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ON AVERAGING AND MIXING FOR STOCHASTIC PDES

GUAN HUANG AND SERGEI KUKSIN

ABSTRACT. We examine the convergence in the Krylov—Bogolyubov averaging
for nonlinear stochastic perturbations of linear PDEs with pure imaginary
spectrum and show that if the involved effective equation is mixing, then the
convergence is uniform in time.

1. INTRODUCTION

The Krylov—Bogolyubov averaging for stochastic PDEs which we are concerned
with in this work, means the following. Starting with a linear PDE on a torus
(or on a bounded domain) with pure imaginary spectrum we consider its e-small
nonlinear stochastic perturbation. Then the above mentioned averaging describes
the behaviour of the distributions of actions of solutions for the perturbed equation
on time-intervals of order e~. Here the actions of solutions are made by the halves
of squared norms of their Fourier coefficients with respect to the basis, made by
eigenfunctions of the original linear system. Description of the limit is made via an
auxiliary effective equation which is another nonlinear stochastic equation whose
nonlinearity is made from resonant terms of the nonlinear part of the perturbation.
The effective equation may be mixing, and then as time goes to infinity its solutions
converge in distributions to a statistical equilibrium, given by a measure in a func-
tion space. An observation which we make in this work is that in the mixing case
the convergence in distribution of actions of solutions for the perturbed equation
to those of solution for the effective equation, described by the Krylov—Bogolyubov
averaging, is uniform in time.

The Krylov—Bogolyubov averaging under discussion applies to various classes of
stochastic PDEs, depending on the type of the original unperturbed linear system.
In Sections 2-3 we discuss in details the averaging for stochastic complex Ginzburg—
Landau (CGL) equations, regarded as perturbations of linear Schrédinger equa-
tions, and in Section 4 briefly repeat the argument for stochastic nonlinear wave
equations.

Notation. For a Banach space B and R > 0 we denote Bgr(B) = {be B: |b|gp < R};
for a metric space M, P(M) stands for the space of probability Borel measures
on M. By — we denote the weak convergence of measures and by D(£) we denote
the distribution of a random variable £. For a function f and a measure p we

denote (f,u) = [ fdu.
2. CGL: THE SETTING AND RESULT

We consider a stochastic CGL equation on a torus TP := R/(L;Z) x R/(LsZ) x
~-xR/(LpZ), L1,...,Lp >0,

g +i(-A+ V(2))u = epAu + e P (Vu,u) +Ven(t,z), uw=u(t,z), zeT?, (2.1)
where p € {0,1}, & : CP*t » C is a C*™-smooth function, ¢ € (0,1] is a small
parameter, the random force 7n(t,z) is white in time and regular in z, and the
potential V(z) is a real smooth function. If g = 0, the nonlinearity Z(Vu,u)

should not depend on Vu. For simplicity we assume that p = 1 (the case pu =0
1
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can be treated similarly). Again only to simplify presentation we also assume that
V(z) >0 for all z.
For any s € R we denote by H*® the Sobolev space of complex functions on TP,
provided with the norm | - ||,
Jul? = ((=A)"u,u) + (u,u), if s >0,

where (-,-) is the real scalar product in L?(T?;C),
(u,v) = %/du@dx, u,v e L*(TP:C).
T

Let {e;(x),l € N} be the usual trigonometric basis of the space L2(T?), parametrized
by natural numbers. Then —Ae; = ke, k; > 0, and we assume that 0 = k1 < kg <
K3,.... We take the force term n(¢,z) in (2.1) to be of the form

W)= GE(e), &(ta) = ThA(e). (22

Here B(t) = B () + 8] (t), where Bf(t), B (t), | > 1, are independent real-valued
standard Brownian motions, defined on a complete probability space (2, F,P) with
a filtration {F;;t > 0}.! As a function of z, £(t,2) is assumed to be smooth in the
sense that the real numbers b;,[ > 1, decays to zero faster than any negative degree
of [.

Introducing the slow time 7 = €t, we rewrite eq. (2.1) as

w+e (A +V(2)u=Au+ P(Vu,u) +E(r,z), u=u(rz), zeT?, (2.3)

where the upper dot stands for 9/07, and £(7,x) is as in (2.2) with ¢ := 7 and
with another set of standard independent complex Brownian motions ;. Here and
below we write stochastic PDEs with additive noise as nonlinear PDEs with forcing
terms of the form (2.2).

Definition 2.1. If L and E are Banach spaces with norms |- |z and |- |g, then
Lip,,(L, E), m >0, is the collection of maps F : L - F such that for any R > 1,

sup ((1+|R) ™ (Lip(F|g )+ sup |F(v)]g)) < oo,
R>0 veBRr(L)

where Lip(f) is the Lipschitz constant of a mapping f.
We make the following assumption concerning the well-posedness of eq. (2.3).
There and everywhere below in our paper
either always the indices s of involved Sobolev spaces H® are integer,
or always they are any real numbers.
Assumption 2.2. There exist numbers 0 < s1 < $o < +00 and m € N such that for
each s € (s1, $2),
(1) the mapping H® —» H*™': uw P(Vu,u) belongs to Lip,,(H*, H*');
(2) for any £ € (0,1] and up € H® equation (2.3) has a unique strong solution
u®(T;up), equal ug at 7 =0, defined for 7> 0, and
E sup [u(r;uo) 3™ < Cs(Juolls),  ¥6>0,
0<T<6+1
where C(+) is a continuous and non-decreasing function.
(3) If we work in the category of Sobolev spaces with integer indices, then the
integer segment (s1,s2) NZ contains at least two points.

