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Abstract

The purpose of this paper is to establish, by an invariance principe approach,
almost-sure convergence of parametric families of recursive kernel density and
regression estimators. For these families, rates of convergence are obtained
with exact upper bounds.
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1. Introduction

In this paper, we consider nonparametric sequential estimation for in-
dependent and identically distributed (i.i.d.) observations. Nonparametric
functional estimation is a central field in statistics with emphasis usually
being on density and regression estimators. The literature on this topic is
still growing : for information on various methods and results in density es-
timation, one may refer to the books of Prakasa Rao (1983), Devroye and
Gyorfi (1985), Silverman (1986). Also, a survey of nonparametric regression
estimators appears in Collomb (1981, 1985) while more recent results are
collected in e.g. the book of Gyorfi et al (2002). Sequential estimation is
achieved with the use of recursive estimators, typically kernel ones. Here
by recursive, we mean that the estimator calculated from the first n obser-
vations, say f,, is only a function of f,_; and the n'* observation. These
estimators have many advantages : they are of easy implementation and in-
terpretation, fast to compute and they do not require extensive storage of
data. In particular cases, they appear also as more efficient than classical es-
timators. Since for large database, the total re-computation of an estimator
can be time-consuming (even for powerful computers), recursive estimators
are more adapted to continuously updated data. A typical example could be
weather forecasting where the sample size is not fixed in advance.

First kernel recursive estimators have been introduced by Wolvertone,
Wagner (1969) and Yamato (1972). Next Davis (1973), Deheuvels (1974),
Wegman, Davis (1979), Wertz (1985) and Roussas (1992) have independently
studied the rates of the almost sure convergence of particular recursive den-
sity estimates.

Concerning the regression, popular kernel recursive estimators are those
of Devroye and Wagner (1980) and Ahmad-Lin (1976), commonly called re-
cursive and semi-recursive estimators. These two estimators have also been
studied by Gyorfi et al. (2002) in the iid case. The L'-convergence of the
recursive estimator have been proved by Devroye and Wagner (1980), and
Krzyzak (1992) established its rate of L'-convergence. Ahmad and Lin (1976)
established the uniform consistency (with no rates) of their regression esti-
mator on a compact set. Roussas (1992) studies the exact rates of almost
sure convergence of recursive regression estimators.

For both density and regression problems, we derive in this paper exact
upper bounds for the almost sure convergence of general families of kernel
estimators, recently derived from Amiri (2009). These families include the
popular recursive estimators discussed above.

In the next section we present our main assumptions and the results
for density estimation while regression is studied in section 3. Proofs are



postponed to the section 4 and examples of application are given at the
section 5 to validate the performance of recursive methods.

2. Density estimation

2.1. Notation and assumptions

Let {X;,t € N} be a sequence of iid random R%vectors (d > 1) defined
on a probability space (2, A, P) and admitting a density f. Following Amiri
(2009), the density f can be estimated by means of the general family of
recursive kernel estimators

filz)a= Zn ] O Z i ( in) , z € R (£ €[0,1]),

which can be computed recursively by the formula

Tz—l hali',(l—f)
e %‘fiq{iﬂ) + Kl (z - X)),

E?:l h’i

Kf():= W}( (h) ) (2.1)

where h,, is a sequence of positive constants (bandwidth) and K is the kernel.
For d = 1, the family ( f£(x)) can be considered as a subfamily of the general

family —
Hip) = (Z hiH(h"f.)) ZH(hZ)K (xthi), (2:2)

(3

with

introduced by Deheuvels (1974). To simplify the notation, let us set

1 n h; r
1By = = — .
n,r = ; (hn) 3 fOl' all r & R

By this way, our family of estimators can be rewritten as

2(7) = s E)Zhae ( aiXi)' (2.3)

BB At ﬂ)hn =

To study its almost sure behavior, we consider kernels K satisfying the
following conditions.



Assumption /.

(i) K : R%+ R is a positive, bounded, symmetric density of probability :
(ii) For all € R limya)o 400 |z]|* K (z) = 0
@i G (@dy < oo, 1, =1,....d.

Also, we need the following conditions checked by the bandwidth.

Assumption H.

(i) hn 40 and nhit? — co as n — oo;
(i) By, — B <00, asn — oo for all r €] — oo, d+2].

Finally the density f is supposed to satisfy the following assumption.
Assumption P. f € C3(b), where C%(b) denotes the set of twice conti-

nuously differentiable functions 1 : R? — R such that 1)® exists and boun-
ded with 1 standing for any partial derivative of order two of 1.

