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Abstract

The distribution of a variable observed over a domain depends on the un-
derlying process and also on the geographical locations at which the variable
has been measured. In this paper, we fit a model to the distribution suppos-
ing that the observations are generated by a stationary strong-mixing random
field. Indeed, after estimating the density of the considered variable, we con-
struct a test statistic in order to verify the goodness of fit of the observed spatial
data. The proposed class of tests is a generalization of the classical chi-square-
test and of the Neyman smooth test. In the framework of increasing domain
asymptotics, we analyse the large sample behaviour of the test. The limiting
distribution is a linear combination of X7 r.v.s where the coefficients are the
eigenvalues of a matrix X essentially related to the spectral density of the ran-

dom field. Finally some indications about the implementation are provided.
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1 Introduction

Usually the fit of the model to observations is tested by the classical y? test (Rogers
(1974), Ripley (1981), Cressie (1993)) and often independence cannot be assumed.
In many fields — geology, ecology, or forestry, for example — observations are
taken at different locations, i.e. are georeferenced, and present spatial autocorrela-
tion (Cliff and Ord (1973)). In these cases to check distributional assumptions it is
more appropriate to apply goodness of fit tests that take into account spatial depen-
dence. Those goodness of fit tests could also be used to check if a new simulation
procedure for random field has produced the desired distribution.

In this paper, we propose to generalize the classical y? test to the case of correlated
spatial data. Our framework is based on the nonparametric density estimator by
projection, analogously to the cases of time series data in Ignaccolo (2004) and of
independent data in Bosq (2002) (see also Bosq's papers referenced there). This
class of goodness of fit tests also contains the smooth test of Neyman (1937). To
take explicitly into account the spatial autocorrelation among the observed data, we
suppose that the observations are generated by a strong-mixing random field and
observed on a rectangular region 7,,.

The paper is organized as follows. In Section 2 we set the notations used in Sec-
tion 3 to define the class of tests. In Section 4 we analyse its asymptotic behaviour
(proofs are postponed to the appendix). We conclude providing some indications

about the implementation of the test.

2 Definitions and basic framework

Let X = (X;.t € Z%), with d > 1, arandom field defined on some probability space
(€2, A,IP) with values in a measurable space (F, B), i.e. a collection of random
variables indexed by the discrete multidimensional variable t € Z?. In the special
case where d = 1, the random field X; is just a discrete stochastic process.

The random field is strictly stationary (or homogeneous) if for any set A C Z<,
and for any point v € Z the joint distribution of the random variables (X;,t € A)
is identical to the joint distribution of (X3, t € A + v), where A + v is the set A
“translated” by v, thatis A +v = {s €Z%:8=t+w, withv e A} :
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Let us consider a strictly stationary random field X = (X;.t € Z%), with d > 1,
defined on (€2, A,[P) with values in (£, B) and assume that we observe X on a
rectangular region /[, defined by I, = {12 b E12* 1 <Shiprs myiile=zil hos it d}. We
write n — oo if min; n; — oo and we set n* = H;‘;l ny = |I,| the cardinality of
I, that is the total number of points where the process is observed.
To take into account the dependence between the observations we suppose that they
are generated by a strong-mixing (or weak dependent) spatial process.
If A C Z4, let Ay be the o-algebra generated by the X, p € A. If Ay, Ay C Z2, let
dist(Ay, Ay) = inf {dist(p1, p2) : p1r € A1, p2 € As} and

ol i) = sup IP(A1 N Ag) — P(A;)P(As)] .

A1€A;\1 JAz E-AAZ

The random field X is said c-mixing (or strong mixing) if

Qo (1) = sup {a(An,, An,) : dist(Ar, Ag) > n, [Ar] < u,|Ag| < v} =20,

for any integers u, v > 0 (see Doukhan (1994)).

3 Construction of the class of functional tests

We want to test the simple hypothesis Hy : “X; has distribution p” (X; ~ ), where
i is a probability measure on (£, B) completely specified. Let P be a family of
probability measures on (E, B) dominated by u and let » be the generic element
of P. We denote by f the probability density of i with respect to i, f = g—;, and
we assume that f € L?(u), that is a separable Hilbert space with its scalar product
(f, 9) = [ fgdu. Then the density f admits a Fourier expansion and it can be
estimated by truncating this expansion, that is taking its orthogonal projection on a
subspace of L?(j1). This permits estimation of f estimating only a finite number
of Fourier coefficients. Optimality properties of the projection density estimator are
obtained when k& = k(n), that is the dimension of the subspace where f is projected
depends on n (see Bosq and Lecoutre (1987) for further details). Here we consider
k fixed and we do not focus on the density estimator’s properties, but on the test
statistic defined in (2). Before applying the test proposed here, as a preliminary
step, the parameter £ could be chosen looking at the number of estimated coeffi-

cients that are “large enough”, as suggested in Bosq (2005, p.61). In the future, this
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data-driven truncation index could be incorporated in our test statistic.