130 {Bi(t)} are standard independent complex Brownian motions.
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Under the above assumptions the family of solutions {u® (7;ug),uq € H*} defines
in the spaces H®, s € (s1,s2), Markov processes.
Assumption 2.2 is satisfied for many nonlinearities 2. In particular it holds if
P(Vu,u) = —u+5fp(Jul*)u, 3€C, [3]=1,33<0, R <0, (24)
where f,(r) is a non-decreasing smooth function on R, equal r? for r > 1. The
degree p > 01is any if D =1,2, and p<2/(D -2) if D > 3. See [4, Section 5].
We denote by Ay the Schrodinger operator

Avu:=-Au+V(x)u.
Let {\;};1>1 be its eigenvalues, ordered in such a way that
0<A1 <A< A3 <o

(we recall that V' > 0) and let {¢;, [ > 1} ¢ L3(TP) be an orthonormal basis,
formed by the corresponding eigenfunctions. We denote A = (A1, A\g,...) and call A
the frequency vector of eq. (2.3). For a complex-valued function u € H® we denote
by
U(u):=v=(v1,v2,...), vge€C,

the vector of its Fourier coefficients with respect to the basis {¢;}i51: = Y1 vigy.
Note that U is a real operator: it maps real functions u(-) to real vectors v. In the
space of complex sequences v = (v1,vs,...) we introduce the norms

W2 = S (Ml + 1) o, seR,
k=1

and denote h® = {v:|v|s < 0o}. Then ¥ defines an isomorphism between the spaces
H? and h*, for any s.
Now we write Eq. (2.3) in the v-variables:

Vg + 6_1i>\k11k = = Agvg + Pp(v) + Z \I/klbl@, k eN. (2.5)
=1
Here the k-th equation is obtained as the L2-scalar product with ¢y, of eq. (2.3),
where v = ¥ 'v. So

P(v) = (Py(v), keN) = \II(V(x)u + ﬂ(w,u)), w=0"1y,

and Uy = (¢, €;) (thus (\I/kl) is the matrix of the operator ¥ with respect to the
trigonometric basis in L2(T”) and the natural basis in h°).

Our task is to study the dynamics of eq. (2.5) when £ «< 1. An efficient way
to deal with this problem is through the interaction representation, which means
transition from variables {vg(7)} to variables {ax(7)}, where

ap(7) = € MTuu(r), k1.

In the a-variables equations (2.5) read
ak(T) = —Akak + eisil)\kTPk((I)_g—lATa) + 61‘571)\"“’7 Z \IlklblBI, ke N, T 2 0, (26)
1=1

where for a vector § = (0, k € N) e R®, &y stands for the rotation in h*®, defined
by
dgv =1, v} =% VE. (2.7)

Clearly operators @4 define isometries of all spaces h®. By a®(7;vp) = (ai(T; vo), k>1)
we denote a solution u(7;ug), written in the a-variables. It solves system (2.6) with
the initial data

a(0) = vg = U (ug),
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and in view of Assumption 2.2.(2),

E sup |a€(7’;vo)|§m <Ci(lvols), VO=0. (2.8)

0<T<0+1

In order to describe the dynamics of eq. (2.6) with ¢ «< 1 we introduce an
effective equation:

ag :—/\kak+Rk(a)+ZB;€1@, keN, 72>0. (2.9)
=1
Here {By, k,1 > 1} is the principal square root of infinite matrix {Ay;, k,1 > 1},2
Ay = Y1 03 WaWys, if g = N,
0, else,
and | T
R(a) = (Ri(a), keN) = Jim - /0 O P(D_ppa)dt (2.10)

(see [4, Lemma 4] concerning this limit). Under (1) of Assumption 2.2, for s €
(s1,52), the mapping h® - h*7! : v = R(v) belongs to Lip,,(h*,h*1), see [4].
Therefore for any ag € H* with s € (s1,52), a strong solution a®(7;a0) of eq. (2.9),
equal ag at 7 = 0, is unique and exists at least locally. In [4, Theorem 2 and
Proposition 1] we proved the following result:

Theorem 2.3. If Assumption 2.2 holds, then for any s1 < s, < § < s3 and any
v € h® we have:

i) eq. (2.9) has a unique strong solution a®(7;vg), 7> 0, equal to vy at 7 =0. It
belongs to C([0,00),h%) a.s., and for any 6 >0,

