N
N

N

HAL

open science

On the Goodness-of-fit Testing of Composite Hypothesis
for Dynamical Systems with Small Noise
A Rabhi

» To cite this version:

A Rabhi. On the Goodness-of-fit Testing of Composite Hypothesis for Dynamical Systems with Small

Noise. Annales de I'ISUP, 2009, LIII (2-3), pp.31-48. hal-03634256

HAL Id: hal-03634256
https://hal.science/hal-03634256

Submitted on 7 Apr 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03634256
https://hal.archives-ouvertes.fr

81l

Pub. Inst. Stat. Univ. Paris
LI, fasc. 2-3, 2009, 31 a 48

On the Goodness-of-fit Testing of Composite
Hypothesis for Dynamical Systems with Small
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and
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Abstract

The problem of the goodness of-fit testing for stochastic differential
equation is considered. A test statistic of the Cramér-von Mises type
is proposed and its asymptotic behavior is studied. The asymptotic
corresponds to the “small noise” approach, i.e., the diffusion coefli-
cient tends to zero. The basic hypothesis is supposed to be composite
parametric and the test statistics depends on the maximum likelihood
estimator of the parameter. We consider two types of problems (un-
der hypothesis): smooth (regular) and change point (singular) types.
The behaviour of the power function of the corresponding tests under
nonparametric alternatives is discussed too.

MSC 2000 Classification : 62M02, 62G10, 62G20.
Keywords: Hypotheses testing, Cramér-von Mises test, diffusion process,
goodness-of-fit tests.

1 Introduction

The goodness-of-fit testing is one of the main subjects of the classical math-
ematical statistics. These tests allow to verify if the mathematical model fits
well to the given data. Our goal is to present some goodness-of-fit tests for
the dynamical system with small noise. The approach is similar to that used
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for the tests of Kolomgorov-Smirnov, Cramér-von Mises and Chi-square (see,
e.g., Durbin [6], Lehmann and Romano [14] and Greenwood and Nikulin [9]).
In fact the mentioned classical tests are distribution free, i.e., their limit dis-
tributions do not depend on the basic hypothesis and therefore for different
statistical models the choice of the threshold can be the same.

Let us remind the properties of the classical tests. Suppose that we ob-
serve n independent identically distributed random variables (Xi,...,X,,) =
X" with continuous distribution function F'(z) and the basic hypothesis is
simple :

aty v Blol=Fla), z € R

Then the Cramér-von Mises W2 and Kolmogorov-Smirnov D, statistics are

w=n [ [B@)-F@] @), Da=swyilke) - R

—0o0

where F, (x) is the empirical distribution function. The corresponding Cra-
mér-von Mises and Kolmogorov-Smirnov tests are

Yn(X™) = Liwzsca)s Pn(X™) = 1(p,>da}

and the thresholds c,, d, are defined as follows. Let us introduce the Brow-
nian bridge {Wy(s),0 < s < 1}, i.e., continuous Gaussian process with:

EWy(s) =0, EWy(s)Wy(t) =t A s — st.

Then the limit behaviour of these statistics can be described with the help
of this process as follows

i
W2 =>f Wo(s)%ds, D, = sup |Wy(s)|.
0

0<s<t
Hence to fix the asymptotic probability a € (0, 1) of the first type error we
take the constants c,,d, as solutions of the equations:

1
P{/ Wo(s)?ds > co} = @, P{ sup [Wy(s)| > d.} = a.
0 0<s<t

These tests are distribution-free. It can be shown that they are consistent
against any fixed alternative (see Durbin [6]).
Remind that in i.i.d. case with the basic parametric hypothesis

Hgbowa Bix) =FB@.a) $=6, zeR
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the Cramér-von Mises and Kolmogorov-Smirnov tests are no more distribu-
tion free see [6].
For a somewhat different hypothesis 73,

2o = CFlo)=F (2 for a specified 9, € ©, zeR

the following test of Cramér [3], Smirnov [16], is available, and the test
function is then

+00
W2 =n [ Fu(a) = Fad0)PdR, ),
—00
The limiting distribution of W2, if 24 is true, was given by Smirnov; it has
been tabulate [1]. This test is distribution free for all n, and it is consistent.
In an effort to modify the W? test to treat the hypothesis % of (1),
Darling [5] propose the test function