For a fixed positive integer k let {eg,e1,...,ex} be an orthonormal system with
eo = 1, in L?*(u), which generates a subspace E, = span{eg, ey, ..., e}, with
dim(Ey) = k+ 1.

The real valued function K (z,t) = Z?zo e;j(z)e;(t), with (z,t) € E x E is the re-
producing kernel of E}. (see Grenander (1981), Fortet (1995), Berlinet and Thomas-
Agnan (2003)).

The density estimator of f by projection on £}, is defined as
1 k
Falt) = 2 K (X t) = 3 agn es() (1)

where dj, = == > ,, €;(X;) is the unbiased estimator of the Fourier coefficient
a; = (f, €;).
Let us consider the L?(p)—distance dist(fn,1) = ||fn — 1|| between the estimated
density and the hypothesized density fy = %ﬁ = 1 under H,, where ||-|| denotes the
L?*(pt)-norm.

Now we consider the statistic
T/ L)

and its L?(p)-norm || T, || = v/n* || fo — 1|| obtaining

- k
=T 2
j=1

We want to test Hy : X; ~ p versus Hy : X; ~ v # p, thatis Hy : f = 1 versus

ITl* = n*

k
1+ Z&jnej(t} —1
=1

H, : f # 1 considering the densities and also Hy : a; = 0 Vj > 1 versus H; :
37 = 1 : a; # 0 with respect to the Fourier coefficients a;. Indeed we shall limit
ourselves to consider the alternative hypothesis H; (k) : X; ~ v # p with v such
that there exists a j € 1,...,k for which e; is v-integrable and a; = [ e; dv # 0.
The hypothesis Hj states that, after ay = 1, all Fourier coefficients are null. Instead
according to H; there exists a Fourier coefficient (other than ag) different from zero,
and H, (k) states that it is among the first k coefficients after aq.

Since the test is based on the deviation of the estimated density from the hypoth-

esized density, it rejects Hy for large values of ||7,||*. We shall prove in Section
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4 that, under H, ||Tn|l2 converges in distribution to a linear combination of r.v.’s

U;‘ ~ x? where the coefficients A? are the eigenvalues of the matrix ¥ defined in

4).

So it is possible to carry out a test with rejection region {HTan = w} and asymp-

totic size o €]0, 1] with w given by P (Zle NU? > u) = a, but the method

requires the estimation of eigenvalues and the determination of quantiles of the ran-
- k 2772

dom variable ;.| AJU?.

Particular cases. Let { Ay, A, ..., A;} beafinite partition of E with p; = u(A4;) >
IR R T el = p;1/2]1Aj(,)‘ the system {eg, €1, ..., €} is orthonor-
mal and it generates a subspace Ej, C L?(u) that contains every constant func-
tion. In this case the density estimator is the histogram and one easily obtains

2
icty 14;(Xi)—n"p; : A ! 4
1Tl = Z?:o [Eee f;{*p itz that is the test statistic used in the classical
J

Pearson’s x? test.
Moreover, with an orthonormal system related to the Legendre polynomials the

statistic || 7,,||* coincides with the Neyman statistic (see also Rayner and Best (1989)).

4 Large sample behaviour

The following notations are used throughout the paper. For each j we define the

zero-mean real valued r.v.’s

and we set
@5 = @SN Y X = VR (G~ )
icly
with n* = |I,,|, noting that a; = (f, e;) = E(e;(X;)) = E(én)-

Moreover we shall use

(n*)ml/zsnl ELln a
@) 45— : =vnr || i |- ]| =Vn(4n—0a)

(”* ) _I/QSRR: &k-n Ak
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and, fori € I,

and the linear combination V; = Zﬁ:l ¢;Yij = cTY; withe = (cy, ..., )T € R™.

Under H, (k) we consider the quadratic form

5 2
n*(A, —a) (A, —a)=n Z ’

=1

n

that coincides with ||T,||* under H, because a; = 0 forall j.
The following theorem provides the limiting distribution of HT,;HQ under some con-

ditions necessary to apply the CLT theorem for random fields (Bolthausen, 1982).

