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Abstract

The purpose of this paper is to establish, by an invariance principe approach,
almost-sure convergence of parametric families of recursive kernel density and
régression estimators. For these families, rates of convergence are obtained
with exact upper bounds.
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1. Introduction

In this paper, we consider nonparametric sequential estimation for in-
dépendent and identically distributed (i.i.d.) observations. Nonparametric
functional estimation is a central field in statistics with emphasis usually
being on density and régression estimators. The literature on this topic is
still growing : for information on various methods and results in density es-

timation, one may refer to the books of Prakasa Rao (1983), Devroye and
Gyorfi (1985), Silverman (1986). Also, a survey of nonparametric régression
estimators appears in Collomb (1981, 1985) while more recent results are
collected in e.g. the book of Gyorfi et al (2002). Sequential estimation is
achieved with the use of recursive estimators, typically kernel ones. Here
by recursive, we mean that the estimator calculated from the fîrst n obser-
vations, say /n, is only a function of /n_i and the nth observation. These
estimators hâve many advantages : they are of easy implémentation and in-
terpretation, fast to compute and they do not require extensive storage of
data. In particular cases, they appear also as more efficient than classical es-
timators. Since for large database, the total re-computation of an estimator
can be time-consuming (even for powerful computers), recursive estimators
are more adapted to continuously updated data. A typical example could be
weather forecasting where the sample size is not fixed in advance.

First kernel recursive estimators hâve been introduced by Wolvertone,
Wagner (1969) and Yamato (1972). Next Davis (1973), Deheuvels (1974),
Wegman, Davis (1979), Wertz (1985) and Roussas (1992) hâve independently
studied the rates of the almost sure convergence of particular recursive den-
sity estimâtes.

Concerning the régression, popular kernel recursive estimators are those
of Devroye and Wagner (1980) and Ahmad-Lin (1976), commonly called re-
cursive and semi-recursive estimators. These two estimators hâve also been
studied by Gyorfi et al. (2002) in the iid case. The L1-convergence of the
recursive estimator hâve been proved by Devroye and Wagner (1980), and
Krzyzak (1992) established its rate of ^-convergence. Ahmad and Lin (1976)
established the uniform consistency (with no rates) of their régression esti-
mator on a compact set. Roussas (1992) studies the exact rates of almost
sure convergence of recursive régression estimators.

For both density and régression problems, we dérivé in this paper exact
upper bounds for the almost sure convergence of general families of kernel
estimators, recently derived from Amiri (2009). These families include the
popular recursive estimators discussed above.

In the next section we présent our main assumptions and the results
for density estimation while régression is studied in section 3. Proofs are
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postponed to the section 4 and examples of application are given at the
section 5 to validate the performance of recursive methods.

2. Density estimation

2.1. Notation and assumptions
Let {Xt,t £ N} be a sequence of iid random Rd-vectors (d > 1) defined

on a probability space (Q, A, P) and admitting a density /. Following Amiri
(2009), the density / can be estimated by means of the general family of
recursive kernel estimators

Hü Y —Khdi

X - Xi

spn id(l-£) hf \ h2-^4%= 1 ‘‘'i i= 1 1 '

which can be computed recursively by the formula

2-a=l

X £ Rd (£ £ [0, 1]),

wm

with

Er=i h

ü :

n id(l-Z)
=1 ni

mmïwÊMm.

K\m (2.1)

where hn is a sequence of positive constants (bandwidth) and K is the kernel.
For d 8^1, the family ( f*(x)) can be considered as a subfamily of the general
family

/ „ \ -î „

x - Xi
Mi :=

'
n \ n /

IB J i=i '
hi (2.2)

introduced by Deheuvels (1974). To simplify the notation, let us set

1 n / h - \ r
Bn,r •— ~ \~r~) , for ail r £ R.n Hf \hnJ

By this way, our family of estimators can be rewritten as

mB = —KZ-j hdZd(l-Z) Ldi
i=1^Pn,d(l—Z)hn i—i "">■

x-Xj
hi (2.3)

To study its almost sure behavior, we consider kernels K satisfying the
following conditions.
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Assumption /C.

(i) K : M.d i-> R is a positive, bounded, symmetric density of probability ;

(ii) For ail x G Rd,lim||a;||_).+00 ||a;||d K(x) = 0;
(iii) fRd \viVj\K(v)dv < oo, z, j = 1,..., d.

Also, we need the following conditions checked by the bandwidth.

Assumption B.

(i) hn ^ 0 and nh^+2 —> oo as n —> oo;

(ii) Bnj —> fdr < oo, as n —>• oo for ail r G] — oo, d + 2].
Finally the density / is supposed to satisfy the following assumption.

