of Prop. 2.3 are satisfied, and that vay, Jar are defined by (12).
Then,

(i). Convergence of (vat)ar=o: there exists vog € C°([0,T] x R), such that

V(t,z) € [0,T] X R, vat(t, ) fome vo(t, ) up to a subsequence,

and with minvy(¢,-) = 0, for all t € [0,T]. Moreover, the convergence is locally uniform on [0,T] x R.
(ii). Convergence of (Jat)atrso: there exists Jy € BV (0,T), lower semi-continuous, such that

for almost allt € (0,T], Jas(t) fome Jo(t) up to a subsequence.
—

Moreover, Jy is nondecreasing, and Vt € (0,T], I, < Jo(t) < Ing.

Proof. Thanks to Lemma 4.2, the family (va¢)at>o is composed of Lipschitz functions, having the same
Lipschitz constant. Considering R > 0, one can notice that since va; enjoys Lipschitz-in-time regularity

lvatllzee(o.rx - r.R) < (L7 + K)T + |[v™|| L (=R, R])»

hence the family (va;) satisfies the hypothesis of Ascoli’s theorem for (¢,x) € [0,7] x [-R, R]. Then, there
exists a function vy € C°([0,7] x R) such that va; —ra¢—0 vo uniformly on [0,7] x [-R, R]. Moreover,
(vat)ae is a sequence of uniformy coercive and Lipschitz functions, such that

Vn € [0, V], I%i%wm(tn,xi) =0.

Hence, there exists a constant ¢ such that for all ¢ € [0, 7],
|minvay(t,-)| < c(At + Ax),

and minvg(¢,-) = 0 is a consequence of the local uniform convergence of (vat)ar to vg. This proves (i).

The second point (ii) is a consequence of Helly’s selection theorem. Indeed, Lemma 4.2-(iv)-(v) states
that (Jat)atso is a sequence of uniformly bounded BV functions with uniformly bounded total variation.
Hence, there exists a BV function jo such that

N At—>0 Jo, pointwise in (0,7 up to a subsequence.
—

Moreover, Jy is nondecreasing, and I,,, < Jo < I, since these properties hold for all Ja;. Considering a lower
semi-continuous function Jy such that Jy = Jy almost everywhere in (0, 7] yields the result. O
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Remark 4.5. In what follows, the mention At — 0 will always refer to a subsequence for which the convergences
of Lemma 4.3 hold true.

Remark 4.6. Note that, although it is not defined by the scheme, a value for Ja:(0) is needed in what follows,
because of the compactness argument used below. When it is necessary, we define Ja;(0) = J*. This choice
consists in extending continuously Ja; at 0, but it has no meaning from the point of view of the constraint of
the scheme. However, it is well-suited to the fact that Ja; is bounded and nondecreasing.

To complete the proof of Prop. 2.3, it remains to identify vy = v and Jy = J almost everywhere, where
(v, J) is the viscosity solution of (Pg). However, Jy enjoys only BV regularity, and in particular it is not
expected to be continuous (we refer to Section 6, where numerical tests show that Jy can have jumps). As
a consequence, general convergence results of numerical schemes for Hamilton-Jacobi equations such as [11]
cannot be applied directly. To the best of our knowledge, there is no general framework for finite-differences
numerical schemes for Hamilton-Jacobi equation when the Hamiltonian is not continuous in time. In what
follows, we propose a proof of the convergence of the scheme (Sg) to the viscosity solution of (Pg). The key
ingredient of the proof is an appropriate regularization of Ja; and Jy, used in [2], and also in [8] for the study
of the uniqueness of viscosity solution of constrained Hamilton-Jacobi equation. For k& > 0 and At > 0, let us
define

Vt € [0,T], JR,(t) = inf (Jai(s) + k[t — s]). (20)

s€(o,
The following results hold true
Lemma 4.4. Suppose that the assumptions of Prop. 2.3 are satisfied. Let Jgt and J¥ defined by (20). Then,
(i). For all At >0, and for all k >0, I, < JK, < Iy, and J%, is a nondecreasing function on [0, T).
(ii). For fived At >0, and for all t € [0,T], JK,(t) 7 Jac(t) when k — +o0.
(#ii). For fived At >0, JX, is a k-Lipschitz function on [0, T).

). F ko —Jk .
(iv). For fixed k > 0, ||JX, — J§|loo A;)OO

Proof. We only detail the proof of (iv). Let k > 0 be fixed. From Lemma 4.3, Ja¢(t) — Jo(t) almost
everywhere in [0,7] when At — 0. We first remark that

JR (1) fowe Ji(t) a. e in [0, T). (21)

Indeed, let us consider ¢ € [0, 7] such that Jas(t) —at—0 Jo(t). Since (JX,(t))ar=o is a bounded sequence, it
admits a converging subsequence, once again denoted by (JX,(t))at>0. Let us denote by ¢ its limit. Since

Vs € 0,7, J5,(t) < Jae(s) + k[t — s|,
then letting At — 0 in the previous inequality yields
Vs € [0,T], £ < Jo(s) + k|t — s,

so that £ < J§(t). Moreover, as J&,(t) is defined as an infimum,
1
¥n €N, 3s}, € [0,T], Jau(sy) + Klt = sp| = — < JK(1),

Since (s} )n>1 converges (up to an extraction) to s* € [0, 7] when n — +oo, taking the liminf in the previous
inequality gives
Jo(s™) + k|t —s™| < ¢,

because J is lower semi-continuous. As a consequence J§ () < £. The only adherence value of (JX,(t))a¢>o is
then J&¥(t), which yields (21). To conclude, the uniform convergence in (iv) is a consequence of the convergence
almost everywhere of a family of Lipschitz functions defined on a compact domain. O

Remark 4.7. The uniform convergence in Lemma 4.4-(iv) does not generally hold true in the limit & — oo.
This result will only be used for fixed & > 0.
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Now that J&, and J§ are defined, we consider them as a source term respectively in the scheme and in
the equation. Namely, let us define v* the viscosity solution of the Hamilton-Jacobi equation

ok +|Vo*)? = —R(z,J}), x € R, t >0, (22)

with initial data v™®. Thanks to the Lipschitz properties of the right-hand side of (22), v* exists, is uniquely
determined, and enjoys Lipschitz-regularity properties. Moreover, the following lemma establishes that, be-
cause of the construction of J¥, v¥ converges when k — +00 to the viscosity solution of (22) with Jy instead
of J¥. Similarly, let us define v%, by

VAL (tn + 5,2) = My (v}, (tn, ) (@) = 5 Rz, J3,(tn + 9)), (23)

for all n € [0, N; — 1], s € (0, At], and = € R, with M, defined in (M), and initialized with v%,(0,-) = v'".
The properties of v* and vgt are summarized in the following lemma:

Lemma 4.5. Suppose that the assumptions of Prop. 2.3 are satisfied. Let k > 0, v* and vgt defined by (22)
and (23). Then, v* and th enjoy the following properties

). Uniform Lipschitz continuity in trait: for allt € [0,T], v*(t,-) and vk, (t,-) are Lp-Lipschitz continuous,
At
with Ly defined in Lemma 4.2-(1).