The assumptions /C and P are classical in nonparametric estimation field.
The condition #(7i) is particular to the recursive problem and plays a crucial
role in our calculus. The choice h, = ¢ (inl%) T , with ¢ > 0 where we have
noted Inln(-) := In™ In™(-), with In"(-) := Inmax(-, e), is a typical example
of bandwidth satisfying #. Indeed, h,, is decreasing and one may show that
if0<r <d+2 (resp. if r < 0), B, is a increasing (resp. decreasing)
sequence and superiorly (resp. inferiorly) bounded by a converging sequence.
By this way B, , converges.

2.2. Muain results
Now we can establish the almost sure convergence of density estimators.
Theorem 2.1 Let K and H be satisfied.
(a) In addition if for all « > 0

nhd wlinlath
et D) — 00, asn — oo and lim
(Inlnn) Inn oo (LR

<00, (24)

then for all x such that f(x) > 0,

arien honlidons ‘ _ [2Baa-2¢)
nh_)n;lo Inlnn ( n(I) = n(a:)) - mf(’r)“]{lb a.s, (25}




(b) Moreover, if P holds, the choice h,, = ¢ (l—r-‘%l‘lﬂ)‘*%d , with ¢ > 0, tmplies
that for all x such that f(z) > 0,

()™ (2~ 1)) = \/ A ) et faan g ) Bnc

n—oo \nlnn ﬁd(l_f) Bai—e)
(2.6)

a.s., where by(z) = (ZK”Q{ di;z (@)l ’UJK(’U)d’U)

In the univariate case (d = 1), for £ = 1, we find from (2.5) a result com-
parable to that stated by Wertz (1985) and for ¢ = %5 we find the following
result proved by Wegman and Davis (1979) :

T (/<2 (£2 (2) — BSPY (2) = \/2B12f @IK]]a 2,

Sl tiE] = B, 2/2(z). Note that fPW(z) is an asymptotically biased
estimator of f(z) as soon as i1 # 1. Also our result (2.5) generalizes to
d-dimensional random variables the one of Deheuvels (1974) for the general
family (2.2) in the univariate case, but here the proof of (2.5) is based on
the Theorem 6.2 (see the Appendix) rather the Prohorov lemma. Indeed by
adapting the conditions of Deheuvels (1974) to the family (2.3), his result
may be rewritten, under some conditions of regularity on K, and for h,
satisfying the conditions

.l
Zh}?_f = 00, Zhi_zf =oocand At =0 t;lhzl?%) : g (24
- s In In i

=il

as

I (. i) — Bt () B

im | resp. lim
n—co n— 00 \/2 “K” Z‘L 1 1 2@1111112?:1 hg—fi

It can be shown that (2.7) is easily deduced from (2.4) and the assumption
1

We close this section by studying the efficiency of our estimators in term of
an almost sure converging criterion defined below.

— =L/ flz):

Definition 2.2 Let {, 0y € [0,1]. We say that f5(z) is preferable to fi2(x)
in term of the almost sure converging criterion if for some given K and h,,,
3 hmn—‘roo ifﬁz (:E) i f("t)‘

<idliogs




So we can classify our estimators f£(z) according to £ in term of the al-
most sure converging criterion.

Corollary 2.3 Under the assumptions K, H and P, the choice

ho, —Cn”O<u<d12C'nJ,c>0

implies that for £y, ¢ € [0,1] f5 is preferable to f22 if €, < {y.

3. Regression estimation

3.1. Notation and assumptions

Turning to the regression estimation, let {(X3,Y;),¢ € N} be iid random
variables taking values in R¢ x R? (d > 1,d’ > 1), and having probability
density function f* with respect to the Lebesgue mesure. We define the
regression function as

B (1n (¥6) X = 2) = 22 m(y}(i*)(x )dy
Em(Y), if f(z) =

where m is Borelian function of R? into R such that w — m? (Y;(w)) is
P-integrable. Note that m is chosen by the statistician leading to multiple
choices of estimation. Typical examples of m are identity and polynomial
functions to estimate respectively the usual regression and the conditional
moments.

As for density estimation we consider the parametric family of kernel regres-
sion estimators defined by

E( ) ¢ e m(Y)
ri(x) = () where ¢, (z) = S (] f)dz ( " )

The estimator 7¢(z) can be computed recursively by

» (Zim 0 phi(@) + (T A0 m(va) KL (o - Xa)

() = ;
( ?;11 hf(l—g)) ) + (Z?:l h;ﬂl_m) Ktz —Xy)

where Kf(.) is defined in (2.1). Our family includes the popular kernel re-
cursive estimators say recursive (£ = 0) and semi-recursive (¢ = 1).

Next, we introduce an additional assumption to get the almost sure behavior
for our family of regression estimators.