Ca = ﬂ./; OC[FH(T) a0 F(mv'é'n)]2dF(X=7§8)

o0

where 9, is a suitable estimator for the unknown parameter ¥ in F(z,9).
and by some condition we have

1
lim P{C <z} = P{/ Y(u)du < z},
n—oo (]

where Y (u) is a Gaussian process with mean 0 and covariance p(s,t) =
k(u,v) — p(u)p(v), see section 4 in Darling [5].
Note that the limit distribution of C,, not depend of the parameter 4.
This work is a continuation of the study started in [4], where the following
goodness of fit test is proposed. Let us consider the problem of hypotheses
testing for the stochastic differential equation

dX; =S(Xp)dt+edW,, Xo=120, 0<t<T,
where W;, 0 <t < T is a Wiener process. The basic hypothesis is simple
G S =8 ) g £ e

where S, () is known function and the alternative, as usual in goodness of
fit testing, is nonparametric:

45\ Sz A5 (B &S B S o,
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Here S,(z) > 0 for z > x and z7 is the solution of the ordinary differential
equation under the hypothesis #5:
dzy
dt

— R Zoaibll S fes T

Then the following Cramér-von Mises (W2) and Kolmogorov-Smirnov
(D.) type statistics are proposed :

T T .

dt 1-2 X — zf\2
N R ey

o Si(x}) o ~eSk(a})
i
dtt stz X, — a3
A e s
Tl 5@ oserleSiary
It is shown that these statistics converge (ase — 0) to the following func-
tionals

1
sz>f W(s)®ds, D. = sup |W(s)|,
0

0<t<T

where {IW(s),0 < s < 1} is the Wiener process. Hence the corresponding
tests

Ve(X®) = Liwzsen)y  0e(X®) = Tpe1p,5a,)

with the constants ¢, d, defined by the equations:

1
P{/ W(s)3ds > co} = a, P{sup [W(s)| > ds} =a
Jo 0

<s<t

are of asymptotic size a. Note that the choice of the thresholds does not
depend on the hypothesis (distribution free) and theses tests are consistent
against any fixed alternative.

At the present work, we consider the similar problem but with the com-
posite basic hypothesis. We suppose that under hypothesis the trend coeffi-
cient depends on the unknown one-dimensional parameter, i.e.,

dX, = S, X,) dt + edW,, Xo=mo, 0<t<T,

and we describe the limit (¢ — 0) distributions of the Cramér-von Mises type
statistic in this parametric case in two situations: smooth and change-point
type dependence of the trend coefficient on the unknown parameter.
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2 Model of observation

Suppose that we have an observation X¢ = {X,,0 < ¢ < T’} in continuous
time of the solution of the stochastic differential equation:

dX, = S(X,) dt +edW,, Xo=mp, 0<t<T, (1)

where {W},0 < ¢ < T} is the Wiener process and z, is deterministic initial
value. The trend coefficient is in general unknown and usually the statisti-
cal problems concern this coefficient. We suppose that the trend coefficient
satisfies the global Lipschitz condition, i.e., there ezist a constant L such
that

1S(x) = S(y)| < Llz —yl. (2)

for all z,y € R. This condition provides the existence and uniqueness of the
strong solution of the equation (1) [15]. We consider the statistical problem
of hypotheses testing in the asymptotics of small noise, i.e., ¢ — 0. It is
well known that the process X = {X;,0 < ¢ < T'} converges uniformly in
t € (0,77 to the deterministic function {z;,0 < ¢ < T'}, which is solution of
the ordinary differential equation (see [8], [10]) :

dl’t
dt

We have two hypotheses: the basic hypothesis is

= S(24], Zo, 0 < & < F. (3)

H# . S(z) € Fo,

where o = {S(9, ),z € [xg,zr(¥)], ¥ € © = [a,b]}, i.e., we suppose that
under this hypothesis the observations come from the stochastic differential
equation

dX3=S(?9,Xt) df+€dT/Vt, Xg:ii‘)g._ OStST,

where 9 € © and S (-, -) is some known positive function. The limit function
2,0 <t < T in (3) now depends on 9, i.e., x; = x; () because it satisfies
the equation

Oy

at

The test statistic below is constructed with the help of the maximum
likelihood estimator, MLE J., which is introduced as usual by the equation

=IS(Hr To, (01 2 T (4)

L (ﬁE,Xs) = 3161215 (o
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Here L (9, X¢) is the likelihood ratio function defined by

7§ T X 2
L(.ﬁ,XE)zexp{/ 2 ) md} e
0 0

g2 2e2

The properties of the MLE for this model of observations are studied in [10].
As alternative we take

A . Sk) ¢ Fe.