Assumption V. f G C%(b), where C|(6) dénotés the set of twice conti-
nuously différentiable functions ip :M.d i—IR such that exists and boun-
ded with ,ip(2> standing for any partial dérivative of order two of pi.

The assumptions K. and V are classical in nonparametric estimation fîeld.
The condition 'H{iï) is particular to the recursive problem and plays a crucial
rôle in our calculus. The choice hn = c (lnlnn) d+4 , with c > 0 where we hâve
noted lnln(-) := ln+ln+(-), with ln+(-) := lnmax(-,e), is a typical example
of bandwidth satisfying %. Indeed, hn is decreasing and one may show that
if0<r<d + 2 (resp. if r < 0 ), BnjV is a increasing (resp. decreasing)
sequence and superiorly (resp. inferiorly) bounded by a converging sequence.
By this way Bn>r converges.

2.2. Main results

Now we can establish the almost sure convergence of density estimators.

Theorem 2.1 Let 1C and be satisfied.

(a) In addition if for ail a > 0

nht ln hr
> oo, as n —>• oo and lim < oo, (2.4)

(ln lnn)2(a+1) lnn n^°° lnn
then for ail x such that f(x) > 0,

Tt— / nht
lim 2 a.s, . (2.5)
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(b) Moreover, ifV holds, the choice hn = c (-ljdf—-)d+A , with c > 0, implies
that for ail x such that f(x) > 0,

lim
n

ln ln n
BMI - Ifl Pd(i-e)

a.s., where b2(x) := o St (x) fKJvtVjK(v)dv

c2b2(x)/3d(1~e)+2
Pd{ l-£)

(2.6)

In the univariate case (d = 1), for t — 1, we find from (2.5) a resuit com-
parable to that stated by Wertz (1985) and for t — |, we find the following
resuit proved by Wegman and Davis (1979) :

lim
n—¥ 00

(/^w - ef?w(x)) = fïKfmwxh a.s,

as fffw{x) = Bnifn2{x). Note that fnW{x) Is an asymptotically biased
estimator of f{x) as soon as /3i ^ 1. Also our resuit (2.5) generalizes to
d-dimensional random variables the one of Deheuvels (1974) for the general
family (2.2) in the univariate case, but here the proof of (2.5) is based on
the Theorem 6.2 (see the Appendix) rather the Prohorov lemma. Indeed by
adapting the conditions of Deheuvels (1974) to the family (2.3), his resuit
may be rewritten, under some conditions of regularity on TC, and for hn
satisfying the conditions

OO OO

Yh= OO, Y hh~2é = 00 and K* = 0
n=1 n=1

( a.a1-” y (2.7)

as

lim ( resp. lim ÜÜB (ffa) ~ Efi(x))
.1-t

= ±v7£

It can be shown that (2.7) is easily deduced from (2.4) and the assumption
U.
We close this section by studying the efficiency of our estimators in term of
an almost sure converging criterion defined below.

Définition 2.2 Let t\,t2 G [0,1]. We say that fn(x) is préférable to /^2(rr)
in term of the almost sure converging criterion if for some given K and hn,

limn_>oo |fâ(x) - /M|0 < = \—e —r < 1 a.s.
lim^oo \ff?(x) - f(x)\



So we can classify our estimators f^(x) according to £ in term of the al-
most sure converging criterion.

Corollary 2.3 Under the assumptioïis 1C)'H and V, the choice

hnM cnn~v, 0 < V < Cnic>0

implies that for £\,£2 £ [0,1] fn is préférable to f^2 if £1 < £2.

3. Régression estimation

3.1. Notation and assumptions
Turning to the régression estimation, let {(Xt,Yt),t E N} be iid random

variables taking values in Ed x (d > l,d' > 1), and having probability
density function /* with respect to the Lebesgue mesure. We define the
régression function as

r{x) E(m(Y0)\X0 = X)^^Xjn^
Em(Y0), if f{x) = 0,

<p(x)
f(x) \ if f(x) > 0

where m is Borelian function of M.d into M such that 00 >-»■ m2 (Yt(uj)) is
P-integrable. Note that m is chosen by the statistician leading to multiple
choices of estimation. Typical examples of m are identity and polynomial
functions to estimate respectively the usual régression and the conditional
moments.

As for density estimation we consider the parametric family of kernel regres-
sion estimators defined by

r^x) :=
fn(x)

where iph(x)
1

'n , (1 -£)d E
m (Yf} ( x - Xi
HHEL,A

The estimator r^(x) can be computed recursively by

;2Ê| Ilj| + (E?=i m(Yn)K‘n (x - Xn)rn(X) =
E»-1 fLi{x) + h*i-^ K{x _ Xn)

where HH) is defined in (2.1). Our family includes the popular kernel re-
cursive estimators say recursive (£ = 0) and semi-recursive (£ = 1).
Next, we introduce an additional assumption to get the almost sure behavior
for our family of régression estimators.
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Assumption 7Z.