= ¥4 w_x, if f(z) >




Assumption R.
(i) » € C3(0);
(ii) K satisfies the condition [g, |lull*K (u) < co;
(iii) The function E (m?(Y)|Xy =-) f(-) is both continuous and bounded
away from zero at x;
(iv) There exist A > 0,60 > 0 such that Eexp(A|/m(Yp)|?) < oo.

The assumption R is classical in regression estimation, see e.g. Bosq and
Blanke (2007) for the nonrecursive case. Note, that the assumption R(iv)
is stronger than the condition Elm(Y)|2+5 < oo, for some § > 0, used by
Roussas (1992), in the particular case £ = 1/2, but it’s allow us to generalize
his result to all £ € [0, 1]. If the function m is bounded, the condition R(iv)
can be relaxed.

3.2. Main result
The question addressed in this section is getting the exact rates for the
almost sure convergence of our family of regression estimators.

Theorem 3.1 Under the assumptions K, H,P and R, and for all x such
that f(x) >0, the choice hy, = ¢ (BE2)T - with ¢ > 0 implies that

i (1) (4e) - r@) = Golw Ko £, (31)

n—oo

% /2Baa-20 T @V (@) | K |l + ABa—ty+2bp,(z)
Baa-o f(x) ’

d
, 1 Py
with: by, s(z) = = E {Bm T (z) — r(z) 83: Bm }f |zi2;| K (2)
i i

Lj*

where: Co (%, K, @, [,£) i=

and V(x) is the conditional variance defined by

V(z) = E(m*(Yo)| Xo = z) — r*(z).

1
This theorem generalize the result of Roussas (1992) derived for r3 ().
Note that, for the nonrecursive estimator, the rate of convergence obtained
2
by Bosq and Blanke (2007) is of type (IHT”)m and without exact upper
bound.

Now let us give the proofs of the main results.
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4, Proofs

4.1. Proof of Theorem 2.1.
(a) We apply Theorem 6.2 (cf. Appendix) to the variables Z; defined as:

1 CL'—Xi CC—Xi
ARG T ST )

Next, if we set V,, = 7 EZ;® one may write

Vi = 0B} gu_p "2 nhiVar f ().

Let S, =Y., Z; and S be a random function defined on [0, +-o0[ obtained
by setting for t € [V, Vagi[, S(t) = Sp. From the relation (2.3), we can write
fi@) ~ Bfifa) = — . (4.1)

nBy aa—e)hn

Following Amiri (2009), we have under the assumptions K and H

nhdVar f(z) — Bd,_fl_zg)f(.r) K*(u)du as n — oo.
ﬁd(l—é‘) RRd

Then for all z such that f(z) > 0, we have:
Vi ~ nhi(l'%)ﬁd(l_zg)f(ar)f K*(u)du — 0o as n — co. (4.2)
Rd

Since (2.4) holds then:
nhd

In (nhi(l—%)) (ln In (nhi(l_%)) )2(a+1) —

and there exists ng € N such that for all n > ny,

00 as n —+ 00,

nhd0-20)

i (nh;‘i“‘”’) (111 i (nhi‘“m) )2(““

2 —2dl
s =[] 2 2 > 22

nh0-20)
n(nhi=2) (In1n (ke =20
sible event for n > ng. It follows by (4.2), that

oo (InlnVyp)® 2
T Ll | 721y n < 0.
™ In Vi (InIn Vpp )2(@+1)

By this way, the event {Zﬁ = ))Z(HH)} is an impos-
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Applying Theorem 6.2 and with the help of (4.2), there exists a Brownian
motion W such that,

for t € [Vo, Vs, ‘M —

(2t Inln t)%

0 ((ln lnt)_%) ;

Since the Brownian motion verifies the Law of ITterated Logarithm, then

= t
lim _&T
o0 (0 Iniln't)=

= 1l Gl

Hence, by (4.1), (4.2), the definition of S(t) and since t € [V, V,41[ and that

A B s p)ﬂhd(l E)(fn(fﬂ) -Bf fﬂ))

il ] we have lim = Il 2 13w
Vi ; ez (2V, Inln V)3

(nhﬁlﬁ%)hlhl(nhiugga))ian@ufw

(2V,Inln V)

Bag-e)
(2Ba—20 f (2) [ga K2(u)du)?

_}

bl

[SI
b=

so that:

1

— nhd ¢ 23a(1-2¢)
m n F(@) — BfE@) = [ 2229220 ()| K], as.
L= A (nhﬁ“_m) ( ) ﬁ&qu—e)

(4.3)
We deduce (2.5) from (4.3) by emploing the second part of (2.4) which implies

t@ﬂmn@ﬁ“”0=ammwu+mmy

1
(b) The choiceh, = ¢ ("22) @7 fulfils H and (2.4), consequently the result
follows from (2.5) and the result of the bias established in Amiri (2009).

