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DYNAMICS OF SKEW-PRODUCTS TANGENT TO THE IDENTITY

MATTHIEU ASTORG AND LUKA BOC THALER

ABsTRACT. We study the local dynamics of generic skew-products tangent to the
identity, i.e. maps of the form P(z,w) = (p(z), q(z,w)) with dPy, = Id. More precisely,
we focus on maps with non-degenerate second differential at the origin; such maps have
local normal form P(z,w) = (z — 22 + O(2%),w + w? + b2* + O(||(z, w)||*)). We prove
the existence of parabolic domains, and prove that inside these parabolic domains the
orbits converge non-tangentially if and only if b € (%,Jroo). Furthermore, we prove
the existence of a type of parabolic implosion, in which the renormalization limits are
different from previously known cases. This has a number of consequences: under a
diophantine condition on coefficients of P, we prove the existence of wandering domains
with rank 1 limit maps. We also give explicit examples of quadratic skew-products with
countably many grand orbits of wandering domains, and we give an explicit example
of a skew-product map with a Fatou component exhibiting historic behaviour. Finally,
we construct various topological invariants, which allow us to answer a question of
Abate.

1. INTRODUCTION

Skew-products are holomorphic self-maps of C? of the form

P(z,w) = (p(2), a(z, w)).

An important feature of these maps is that they preserve the set of vertical lines in C2.
This means that we can view the restriction of P" to a line {z} x C as the composition of
n entire functions on C, which allows techniques from one-dimensional complex dynamics
to be applied. The dynamics of skew-products is therefore in some ways reminiscent of
the dynamics of one-variable maps; however, in recent years, several important results
have shown that these maps have rich and interesting dynamics, see [20, 25| 26] 31]. For
example, in [7], it was shown that there exists polynomial skew-products, i.e. P is a
polynomial map, with wandering Fatou components, a dynamical phenomenon that is
known not to occur for polynomial maps in one complex dimension. The proof of the
main result in that paper involves the adaptation of parabolic implosion to the skew-
product setting (see also [, [10] [6] for further results on parabolic implosion in several
complex variables). Polynomial skew-products were also used in [13] and [29] to construct
robust bifurcations, i.e. open sets contained in the bifurcation locus of the family of
endomorphisms of P? of given algebraic degree d > 2.

Given a germ of a holomorphic self-map P of C? that fixes the origin, we say that P
is tangent to the identity if it is of the form P = Id + Py(z,w) + O(||(z, w)||**1), where
k> 2 and P, : C?> — C? is a non-trivial homogeneous polynomial map of degree k. The
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study of local dynamics of germs tangent to the identity has received significant attention
over the last decades. For general germs of (C2,0) tangent to the identity, a complete
description of the dynamics on a full neighborhood of the origin is for now far out of
reach. Much effort has been instead devoted to investigating the existence of invariant
manifolds or invariant formal curves on which the dynamics converges to the origin (see
e.g. [17, 1], and more recently [22] 21]).

In this paper we investigate the local dynamics of skew-products P which are tangent
to the identity and have a non-degenerate second order differential at the origin. Up to
conjugacy by a linear automorphism of C2, such maps have the form

P:(z,w)— (2 — 224+ 023, w+w+ 622 + O(H(z,w)H?’)) ,
and after a second conjugacy by an automorphism of C? of the form
(z,w) — (2, eMw + B2?),
we may finally assume that P is of the form P(z,w) = (p(2), q¢(z,w)) with

{ p(2) ==z — 22+ az® + O(2)

(1.1) q(z,w) == w + w? + bz? + by 3w + b3 023 + O(|| (2, w)||*)

where a, b, b073, b370 e C.
Throughout this paper, we will be using the notation ¢,(w) := q(z,w) (in particular,
qo = Q(O’ ))

A study of the local dynamics of skew-products in the case b = 0 in has been
undertaken in [3I], where a full description of the dynamics on a neighborhood of a
parabolic fixed point at the origin was achieved. However, most of the difficulty and
richness of the dynamics (including the phenomenon of parabolic implosion and the
existence of wandering domains) comes precisely from this term bz2.