E sup |a®(7;00)2™ < CL(Jvols). (2.11)
T€[0,60+1]

it) For any T > 0,
D(GE(T;U0)|[07T]) - D(aO(T;v0)|[07T]) n P(C([O,T]);hs*)) as €~ 0. (2.12)

Remark 2.4. 1) In [4] it was proved only the second assertion of the theorem,
implying that a” is a solution of eq. (2.9) in h%. Then (2.8) and Fatou’s lemma
imply (2.11). Indeed, for M € N let I (ay,az,...) = (a1,...,an,0,...). Then by
(2.8) and convergence (2.12), for each § >0 and any M, N €N

E sup N A[aa®(r;00)2™ < Ci(lvols).-

T€[60,0+1]

Sending first N — oo and then M — oo and using Fatou’s lemma we recover (2.11).
Since a° is a solution in h**, then dues to (2.11) it is a solution in h°. Uniqueness
of a solution is obvious.

2) Tt follows immediately that (2.12) also holds for a solution a®(7;vg) if the
initial data vy is a r.v. in A%, independent from the random field £. Moreover, a
simple analysis of the proof in [4] implies that if |v§|s < M a.s., then the rate of
convergence (2.12) depends only on M (and, of course, on s, < 3).

3) Theorem’s assertion with the same proof remains true if in the r.h.s. of
eq. (2.3) we replace the viscosity Au by the hyperviscosity —(-A + 1) u, r € N
(provided that Assumption 2.2 holds for the equation). The equations with hyper-
viscosity are important for some applications, see below Example 2.11.

4) In [4] the bounds Esupyc, g1 |[u(7;u0) |5 are assumed for all m-th moments
of solutions, m € N. It was done only for simplicity, and under the additional
restriction in Assumption 2.2.(1), which specifies the growth of the the nonlinearity

2 The matrix (Ag;) defines a non-negative compact self-adjoint operator in the space I2. So its
principal square root (which defines another non-negative compact self-adjoint operator) exists.
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Z, only the bounds for the moments with m < 2m are needed for the proof. This
difference is rather insignificant since using the standard techniques of exponential
supermartingales it is usually easy to obtain bounds for all m-th moments after the
second moments are estimated.

Again, solutions a®(7;vg) of (2.9) define in the space h** a Markov process.

Our goal in this work is to prove that if effective equation (2.9) is mixing, then
convergence (2.12) is such that D(a®(7;v9)) - D(a’(7;v0)) uniformly in 7 > 0,
with respect to the dual-Lipschitz distance. We recall

Definition 2.5. Let M be a complete and separable metric space. For any two
measures fi1, 2 € P(M) the dual-Lipschitz distance between them is

lpa = pall 70 = sup ‘(ﬂﬂl)‘(ﬁﬂz)’él
feC(M),|flL,m<1

where |f|z ar = Lipf + | flc(ar)-

For future usage we note that for s > s’ space P(h®) is naturally embedded in
P(h*"), and it easily follows from the definition that for 1, s € P(h*) the distance
lp1 = p2]l; . is a non-decreasing function of " < s.

To proceed we have to assume that the effective equation is mixing, and the rate
of mixing is uniform for initial data from bounded sets:

Assumption 2.6. For some s, € (s1,s2) effective equation (2.9) is mixing in the
space h°* with a stationary measure u® € P(h®+), and for each M > 0 and v ¢
By (h®*), we have

ID(a®(730)) = 10N7 pew < (1), (2.13)
where g is a continuous function of (M, 1) which goes to zero when 7 — oco.

Relation (2.13) is a mild specification of the mixing in eq. (2.9), and a proof of
the latter in fact usually establishes the former.
Our main result is the following:

Theorem 2.7. Under Assumptions 2.2 and 2.6, for any 5 € (54, s2) and any vg € h®

linysup [D(a (r:0)) = D{a (73 00)) |- =0
Vo>

where a®(T;v0) and a®(7;v0) solve respectively equations (2.6) and (2.9) with initial
conditions a®(0;vp) = a®(0;v9) = vg. Moreover, for any M > 0 the above convergence
is uniform for vy € Bar(h®).

For v = (v1,v2,...) € h® we introduce the vector of action variables I(v) =
(I1(v), I3(v),...), where I(v) = %|’Uk|2, k=1,2,.... Then I(v) € h; n RS, where
h$ is the weighted ['-space with the norm |I];s = Ypoq (|Mk|* + 1)|Zx|. Since the
interaction representation does not change the actions, then for the action variables
of solutions for the original equations (2.5) we have

Corollary 2.8. Under the assumptions of Theorem 2.7 actions of a solution v¢(T;vq)
for eq. (2.5) with vy € h®, 5> s, satisfy

lim sup [D(1(v"(73v0))) = D((L(@”(7300))) 1 pz» =0-
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2.1. Examples. For a finite-dimensional stochastic equation
— . - N .
ak(T):eza 1/\kTPk(¢L€flA-,—a)+€w 1/\kTZMIclBl(T)7 k=1,...,N, (2_14)
=1

where a(7) = (a1,...,an)(7) € C¥ and A = (\y,...,Ay), satisfying a natural
analogy of Assumptions 2.2, 2.6, a natural version of Theorem 2.7 holds. If the
matrix (My;) is non-degenerate and Assumption 2.2 is met, then a convenient
sufficient condition for Assumption 2.6 follows from the Khasminski criterion for
mixing (details will be given in paper on the finite-dimensional stochastic averaging
under preparation).? For infinite-dimensional stochastic systems an instrumental
criterion of mixing is not known yet. We believe that as in finite dimensions,
Assumption 2.6 holds for effective equations for various equations (2.3), satisfying
Assumption 2.2, at least if the random forces (2.2) is such that all b;’s are non-zero.
Examples below are given to support this belief.

