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ASYMPTOTIC COMPARISONS OF DIVERGENCE-BASE.
GOODNESS-OF-FIT STATISTICS

[gor Vajda

Institute of Information Theory and Automation
18208 Prague, Czech Republic
<vajda@utia.cas.cz>

Résumé. On considére un probléme de test d’ajustement basé sur des divergences
entre une distribution donnée et la distribution empirique. On étudie dans cet article
les lois asymptotiques de divergence test statistiques basées sur des espacementes et on
les compare avec les lois asymptotiques de divergence test statistiques basées sur des
histogrammes. On porte une attention particulére 4 l'eflicacité asymptotique de cettes
test statistiques.

Abstract. The goodness-of-fit testing based on divergences between hypothetical and
empirical distributions is considered. Asymptotic laws for divergence test statistics based
on spacings are presented and compared with the asymptotic laws for the divergence test
statistics based on histograms. Particular attention is paid to comparisons of asymptotic
efficiencies of these two types of statistics.

AMS 2000 Classification: 62G10, 62G20, 62G30.

Keywords: m-spacings, histogram-based divergence statistics, spacings-based diver-
gence statistics, Pitman efficiency.

1. Introduction. This paper is a revised and considerably extended version of an
invited lecture at the 38-th Meeting of the French Statistical Society, cf. Vajda (2006)
dealing with the classical statistical problem of testing simple hypotheses in the model
with real valued i.i.d. observations. [t continues the rescarch initiated by Morales et
al. (2003) and Vajda and van der Meulen (2006 a,b) about the possibility to interepret
the spacings-based goodness-of-fit statistics introduced by Pyke (1972), Cressie (1976),
Hall (1986), Read and Cressie (1988), van Es (19920, Ekstrom (1999), Misra and van
der Meulen (2001) and others cited there as appropriately scaled ¢-divergences between
finitely quantized empirical and hypothetical distributions. Similar interepretation is quite
obvious in the case of classical goodness-of-fit statsistics of the Pearson, Neyman and log-
likelihood type and it was used to extend or sharpen a number of classical statistical results
(cf. e.g. Menéndez et al. (1998 a.b), Gyorfi and Vajda (2002), Vajda (2003), Morales et
al. (2005) and Harremoés and Vajda (2007)). The results of Morales et al. (2003) and
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Vajda and van der Meulen (2006 a.b) indicate that extension of this interpretation to the
spacings-based statistics is equally fruitful.

One can see from the papers of Menéndez et al. (1998 a), Gyorfi and Vajda (2002),
Morales et al. (2003) and Vajda and van der Meulen (2006 a.,b) that practically all
goodness-of-fit test statistics considered in the literature are appropriately scaled o-
divergences (or more general ¢-disparities) between the classical empirical distributions
resulting from the observations and the hypothetical distributions proposed by statisti-
cians, both of them quantized by finite interval partitions of the observation space pos-
sibly depending on the sample size. Our paper starts in Section 2 with classification of
the goodness-of-fit statistics into type [ and type I1 based on the ideas of these previous
papers. The type of statistics depends on the used partition of the observation space.
The type [ statistics are ¢-divergences or ¢-disparities obtained by partitioning of the
observation space which depends on hypothetical distribution and leads to the histogram
representation of empirical evidence. These statistics are thus called histogram-based and
classical examples are the Pearson, Neyman and log-likelihood statistics. The type I'T sta-
tistics are ¢-divergences or ¢-disparities obtained by partitioning of the observation space
which depends on empirical distribution and leading to the representation of empirical
evidence by spacings between observations. These statistics are thus called spacings-based
and classical examples are the Greenwood, Moran and Hall statistics.

Section 3 summarizes and extends the results of Morales et al. (2003) and Vajda
and van der Meulen (2006 a) about asymptotic distributions of both the types of test
statistics under local alternatives. These results are used in Section 4 to compare the
Pitman asymptotic efficiencies within as well as between the classes of the type I and
type I statistics. New theorems of Sections 3 and 4 are proved in Section 5.

