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Abstract In this article, we are interested in the Fixed-Time Stabilization
(FTSt) and Fixed-Time Synchronization (FTSy) of a class of Inertial Neural
Networks (INNs) with time-varying and distributed delays. To obtain FTSt
and FTSy, sliding mode controllers are developed based on sliding mode con-
trol (SMC) techniques and by using sliding variables. Two polynomial feed-
back control laws are exploited to achieve the FTSt and the FTSy but they
are singular. To get rid of the singularities, the saturation function is used
into the design of the controllers and the almost FTSt and almost FTSy are
proved. Finally, numerical examples are presented to show the effectiveness of
the theoretical results.
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1 Introduction

Artificial Neural Networks (ANNs) are a system whose design is originally
inspired by the operation of biological neurons and which has subsequently
moved closer to statistical methods. In the last decade, the use of ANNs has
been developed in many disciplines such as economic sciences, ecology and en-
vironment or biology and medicine [32,44,49,69]. They are applied in particu-
lar to solve problems of classification, prediction, categorisation, optimization,
pattern recognition, associative memory or secure communication [1,3,5,26,

,14,22,20,23,45,30]. In data processing, ANNs are a method of approxima-
tion of complex systems particularly useful when systems are difficult to model
using conventional statistical methods. In recent years, numerous outcomes on
Lyapunov stability, periodicity analysis and synchronization of various types
of ANNs (Hopfield, Cohen-Grossberg, Competitive, BAM, MAM) have been
obtained for instance in [2,3,4,5,6,7,8,11,12,13,46].

Wheeler and Schieve were the first to publish the article [60] in 1997 about
INNs which are more complex than lots of kinds of NNs. INNs have been
widely developed and many important results about asymptotic stability, ro-
bust stability, synchronization, stabilization and existence of periodic solutions
have been established [17,21,29,39,42,60,67,72]. In recent studies, the FTSt
of INNs has been intensively considered where the closed-loop system solutions
reach the equilibrium point in finite-time. The function giving the time for the
solutions to reach the equilibrium is called the settling-time. The finite-time
stability has a great importance in real applications like robotics, optimization
problems, pattern recognition, vehicle system or spacecrafts [25,28,33,35, 36,

]. It is a common knowledge that the settling-time estimation in finite-time
stabilization problems depends on the initial values of the dynamical systems
[47]. This results in disadvantages for real applications because in many prac-
tical systems it is difficult or impossible to obtain in advance the initial con-
ditions [16]. The initial conditions of many practical systems are difficult to
obtain accurately or even impossible to know in advance [16]. To settle this
problem, Polyakov has developed the concept of fixed-time stability in [51].

It is well known that there are rare and inconsistent observations in mea-
surements with the largest part of the population of observations, called out-
liers. The influence of external disturbances, modeling errors, and various un-
certainties in the real systems, as well as the robust and filtering techniques
to cope with these problems, are best shown in the following recent papers
[18,19,55,71,74]. Stabilization control of NNs has attracted more and more
attention, and there are different types of stabilization: asymptotic stabiliza-
tion; exponential stabilization; finite-time stabilization; fixed-time stabiliza-
tion [47,9], as well as different types of control strategies: feedback control
[1,9]; feedback tracking control [56,57]; adaptive control [41,40]; hybrid con-
trol [52]; intermittent control [64]; pinning control [61]; impulsive control[70],
or SMC [48]. As an application of fixed-time stability, FTSt of NNs has re-
ceived tremendous interest in recent years since it can make system stabilized
within a bounded time even if the initial conditions are unknown in advance
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[9,38,33]. The fixed-time controller makes it stabilized at a fixed-time and the
settling-time is independent on the initial conditions.

The authors of [38] discuss the finite-time and fixed-time stabilization for
delayed memristive NNs based on Filippov solutions, and discontinuous con-
troller. The study of FTSt for a general class of NNs (Cohen-Grossberg BAM)
was investigated in [37] by using differential inequalities, some comparison
techniques, and fixed-time stability theorem. In [10], the authors study the
FTSt for a general class of BAM with time-varying delay using the finite time
and fixed time stability theory, and linear matrix inequalities. In [64], the prob-
lem of finite-time synchronisation of NNks with mixed delays was investigated
by using periodically intermittent memory feedback control, finite-time stabil-
ity theory, linear matrix inequalities and differential inequality techniques. In
[73], the problem of finite-time stabilization for synchronization was investi-
gated based on geometric homogeneity and integral sliding mode manifold. The
robust finite-time synchronization of a class of chaotic systems via adaptive
global SMC was considered in [62] based on new chattering-free control laws.
The problem of improved SMC for finite-time synchronization of nonidenti-
cal delayed recurrent NNs was considered in [63] by designing a suitable SMC
based on Lyapunov stability theory. The integral SMC approach is presented in
[54] to investigate the projective synchronization of nonidentical chaotic NNs
with mixed time delays by considering a proper sliding surface, constructing
Lyapunov-Krasovskii functional and using linear matrix inequality techniques.
In [27], the synchronization problems of chaotic fuzzy cellular NNs with time-
varying delays were investigated based on SMC approach. In [68], the authors
study the projective synchronization for different chaotic time-delayed NNs by
using Lyapunov-Krasovskii functional and linear matrix inequality techniques.