(i) V 6 CM
(ii) K satisfies the condition fRd ||w||3A(,ü) < oo;
(iii) The function E (m2(Y)\Xo =■ •) /(•) is both continuons and bounded

away from zéro at x\

(iv) There exist À > 0,0 > 0 such that Eexp(À|m(yo)|61) < oo.

The assumption 7Z is classical in régression estimation, see e.g. Bosq and
Blanke (2007) for the nonrecursive case. Note, that the assumption 77.(iv)
is stronger than the condition E|m(y)|2+ < oo, for some ô > 0, used by
Roussas (1992), in the particular case £ = 1/2, but ifs allow us to generalize
his resuit to ail £ G [0,1]. If the function m is bounded, the condition 7£(iv)
can be relaxed.

3.2. Main resuit

The question addressed in this section is getting the exact rates for the
almost sure convergence of our family of régression estimators.

Theorem 3.1 Under the assumptions andlZ, and for ail x such
1

that f{x) > 0, the choice hn = c (ln|/n) d+4 , with c > 0 implies that

lim (rr d+4 (rn(x) - r(x)) B c° K' M ’ §8n—Hx> vinmn/

where: Cq (x, K, <p, /, £)
c 2 ''y/2Pd(i-2i)f(x)V(x) \\K\\2 + <?Pd(i-£)+2b'P,f(x)

Pd(i-e)f(x)

1 yd f
with: mÆ :=

2 XI j
i,j—1 ^

av , , , , a2/ . ,{x) — r(ï)^y(x)dxidxj dx^Xj \ziZj \ K(z)dz,

and V (x) is the conditional variance defined by

V(x) := E(m2(Y0)\X0 = x) - r2(x).

This theorem generalize the resuit of Roussas (1992) derived for r%(x).
Note that, for the nonrecursive estimator, the rate of convergence obtained

i 2

by Bosq and Blanke (2007) is of type (^)d+4, and without exact upper
bound.

Now let us give the proofs of the main results.
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4. Proofs

4.1. Proof of Theorem 2.1.
(a) We apply Theorem 6.2 (cf. Appendix) to the variables Zj defined as:

x - Xi■H^rï3 m

Next, if we set Vn = YH=\ E^i2 one may write

Vn = nBl^^h^-^nh^Xoïf^x).
Let Sn = Zi and S be a random function defined on [0, +oo[ obtained
by setting for t G [14,14+i[, S(t) = Sn. From the relation (2.3), we can write

ffo) -mm m
m

n R 7 d(l—^£)W'-Dn>d(l—£)n'n
(4.1)

Following Amiri (2009), we hâve under the assumptions JC and 7i

Pd( l-2£)nhnV&Tfn(x) -> n■f(x) [ K2(u)du as n -> oo.JRd

Then for ail x such that f(x) > 0 , we hâve:

14 ~ Pd{i-2£)f{x) [ K2{u)du -¥ oo as n —y oo. (4.2)
JRd

Since (2.4) holds then:

nht

ln ( nhd( l-2£) ln ln ( nhd( l-2€)\\2(0:+1)
—> oo as n —» oo,

and there exists no G N such that for ail n > Uq,

nhd(l-2£)

ln (jih^1 ^ln ln (nh!^1 2t>
-> iwmww > 7i

2(a+l) > ll-^lloo^n — Ar

mmàBy this way, the event < Z2n > d(1_2m/ I WKÊln(nC1 2e)j (lnln(n/in( M)
sible event for n > no- It follows by (4.2), that

âfc+ï) > îs an împos-

H
ln Vn(ln ln Vn)2(“+i

< oo.
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Applying Theorem 6.2 and with the help of (4.2), there exists a Brownian
motion W such that,

for t€[Vn, V,n+1
S{t) - W(t)

= o ( (lnlnt)’
{2t ln ln t)

Since the Brownian motion vérifiés the Law of Iterated Logarithm, then

m su)lim y : 1 a.s.
^°° (2Hnlnt)2

Hence, by (4.1), (4.2), the définition of S(t) and since t € [14, Vn+i[ and that
—> 1, we hâve limn_>00 d(i-^nfen(1 e) (fi(x)-Ef*(x))

nhd( l-2t) ln ln I nhPi

(2^1x1111^)2
1 a.s. But:

so that:

lim
n—>oo

(214 ln ln Vn

nht

m
Pd(1-t)

(2/3dii-2£)f(x) fRd K2{u)du)

ln ln ( nhA l-2i) (fi(x) - Efi(x)) = Jy^lf(x) IV Pd{l-l)
K Mo a.s.