2. Two types of divergence-based statistics. Consider the classical statistical
model with given i.i.d. observations X;,..... X, distributed by an unknown c.d.f. F(x)
defined on the real line IR and the problem of testing a given of hypothesis Hy : F' = Fj
concerning the distribution F. The standard solution of this problem is based on goodness-
of-fit statistics. As well known, it suffices to deal with the test statistics T, based on
sufficient statistics. Examples of the sufficient statistics are the empirical distribution
function

F,(z) = %Zm- >X), zeR (1)
e

where I(-) denotes the indicator function, or the order statistics
(Mayeseg Ye) = (-Yn:] ----- e (2)
Practically all test statistics considered in the literature are of the form

T = D(Fy, ) oo T = DBy By (3)

(5]




where D(F, ) is a nonnegative measure of disparity between c.d.f.’s F'(x) and G/(x) on
the real line 7. We shall deal with an important class of disparity measures between
discrete distributions obtained from the distributions F,, and F by means of partitions

P ool =gkl —so=ay< o] < ogiap =09 (4)

of IR. These partitions may depend on the sample size n in the sense that both the
partition size k = k, and the cutpoints a,,..., ap_1 themselves depend on n, but this
dependence is usually not explicitly denoted in the paper. Restrictions of Fy, £, on these
partitions lead to discrete probability distributions

Po=(poj: 1 <j<k), p,=(n: 1)< k) (5)

where
po; = Fola;) — Fola;—y) and  pp; = Fula;) — Fu(aj-1)- (6)

These distributions are then inserted as arguments of the measures of disparities between
discrete probability distributions p = (p;: 1 <j<k) and g = (g;: 1 < j < k) called
o-disparities and defined by the formula

,
Dip.a) =Y 00 (2). oee @

j=1 4

where @ is the class of functions ¢ : (0, 00) + IR twice continuously differentiable in the
neighborhood of 1 with ¢"(1) > 0 and &(1) = 0, and such that the difference (1) — a(t)
from the support line o(t) = ¢'(1)(t — 1) is monotone on the intervals (0,1) and (1, cc).
Most frequently used ¢ € ® are convex on (0, o0) for which the corresponding ¢-disparities
(7) are traditionally called ¢-divergences. In this paper we usually follow the divergence
terminology but we have in mind the more general above defined class @ of disparity
functions.

In accordance with (3), the divergence measures (7) lead to the divergence goodness-
of-fit statistics

ol =nilpp and Bl =nDip,p,) frdcd (8)

an o.n
We shall consider two types of partitions (4), both of them uniform in some sense, and
both of them defined by means of quantile functions
Fla)=inf{zre R: F(z) > a}, ac(0,1)

for appropriate distributions £. The type [ partitions are hypothetically uniform, defined
by the cutpoints
a; = F'(j/k), 0<j<k (9)
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corresponding to the hypothetic distribution F and leading to the uniform hypothetic
distributions p, = u; where

e — (=i s e (10)
and to the empirical distributions p, = (p,; : 1 < j < k) where the empirical probabilities
Day= ) —Fn(dgy) dor sl i = & (11)

are the relative frequencies of observations in the intervals between the cutpoints (9).
According to (7) ,(8) and (10), these type I partitions lead to the type I statistics

kn
u n =n Z pn! C) (pnj) = ,l‘r_] Z @ (knp“-.'l) ? ("‘) = ¢ (12)

Do =
for the random empirical probabilities p,; given by (11).

