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Abstract

This paper investigates the global dynamics of an array of electrostatically coupled nonlinear MEMS resonators before
and after a symmetry breaking event by means of nonlinear normal modes, nonlinear forced responses curves and
bifurcation analysis. The possible coexistence of isolated solutions is explained by means of energy balance and limit
point tracking. The results show that the energy balance method and limit point tracking can be used equivalently to
detect the birth of isolated solutions, but only the limit point tracking can predict accurately their merging. Moreover,
the localization of motion and the merging of isolated solutions resulting from a symmetry breaking of the underlying
nonlinear normal mode can be exploited to provide alternative mass detection methods. The amount of mass that can
be detected by this method is directly related to the initial level of asymmetry.

Keywords: MEMS resonant sensors, Electrostatic coupling, Mass sensing, Nonlinear normal modes, Energy
balance, Symmetry breaking, Isolated solution, Bifurcation tracking, Localization of motion

Abbreviation list

BP Branch point
HBM Harmonic balance method
INNM Isolated nonlinear normal mode
IS Isolated solution

LP Limit point
MEMS Micro electro-mechanical system
NFRC Nonlinear forced response curve
NNM Nonlinear normal mode

1. Introduction

As presented by Calleja et al. [1], nanomechanical sensing is still a scientific challenge. Current research on mass
sensing focuses essentially on improving a single resonator. In the last decade, the dimensions of MEMS have been
scaled down to sub-micro-metric sizes, thus improving the detection sensitivity up to the zeptogram (10−24kg) [2]. The
drawback is the appearance of nonlinear behaviors that can generate adverse dynamical phenomena. However, recent
studies tend to take advantage of these nonlinear effects [3–8]. For example, Nguyen et al. investigated alternative
mass-sensing techniques exploiting nonlinearities [9]. They showed that continuous frequency sweeps performed over
a frequency range with multistable solutions lead to hysteresis cycles that can be used to provide a new mass sensing
technique with an automatic re-initialization, thus paving the way for real-time detection.

Current technology permits fabricating large arrays composed of a few as well as of thousands of MEMS or
NEMS, the dynamics of which results from electrical, magnetic and mechanical couplings. The dynamic behavior
of such arrays was studied experimentally or theoretically in [10–12]. For the reader unfamiliar with MEMS arrays,
we recommend starting with [13–17]. Arrays of resonant MEMS present a complex dynamic behavior due to the
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nonlinear couplings induced by electrostatic forces and are still not fully understood. Lifshitz et al. [11] used per-
turbation methods to study the response of a MEMS array under parametric excitation in the weak nonlinear regime.
Their results showed that the number of branches of solutions increases significantly with the number of oscillators.
Multistability and bifurcations of parametric resonances were also studied by Bitar et al. [18, 19]. Modal couplings
are another important feature of the dynamics of a beam array. Gutschmidt and Gottlieb [17] analyzed an array with
electrical coupling. They focused on the n-beam dynamic behavior in the region of internal one-to-one, parametric
and internal three-to-one resonances corresponding to low, medium and large DC voltages. In [20], Kambali et al.
investigated the extremely complicated nonlinear dynamic regimes and bifurcations of arrays of 5 to 25 elastically
coupled hybrid micro cantilever beams subjected to electrodynamic excitation. These nonlinear behaviors are com-
plex to analyze and current work focuses on methods that simplify the understanding of such phenomena. Among
these, Hill et al. [21] analyzed analytically the appearance of isolated solutions (ISs) supported by nonlinear nor-
mal modes (NNMs) and showed that symmetry breaking can generate ISs supported by an isolated NNM (INNM).
Kuether et al. [22] worked on the energy balance method that provides the amplitude of forcing required to pass by a
specific point of a NNM.

Even though current technology permits large arrays of MEMS to be fabricated, such arrays inevitably contain
manufacturing defects. To tackle this problem and give MEMS sensors more flexibility in their use, efforts first fo-
cused on single tunable MEMS. The recent work by Li et al. [23] showed that the nonlinear behavior of MEMS can be
tailored to a specific dynamics by means of structural optimization. Two examples of beams were presented. The first
one was designed to minimize the cubic nonlinearity while the second one was designed to maximize it. Hajhashemi
et al. [24] proposed a method to adjust the bandwidth and the resonance frequency of two micro-resonators electro-
statically coupled by a middle electrode. Walter et al. [25] used a method based on tunable electrostatic actuation and
mode localization to compensate manufacturing defects in a single MEMS. Then, several works addressed MEMS
arrays. Porfiri [15] showed that the vibrational properties of an array of identical microplates can be tuned by properly
adjusting the bias voltage Vdc applied across adjacent microplates. Kambali et al. [26] focused on understanding the
coupling of different modal frequencies and their tuning mechanisms. In the study, modal frequencies were tuned by
adjusting Vdc in order to obtain specific couplings. Such studies on modal couplings and internal resonances not only
permit a better understanding of the dynamics of beam arrays, but also give some insights on specific configurations
such as the symmetric one. In the same way, Akgul et al. [27] proposed to tune voltages in order to correct the phase
and frequency mismatches of a MEMS array. These works offer several possibilities to compensate defects and bring
the sensor back into the desired configuration.

With the need for parallel mass sensing and alternative methods for mass detection, the use of MEMS arrays
for mass detection received an increased attention. Spletzer et al. [28] compared mass sensing methods based on
eigenmode changes in a MEMS array with the frequency shift method using a single resonant MEMS sensor. They
showed that an added mass on one of the beams of the array affects the shape of the modes. The change was found to
be two or three orders of magnitude greater and improved the sensitivity of mass sensing. A mode localization also
occurred where the mass was added. Since then, many references proposed to use the mode localization effect as the
basis of mass sensing: with linear modes [29–32] or with linear and nonlinear ones [33, 34]. Wang et al. [35] used five
mechanically coupled beams to perform a mode localization analysis. For a symmetric configuration, the added mass
generated a higher amplitude of oscillation on the beams at both ends of the array. In [36], the influence of asymmetry
in a MEMS array on mode localization was performed. In [37], Ouakad et al. showed that very weak coupling is
required to activate mode localization. A review of applications utilizing mode localization is provided by Zhao et al.
[38]. In a few references, nonlinearities are used to enhance the mode localization effect. In [39], two electrostatically
coupled clamped-clamped microbeams of different lengths showed an improved sensitivity when operating in the
nonlinear regime. In [40], an array of nonlinear weakly mechanically coupled resonators was considered and an
abrupt change in the dynamic behavior due to the mode localization effect was exploited for mass sensing.