In this article, the problems of FTSt and FTSy are addressed for INNs
under a new control strategy, namely SMC which is a nonlinear control tech-
nique that possesses remarkable properties of precision, robustness and easy
implementation [59]. SMC has two main advantages: first the system dynam-
ics behaviour can be adapted to the choice of the sliding surface, secondly
the closed-loop system is robust to uncertainties [24,58,66]. Its concise design
process and its ability to stabilize and synchronize the delayed INNs in a small
fixed time are two advantages of the SMC.

The contributions of this article are described below:

— A novel control strategy for FTSt and FTSy of INNs with time-varying
and distributed delays is introduced. We investigate the FTSt and FTSy
of INNs with time-varying and distributed delays by using SMC with an
adapted sliding surface. Moreover, by writing our system as a second-order
multi-variable system, two different feedback control laws are built to ob-
tain the FTSt and FTSy of INNs with time-varying and distributed delays.
However, these controllers have singularities.

— By using some proprieties of a well defined sliding surface, new sufficient
conditions for almost FTSt and almost FTSy of INNs with time-varying
delay are obtained such that the controllers are not singular.
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The paper is organized as follows. After some technical lemmas and def-
initions recalled in Section 2, the model description is given in Section 3. In
Section 4, two sliding mode controllers are derived for the FTSt of INNs with
time-varying delay, while the FTSy of INNs with time-varying delay is further
considered in Section 5. In Section 6, illustrative examples are given to show
the effectiveness of the proposed control design methods. The article ended
with a conclusion in Section 7.

2 Preliminaries

Let R denote the set of real numbers, R the set of positive real numbers, R™
the n—dimensional Euclidean space, R™"*™ the set of squared matrices of size
n, ||.|| the Euclidean norm such that ||z||? = %72, AT the transpose of the
matrix A = (a;j)1<i,j<n, diag(ai,- - - ,a,) the diagonal matrix, |A| the matrix
(laij])1<i,j<n and I, the identity matrix of size n.

Let us recall some results on finite-time stability and fixed-time stability.
Consider the following ordinary differential equation

y@t) = fy(®)),  y(t) eR” (1)
y(0) = vo

with f a continuous function such that f(0) = 0.

Definition 1 [47] System (1) is globally finite-time stable if it is Lyapunov
stable and for all yo € R™ there exists T(yp) > 0 dependent on the initial
conditions such that lim,_, ) [|y(t)]| = 0, i.e. [|y(t)[] = 0 for all ¢ > T(yo).
The function T is called the settling-time.

Definition 2 [51] System (1) is globally fixed-time stable if:

(1) it is globally finite-time stable;
(2) the settling-time function T is upper bounded by a constant T™#* > 0, i.e.
T(yo) < T

Definition 3 [75] System (1) is globally almost fixed-time stable if it is glob-
ally finite-time stable and there exists a constant T™® > 0 such that for all
€ > 0 we have T(yg) < T™** 4 T, where T, — 0 when ¢ — 0.

Remark 1 According to Definition 1 and Definition 2, we conclude that con-
trary to finite-time stability, the settling-time of fixed-time stability is inde-
pendent on initial conditions. In many fields, such as pattern recognition or
secure communication, the initial values are mostly hard to be acquired [76]. So
fixed-time stability is more suitable and applicable than finite-time stability.

Lemma 1 [50] If there exists a continuously differentiable positive definite
radially unbounded function V : R® — R such

V(y(t) < —av(y(t))? — AV(y(t)* (2)
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where & > 0, >0 and o1 > 1> go > 0 then system, (1) is globally fized-time
stable and the settling-time T(yq) satisfies

1 1
- + = (3)
daler—1)  B(1— o)

The function V is called a Lyapunov function for system (1).

T(yO) S Tmax =

Remark 2 Without loss of generality, if o1 = 1 +% and g5 =1 —% are satisfied
with u > 1, the upper bound of the settling-time function T(yg) of system (1)
can be estimated by

T(yo) < . (4)

Lemma 2 [75] The following system
(1) = —all=(0)]12 7 2(¢) = Bll=(@)]|= 2 (), (5)

where z € R, &, B >0, 00 >1and 0 < g3 <1 is globally fixed-time stable
and the settling-time is given by (3).

3 Model description

The following INN with time-varying and distributed delays is considered

d2r(t) dro(t) - - .
p7o e — ¢ pr agre(t) + kz::l coxgr(rx(t)) + ; dorgr(Ti(t — To(t)))
n t
+3 00w [ kalt = )(ru(o)do +u®), >0 ©)
k=1 -
where

—{=1,--- ,n with n the number of neurons to consider;

—r()=(r(), ,rn(.))T is the neuron state vector;
d2’r‘g(t)

Ji2— denotes the inertial term of system (6);
— A >0, a; > 0;
— ky, stands for the delay kernel;
— 7(.) stands for the time-varying transmission delay;
— fx(.), gx(.) denotes the activation functions with f(0) = gx(0) = 0 for
k=1, ,n;
— ug(.) : R = R denotes the control input;
— the initial conditions of system (6) are given by

rs) = eele), T _ gy sefo0,0) @

where £ =1,--- ., n, p; and & are bounded and continuous functions.
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Letting he(t) = dréft), then system (6) is written as

()
dh#(t) = —Aehe(t) — agre(t) + 70—y corfr(ri(t) + Sp_q dengn(ru(t — 7(8)))  (8)

+ 30y b [* o kit — 0)gr(ri(0))do + ug(t)
that is
#(t) = h(t)
h(t) = —Ah(f) — Ar(t) + CF(r(t)) + DG(r(t — 7(t))) (9)
+B [ _K(t—0)G(r(0))do + u(t)

wherer = (r1,-++ ,rn), h = (h1, - ,hy), A = diag(a, - ,a,), A = diag(A, - -
C= (cék)nxru B = (bfkr)nxn 5 D = (dfkr)nxnv K() = diag(kla ce 7kn)7 F() =
(f1()s o fa(DT GO = (910)s -+ 5 gn ()T and u() = (ua(), - un ()7

So we can write system (6) as a multidimensional second-order system.