In fact, although maps of the form are generic among polynomial skew-products
which are tangent to the identity (after analytic conjugacy), we will see that they have
considerably complicated local dynamics. We see the investigation of those maps
and the results of this paper as a first step (generic case) towards the systematic analysis
of the local dynamics of all polynomial skew-products which are tangent to the identity.

1.1. Parabolic domains and parabolic implosion.

Definition 1.1. Let P be a holomorphic self-map of C? with a parabolic fized point at the
origin. A parabolic domain of P is a mazimal connected domain U C C? such that the
origin is contained in the boundary of U and the iterates P‘?J converges locally uniformly

on U to the origin.

We begin by discussing the existence of parabolic domains for maps of the form (1.1)),
which depends only on b:

Theorem 1.2. Let P be a map of the form (1.1). Then

(1) Ifb € (%, +00), the map P has at least two invariant parabolic domains, in which
orbits converge non-tangentially to the origin.
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2) If b € C\(%,+00), the map P has an invariant parabolic domain, in which
1
each point is attracted to the origin along trajectories tangent to one of its non-
degenerate characteristic directions.

The main novelty here lies in the first statement of this theorem, while the second
statement can be deduced from results of Hakim and Vivas. Invariant parabolic domains
in which points converge non-tangentially to the origin are also sometimes called spiral
domains (see the beginning of Section [2|for a precise definition). Such domains were first
constructed by Rivi in her thesis |27, Proposition 4.4.4]. In [28], Rong gave sufficient
conditions for the existence of spiral domains for some class of maps tangent to the
identity (see [28, Theorem 1.4]). However, his result does not apply to maps of the form

)

From now on we will assume that b > i, and we introduce the following notations:

Vib—1 e
(1.2) ci=—p— api=e /e, Bo:= (bos — a)(cg — 1).

Observe that since b > %, we have ¢ > 0 and o > 1.
In what follows we will see that in the case b > % and By € R, there is parabolic

implosion, which has many interesting dynamical consequences.

Definition 1.3. Let P be of the form (l.1), and a,0 € C. Iis generalized Lavaurs map
of phase o and parameter o is defined as

(1.3) L(a,0;2z,w) := ( go)_l (o@;o(w) + (1 = a)gy(2) + J) ,

where ¢, is the incoming Fatou coordinate of p and gb%o are the incoming and outgoing
Fatou coordinates of qo respectively.

The definitions and basic properties of Fatou coordinates are recalled in Subsection [3.1}
for some more background on Fatou coordinates, Lavaurs maps and horn maps, see e.g.
the Appendix of [7]. The generalized Lavaurs map is defined for (z,w) € B, x By, where
B, and By, are basins of a parabolic fixed point at the origin for p and go respectively.
If « = 1, then the map w — L(«,0; 2z, w) does not depend on z and coincides with the
classical Lavaurs map of phase o of the one-variable polynomial ¢y. Moreover, generalized
Lavaurs maps satisfy the following functional relation:

(1.4) L(a,o;p(2),q0(w)) = qo o L(a,0;z,w) = L0 + 15 2, w)
for all (z,w) € By x By,.

Definition 1.4. Given real numbers o > 1 and 5 € R we say that a strictly increasing
sequence of positive integers (ng)k>o is (o, §)-admissible if and only if its phase sequence
(0k)k>0, defined by oy, := ngy1 — ang — flnng, is bounded. In the case where B =0, we
will simply call such a sequence a-admissible.

Observe that for any o > 1 and 8 € R, there always exists («, 3)-admissible sequences:
it suffices to define inductively ngyq1 := |ang + Blnng| and take ng € N large enough,
where | -] denotes the floor function. However, describing the phase sequence is in general
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a difficult problem; for instance, even in the particular case of the %—admissible sequences
ng+1 = |3ny), the phase sequence is not fully understood (see [12]). An interesting
question is the existence of («, #)-admissible sequences with converging phase sequence,
which will be discussed in detail below.