In this paper, a symmetric two-beam system is used for mass detection. When an added mass is dropped onto one
of the moving beams of the MEMS array, the symmetry of the system is broken. A symmetry breaking event was
already used in [41] for mass detection. The present work is based on a different exploitation of symmetry breaking.
We first analyze the change in the nonlinear dynamic behavior of the MEMS array before and after symmetry breaking
event by means of NNM calculation, bifurcation analysis, limit point (LP) tracking and nonlinear forced response
curves (NFRCs). For some configurations of the system, ISs, isolated and mixed NNMs appear. LP tracking is used
to catch the various ISs and isolated NNMs. Moreover, the results show that the merging behavior of the ISs with
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Figure 1: Array of two electrostatically coupled clamped-clamped MEMS beams.

the main response curve depends strongly on the type of NNM that support the ISs. Then, the paper shows how
inversion of localization of motion can be used for mass sensing in a two-beam array. The paper is organized as
follows. In the first section, the model of the two-beam array is presented. In the second section, the dynamics of
the symmetric two-beam array is analyzed via NNMs, energy balance method, frequency response curves and LP
tracking. In the third section, a symmetry breaking event is induced by adding a small mass onto the first beam of the
array. Then, the dynamics of the two-beam array is analyzed with respect to the asymmetric configuration obtained
after the symmetry breaking event. For both symmetric and asymmetric configurations, several phenomena such as
localization of motion, merging and birth of ISs are detected and analyzed with respect to in-phase and out-of-phase
forcings. Finally, a mass sensing technique based on inversion of localization and in-phase forcing is presented.

2. Array of two micromechanical resonators

Model. A two-moving-beam array is considered, as represented in Fig. 1. The two beams #0 and #3 located at the
ends of the array are fixed, i.e., have no lateral motion and serve only for electrostatic actuation. The two middle
beams #1 and #2 are clamped at both ends. All beams have identical properties with l, b, h, I, g, E, ρ, Q being
respectively the length, width, height, moment of inertia of the beams, gap between two adjacent beams, the Young’s
modulus, mass density ans quality factor, such as l = 10µm, b = 160nm, h = 300nm, I = bh3/12, g = 200nm,
E = 1.69 × 1011N/m2, ρ = 2330kg/m3, Q = 5000.
Each beam is an electrostatic actuator for its adjacent beams and the parallel plate approximation [42] is used for the
electrostatic force. Vs = V s

dc + V s
ac cos(Ω̃t̃) is the voltage applied between two successive beams s − 1 and s with Vdc,

Vac the continuous bias and alternative voltages. The voltages defined in Table 1 will be used in the following to target
either the out-of-phase or the in-phase mode.

The bending motion of the beam s in the plane x − z is governed by:

EI
∂4w̃s(x̃, t̃)
∂x̃4 + ρbh

∂2w̃s(x̃, t̃)
∂t̃2 + δi (s) δx0 (x) m

∂2w̃s(x̃, t̃)
∂t̃2 + c

∂w̃s(x̃, t̃)
∂t̃

−

Ñs +
Ebh
2l

∫ l

0

(
∂w̃s(x̃, t̃)
∂x̃

)2

dx̃

 ∂2w̃s(x̃, t̃)
∂x̃2

=
ε0bCn

2

 V2
s+1(

g + w̃s+1 − w̃s
)2 −

V2
s(

g + w̃s − w̃s−1
)2

 (1)

with s = 1, 2 and where w̃s is the lateral displacement of the s-th beam in the z-direction. The inertial term with the
Dirac function represents a small added mass m dropped on beam i at the location x0. ε0, Cn are the dielectric constant
and fringing field coefficient, respectively. Ñs is a lineic load along the x-axis resulting from, e.g., manufacturing
stresses. Introducing the following non-dimensional parameters:

ws =
w̃s

g
; x =

x̃
l

; t =
t̃
τ

; c =
c̃l4

EIτ
; Ns =

Ñsl2

EI
; α1 = 6

(g
h
)2; α2 = 6Cn

ε0l4

Eh3g3 ; Ω = Ω̃τ; δm =
m
ρbhl

(2)
in Eq. (1), yields:

∂4ws

∂x4 +
(
1 + δi (s) δx0 (x) δm

) ∂2ws

∂t2 + c
∂ws

∂t
−

[
Ns +α1

∫ 1

0

(∂w
∂x

)2 dx
]∂2ws

∂x2 = α2
V2
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)2 −α2
V2

s(
1 + ws − ws−1

)2 .

(3)
with s = 1, 2.
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Type of forcing V1
dc V1

ac V2
dc V2

ac V3
dc V3

ac Targeted mode in Fig.2a

Out-of-phase forcing 3 0.1 3 0 3 0.1 Out-of-phase mode À

In-phase forcing 3 0.1 3 0 3 -0.1 In-phase mode Á

Table 1: Applied voltages.

Static equilibrium and pull-in voltages. The static equilibrium of the system is studied by setting all time dependent
terms in (3) to zero. Two pull-in instabilities are found for Vcrit

dc = 41.1V and Vcrit
dc = 71.3V. The Vac voltage also

contributes to the static equilibrium via the constant term of the squared cosine of the electrostatic force. Nevertheless,
it is found that its contribution to the pull-in is negligible. Therefore, it can be concluded that the voltages defined in
Table 1 are well below the critical pull-in voltage Vcrit

dc .