Example 2.9. Consider eq. (2.3), where #(Vu,u) = #(u) has the form (2.4)
with 3 = —1. Since the function f, is monotone, then mapping & also is monotone
in the sense that

(P(u) - P(v),u-v)20 VYu,veL>(TP;C).

From definition (2.10) we see that operator R is monotone as well. Taking any two
vectors v}, v? € h* and denoting w(7) = a®(7;v!) — a®(7;v?) we immediately derive
from the equation for w that (d/dt)|w® ()| < -3Aijw* (7)[3. So

%o V720, Vw.

This very strong a-priori estimate implies Assumption 2.6 after some non-complicated
work.

Example 2.10. Now let &(Vu,u) = #(u) has the form (2.4), where 933 < 0 and
J3 < 0. Then relation (2.13) with ga(7) = C(M)e™ ", k> 0, and with sufficiently
large integer s. follows from the abstract theorems in [10, Theorem 2.1] and [5,
Theorem 3.1.7] since solutions a® inherit estimates for solutions a® via convergence
(2.12). We leave to the reader details of this derivation (which are not quite trivial).

Example 2.11. Consider eq. (2.3) with 2(Vu,u) = —ip|ul*u, with V = 0 and with
a hyperviscosity instead of viscosity:

w—ie 'Au=—(-A+1D)"u—iplufu+é(r,z), xeTP=RP/(LZP). (2.15)

Here 7 € N, p > 0 is a scaling factor and £ has the form (2.2), where all b;’s are non-
zero. Now Ay = —A, so its eigenfunctions are exponents ™% s e L71ZP. The
action variables I,(7) of solutions u(7, x) are naturally parametrised by s € L71ZP.
The theory of wave turbulence (WT), among other things, examine the behaviour
of the expectations of the actions EI;(7) under the limit of WT:

|w® (1)]o < 67>\1T|’U1 -

e—>0, L— oo,

when p is properly scaled with € and L. See [9] and the introduction in [3]. For any
dimension D solutions of eq. (2.15) with r sufficiently large in terms of D satisfy
Assumption 2.2 by the same straightforward proof as for eq. (2.3) with & as in
(2.4), and the equation also meets Assumption 2.6 with sufficiently large integer
s, in view of the abstract theorems, mentioned in Example 2.10. So Corollary 2.8
applies to eq. (2.15) with p and L fixed, under the limit € - 0 and imply that the
expectations of the actions of solutions for (2.15) converge to those of solutions

31In [2, Theorem 2.9] the uniform in time convergence as above is proved for a class of systems
(2.14). The proof in [2] is based on the observation that the corresponding v-equations are mixing
with a rate of mixing, independent from e.
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for the corresponding effective equation, uniformly in time. The limit ¢ — 0 in
eq. (2.15) and in similar equations is known in nonlinear physics as the limit of
discrete turbulence. See [9], [6] and [3, Sections 1.2,12.1].

3. PROOF OF THEOREM 2.7

Below we always assume Assumptions 2.2 and 2.6. We fix 5 > s, and vy € h® as
in Theorem 2.7. We abbreviate || - [ ;.. to |-[7 and a“(7;v0) to a“(7). For any

T’ > 0 we denote by a¥,(7) a weak solution of the effective equation (2.9) such that
D(a7.(0)) = D(a*(T")).

Note that solution aJ(7) depends on ¢ and that a(7) = a®(7;v0).
The following lemma follows from Theorem 2.3, Assumption 2.2.(2) and Re-
mark 2.4.2).

Lemma 3.1. For any § >0 and T > 0 there exists €1 = €1(6,T) > 0 such that if
e<eyq, then

sup | D(a*(T" +7)) = D(ag (1)L e <6/2, ¥T'>0. (3.1)
7€[0,T]

Since by Assumption 2.6, D(a’(7;0)) - p° in P(h®*) as 7 — oo, then from
estimate (2.11) and Fatou’s lemma we derive that
([o2™, 1) < C5(0) = Co. (3.2)
We need the following statement for the mixing in eq. (2.9).

Lemma 3.2. For any solution a®(7; ) € h**, 7 > 0, of effective equation (2.9) such
that D(a®(0; 1)) =: ju, where the measure p satisfies

(lal2™, p(da)) = Ela®(0; )2 < M for some M >0,

we have
ID(a®(m5 1)) = 1017 < gna(7od) if - p°7 <d<2. (3.3)

Here the function g:R3 - R,, (M, 7,d) = gar(7,d) is continuous, vanishes with d,
converges to zero when T — oo and is such that for each fixed M > 0 the function
(1,d) = gr(7,d) is uniformly continuous in d for (1,d) € [0,00) x [0,2].