(ii). Uniform Lipschitz continuity in finite time: for all x € R, v*(-,x) and vk, (-, x) are (L2 + K)-Lipschitz
continuous on [0,T), where Lt is defined in Lemma 4.2-(i), and K in (A3).

(iii). Uniform bounds for v*: for all (t,x) € [0,T] x R,
b— KT < vk(t,x) <alr — xo| + b+ TK,
where K, b, b, and @ are defined in (A3) and (A5).
(iv). Uniform bounds for vk,: for all (t,x) € [0,T],
alz — x| + b, < vk, (¢, 2) <alz — zo| + by, (24)
where a, b,, @ and by are defined in (A5) and in Lemma 4.2-(4ii).

(v). Monotonicity of the approvimation: v¥ /7 v> when k — 400, pointwise in [0,T] x R , where v™° is the
viscosity solution of
0™ + |Vu® > = —R(z, Jy), z € R,t € (0,7, (25)

initialized with v™
vi). Monotonicity of the approximation: vk, < was, where vay is defined in (12).
At

Proof. Concerning the properties of v¥, the points (i) and (ii) are natural properties of viscosity solution of
(22), while (iii) is a consequence of the comparison principle. Point (v) is proved in [8].

Concerning v ,, since we suppose that (CFLg) is satisfied, the proofs of the first points of Lemma 4.2
can be applied. This yields immediately (i)-(ii) and (iv). The last point of the Lemma is a consequence of
the monotonicity of the scheme (Lemma 4.1), and is done by induction. Indeed, the inequality (vi) holds
true at t = 0. Moreover, va; and vk, enjoy the Lipschitz properties of Lemmas 4.2-(i)-(ii) and 4.5-(i)-(ii),
and (CFLg) is satisfied. As a consequence, the first step (MS) of the reformulation of the scheme (Sp) is
monotonic. Hence, if vK,(t,, ) < vat(tn,-), one has M (v, (tn,-)) < Ms(vai(ts,-)) for all s € (0, At).
Eventually, we use Lemma 4.4 and the fact that R is noincreasing in its second Varlable to conclude that
VR, (tn + 8,+) < var(ty +s,-) for all s € (0, At]. O

Remark 4.8. Note that, contrary to the non-regular problems (Pgy) and (Sp), there is no constraint neither on
min v¥(¢,-), nor on min;ez vgt(t,ﬂ_l, Z;).
Now that the problem is regularized, we can use viscosity procedures to show that scheme (Sg) converges
to the viscosity solution of (Pg). Following the ideas developped in [11], let us define an auxiliary function
(z-8? (t-1)°

¢(t79377'7 é-) = vk(t,x) - Uzt(Tvg) - 2A$1/2 - 2At1/2 - (U +4C%—IaeT)t (26)

t
N RS N
ag (x*+ &%) T3¢
for all (t,z,7,£) € [0,T[xR x [0,T] x R. Here, « € (0,1), and o is positive and will be determined later. The
functions v* and vk, are defined in (22) and (23), Then, 1) satisfies the following properties.
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Lemma 4.6. Suppose that the assumptions of Prop. 2.8 hold, and that v is defined by (26). Then

e For all a, and o positive, 1 admits a global mazimum. It is reached at (t*,z*,7*,&*) € [0, T[xR x
[0,T] x R.

o There exists 0 = o(At, k) with o(At, k) —at—0 0 (when k > 0 is fized), and Aty > 0, such that for all
a € (0,1) and for all At < Aty, t* < 2(L2 + K)AtY?, where K and Ly are defined in (A3) and Lemma
4.2-(3).

Proof. The first point of the Lemma is immediate, thanks to Lemma 4.5-(iv)-(iii). The idea of the proof of
the second point is very similar to what is done in [11], where monotonic schemes for bounded solutions of
Hamilton-Jacobi equations are studied. However, it is worth noticing that, in our framework the boundedness
hypothesis is lacking, since it would contradict with the definition of I. in (P.). Moreover, the proof we
propose below spies the influence of the regularizations J(’f and J ﬁt of Jy and Ja; through the parameter k.
Indeed, it is necessary to come back to the non-regularized problem.

Step (i). Since Y(t*, a*,7*,&*) = ¥(t*,0,7*,0), we have
o

e
(27 + £7%) Sl (77,0) = ok, (77,€7) +08(t7, 27) — (27, 0).

Then, Lemma 4.5-(i) gives
o
€ * * * *
oS max {Ja*], [€'1)? < Lrlé*| + Ll

which yields

ae'” max {|€*|, |*|} < 4Ly (27)
Step (ii). We proceed as in the previous step. Comparing the values of ¢ at (t*,z*,7*,£*) and (¢*, z*, 7%, 2*),
we obtain ) -
(‘T* — 5*) * ok c ek € *2 *2
ngitﬁ L) — vk, (7 »5)"‘@7(33 -&7),

and Lemma 4.5-(i) and (27) give
[t — 7| < 2(LE + K)AtY?, |z — ¢*| < 10LpAzt/?, (28)

Note that the bound for |7* — ¢*| is obtained similarly, starting from o(¢*,x*, 7*,&*) > ¥(t*, «*, ¢*,£*) and
using Lemma 4.5-(ii).

Step (iii). We aim to show that t* < 2(L% + K)At1/2, provided that o is appropriately chosen. We argue
by contradiction, and suppose that t* > 2(L2, + K)Atl/Q. It implies that 7* > 0, thanks to (28). Let us start
by considering

(t,2) = W(t @, 77, €°) = v'(t,2) — o(t, @),
on [0, T[xR, with
(x_g*)Q (t—T*)2 et a

e 2 *2

p(t,z) = vR, (7%, &) + (0 + 4CHae ) t +

It admits a maximum, precisely at (t*,z*), with ¢* € (0,7). Since v* is the viscosity solution of (22), we
deduce
dup(t*,2*) + H (Vap(t*, %)) + R(a™, J§ (%)) <0,

that is
7 — % t*
0’+4C%0[6T+T1/2+04%(1'*2+f*2)+ﬁ (29)
+H (ﬁ + ae“w*) + R(a*, J§ (1)) <0,
xT

where H is defined in (3). Next, let us consider

(T7 E) }_> /l/}(t*7x*77_7 5)7
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on [0,T] x R. As previously, it admits a maximum, precisely at (7*,£*), so that for all (1,&) € [0,T] x R

VR (7, €) = w(r, &) + K, (30)
with
_ @9 (1) e,
’LU(T,E) - 2A$1/2 2At1/2 & 2 g )
k _ ¢¥)\2 t* _ 7_*)2 et*
k/’* — k * ek (l‘ 5 ) ( N *2.
VAT &)+ na 2 T gapr Tt
Remark that 7* = t,,« + s* with n* € [0, N; — 1] and s* € (0, At]. The previous inequality yields
UZt(tn*>§*) > w(tn*>§*) + k" (31)

The next step consists in applying the scheme (23) to this inequality. To do so, one has to make sure that
|w(tp, & £ Ax) — w(t,-, )| < (14Lp + 1)Ax, (32)
so that (CFLg) ensures that scheme (M) enjoys monotonicity. From the expression of w(7,§), we have