Definition 4 [13] System (9) is globally finite-time stabilizable if there exists
a feedback control u(r, k) such that the closed-loop system is finite-time stable,
i.e. there exists a functional T such that for all initial condition 9, the solution
r(t,79) of the closed-loop system (9) with controller u(r, h) is well defined and
the settling-time T(rq) satisfy

lim r(t,79) = 0.
t*}T(TQ)

Moreover, system (9) is globally fixed-time stabilizable if:

— it is globally finite-time stabilizable; R
— the settling-time functional T(rg) is upper bounded by a constant Tyyax >
0.

Now, let us introduce some assumptions useful in the following.

(A1) All continuous functions fj with k = 1,--- ,n satisfy the Lipschitz condi-
tion

15 (V) = fr(®)ll < My — &

where v, k € R™ and M}, is a positive constant.
We denote M = diag(M,--- , M,).

(A2) The delay Kernel kg (.) with k = 1,--- ,n are positive bump functions such
that

+oo
/ kk(J)dJ = kk
0
(Ag) For all k=1,--- ,n, there exists constants Ny, such that
lgr(K)| < N, k € R.

We denote N = diag(Ny, -+, Ny).
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4 Fixed time stabilization of time-delayed INNs

In this section, the FTSt of INNs with time-varying delay is investigated. To
perceive the FTSt of system (9), we start with the following sliding variable:

s(r(t), h(t)) = h(t) + dor(t)||r (077" + Bar () [r(t)] =7 (10)
where dg,Bg >0, p2 >1and % < g2 < 1 and the sliding surface
S ={(r,h) € R*" :s(r,h) =0} .
Moreover, we propose the following feedback control design:

r(t)r’ (t)
(@)
A @) ol
B2 {Lﬁ(qz 1) ol ] ()] h(t)
—dn||s(®)]P* T s(t) — Bulls(t) || s(t)

| t

IOl IOl s
2O~ Tsor® ~ e

UWWMW®PﬁHmU }now1mw

(11)

where 071,31 > 0, pp > 1 and 1 <q <1, ? = (dor)nxn With & > A+
M|C|, ¥ = diag(Y1,- -+ ,1n) Wlth e > A Q > N(|B|K + |D|). Let us
remark that r(¢)r7 (t) belongs to R™"*™.

Theorem 1 Under assumptions (A1), (Az) and (Ag), system (9) is global
fized-time stabilizable under the proposed controller (11) and the settling-time
satisfies

22: L (12)

(=1 Epf_]- 5@(1—%)

Proof By computing the derivative of the sliding variable s(¢) along the tra-
jectory of system (9), we obtain

s(t) = —Ah(t) — Ar(t) + CF(r(t)) + DG(r(t — 7(1)))
+B/ K(t — 0)G(r(0))do + u(t)

r(t)r’ (1)
[l @)l
r)rt(t)
(@)l

+®@+@—n }wwwww

+&Pwu@—> }ww@*mw (13)
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Applying the controller (11) into (13) leads to

5(t) = —Ah(t) — Ar(t) + CF(r(t)) + DG(r(t — 7(t))) + B[ K(t — 0)G(r(0))do

—du[[s(t) [P s(t) — Buls(¢)]|7  s(t)
Al IIh(lt)IIS s
P1s@1* Y Isor®” ~ Clsen 14
Now consider the Lyapunov function V (s(t)) = 3s(t)”'s(t). We obtain
V(s(t)) = s(t)T { — Ah(t) — Ar(t) + CF(r(t)) + DG(r(t — 7(t)))
+B/ K(t—-o) ))do — éa|[s(t)|[P~'s(t) — B ls(t)]| ™ s(t)
all Al 8)
SO~ O ~ O
So, it leads to
V(s(t)) < Als@lI@) + Alls@[l= @) + M[Cllls@)|[[I7(£)]| + N|DI|s(t)|
+N[BIK|s(t)]| — alls@)[|P*+ = Bills(t)]| T — o||r () [[[Is(t)
=Zlr@®lIs®)]l = QlIs(®)I],
that is
V(s(t)) < (A+ M[C|—®)|s(t)|[lr(&)]| + (A —)|s(1)]] IIh(f)II
+(N(ID|+ [BIK) = Q)[[s(t)|| — dalls(®) [P+ = Bals(t)[|
< —aqs() P = Bus(t) )| e
<~ (2V(s(h) T ~ RV (s(t) T (15)
Letting y(t) = \/2V (t) then y(t) = \/‘% and we get from (15)
g(t) < =P (t) — By (t). (16)

Then, from Lemma 1 we conclude that s(¢) converges to zero in fixed time and
the settling-time is bounded by

1 " 1
Ga(p2 — 1) 31(1 - (h).