Theorem 1. Consider a sequence I,, of finite subsets of 7. that increases to 7% and

©OInl — 0, ywhere d1, is the boundary of I. If

is such that limy,_, STE

il Y ome 1 7 (1) < coforu+ v < 4 and oy o (1) = o(r—%);
2. forsomed > 0E(|Vi|*™) < 0o and 322, 14~ ay 1 ()49 < oo;

3. o®>0whered® =) ,5.E(VoVi);

I Z K2 _ 3)

where the rv’s U; ~ N(0,1) are independem and X} are the eigenvalues of the

then

matrix ¥ = (o),
o= Z o (v) “4)
veZd

where c(v) is the crossed covariance function of the stationary bivariate spatial

process (Yi;, Y4),cpa-

Under Hy, as
(3) holds:

2
»||". Hence the convergence

lT ” Z)\*ZU.Z
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and the coefficients in the linear combination of the limiting distribution have par-
ticular values because Y;; = e;(X;), being a; = E(e;(X;)) = 0 under the null
hypothesis.

To study the rate of convergence, we consider the Kolmogorov distance between

AN B AGE

with |U|? = Zle X2 (since U = Zle A;Uje5).

distribution functions

A, = sup i (5)

u€ER

Theorem 2. [fthe mixing coefficients are exponentially decreasing, that is cu,(n) =
O (e™™) for a > 0, denoting o2 = Var (3 ., Vi), the distance A,, satisfies

o = 0 (loga, 0497 o)

where © Ay = min(z,y), while if the mixing coefficients are arithmetically decreas-

ing, that is a,,(n) = O (n™%) for a > 0, A, satisfies

An =0 (07:5)
; ! 2(b—1) e ad(6A1)
with € = (8 A 1)govsils and b = gradoradere,

Independent data. In the case of iid data, the crossed covariances in the sum (4) are
null, except when v = 0; hence 0;; = E (Yp;Yp;). Then under the null hypothesis
the element of X* (that is & under H;) becomes

08 for jiz= 1

ISR
because o}, = E ([e;(Xo)] ) J e(z)dpu(z) = le;lI? = 1and so B* = [
where I, is the identity matrix of order k. Then for all j one has )\;2 = 1 and the

limiting distribution is x7, as we have in the general case (see Bosq (2002)) where
Ay, =10 (n‘l/z).

5 Implementation

The limiting distribution for the test depends on the eigenvalues )\? of the unknown

matrix 2. So to estimate these eigenvalues we have to estimate the elements o and
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we propose to use the estimate of the cross-spectral density function (Section 5.1).
With the estimated eigenvalues we have a linear combination of ¥? r.v.’s with 1
degree of freedom. Exact significance points for selected values of k and of the
coefficients were published by several authors. Moreover, different evaluations of
these quantiles have been proposed, by approximation of series expansions or by
numerical methods. For further details see Johnson et al. (1994) and Mathai and
Provost (1992).

On the other hand, we propose here a class of tests and to run one of them we have

to choose an orthonormal system; for that a suggestion follows in Section 5.2.

5.1 Estimating the eigenvalues by spectral density

For the stationary bivariate spatial process (Y3;, Y31),.;« We can define the spec-
tral density functions matrix f(w) = ( fﬂ(w))j =1 Whose elements are the cross

spectral density functions defined by

1{w,v)
f-"" Qﬂ.)d Z UJI

vezd

where w = (Wi, ..., wg) € [-7, 7]¢ and (W, v) = %, w;v; represents the stan-
dard scalar product in d-dimensional euclidean space.
Observing that oj; = (2m)? f;;(0), an estimate of o;; can be obtained evaluating the

estimate of the spectral density at the origin, that is
631 = (27)" fu(0). ©6)

We use a Bartlett type or Lag-window estimator constructed as follows.

Let My,..., M, be some positive integers and consider all rectangular regions
={tel,: 1<y <t <U <n}, where u,U; satisfy Uy —uy + 1 = M,

fomI=MIEE ) o

By calculating the periodogram over these smaller rectangular regions and aver-

aging all these results, we obtain a consistent (under some regularity conditions)

estimator for the spectral density function. i

Then we can take as Lag-window estimator

firlw By Z W (v)6(v)e ) (7)

veZd
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o 1 C oy -
where 3, (v) = 5 >, cz¢ Y2, Yt 40y With

s Y; . if tel
Y;‘j d t,j n
0 else

and the window is defined by

wo- (11 (1 lwl))*

where ()" = max(z, 0) is the positive part function.
We follow the work of Politis and Romano (1996) for a (not crossed) spectral den-
sity, and we suppose the validity of the following condition Ao, with M = Hle M;:

(Ao) There are positive constants ¢, and c* suchthat c. < M;/M; <c*, ¢ <
n;/m <c* Vi,l=1,...,dand M = o(n*) for n* — cc.