* Azt? |ar — €| el
< t *
<ae® [£7]+ 5 + NS 5

W(tpx, &) — w(tp~, & £ Ax)
Az

Hence, if Az is chosen small enough, (32) holds, thanks to (27) and (28). Since the ratio At/Ax is fixed, this
condition on Az implies that the result holds for all At < Atg, for some Aty > 0. Since (CFLg) is satisfied,
the first step of the scheme (M) is monotonic and can hence be applied to the inequality (30), using (31).
As M+ commutes with constants, it gives

M+ (Ugt(tn*a (€)= s*R(E7, Jﬁt(tn* +5%)) = Mg (w(tn-, ) (") + k" — s"R(£", Jgt(tn* +5%)),
that is

VAT €") 2 witns, &) = s"H (
+ k% — s*R(¢*, TK,(T7)).
The latter yields counterpart of (29)

w(tn*,g*) - w(tn*ag* - ACE) ’U/(tn*,f* + ASL’) - w(tn*,g*)
Az ’ Az

T*— & o Axt/? et x* — & v Axt/? et
O<H<Aa:1/2 —ae’ £+ 5 +a7Aw7 NI —ae® £ — 5 fa?Ax (33)
t*— 7"+ 5%/2
* k *
+ R(E", JA(T7)) + N
Inequalities (29) and (33) are now gathered, so that
o +4C% aeT—i—ai(x*Q—&—ﬁ*Q)—i—H ﬁ—l—aet*w* ﬁ—i—aet*x* (34)
H 9 Agl/2 N
x* —¢&* v Azt/? et x* —¢&* . Azl/? et
_H(Ax1/2 —ae® £+ 5 +a7Ax,W—ae - —aTAac
At1/2

< R(EJR(T) = R(2™, J5 (t)) +

2 b
since H defined in (3) and the numerical Hamiltonian satisfy H(p,p) = H(p) for any p € R. An upper bound
for the right hand side is obtained from (A3), and from the k-Lipschitz regularity of J§ in Lemma 4.4

R(E", JA(T%)) = R(@*, J5 (t°)) < K[€" — 2™ + K|l J&, — Jg lloo + Kk|t* — 77,

that can, once again, be estimated using (28) and the fact that the ratio At/Ax is fixed. On the other hand,
the Lipschitz property of H gives a lower bound for the left hand side of (34). Indeed, all the arguments of
the functions H in the inequality are bounded in absolute value by 14Lp + 1. It yields

£

. A 1/2 T
o+ 4C%hae” + a%(m*z + &%) -2y (oze75 (l=*| + 1€7]) + S a%Aw

2
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<C(k) (A2 A2 4 (1T, = T le )

where C(k) is a constant depending on k, and on the parameters K and Ly. We remark now that the left-hand
side of the inequality is bounded from below independently of |z*| and |£*|. Hence,

o <o +4C%ae’ —4Ckaet < C(E) (At1/2 + Azt ||k - JLHOO> + aCye’ Az,

and o = o(At, k) is defined so that the previous inequality cannot hold, and that o(At, k) —as—0 0 when k
is fixed, as does the right hand side of the inequality. Because of || J§ — JX, | ~, there is no indication for the
speed of the convergence o(At, k) —ar—0 0 when k is fixed. Indeed, Lemma 4.4-(iv) is obtained by using a
compactness argument, which does not give a quantitative estimate. O

We are now able to gather all these preliminary results to prove Prop. 2.3:

Proof of Prop. 2.3. Consider a choice of o = o(At, k) as in Lemma 4.6. Then, the function ¢ defined in (26)
reaches its maximum at (t*,z*,7*,£*), therefore

V(t,z) € [0, T[XR, (t,z,t,x) <Pt z*, 7% z%),

hence, for all « € (0, 1),

e
T—1t
+ Lrlz™ = €[+ (LF + K)(¢" +77),

o (t,x) — vk, (t,x) < o (At k)t + 4C%aeTt 4 aelz? +

thanks to Lemma 4.5-(i)-(ii). Let us start by letting o — 0 in the previous inequality, to get
o () — ok, (t, 2) < o (AL k)t + CAY?,

where C' > 0 can be determined using the fact that (z*,£*) € R? satisfy (28), that the ratio At/Ax is fixed,
and that ¢* < 2(L2 + K)At*/2. Thanks to (28), 7* < 4(L2. + K)At'/? also holds. It is worth noticing that
since v* and th are continuous, this inequality also holds if ¢ = T'. Then, Lemma 4.5-(vi) yields

VR (t, 2) < vag(t, ) + o (AL k)t + CALY?,

Still considering a fixed k > 0, let now At — 0. As o(At, k) —ar—0 0, and va; converges pointwise to vg (see
Lemma 4.3-(i)),
vF(t,z) < volt,z).

We conclude by noticing that this inequality is true for all (¢,z) € [0,7] x R. Finally, we let kK — 400, to get
the following inequality

v < vg.

Now, we have to prove the reverse inequality. The proof is very similar to what was done previously, but
some modifications are necessary. We list here the modifications that are to be done in the steps of the proof:

e In Lemma 4.3-(ii), an upper semi-continuous representative should be opted for (Jo instead of Jy, say).
Note that Jo = Jy almost everywhere.

e The functions Ja; and Jo should be regularized from above instead of (20). Namely, for k > 0 and
At > 0, let us define

Vi€ [0.T], 35(0) = sup (3ols) — kit — ),
s€[0,T]

Jhe(t) = sup (Jai(s) — k[t — s|).
s€[0,T]

Most of the properties of Lemma 4.4 still hold true, except that for fixed At > 0 and for all ¢ € [0,T],
IR (1) \(Jar(t) as k — +oo. Similarly, (iv) has to be replaced by

for fixed k > 0, [|3%, — 35lo 2,0
—0
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e The viscosity solution w® of the following Hamilton-Jacobi equation should be defined accordingly
ow® 4+ |Vowh)? = —R(z,35), z € R, t >0,

initialized with v™. The properties of Lemma 4.5 are still true, except (25). We have instead: w* \, w™>
when k — 400 pointwise in [0,7] x R, where w™ is the viscosity solution of

Ow™ + |V,w™|* = —R(z,30), © € R,t € [0, 7], (35)
initialized with v'.
e The regularized scheme associated to J&, should be defined as well, namely
Wiy (tn + 8) = Ma(Wh, (tn, ) (@) — s Rz, 33 (tn + ), (36)

for all n € [0, N; — 1], s € (0, At] and = € R, with M, defined in (M), and initialized with v'*. The
properties of Lemma 4.5 are still true, except (vi) that has to be replaced by wk, > va;.

e Lemma 4.6 should also be adapted. Instead of 1, let us define

(x—§?  (t—71)°

— ok — wk
Wit 2,7 8) = wilt,z) —walm &) + s + o
t
Sy O
+a2(x +§)+T_to

+ (0 + 4CHae)t

Then, Lemma 4.6 still holds true, but with a minimum instead of a maximum.
e As it has been done in the first part of this proof, we obtain eventually w> > vy.