On the other hand. the type [[ partitions are empirically uniform. They are defined
by means of the random empirical cutpoints

a;=F /R =2 1275k (13)
corresponding to the empirical distribution F,, and to a given (possibly constant) sequence
of integers m = m,, > 1 specifying & = k, by the formula

n
Rl == (14)
m
The type /1 partitions lead to the uniform empirical distributions p, = w and to the

hypothetical distributions p, with the probabilities

o (Ymi) — Fo(Ym-y) for 1<j<k-1

Po; = Fu(ﬂj) - FE_)(”_'—l) s . ) 1 (15)
! : d Fo(Var) — B ¥on-ny) B0 f=F

specified by the order statistics (2) and two dummy observations Y = —oo and Y,,.; = 0.
By (8) and (10), the type I partitions lead to the type Il statistics

k
P n

[FI,.'“ = pr ( U) — A_ Z (0] HPU; peP (16}
n

[)Hj j=1
for the random hypothetical probabilities py; given by (15).

REMARK 1. Notice that the symbols 7 and [/ (and the related type I and type

I1 terminology) are used in two different meanings. In (8) they indicate the order of
2. g )
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hypothetical and empirical distributions as arguments of the functional D, while in (9)
and (13) they indicate the hypothetical and empirical partitions. Since however in this
paper the type of order always combines with the same type of partition. this ambiguity
will not perhaps lead to a confusion.

We sce that the formulas (12) and (16) for the type I and type I 1 disparity statistics are
formally similar, but the distributions of the vectors Z!, = k,p,, of the random algumonts
Z!. = k,py; in the formula (12) differ from the (l]stulmt ions of the vectors Z — s ol

nj
the random arguments Z'! = k,po; in the formula (16).

nj

The above derived fmmulas (11) and (15) for the random arguments p;, p, of the
tdisparity statistics Tc{ T!! . and the related ¢-disparity statistics themselves, can be
simplified by taking into account the well known fact that in the testing problem under
consideration the observation space IR can be reduced without loss of generality to the
interval [0,1] € IR and Fy(x) to the hypothetic distribution Fy(x) = x on this interval.

In this simplified situation the theoretical cutpoints in the definition of empirical prob-
abilities (11) are a; = Fy, '(j/k) = j/k, leading to the empirical probabilities (11) of the
form

Prj = Fa(i/k) — Fa((§ —1)/k) for 1<j<k (17)
and to the type [ statistics

n
i =Zo(np,u—). pe P (18)

=
The empirical probabilities p,,; are relative frequencies of observations in the intervals
((j —1)/k,j/k] of a uniform partition of the observation space usually represented by his-
tograms. Therefore the type I statistics are called in this paper histogram-based statistics.

On the other hand, in this simplified situation the hypothetical probabilities (15)
reduce into the standard m-spacings, i.e., they take on the form

}/m_j = }.‘;’"(J_]) Tor < J' = k—1
Poj = R ) ) (19)
Vo1 — Yoy for j=k
where are used the new dummy observations
Yo=0 and Y,q1=1 (20)

The simplest hypothetical probabilities (19) are obtained for m = 1 when k =k, = n
and when they reduce to the simple spacings (1-spacings)
A for 1<j<n-—1
}')Qj

. (21)
An =Y e ot =
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In this case the type /1 statistics (16) takes on the simpler form

TiL =3 "o(ma;), ¢€a. (22)
g=1

In the more complicated case 1 < m < n the empirical distributions p, = u, remain
the same as in the previous simple case m = 1 but the type [ statistics are usually trans-
formed to a more efficient form by replacing the basic version p, = (po1 = Ay, ..., pon = Ay
of the hypothetic distribution in definition (16) by the averages

m

ik 5
9y = =y Z Tkpn (23)

k=1

of all its alternative versions T*p, obtained by cyclic shifts, i.e.,

Tkp” = (AA.,....A,,.AL..‘.A;\-_i). (24)
Then i - o
Gy = (f)'(:_, = ];';‘J - ‘H":” 1:1<j< n)

(for the definition of ¥,,.; when 0 < j < n and other details seee.g. Morales et al (2003)).
This leads to the more efficient form

AL . g . , '”Amﬁ, / <
Tih=nd s () =3 g ("20), ges ()
= j=

of the type [ statistics. Since A; in (22) and A,,; = Y4, — Y; in the last formula are
the m-spacings for 1 < m < n, the type I1 statistics defined by (22) and (25) are called
in this paper spacings-based statistics.