Under some moment and weak dependence conditions and under the assumption

Ay it can be shown that
Bias(f(w)) = O(M /) (8)
and

Var(fu(w)) = O(M/n") 9)

This is a typical behaviour for a Lag-window estimator, but however Politis and Ro-
mano (1996) propose a “bias-corrected” flat-top estimator that has the same order
of magnitude for the variance, but a smaller bias. Then, following Politis-Romano
(1996) and adapting their reasoning to crossed covariance functions and cross spec-
tral densities, we define the flat-top estimator for f;;(w) in (10).

Let us consider the unbiased estimator for the crossed covariance o;;(v) as

Gu(v) = A
d T, (u — I”Uz|+1,,§f il A

For a constant ¢ € (0,1) and denoting m; = cM;, VI = 1,...,d, we define the

flat-top cross spectral density estimator as

filwse) = : f;z m(w) — chjl,m(w) (10)
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where
—1 (w,v)
f;.! m(w 271'}"” Z W (v
veZd
f]t m 271_ Z W le e
veZd
and the windows are defined by
b |u i o |’Ut|
Wy (v) = (1 - 1{2'{2&% and Wnv)=(1- lrgfgta

So we have constructed an estimator that is the linear combination of two Lag-
window estimators with differing bandwidths; the resultant pyramidal window has
its top ‘chopped off’ (see Figure 3, p. 45, in Politis and Romano (2006)), that is
Watm(v) = l%CVVM('LF) sl

We pose the following weak dependence conditions based on the second order mo-
ment in increasing order of strength (i.e. A3 = A, = A;), that can be viewed as

different smoothness conditions of the spectral density.

(A1) There are (finite) positive constants B,cy,...,cq and a positive constant
e
K > d such that |o;(v)| < B (Hlaxt %)

(Ay) There are (finite) positive constants K, B, ¢y, ..., cy such that
t(}'ﬂ(v)‘ < BeXp{ —K max; m'}

(As) There are (finite) positive constants cy,. .., cq such that oy(v) = 0, if

max; % Zal.

The introduction of the constants ¢y, . . ., ¢4 allows for the possibility that the cross
covariances vanish along different directions in Z%. Another reasonable condition

for the choice of M, is the following: 1

(Ant) There are (finite) positive constants cy,...,cq such that ﬁ;, = Z—] for
=
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Various combinations of these conditions yield different, variable, orders of the
bias of the estimator, that is, we have different performances of the family of lag
window estimator { faw;c), ce (0, 1)} as summarized in the theorem below (ob-

tained following Politis and Romano (1996) results).

Theorem 3 (Politis-Romano).

1. Under Ay, A1 and Ay, it follows that

Bias ( Firlw: c}) | = O (M1F/4)

sup
we[—m,m]d

2. Under Ay, Ay and Ay and for My = fBelogng, [ =1,...,dwith 3 > 21

74 it
Bias (fulw:d))| = 0 (%) iy (\/%) .

3. Under As, if there are positive constants ¢, and c¢* such that ¢, < njfn; <

Jollows that

sup
we[—m,m]d

¢t Vi, k = 1,...,d for n* — 00 and there exist constants my, M, for | =
1,...,dsuch that M; > my > ¢, it follows that

Bias (fjl(w;c))‘ =0.

sup
wE[—Tr,'rr]d

For further results and comments see Politis and Romano (1996).

At this point we can come back to (6) and consider an estimator for o; as

Tjle = Z Witm(v)051(v)
veZd
that inherits the properties of f;;(w; ¢).
Nevertheless, the matrix ¥, = (G), <j 1<) May not be positive definite. Hence we

propose (see Ignaccolo (2004)) to correct the elements on the diagonal with

where ¢ € R* and 7 is a suitable positive constant, defining the new matrix

2: = f:n ar Cn.]Ik-
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Considering a vector ¢ € R¥, with ||c| = 1, one has 'S¢ = ¢"Se + ¢, > 0
because when ¢”¥,,¢ < 0 the definition of ¢, implies s S 5

Moreover, we have proved that (,, = 0 and consequently > =% ¥ (Prop. 4
in Ignaccolo (2004)). So, by continuity, the eigenvalues 5\32 of i};f converge a.s. to

)\? and we can use them for the limiting distribution.

