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Abstract. In this paper we consider a random variable arising from a
problem of geometrical intersection between a fixed convex body K and
a System of random lines in E2.
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1 Introduction

Let E2 be the Euclidean plane and let K be a convex non empty and bounded domain
of area Sk and with boundary dK of length L. We consider a family F of random,
uniformly distributed n-lines {Gi,..., Gn} with n > 2. We assume that if Gh,Gk G F,
then Gh D Gk ^ 0 ■ It is possible that this points belongs to K or not. In this way
we hâve a random variable • la this paper we give the following resuit

Theorem 1. The expression ofthe mean value E (A(n^)), the k-moments E f Jt?
and the variance a2 of the random variable Xtn^x) can be calculated as fol-
lows

where

n(n— 1)
a= -

and k is a positive integer.

Other results about the computation of the variance are investigated in [2] and an
extension in the 3-dimensional Euclidean space of the same problem is studied in [6].
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2 Main Results

Let N be the set of natural numbers, n > 2 a fixed natural integer, {Gi,Gn} and
K as in introduction. We can State the following

Theorem 2. Let us consider the random variable Xtn x) • Then

where a = n^n~1^ ; L is the length of dK and Sk is the area of the domain defined by
K.

Proof. It is easy to see that, denoting with L the length of dK and dG the elementary
measure of the lines in the Euclidean plane E2, we hâve

GnKÿé0
dG = L.

Since G1,Gn are stochastically independent, we get

[ '§ dG\ A ... A dGn = Ln.
JIghkï0 }

If we consider the lines G1,..., Gn, then the intersection points might belong to K or
not. Hence we obtain a random variable which we dénoté by X^n ^)-

In order to compute the variance, we hâve the following intégral

GnK^0
X(n,K)dG\ A ... A dGr

We define the application ehk — 1 if Gh fl Gk G K (with = and zéro
otherwise. Then

X(n,K) — 2J ehk'
h,k= 1

Further, let us consider

h:= h Gh,GknK^0
^hkdGh A dGk-

If (Gh DEk) G K, then we hâve ehk H 1- We dénoté with Xk the chord intercepted
by Gk on K (and its length).

We hâve

f, GhiGkr\K^0

but it is well known that

ehkdGh A dGk

Ghn\k^0

GknK^01 \JiyGkr\K^0

dGh jri Xki

dGh dGk,
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GknK^0
XkdGk — kSk-

Moreover,

,'i ^(n,K)dGi A ... A dGn — /f ^ ^ thkdG\ A ... A dGn —
GHKÏ0 l y| GC\K^=0 1 k,k—l

irSKLn~2 + ... + -kSkL71-2.
Taking into account that the number of the different sets {Gh, Gk} is (the binomial

coefficient)
n (n — 1)

we hâve

By définition,

GnK^0
X(ji K)dG\ A ... A dGn B onrS^L7

E (*<»,K), f f ^ i dG\ A ... A dGrJ 1 Gr\K^0

and hence mathbfE ( X^n
Now we compute

El Xtn,K)

L2 ■

f{anK*0} AWGlA-A dG'
ff dG\ A ... A dGrGnK^0}

We put

We can prove that

J — 1/, X?n j(\dGi A ... A dGr
Gni^^ ’

y2 = Y^Ghk
\h,k= 1

and then
y2^(n,K) J2ehk + 2 ^ thk^sn-

h,k=il (h,k)^(s,n)

With this observations we can compute the intégral

J efefc + 2 E ^hk^sn J dG\ A ... A dGf
,h,k=l (h,k)^(s,n) )
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Considering that

'I^GnK^0 j
ehkdGh A dGk

GknK^0 GhWÊÊm
dGh dGk,

where Àfc is the chord intercepted by Gk on K, we obtain

J B 7tSkL71'2 + ... + ttSkL71-2 + 2irSKLn-2 + ... + 2ttSKLn~2.

Taking into account that the number of different sets {Gh, Gk} is a and that G\,..., G2
are independent, we infer

We obtain

eK,*>)
ttSKaLn~2

Ln

7tSkC(2
L2

Theorem 3. Let us consider the random variable Xçn^\. Hence

v2 tmm
kSk ttSk\ 2

where a = n ^ 1 , L is the length of dK and Sk is the area of the domain defined by
K.

Moreover, we note that

WmL I Eli ■

\h,k=1 -J
implies

E(4.,*>) E
_J1 • • 4“ Ja —k

k\

îwm
txSk
L2

3 Applications
1. As first case we consider in the plane a square Q of side a. We can compute the
following values

E (x(n,Q)) = ^ ~0,196345a.

E ■y-fc
A(n,Q) E

k\

-J - Jot—

7T

16'

<j2X
7T

(n,Q) = Yg 0,15779a2.

and the variance is
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2. Taking in plane a rectangle R of sides a and b we hâve

anab

E <*?»,«) E

4 (a + 6)

1

2 ’

.«Tl ^ ünm 4 (a + 6)"
and the variance

a2X, n,Q) 1 -

4 (a + b)z \ 4 (a + b)2
3. Let Cbea circle of radius ô. We hâve

ÏÏP§J|
a

4’

EXL(n,C) E
jfe!

.Ji “I-.. ~J(x —k

and the variance is

cr2 (X(n,c)) = ^ (l - |) a2 « 0,16855a2.
4. As last case we consider an équilatéral triangle T of side a, obtaining,

Ei»gt)
OŒ y/Z

18
0,3023a,

eMM E
-JJet

k\ üj
“Ï8~’

and for the variance the expression

-2 (*wo) = (j - ^ir) “2 « o.2109“2-
Remark 4. We observe that in examples 1, 3, f the functions are independent of the
dimension of the convex body.
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