Our spacings-based statistics (22) and (25) formally differ from the classical spacings-
based statistics known from the literature. However, in Morales et al (2003) we proved
that if m = m,, increases to infinity as n — oo then for some common functions ¢ the
type 11 statistics (25) asymptotically coincide with the spacings-based statistics studied
by Hall (1989). Ekstrém (1999) and some others. In Vajda and van der Meulen (2006 a,b)
we proved for m = 1 similar coincidence of the type [ statistics (22) with the classical
spacings-based statistics studied previously by Pyke (1972), Cressie (1976), van Es (1992),
Misra and van der Meulen (2001) and other authors cited there. This helps to explain
the pleasing statistical properties of the classical spacings-based statistics in spite of that
their original motivation differed from the rigorous divergence motivation given in the
present, paper (cf. the cited references and also Read and Cressie (1988)).
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3. Asymptotic distributions. In this section we present four theorems dealing with
asymptotic distributions of the above introduced statistics in two different situations. The
first two of these theorems assume k, of (14) increasing for n — oc slowly in the sense

k').
ky— o0 but = —0 (26)
n

and the remaining two assume k,, increasing fastly in the sense k, = n.

The asymptotic properties are in all four theorems studied under the local alternatives

1/2
F = FE”) ~ f(,,) —hl=r (t) ¢ (27)

where £ : [0,1] — IR is continuous (and consequently bounded) with

1 1
/ fz)dr =0 and ||{|]* = [ (x)dx (28)
Jo Jo

where ||£]|? is finite because ¢ is bounded. Clearly, /7, reduces to the hypothesis F, when
¢ is identically zero. Similarly as in (26), all the remaining asymptotic relations in the
paper are considered for n — o0o. Proofs of all four theorems are deferred to the last
section of the paper.

THEOREM 1. If k, increases to infinity slowly in the sense of (26) then the statistics
T! , defined by (12) satisfy for all ¢ € ® the relation

TI _k,/2 e
on —ka/2 £ (AP 1Y (20)
e 2 2

We see that if k, slowly increases to infinity in the sense of Theorem 1 then the
asymptotic distribution of T/ under local alternatives does not depend on ¢ € ®. The
next theorem demonstrates similar invariance with respect to ¢ € ® also for the statistics

11
Tﬂ).ﬂ :
THEOREM 2. If k,, increases to infinity slowly in the sense of (26) then the statistics T

defined by (25) satisfy for all ¢ € ® which are four times differentiable in the neighborhood

of 1 the relation .
Tq’;.n o 'l"ﬂ/z fi2

v (1el? 1 :
—— — N (%g : (30)

Menéndez et al. (1998 b) proved that if k,, increases to infinity with the rate of n then
the asymptotic distribution of 7! — under local alternatives already depends on ¢ € ®.

on
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Similar dependence for the statistics f;:i, in the case when k, increases to infinity with

the rate of n was established by Vajda and van der Meulen (2006 a,b) (cf. Theorem 4
below).

The next two theorems deal with the case k, = n. They are restricted to the spe-
cial family of so-called power divergence statistics resulting from the family of infinitely
differentiable convex functions {#, : @ € R} € ® defined by

) B ¢ —1 .
O,(t) = T if a¢{0,1} (31)

and
dolt) =—Int or ¢ (t) =tlnt otherwise. (32)

In accordance with (7), these functions lead to the power divergences (called sometimes
a-divergences) defined by

k
o 35 1 . o=—loce : g
Dao(p.q) = Dy, (p.q) = aa_D (;qn P 1) if a¢{0,1} (33)
and by
& q
Do(p, ) = Dy, (P, 9) = ) _ 4 ln(p") or Di(p,q) =Dy, (p.q) = Dola,p)  (34)
i n

otherwise.