4.2. Proof of Corollary 2.3

Bhe choiceh, =10 nat IF<tpi= d+2, C, | ¢ > 0 satisfies H and (2.4).
Using (2.5) and the result of the bias established in Amiri (2009), we find

- s 21 — =) ‘
TE&men(h() 1) = ¢ 11— pa =20y’ D&l a5

for all = such that f(z) > 0. Next, it’s easy to show that the asymptotical
constant is a strictly increasing function in term of £. 23]
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4.3. Proof Theorem 3.1
We introduce the truncated version of ¢f(z), defined by

—
~f . i
San(g:) - Zn 1 —n 7(1-6)d Z hdx’,’ 1{|m(y)\<bn}K ( h'z ) )

where b, is a real sequence converging to +oc as n — oo. Next, we proceed
similarly than Bosq and Blanke (2007), for the nonrecursive case by writing

ffi( ) fﬁ(r)

and consider the following decomposition

gn(z) —r(@)fi(x) = (h(z) — r(@)fi(z) - E (F(z) — r(z)fa(2)))
+ (E(¢n(z) —r(2)fa(2)))

i
(4.5)
Let us set Z7 = W,,; — EW,,; with
1 z—X;
Whi = WK (T) 1 {im(¥i)|<bn} (mi(Y:) —r(z))
and S = > .., Z}, one has I = ﬁihd(—”) If weset V=3 7" EZ?
then
Vi s nhd n -
S e [Z" i 8)]2 Ek:l{ ZGLFEKQ( = ){ (Yo) — r(z )]
e 2‘”EKQ (@Q) o) [2r(z) — m(Yo) ]1{|m(Yu)\>bn}}
paa-2¢
< i D { 70 fou K (552 V() ()]
o \\K\&{Emﬁ(v )[2r(@)—m(Yo) P(Im(Yo) >bn) } nhd p_, b2

S hiE-OT
d(1-2¢)
- B aa-pm BZ ,_pnohd B o 2ok [(ﬁﬂ) Jre }1 Kg( )V(U) (u )du}

HKHEC{EmQ(Yu)Pr(m%m(Yo)} P(im(Yo)>bn) } 2 Bo _sae
s hd B2

n,d(1—F)
= D1 i Dz.

The assumptions R (i), (iii), the dominate convergence theorem and Bochner
lemma imply that [p, thz ( ) V(u)f(wdu — f(@)V(e) |K|3, as k& —
0o. Then the a.bSLlHlpthIl 'H(m) and Toeplitz lemma (see Appendix) imply
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that Dy — f(x)V(z) | K|, as n — co. Now if b, = (dIn n) avec 8 > 3, by
using the Markov inequality we have

exp (—5—2&) (In n)% B —oa A
D2 = O d 02 — O ST = 0,
ha B da-o) (lnp)#+H "8

as n — oco. Therefore V¥ ~ nhd1-2 )ﬁd(l 20 f(2)V(2) [pa K*(w)du, as n —
00, for all  such that f(z) > 0. Next, one may show that for all o > 0, the
condition

nhd In Ay,

— 00, as n — 00, and lim

2 < 00 (4.6
(Inn)'*7 (Inln n)Q(QH) n—co Inm )

feli
is easily checked by the choice of bandwidth h, = ¢ (1" l“”) a4 Eainhing = (0
It’s follows that (4.6) implies that

nhd(Inn)=

2(a+1)
In (nhﬁ(l_m) (ln In (nhﬁ(172£)))

and then the choice b, = (6 In n)s implies that there exists ng € N such that

— 00 as N — 00,

d(1-2¢
el

2(a+1)
In (nhi(lfzg)) (ln In (nhd(l 2'?)))

for all n > ny. Now, proceeding as in the proof of the Theorem 2.1(a), one

applies the Theorem 6.2 and finds —sain e il Al o coiaw. By
(2V¥Inln V})2

means of the condition (4.6) and the fact that

> | K% p 22 (8Inn)d > Z:2,

1
2

d(1-2¢ d(1—26)\ \ :
(nh" = min (nhi*)) Buaa-g i ﬁd(l_@
L L]
2V (z) Inln V¥ (z))> (25111 20 f () I]Rd du)g
we have
ol d \z 2 K2(w)du)?
i i il (220 f @V (@) fou KA W) (4.7)
n—oo \ Inlnn 5(1,;_:)

For the term I3 of (4.5) we proceed as follow.