To conclude, remark that v> and w® are respectively viscosity solution of (25) and (35), that are recalled
here

O™ 4 |0,v°)? = —R(x, Jo), Ow™ + |0,w™|* = —R(z,30),

both initialized with v™*, and with the source terms being such that Jy = Jo a.e. Thanks to Theorem 1.2-(ii),
it implies that v*° = w* a.e. Then, the equality

oo

vy = v° = w™,

comes immediately from v>*° < vy < w*, and because all these functions are continuous. Indeed, one can
notice that the Lipschitz constants of Lemma 4.5 do not depend on k or At. Hence, vg enjoys the same
Lipschitz regularity as th, and is, in particular, continuous.

The next step consists in identifying vy and Jy to the viscosity solution v of (Pg), and to the associated
constraint J. It is a consequence of minvy = 0, proved in Lemma 4.3-(i) and of Theorem 1.2, meaning that

vg=v, and Jy=Jo =J a.e.

Indeed, thanks to the assumptions made on the problem, v is also continuous (see [4]), so the equality vg = v
is true pointwise in (t,z) € [0,T] x R.

To conclude, remark that the only limit of the subsequences (va;) and Ja¢, defined in Lemma 4.3 are v
and J. The restriction up to a subsequence stated in Remark 4.5 can then be removed, and Prop. 2.3 is
proved. O]

5 Convergence of the scheme (S,)

In this section, we fix ¢ > 0, and we prove that (S.) approximates properly (P.) when the discretization
parameters At and Az go to 0. We start with a technical lemma, which states properties of the sequences
(InJrl)ne[[O,Nt—l]] and (Unﬂ)ne[[o,Nt—l]]a with vt = (u?“)iez, defined by the scheme (S;).

Lemma 5.1. Suppose that the assumptions (A1)-(A2)-(A3)-(A4)-(A5)-(A6) are satisfied, and that € > 0 is
fized. There exist Axg > 0, and Iy > 0, depending on €, and on the constants arising in the assumptions,
such that if At and Az < Az, are fized such that (CFL.) holds, the scheme (S;) is well-defined. Moreover,
the sequence (ul)n,; defined by the scheme (S;) satisfies:

3
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(i). For alln € [0, Ny], there exists a constant A\, = Lo + nAtk < Lo + Tk = An,, with Ly defined in (A6)
and k in (8), such that the sequence (ul');cz enjoys An-Lipschitz property

._ul

Vi € Z,
1€ A

< Ane

(i1). For alln € [0, N¢], there exists B € R, with B> By, =b- TH(a,a) — T||R(-,0)||o, and B,, < By, =
b+ aN,;Axo + Tk, such that for alli € 7,
alz; —xo| + B < uf <l — x| + B,
where a and b have been defined in (A5), k in (8) and T is the fized final time.
(iii). For alln € [O,Ny — 1], 0 < I < I

Remark 5.1. At first sight, this lemma is similar to Lemma 3.2. However, it holds here for a fixed £ > 0, and
it states uniform estimates in At and Az < Axg such that (CFL,) is satisfied. On the contrary, Lemma 3.2
states uniform estimates in € € (0, &), where €9 > 0 depends on the assumptions, and on At and Az.

Remark 5.2. In what follows, Iy is chosen large enough, such that
Vit € [O,T], O<I€(t)+1<IM/, (37)
where I is defined in (P.). We refer to [4] for the existence of such a bound.

Proof. The proof is done by induction. The initial data u® = (u{);cz enjoys the properties of Lemma (5.1).
Let € > 0 be fixed, and let us suppose that the items (i)-(ii) are satified by u™ = (u});ez for a given
n € [0, N; — 1], and prove that I"*! and u"*! = (u]'™!);cz are well defined, and satisty (i)-(ii)-(iii).

First of all, let us remark that I™*! is solution of ®(I) = 0, with

]) =71 — A;)gZ1p(mi)e_/‘/lzw(u")i/aeAtR(ﬂCi,I)/E7 (38)
i€z
where M3, is defined in (14). Thanks to Lemma 3.1, and because of (CFL,),

Vi€ Z, Mj,(u")i 2 alz; —xo| + B, — AtH(a,a) > alz; — o + By, (39)

so that the sum in (38) is well-defined for all I € R. Since ® is a difference between an increasing and a
decreasing function, there exists a unique I"*! € R such that ®(I"*1) = 0. Therefore, u"*! is uniquely
determined too. Moreover, the inequality ®(I) < I immediately yields that I"*! > 0. As R(z,-) is decreasing
for all x,
Vi€ Z, ul Tt > MS, (u™); — AtR(x;,0),

which gives the lower estimate in (ii), with ﬁn—s—l =B, —AtH(a,a) — At||R(-,0)]|.

Now, consider I > Is, with Ip; defined in (A2). Then, R(z;,I) < 0 for all ¢ € Z, thanks to (A2)-(A3),
and using (A1)-(39) we have

1 /

=By /e €
> I — —N¢ _ — —_ — Nel o,
O(I) = I — 2pre Ave——e 1 1/1 e (40)

Hence, there exists Azg > 0 and Ip;s > 0 such that for all Az < Az, ®(Ip) > 0. Since ® is increasing,
I"1 < Iy Eventually, Lemma 3.1 yields (i), and

— At
Vi € Za MEAt(un)l < a|I'i - x0| + ﬂn + 25653

where (CFL,) gives (ii). O

Remark 5.3. It is worth noticing that Axy and I;;» are determined once for all and do not depend on
n € [0, N¢]. Indeed, coming back to the definition of 3 , one can remark that they can be fixed independently
of the induction. However, they depend on &, which is ﬁxed here. Their asymptotic behavior when € — 0 is
not satisfactory, since Arg may vanish, and I, grows to infinity, when € — 0, as 8 Ny might be negative. We

refer to Lemma 3.2 for a bound of I™*! independent of &, with fixed At and Az. Indeed, this bound is valid
for small ¢, and the bound for I"*! outside of the asymptotic regime comes from (40).
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Going on with the proof of the convergence of scheme (S.), its implicit character has to be dealt with. To
this end, let us define,

Dy, = {u = (ui)icz € R%, u > u, szw(xi)e_“"/s < IM/} , (41)

1€EZL

where

i = 8,

and Iy are defined in Lemma 5.1. Define then Sy, : Dyp,,, — RZ, such that

Yu = (ui)iez S D]M,, Vi € Z, S]M, (u)l = u; + AtR <l‘i, Al‘zw(ﬂii)e_ul/€> . (42)

i€Z
Since I — R(z,I) is smooth for all z € R, one can notice that Sy, € C* (DIM,). But a stronger result holds:

Lemma 5.2. Let At > 0 and € > 0. Suppose that AtK Iy < e, with Iy defined in Lemma 5.1, and K in
(A3). Then, Sy,,, : Dr,,, — S1,, (DIM,) is invertible. Moreover, its inverse enjoys Lispschitz regularity: for
allu,v € 8y,,, (Dr,,,) such that u —v € (>(Z), S;Ml/ (u) — 87t (v) € £°°(Z) and

Iy
-1 -1 1
|70 = 5550, < Tz

— Voo

As this Lemma is an elementary consequence of the implicit function theorem, its proof is not detailed
here. These technical lemmas and Lemma 3.1 yield Prop. 2.1.