Tl = (17)

It implies that s() = 0 for all ¢ > T}. From (10), we obtain

#(t) = —dor()|lr ()P~ = Barllr(t)] =" (18)
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From Lemma 2, we conclude that system (18) achieved the fixed-time stability
and the settling-time is upper bounded by

. 1 1
2= da(p2 — 1) " 32(1 - 112).

(19)

As a conclusion, r(t) = 0 for all ¢ > Ty + Ty, which it implies that h(t) =
T(t) =0 for alltZTl —|—T2 [ |

The algorithm of the proposed SMC is presented as follow:
Algorithm 1:
Step 1: Choose éas, Bg, p2, and gs. Then, we construct the sliding variable.
Step 2: Since fi(.), ki(.), and gx(.) (k = 1,--- ,n) are known, we calculate
My, ki, and Ni. Then, we choose ¥p, ¢pr, and go. (€ =1,--- ,n).
Step 3: Select the design parameters 071751, p1, and g1. Subsequently, we
design the sliding mode controller.

It is clear that controller (11) is undefined in the set {(r(t), h(t)) : () = 0}
due to the fact that % < g2 < 1. To get rid of the singularity of controller (11),
we use the saturation function given by

sate(z(t)) = sign(z(t)) min{|z(t)|, €} (20)

with € > 0 a threshold parameter and r € R. It results a new controller written
as follows

r()rt(t)

u(t) = ~aa 1 + (= DO o)

4 OO e g (O

52{1"”‘” V7@l ]' @l t5<|r<t>||)
—anlls(P () — Arlls(l|ms(r) - @Hg:' (1)
! (1)

Vsl s

Let us now state a new theorem with the non singular controller (21) whose
proof is inspired by [75].

s(t) - Q

(21)

Theorem 2 Under assumptions (A1), (A2) and (As), system (9) is globally
almost fived-time stable under the non singular controller (21) and the settling-
time verifies

1 N
+ 1T, (22)

A > 1
T(ro) < kz::l an(pr — 1) * Br(1 — qx)

where T, denote the small time-margin accounting for the saturation function.
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Proof Consider the sliding variable (10) and substituting the feedback con-
trol (21) into the time derivative of the sliding variable given by (13) leads
to

$(r(), h(t)) = —A(t) — Ar(t) + CF(r(t)) + DG(r(t — 7(1)))
+B/_ K(t — )G (r(0))do — énl|s(®)|P~"s(t)

[l el "\l
tateyetate — O IO, s
Bl ™50 = 21 0 = Py = Qe 9

To show that the sliding surface is globally attractive we define the following
subsets:

h
Sk—{(r,h)€R2ns|k|||Ze}; k=1,---,n (24)
T
and
Y=8,US;U---US,, X=R>"\Y.
Case 1: the state of system (9) is in X. Then we have sat. (I};Egﬂ thg\l

and (23) rewrites as (14). Using the same technique as in Theorem 1, we obtain
that s(¢) = 0 for all ¢ > T} where T} is given by (17), or the system trajectory
enters the set Y in finite time bounded by 1.

Case 2: the state of system (9) is in Y. Then there exists k € {1,--- ,n} such

that sat. <|hr’°(g)” = ¢ which implies that due to the small value of r(.), there

exists at least one element of the control input « which is saturated. From (9),
the solution of r; can be calculated as follows

r(t) = r(0) + /0 hi (o) do

As on each set Si, we have hy, > 0 or hy < 0, it implies that r; will be monoton-
ically decreasing or increasing until (r(¢), h(t)) leaves the set Si. Consequently,
for all € > 0 there exists a finite-time T, such that the state system (r(t), h(t))

leaves Sy, and “?Tkgt))l“ < € so that sat. (f;’“(g)l = l‘hr"'(gt))”. The same holds for all

sat. <|T(%)|) = (:g(—(tt))u with £ = 1,--- ,n. Thus, for a given € > 0, there exists

a finite time 7, < )")_, T¢, such that the state of system (9) reaches X.
Case 3: the state of system (9) satisfies s(r(t), h(t)) = 0. So similar to the proof
of Theorem 1, system (18) achieves the fixed-time stability and the settling-
time is upper bounded by (19).

As a conclusion, system (9) is globally fixed-time stable under the feedback
control (21) and the settling-time is bounded by Ty + 75 +7.. B
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Remark 3 If a sufficiently large threshold parameter € > 0 is chosen, then ||r|]
is allowed to be very small and thus the domain in which the control input is
saturated is very limited. This implies that the time margin T, can be made
very small.

Remark 4 Similar to Remark 2, if pp, = 1+ %k and ¢ = 1+ ﬁ with py > 1 for
k = 1,2, then less conservative estimates for the upper bound of the settling-
time in Theorem 2 can be calculated as

+ T.. (25)

5 Fixed-time synchronization of time-delayed INNs

In this section, the synchronization of time-delayed INNs between master and
slave systems is investigated. Let us take the following systems as the master
system:

Taa = N ) + Y ) + Yl - H0)
+Zb@k/ K. (t — o) g (z(0))do + I (26)

and as the slave system:

To = 3 )+ 3 a0 + Y~ 70
+Zbgk/ k. (t — o) g (yx(0))do + I + T (t) (27)

where @y(.) denotes the controller.