(4.3)
We deduce (2.5) from (4.3) by emploing the second part of (2.4) which implies
that lnln (jihn^~2e^ = (lnlnn) (1 + o(l)).

(b) The choice/in = c (lq~— )d+4 fulfils % and (2.4), consequently the resuit
follows from (2.5) and the resuit of the bias established in Amiri (2009).

4-2. Proof of Corollary 2.3
The choice: hn = Cnn~u, 0 < v < Cn f c > 0 satisfies PL and (2.4).

Using (2.5) and the resuit of the bias established in Amiri (2009), we find

lim
n—ïoo

,1—isd

ln lnn Iüp- $ü 2 (1 — ud(l —

(1 - vd{l - 22)) f(*)\\K\ a.s.

for ail x such that f(x) > 0. Next, it’s easy to show that the asymptotical
constant is a strictly increasing function in term of i. ■
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4-3. Proof Theorem 3.1
We introduce the truncated version of <Pn(x), defined by

BU := ^r^ ^(1—£)d / -j
i= 1 1m 1

n

1
XI TM171 lH

x — Xi

where bn is a real sequence converging to +oo as n —> oo. Next, we proceed
similarly than Bosq and Blanke (2007), for the nonrecursive case by writing

J* | ¥*(*)-#(*)n{X) T(X)~ f‘(x) fi(x)
and consider the following décomposition

(4.4)

A(Xmr(X)fn(X) = Wm - WM - E (^0*0 I rW/n(^)))
+ (E (A(X) - r(x)fn(x)))

— T* _l T*
—. m -f 12-

Let us set Wn i — EWn i with
(4.5)

n,i

x — Xi
Wn’* hfK\ K

and S* — Sr=ri one has 1% =

then

MHIBB (m W) - r(x))

T
, d(lnBn,d(\-t)tln

S~ £■ If we set K* = Zî=i Ezf~

MËm n,d( 1-20 £?=1*

<

+

<

+

CKÜB

^ELi {C"®*11 (^f) [m(y„) - r(z)]2
}+ hfMEK2 (Zjr*) m(Yo) [2r(æ) - m(lo)] l{|ra(yo)|>6„}

Enk=l
d(l-2/)

||J:r||g0{Em2(Yb)[2r(a:)-m(yro)]2-P(l^(yb)l>bn)}2n^ Sfc=i V

teL^]2
d(l—2^)n/i^ \—\n

HHIBflln
z \ d(i-ze) / \

(fc) s^2 (i?) v(«)/(t.)«iu
||i:c:||20{Em2(yo)[2r(a:)-m(V'o)]2-p(l"i(yro)|>&n)}2-Bni_2d£

B

D\ + P)2'

Wmmiïx-m.

The assumptions (m), the dominate convergence theorem and Bochner
lemma imply that fRd -^jX2 V(u)f {u)du —)• f(x)V(x) \\XW2, as k —¥
00. Then the assumption %{ii) and Toeplitz lemma (see Appendix) imply
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that Di —» f(x)V(x) ||if||2 , as n —> oo. Now if bn = (<51nn)0 avec ô > by
using the Markov inequality we hâve

r d xs
n—2dJ£ Tld+4 2

D2 — O 1 TTtv5 = ^ d 2" “^ 0?
exp « (lnn)0 Bnm2d£

= 0

d XS

nd+4 2

hdB2Unr>n,d{l-£) (lnn)3^-0

as n —* 00. Therefore V* ~ nhd(l—2£) /3d^2£)f(x)V(x) fRd K2(u)du, as n —>■
00, for ail x such that f(x) > 0. Next, one may show that for ail a > 0, the
condition

nht

(lnn)1+e (lnlnn)2(a+l)
—> 00, as n —> 00, and lim

ln hn
lnn

< 00 (4.6)

is easily checked by the choice of bandwidth hn = c (~-y n) d+A , with c > 0.
It’s follows that (4.6) implies that

nh^(\nn) 0

ln ( nhd(l—2£) ln ln l nhd(l-2£)\N\2^a+1^
-> 00 as n -> 00,

and then the choice bn = (5 ln n) e implies that there exists no G N such that

nhd(l—2£)

ln (nht!'1 flnln (nh^1 2(a+l)
*2

for ail n > no- Now, proceeding as in the proof of the Theorem 2.1 (a), one
r —> 1, as n —> 00 a.s. Byapplies the Theorem 6.2 and finds -

(2V*lnlnV*)î
means of the condition (4.6) and the fact that

nhd(l~2£) ln ln ( nh<2(1—2^) B.n,d(l—£) Pd{ l-£)

ilnH (2/?d(i-2£)f{x)V{x) fRd K2(u)du)
we hâve

-r- ( nhdn
(lnlnn ■ (2pd(i-2t)f(x)V(x) fRd K2{u)du)