A proof of the lemma is rather straightforward but lengthy. It is given below in
Subsection 3.1.

We denote

M, = Cg(|v0|§)’
where CL(Jvo|s) is as in (2.8) and (2.11). Constants in the estimates below depend
on M, , but this dependence usually is not indicated.
Lemma 3.3. Take any § >0 and choose a T* =T*(5) > 0, satisfying
g, (T,2) < 6/4 VT >T".
Then there exists e3 = £2(8) > 0 such that if € < eg and |D(a(T")) - u°|; <& for
some T' >0, then
ID(a(T" +T%)) - "1, <6, (3.4)

and

sup | D(a*(7)) = u°[, < 5 +supgar, (7,9). (3.5)
Te[ T, T'+T*] 720
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Proof. Let us choose e2(d) = sl(g,T*(é)), where £1(-) is as in Lemma 3.1. Then
we get from (3.1), (2.11), (3.3) with M = M, and the definition of T that for € < eo,

|D(a™(T"+T%)) = p°7, < D (a*(T" + T7)) = D(a (T))
+|D(aq (T*)) = u°[ 1, <.
This proves (3.4). Next, in view of (3.1) and (3.3),

sup [ D(a*(T"+6)) - 1l
0€[0,7]

< sup [ D(a™(T"+0)) - D(ag(9)|L + sup [D(az.(0)) - 1"}
0€[0,T*] 0€[0,T*]

)
<= 0,0).
5 +ag§)§j§*]gm( )

This implies (3.5). O
We are now ready to prove Theorem 2.7.

Proof. [of Theorem 2.7.] Let us fix arbitrary § > 0 and take some 0 < d; < 6/4.
Below in the proof the functions €1, o and T* are as in Lemmas 3.1 and 3.3.
i) By the definition of 7% =T* (1), (2.11) and (3.3),

ID(a (7)) - 105 <d/4 V72T, (3.6)

for any T” > 0.
ii) By Lemma 3.1, if £ <1 =&1(%,T*) >0, then

sup [D(a®(7)) = D(a’(m300)) 7 < - (3.7)
0<7<T™*
In particular, in view of (3.6) with 7”7 =0,
ID(a"(T")) - 101}, < 6. (3.5)

iii) By (3.8) and (3.4) with § = 6; and with 7" = nT™, n = 1,2,... we get
inductively that
ID(a(nT*)) - p°|}, <61 ¥neN, (3.9)
ife<eg= 62(51).
iv) Now by (3.9) and (3.5) with § = d;, for any ne N and 0< 60 <T",

HD(aE(nT* +6)) - u° |7 <1/2+ seug)gM* (0,61), (3.10)
>

if € <ea(01).
v) Finally, if ¢ < £4(01) = min {e1,e2}, then by (3.7) if 7 < T* and by (3.6)+(3.10)
if 7 >T* we have that

ID(a®(7)) = D(a®(7500)) |7 < 61 + seung* (6,61) V7 20.
>0
By Lemma 3.2, for M, fixed the function gy, (6,d) is uniformly continuous in d
and vanishes at d = 0. So there exists §* = 6*(§), which we may assume to be < §/4,

such that if 01 = 0%, then gp, (0,01) < §/2 for every 6§ > 0. Then by the estimate
above,

ID(a(7)) = D(a®(7;v0)) |7 <6 if e <e(0):=ex(67(8)) >0,

for every positive §. This proves the theorem’s assertion. O
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3.1. Proof of Lemma 3.2. In this proof we write solutions of effective equation
(2.9) as a(7) (rather than a°(7)).

i) At this step, for any non-random v!, v? € By (h**) we denote ay(7) = a”(r, v?),
j = 1,2, and examine the distance |D(a1(7)) — D(a2(7))|; as a function of 7
and |[v! - v?|;,. We assume that |[v! - v?|,, < d for some d > 0 and set w*(7) =
a$(7) —ay (7). We have

WY = —Ayw” + R(ay) - R(a¥).
So by Duhamel’s principle,
w(r) = Tw(0) + [T eI (R(a (1) - R(as (1))t
0

Here |w(0)|s, < d, and by (1) of Assumption 2.2
[R(af' (1)) = R(a5 (1))]s.-1 < Clw®(1)]s, X¥(7),  X“(7) = L+]af (7)[7) + a5 (7)1
For 6 > 0 the norm of the operator e™4v?: H**~! - H*+ is bounded by x(6), where

Co2 0<6<1,

x(0) = —c

Ce ™, 60>1,

with some C, ¢ > 0. So if maxpcer X“(t) < K, then
W (P, < de™7+ KC [ x(r = Dl (D).l
0
Applying Gronwall’s lemma we derive from here that
|w* (T)s, <d(1+CKe“ ), ¥720. (3.11)

for some positive constants C,c;.
Denote Y (T') = supgeser | X“(¢)]- By (2.11),

EY(T)<2(1+C. (M))(T +1).

