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Problems of Buffon type with multiple
intersections for lattices of isoscele trapeziums

Giuseppe Caristi
Abstract

In this paper we study problems of Bufoon type with multiple inter-
sections for a lattice of isoscele trapeziums, having angles § and , and
body test a line segment.
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ometry, random sets, random convex sets and intégral geometry.

AMS Classification: 60D05, 52A22.

1 Preliminaries

In the two works [1] and [2] are studied problems of Buffon type with multiple
intersections for lattices of paraUelograms and of equilater triangles taking as
test body a line segment of constant length s. For the same test body we
consider a lattice with elementary tile a trapezium 0“ of parallels sides A and
A- B and of sides B and B, that form an angle equal to | with the side A.

Fig. 1
We want to détermine the probability of multiple intersections of the test

body s with the sides of lattice that is the probability PuP2t ••• that the test
body intersects respective one time, two times, ... the sides of lattice.
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Because of the different relations between the géométrie objects of the trapez-
mm %, that is between sides A, B, the heights h — and H = pp, and the
diagonal 5 = VA2 - AB + B2 we must consider the following cases:

Case 1 : B < A < —!=•. In this case we hâve:

A-B<h<H<B<ô<A;

Case 2:^<A< case we hâve:

A — B<h<B<H<ô< A;

Case 3 : (i + f) B < A < 2B. In this case we hâve:

h<A~B<B<H<Ô< A;

Case 4 : 2B < A < (4 4- 2\/3) B. In this case we hâve:

h<B<A~B<H<ô<A;

Case 5 : (4 + 2-s/3) B < A. In this case we hâve:
h<B<H<A — B<Ô< A.

The length needle s is small (in the given sense in [3]) respectively if and
only if l < A — B in the cases 1 and 2 and l < Bp in the cases 3, 4 and 5.

2 The length needle

We consider that l is small respect to Under this hypothesis we don’t hâve to
distinguish between the 5 previous cases. The test body can intersect one time,
two times or three times the sides of lattice; therefore we want to ealculate the
probabilities Pi,P2,P3-

Theorem 1 Let s a line segment of length l small regarding the lattice 3?, uni-
formly distribuited in a bounded région of the Euclidean plane. The probabilities
that s intersets one time, two times or three times the sides of$t are respectively

4 2A + B l (7 5\ l2 ()
Pl~7iV3'2A-B'B h*V3 + 18/ ' (2A-B)B' U

/4 2 \ l2
P2~~

\9 + ttVs) ’ (2A-B)B ^ ^
„ ?:f: iP3 U'/â 9 J (2A-B) B'

(3)
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Proof. Let p the angle formed from s with the the straight parallels of
the lattice, we observe that. for reasons of simmetry is sufficient to consider the
direction of p in the interval [0, §]. Let M the set of the length segments
l that hâve the barycentre m in the trapezium 9 and the arbitrary direction
p € [0, 3jrJ. For k = 0,1,2,3 let K/- set of segments s length l that hâve the
barycentre m in the trapezium the direction p such that che s intersects
k times. Therefore M = U K2 U ^3 is a three-dimensional set and if p is the
direction 5, then s E if and only if the centre m of s is founded in a set of
S, that will be dénoté by 'ùp (p). If fi is the Lebesgue measure in the Euclidean
space, then Stoka’s formula gives to us

/ Area (p) dp 4 / Area ||fj (9?) dp
(iÇtik)

_ 0 _ 0 (A \Pk = 7T7\ T~7~7~K ~ —7 Z WU Area tt(abV3-B2^)'
hence Area 9? = A (2A — B) * h= _ #.1^1,

For p 6 [0, f [the set % (p) is empty; the set j§k (p) is the union of two par-
allelograms and of two trapezioms with height | sin p and sides sin (| — p) — :
S (p) I ^sin(f+cp) =: k (<p), like in Fig. 2.

ty(<P)

Tz(Ç>). I
tA<P) m

ïsmmmk
, .