Pd{ l-£)

For the term of (4.5) we proceed as follow.

a.s. (4.7)

T* —

J- O

E"=i id(l=* sama k
m3* kîn e) K K{z) (r(x - hiZ) - r(x)) f{x - hiz)dz.

x—u

hi (r(u) — r(:r)) f{u)du

E?=i 1
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The assumptions V, 7£(i),(ii) and Taylor formula give

T* —

i2 2nB,
m S (fe)J(1_')+2SE/«< - rhz) - r(x - rhz)^ - rhkz]n,d(1-t)

x ZiZjK(z)dz, with 0 < r < 1.
We hâve by the assumptions T,,7£(i), /C(ii),(iii), H(i),(ii) , Bochner and Toe-
plitz’s lemmas:

M 1, „

(4.8)hm2I* —> t>+2bipj{x)^ n —» oo.n 2 ■

mm
Finally concerning the last term of (4.4), one has for ail e > 0,

p(|^(z)-^(x)|>e(!^)*) <
P (E?=i MX)|Ar',l{|m<y1)>M>^ (^) > ^ (*£“)513 Sihf~e))
< 'p°(ur=i (im(x)i > m) < e?=i p(mm\ > y=mMt,$ > u
< EeAlm(yo^en1-A5.

By the condition lZ(iv) we hâve:

( knW | > £
n=l

lnlnn\ d+4

n
< oo,

if Æ > j- and Borel-Cantelli lemma implies that

( ”ln lnn

d+4
->oa.s. (4.9)

So since fn(x) —> f(x) a.s, (3.1) is from (4.7), (4.8), (4.9).

5. Examples

In order to validate our theoretical results, let us study numerically the
efhciency of our family of recursive estimators, for d = 1.

5.1. Density estimation
In this section we study, by simulations, the efhciency of fn(x). Let us

consider a sequence (Xn) of N (N G N*) zero-mean gaussian random variables
iid, with variance a2. The goal is to estimate the density f{x) in an interval
I = [a, 6], on the basis of the k hrst observations, for each value of k from
n to N (n < N). More precisely, we consider the subdivision w of I dehned
by:

w = {æ0 = a, Xi,..., xj = 6} , J G N*,
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and for k = n, ...,1V, we compute f[(xj) (t € {0,0.25,0.5,0.75,1}) and
fi~R{xj)i at each point Xj of w, where fRR is the Parzen-Rozenblatt estimator
based on the observations X\,..., A},. For recursive estimators, we use the
recursive formula (2.1). The efficiency of one estimator is evaluated by its
time of computation, the Empirical Mean Square Error (EMSE), and the
Empirical Maximum Absolute Error (EMAE), defined (for some estimator
fk of /) respectively by:

EMSE(h) ~ E (Âfe) -pi)' I
j=o

and
EMAE (/*) max

o<j<J
fk{tj) ~ MM

For this end, let us recall the following theoretical results concerning the
asymptotic mean square error of our estimators (c.f Amiri (2009)).

Theorem 5.1 Under the assumptions K, hi and V, the choice hn % Cnn d+4, Cn f
c > 0, implies that:(a)forte [0,1],

n£*E(fn(x) - f(x))2 4 /4 + dA
\2 + dt)

,2 (i + d£f f(x)\\K\\l
’ 2cd(4 + rf)(2 + Æ) ’

asn-> oo, for any x such that f(x) > 0.
(b) If f[x) > 0, the efficiency of (fn(x)) is increasing according to t in

terms of the Mean Square Error (MSE) criterion.
(c) For d — 1, if f(x) > 0, fRR{x) is better than ail f„(x), t G [0,1] in

terms of the MSE criterion.

The MSE criterion is defined as follow.

Définition 5.2 fn is préférable to gn in terms of the MSE criterion if:

E (fn(x) ~ f(x))2
0 < lim - --—J.—J v JJo

n->oo E (gn{x) - f(x))
< 1.

The kernel K considered in our simulations is the gaussian kernel used
by many authors. For the smooth parameter, we use the well known choice,
defined by = Ckk~s, where c*, is the empirical standard déviation of the k
first observations. This choice is motivated by the Theorem 5.1 and the corol-
lary 2.3. Note however that this choice is optimal only for the MSE criterion.

f



16

These practical implémentations are done on R software for n = 200, N =

500, (j2|gj 5, / = [—10,10], J — 400 and Xj = Æj_i+0.05, for j = 1,..., 400.

k 200 250 300 350 400 450 500

oII 0.094 0.083 0.072 0.066 0.060 0.054 0.051

t =0.25 0.090 0.079 0.069 0.063 0.057 0.051 0.049

£ = 0.5 0.086 0.076 0.066 0.060 0.055 0.049 0.047
£ = 0.75 0.083 0.074 0.064 0.059 0.053 0.048 0.046
£ = 1 0.081 0.072 0.062 0.057 0.052 0.047 0.045

P-R 0.075 0.067 0.057 0.052 0.048 0.044 0.042

Table 1: EMSExlO3 for density estimators.