= B 1‘*“ 0= Lica I fpa K (1 ) (r(u) —r(z)) f(u)du

= o s IO [ K (2) (r(z — hiz) — r(@)) fl — Rhiz)dz




The assumptions P, R(i),(ii) and Taylor formula give

I3 = gand(l = ¥ 1(“) ” ;fRd{aJ: 5;: —rhz) —r(z Thk,a)daj (x—Thyz
X 2z K(z)dz, with0 <7< 1.

We have by the assumptions P, R (i), K(ii),(iii), H(i),(ii) , Bochner and Toe-
plitz’s lemmas:

h 215 — Mb@’f(ﬂﬁ), n — 00. (4.8)
Baa-e)

Finally concerning the last term of (4.4), one has for all € > 0,

2
P(lﬁpﬁ(x) — @h(z)| > 5(—‘“1“”)““) <
>E(zn1nn) Ty pd-0)

P (S Im I Loy K (2575 gt
< (UL, (%)) > b}) < iy P(m(¥0)] > bu) = nP(m(Yo)] > b,)
SEB/\\m(Yg)lg = A(S.

By the condition R(iv) we have:

gP (lwim — @) > (”)_) et

160 % and Borel-Cantelli lemma implies that

(lnﬁln)m @i (z) — Gi(z)| = 0 as . (4.9)
So since f(z) — f(z) as, (3.1) is from (4.7), (4.8), (4.9). -

5. Examples

In order to validate our theoretical results, let us study numerically the
efficiency of our family of recursive estimators, for d = 1.

a.1. Density estimation

In this section we study, by simulations, the efficiency of f(z). Let us
consider a sequence (X,,) of N(N € N*) zero-mean gaussian random variables
iid, with variance o. The goal is to estimate the density f(z) in an interval
I = [a,b], on the basis of the k first observations, for each value of k from
nto N (n < N). More precisely, we consider the subdivision w of I defined
by:

=g = and, Xolons bk F &,
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and for k = n,..., N, we compute f{(z;) (£ € {0,0.25,0.5,0.75,1}) and
PR (), at each point z; of @, where f7F is the Parzen-Rozenblatt estimator
based on the observations X, ..., X;. For recursive estimators, we use the
recursive formula (2.1). The efficiency of one estimator is evaluated by its
time of computation, the Empirical Mean Square Error (EMSE), and the
Empirical Maximum Absolute Error (EMAE), defined (for some estimator

. of f) respectively by:
A 0T :
EMSE(fi) = —Z (fk(a:j) 5 f(g;j)) ,

and

EMAE (ﬁ) = max |ﬁ(tj) — f(t;)]-

For this end, let us recall the following theoretical results concerning the
asymptotic mean square error of our estimators (c.f Amiri (2009)).

Theorem 5.1 Under the assumptions K, H and P, the choice h,, = Cnn_ﬁ, (G
¢ > 0, implies that:

(a) for € € [0,1],

] dr* : .
B (e - 1) — ¢ (75) 5O+ @

as n — 0o, for any x such that f(x) > 0.

(b) If f(z) > 0, the efficiency of (fi(z)) is increasing according to £ in
terms of the Mean Square Error (MSE) criterion.

(¢c) Ford =1, if f(z) >0, fFE(x) is better than all f(z), ¢ € [0,1] in
terms of the MSE criterion.

The MSE ecriterion is defined as follow.

Definition 5.2 f, is preferable to g, in terms of the MSE criterion if:

0 S lim E(fn(m) il ('T))z
oo E (gn(z) — f(2))

The kernel K considered in our simulations is the gaussian kernel used
by many authors. For the smooth parameter, we use the well known choice,
defined by h; = ckk‘é, where ¢ is the empirical standard deviation of the &k
first observations. This choice is motivated by the Theorem 5.1 and the corol-
lary 2.3. Note however that this choice is optimal only for the MSE criterion.

=2

f
i
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These practical implementations are done on R software for n = 200, N =
S005ie2i = Bl =i =10, 40} =1400"and @wp=iz;~ 14 0:05, for j.=1,....,400.

k 200 250 300 350 400 450 500
£=0 0.094 0.083 0.072 0.066 0.060 0.054 0.051
¢=0.25 | 0.090 0.079 0.069 0.063 0.057 0.051 0.049
=0.5 |[0.086 0.076 0.066 0.060 0.055 0.049 0.047
¢£=0.7510.083 0.074 0.064 0.059 0.053 0.048 0.046
0= 0.081 ' 0.072 0.062 0.057 0.052 0.047 0.045
P-R 0.075 0.067 0.057 0.052 0.048 0.044 0.042
Table 1: EMSEx10? for density estimators.
% i | i
g
" . y £
g 9| g & &
14 o .
% Z i 1
& s | & e | = .
% %1 5 |

Figure 1: EMSE for density estimators.