*z(<p)
i HM >

T0(<P) Sl(<P)

/:/

Jmmm. \

tz(<P) *i(9)

\ X

mm

M

Fig.2

Then we obtain:

Area $2 (p) = (h {p) + k{p) + 2‘ L fejp E

twjfàrfThe set Sy (p) is composed from four parallelograms; the two "horizontal"
hâve the height | sin p and horizontal sides A — 2k (p) respectively A — B -

^ - sin p = l2 sin p cos p. (5)
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2li (ip); the two "oblique" hâve the oblique sides B — sin p and the height
(p) respectively (p)- Then:

Area §s% ((p) = 2A- B -2 (h (p) + h L sin 9+

y (5 ” ^ sin^ (h {9) + h {9)) =
Al sin p A Bl sin “ 9^j ~ 2£2 sin 9 cos 9* (6)

For p € [0, | [ and 9? G ] |, |] we hâve two different géométrie situation as
we can see in Fig. 2 and 3.

For (p € ] f, |] the set ^3 (<p) is composed by a little équilatéral triangle with
side |§ (p) — -j| sin (<p — |), by a trapezimn that hâve the sides l cos<pe I2 (9) =
4~ sin (9? + |), and height | sin (^ — §), and by two triangle that entirety fonns
a parallelogram with sides I2 (p) and If (p) havig height | sin (9? — |).

ü2
Areax$3 (p) — sin2 ( p4VS

l2
.

+ -7 sin ( p
7T 1

. ( TT
cos p + —^ sm ^9? + ^ 4~

i2

2V3
l2

4x/3

sm {p sm | p +
È

4\/3
f2

= sm 1 p
TT

sm l p

sin (*> - |) sin (V+ l) + ^ sin (v- ï) sin (<, +

TT
+

£_
%/3

/ TT\
. /

, TT\ l2 l
- + cos 2p (7)
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The set % (p) is the union of an equilater of side l cos p, a trapezium with
parallel sides l* (p) and 21* (p) and height | sin [p — §), of an équilatéral tri-
angle with side I2 (p), and of a pentagon that with a little équilatéral triangle
with side l\ (p) they form a parallelogram with sides I2 (p), I3 (p) := -^= sin p
and angles f >

I11 the figure 3 we see again that the set (p) is the union of a pentagon
and of three paralleiograms with angles f, %1. The sides of the parallelo-
gram are respectively (p) and B — 21% (<p), A ~ B and 3, and I2 (p) and
B — 2/3 (p). The pentagon is the différence between a trapezium with parallel
sides A — [Il (p) + I2 (9?)] and A — 2 [ü* (p) + h {p)) and height | sin p and a little
équilatéral triangle with sides l* (p). Consequently:

Area $2 (p)
V3/'ô 2,1.2/ 1.0/
_cos v>+^sm (v--) + _sin („ +

I

4\/3

and

1
. / 7T

-f -—7= sm p sm ( p + —2y/Z
1

4V3
= sm i p

1 VZ
V3+ 8

cos2<£>
y/Z

cos ( 2<p

1 f. 2tt
—■=. cos 1 2p -f —■

8Vl V 3 4x73

27T

cos ( 2p +

Area G* (p) ~ (A — B) - sin p+

B—— l sm p Vz
sin [95 + 7isin(v+i +

(8)

A
%/3

sm , l . ft , v+ 7Ï Kf+3
1

. ,, ,2V3- sm y? — (l cos p) -J-

1 ;2 3» 4,|J , ^Os2p 2 §1'Alsmp 7=rsin y?——l cos p = Æsiny? + _4v3 4 2y3
We calculate the intégrais of these areas:

4y3
(9)

2 3 2

J Area (y>) dp = j Area % (<p) dp -f f Area 0=1 (p) d

—Al cos p + Bl cos ( w — p ) ~ l2 sin2 p

Al + -Bl
2 \8 24\/3 /

, , sin2tplC) 5/2
+ [ —Al COS p H prl -—p

4\/3 4\/3

(10)
7 57r \

+ '
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3 3 2

j Area $>2 (s*5) dip = J Area S>2 (y?) d<p + J Area &2 (‘p) d<p

I
sin2 9?