General methodology for the dynamic analysis. Since the resonators #1 and #2 of the two-beam arrays are identical,
their linear undamped eigenmodes are the same. One linear mode is used in the Galerkin method to remove the spatial
dependence from Eq. (3). The periodic solutions of the resulting set of nonlinear differential equations are computed
numerically with the Harmonic Balance Method (HBM) [43]. The NNMs are computed as solutions of the phase
resonance equation defined in [44]. This equation being autonomous, a phase condition is added and the equation
of motion are regularized to ensure the computation of a unique solution. Then the stability and bifurcation points
of the NNM are calculated using a regularized quadratic eigenvalue problem and an augmented system. An energy
balance is performed to calculate the corresponding amplitude of the force necessary to pass by a given point of the
NNM [22]. Since some of these procedures are used extensively in the present paper but are not found in the available
numerical continuation packages, a homemade Matlab software was developed. It permits classical continuation,
stability analysis, detection and tracking of bifurcations and energy balance. A convergence study has shown that
using H = 5 harmonics for the HBM, Taylor series at order 7 for approximating the electrostatic forcing and Nm = 1
mode for the Galerkin method is a good compromise between accuracy of the results and reasonable computational
time.
Finally, it should be noted that ρbhl = 1.1184 × 10−15kg. Therefore, the non-dimensional additional mass δm = 10−4

used in this paper corresponds to a physical mass m = 1.1184 × 10−19kg.

3. Dynamics of the perfectly symmetric system

In this section, the dynamics of the symmetric two-beam MEMS system is analyzed by means of NNM, energy
balance, nonlinear forced response curves (NFRCs) and LP tracking. Several phenomena such as bifurcating NNM,
localization of motion, merging and birth of ISs are detected and explained. In section 3.1, the NNMs of the system
are computed. The energy balance method is explained and applied to the electrostatically actuated two-beam array.
In Section 3.2, the dynamics of the system is analyzed with respect to an electrostatic forcing targeting the out-of-
phase NNM. Finally in Section 3.3, the dynamics of the system is analyzed with respect to an electrostatic forcing
targeting the in-phase NNM.

3.1. NNM computation and link with periodic forced responses

In this subsection, the NNMs of the two-beam system in symmetric configuration are computed. Then, the energy
balance method is explained and applied to the two-beam system. In the following, all computations are carried
out with electrostatic forces using the voltages listed in Table 1. For these levels of electrostatic forcing, no softening
behavior is present in the frequency response curves. For higher values of Vac, a transition from hardening to softening
behavior may be observed at large amplitudes, leading to dynamic pull-in instability, but this case is beyond the
scope of this paper. The system exhibits two main NNM branches, also called pure NNMs, which are initialized at
null amplitude using the linear eigenfrequencies and modal shapes, as shown in Fig 2a. The first and second pure
NNMs correspond to the out-of-phase and in-phase NNMs respectively. The modal displacement of these NNMs
are represented in Fig. 2b for explanatory purposes. One can see that a branch point (BP) is present on the pure
in-phase NNM initialized at the non-dimensional frequency Ω = 22.35, see Fig. 2a. Beyond this BP, the pure NNM
becomes unstable and a stable mixed NNM appears. The terminology pure and mixed NNM is taken from [45]. A
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Figure 2: NNMs of the MEMS array in the perfectly symmetric case (δm = 0). À: out-of-phase NNM, Á: in-phase NNM, Â and Ã: mixed NNM.

mixed NNM has an asymmetric modal shape made of a mix of pure NNM modal shapes. This can be seen on their
respective modal displacements in Fig. 2b. The modal displacement of the upper and lower parts of the mixed NNM
present respectively high and low amplitude of displacement of beam #1 as seen in Fig. 2a. Since the beam array is
symmetric, the upper and lower part of the mixed NNM would respectively become the lower and the upper part on
a figure displaying the amplitude of beam #2. Indeed, one can see in Fig. 2b that the amplitudes of beam #2 are low
for the upper part of the mixed NNM and high for its lower part . Consequently, the NNM analysis is relevant for the
nonlinear analysis of a symmetric system because it can reveal the presence of asymmetric responses.

The NNM branches serve as so-called backbone curves for the NFRCs, i.e., they support the NFRCs, and their
intersection with the NFRCs corresponds to the phase resonance of the NFRCs. The NFRC intersecting a specific
point of a NNM branch can be identified by applying the energy balance method. This method consists in finding
which electrostatic forcing has to be applied to the system so that the energy injected in the system balances the
dissipated energy. The dissipating forces are given by:

Fdis = (∇ ⊗ C) X (4)

with ∇ the frequency-domain differential operator, ⊗ the Kronecker tensor product, C the damping matrix of the
underlying linear system and X the vector of Fourier coefficients of the displacement w [43]. The only forces that
inject energy into the system are the electrostatic forces in the r.h.s. of (3). The voltages indicated in Table 1 are taken
as reference and a coefficient d is used to scale the Vac voltage:

V = Vdc + d Vac cos(Ωt) (5)

The electrostatic forces can then be decomposed in three terms proportional to 1, cos(Ωt), cos(2Ωt) as follows:

fe(x, t) = α2

 V s+1
dc

2
+ d2

2 V s+1
ac

2(
1 + ws+1 − ws

)2 −
V s

dc
2 + d2

2 V s
ac

2(
1 + ws − ws−1

)2

 + 2α2d

 V s+1
dc V s+1

ac(
1 + ws+1 − ws

)2 −
V s

dcV s
ac(

1 + ws − ws−1
)2

 cos(Ωt)

+ α2d2

1
2

V s+1
ac

2(
1 + ws+1 − ws

)2 −
1
2

V s
ac

2(
1 + ws − ws−1

)2

 cos(2Ωt) (6)

Within the HBM framework, these terms generate three vectors F0, F1, F2 which are the contributions to the constant
term, the first harmonics Ω and the second harmonics 2Ω of the Fourier series. F0 being a conservative force, it is
discarded from the energy balance equation. Finally, the energy balance can be expressed as:

XT
(
∇2 ⊗ C

)
X = dXT (∇ ⊗ I) F1 + d2XT (∇ ⊗ I) F2 (7)

where the l.h.s. corresponds to the dissipated energy and the r.h.s. to the injected energy. At each point of a NNM
branch, the X vector is known and the multiplier coefficient d can be computed from (7). The NFRC corresponding
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Figure 3: Out-of-phase forcing - Energy balance in symmetric case (δm = 0 on beam #1). À: out-of-phase NNM, Â and Ã: mixed NNM.

to this level of electrostatic forcing can then be computed. It will be shown in the next sections that, when the NFRC
is supported by a unique NNM, it will have its phase resonance exactly at the NNM point, i.e., it will intersect the
NNM exactly at this point. When the NFRC is supported by several NNMs, it will not intersect the NNM exactly at
this point. In this case, the NNM point represents the modal contribution of the considered NNM.