Using the power divergences (33) and (34), we get from (12) for any sequence of
integers k = k, and empirical probabilities p,; given by (17) the family of type I power
divergence statistics

I = 0Dy, (P P0) = 3 G=1) (ZL 2 ',fj-l) if a¢{0,1} (35)

al l(]
kn k

Ton = nDo(Py, Po) = — 1~ Zhl inPnj); T{, = nDi(p,. py) =1 Z["n) In(k,pn;) (36)
H “ 1

otherwise. Similarly, if m = m,, > 1 is a given sequence (with the subsript n supressed)
or a constant, then we get from (25) for the corresponding m-spacings A, ; = Y., — Y]
and sequence k, = mn the family of type 11 power divergence statistics

1 T
Ll e : *—1 if Ll 37
](I.H It,’l“_“ (}(I{] o 1) (Z(AJ(AHI.,‘) ) 1 Q Q { } ( )

J=1




o

and

n n
T[{i, — T‘;: = Zhl(knAm.j) or Fli;r; = T:{] n Z(A.nArn.j) ln(A'HA‘H).J;) (38)
= =
otherwise. Notice that k, = n if and only if m is constant, m = 1.
The next theorem uses for each 1 < j < n the point z,,; € [(j — 1)/n, j/n] such that
the local alternative function /(x) of (27) satisfies the condition

f- e v /n
) _ [™ ta)ia)
n J(j—1)/n

By the mean value theorem for integrals, such w,; exists. Since we assume k, = n, i
follows from (17)

J/n

B = Foli/n) — Fogl(G — 1)/m) = [ fo(@)d(@) (e 7))
JJ

—-1)/n

2 1/2 j/n . it M
— 1 2ia (ﬁ) ] ((.r')d(J') ' (1 n f(’l H.J)) _ (39)
i T (j=1)/n T /Tl

Further, by (27),

po; = Fo(i/m) — Fo((j —1)/n) = 1/n (40)
so that (:(
Bl i), (41)
Poj n

THEOREM 3. If k, = n then the power divergence statistics 7, defined by (35) and
(36) satisfy for all @ > 0 the asymptotic relations

1
T —Nlan £

20— — N (0,1) (42)
oS
where
1 n
==Y E¢,(Zn; f. (31), (32)), 4
fag == Ebu(Zns)  (cf (31), (32)) (43)

j=1

2

O = Zvam‘, i) [ Zcovar(z,,, Gl Zn5) )} (44)

and Z, ; are Polsson-dlstnblltcd random variables with parameters \,,; = pn;/Po;,

Zn i ~ Poisson(A,,;) = Poisson (1 — {(\Ij/”_f)) (cEn(4L)) (45)
n
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for @, ; defined by (39).

REMARK 2. Tt follows from the definition of the function ¢, in (31) that if o ¢ {0,1}
then the definitions (43) and (44) can be replaced by

— E Z!\ 4 -
Pan = 25T ( Z i) ) (46)
and
2
2 = Vi
Tan = 3@ "T7 \ n Zvar il [ Zcovar s )} : (47)

The last two formulas can also be found on p. 58 in Read and Cressie (1988) where a
less general result than Theorem 3 is given, namely the asymptotic relation (42) under
the hypothesis, i.e., under (45) replaced by the assumption Z,, ; ~Poisson(1).

For the sake of completness we state here also the symmetric theorem for the type 11
statistics 7!/ proved in Vajda and van der Meulen (2006 a). This theorem deals with
« > —1/2 and uses the constants

r 1)—1
U= 3o =L A e — ——(::(;: _)1) for a ¢ {0, 1}, (48)
5 = ; P o IOy 8y 1
l,,[—JZTL-]. "Tf:T —3 and o- Bk d) ke + ) for o ¢ {0,1} (49)

6 3 i a?(a—1)2
and the functionals
¢)|? !
ma(f) = w IR 1) ef 2T ) (50)
(51)

Here I'(+) is the gamma function and the constants i, 02 as well as the functional m,(£)s
are continuous in the parameter o € R. (Note that a more general form of this theorem
valid for a class of statistics 7! can be found in Vajda and van der Meulen (2006 b).)