Now, define the error between the master system and the salve system as
eo(t) = ye(t) — z4(t) for £ =1,--- ;n. Then the error system can be described
as follow

d2€g(t) . dyz(t) dl‘z(t)
de? __M< a dt)

— ar(ye(t) — (1))

ZCek Se(yr(t)) = fr(zr(t)))

+ Z dor(gk (yx (t = 7(1))) — g (e (t = 7(1))))

k=1

+Zbek/ ky,(t — 0)(9x(yr(9)) = gr(xx(0)))do + u,(?). (28)
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That is

— deg(t)

a2 g aeee(t) + ZCZkAfk

+Zd2kﬁgk + Zbgk/ kk t— U)Agkdd + 115( ) (29)

where Afy = fi(yr(t)) — fu(zx(t), Agr = ge(yx(t — 7(1))) — gu(zk(t — 7(2))),

A£Gy = gi(Yr(s) — gr(n(s). Letting z¢(t) = dee(t) , then system (29) is written
as:
i = 21
= ~hezlt) —aced(t) + Ti_y ca S+ i dalox (30)
+ 30 bo 1 ki(t — 0)AGydo + T(t)
that is
de(t) _ ¢
i~ t o (31)
= —Ax(t) — Ae(t) + CAF + DAG + B [*_K(t — 0)AGdo + (1)
wheree = (e1,---,en)T, 2= (21, ,2,)T, 0 = (A, ,0p), AF = (Afh-'-

AG = (&91,"' ’Agn)T, AG = (A?l, 3A§1>T'

Definition 5 The master system (26) and the salve system (27) are said to
be fixed-time synchronized if there exists a functional T such that for all
initial conditions eg of system (31), the solution e(t, ey) is well defined and the
settling-time T(eq) satisfies

lim e(t,eq) =0.
t—T(eo)

For the FTSy of the master system (26) and the salve system (27), we
define the following sliding variable

s(t) = 2(t) + aae(®)|le(®)]|P* " + Bae(t)le(t)][ = (32)

where Ao, Bg >0, p2 > 1 and % < @2 < 1. Then, the feedback control design is
given by

s NG
_ z{m el }n ()7 =(1)
OO
[ e ]| (1) =(1)
a7 s(0) — A fls@ 7 s
el Izl o st
oY o T User (33)

where &1,81 > 0, py > 1, l <q <1,P = (¢dek)nxn with ® > A+ M|C|,
v = diag(vr, - ﬂ/fn) with W > Ay and Q > 2N(|B|K +|D|).

)T
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Theorem 3 Under assumptions (A1), (Az2) and (As), the master system (26)
is fized-time synchronized with the salve system (27) under the proposed con-
troller (33) and the upper bound of the settling-time is given by (12).

Proof By computing the derivative of the sliding variable s along the trajectory
of system (31), we obtain

t
§(t) = —Az(t) — Ae(t) + CAF + DAG + B/ K(t — 0)AGdo

e eT
#at a1+ (2 - DA et
R T
h [In Fa-1) (”)( )ﬁ“] el =(2). (34)

Applying the controller (33) into (34) leads to

t
§(t) = —Az(t) — Ae(t) + CAF + DAG + B/ K(t — 0)AGdo

st nigy Ol
Is@)P~ts(t) — Bills(t)[| ™ s(t) ¢||s(t)|| (t)

WL s

Yo e (35)

Now, considered the Lyapunov function V(s(t)) = 3s(t)Ts(t) we obtain

V(s(t)) <st)T| = Az(t) — Ae(t) + CAF + DAG + B /t K(t — 0)AGdo

—dnlls(@)[P*~ s(t) = Bulls(t)| s () - ¢:| <§|| €
O] PP ()
L’7\|s<zf)|\ ®) Q||s(t>||

V(s(t)) < Alls®)llz(t)]| + Alls@)[[lle(®)]| + M[C][Is(t)[lle(t)[| + 2N D|||s(2)]|
+2N|[BIK||s(t)[| — au [|s) [P = Bills(t) |9 — Blle(t) [[|s(2)]]
—Zlz@)[lIs@®) — Qlls@®)]l-

It yields
V(s(t)) < (A+MI[C| = d)|Is(t)|[le(t)]| + (A —@)|s(®)][[]|=(t)]
+(@2N(D| + [BIK) = Q)|ls(t)]| — aalls@)[[”* ' = Bulls(t)]| 2T
< —dn st = Bulls(e)l| @
<~ (2V)F —hiV)tE

(36)
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Letting x(t) = 1/2V (¢) and &(t) = \/‘;W then we get from (36)

i(t) < —dqaPr(t) — Bra®(t). (37)

From Lemma 1 we conclude that s(¢) converges to zero and the settling-time is
bounded by (17). It implies that s(¢) = 0 for all ¢ > T;. From (31), we obtain

&(t) = —dne(t)||e(t)|7> 7" — Baelle(t)] = (38)

From Lemma 2, we conclude that system (38) converges to zero and the
settling-time is upper bounded by (19).

As a conclusion, e(t) = 0 for all ¢t > T} + T which implies that z(t) =
é(t) =0 forall t > Ty +Tp. W

To get rid of the singularity of the controller (33), we use the saturation
function and the new controller is expressed as follows:

I 0O,
a(r) = 2[In+<p2 pepetd }||<>|| 2(0)

-+ =0 e [ s ()

—anlls pl*ls A s q1—1 He(t)”
1ls@)]l (t) = Balls(®)]| s(t) — @Hs(t)\l s(t)
_glFOl 5 _50)
Uison*? ~ Yo
Theorem 4 Under assumptions (A1), (Az2) and (As), the master system (26)

is globally almost fized-time synchronized with the salve system (27) under the
non-singular controller (39), and the settling-time verifies

(39)

[~}

1 1 .
= + = + T (40)
1 Yk (pk — 1) Br(1 — qr)

where T. denotes the small time margin accounting for the saturation function.