Table 1 and Figure 1 display the empirical mean square errors of our

recursive estimators for ¢ {0

113
7412’4?

1} and the one of Parzen-Rozenblatt

(P-R) estimator. In this example, these mean square errors are very close
for k > 200. Also. these results show that the efficiency of our recursive es-
timators is increasing according to ¢ in terms of the EMSE, and the Parzen-
Rosenblatt estimator is preferable to recursive estimators, that confirms the
theoretical results (b) and (c¢) of the Theorem 5.1.
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k 200 250 300 350 400 450 500

=0 0.02402 0.02260 0.02161 0.02074 0.02014 0.01928 0.01875
¢ =0.25 | 0.02357 0.02215 0.02115 0.02026 0.01971 0.01887 0.01843
¢=0.5 |0.02322 0.02182 0.02078 0.01989 0.01936 0.01855 0.01819
¢=0.75]0.02296 0.02157 0.02052 0.01963 0.01908 0.01830 0.01803
L=l 0.02332 0.02197 0.02069 0.01953 0.01890 0.01811 0.01791
P-R 0.02246 0.02153 0.02003 0.01923 0.01888 0.01823 0.01779

Table 2: EAME for density estimators.

Table 2 and Figure 2 display the empirical maximum absolute error of our
recursive estimators for ¢ € {0, i, %, %, 1} and the one of Parzen-Rozenblatt
estimator. In this example, we show that the six estimators can be suggested
in order to estimate f because the difference between their EMAE is very

small.

Finally, Table 3 represents the CPU-time in seconds of recursive estima-
tors, for £ € {0, %, %, %, 1} and for the Parzen-Rozenblatt estimator. Here we
note however that it takes more time to compute the P-R estimator than to
compute the ff(x) ones using the recursive relation. Also, we see that the
choice of £ has non influence. CPU-time is obtained with the following com-

puter characteristics: CPU: Duo T9300; HD : 250GB and Memory : 3GB.
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-
g | a g 4
e o 5
= i g
¥ 2 .t
5 3 2 e
2 s |
g g
g 4 2 =
= =4 2
=1 3 e
200 300 400 500 200 3o0 400 {ele] = 200 300 4(‘}0 500
=0.75 =1 P-R
g
g - y
8y |
= =] 5
=S -
=3 w =5 - wi
5 i iz
2 g 4
= = 3

T T T T T T T T
200 300 400 500 200 2300 400 500 200 300 400 500

3 K

Figure 2: EAME for density estimators.
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k 200525003000 3500« 4000 450/ 500
=0 Q0504 0195 0.2708 0.39 L0.46., 0:49
£=10:25] 006 016 027 , 0.28 039 053 0.53
£=05 |003 014 018 024 033 036 044
20751003 08 LK027 1 102700 03400 04201 2.0:60
=il (FQGEERON6 RO TSRS N () 31 S8 () 3 ()3 5
P-R 0.08 3.24 6.60 10.17 14.34 19.36 24.82

Table 3: CPU-time for density estimators.

5.2. Regression estimation

As for density we suggest to study in this section the efficiency of the
regression estimators. We consider a bivariate sequence 7, = (X, Y, 1 <
t < N),N € N* of iid random vectors such that r(z) = E (V;| X; = 2). X,
is a sequence of zero-mean gaussian random variables iid, with variance o2
and (Y;) is defined by Y; = r(X;) + &; where £ ~ (0,x?) for t = 1,..., N.
The goal is to estimate the regression function 7(z) in an interval I = [a, b],
on the basis of the k first observations, for each value of k& from n to N.
As for density estimation, we consider a subdivision of I and use the same
citera (EMSE, EAME and CPU time) to evaluate the efficiency of estimators.

The following results are obtained with n = 200, N = 500, 0® =5, I =
(—4,4],J =160,7(z) =2+ z+ 1 and z; = z;_, +0.05,1 < j < 160.