Proof of Prop. 2.1. Scheme (S.) can be rewritten using Lemma 5.1, and notations (15)-(42). Indeed, for all
n € [0, Ny — 1], untt = (u?"’l)iez € Dy,,, NS, (DIM,), and it is defined by induction with

Srpp (W) = M, (u).

Considering u. and I. defined as the solution of (P.), the consistency error E]""! of the scheme (S.) at
(tn+1,2;), with n € [0, N, — 1] and ¢ € Z, is defined by

B = u(tngr, i) — My (ultn, 7)) c5)i + AR (24, I (tn11))

and there exists a constant C' depending only on \|a§u5||w7[O7T]XR, and ||3’;u€||oo,[07T]xR for k = 1,2,3, such
that
Vn € [0,N; — 1], Vi € Z,

EI < CAL(AL + Az). (43)

Apart from the finite-differences approximations of the derivatives, the scheme (S.) is constructed with a
quadrature rule for the approximation of I.. Its precision can be estimated, thanks to Lemma 5.1. At first,
define a truncated version of I.(t), on a domain [zg — X, z¢ + X], by

I (t) :t/i Y(x)e b0/ g, (44)
|z—z0|<X

Hence, X is determined such that, for all ¢ € [0, T,

|1.(t) — If(t)’ < At, and |Az Z P(ag)evebm)/ el < AL (45)
i€Z
|zi—xo|>X

Note that X can be chosen once for all, and independently of ¢, remarking that, for all ¢ € [0,T], uc(t,-) is
increasing at infinity. Indeed, thanks to [4], the following estimate holds

vVt € [0,T], Vo € R, uc(t,x) > alr — 20| + by, - (46)

where we used the notations of Lemma 3.2. Of course, such a choice makes X depend on At. Explicit
computations using Lemma 5.1-(ii) and (46), yield

X = O(-In(Ap), (47)
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where we consider that ¢ > 0 is fixed. Note that X is such that for all ¢ € [0, T7,

X - A Y gla)e 00/ < K (XA2? + AzAt) . (48)
ez
|z —a0| <X
Indeed, the approximation of the integral can be considered as if it were done with a trapezoidal rule, up to
an error of order At (adding half the sum of the two first neglected terms, which are of size At). The error
estimate of the trapezoidal rule yields that K depends on the second derivative of 1 exp(—u.(¢,-)/¢), which
is uniformly bounded with respect to t € [0,T]. Suppose now that the ratio in (CFL,) is fixed. Then, Ax is
uniquely determined for any given At > 0, and
Az = O(WVAL).
At—0

Hence, thanks to (37)-(45)-(47) and (48), there exists Aty > 0 such that for all At < At and for all ¢ € [0, 77,

(u(t,z4));ez € Dr,,,- Then, using Lemmas 3.1 and 5.2, and the above estimates, there exists a constant,
denoted C'(¢), such that, for all n € [0, N, — 1],

AtK Iy
(1= 2 huttsn, )i = 0 e < Nt )y = 0"l + CEAMA + Ao + (A0

Indeed, as u? = u.(0,z;) for all i € Z, the previous inequality yields that for all n € [0, N, (uc(tn,2;j)jez —
u™ € €>°(Z). The first estimate of Prop. 2.1 follows immediately. Eventually, one can notice that

Dr, 3 u= (ui)iez AxZQp(xi)e*Ui/f’
1€Z

enjoys Ips /e-Lipschitz regularity. This yields the second estimate of Prop. 2.1. O

Remark 5.4. Let us end with a remark about the implementation of (S.). Its implicit character has been
discussed in Section 2, but another difficulty arises when coding it. Indeed, (S;) is defined for all indices i € Z,
meaning that, in practice, the expressions have to be truncated. However, because of I"T!, the expression
of the scheme (S;) is nonlocal, in the sense that the whole distribution in trait (u});ez is needed to compute
every single u?“ for i € Z. When implemented, the scheme (S.) uses an approximated value of I"*1, with
the truncation defined as previously.

In addition, considering the scheme (S.) on a truncated domain raises questions about boundary conditions
that are to be considered. Indeed, because of (15), the (u}), for |i| < N+1, are needed to compute M3, (u™);,
for |i| < N. In practice, u” y_; and u, can be approximated, we refer to Section 6 for more details. Yet,
to avoid more approximations, one can also define a truncation of M$,

£ . 2(N+1)+1 2N+1
Syt RENVTUFL R

)

such that
Vu = (uj)jez € Rza Vi < N, MEAt,N ((“j)\j|<N+1) = M (u);.

(]
Roughly speaking, this consists in avoiding the question of the boundary, by reducing the trait domain at
each time step of the scheme. Note that M3, y enjoys the same monotonicity properties as M3,, and in
particular the last point of Lemma 3.1 can be easily adapted. Similarly, Sy,,, defined in (42) can be defined
on a truncated domain, Lemmas 5.1 and 5.2 still hold, and Prop. 2.1 is true in the truncated setting.

6 Numerical tests

In this section, we highlight and discuss the properties of the schemes (S.) and (Sp) using numerical tests.

Unless other choices are specified, we will consider the schemes in dimension 1, with ¥(z) = 1 in (A1) and

the initial data

min ((z — 8)% (z — @)? +0)
V14 a? ’

with & = 2, f# = —0.2 and 6 = 1. This choice is adapted from [34] to satisfy the hypotheses (A4)-(A5)-(A6)-

(AT). We will also consider the function

u(z) = v (z) = (49)

—1, (50)



which satisfies (A2) and (A3). All the tests are done with final time 7" = 1. In most cases, and if the
discretization is not specified, we consider At = 5-107* and Az = 5- 1072, such that (CFL.)-(CFL._)-
(CFLy) are satisfied for all € € (0,1]. First, the implementation of the schemes is done according to Remark
5.4. Namely, the iterations of the schemes are computed on a larger trait domain, that is reduced at each
time iteration to avoid approximations at the boundary.

The implementation of the schemes has been done using Matlab, the code is available at [7], where scripts
for all the figures presented above are also provided. Note also that the solution of scheme (S.) will be denoted
u®, and Ix, in what follows. This choice is made to simplify the notations, and to be similar to va; and Jas
defined in scheme (Sy).

6.1 Behavior of scheme (S.) when ¢ — 0

The behavior of scheme (S.) when ¢ — 0 is illustrated in Fig. 1, where u%, and I%,, computed with (S;),
are displayed for a series of e. The limits va; and Ja; computed with (Sg) are displayed on the same graph.
As shown in Prop. 2.2, one can observe that the solution of scheme (S.) converges to the solution of scheme
(So) when ¢ — 0. It is also worth remarking that the solution u%, of the problem (P.) is smooth, and so is
1%, when € > 0. Lipschitz singularities for u%,, and discontinuities for I3,, appear in the limit ¢ — 0. One
can notice that I%, is not necessarily increasing when ¢ > 0. Moreover, the convergence seems to be faster
for u$, than for I3,.