For K > 0 let Qg (T) be the event {Y(T) > K}. Then P(Qx(T)) < 2(1 +
CL (M) T+1)K™, and |ay (1) —az(7)|s, = [w*(7)|s, satisfies (3.11) for w ¢ Qg (T).
From here we see that if f € Cy(h®*) is such that |f|c,(n+) <1 and Lip f <1, then
E(f(al(T)) - f(ag(T))) <2P(Qg (7)) +d(1 + CKeClK)

L . (3.12)
<A(L+CL (M) (t+1)K " +d(1+CKe™™) VK >0.

Let us denote by g1,(7,d) the function in the r.h.s. above with K =InIn (J’l v 3).
This is a continuous function of (M, 7,d) € R3, vanishing when d = 0. Due to (2.13)
and (3.12),

ID(a(r;0"))-D(a(;0*))|}, = |P(ai(r)) - D(az())};
< 2o (7)) A gay (1,d) A2 =: g3y (7, d),

if v, vy € Bps(R®) andel—vz|S* <d, for any M, d > 0. The function g2 is continuous
in the variables (M, 7, d), vanishes with d and goes to zero when 7 — oo since gas(7)
does.

(3.13)

ii) At this step we consider a solution a’(7; ) =t a(7; ) of (2.9) as in the lemma
and examine the Lh.s. of (3.3) as a function of 7. For any K > 0 consider the
conditional probabilities px = u(- | Bx (h**)) and fig = u(- | % ~ B (h**)). Then
w=Agur+Agfir, where Ag = u(Bg (h**)) and Ag = P{|a(0)|,, > K} < M/K?*™
as Ela(0)2™ < M. So

D(a(r, 1)) = AxD(a(T; pk ) + AxD(a(T; ik ))- (3.14)
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In view of Assumption 2.6,
ID(a(rs 1ur)) = 1”17 = | f [D(a(r;0))Jux (dv) = u°[ 1
< [ IDa(ri0)) = 1l Lprc(d) < gxe(7).
Therefore due to (3.14),
ID(a(r, 1)) = 1°l, < AxID(a(7, 1ux)) = 117, + Ak [ D(a(r, 1)) = 1O,

.o M
< D(a(r, pr)) = 105 + 24K < gre (7) + 2K2m for K >0 and 72> 0.

Let K1(7) > 0 be a continuous non-decreasing function such that K;(7) - oo and
Ok, (r)(T) > 0 as 7 — oo (it exists since gx (7) is a continuous function of (K, 7),
going to 0 as 7 — oo for each fixed K). Then choosing in the estimate above K = K
we get
ID(a(rs) = 100 < 816, (1) + i = 0 (1) (3.15)
3 LXYK, (1) Kl(T)Qm M . .
Obviously gas(7) > 0 is a continuous function on R? | converging to 0 as 7 — oo.
iii) Now we examine the Lh.s. of (3.3) as a function of 7 and d. Recall that the

Kantorovich distance between measures v, v, on h** is

[v1 =velx = sup (f,v1)=(f,v2) < oo.
Lip f<1

Obviously v — e[} < |v1 — v2| k. Since the 2m-th moments of p and u° are
bounded by M v Cy by (3.2) and the assumption on p and since |u—p°||} < d, then

|-k <C(M v Co) d™ =d, 7 =50, 72 = 252 (3.16)

2m
see [1, Section 11.4] and [11, Chapter 7]. By the Kantorovich-Rubinstein theo-
rem (see [11, 1]) there exist r.v.’s £ and &y, defined on a new probability space
(', F',P"), such that D(¢) = u, D(&) = u° and
El¢1 - &ols, = lu- 1]k (3.17)
Then using (3.13) and denoting by as:(7) a stationary solution of (2.9), D(as(7)) =
u°, we have:

ID(a(r)) = 1013 = |Da(r; 1) - D(asi (7)) < E¥[D(a(r;:6")) - D(a(r:5))]},
<EYgR (r )¢ - €8N, M=M= |, vIEY ...

As E¥' M>™ < 2(M v Cy), then for any K >0,
PY(Q%) <2K>™(M v Cy), Qh={M>K}cq.
Since g% <2 and for o’ ¢ Q' we have [¢¥'],,,[€4"|s, < K, then
ID(a(r)) - 1°[p <4K2™(M v Co) + E¥ g5 (7, € —&§']5,) VK >0.
For an r > 0 let us denote € = {|¢* = ¢4'|s, > r}. Then by (3.17) and (3.16),

P <dr . So

ID(a(r))- iP5 < AK 2™ (M v Co)+2dr~ + g% (1,7), for any K,r>0. (3.18)
Let go(l) be a positive continuous function on R. such that go(l) - oo as | — +oo
in such a way that |C;*(go(l))(lnlnl)_1/2| < 2C% (0) for I > 3. With r = d'/? and
K = go(r™'), we denote the r.h.s of (3.18) as g3,(7,7) (so we substitute in (3.18)
d=7%and K = go(r™)). By (3.18) and the definition of g* (see (3.13)), we have
ID(a(r) = 1017, < gas (7,7) < 490 (r™)) > (M v Co) + 27