The out-of-phase NNM is targeted with a forcing vector respecting the symmetry of the mode, as defined in Table
1. The energy balance method and NFRCs are used to analyze the dynamics of the two-beam array which exhibits
phenomena such as localization of motion, merging and birth of ISs.

3.2. Isolated solutions in the case of out-of-phase forcing

The value of the multiplier coefficient d corresponding to a given NNM amplitude and resulting from the energy
balance of Eq. (7) in the case of the ”out-of-phase” voltages of Table 1 is plotted in Fig. 3. This plot can be read in
two ways. For a given amplitude w, it provides the forcing level d to be used for the NFRC to cross the NNM at this
amplitude w. Alternatively, for a given value of the forcing parameter d, it provides the amplitudes w at which the
NFRC computed for this forcing level d crosses the NNMs. The pure out-of-phase NNM presents a standard behavior.
Its amplitude increases multiplier coefficient d increasing. The mixed NNM presents an asymptotic behavior when
it approaches the BP, i.e., an infinite multiplier coefficient d is needed to reach the BP. This behavior is the direct
consequence of the two pure NNMs being orthogonal to each other in symmetric configuration. For d = 1, the mixed
NNM is crossed at four points (A2, A3, A4, A5). Therefore, IS branches are found on each branch of the mixed NNM.
Even though the two-beam array is symmetric, the points (A2, A3, A4, A5) are not found at the same location on the
NNMs for each beam due to asymmetric modal shape of the mixed NNM. This behavior is also known as localization
of motion.

The NRFCs of Fig. 4 are computed subject to the out-of-phase forcing as defined in Table 1. The out-of-phase
NNM and the mixed NNM are strongly excited with the out-of-phase forcing while the in-phase NNM does not
respond due to the orthogonality of the two modes. As a consequence, the main NFRC is supported by the out-
of-phase NNM and two ISs are supported by the two branches of the mixed NNM. The points (A1, A2, A5) are
superimposed with LPs contrarily to the two points (A3, A4) closer to the in-phase NNM. The transitions between
stable and unstable branches other than LP correspond to Neimark-Sacker bifurcations. They are not plotted for the
sake of readability of the figure and because they do not serve the purpose of this paper. The frequency and Fourier
coefficients of the displacement vectors of the NNMs at points (A2, A5) are used to initialize the computation of the
ISs. The IS initialized with point A2 has a high amplitude for beam #1 and a low amplitude for beam #2. The IS
initialized with point A5 shows a complementary localization of motion with low amplitudes for beam #1 and high
amplitude for beam #2. The phenomenon of localization of motion is well visualized with the energy balance method.

In next section, the in-phase NNM is targeted with the in-phase forcing of Table 1. Energy balance method and
NFRCs are used to analyze the dynamic of the two-beam array with in-phase forcing. Localization of motion, merging
and birth of ISs are explained with respect to the symmetric configuration and the in-phase forcing.
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Figure 4: Out-of-phase forcing (d = 1) - NFRCs and ISs in symmetric case (δm = 0 on beam #1)

3.3. Bifurcated solutions in the case of in-phase forcing

The value of the forcing coefficient d resulting from the energy balance of Eq. (7) in the case of the in-phase
forcing of Table 1 is plotted in Fig. 5. The in-phase NNM follows a standard behavior. Its amplitude increases with
increased coefficient d. The mixed NNM starts to be excited for d ' 0.22 and at the same amplitude as the BP of Fig.
2. Thus, the energy level required to excite the BP can be viewed as the threshold above which the mixed NNM is
excited. The fact that the BP can be excited also indicates that the solutions existing on both sides of the mixed NNM
can merge. For higher values of d, the upper part of the mixed NNM increases with d. The difference in amplitude
between the in-phase NNM and the upper part of the mixed NNM tends to a constant value as d increases. The lower
part of the mixed NNM decreases as d increases, leading to an increasing difference of amplitude between the lower
part of the mixed NNM and the in-phase NNM. For d = 1, the mixed NNM is crossed at two points (B1, B3). Those
points are not found at the same location on both beams. Point B1 presents high amplitude on beam #1 and low
amplitude on beam #2, whereas point B3 shows a complementary behavior with a low amplitude on beam #1 and a
high amplitude on beam #2. As with the out-of-phase forcing, the mixed NNM shows localization of motion.

The NFRCs of Fig. 6 are computed subject to the in-phase forcing of Table 1. For the sake of clarity, the main
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Figure 5: In-phase forcing - Energy balance in symmetric case (δm = 0 on beam #1). Á: in-phase NNM, Â and Ã: mixed NNM.
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Figure 6: In-phase forcing (d = 1) - NFRCs and ISs in symmetric case (δm = 0 on beam #1)

NFRCs supported by the pure NNM and the bifurcated NFRCs by the mixed NNM are plotted separately. The in-
phase NNM is well targeted with the in-phase Vac voltages. The out-of-phase NNM does not respond due to the
orthogonality of the two modes. On the stable part of the excited pure NNM, the NFRCs are stable until BPs are
encountered, see Fig. 6a. Then, the NFRCs become unstable and are supported by the unstable part of the NNM.
The BPs encountered onto the NFRCs correspond to symmetry-breaking bifurcations. Additional branches of NFRCs
emanate from these BPs, see Fig. 6c. Since they are supported by a mixed NNM, these NFRCs do not correspond
to symmetric responses anymore. The ends of those branches coincide with points B1 and B3. In Fig. 6c, B1 is at
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high amplitude and B3 at low amplitude, whereas B1 is at low amplitude and B3 at high amplitude in Fig. 6d, which
confirms the localization of motion predicted by the energy balance method.

Before switching to the asymmetric case in the next section, observations concerning the perfectly symmetric case
are briefly summarized. In symmetric configuration, NNMs of the MEMS array are composed of mixed and pure
NNMs. Mixed NNMs are bifurcated branches emerging from the BPs located on pure NNMs. The mixed NNM mode
shapes are a mix of pure NNM mode shapes and present localization of motion. When the pure NNM from which the
mixed NNM branches emerge is not excited, the ISs cannot merge with the main NFRC for any amplitude of forcing.
When the pure NNM from which the mixed NNM branches emerge is excited, the ISs will merge with the main NFRC
for a high enough amplitude of forcing, leading to bifurcated NFRCs. If the pure NNM from which the mixed NNM
branches emerge the mixed NNM is excited enough compared to the others NNMs composing the mixed NNM, then
the NFRCs supported by the mixed NNM appear only as bifurcated solutions and not as ISs.