V3 . '
—• sin 2<p

V3 . /0 2tt'HH 3

2

1 , 1 2ir\
1— (2v’+t)

1 . ■ 7r\
HH sm 2<p + ~H V 3/

"■ +i)i2
6V3 4 (H)

j AreaA'z (<p) d(p = J Area^s (ip) clip
0 i

l2

2y/3
7C y/Z
12 4 8 24^3/

112. (12)

Considering the formulas (4), (10), (11) and (12) we obtain the probabilités
(l),(2)e(3). ■

3 The not small needle

Now we consider that the needle of length l is not little respect to Bt, but minor
or equal to A. For each of the five previous cases we must disitinguish others
five undercases, for example in the case 1 the undercases are: A — B < l < h\
h < l < H; H < l < B) B < l < 8; Ô < l < A. The cases 1 and 2 hâve got two
identical undercases (A ~ B < l < heô < l < A) and the cases 2 and 3 hâve got
three identical undercases (B <l< H, H <l<ôeô<l< A), and so on. We
observe that for l < A exactly 16 undercases are different. In order to simplify
we will make the calculations on the undercase A — B < l < h. In this case we

must distinguish between the following situations:

i)h<2(A-B); ii)2(A~B)< h.

In this last situation two possibilities exist:

t)i A - B <1<2(A-B); ü)2 2 {A- B) <l<h.
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Now we consider the situations i) and iï) i. The interval [0, §] is the union
o£ [0, v?o]> [Vo> f ] and [f, f ], where p0 E [0, §] is defined by the relation

. /tc \ \/3 A — B
Sm

V3 ~ ^°/ = ~2~ ï '

So for p € [<£>0, f] U [f, f] we can be useful for the calculations of the areas
maked for the little case, it remain to détermine Area $>1 (92), Area % {p) and
Area $3 (p) when p E (0, pQ), and for this we observe the Fig, 4:

1

%/3

FigA

Area 3% (p) is the area of parallelogram with sides ^ sin (| — p) - (A — B),
sin 9? and angles f, therefore we hâve:

ea % (p) 1
l

.

-simp pi*CO
llco

I

<
f1\3 -<pj- (A-s)

l2 ( l2 UA-B) .

2V3 V 3 ^ 4^ -—Lsm(P>

<Po

J Area^z (93) =
_ Z(i4-

2
B) (cosp0 — 1) +.

0

l2 l2
8 4\/3 Po + sin (13)
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Prorn (7) and (13) we obtain

f / Vo §\
a o. / v , Z (A — B) . .Area % (9?) d(p = (cos (p0 - 1) +

0 \° f/

^ir1 (cO3^0-1) + 7-^G+% + sin (| - 2*,)) . (14)
(v>2 (9?) is composed from two parallelograms with sides that axe respec-

tively 4~ sin (9? + |f) and A — B — -4= sin (f — 9?) and the same corrispondent
height of lengt-h 5 sin 9?, from two trapeziums with parallel sides respectively
^sin(9P+f), -^-sin (<p — f ) and A - B + ^5 sin (<p+ f ) - ^sin(f -9?),
A- B - sin (| - 90) and the same corrispondent height of length | sin 9?, and
from an equilater triangle with side sin (f — 92) — (A — B). It follows that

Area O3 (9?) dtp +

Area $2 (v7)

l

73
= sin (| + v) + (4 - B) - 4- sin (| - V) + Ag <** (* +

l . /7T \ . I . / 7T\ 31 . (
*“ ( 3 " *7 + (A - B) + sm + 3 ) ~ 2738in V

sm I — — 9? -sin 9?+

4 ^ sm (| - v») - (4 - B)j = ^ [sin (<fi+§) - sin (| - *)] sin V+
(A-B)l sin93 - sin (| - v) + ~ (A - B)2 + —g sin2 (| ~ V7) =
V3
4 (A - B)2 + V3(,4 — £)/sin (y — |) + 4= 1 - ± cos (| - 2V)