Proof Consider the sliding variable (32) and substituting the controller (39)
into (34) leads to

$(t) = —Az(t) — Ae(t) + CAF + DAG + B /t K(t — 0)AGdo
e(t)e’ (1)

NECEN
fer el {n Bl “(e(t)m
EG

+BQ [In + (QZ - 1)

—an|s@)|P 1 s(t) — Bulls(t)]| 7 s(t) — ” (t)”S(t)
O s
o T o (41)
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We define the following subsets:

|21 ()]
Sk:{(e,z)GRQ”: >e€r; k=1 ,n. (42)
el
Let
Y=8,USyU---US,, X=R?"\Y.

_ =)
—lle®I
and (41) rewrites as (35). Using the same technique as in Theorem 3, we obtain
that s(t) = 0 for all ¢ > Ty where T} is given by (17), or the system trajectory
enters the set Y in finite time bounded by 1.

Case 2: the state of system (31) is in Y. So there exists k € {1,---,n} such

Case 1: the state of system (31) is in X. Then we have sat. <|zg;|>

that sat. <|Ze’“((tt))| = ¢ which implies that due to the small value of e(.), there

exists at least one element of the vector input control w which is saturated.
From (31), the solution of ey can be calculated as follows

er(t) = ex(0) +/O zi(8)ds.

As on each set Sy, we have z;, > 0 or z; < 0, it implies that e is monotonically
decreasing or increasing until (e(t), z(¢)) leaves the set Sy. Consequently, for
all € > 0, there exists a finite time T, such that the state system (e(t), z(t))

leave s, and ‘lz’“((t)l < € 80 Sate< Z’“(t)) — 20 The same holds for all

lle(®l el el

fe@®l ) — Te®I
a finite time T, < Z?Zl T, such that the state system reaches X.
Case 3: the state of system (31) satisfies s(e(t), z(t)) = 0. So, similar to the
proof of Theorem 3, system (31) converges to zero and the settling-time is
upper bounded by (19).
As a conclusion, the master system (26) is globally almost fixed-time syn-
chronized with the salve system (27) under the feedback control (39) and the
settling-time is bounded by Tl + Tl +7.. 1

sat€< ze (1) > = W with ¢ =1,--- ,n. Thus, for a given € > 0, there exists

Remark 5 The controller (11) and (33) are discontinuous ones because they
use the sign function which could produce the undesired chattering, while in
some cases continuity is necessary. Under these circumstances, we can use the
sat function in the controllers (21) and (39) to decrease this effect.

Remark 6 It should be noted that the synchronization is the stabilization of
the error between the transmission and the receiver systems. The synchro-
nization phenomenon is often encountered in nature, which is considered as
an adjustment of rhythms of oscillating objects due to their internal weak cou-
plings [15]. It has a great importance in real application. For example, fireflies
in flocks give off flashes of light with the same frequency on a summer night
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or the synchronous motion of space is established between the moon’s orbital
motion and its rotational motion. In order to achieve self-synchronization in
the asynchronous communication techniques between the transmitter and the
receiver, the two sides must simultaneously send and receive information over
the same frequency.

Remark 7 In this work, the FTSt and the FTSy are investigated for a class of
INNs with time-varying and distributed delays. For the first time, new SMC
schemes are proposed in our paper for the FTSt and the FTSy of master-slave
INNs with delays where the settling-time is bounded independently from the
initial conditions by constructing Lyapunov functionals and by using analyt-
ical techniques. The main limitation of SMC in practical applications is the
chattering problem. The chattering is the natural price that the SMC pays in
order to eliminate completely unknown matched external disturbances.

Remark 8 Compared with the results of [27,54,68], the improved SMC ap-
proach of this brief provide better results for the following reasons. Firstly, the
integral sliding mode surface is novel and needs less information, which has
the performance that once the sliding mode variable satisfies s(t) — 0, the
FTSy will be guaranteed independent of the initial conditions. Secondly, the
presented control approach can be conveniently verified without solving any
LMIs. Finally, the FTSy between drive-response systems (26) and (27) can be
obtained via the presented SMC approach, however, it cannot be guaranteed
in the articles cited above.

6 Numerical Examples

In this section, we present four examples to illustrate the effectiveness of the
results presented in this article.