4. Dynamics with broken symmetry due to an added mass

In this section, symmetry breaking is generated by adding a dimensionless mass (δm = 10−4) on beam #1. The
dynamics of the resulting asymmetric MEMS array is analyzed by mean of NNM, energy balance, NFRCs and LP
tracking. Phenomena such as isolated NNMs (INNMs), localization of motion, birth and merging of ISs are analyzed
and compared to results obtained in the previous section for the symmetric case.

4.1. Influence of symmetry breaking on the NNMs

The NNMs of the beam array with the added mass are plotted in Fig. 7. As expected, the symmetry breaking
transforms the BP of Fig. 2 into an imperfect bifurcation. As a result, the mixed and symmetric pure NNMs are
turned into an INNM and an asymmetric pure NNM and the BP is transformed into an LP as depicted in Fig. 8.
To verify the presence of the INNM, an LP-bifurcation tracking with respect to the dimensionless added mass δm
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Figure 7: NNMs with their isolated branches (INNMs) after symmetry breaking (δm = 10−4 on beam #1). Ê: out-of-phase NNM, Ë: in-phase
NNM, Ì: isolated NNM.
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Figure 9: Bifurcation tracking of LPs with respect to δm for the characterization of isolated branches of NNMs (INNMs)

is performed, see Fig. 9. This is done by considering δm as an unknown and adding to the equation of motion an
equation characterizing LP bifurcations [43]. The solutions of such an augmented system are LP bifurcations only
and their continuation provides a codim-2 LP branch. The LP tracking is started at δm = 0 which corresponds to the
BP of the perfectly symmetric case of the previous section. All points of the tracking curve for δm , 0 are LPs of
INNMs. These LPs can be used to initialize the continuation of the INNM of interest. With the added mass on beam
#1, the dynamics of the in-phase NNM is completely changed. The BP has disappeared and the in-phase NNM is now
different for each beam. Regarding beam #1, the in-phase NNM is composed of the lower part of the in-phase NNM
and lower branch of the mixed NNM of Fig. 3. Moreover, since it is now asymmetric, each beam has different modal
displacements. Regarding beam #2, the in-phase NNM is composed of the left part of the perfect in-phase and mixed
NNMs of Fig. 2. A phenomenon of localization of motion can be observed. The amplitude of motion of the in-phase
NNM is lower for beam #1 with added mass than for beam #2. For beam #1, the INNM is composed of the upper
part of the in-phase and mixed NNMs from Fig. 3, while for beam #2, the INNM is composed of the right part of the
in-phase and mixed NNMs from Fig. 3. In Fig. 9, the LP tracking with respect to the dimensionless added mass δm

reveals that the INNM moves away from the location of the previous BP as the added mass increases.

4.2. Influence of symmetry breaking on forced responses in the case of out-of-phase forcing

Isolated solutions and localization of motion. In order to target the out-of-phase mode in the asymmetric case, the
out-of-phase electrostatic forcing of Table 1 is used. The multiplier coefficient d resulting from the energy balance
defined in Section 3.1 is plotted in Fig. 10. The out-of-phase mode follows a standard behavior up to 60% of the initial
gap (w1 ' 0.6): the response amplitude increases with increased forcing amplitude d. Above 60% of the gap, the high
electrostatic forces cause an exponential increase of amplitude. On the other hand, the behavior of the in-phase mode
and INNM is more unusual. They both present a limit point where ISs appear (birth of ISs) and are both subject to
pull-in at around 80% of the initial gap (w1 ' 0.8). Since there is no branch point connecting the NNMs and the
INNM in Fig. 10, it can be expected that the ISs supported by the INNM will never merge with the main NFRC for
any amplitude of forcing. On the other hand, the in-phase NNM presents another type of merging point that occurs at
d ' 2.4 and will be discussed in the next paragraph. For an arbitrary choice of d = 1, four points (C2,C3,C4,C5) are
found on the mixed NNM and two points (C1,C6) on the pure NNMs. The points (C1,C2) are located on the out-of-
phase and the in-phase NNMs respectively. The presence of point C6 shows that the in-phase NNM is also excited
by the out-of-phase forcing, but with a very limited contribution. This is due to the slightly asymmetric configuration
induced by the symmetry breaking.

The NFRCs corresponding to this forcing amplitude d = 1 are plotted in Fig. 11. It can be observed that the
localization of motion is still present: the positions of points (C2,C3) and (C4,C5) are inverted when considering
either beam #1 or beam #2. The two points (C2,C5) found on the mixed NNM for d = 1 are used to initialize the ISs.
The IS initialized with C2 is supported by the stable part of the INNM only. The IS initialized with C5 is supported
by the in-phase NNM. It can be observed that points C2 and C5 coincide perfectly with LPs, whereas points C3 and
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Figure 10: Out-of-phase forcing - Energy balance after symmetry breaking (δm = 10−4 on beam #1). Ê: out-of-phase NNM, Ë: in-phase NNM, Ì:
isolated NNM.
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Figure 11: Out-of-phase forcing (d = 1) - NFRCs and ISs after symmetry breaking (δm = 10−4 on beam #1)

C4 do not. This indicates that LP tracking and energy balance can be used equivalently to detect the birth of ISs. On
the other hand, this also suggests that the two methods will characterize two different types of merging behavior.