We have a parametric hypothesis against the nonparametric alternative.

3 Smooth case

3.1 Hypothesis

First we consider the hypotheses testing problem in the regular case, i.e.,
we suppose that the trend coefficient of the observed stochastic process is a
smooth function of the unknown parameter.

Let us denote by & the following conditions (under .74):

1. The function S(9,z) has two continuous bounded derivatives w.r.t. 1
and .

2. The trend coefficient S(-) > 0 and the Fisher information
T .
1(0) = f S (9, 2,)%dt > 0.
0
3. The function

Qe f Sy, 2:(8)) — SO, @), yeo,

has a unique minimum ony € € at point y = 1.

We denote by S(-,-) the derivative of S(¢,z) with respect to 1, and by
S'(-, ) the derivative of S(1, z) with respect to z.
Note that these conditions of regularity allow us to show the consistency

Py — liII[l) 195 =i
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and the asymptotic normality (for @ € (a,b)) of the maximum likelihood
estimator:

Lo{eHI(W9)2(D. —9)} = N(0,1), (5)

(see [10], Theorem 2.2).
To construct the test we use the following statistic:

Below ¢, () is solution of the equation

é{ i et > w)} —a,

& is a stochastic integral defined by

&(0) = /T Dy(s,t)dWs, (6)
0
where ¢
Bo(s,t) = gggﬁjn{mﬂ} 2%.0) S?igs). @)

Let us fix a number o € (0,1) and define the class .#, of tests of asymp-
totic level 1 — a :

Ho={3(), lim Egpy(X°) = a, ¥ € O}
E—
Remind that E,W(X*) is the probability to reject the hypothesis 7.

Theorem 3.1 Let the condition </ be fulfilled, then the test

= 7

{6E>CO((1§E)} = %
Proof. Let us write

X, — () X — (9 A z,(9) — zo(J)

£ £ £

and study these two terms seperately. Here ) is the true value.

Recall that the stochastic process e ' (X; — 2,(+)) converges uniformly on
t € [0,7] to the limit Gaussian process ) = a:&”(ﬂ), solution of the linear
equation:

dzV = §'(9, z,)aMdt + AW, a) =0. (8)



38

This solution can be written explicitly
1 't
.,L.g ) =5 f eJl“‘ S (9,2 )du dw:;
0
Using the equation (4), we can write

/ S'(9, z,)du =/ g((g ;”)}5(19 Ty )du —f %dwu =
v) 4

S

=& S, = . S0, @)
/;S S(ﬂ,v) v = /xs (In S(¥,v)) dv lnS(ﬁ,ms)

For the details see [10], p. 136.

Hence ; ( )
(1 _ S T?,:Et
T _./0 %Sw’%)dws.

We can write

X‘;Eiﬁ_) Sk /t SV, z)

€ S(ﬁ,a:s)dwfs' ()

To study the convergence of M, we need the following lemma:

Lemma 3.1 The function (V) is differentiable with respect to ¥ and the
derivative is

#(9) = S(9, z) fs S(0,24) 4, (10)

0 S(ﬂ: 33,:)

The proof is given in the appendix below.
According to this lemma we can write

w(d) - w(d) (19;‘9) )

&

where 4 satisfies | J — 9 |<| J. — @ |, and from the consistency of the MLE
it follows that .

up [&:(8) - #(8)] — 0.

te[0,T]

The asymptotic normality of the MLE (5) vields the weak convergence

z,(9) — z,(d,) 1 o
: Lauly I{T?)/g S(9, z;)dW,. (11)
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It can be shown (by a strangling of the proof of the Theorem 2.2 in [10])
that we have the joint asymptotic normality of the MLE and the derivative
) Hence, using (11) and (9), we obtain

L / f Ll }((g)) fo i S(¥, z,)dW,)*dt

_-)'/ /. [f’j B4tz du ]I{0<s<t} ﬂi‘z{’lg) S(ﬁ Zs) ]dﬂ/ }
1(9) (12)

f f[ H{o«,ﬁ} 24(0) (‘? :;S)]dW]

_,f [cpﬁstdw dt*[ &(9)%dt = £ (9)°.