Example 1 Consider the following INN with time-varying delay

d27“g(t) dT‘g(t) n n
S = N a0 3 a0+ 3 dign(rn (e )+t
(43)
and the transformation d%p = hy(t) leading to the system:
e = h(t)
D — Neho(t) = aere(t) + iy confi(r(t)) (44)

+ 3 ey dergr(re(t — 7(t))) + ue(t)

with n = 2, = 1,2, a; = az = 3, )\1 = )\2 = 4, C11 — 03, Cl2 = 015, Co1 =
0.25, Cog — —0.4, d11 = 067 d12 = 0.2, d21 = —0.3, d22 = 037 T = 1, the
activation functions fy(s) = 0.5[|s + 1| — |s — 1|] and g,(.) = tanh(.). We have
Ife(v) — fx(k)|] < |v — k| and |gk(k)| < 1, then Assumption (A1) and (Az)
hold with Mk =1 and Nk =1.
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Choosing &y = B@ = 4. For u; = ps = 4, we have p; = po = 1 + i =
1.25 and ¢1 = ¢o = 1 — i = 0.75. The other parameters of the feedback
control (11) are designed as follows: 11 =19 =6 > a1 =3, 1o =6 > as = 3,
$11 =4 > ap + Mi|en| = 3.3, ¢12 = 3.5 > ar + Mi|ciz| = 3.15, ¢21 =
3.5 > ag + Macar| = 3.25, ¢o2 = 4 > ag + Ma|cao| = 3.4, 1 = 7 > Ag,
Yo =7 2> A, quu = 1 > Nldu| = 0.6, q12 = 0.6 > Nldi2| = 0.2, 21 =
1 > Nlda1] = 0.3, g22 = 0.6 > N|d22| = 0.3 and the initial condition are set
as r1(0) = —0.5, r2(0) = 0.5, h1(0) = 1, ho(0) = —1. From Theorem 1 we
obtain that system (44) is globally fixed-time stabilized under controller (11).
In addition, the settling-time satisfies the following inequality

2
NOESY /“L —
=12 @gﬂg

The state trajectories of system (44) under controller (11) are plotted in Fig-
ure 1.

+ = < 3.1416.

vl 3
vl 3

15 T T T I I ]
() —r.() h,() —h,()

=1,2
o
o

T

i

® and h (@, i

r
1
=
[
T
i

Fig. 1 Trajectories of system (44) with controller (11)

Ezxample 2 Consider now the following two dimensional INN with mixed delays

d*r(t) B dr(t)
az ~ A

— Ar(t) + CF(r(t)) + DG(r(t — 7(t)))

dt
+B/_ K(t — s)G(r(s))ds + u(t); (45)
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and the transformation d:l—(tt) = h(t) leading to the system
-
i = —Ah(t) = Ar(t) + +CF(r(1)) + DG(r(t = 7(1)) (46)
+B [° K(t—s)G(r(s))ds +u
where k1 () = kao(z) = e 5,7 =2, A = <(2) g),/l = (g g>7 C = (_0655 95’57),
0.9 —0.2 0.6 0.2 . .
B = 04 03 ) D = 0302 and the activation functions F(.) =

G(.) = tanh(.). We have |fx(v) — fr(k)| < |v — k| and |gr(x)| < 1, then As-
sumption (A1) and (Az) hold with My, = Nj, = 1. We have [~ e~ %ds = 1,
then assumption (Ag) holds.

Taking &1 = do = 1 = o =1, p1 = 1.5, o = 2.5, € = 0.1, py = 1 + 5,
pe =1+ %5, q=1-— %5 and gg =1 — % The parameters of the feedback
control (21) are designed as follow: ¢11 = 3 > a1 + Milci1| = 2.5, ¢12 =
3.5 > ay + M2‘012| = 235, ¢21 =35 > as + M1‘021| = 2.5, (]522 =4 > as +
Msleaa| =27, 01 =T > XA =3, =7> Xy =3, qu1 =1 > Ny|di1| = 0.6,
q12 = 0.6 > N2|d12‘ =02, =12 N1|d21| =0.3, g22 =0.6 > N2|d22| =0.2.
The initial values are taken as r1(0) = 0.5, r2(0) = —0.5, h1(0) = —0.7,
h2(0) = 0.6. Theorem 2 guarantees not only that system (46) is globally fixed-
time stabilized under the controller (21) but also that the settling-time satisfies
the following inequality

IN

2
. . 157 25
Y P f = T 20T 40,001 < 6.2842

=1 2\/5[43@ 2 2

with 7. = 0.001. We see on Figure 2 that system (46) is globally almost fixed-
time stable.

Example 3 We consider the following INN master system

dzﬂjg (t) _ 7}\[ diﬂg(t)

o — —awe()+Y | confr(zr(t)+Y | doegr(z(t—7(t))) (47)

k=1 k=1
where n = 2, T = 1, a1 = ag = 12, )\1 = )\2 = 77 C11 = 04, C12 = 02,
Co1 = 05, Coo = —0.5, d11 = 07, d12 = 03, d21 = —0.4, d22 = 0.4, the
activation functions fy(s) = 0.5[|s + 1| — |s — 1]]. It is clear that Assumption
(A1) and (Az) hold and My = Nj = 1. The salve system is given by

d?ye(t) dyq(t)
dt? dt

:—)\e

—aeye(t)+ Y confr(ur(0)+ Y dor fu(ys(t=7())) +ue(t)

k=1 k=1
(48)
where the parameters of system (48) are same as the system (47).
Choosing d1 = do = 1 = 1 =2, M1:M2:3,p1:1+i7p2:1+%27
G =1- u% and g = 1 — ;%2 The parameters of the feedback control (33) are
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0.8 T T T T