$2 (<^) =
VS
4 (A - B)2 9?0 - V3 (A - B) l cos (9? -

V’o

+

V
:^0 +

l2

VS™ 4V3
sm

l2
. 2

+ — sm 97
1 l27T

+ ”7= +
¥>0 6V3

V5 . , 1—— sm 2(p
16 ^

V3 . /. 2tt
— sm l2ip g-

1 . (n 2ttÎ5«“l^+T +
8\/3

sin ^293 + +

8V3
TT N T

ILf J

VS
l — ^-(A- B)2 <P0+Vz (A-B)l4

'VS / tt\

2
- cos (y>0 — TJ +
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(po 7r 1 ,

—-p H p H—~—p sinL%/3 6y/s 4^3 2^?o 1.2 i-sm p0 + (15)

Finally the set M (p) if p e [0, <p0] is fche union of three polygons: an
horizontal parallelogram with sides A — 2I2 (p) and sin p, havig angles ~

and and two oblique parallelograms; of eachone of the parallelograms we
eliminate an équilatéral triangle of side ^ sin — p) —(A — B). The horizontal
sides of this parallelogram are l\ (p) and I2 {p)\ The vertical height hâve length

— l sin ip.
Hence for p € [0, p0] we hâve

Area (p) A
21 . ( TT

vsfa’p sin p+

\/3 \ / . / k
B~— lsmtp I [sm

2-
4 [y/3 sinifgB ~ (AMB)

+ sm

Al

w
P VS'

•

, V5Jsm p -F —Bl cos tp-
ù &

~Y {A - B)2 + 2 (A - B) l sin - tp
‘TT

m
5 1

-f m cos
4v/3 2\/3 2p

<Po

Area 9% {p) dp - y (1 - cosv?0) + ^—-BlsmpQ --—(A- Bf pQ+

2 (A-B)l cos P0
5 1

Irf^I0 S 8 4x/3
sm 2v?0

and therefore it is had that:

J Area $1 (p) dp — ^ (1 + cos ^0) + Bl ^1 — ~ cos pQ ~(A~ B)2 p0+

2 {A - B) l
/7r \ ï

cos \^-Po) 2.

4y/S=Pq +
5?r 2 1 , (ix

P + cos4 pQ p sm -
24ü ro 4\/3 ^3 m (16)

Form the formulas (14), (15) ,(16) and (4) follows:



26

Theorem 2 Let s a line segment of length l, thaï respect to the dimension
of lattice 5? satisfies the relations A — B <l<h<2 (A — B) or A — B <
l < 2 (A — B) < h. Let ip0 € [0, is the only angle with the property
sin (| — v?o) — ^ .The line segment s is uniformly distribuited in a
bounded région of the Euclidean plane, then the probability that. s intersects one
Urne, two Urnes or three times the sides of lattice are respectively

P i
Al

*V3(A- f)B L 2
(1 4- cos <pQ) + Bl { 1 — - cos 9?0

P2

~(A-Bfr0 + 2(A-B)l(cce (^-<Po)
( 5<p0 5ir 2 1 . /TT _ \

V4V5 + 24VS + COS 'Po~ï75Sm\3~2vV
s/3
4 (A - B)2 <^0 + y/l (A - B) l r~~ ~ cos ( ip0?rV3(A- f)B

+/2 T -—L -j—~ H—£ sin — 2<£>0') — - sin2 <p0 + ^V\/3 6%/3 4\/§ V3 2 Y0 8

Pz
(A - f) 5 L 2

l(A-B)

+■
Z2 l2 sic

W3 \6
+ y>o + sin

(cos<A) “ X)

2^0

(17)

(18)

(19)
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