The function ®y(s,t) was defined above (see (7)) and & (¢ fo Dy(s,t)dW,
is a stochastic integral with a null mean and the covariance function which
depends to . Hence this test is not distribution free even asymptotically.
The continuity of the function ¢ (+#) can be verified as follows. Let us denote
by F (9, ) the distribution function of & (9)®. Then ¢, (9) is an implicite
function defined by the equation

1-F(¥,c)=a.

Hence its derivative . 0.0

F(9,c
e(d) = — ————=,

) =-F0.9

where f (0, z) is the density function of the r.v. £ Now the continuity of
c () follows from the existence of these two functions and f (¢, ¢, (¥)) > 0.

The limit expression can be slightly simplified if we consider another test
function. Let us introduce a family of stochastic processes {X} (9,0 € 6}
by the relation

T
Xg(z?)=xg+/5(19,Xs)ds, 0<t<T
0

T e () is a solution of the differential equation

dX(;t(l’) o S(l?Xt) : XG (19) = o= =
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Note that such family was used in [12], for construction of a class of trajectory
fitting estimators. Introduce the statistic

SE:/.T m zdt
0

£

and the test ¢ (X¢) = 1 {5.5¢(9:) ) Then the first term in the representation

X — X, (195) & ) iy X (9) - X, (795)
£ & E

is (X; — X, (9))/e = W;. For the second term we have

X, (9) - X, (9. _ 3 f
() ( ) af dheitl Z(9) (1+o(1), 1y (9) :] S (9, ) ds.
£ 0

=

Hence
2

g8
f S (ﬁ,ms}dWS] dt.
0

T 5
< Ty (1)
) '[/V' —_
E_’/o [ 1(9)
This last expression have to be used in the definition of the threshold
Co (V).

3.2 Alternative

Suppose now that S ¢ Fg with © = [a, b] but the function S(z), as before,
has two continuous bounded derivative. Then the solution of the correspond-
ing equation :

ng — S(Xt)dt “+ E(“’Vt, X{) = Iy, 0 S t S T

converges to another determinist function y;, which is the solution of the
following equation:
dy,
— = S(y), Yo = To-
dt (Jf) Yo 0
We now verify that the test ¢ (X¢) =1

Let us introduce the quantity

T5e5 caida)} 1s consistent.

T
D 1 el (a2 A i 2
i = _égg ./0 (ye — (V) dt 51612 llye — @ (D)] (13)
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and note that g > 0. Indeed, if g% = 0, then there exists a value ¢ € © such

r
y that y, = z¢ () for all ¢ € [0, 7], which contradicts the condition S ¢ Ze.
We have
Xe—y | 4 —z(0 %= — z, (9
\/E:' t ?Jz+.1/t i e)>H t — Y|l || Ye y(Ve) (14)
€ € € €
- Remind that b
sup u A yP| — 0, (15)
te[0,7) £
where ytm is a Gaussian linear process:
dy) = ' () dt +aw,, oY =0, 0<t<T.
Hence the first term in (14) is bounded in probability. For the second term
we have the estimate .
ye — 2e(Ve) gs
H%” == (16)
Hence by (15) and (16) we obtain,
V8 —+ 00,
1 Therefore .
P {55 > Ca (195)} g (17)
as ¢ — 0 for all S(-) ¢ Fo. Hence, this test is consistent against any fixed

alternative .
Remark. [t can be shown, that like the case of simple basic hypothesis
studied in [4], this test is not uniformly consistent and

lim inf Pg {(55 S (195)} =3

e—0 S¢Fo

3.3 Example of Ornstein-Uhlenbeck Process

Suppose now that under the basic hypothesis 7 the observed process is
Ornstein-Uhlenbeck :

dX, =9 Xedt FedWe Xg=ap: 0=t 1 (18)

where ¥ € (a,b), 9 # 0, |a| + |b] < oo and z¢ # 0. The set Fo = {S(z) =
Yz, € [xo, 27(9)],¥ € O}. Here xp () = e’
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Hence we have the hypotheses testing problem
I : S(z) € Fo against I : S(z) ¢ Fo.