@,

THEOREM 4. If k,, = n then the power divergence statistics T/ defined by (37) and
(38) satisty for all @ > —1/2 the asymptotic relations

e . ;
Tﬁ £ N (ma(8),62). (52)

where 41,,, 02 and m,({) are defined by (48), (49) and (50) respectively.

(a1
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4. Asymptotic efficiencies. Let us now turn to the problem of comparing asymp-
totic efficiencies of two sequences of test statistics 7' = {7),} and T = {T,} satisfying
under F = Fj,,y (cf. (27)) and n — oo and k, — oo two asymptotic normality laws

et S (rae) s il
where m = fm = 0 under F = Fy. If | m | /o >| @ | /& then the asymptotic power of the
test based on the statistic 7, will exceed that of the test based on the statistic T,,. This
leads us to the definition of asymptotic relative efficiency of the test statistics 7;, and T,
by the formula

ARE(T.T) = (m/a)*/(M/7)*. (53)
Notice that if k, = n then, in accordance with page 273 in Fraser (1957), our ARE(T, 53
reduces to the well-known Pitman’s asymptotic relative efficiency of the statistics 7;, and
T,. In other words, ARE(T, T) is then the limit of the inverse ratios of sample sizes
leading under the local alternatives (27) to the same asymptotic powers of the tests using
the statistics T, and f’,,.

REMARK 3. If k, increases to infinity slowly in the sense considered in Theorems 1
and 2 then we get from these theorems and definition (53) that ARE(T,,, T;) = 1 for any
pair Ty = {T,} and T; = {73, } of sequences of test statistics considered in Theorem
i or Theorem 2 respectwdy. Therefore all histogram-based statistics from the family
Wi in o ¢ € @} are asymptotically equally efficient and. similarly, all spacings-based
statistics from the family {L{ I+ ¢ € ®} are asymptotically equally efficient. Contrary
to this, definition (53) together with Theorem 4 implies that the Pitman’s asymptotic
relative efficiency of two different sequences of test statistics 7)1/ = {711V 71 = {T11}
considered in that theorem differs in general from 1 and is given by the formula

(Mo (8) /o)

(ma(f)/oa)

for the right-hand side terms given in (49) and (50). Vajda and van der Meulen (2006
a) studied the ratio m,(f)/c, as function of the variable o > —1/2 and found that it
is maximized at a = 2. Therefore T,/ is asymptotically most Pitman efficient in the
class of type I1 statistics {T!/ : a > —1/2} considered in Theorem 4. Unfortunately,
Theorem 3 above does not allow to evaluate in a similar explicit manner ARE(T7, T1) for
the sequences 7! = {7}, T = {T! } from the class of type I statistics {7}, : a > 0}
considered in th(Lt theorem. But, mi h a reference to the arguments on p. 175 in Read and
Cressie (1988), we can take for granted that 7T)  is asymptotically most Pitman efficient

among all the statistics T from this class.

a,n

AREIT 1y = if a,&>-1/2 (54)

an

2.n

Next follow our last two theorems comparing the asymptotic efficiencies of the above
considered histogram and spacings based statistics of type [ and type /7. Their proofs
are deferred to the next section.



THEOREM 5. If the partition size k,, increases to tinfinity slowly in the sense of (26)
then

ARB(TL T =409 i (55)

Therefore the histogram-based goodness-of-fit test statistics 7 are for all ¢ € ® asymp-

totically less efficient than the spacings-based goodness-of-fit test statistics 71! in the
sense that for the same sample size they need more than twice larger number of partition

cells to achieve the same asymptotic power.