Table 1 and Figure 1 display the empirical mean square errors of our
recursive estimators for£e{0,|,|,|,l} and the one of Parzen-Rozenblatt
(P-R) estimator. In this example, these mean square errors are very close
for k > 200. Also, these results show that the efficiency of our recursive es-
timators is increasing according to £ in terms of the EMSE, and the Parzen-
Rosenblatt estimator is préférable to recursive estimators, that confirms the
theoretical results (b) and (c) of the Theorem 5.1.

I
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k 200 250 300 350 400 450 500

£ = 0 0.02402 0.02260 0.02161 0.02074 0.02014 0.01928 0.01875

£ =0.25 0.02357 0.02215 0.02115 0.02026 0.01971 0.01887 0.01843

II o en 0.02322 0.02182 0.02078 0.01989 0.01936 0.01855 0.01819

£ = 0.75 0.02296 0.02157 0.02052 0.01963 0.01908 0.01830 0.01803

£=1 0.02332 0.02197 0.02069 0.01953 0.01890 0.01811 0.01791

P-R 0.02246 0.02153 0.02003 0.01923 0.01888 0.01823 0.01779

Table 2: EAME for density estimators.

Table 2 and Figure 2 display the empirical maximum absolute error of our
recursive estimators for£e{0,|,|,|,l} and the one of Parzen-Rozenblatt
estimator. In this example, we show that the six estimators can be suggested
in order to estimate / because the différence between their EMAE is very
small.

Finally, Table 3 represents the CPU-time in seconds of recursive estima-
tors, for £ G {0, |, |, l} and for the Parzen-Rozenblatt estimator. Here we
note however that it takes more time to compute the P-R estimator than to
compute the fn(x) ones using the recursive relation. Also, we see that the
choice of £ has non influence. CPU-time is obtained with the following com-

puter characteristics: CPU: Duo T9300; HD : 250GB and Memory : 3GB.

Figure 2: EAME for density estimators.
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k 200 250 300 350 400 450 500
OII 0.05 0.14 0.19 0.27 0.39 0.46 0.49

i = 0.25 0.06 0.16 0.27 0.28 0.39 0.53 0.53
t = 0.5 0.03 0.14 0.18 0.24 0.33 0.36 0.44
i = 0.75 0.03 0.18 0.27 0.27 0.40 0.42 0.60
e = i 0.06 0.16 0.17 0.24 0.31 0.37 0.38
P-R 0.08 3.24 6.60 10.17 14.34 19.36 24.82

Table 3: CPU-time for density estimators.

5.2. Régression estimation
As for density we suggest to study in this section the efficiency of the

régression estimators. We consider a bivariate sequence Zt = (Xt,Yt, 1 <
t < N), N G N* of iid random vectors such that r(x) = . Xt
is a sequence of zero-mean gaussian random variables iid, with variance o2
and (Yt) is defined by Yt = r(Xt) + £t where e ~ (0, k2) for t = 1 ,... ,N.
The goal is to estimate the régression function r{x) in an interval I = [a, 6],
on the basis of the k first observations, for each value of k from n to N.
As for density estimation, we consider a subdivision of I and use the same
citera (EMSE, EAME and CPU time) to evaluate the efficiency of estimators.

The following results are obtained with n = 200, N = 500, cr2 = 5, I =

[—4,4], J — 160, r(x) = x2 + x + 1 and Xj = Xj-i + 0.05,1 < j < 160.
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k 200 250 300 350 400 450 500

k2 = 0 £ = 0 3.00745 2.66555 2.38530 2.17022 2.01224 1.87914 1.75416
£ =0.25 2.93818 2.59119 2.31165 2.10231 1.94431 1.81494 1.69424