+4(r+1)(1+CL, (90(7‘71)))( Inln(r~* v 3))_1 +7rClnln(r™" v3)exp (¢; Inln(r™' v 3))
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As r - 0 the second and fourth terms converge to zero. By the choice of g,
the first term clearly converges to zero with r, so does the third term, which is
<8(1+7)(1+C, (0))(1r11n(7“_1))_1/2 for r % Hence g3,(7,7) defines a continuous
function on R?, vanishing with 7. Using (3.16) let us write r = d'/? as r = Ry (d),
where R is a continuous function R? — R, , non-decreasing in d and vanishing with
d. Setting g3,(7,d) = g3,(7, Rar(d A 2)) and using that || — O[3 <2, we get from
the above that
ID(a(r)) = 1017, < gar (7, I = 1°117).-

Finally, evoking (3.15) we arrive at (3.3) with gy = g3, where

gy(r.d) =gy (rd) A (T) A2, 0<d<2.
The function ¢° is continuous, vanishes with d and converges to zero as 7 — co. For
any fixed M > 0 this convergence is uniform in d due to the term gy (7). So for a
fixed M > 0 the function (7,d) = g3,(7,d) extends to a continuous function on the

compact set [0,00] x [0,2] (where it vanishes when T = 00). Thus g3, is uniformly
continuous in d, and the lemma is proved.

4. NLW: THE SETTING AND RESULT

In this section we briefly discuss stochastic nonlinear wave (NLW) equations.
Following [7, 8] we consider the following equations on a smooth bounded domain
D cR3:

OPu+ O — Au = —yf(u) +yh(x) + /yn(t,z), zeD, (4.1)
supplemented with the Dirichlet boundary condition on 0. Here v € (0,1] is a
small parameter, h(z) is a function in H}(®D;R) and the nonlinearity f is C2-
smooth. The random force 7(¢,x) is a white noise of time of the form

) = 50 320808 ).

Here {ﬂf‘(t), j 2 1} is a sequence of independent standard real Brownian motions,
{ej(z),j > 1} is an orthonormal basis in L?(D;R) composed of eigenfunctions of the
Laplacian operator; that is —Ae; = A\je; with 0 <A1 < A2 <.... The set {b;,j > 1}
is a sequence of positive real numbers, satisfying
Bi= ) Ajb? < +oo. (4.2)
j>1

The nonlinear term f meets the following growth condition,

/(@< C(lul™ +1), ueR, (4.3)

where C' and p < 2 are positive constants, as well as the dissipativity conditions
F(u) > -wu®-C, ueR, (4.4)
fw)u—F(u) > -ru* - C, ueR, (4.5)

where F' is the primitive of f and k is a positive constant.
Lemma 4.1. (7, Lemma 4.5]). Under the condition (4.3) we have
2 2 2-
[f(uw) = F)I5 < CUuli,, + v, + Dlu-vli,,.  so= 5555

Let us denote dyu = Lv, where L = (-A)Y2, and set ¢ = u +iv. Then in terms of
¢ equation (4.1) reads

O = iLE = yiTE =il f(RE) =il "n(t, ).
Introducing the slow time 7 = ~¢, we have
08 =y HLE—i3E il f(RE) —in (T, ), (4.6)
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where 7(7, ) = X372, BjBJR(T)ej(x) with b; = bjA;l/Q, j2 1

The NLW equation (4.1) (without the v-factor in the r.h.s) was studied in [7,
8], where the global well-posedness and estimates for the norms of solutions are
established in the Sobolev space H*xH*™! = {(u, 1)}, s € [1,2-5]. A simple analysis
of the proof of [7, Proposition 3.4] or [8, Proposition 5.4] implies the following
statement on the global well-posedness of eq. (4.6):

Theorem 4.2. Assume conditions (4.3), (4.4) and (4.5). Then for any s € [1,2-%
and & € H*(D;C), equation (4.6) has a unique strong solution £7(7;&y), equal to
& at 7 =0 and defined for T 2 0. Uniformly in v € (0,1] this solution satisfies

E sup ”67(7—;50)”3771 < CS(m’ H&)H&B)’ V020, meN, (4'7)
T€[0,0+1]

where Cy is a continuous function, non-decreasing in all its arguments.