200

250

300

350

400

450

500

£=10.75

3.00745
2.93818
2.87695
2.81949
2.76545
1.53149

2.66555
2.59119
2.52915
2.47122
2.41708
1.28392

2.38530
2.31165
2.24852
2.18985
2.13530
1.09015

2.17022
2.10231
2.04038
1.98311
1.93014
0.96028

2.01224
1.94431
1.88330
1.82709
1.77531
0.87034

1.87914
1.81494
1.75497
1.69999
1.64960
0.78670

1.75416
1.69424
1.63527
1.58144
1.53230
0.71280

2]
Il

=
o
~
I

o

3.07512
3.01449
2.95793
2.90489
2.85512
1.63359

2.70907
2.64549
2.58623
2.53085
2.47909
1.36286

2.43840
2.37334
2.31290
2.25666
2.20435
1.17478

2.21256
2.14725
2.08677
2.03070
1.97876
1.02998

2.05583
1.99116
1.93150
1.87641
1.82561
0.94075

1.91732
1.85300
1.79393
1.73967
1.68986
0.85049

1.80315
1.74015
1.68253
1.62984
1.58168
0.78340

£=0.25
£=0.5
£=0.75
=
N-W

3.19881
3.13751
3.08054
3.02715
2.97692
1.73268

2.86802
2.80621
2.74881
2.69523
2.64509
1.49316

2.57585
2.51128
2.45137
2.39558
2.34357
1.28177

2.37147
2.30806
2.24943
2.19509
2.14468
1.15493

2.19237
2.12816
2.06890
2.01409
1.96338
1.04319

2.06544
2.00218
1.94404
1.89054
1.84131
0.96071

1.95558
1.89367
1.83702
1.78513
1.73760
0.89734

=095
£=105
=075
=
N-W

3.22892
3.36280
3.30156
3.24453
3.19117
1.97628

2.96587
2.92713
2.86147
2.80042
2.74349
1.64167

2.60917
2.59530
252715
2.46398
2.40529
1.40112

2.34679
2.37707
2.31107
2.25027
2.19415
1.26373

2.20721
2.19007
2.12456
2.06447
2.00927
1.14925

2.07679
2.01139
1.94607
1.88643
1.83191
1.03104

1.96930
1.89688
1.83352
1.77592
1.72349
0.96343

£=10.25
£=05
£ =075
{ =
N-W

=
&3]
Il
-3
I
=

3.30056
3.25362
3.21301
3.17781
3.14741
1.84001

3.06609
3.02033
2.98043
2.94562
2.91532
1.68053

2.73727
2.68204
2.63261
2.58830
2.54855
1.43217

2.56654
2.51228
2.46564
2.41998
2.38080
1.33116

2.34196
2.28362
2.23074
2.18270
2.13904
1.15931

2.20264
2.14224
2.08743
2.03763
1.99234
1.06802

2.05205
1.99024
1.93416
1.88319
1.83682
0.96989

i =0 2 =10
H=2
=0
=gk
/=
N-W

3.34100
3.26020
3.18520
3.11542
3.05049
1.80559

2.90384
2.82100
2.74437
2.67338
2.60763
1.48215

2.65928
2.58084
2.50876
2.44250
2.38163
1.33512

2.52851
2.45680
2.39147
2.33197
2.27786
1.28240

2.26358
2.18858
2.12013
2.05767
2.00070
1.09695

2.12566
2.05288
1.98683
1.92692
1.87263
1.01065

2.05398
1.98537
1.92353
1.86784
1.81776
0.98472

Table 4: EMSE for regression estimators.

Table 4 displays the empirical mean square errors of our recursive regres-

sion estimators for ¢

ab o ks
S0

1

1} and the one of Nadaraya-Watson (N-W)
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Figure 3: EMSE for regression estimators.

estimator, for K = 0,0.5,1,5,7,10. These results show that the efficiency of
our recursive estimators is increasing according to £ in terms of the EMSE,
and the Nadaraya-Watson estimator is preferable to recursive estimators.
The results of Table 4 are represented at Figure 3 for k = 0.5

Table 5 displays the empirical maximum absolute error of our recursive
regression estimators for ¢ € {0, é, %, %, l} and the one of Nadaraya-Waston
estimator, for k = 0,0.5,1,5,7,10. In this example, we obhserve the same
behavior of regression estimators as for density estimation.

Figure 4 represents the case k = 0.5 of Table 5. Finally, Table 6 represents
the CPU-time in seconds of recursive estimators, for £ € {O, }I, %, %, 1} and
for Nadaray-Watson estimator. We note in this example a big advantage in
time of computation point view by replacing the classical kernel by recursive

kernel.