The solution of limit equation (under .74)

Ezﬁl}('{?), Ty, OS ILE s

is, of course, x; (9) = xpe

The goodness of fit test studied in the Section 3.1 is not distribution free
and here we consider a different statement of the problem.

Let us suppose that T is large and we try to find the limit distribution (as
T — o0) of the limit statistics obtained for ¢ — 0 in first step and 7' — oo
in second step (see [11]).

Let us introduce the following statistics:

vt

= [ [t [TEZON w09

4 Tovaa\ L T
where the MLE 9, = ( B dt) [ xax,
Below ¢, is solution of the following equation

1
P{/ wgdz>c{,}=a,
0

where w,,0 < z < 1 is a Wiener process.

Proposition 3.2 The test ¢. = . ,>c,} belongs to the class S, in the
following sens

lim lim Py {y.r > ca} = , Y LD

T—oc e—0

Proof. According to the equation (12), we have (under .74) the following
limit

T A o T 2
Xy — :Et(195) 2 Vgt 20t / —Js Pt tzg o205 :
/0 (—5 ) dt /[; € [ . € (]I{s<t} IT('&)C )dWs] dt
= ’JT (19} 3

2
where the Fisher information I (V) = ;—?‘;(eQﬂT —1). It is easy to see that as

T — oo we obtain the relations

Z4 (207 9 >0
Ir(9) :{ 05 il
-, <0.
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and for any ¥ € (a,b),? # 0, we have

()—1‘)3(]1 e tlg ‘2':95) - —193]1
C {s<t} IT(’19) € =e {s<t}-

Hence for large T

T t 2
hﬁﬂzj“;mpfeﬁwwth
0 0

and we can write (as ¢ — 0 and large T'), see [11])

/UT (_}gt_—wfl):zdt o5 fOT 6#2191W2(/0£e“2’93d5)dt (1+0(1))

ce20et
2 ¢ t

= 72 —2ds —2vs

- /0 W (/(; e ds)d(/(; e “"ds) (1 + o(1))
Qr "1

" wirau s ) —Q%/ (R0,
0 0

where

t ik
— / e eds = v/ e~ sds = vQr.
0 0

Here w, = Q;WW(QTU), 0 <wv <1 is a Wiener process.
Hence (as € — 0 and then 7' — oo

1
N T rmt wi duw.
0

Now the choice of thresholds ¢, does not depend on the hypothesis and the

test is distribution free.
Remark. Note that for ¢ = 0, and under the null hypothesis, the solution

of the limit equation is
Iy = To,

hence for large T

1t - T

h:/(& %ﬂMe/IW&

2 :
J0 0

and

T A 1
: (Xt 10) dt —>f w?du.
0

TRl €

where w,,,0 < u < t is the Wiener process.
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4 Change point testing (Non smooth case)

4.1 Hypothesis

Suppose that under the null hypothesis #) we observe a trajectory X¢ =
{X1,0 <t < T} of diffusion process

dXy = [g(Xt)l{t<39} -+ h(Xt)l{tzg}]di + e dW,, = s

where ¥ € © = [a,b], 0 < @ < b < T. The parameter 9 is an unknown instant
of switching of the trend coefficient (change point). The set of possible trend
coefficients (under this hypothesis) is

Fo = {5(9, ;) = g(24)Ljgsy + h(2) 110y, 22 € [0, 27 (9)],9 € O},
where z; = (1) is the solution of the deterministic switching system:

% = g(mt)a t<d
dieo | Ble); t > 9.

Let us introduce the condition %:
The functions h (x) and g (x) have continuous bounded non negatives deriva-
tives and h (z) > g (z) > 0 for x € [zg, 2T (a)].

Note that supycg 7 (9) = 27 (a).

We test the following two hypotheses:

S S(z) € #o  against I : S(z) ¢ Zo.