Birth and merging of isolated solutions. In order to verify this assumption, the results of the two methods are com-
pared. First, a LP bifurcation tracking is performed with respect to the multiplier coefficient d, starting from point F1
on the main NFRC. This is done by considering d as an unknown and performing the continuation of the LP branch
characterized by an augmented system [43]. It can be verified in Figs. 12a and 12b that this LP branch passes by the
two LPs F2 and F3 of the bottom IS. In Figs. 12c and 12d, the number of LPs for a given value of d is provided
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Figure 12: Out-of-phase forcing (d = 1) - NFRCs after symmetry breaking (δm = 10−4 on beam #1) + LP tracking with respect to the forcing
coefficient d.

by the intersections with the LP branch. For d = 1, in addition to the LP F1 which belongs to the main NFRC, two
other LPs F2 and F3 are found. They do not belong to the main NFRC but to the IS, as verified in Figs. 12a and 12b.
Therefore, the LP tracking can be used to detect the presence of ISs, and the corresponding IS can be computed by
means of a continuation method with a LP as starting point. Moreover, since the LPs of the main NFRC and those
of the IS belong to the same LP branch, one can expect to see the main NFRC and the IS merge for some value
of d. Conversely, the two LPs F4 and F5 on the upper IS supported by the INNM were not found during this LP
tracking. This indicates that they belong to a different LP branch which is disconnected from the main NFRC. As a
consequence, this IS will never merge with the main NFRC for any forcing amplitude d in the case of out-of-phase
forcing. The forcing amplitudes corresponding to the birth and merging points of ISs can be deduced from the LP
tracking. According to Fig. 12c, the minimum multiplier coefficient necessary for an IS to appear is d ≈ 0.6. Since
this value is the same as with the energy balance method (see Fig. 10), it can be concluded that both the LP tracking
and the energy balance method are relevant for assessing the birth of ISs. Concerning the merging behavior, the ISs
and the main NFRC merge for dmerging ' 1.05 (point G1 on Fig. 12) which is smaller than the merging value d ' 2.45
found with the energy balance (point H1 of Fig. 10). It is worth mentioning that merging of IS can also occur when
δm is changed, as explained is Section 5 and shown in Figs. 18 and 21.

In order to verify that merging has actually occurred, the NFRC is computed for an out-of-phase forcing amplitude
d = 1.06 slightly above dmerging and plotted in Fig. 13. For the sake of clarity, the ISs supported by the INNM are
not plotted as they do not merge with the main NFRC. One can see that the IS and the main NFRC have merged near
point G1 obtained from LP tracking. This figure is to be compared with Fig. 11a which corresponds to the state before
merging and where the IS and the main NFRC are separated by some cut near point G1. This validates the fact that
LP tracking is able to characterize the merging of ISs with the main NFRC.

Once the ISs have merged with the main NFRC, a phenomenon of localization of motion can be observed for
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Figure 13: Out-of-phase forcing (d = 1.06) - NFRCs after symmetry breaking (δm = 10−4 on beam #1). In accordance with Fig. 12d, for this level
of forcing d = 1.06 the IS on the in-phase NNM branch has merged with the main NFRC.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 22.2  22.3  22.4  22.5  22.6  22.7  22.8

A
m
p
lit
u
d
e 
w
1

Frequency Ω

Stable(NNM)
Unstable(NFRC)
Stable(NFRC)

LP(NFRC)

H1

(a) Beam #1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 22.2  22.3  22.4  22.5  22.6  22.7  22.8

A
m
p
lit
u
d
e 
w
2

Frequency Ω

Stable(NNM)
Unstable(NFRC)
Stable(NFRC)

LP(NFRC)

H1
H2

H3

(b) Beam #2

 0

 0.04

 0.08

 0.12

 0.16

 0.2

 22.3  22.3375  22.375  22.4125  22.45

A
m
p
lit
u
d
e 
w
1

Frequency Ω

Stable(NNM)
Unstable(NFRC)
Stable(NFRC)

LP(NFRC)

H1

(c) Beam #1 (Zoom)

 0

 0.04

 0.08

 0.12

 0.16

 0.2

 22.3  22.3375  22.375  22.4125  22.45

A
m
p
lit
u
d
e 
w
2

Frequency Ω

Stable(NNM)
Unstable(NFRC)
Stable(NFRC)

LP(NFRC)

H1

H2

H3

(d) Beam #2 (Zoom)

Figure 14: Out-of-phase forcing (d = 2.45) - NFRCs after symmetry breaking (δm = 10−4 on beam #1)
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the NFRCs supported by the in-phase NNM. For beam #1 the solutions supported by the in-phase NNM stay at low
amplitude. On the other hand, for beam #2, the amplitude of the response increases with increased frequency.

In Fig. 14, the NFRCs are computed with d = 2.45 to analyze the merging behavior predicted by the energy
balance method. In Fig. 14c, the intersection of the IS with the in-phase NNM (point C4 of Fig. 11a) has merged
with the intersection of the main response curve with the in-phase NNM (point C6 of Fig. 11a) near point H1. On
Fig. 14d, the response curve and the NNM intersect at two additional points (H2,H3). However, these points do
not appear on the NFRC of beam #1 (see Fig. 14c). Therefore, points (H2,H3) do not represent solutions in phase
quadrature. Only the merging point H1 is present on both NFRCs. For this reason, point H1 represents the merging
of solutions in phase quadrature found with the energy balance method in Fig. 10.

Consequently, it can be concluded that the energy balance and the LP tracking reveal two different types of merging
points. The LP tracking gives information on the merging of LPs located on ISs and on the main NFRC, while the
energy balance gives information on the merging of solutions in phase quadrature.

4.3. Localization of motion with in-phase forcing

In order to detect and initialize the ISs supported by the INNM of Fig. 7, the in-phase electrostatic forcing defined
in Table 1 is used to perform the energy balance presented in Fig. 15. Four points (I1, I2, I3, I4) are obtained for
d = 1. Points I1 and I2 belong to the INNM, point I3 to the in-phase NNM, and the lowest point I4 to the out-
of-phase NNM. The amplitude of point I4 is very small because the out-of-phase NNM is only slightly excited in
this case of in-phase forcing. It can be observed that the birth of ISs takes place at a much lower forcing amplitude
(d ' 0.25) than in the case of out-of-phase forcing (d ' 0.6, see Fig. 10). The ISs of Fig. 16 are initialized with the
two points I1 and I2 obtained for d = 1 in Fig. 15. Due to the in-phase forcing, the ISs are supported by the entire
INNM and not just by its stable part as in the case of out-of-phase forcing (Fig. 11). It is worth mentioning that point
I4 of Fig. 16 is not the exact intersection of the main NFRC with the out-of-phase NNM because the main NFRC is
composed of the modal contributions of both out-of-phase and in-phase NNMs.

For beam #1, the ISs have a high amplitude, whereas the main NFRC has a low amplitude. It is the opposite for
beam #2: the main NFRC has a high amplitude, whereas the stable parts of the ISs have a low amplitude. Conse-
quently, the phenomenon of localization of motion is more pronounced in the case of in-phase forcing than in the case
of out-of-phase forcing.