. uj(T, ) computed with the AP scheme. T = 1, At = 5e-04, Az =5e-02 I5,(t) computed with the AP scheme. At = 5e-04, Az =5e-02

T T T 1
---Initial data e=1 »e=22--c=2"1
—Limit scheme +¢ =271 g =273 4+¢=27°

/

uly (T, )

Figure 1: %, (left) and I%, (right) computed with (S¢) for a series of ¢, and va; and Ja; computed with
(Sp). Parameters: T =1, Az =5-1072, At =5-107%, u'* defined in (49), and R in (50).

More precisely, the convergence rate for u$, and I3, is numerically studied in Fig. 2. First of all, Lemma
3.2-(iv) yields that the minimum of the approximation of u%, with (S.) is of order e. This can indeed be
observed on the left-hand side of Fig. 2, where the minimum of u%, is plotted in logarithmic scale as a function
of €. As expected, we observe a line which has slope 1. This figure presents, on the same graph, a numerical
study of the convergence rate of the solution u%, of (S.) to the solution va; of (Sg) when € — 0. The L™
norm of ui,(7,-) — va(T, ) is displayed in logarithmic scale as a function of . This test suggests that the
convergence of the solution u. of (P.) to the solution v of (Py) is of order 1 in e. Similarly, the convergence
rate of I, to Ja; is studied in the right-hand side of Fig. 2, in discrete L(0,T) and L*°(0,T) norms. Once
again, the rate of convergence seems to be 1. However, we observe a discrepancy between the two tests in
the regime € > 10~* which is the order of the time step. The order of convergence is recovered in the regime
e < 1074, essentially because this convergence test is done for given At and Az, fixing the dimension of the
problem. We conclude from this observation that L' is more appropriate to capture the AP property due to
the occurrence of true discontinuities of Ja;. This behavior means a lack of uniform accuracy in L norm,
and we refer to Section 6.5 for more details. Coming back to the continuous problems (P.) and (Pg), this
suggests that the convergence of I. to J when € — 0 might be true in L'(0,7'), but not in L°(0,T).

6.2 Behavior of scheme (Sy)

We now discuss the behavior of scheme (Sy), regarding the lack of regularity of the solution of (Pg). Indeed,
v enjoys Lipschitz regularity, while J € BV(0,T) can, in particular, have jumps. This behavior is highlighted
in Fig. 3, where the left-hand side displays the solution va; of (Sp) for some fixed times, as functions of x.
We emphasize the lack of diffusing effects, as shown by the C! discontinuity of the solution va;, which seems
to be maintained as time grows. It is also interesting to notice that the function Ja; has true numerical
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Convergence of the AP scheme to the limit scheme : Convergence of the AP scheme to the limit scheme :
u, to vay in L2 and [min(uiy, (T, -))| to 0 I3, to Jay in L'(0,T) and L*(0,T) norm
T =1, At = 5e-04, Az =5e-02 T =1, At = 5e-04, Az =5e-02
T T : T

T T 102 T

10 T

Slope 1

Slope 1

= Tas = Iatll <014
*HIf\/ 7‘ JAL”L’(U.T)

o [lup (T, ) = var(Ts ) lood L5107
—| minuy, (T, -)|
. .

[z (T, ) = vau(T,)lloo, [minuq, (T, )]

!
107 1072 10710 108 10° 10 10?2 10° 107 1072 1070 10° 10° 10 102 10°
€ €

Figure 2: Convergence of the solution of (P.) to the solution of (Py) . Left: u$, to va; in L norm, and
minus, to 0 as functions of ¢ (logarithmic scale). Right: I%, to Jas in L' and L° norms, as functions of ¢
(logarithmic scale). Parameters: T =1, Az =5-1072, At =5- 1074, «'" defined in (49), and R in (50).

jumps, where the solution varies considerably in a single time step, due to the implicit character of the
scheme. Moreover, coming back to problem (Py), the selection makes the dominant trait, i.e. Z(¢) such that
of v(t,Z(t)) = minw(t,-), evolve in time. Left-hand side of Fig. 3 exhibits a case with a jump from the left
local minimum to the right one. This is confirmed on the right-hand side of Fig. 3, where Ta; and Ja; are
displayed as functions of t. One can notice that the jumps occur simultaneously, which was to be expected
since Ja¢ is a constraint that makes minv equal to 0. Moreover, Ja; is nondecreasing on [0, 7], as it has been
proved in Lemma 4.2-(v).

Behavior of the limit scheme : v (¢, -) Behavior of the limit scheme : Ja; and argmin va(t,-)
At = be-04, Az =5e-02 At = 5e-04, Az =5e-02
16
N —t=0 t=05 t=1 RESAT) ‘ ‘ P S A
14l LN —t=0.25---t = 0.75 N ,|~--argmin vai(t, ) i

Jar and argmin vae(t, -)

Figure 3: Scheme (Sp). Left: va; computed with (Sp) for a series of times. Right: argmin, va; and Ja; as
functions of ¢. Parameters: T =1, Az =5-1072, At = 5- 1074, " defined in (49), and R in (50).

6.3 Truncated scheme

As it has already been emphasized in Remark 5.4, the schemes (S¢) and (Sp) are nonlocal, meaning that the
whole distribution in trait at time ¢,, is needed to compute any single point at time ¢,,+1. We proposed a way
to restrict the schemes to a finite grid, by considering a larger trait domain at the initialization and removing
points of the domain at each time iterations. The propositions of Section 2 hold true with this approximation,
provided that the considered trait domain is large enough so that (45) is satisfied. Thanks to this strategy,
no approximation is required at the boundary. However, it is costly in terms of computational time, since
2N, points in x are to be added to the initial grid. This drawback can be dealt with in dimension 1, but the
cost increases with the dimension. Moreover, this stategy leads to complications when considering initial data
which do not exactly satisfy (A5)-(A6). Indeed, it would be natural to consider Gaussian distributions for
the initial data of (1), so that ul® is quadratic. However, such distributions do not enjoy uniform Lipschitz
property. When implemented, the conditions (CFL.)-(CFL._)-(CFLy) then have to be considered with
the Lispschitz constant which is valid on the larger grid. It makes these stability conditions always more
restrictive, as each point added in time makes the Lipschitz constant increase.
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To avoid this difficulty, we propose a truncated version of the schemes (S:)-(Sp). This consists in, once
again, considering a truncated trait space (z;);e[1,n,], such that (45) is satisfied. However, this trait space is
of constant size in all the time iterations. Since they are needed, the values at xg and x4 are approximated.
For all n € [0, N¢], we propose the following approximation in (S.)-(So)

uy = 4ul — 6uy + duy — uy (51)
uy, 41 = 4duy, — 6uy, 1 +4up, 5 —up, 3,
#)ieq,N,] by a polynomial, whose derivatives coincide with the discrete

)ie[1,n,]- Namely, for the left point, we define

which consists in extrapolating (u

n

derivatives of (u]

WP g g ) - (- 2 )
Ax Ax? Az

b

is such that P(0), P’(0), P”(0) and P®)(0) coincide with the first discrete derivatives of (ul'); that can be
computed, and it satisfies P(—Az) = u{}. A similar explanation holds for the right boundary.