For the reasons stated in Remark 3, we cannot give for a > 0 direct asymptotic
efficiency comparisons of the histogram-based goodness-of-fit test statistics 7!, from the
class {T! : a > 0} with their spdcings-hasod counterparts 1!1 from the class {T!!
« > 0} similar to the comparion of T/ and T!! in Theorem 5. Instead of this, with

o amn °
('1 n @n

a reference to the second part of Remark 3, we can compare at least the asymptotically
most efficient representatives 7, and TJ! from these classes. The result is in the next
theorem.

THE()RE\I 6. If the partition size k, increases to infinity fast in the sense &, = n then
ARE(TY,,T;!) = 1/4. In other words, the spacings-based goodness-of-fit test statistic
T/ is 4 times more efficient in the Pitman sense than the classical Pearson statistic iy,

REMARK 4. The last theorem means that the Pearson’s T2 . needs 4 times larger sample
size than its spacings-based counterpart 73! to achieve the same asymptotic power. So
large asymptotic efficiency gap between these two statistics comes out as something quite
surprising. However, this paradox can be explained by the fact that of the large number
kn = n of partition cells defined by the theoretical cutpoints a; = j/n, many are with a
positive probability empty which decreases the asymptotic power of the Pearson’s T . On
the olhor hmld of the same number of partition cells defined by the empirical cutpoints
a; = F7'(j/n) none is empty which keeps the asymptotic power of the spacings-based
statistc 1 2f_” on a considerably higher level. For the dependence of the asymptotic power
of the classical Pearson statistic T} on the rate with which increases the number of cells
k,, we can refer to the recent paper by Morales et al. (2005) and earlier ones cited there.

5. Proofs of theorems. Theorem 2 in fact just restates the asymptotic relation
(2.15) in Morales et al. (2003) derived as a consequence of Theorem 2.2 ibid. Further, as
said above. Theorem 4 is due to Vajda and van der Meulen (2006 a). Therefore it suffices
to prove Theorems 1, 3, 5 and 6. As before, all asymptotic relations are considered for
I — 00.

Proof of Theorem 1: By the result on p. 275 in Vajda (2003), if &, increases to infinity
slowly in the sense of (26) and the statistic I defined by (35) for a = 2 satisfies the
condition

15 E:
\/;_” — U (cf. (11) in Vajda (2003)) (56)
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then for all four times differentiable ¢ € ®

o2T!  —
‘”—kﬁ ELN(w2)  (cf. (12) in Vajda (2003)). (57)

Further, by (35),
k
; nk 4
T = = Z:: ny; — 1/K)?

where in accordance with (17), (27)
2 .
: 1 (VE G
Pnj = F(n)(J\/'l" F(u ( /i‘) = A_ (—) / ((x)dz.
Ji=1)/k

Similarly as in (39), we get from here for every 1 < j < k = k, the existence of a point
Znj € (( — 1)/k, j/k) with the property

172 1/2
: 1 1
Prj=— % =l (4) %(I.(J.FU) - Z S (m) ﬁ{’(-?'n])'

Hence it follows from (26) and from the defintion of Riemann integral

so that (56) holds for p =|| £ ||* /2. Since (57) is equivalent to

e
@.n - / f, N (‘“ 1/9

the desired relation (29) is proved.

Proof of Theorem 3: Asymptotic distributions of statistics _’I"(;j_” for k,, tending fastly to
infinity were studied by Menéndez et al. (1998 b). By their main theorem, if £, = n and

lim sup nmx NPnj < 0O (58)
=200

then all ¢ € ® with

o(t
o(0) < oo and hm U(T) < 00 (59)
—+00
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satisfy the asvmptotic relation

\/H[D({J(ﬁn‘ pﬂ) o n("'z,‘).n]

L0 1) (60)
Opn
where
1 Tt '
Kon = ; Z E(f’(Zu.j)-
g=1
1 T 1 n 2
2 —_ A e = 4
Tom =~ Zvarm(Z,,._,) . Zcovar (s 0 Zns) ]
=1 g=|
and

Zp; ~ Poisson(p,;/po;).
This theorem is applicable here. Indeed, since £() is bounded on [0,1], the condition (58)
holds. Further, if & > 0 then ¢ = ¢, satisfies the condition (59). Finally. by (35) and
(36), Ton = nDy (P, py). Therefore the desired result follows from (60) by substituting
@ = ¢, and using A,,; = p,;/po; given in (41).