Now let us write eq. (4.6) in terms of Fourier coefficients with respect to the
basis {¢;(x)}: § = ¥j51vj¢5. As in Section 2, we use h® to denote the space of
sequences of complex Fourier coefficients and denote by ¥ the map H*(®;C) — h°,
& v:=(v;,j 21). Then we have

bk = v NN 2o — iTug + 1P (v) + ik BE(T), K eN, (4.8)
where P(v) = (Pp(v),k € N) = W(L~' f(9R¢)) with £ = U0, Passing to the inter-
action representation

—iy A2,
ag(T) =€ % Tup(r), k21,
we obtain the following system of equations for the a-variables

3 . iy 1/27' iyt 1/27' ~ ~
ak(T) =qe 7 Ak ( - 3(6 A ak) + Pk(q)y‘lf\fra) + bkﬂg), ke N, (49)

where A = ()\Ilf,k > 1) and operator @ is defined in (2.7). Let us calculate an
effective equation for (4.9), following [4].

i) To calculate the effective diffusion we decomplexify components ay = akR + iai
of the a-vector as (akR + a,Ic) € R? and write the dispersion matrix of the equation
as a block-diagonal real matrix with the blocks by, (COS(;'% _Slg ka)’ where ¢y =
o*(1) = 'y’l)\z/QT for k=1,2,.... So the diffusion matrix of eq. (4.9) — let us call it

cos? oy, — COS (P, sin @y,
— COS @, sin py; sin? oy,
A(7) = limy-o £ f7 A(l)dl. This is a 7-independent block-diagonal real matrix
with the blocks %Bﬁ id, and this is the diffusion matrix of the effective equation.

A(7) — is formed by blocks b7 ( ) Consider the limit

Corresponding dispersion matrix has blocks %Bk id. Coming back to the complex

coordinates we see that the noise in the effective equation is % Y by, Bk(T), where

{Bk (1)} are standard independent complex Brownian motions.
ii) The drift in the effective equation is a sum of two terms. The second one is

: - N
R(a) = (Ri(a),k > 1) = lim — fo b, P(®;,0)dt
(cf. (2.10)). The k-th component of the first term is

I lfT SNy ay) )dt = ik (Jay - i9Ray) = -
TI—I>I<>10T06 1J(e ay = —i5(Jag — Rag) = —5ax.

iii) So the effective equation for (4.9) reads

ar(1) = —tag +iRy(a) + %Ekdﬁk, keN. (4.10)
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By Lemma 4.1 and [4, Lemma 4], we have
|R(a1) = R(az)h < C(laalf_,, Alaali_,, +1)la1 —asli—s,, ar,azeh’.  (4.11)

In particular, the mapping a — R(a) belongs to Lip,.1(h*,h°), s € [s,,1]. Therefore
effective equation (4.10) is at least locally well-posed in h*, s € [s,,1]. Let us denote
a®(7;ag) its solution with an initial condition a®(0;ag) = ag. Similarly let a” (7;vo)
be a solution of eq. (4.9), equal ap at 7 =0. Then using (4.7) and arguing as in [4]
we get

Theorem 4.3. Under the assumptions of Theorem 4.2 we have:
i) for any ag € h*, eq. (4.10) has a unique strong solution a°(7;a0), 7 > 0. It
belongs to C([0,00),h') a.s., and for any 0 > 0 satisfies

Supre[9,9+1]|ao(7.; ao)ﬁm < O(ma |a’|1’ B)v VmeN, (412)

where C' is a continuous function, increasing in all its arguments.
it) For any s > 1, ag € h* and T > 0 we have

D(a"(5a0)ljo.r7) = P(a’(T5a0) |jo.ry)  in P(C([0,T]);h")) as v 0. (4.13)
Moreover, for any M >0 the above convergence is uniform for ag € Bys(h®).
Repeating the argument in Section 3 we get the following analogy to Theorem 2.7:

Theorem 4.4. Assume in addition to the assumption in Theorem 4.3 that the
effective equation (4.10) is mizing in the space h' and that the requirement as in
Assumption 2.6 is met. Then for any s > 1 and vy € h® we have the following
convergence

lim sup | D(a” (1;v0)) = D(a®(7500)) |5 11 = 0.
7=0 730 ’
Moreover, for any M >0 the above convergence is uniform for v € By (h*).

For the original equation (4.1) we introduce the vector of action variables for its
solution u = (u,u¢) as I(u) = (Iy(u),...), where I(u) = 1[(u, ex)|* + 2" [(ue, ex) [,
k=1,.... Then we have the following corollary in analogy to Corollary 2.8:

Corollary 4.5. Under the assumption of Theorem 4.4, for any s > 1 and uy =
[u1,us] € H® x H*71, the action-vector of a solution wY(t;ug) for equation (4.1),
equal uy at t =0, satisfies

lim sup [D(1( (7~ 10))) = D(( (" (7:00))) 7 = 0.

where vo = U (uy +iL  uy).

The result of Theorem 4.4 is conditional since it requires that eq. (4.9) is mixing.
It is not our goal in this short section to check the mixing property. But we mention
that since the effective equation (4.10) is similar to the NLW equation (4.1), written
in the form (4.6), and since by (4.13) solutions for (4.10) inherit the estimates on
solutions for (4.1), obtained in [7, 8], then most likely the proof of the exponential
mixing in eq. (4.1), given in [7] (and based on an abstract theorem from [5]), applies
to establish the exponential mixing for eq. (4.10) and thus verify for it the analogy
of Assumption 2.6, required in Theorem 4.4.
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