This approximation is tested in Fig. 4, where results of scheme (S.) without and with the approximation at
the boundary are compared. The left-hand side displays the L° norm in x of the difference of u%, computed
with the two versions of the scheme at time 7', while the difference between the two 1%, in L'(0,7) norm
is presented on the right-hand side. In both cases, the results are presented as functions of €. Observe
that the difference between (S.) and its version with approximations at boundaries is never greater than the
discretization error. Moreover, this difference goes to 0 when ¢ — 0, likely because the error due to the
truncation in the quadrature step (48) is vanishing, combined with the fact that the characteristics lines are
exiting the domain at e = 0. Thanks to the stability of (S.), this validates numerically the approximation at
boundary for (Sg) as well.

AP scheme vs its version with approximation at boundaries : u%, AP scheme vs its version with approximation at boundaries : I3,
T =1, Tpar = 5, At = He-04,
T T T

Ax =b5e-02 T =1, Ty = 5, At = 5e-04, Az =5e-02
T :

Figure 4: Comparison between scheme (S.) and its version with approximations at boundaries, as function of
¢ (logarithmic scale). Left: L> norm in x of the difference between the u. computed with the two schemes
at final time. Right: difference between the two I. in L!'(0,7) norm. Parameters: T' =1, Az = 5- 1072,
At =5-107%, u!® defined in (49), and R in (50).

Remark 6.1. As they are less expensive in terms of computational time, and since their results are very
close to the results of schemes (S;)-(So), in what follows we will use the corresponding schemes including the
approximations (51) at the boundaries.

6.4 Accuracy of (Sy)

Using its version with approximations at boundaries, we test the accuracy of (Sg) with parameters which does
not satisfy exactly the hypotheses (A2)-(A3)-(A5)-(A6). Indeed, we consider

o™ = min (2% (z — @)® +6), (52)

with « =2, § =1, and
R(z,I)=z—1. (53)

The solution of (Py) is analytically known using these parameters, see [34]. Moreover, this explicit solution
do not enjoy more regularity than what is expected. Indeed, v enjoys Lispschitz regularity but is not C', and

25



J jumps at t = 1/2. The results of scheme (Sy) are displayed in Fig. 5 together with the analytic solution.
The agreement is visually very good, including the discontinuity of J which is captured at the correct time
point.

vai(T, -) computed with the truncated limit scheme Jat(T, ) computed with the truncated limit scheme
T =1, At = 5e-04, Az =5e-02 T =1, At = 5e-04, Az =5e-02

35 T

T T T T
—Limit scheme + Analytic solution

T T T T T T T
\~—-Initial data —Limit scheme + Analytic solution

3

25 -

s

Iae(T,+)

Figure 5: Comparison between scheme (Sgp) and analytic solution. Left: v. Right: J. Parameters: T = 1,
Ar=5-10"2, At =5-107%, v'* defined in (52), and R in (53).

Although Prop. 2.3 states the convergence of (Sp) to the solution of (Py) when At and Az go to 0 with
At/Ax fixed, it does not give any convergence rate. Indeed, the lack of regularity of the solutions of (Py)
makes this problem difficult to address theoretically. To bypass this issue, we proposed a proof based on
compactness arguments and on an appropriate regularization of J. However, quantitative estimates cannot
be expected using such arguments. We propose a numerical study of the rate of convergence of (Pg) in Fig. 6.
For this numerical test, we compare the functions va; and Ja; computed with (Sp), to the solution v and J of
(Po) analytically computed in [34]. As in Prop. 2.3, we fix At/Ax and we make At go to 0. The comparison
is done in L> for va¢(T,-) — v(T\,-), while Ja; — J is estimated in L'(0,7) norm. The error is displayed in
logarithmic scale. Remark that the numerical convergence rate of scheme (Sg) is 1, both for va; and Ja;.

Convergence of the limit scheme : va; to v in L norm Convergence of the limit scheme : Ja; to J in L! norm
T =1, At/Ax = 5e-02 T =1, At/Az = 5e-02
: T

Slope 1 g
a Slope 1
1= 02k i
|
<

4 103E 4

I I
N 10 107 102 107 10° 10 10° 102 10

At At

Figure 6: Convergence rate of scheme (Sg). Left: [|uai(T, ) — v(T, )| as a function of At, with At/Azx
fixed (logarithmic scale). Right: ||Jas — J|L1(0,7) as a function of At, with At/Ax fixed (logarithmic scale).
Parameters: T =1, At/Az =5-1072, v'" defined in (52), and R in (53).

6.5 Uniform accuracy of (S.)

In this section, the uniform accuracy of the scheme (S.), in its version with approximations at boundaries, is
tested. Prop. 2.1 establishes that, for all € > 0, (S.) converges with rate C(e) (| In(At)|At + Ax), with At
and Az satisfying (CFL.), and where C(¢) depends on u!®, T, and . As it is emphasized in Remark 2.3, this
proposition does not give any clue on the order of the scheme uniformly in e, since C(¢) is expected to go to
+o0o when ¢ — 0. However, thanks to the stability properties of scheme (S.) stated in Prop. 2.2, a better
behavior can be suspected. The uniform accuracy of scheme (S.) is tested by computing the results of (S.)
for a series of € and Az. The solution of the corresponding scheme will be denoted u%,, in what follows. Once
Az is given, At is fixed by At = Amin(Ax; Az?/¢), with A such that (CFL.) and (CFL._,0) hold. These u®®
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are then compared to a reference solution. However, contrary to the previous section, no analytic solution of
(P.) is known, to the best of our knowledge, so that the reference solution has to be itself an approximation.
A Axyer is introduced, smaller than all the Az previously considered, and uj,  is computed for all the ¢
considered. The L* norm of uags, (T, )¢ — ui, (T, -) is then computed for all € and Ax considered, and they
are presented as functions of e, on the left-hand side of Fig. 7 in logarithmic scale. Similarly, the right-hand
side of Fig. 7 displays the L'(0,7) norm of I3, — I, ., as functions of ¢ in logarithmic scale. Remark
that, in both cases, these error curves are stratified, meaning that the approximation error in scheme (S.) is
uniformly bounded with respect to € when the discretization is fixed.

Uniform accuracy of the AP scheme : uj, Uniform accuracy of the AP scheme : I5, in L(0,7T)
T =1, Arper — 4.882812¢-03, A =0.05 T = 1, Az — 4.882812e-03, A —0.05
T T T T T

T 107

02k 1=
od
|

e (T ) = wag, (T )l

10°

Az =3.125000e-01 Az =7.812500e-02 — Az =1.953125e-02 B Az =3.125000e-01 —+ Az =7.812500e-02 —Az =1.953125e-02

Az =1.562500e-01 Az =3.906250e-02 Az =9.765625¢e-03 Az =1.562500e-01 Az =3.906250e-02 - Az =9.765625¢e-03
| | I I ! ! | I I !

107 10° 10° 10 1072 102 107! 10° 107 10° 107 10 10° 102 107 10°

€ €

Figure 7: Uniform accuracy of (S¢). Left: [luj,(T,-) — ui,  (T,-)|[z for a series of Az and as functions of
¢ (logarithmic scale). Right: [[I3, — I, |lz1(0,1) for a series of Az and as functions of ¢ (logarithmic scale).
Parameters: T'=1, A = 5- 1072, 4" defined in (49), and R in (50).