£ = 0.5 2.87695 2.52915 2.24852 2.04038 1.88330 1.75497 1.63527

£ = 0.75 2.81949 2.47122 2.18985 1.98311 1.82709 1.69999 1.58144

1=1 2.76545 2.41708 2.13530 1.93014 1.77531 1.64960 1.53230

N-W 1.53149 1.28392 1.09015 0.96028 0.87034 0.78670 0.71280

k2 = 0.5 £ = 0 3.07512 2.70907 2.43840 2.21256 2.05583 1.91732 1.80315

£ =0.25 3.01449 2.64549 2.37334 2.14725 1.99116 1.85300 1.74015

£ = 0.5 2.95793 2.58623 2.31290 2.08677 1.93150 1.79393 1.68253

£ = 0.75 2.90489 2.53085 2.25666 2.03070 1.87641 1.73967 1.62984

£ = 1 2.85512 2.47909 2.20435 1.97876 1.82561 1.68986 1.58168
N-W 1.63359 1.36286 1.17478 1.02998 0.94075 0.85049 0.78340

k2 = 1 £ = 0 3.19881 2.86802 2.57585 2.37147 2.19237 2.06544 1.95558

£=0.25 3.13751 2.80621 2.51128 2.30806 2.12816 2.00218 1.89367

£=0.5 3.08054 2.74881 2.45137 2.24943 2.06890 1.94404 1.83702

£ =0.75 3.02715 2.69523 2.39558 2.19509 2.01409 1.89054 1.78513

£ =1 2.97692 2.64509 2.34357 2.14468 1.96338 1.84131 1.73760

N-W 1.73268 1.49316 1.28177 1.15493 1.04319 0.96071 0.89734
k2 = 5 £==0 3.22892 2.96587 2.60917 2.34679 2.20721 2.07679 1.96930

£ = 0.25 3.36280 2.92713 2.59530 2.37707 2.19007 2.01139 1.89688

£ S 0.5 3.30156 2.86147 2.52715 2.31107 2.12456 1.94607 1.83352

£ = 0.75 3.24453 2.80042 2.46398 2.25027 2.06447 1.88643 1.77592

£ = 1 3.19117 2.74349 2.40529 2.19415 2.00927 1.83191 1.72349

N-W 1.97628 1.64167 1.40112 1.26373 1.14925 1.03104 0.96343

7 £ = 0 3.30056 3.06609 2.73727 2.56654 2.34196 2.20264 2.05205

£ = 0.25 3.25362 3.02033 2.68204 2.51228 2.28362 2.14224 1.99024

£ = 0.5 3.21301 2.98043 2.63261 2.46364 2.23074 2.08743 1.93416

£ = 0.75 3.17781 2.94562 2.58830 2.41998 2.18270 2.03763 1.88319

£ = 1 3.14741 2.91532 2.54855 2.38080 2.13904 1.99234 1.83682

N-W 1.84001 1.68053 1.43217 1.33116 1.15931 1.06802 0.96989

K2 = 10 £ = 0 3.34100 2.90384 2.65928 2.52851 2.26358 2.12566 2.05398

£ = 0.25 3.26020 2.82100 2.58084 2.45680 2.18858 2.05288 1.98537

£ = 0.5 3.18520 2.74437 2.50876 2.39147 2.12013 1.98683 1.92353

£ = 0.75 3.11542 2.67338 2.44250 2.33197 2.05767 1.92692 1.86784
£ = 1 3.05049 2.60763 2.38163 2.27786 2.00070 1.87263 1.81776

N-W 1.80559 1.48215 1.33512 1.28240 1.09695 1.01065 0.98472

Table 4: EMSE for régression estimators.

Table 4 displays the empirical mean square errors of our recursive regres-
sion estimators for £ G {0, 1} and the one of Nadaraya-Watson (N-W)
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Figure 3: EMSE for régression estimators.

estimator, for k — 0,0.5,1,5,7,10. These results show that the efficiency of
our recursive estimators is increasing according to t in terms of the EMSE,
and the Nadaraya-Watson estimator is préférable to recursive estimators.
The results of Table 4 are represented at Figure 3 for n = 0.5

Table 5 displays the empirical maximum absolute error of our recursive
régression estimators for t G {0, f, 1} and the one of Nadaraya-Waston
estimator, for k = 0,0.5,1,5,7,10. In this example, we observe the same
behavior of régression estimators as for density estimation.
Figure 4 represents the case k — 0.5 of Table 5. Finally, Table 6 represents
the CPU-time in seconds of recursive estimators, for £ G {0, |, |, 1} and
for Nadaray-Watson estimator. We note in this example a big advantage in
time of computation point view by replacing the classical kernel by recursive
kernel.



k 200 250 300 350 400 450 500
= 0 £ = 0 4.09858 3.83213 3.61061 3.42434 3.29892 3.17187 3.01985

i =0.25 4.04305 3.76962 3.54374 3.35715 3.23011 3.10135 2.94602
£ = 0.5 3.98929 3.71029 3.48023 3.29378 3.16580 3.03564 2.87728

£ = 0.75 3.93741 3.65455 3.42115 3.23412 3.10569 2.97428 2.81394
£ = 1 3.88759 3.60383 3.36560 3.17814 3.04993 2.91750 2.75508
N-W 2.74989 2.48017 2.26247 2.09108 1.99919 1.87329 1.72352