5. Alternative methods for mass sensing

In this section, phenomena such as localization of motion and merging of ISs are exploited to propose alternative
methods for mass sensing. Let’s assume that there is some initial asymmetry in the beam array, either intentionally
or due to manufacturing defects. By adding a mass larger than a specific threshold compensating the asymmetry, a
symmetry breaking event will occur, leading to an inversion of localization. This inversion of localization can be used
as a switch to enable mass detection. Two additional thresholds based on the merging of ISs can be combined with
the inversion of localization in the case of out-of-phase forcing. A frequency sweep is used to reset the localization of
motion in case of jumps to unwanted solutions such as ISs or solutions supported by the out-of-phase NNM. In the first
part of this section, the case of out-of-phase forcing is considered. The corresponding sensing method is interesting
because it involves two detection thresholds. These two thresholds are based on the inversion of localization and on
the merging of ISs supported by the in-phase NNM with the main NFRC. The only drawback of this method is that
the minimum frequency used during the frequency sweep is imposed. In the second part of this section, the case of
in-phase forcing is considered. The corresponding sensing method involves only one threshold related to the inversion
of localization but does not have the drawback of the method based on out-of-phase forcing. The generalization of
this method to a n-beam MEMS array seems to be more promising for parallel mass detection.

5.1. Alternative mass sensing in the case of out-of-phase forcing

A parametric analysis with respect to the dimensionless added mass is first performed by means of LP tracking in
order to highlight interesting features in the dynamics of the beam array that could be exploited for mass detection.
Because the IS branches supported by the in-phase NNM and the INNM are always disconnected even in the perfectly
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Figure 15: In-phase forcing - Energy balance after symmetry breaking (δm = 10−4 on beam #1). Ê: out-of-phase NNM, Ë: in-phase NNM, Ì:
isolated NNM.
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Figure 16: In-phase forcing (d = 1) - NFRCs and ISs after symmetry breaking (δm = 10−4 on beam #1)

symmetric case (δm = 0), two LP trackings with respect to δm are necessary to obtain all LP branches: the first one
starting from δm > 0 and the second one from δm < 0.

The first LP tracking is initialized with LP F1 detected on the NFRC computed for δm = 10−4, as plotted in Fig.
17, and the branch of LPs is continued for increasing then decreasing values of δm. In Fig. 18, this LP tracking is
plotted in the δm-Ω plane. The horizontal line δm = 10−4 is crossed by the LP branch at two additional points (F2, F3).
These points can be used to initialize the IS supported by the pure in-phase NNM, see Figs. 17a and 17b. On the zoom
of Fig. 18b, the birth of ISs supported by the INNM occurs for δm ' −5.65 × 10−3. For δm lower than this value, the
system is too much asymmetric for ISs to exist. The merging of ISs with the main NFRC occurs for δm ' 1.21× 10−4.
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Figure 17: Out-of-phase forcing (d = 1) - LP tracking with respect to δm initialized with point F1 of Fig. 12
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Figure 18: Out-of-phase forcing (d = 1) - LP tracking of Fig. 17 in the δm-Ω plane
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Figure 19: Out-of-phase forcing (d = 1) - LP tracking in the δm-Ω plane initialized with a LP on the main NRFC computed for δm = −10−4

For lower positive values of δm, the LPs are localized on the main NFRC and the IS supported by the pure in-phase
NNM. For values of δm larger than this threshold, the level of asymmetry is such that the in-phase NNM is sufficiently
excited for the ISs and the main NFRC to merge. Therefore, ISs can connect to the main NFRC by increasing the
asymmetry of the system.
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Figure 20: Out-of-phase forcing (d = 1) - LP tracking of Figs. 17 and 19 in the δm-Ω plane

The second LP tracking is initialized with a LP detected on the NFRC computed for δm = −10−4. It is plotted in
the δm-Ω plane in Fig. 19. The horizontal line δm = 10−4 is crossed twice by the LP branch at points (F4, F5) which
can be used to initialized the IS supported by the INNM in Fig. 17. In the zoom of Fig. 19b, the birth of ISs occurs
for δm ' 5.65 × 10−4. For higher values of δm, the system is too much asymmetric for ISs to exist. The merging of
ISs with the main NFRC occurs for δm ' −1.21 × 10−4. For lower values of δm, the level of asymmetry is such that
the in-phase NNM is sufficiently excited for the ISs and the main NFRC to merge. For higher negative values of δm,
LPs are located on the main NFRC and on the ISs supported by the in-phase NNM. For δm > 0, LPs are located on
the ISs supported by the INNM. For a better overview, the two LP trackings are plotted together in Fig. 20. Three
different regions can be distinguished, one region with no localization of motion on the main NFRC and two regions
with localized motion. For δm > 1.21 × 10−4, the motion is localized on beam #2, whereas it is localized on beam #1
for δm < −1.21 × 10−4. For −1.21 × 10−4 < δm < 1.21 × 10−4, there is no localization of motion on the main NFRC
and two ISs can be observed (see Fig. 11 for instance).

The principle of mass detection proposed here is closely related to the three regions defined Fig. 20b and is based
on a switch from one region to another in order to generate an inversion of localization. This is equivalent to a switch
from the first imperfect bifurcation of Fig. 8b to the second one. To this end, an initial configuration in the upper
region of Fig. 20b is considered, e.g., for δm = 1.4 × 10−4. The corresponding NFRCs are plotted in Fig. 21. It can
be observed that the ISs have merged with the main NFRCs as expected. For solutions on the merged ISs, beam #1
has a small amplitude, whereas beam #2 has a large amplitude, thus confirming the localization of motion on beam
#2. By sweeping the frequency up and down alternately from Ω = 22.35 to Ω = 22.8, the localization of motion can
be clearly observed since beam #1 has a small amplitude while beam #2 exhibits a hysteretic cycle with large jumps
in amplitude. The minimum frequency of the frequency sweep must be chosen carefully: it must be between the
frequencies of the two left-most LPs in Figs. 21a and 21b. Theoretically, the frequency sweep may not be mandatory,
i.e., a fixed operating frequency should work as well. However, jumps to the upper out-of-phase NFRC may occur in
experimental conditions. In this case, the frequency sweep ensures that the process is reset and makes detection more
robust. It is worth mentioning that the small unstable area on the merged ISs is due to the presence of non-displayed
Neimark-Sacker bifurcations and does not interfere with the frequency sweep-up.