0.6 a
0.4

1,2

0.21 h

(t) and ri(t), i
S
N

h

Fig. 2 Trajectories of system (46) with controller (21)

as follows: ¢11 = 13 > ay + Mi|ei1| = 12.4, ¢12 = 13 > a1 + Mycia| = 12.2,
$21 = 13 > ag + Ma|co1| = 12.5, ¢92 = 13 > ag+ Ma|coa| = 12.5, 91 =8 > Ay,
Y2 =8 = A, Gy = 3 2 2Ni|du| = 14, q, = 1.5 = 2Ni[dys| = 0.6,
Gy = 2 > 2Ns|da1| = 0.8, Gog = 3 > 2N3|da2| = 0.8. The initial values
are taken as z1(0) = 1, 22(0) = 0.5, y1(0) = —0.5, y2(0) = 0.5. From Theo-
rem 3, the master system (47) and the slave system (48) are globally fixed-time
synchronized under controller (33). In addition, the settling-time satisfy the
following inequality

2 3T
Z =5 < 4.7124.
=124/ b

After a short time, the master system (47) tracks the slave system (48) as
illustrated in Figure 3 and Figure 4. The synchronization errors are depicted
in Figure 5 and Figure 6.

Example 4 We consider the following INN master system:

Px(t) _Adx(t)
a2 dt

)
49)
e () (55
B = (0.1 _0.2)a D = <0'5 0'35) the activation function G(.) =

— Aa(t)+CG(a(t))+ DG (x(t—7(t)))+ B / K(t—5)G(a(s))ds

—-0.5 -04 -0.5 -0.7



20

Chaouki Aouiti* et al.

0.6FT

T
04r
02r

x0)
—10)

—02F

x,(® and y, (1)

~04f

~06

(® andy, ()
s o o o
—— 77—

-0.6EL I L 1 L L I 1 1 L fiu| -0.8EL

5 6 5
Time (t) Time (t)

Fig. 3 Trajectories of z1(¢) and y1(t)

3FT

Fig. 4 Trajectories of z2(¢) and y2(t)
— s ————————————, =

SAn

5 6 4 5
Time (t) Time (t)

2, and z,(t)

e, and e,(t)

o

Fig. 5 Trajectories of 21 (¢) and 22(t) Fig. 6 Trajectories of e (¢) and ea(t)

tanh(.). The salve system is given as follows:

T = 2 )+ el + 3 dont = 7(0)
3 b / ki (£ — )i (24(0))dor + uelt) (50)
k=1 >

where the parameters of system (50) are same as the system(49).

Choosing 1 = 1.5, ps = 2.5, &1 = Bl = Qo = Bg =1,e=01p =
L4 - = 1.6667, pp = 1+ - = 14,1 = 1— - = 0.3333 and go = 1 — - = 0.6
The parameters of the feedback control (39) are given by: ¢11 = 9 > a1 +
Milci1]| = 5.6, ¢12 =9 > a1 + Mi|ciz| = 5.2, p21 = 9 > az + Ma|ca1| = 5.3,
a2 =9 > as+ Maleaa| =53, 01 =7 > A, he =7 > A, Gy = 1.9 >
2N1(Jb11] + |di1]) = 1.2, G = 1.2 > 2Ny (|bia] + |di2|) = 1.1, Gpy = 2 >
2N2(|bgl| + |d21|) = 2, 522 =3 Z 2N2(|b22| + ‘d22|) = 2.2. The initial values
are taken as z1(0) = —0.6, z2(0) = 0.6, y1(0) = 0.8, y2(0) = —0.8. From
Theorem 4, the master system (49) and the slave system (50) are globally
fixed-time synchronized under controller (39). After a short time, the master
system (49) tracks the slave system (50) as illustrated in Figures 7 and 8. The
synchronization errors are depicted in Figures 9 and 10. The settling-time
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satisfy the following inequality

2
- 15 25
T(0) < Y = + T = =% + =% +0.001 < 6.2833.
=12/ &Py

with 7. = 0.001.

x,(® and y, (1)

~04f

X, and y, (t)
s o o o
o N B 5 &

5
Time (t)

Fig. 8 Trajectories of z2(t) and y2(t)
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Fig. 9 Trajectories of z1(¢) and 2z2(t) Fig. 10 Trajectories of e (t) and ex(t)

Remark 9 The study of the fixed-time stability of neural networks is of major
interest for many applications such as spacecraft attitude dynamics [33] and
secure communication [65]. Secure communication using synchronization be-
tween chaotic systems is a new concept of secure communication. In [1], the
authors present the secure communication synchronization problem as real
application of inertial neural networks.

7 Conclusion

In this article, the fixed-time stabilization and fixed-time synchronization of
inertial neural networks with time-varying delay are inspected. By using slid-
ing variables, two sliding mode controllers are obtained. Moreover, to get rid
of the singularities two more sliding mode controllers are designed leading
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to almost fixed-time stabilization and almost fixed-time synchronization. Our
results are novel and complementary to the existing results about neural net-
works. There exist several ideas for future research. The first topic is related
to the activation function. For processing of complex processes with delays the
speed and performance of neural network in such case will depend on quality
of activation function chosen. For this reason, a scaled polynomial constant
unit activation function SPOCU [34] is going to be tested with respect to
its performance. The second one focuses on the fixed-time stabilization and
fixed-time synchronization under sliding mode control of:

1. a more general model of inertial neural networks such as inertial BAM
neural networks, high-order inertial neural networks, quaternion-valued
inertial Cohen-Grossberg neural networks, Clifford-valued inertial neural
networks;

2. a more general model of fractional-order time-delayed inertial neural net-
work.

Conflict of interest: The authors declare that they have no conflict of in-
terest.
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