= 0.5 £ = 0 4.72216 4.43001 4.19203 3.99124 3.85568 3.74682 3.61955
£ =0.25 4.65306 4.35747 4.11601 3.91216 3.77838 3.66920 3.54210

£=0.5 4.59221 4.29144 4.04838 3.84166 3.70901 3.60002 3.47266

£ =0.75 4.53663 4.23125 3.98790 3.77818 3.64648 3.53756 3.41000

£ =1 4.48656 4.17682 3.93319 3.72249 3.58970 3.48110 3.35380
N-W 3.26703 3.01214 2.82928 2.64388 2.53107 2.43394 2.34552

K2 = 1 £ = 0 4.96471 4.70513 4.47659 4.29361 4.15159 4.02833 3.88661
£ =0.25 4.76298 4.53215 4.27563 4.12990 3.95074 3.85290 3.73843

£ 5=0.5 4.70631 4.47179 4.21082 4.06583 3.88465 3.78494 3.67194

£ =0.75 4.65292 4.41511 4.15186 4.00705 3.82354 3.72222 3.61069
£ =1 4.60316 4.36401 4.09914 3.95342 3.76712 3.66473 3.55527

N-W 3.34443 3.13341 2.91629 2.79458 2.62940 2.55343 2.46962

K2 = 5 £=f0 4.97337 4.66381 4.39176 4.18760 4.02391 3.85424 3.70874
£ =0.25 4.91732 4.59799 4.31603 4.11142 3.94858 3.77660 3.62706

£=0.5 4.86498 4.53534 4.24575 4.03990 3.87940 3.70429 3.55122
£ =0.75 4.81712 4.47631 4.18150 3.97399 3.81542 3.63711 3.48132

£ =1 4.77187 4.42031 4.12276 3.91333 3.75573 3.57469 3.41663
N-W 3.68481 3.32573 3.05368 2.86946 2.73227 2.54701 2.40723

K2 = 7 £ = 0 4.97394 4.74539 4.50261 4.37304 4.19653 4.08109 3.93051
£ =0.25 4.91896 4.69523 4.44663 4.31789 4.13483 4.01538 3.86248

£=0.5 4.88078 4.64928 4.39485 4.26645 4.07865 3.95486 3.80200

£ =0.75 4.84819 4.60888 4.34742 4.21935 4.02835 3.90040 3.74650

£ =1 4.82042 4.57445 4.30448 4.17700 3.98201 3.85086 3.69624

N-W 3.62564 3.39146 3.12889 3.02900 2.85088 2.73432 2.62157

K2 = 10 £ = 0 5.02434 4.70932 4.51557 4.38363 4.17785 4.05350 3.94531
£ =0.25 4.95799 4.63293 4.44064 4.31099 4.10012 3.97475 3.86640

£=0.5 4.89591 4.56150 4.37124 4.24448 4.02766 3.90290 3.79535

£ =0.75 4.83725 4.49501 4.30819 4.18272 3.96062 3.83716 3.73052

£=l" 4.78165 4.43303 4.24968 4.12604 3.89903 3.77691 3.67104

N-W 3.60823 3.29731 3.13773 3.04311 2.85004 2.73057 2.64798

Table 5: EAME for régression estimators.
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6. Appendix

Let us begin this appendix by recalling the Toeplitz’s lemma used in our

proofs.

Lemma 6.1 (Toeplitz). Let (anik) >lk>1 be a sequence of real number and
let (wn)n>i a sequence which converge to w. Moreover we suppose that:

(i) For ail k > llim^po an,k = 0;
(ii) limyj—^oo y Ifa—\ Q,n,k A <C oo,

(ni) For ail n > 1, \an,k\ < oo.

Then Q-n,kwk —» Aw as oo.

Now we recall the following theorem, Theorem 3.2 in Jain et al. (1975), that
is the main tool in establishing the main results.
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Theorem 6.2 Let Xn be a sequence of random variables defined on a pro-

bability space (fi, T\ P) such that for ail n > 0, E[X%\cr (Xi,..., Xn 4-1)]
exists and E[Xn\o (Xi,..., An_i)] = 0 a.s. Let Sn — |H|I 5o = 0 and
Vn = Y%=iE[xÏW(xiT--iXi-i)\ ifn> Vbg|o. For a fixed a H
assume that Vn —> cxd a.s. and

OO

E
fc=i

(lnlnVt)°
9 E wm x?>

lnVfc(lnlnVfc)2(“+1)
< oo a.s.

S be a random function defined on [0,+oo[ obtained by setting fort G
\Vn-, Vn+i[, S(t) = Sn. Then, redefining {S(t),t > 0} if necessary on a new
probability space, there exists a Brownian motion £ such that:

l^(^) — m° (ln ln t)1*01^ .
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