When the additional mass δm is changed (removing mass on beam #1 is equivalent to adding mass on beam #2),
three scenarios are possible:
• If δm remains in the upper region of Fig. 20b, i.e., δm > 1.21 × 10−4, the overall behavior is unchanged and the

motion remains localized on beam #2.
• If −1.21×10−4 < δm < 1.21×10−4 (central region of Fig. 20b), there is no localization of motion anymore since

the solutions remain on the lower part of the main NFRC for beams #1 and #2 during the frequency sweep, as
shown in Fig. 22. This change of behavior can be used as a first threshold indicating that |δm| < 1.21 × 10−4.

• If δm < −1.21 × 10−4 (lower region of Fig. 20b), there is an inversion of localization and the motion is now
localized on beam #1, as shown in Fig. 23. This change of behavior can be used as a second threshold.
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Figure 21: Out-of-phase forcing (d = 1) - NFRCs for in initial asymmetric configuration (δm = 1.4 × 10−4 on beam #1). Motion is localized on
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Figure 22: Out-of-phase forcing (d = 1) - NFRCs for modified additional mass (δm = 10−4 on beam #1). With this amount of added mass, no
localization of motion is observed anymore for beam #2
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Thus, monitoring the changes of localization of motion gives indications on the variations of the additional mass. The
threshold |δm| = 1.21 × 10−4 generating the changes of behavior corresponds to the merging of ISs and is closely
related to the level of asymmetry in the beam array. It can be adjusted by tuning the bias voltage Vdc [15], by changing
the geometry of one of the two beams, or by adding a small amount of in-phase forcing. Offsetting this threshold is
equivalent to changing the initial configuration, i.e., the initial value of δm used as a reference for the mass detection.
The value |δm| ' 5.65 × 10−4 corresponding to the birth of ISs can also be used as a supplementary threshold.

5.2. Alternative mass sensing in the case of in-phase forcing

The in-phase electrostatic forcing defined in Table 1 is now considered. In this case, all possible positions of
the LPs when δm varies can be obtained with a single LP tracking. In Fig. 24, the main NFRC was computed for
δm = 10−4. Then, the LP tracking was initialized with the LP L1. It is plotted in the δm-Ω plane in Fig. 25. The
horizontal line δm = 10−4 is crossed by the LP branch at two additional points (L2, L3) which can be used to initialize
the IS supported by the INNM of Figs. 24a and 24b. In the upper light gray region corresponding to δm > 0, the
motion is localized on beam #2, whereas it is localized on beam #1 in the lower dark gray region corresponding to
δm < 0.

As the case of out-of-phase forcing, the principle of mass detection is based on a switch from one region to
another in order to generate an inversion of localization, but its implementation is simpler in the case of in-phase
forcing since only two regions are involved. An asymmetric initial configuration in the upper region of Fig. 25 is
considered. Such a configuration is obtained either by adding mass on beam #1, or by removing mass on beam #2,
or by tuning the bias voltage Vdc [15]. With an additional mass δm = 10−4 on beam #1, the NFRCs and ISs of Fig.
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Figure 24: In-phase forcing (d = 1) - LP tracking with respect to δm initialized with point L1 of the main NRFC computed for δm = 10−4 on
beam #1
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Figure 26: In-phase forcing (d = 1) - NFRCs for an initial asymmetric configuration (δm = 10−4 on beam #1). Motion is localized on beam #2
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Figure 27: In-phase forcing (d = 1) - NFRCs for modified additional mass (δm = −10−4 on beam #1). This amount of added mass leads to an
inversion of localization and the motion is now localized on beam #1

26 are obtained, where a localization of motion on beam #2 can be observed as expected. Since jumps to ISs may
occur in experimental conditions, an alternating frequency sweep 22.3 ≤ Ω ≤ 22.9 is used to ensure that the process
is reset after a jump. Contrary to the out-of-phase case, the boundaries of the frequency sweep are not imposed, they
just have to be respectively lower and higher than the LPs of the ISs. During the frequency sweep, beam #1 keeps a
small amplitude while beam #2 exhibits a hysteretic cycle with large jumps in amplitude.

If δm is modified so that δm < 0, for example by removing mass on beam #1 or by adding mass on beam #2, an
inversion of localization occurs and the motion is now localized on beam #1 instead of beam #2, as shown in Fig. 27.
The amount of mass that can be detected by this method is directly related to the level of initial asymmetry. As already
explained, this initial asymmetry can be adjusted by tuning the bias voltage Vdc [15], by adding a small amount of
mass on one of the two beams, or by changing their geometry.

This alternative method could be generalized to larger arrays of MEMS resonators for achieving parallel mass
detection. In [46, 47], the authors have found a pure NNM supporting successive mixed NNMs and BPs associated
with symmetry breaking phenomena. By exciting these pure NNMs, each symmetry breaking could be used as an
adjustable threshold for mass detection. Moreover, all the NNMs associated with these symmetry breakings are or-
thogonal to each others. Consequently, the thresholds associated to each of those symmetries are locally independent,
making their tuning easier.
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6. Conclusions

In this paper, a mass detection method based on symmetry breaking and localization of motion in an array of two
MEMS resonators has been proposed.

The global dynamic of the MEMS array has been investigated using nonlinear normal modes (NNMs), nonlinear
forced response curves and bifurcation tracking. In a perfectly symmetric configuration, it has been shown that NNMs
are either pure or mixed NNMs. Mixed NNMs are bifurcated asymmetric solutions emanating from bifurcation points
located on pure NNMs. The possible coexistence of isolated solutions is explained by means of energy balance and
limit point tracking. The results show that the energy balance method and limit point tracking can be used equivalently
to detect the birth of isolated solutions, but only the LP tracking can predict accurately their merging.

An additional mass generates a symmetry breaking that transforms mixed and symmetric pure NNMs into isolated
NNMs and asymmetric pure NNMs. It also generates a localization of motion characterized by a larger vibratory
amplitude on one of the two beams. When the additional mass becomes higher than an adjustable threshold, an
inversion of localization occurs which can be used for mass detection. The amount of mass that can be detected by
this method is directly related to the initial asymmetry level. It can be adjusted by tuning the bias voltage, by adding
a small amount of mass on one of the two beams, or by changing their geometry.
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