k 200 250 300 350 400 450 500
= 4.09858 3.83213 3.61061 3.42434 3.29892 3.17187 3.01985
=025 | 4.04305 3.76962 3.54374 3.35715 3.23011 3.10135 2.94602
£=05 |3.98929 3.71029 3.48023 3.29378 3.16580 3.03564 2.87728
(=0.75]393741 3.65455 3.42115 3.23412 3.10569 2.97428 2.81394
=1 3.88759 3.60383 3.36560 3.17814 3.04993 2.91750 2.75508
N-W 274989 248017 2.26247 2.09108 1.99919 1.87329 1.72352
hE=0hE = 4.72216 4.43001 4.19203 3.99124 3.85568 3.74682 3.61955
£=0.25 | 4.65306 4.35747 4.11601 3.91216 3.77838 3.66920 3.54210
=05 |459221 429144 404838 3.84166 3.70901 3.60002 3.47266
£=0.75 | 4.53663 4.23125 3.98790 3.77818 3.64648 3.53756 3.41000
g =l 4.48656 4.17682 3.93319 3.72249 3.58970 3.48110 3.35380
N-W 3.26703 3.01214 2.82928 2.64388 2.53107 2.43394 2.34552
==y 4.96471 4.70513 4.47659 4.29361 4.15159 4.02833 3.88661
=025 | 476208 4.53215 4.27563 4.12990 3.95074 3.85290 3.73843
£=0.5 | 470631 4.47179 4.21082 4.06583 3.88465 3.78494 3.67194
?£=0.75 |4.65292 4.41511 4.15186 4.00705 3.82354 3.72222 3.61069
=1 4.60316 4.36401 4.09914 3.95342 3.76712 3.66473 3.55527
N- 3.34443 3.13341 291629 2.79458 2.62940 2.55343 2.46962
=0 497337 4.66381 4.39176 4.18760 4.02391 3.85424 3.70874
£=0.25 | 491732 4.59799 4.31603 4.11142 3.94858 3.77660 3.62706
£=05 |4.86498 4.53534 4.24575 4.03990 3.87940 3.70429 3.55122
£=0.75 | 481712 4.47631 4.18150 3.97399 3.81542 3.63711 3.48132
£=1 4.77187 4.42031 4.12276 3.91333 3.75573 3.57469 3.41663
N-W 3.68481 3.32573 3.05368 2.86946 2.73227 2.54701 2.40723
B =1 497394 4.74539 4.50261 4.37304 4.19653 4.08109 3.93051
£=0.25 | 491896 4.69523 4.44663 4.31789 4.13483 4.01538 3.86248
(=05 |4.88078 4.64928 4.39485 4.26645 4.07865 3.95486 3.80200
=075 | 4.84819 4.60888 4.34742 4.21935 4.02835 3.90040 3.74650
=l 4.82042 4.57445 4.30448 4.17700 3.98201 3.85086 3.69624
N-W 3.62564 3.39146 3.12889 3.02900 2.85088 2.73432 2.62157
s=a00 15 =1 5.02434 4.70932 4.51557 4.38363 4.17785 4.05350 3.94531
=025 | 495799 4.63293 4.44064 4.31099 4.10012 3.97475 3.86640
£=0.5 |4.89591 4.56150 4.37124 4.24448 4.02766 3.90290 3.79535
(=0.75 | 483725 4.49501 4.30819 4.18272 3.96062 3.83716 3.73052
il 478165 4.43303 4.24968 4.12604 3.89903 3.77691 3.67104
N-W 3.60823 3.29731 3.13773 3.04311 2.85004 2.73057 2.64798

Table 5: EAME for regression estimators.
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k 200 250 300 350 400 450 500
=1) 0.17v 0.20 030 039 049 061 0.71
f=0E || O 022 e 0A  Es O 0
=) 5RO TR 2 () NS (TS (P ()73 SR ()P4 SRS (265 () S (0 71()
e T L U v il 0 5 i s AT |
f=1 L0210 R S (JE2BSEN () S 6 () AR ()55 58 ()65
N-W 0.24 9.20 18.87 29.65 41.65 54.46 68.50
Table 6: CPU time for regression estimators.
6. Appendix

Let us begin this appendix by recalling the Toeplitz’s lemma used in our
proofs.

Lemma 6.1 (Toeplitz). Let (ank), 5, 1y be @ sequence of real number and
let (wn)n>1 @ sequence which converge to w. Moreover we suppose that:
(iEor allk > 1lin,. s a,: = 0;
() iy ¥ ool o = A% 00;
(@) Foriallon 211D o o |Gl < 00
Then > 27 Gnpwr —+ Aw as — oo.

Now we recall the following theorem, Theorem 3.2 in Jain et al. (1975), that
is the main tool in establishing the main results.
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Theorem 6.2 Let X, be a sequence of random vartables defined on a pro-
bability space (Q, F, P) such that for alln > 0, B[X?% o (X1,...,X, —1)]
ezists and B[ Xx|o( Xy, oo, Xaa) =0 aa. Eel S, =301 1 X, "Sp= 0 gnd
Vs SRR o (K, UL ) ' L VR0 et o e et )
assume that V,, — co a.s. and

= (Inln V4)"
e <o as
k

Xt V )
= ( (e e
Let S be a random function defined on [0, +oo[ obtained by setting fort €

[V, V|, S(t) = Sn. Then, redefining {S(t),t > 0} if necessary on a new
probability space, there exists a Brownian motion £ such that:

18() —£@)] = o (t% (1n1nt)“T“) _
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