5.2 The choice of the orthonormal system

To run a test of the proposed class we have to choose an orthonormal system. To
use the projection density estimator, Bosq (2005, p.75) underlines the convenience
to make an argumented choice, since choosing a system could imply to favour a
certain kind of densities.

To link this choice to the distribution considered in Hj, we suggest using the set of
orthonormal polynomials linked to it. More precisely, we refer to the Meixner class
(see Lancaster (1975) and Rayner and Best (1989) p.140), for which an orthogonal
system can be obtained from the recurrence relation P, (z) = (z + nA)P,(z) +
n(—a*+ (n — 1)y)P,—1(z) forn = 0,1,2,... where P_;(z) = 0, P;(z) = 1 and
o? = Var(X) with X =Y — E(Y). The constants A and y can be determined from
P5(0) and P;(0) and to have an orthonormal system P, (z) must be normalized by
dividing by s, = 1/E ([P.(z)]?).

The Normal and the Gamma distributions belong to the Meixner class and, in par-
ticular, for the gaussian case { P,(z)} is the set of Hermite polynomials. Moreover
the Poisson, the Binomial and the Negative Binomial distributions belong to this
class too.

Although the probability measure 1 is unknown, we could choose a set of orthonor-
mal polynomials linked to the hypothesis H; (as we could do to use the projection
density estimator), that are the Meixner polynmials.

We observe that the proposed class of tests is defined for continuous variables. But
if we are interested in the models describing the positions of units in the space (like
the Poisson, the Binomial and the Negative Binomial) and it is not possible to as-
sume the independence between the observations, we suggest to apply the proposed
test choosing the polynomials linked to the hypothesized distribution according to

Meixner.
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A Proofs of Section 4

Proof of Theorem 1. We consider the linear combination ¢”'S,, and with the previ-

ous notations we get

k k
CTSH:ZCanj:ZCJZY chj}/ij:chryi:zv;-
=il

7=1 i€ly i€l, j=1 icl, icl,

With the previous assumptions, we can apply the Bolthausen CLT theorem (see
Bolthausen (1982) or Rosenblatt (2000) p.56) to the zero-mean real valued random
field V; that is stationary and a-mixing (as we can write V; = g(X;) with g measur-
able and ay (n) < ax(n)). Hence we obtain

—ng/f;_v = N(0,1)

that is
(n?)TH2eT 85 == N(0,5%).

If we can write 0° = ¢’ Xe, with ¥ symmetric and positive definite, we can apply

the Cramer—Wold device and we can obtain

Vir (A, —a) — Z~N(0,5)
So for the quadratic forms we can have

n* (An — ) THAL il iz Ty

that is HT,;”2 L, E; 1)\JQUJQobsel'wngthatZTHZ EJ D Un A Z; 1233

So it remains to check that we can write 0 = ¢! Y, identifying .
From the Bolthausen CLT we have 0% = 3. . E(VpV;) and it holds

E(WoV;) =E ([CTYQ] [CTY,-]T) =E(c"YoY[c) =¢c"E (YoY{)ec=c"Sge
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denoting Sg; = E (YY7 ). Then the generic element of Dis 0y = 3 ;5. E (Yo; Ya).
By stationarity of Y; it follows Cov(Y,,Y,) = Cov(Y,,Y:y,) and for each ele-
ment E (Yp,Yy) = E (¥3;Y:40,) so we denote

aji ('U) =E (i/tj}/t+-v‘l)

the crossed covariance of the stationary bivariate spatial process (Y3;, Yy1),.,4. More-

over the following equality holds
gi(—v) = E (Y;Ys-01) = E (Yi-0,Ys5) = 035(v).

So we can write 0y = Y, . 0;(v) and we have
= E oy;(v) = E o= E ou(w) = o,
veZd vEZ? u€zZd

so that ¥ is symmetric.
|

Proof of Theorem 2. In what follows we use notations and results derived earlier in
the proof of Theorem 1. With respect to the rate of convergence we apply Theorems
2 and 3 in Guyon and Richardson (1984) (see also Doukhan (1994) p. 49) to the
random field V; and, posing N, ~ N (0, %), we observe that

sup [P ((n*)"/%"S, < t) —P (N, < t)|
teR
- i * pad % i T 2 2
_iggpuc [V(a, G)H\ <) P (|e'2)" < v*)
P (n lAu—al < ) B (1217 < -
:sup n —all” < ]P’(Z S)‘
veR lle]® lle®
:An
with the position u = ﬁg as defined in (5). O
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