The numerical tests above suggest that scheme (S.) enjoys uniform accuracy with respect to € in L>° norm
for us,(T,-) and in L'(0,T) norm for I%,. However, the lack of regularity of the solutions of (P.) strongly
influences the accuracy of the numerical resolution. To emphasize on this fact, remark that the uniform
accuracy of (S.) is not true for I3, in L°°(0,7) nor in the total variation seminorm, denoted TV (0,T)
in what follows. Indeed, the L>(0,7) norm and 7V (0,7) seminorm of I3, — I3, ., as functions of € in
logarithmic scale are displayed in Fig. 8. Contrary to Fig. 7, the error curves are not stratified, and one can
remark that

sup HIZ@C - Izzref 0’ and sup HIZI - IZa:ref
€ €

L=(0,T) anso VT Al

meaning that (S.) does not enjoy uniform accuracy for I%, in L norm and TV seminorm. The fact that these
norms are poorly adapted to the study of the convergence of I2% can be understood considering the jumps.
For small ¢, I, is close to the discontinuous function J, so that the jumps are visually well approximated. The
comparison between Iﬁx and Iﬁmfef is also good at first sight, but jumps may not be exactly simultaneous,
making the difference [, EAI — IEA‘”fef have a thin peak around the jump. Such a peak is small in L' norm, but
not in L>= or TV.

6.6 Extension to higher dimensions

Problems (P.) and (Py) are well-posed in any finite dimension d, but dimension 1 was chosen for the presen-
tation and the study of schemes (S.) and (Sg) in this paper. However, schemes (S.)-(Sp) can be generalized
to any dimension, and all the results of this paper still hold when d € N*| the proofs being done exactly the
same way but with heavier notations due to multi-indices.

We detail here the adaptation of schemes (S;) and (Sp) in dimension d = 2, and we provide some numerical
tests to highlight the asymptotic-preserving property. The generalization to any dimension is straightforward.
As in Section 2, define T', N; and At for the time discretization. Two trait steps are now needed, denoted Ax
and Ay in what follows, and two trait grids are defined, namely x; = zo + iAx (i € Z), and y; = yo + y; Ay
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Uniform accuracy of the AP scheme : I3, in L>(0,T) Uniform accuracy of the AP scheme : I3, in TV (0,T)
T =1, Az, = 4.882812e-03, A =0.05 T =1, Az, = 4.882812¢-03, A =0.05
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Figure 8: Uniform accuracy test for I. computed with (S.): ||[IA% — I2%x|| for a series of Az and as functions
of € (logarithmic scale). Left: L°>°(0,T) norm. Right: TV (0,7T) seminorm. Parameters: T =1, A =5 - 1072,
u'® defined in (49), and R in (50).

(j € Z), where xg,yo € R are given. Let n € [0, Ny — 1], and i, j € Z. The schemes are given by

n+1 n n n n n n n n n
Uij — Uiy Uig —Wim1j Wig1y — Wiy Uig =~ Wij—1 Yij+1 — Uij
I +H Az Az +H Ay 0 Ay
ul .—2un.—|—un . u. —2un.—|—un.
_ i+1,5 1,7 1—1,g 1,5+1 %,J 1,5—1 n+1 d=2
=& AIz +e AyQ _R(x“y]7‘[ ) (SE )
1 _ TL+1
" = AsAy > Playy)e e 7
(i,9)€z?
and
n+l _ ' »n n _,n n _.n n _,n n _an
Yig T Yjo pg (Y T i1y Yy Ty g (Y T Vi Vi T Y
At + Az A * Ay A
xr T Yy Yy o
1 S —
:_R(miayj71n+) ( 0 )
(m)iHZUZTL;}l =0,
i,j)EZL >

where H is defined in (5). They both can be implemented on a truncated domain, with or without approxima-
tions at boundaries, as presented above. The following tests use the version with approximation at boundaries
and grids of constant size. Denoting X = (x,y) € R2, we consider u'®, v'* adapted from (49),

min (| X — 8% X — al® +6)

u(X) = o™(X) = , 54
(X) = " (X) — (54)
with a = (2,2), f = (—0.2,—-0.2) and § = 1. Similarly to (50), we define
X2
x.1)=et X 55
R(XD) = (55)
Note that in both cases, | - | stands for the Euclidean norm on R2. Fig. 9 displays level lines of v defined in

(54), of u%, computed with (S9=2) for ¢ = 1072 and e = 107, and of va; computed with (S¢=2). When ¢ is
small, u%, is similar to va;. Moreover, one can notice that the minimum of u!* has jumped from the bottom
left local minimum to the top right one. Fig. 10 highlights the stability of the component 15, in (S2=2) when
e — 0. Indeed, it goes to the component Ja; of (S§=2), and has discontinuities in the asymptotic regime.
More generally, all the properties discussed in dimension 1 are still statisfied.

Conclusion

In this paper, we proposed and analyzed an asymptotic-preserving scheme for parabolic Lotka-Volterra equa-
tions (P.), which model the evolution of a population density. The scheme (S.) we proposed is converging
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Figure 9: Test with d = 2. Top left: ui®. Top right: uj, computed with (89=2) and e = 10~2. Bottom left:
u%, computed with (S9=2) and ¢ = 10~%. Bottom right: va; computed with (S¢=2). Parameters: T = 1,
At=5-10"% Ar = Ay =5-1072, «!® and v defined in (54), and R in (55).

I5,(t) and Ja; computed with the AP scheme and the limit scheme in dimension 2
At = 5e-04, Az = Ay =5e-02

0.6 T T

; = = & =10~% —Limit scheme7
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Figure 10: Test with d = 2: I%, computed with (S¢=2) for a series of ¢, and Ja; computed with (S§=2).
Parameters: T =1, At =5-107%, Az = Ay =5-1072, u!* and v'™ defined in (54), and R in (55).

for fixed € > 0, and enjoys stability properties in the asymptotics. Moreover, the limiting scheme (Sg) is
converging towards the unique viscosity solution of the constrained Hamilton-Jacobi equation (Pg), which
describes the asymptotic regime.

The key ingredients for the construction of the asymptotic-preserving scheme are the monotonicity and the
implicit treatment of the constraint. Thanks to these properties, the convergence of the scheme (S.) is proved,
and so is its asymptotic behavior in the vanishing e limit. The convergence of the limit scheme is based on
compactness arguments, and once again on the monotonicity of the scheme. It is indeed a usual property
required for non-diffusive schemes for Hamilton-Jacobi equations. However, because of the lack of regularity
of the Lagrange multiplier associated with the non-negativity constraint, the scheme has to be regularized to
prove its convergence. Eventually, the properties of the schemes have been discussed through numerical tests.
Both (S:) and (Sp) can also be generalized to any dimension. Moreover, numerical tests suggest that (S;)
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enjoys uniform accuracy in appropriate discrete function spaces, meaning that its precision is independent of

€.

A natural continuation of this work would be the study of an asymptotic-preserving scheme for integral

Lotka-Volterra equations. This question will be adressed in a future work.
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