Proot of Theorem 5. By Theorems 1, 2 and (53), for all ¢ € &

4
ARE(T!, 711y = ("f/‘f), (61)
g (i1/a)
where N
o e 1
= — f— and 0 = —

This simple substitution in (61) leads for all ¢ € @ to the desired relation (55).

Proof of Theorem 6. We shall use Theorems 3 and 4. By Theorem 3,

T, —nu,,
S R 1) (62)
"'r’-‘g‘ll
where
1 l n .
(Tt = (— Al 1) (cf. (46))
20\ n ‘
7=1
and

; 1 | 1 1 o ) p i
Goe == ;Zvarz{,,_‘f - l; Zcovar (Z,;,.Z”_J-)} (cf. (47))

=1




for

Z,.; ~ Poisson(\,;),
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)\,,j-‘—‘ 14+

and z,, ; defined by (39). By definition of var and covar,

and

varZ;, = Elfj - (EZ? )

n,j

covar (Z,q, 2, ) =EZ . —(EZ.5)

n,j

where by the standard formulas of probability theory

and

EZ =

)‘np

2 2 3
EZ?; 51 A”.f B /\u_,i‘ E/H_j
EZ} = Anj o+ TAS; + 65, + X

Using these formulas we obtain the expressions

1 1 n
Hon = 5 (n Z ()\HJ iy /\ru]

and

(TZH = ,7

1

n

n

Z ny ir (’/\u‘; iz 4Anj)

j=1

j=1

{1 n
n <
=1

(EZ7,)

Ani + 322+ A3,

nj nj

4

ng"

)

(A H,\M)}

Inserting A,; given in (63), these expressionss can be given the form

and

where

2
Ogn =

[I

(411+B717])

bo | —

Hap =

1
- {A, +6B, +4C, —

il 1
= /\n j 9
n Z‘ §= T e

["1.'1 1 QBHJ

=1
n
;1_ \2 g —a ")n
Aps = 7 e e
e Y ﬁ : \/J_I
T p ~
1 ; 3 3b,

— = —,, +

n 4 : nj \|/'ﬁ

1

ﬁ_kl—(”

”,'i

(63)
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for
1 n 1
= ;Z[(‘T“J) = / 4l [de =10 (i R(PE))
=1 =0
1 n )
by = =Y B(2)h; =] £]P< oo,
2 2 @~ <o
n [ n o d
( ” Z T J / L < 00,
Therefore
1 by, 1 2 ¢ 1
;:E‘rl—s(l—&-ﬁ) §(1+“\/£ (1—!—0(1))): (1+H\/U i (\/_))
and i !
Oh = 1 {11 +o(1) = [3 + (1)) = 5 (1 +o(1)).
Thus the limit law (62) can be rewritten to the form
= 2
2 = 1/ 2 e,y (0,1)
\/5/2
which js equivalent to
i, —n/2 G|l
2 / i N ” ” = (64)
vn AR
Now we turn to Theorem 4. By (48) - (50),
re)y—-1 1 , TI'(5)—50 0? ;
gy = % — o= (")—ldﬂ =1 and ma(f) = ”—er(:s) =|| ¢

so that this theorem implies the asymptotic relation
TH —nf2 .

2, AT 2
— e N (||€)?,1) .

By (62) and (54). this relation together with (64) implies

Al 1
L2 /2 4
e 5
ARE(T! Ty = L)l = £ -2
(14117 /1) 2

which completes the proof.
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