To construct the test, we use the statistic :

7 e
L [VT(@E)}_QID D(xs, D) [E(%M]Zdt, (20)
where i 31 %0l ik
7(9) = g(z7) /0 e + h(z7) /19 AL
D(z¢,9) = 2 g(z4)* g (z¢) /: % + 2 hla)® B () /ﬂt h((:it—j)? T

and 9. is the MLE.
The constant ¢, is solution of the equation:

1
12 {f widz > ca} =@, (21)
0

where w,, 0 < z < 1 is some Wiener process. Note that the choice of the
threshold ¢, does not depend on the hypothesis (distribution free).
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Theorem 4.1 Let the condition 9 be fulfilled, then the test 1. = Tqr. e,
belongs to the class J,

Proof. Let us write

X —mlv:) . X —mld) :Ef(i)e) — (1)

b
2, £ &

and remind that the first term converges uniformly on ¢t € [0,7] to the
Gaussian process (see details in [10], p. 160)

X*_Tft(ﬁ) — M), (22)

where 1{” , is a solution of the following equation for 0 <t < ¥,

dzlV = g/(z,) z" At + dw,, Y =0,

Hence

t .
Mo f 9@ gy 0<t<9. (23)
0 g(xs)
M

and for t > 9, x,"’ is a solution of another equation
Azt = K (z,) 2V dt + aws,

and

t .
z;" =wfs”+f ﬁ?;dm, t> 9. (24)
@ T\ds

To study the term z,(d.) — () we need the derivative dz; (1) /8. Tts
existence can be shown by the following way. We have
xo + fot g(xs)ds, L=
z(d) = o B t
xo+ [y 9(xs)ds + [ h(zs)ds, t >4

Hence

On(9) [0, i<l
a9 | glxs) — h(zy), >

then if we suppose that ¥ < V., we obtain

/T (X,, —:f(t§s))2dt - /0’9 (Xl *:rz.(ﬁ))zdt

£

® oG La g g s
+L( 00 B Ta)at o (28)

) — Ty 1”5‘_ . 2
+./?§ (Xs () ol ) : ?9%(19}) dé

5
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and if ¥ > 15‘5
T o e — : : =&
[ (Bl [* K=y, [ Kzl
A = 5 £ ). 2 (26)
i X — 7 195 — )
+/ﬁ ( = ayli?) - % it(-ﬁ})gdt

=

Using theorem 5.7 of Kutoyants[10] and for all ¥ we obtain

‘/O»T (Xt —:t(ﬁns))zdt . /T (X: —:t(ﬂ))gdt (27)

combined with (4.1) one finds

i
= :(/D g((:dW)dt+/ (8 + ;h "t

- [ ([ S aes [ ([ 2o s+/ﬂ h(;z%dwsfdf

/ fo g(igﬂ{s@ﬁr?E:S))]I{Sw})dws] 1

zfo [for(i ))11{3<ﬁ}+hg %n{w}) ds] dt = f W2[u(t)]dt.

where v( fo (g(:c Tiscoy + h(I ]I{Sm}) ds, in connection with the con-
dition %’, it is easy to see that v(t ) is an increasing function (see appendix),
which guaranteed the existence of the Wiener process,

Therefore we can write

i3 5 « 1 Ky (19 13 2 4
/ D(mt,ﬁg)(w) dt — f D(xy,9)W?(v(t))dt
0 € 0
Vip(9) 1
__/ W23(v)dv = VT(19)2f widz,
0 0
where w, = Vp(9)"V2W (Vz),0 < z < 1 is a Wiener process.

Hence (as ¢ — 0)
1
Ipie— f wfdz,
0
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and the test is distribution free. Therefore for the first type errors we have

1
a:(F) =Pyg{l: >cu} — P {f widz > ca} = (28)
0

The theorem (4.1) is proved.

4.2 Alternative

Suppose now that S ¢ .Fg with @ = [a,b] but the function S(-), as before,
has continuous bounded derivative. Then the solution of the corresponding
equation :

ng :S(Xt)dt—{—Ede, XQ:.'I:[), 0 = ST, (29)

converges to another determinist function y;, which is solution of the following
equation:
dy

E = S(yt)i Yo = Tp,

with the same consideration that in the alternative for the smooth case, the
test W(X¢) = Iy >,y is consistent and we have (17).
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