The following is the main technical result of this paper.

Main Theorem. Let P be a map of the form (1.1). Let ao,Bo be as in (1.2), and
assume that b > i and By € R. Let (ng)r>0 be an (o, Bo)-admissible sequence and let
(0k)k>0 denote its phase sequence. Then

Pt (g (2) ) = (0, L(, T + o 2, w)) + o(1) (as k — +o0)

with uniform convergence on compacts in By, X By, and where I' is a constant depending
only on a,b,by3,b30 (see (4.1) for its explicit expression).

See Remark {4.13|for a discussion of the case where b > % and fp ¢ R. This technical
Lavaurs-type theorem has a number of consequences about the local dynamics of the
maps P, which we will now state.

1.2. Existence of wandering domains and Pisot numbers. The Fatou set is the
largest open set in C? on which the family of iterates (P"),cy is normal. A Fatou compo-
nent €2 is a connected component of the Fatou set, and it is called wandering if for every
(k,m) € N x N*, we have P**™(Q) N P*(Q) = (. A non-wandering Fatou component is
a pre-periodic Fatou component. The first examples of polynomial maps with wandering
Fatou components were introduced in [7] by Buff, Dujardin, Peters, Raissy and the first
author (see also [6]); other examples were constructed by Berger and Biebler in [9], by
completely different methods, for Hénon maps and polynomial endomorphisms of P2.
In the opposite direction, Ji gave in [I8] and [19] sufficient conditions to guarantee the
absence of wandering domains near an attracting invariant fiber for a skew-product map.
The examples from [7] are polynomial skew-products of the form

2

o) o (pedao) + 7<)
with p(z) = z — 22 + O(2?) and q(w) = w + w? + O(w?), and are not tangent to the
identity at the origin. One can simplify the investigation of these maps by passing to
a finite branched cover y?> = z. This brings these maps to a form that is tangent to
the identity, but with degenerate second order differential at the origin. In particular,
these maps are not of the form (|1.1]) considered in the present paper, which explain the
difference in dynamical features.

Definition 1.5. We define the rank of a Fatou component 2 as the mazimal rank of
dhg, where x € Q and h ranges over all Fatou limit functions of (P™),>0 on .

Note that for endomorphism of C2, any wandering domain either has rank 0 (all Fatou
limits are constant) or rank 1. So far, the only known examples of wandering domains
in C2 have rank 0 (that is, the examples constructed in [7], [6] and [9]). In other words,
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Theorem below gives the first examples of rank 1 wandering domains in complex
dimension 2.

Theorem 1.6. Let P be a map of the form (1.1), and assume that there exists an
(o, Bo)-admissible sequence with converging phase sequence. Then P has a wandering
domain of rank 1.

We are therefore led to the question: for which values of a and § does such a sequence
exist? Before stating an answer, recall the definition of Pisot numbers:

Definition 1.7. A real algebraic integer o > 1 is called o Pisot number if all of its Galois
conjugates are in the open unit disk in C (in particular, integers > 2 are Pisot numbers).

The next definition might not be standard terminology, but it will be convenient for
our purposes:

Definition 1.8. We say that o > 1 has the Pisot property if there exist a real number
such that ||Ca¥|| — 0, where || - || denotes the distance to the nearest inleger.

We recall here two classical results from number theory that justify the terminology
of " Pisot property":

(Pisot): Let o > 1 be an algebraic number and ¢ be a non-zero real number such that
|¢a®|| — 0. Then, a is a Pisot number and ¢ lies in the field Q(a).

(Viiayaraghavan): There are only countably many pairs (¢, «) of real numbers such
that ¢ # 0, a > 1, and the sequence ({Ca¥})i>0 has only finitely many limit points.
Moreover if ((,a) is such a pair where « is an algebraic number, then « is a Pisot
number and ¢ lies in the field Q(«). Here {-} denotes the fractional part of the number.

In particular, an algebraic number has the Pisot property if and only if it is a Pisot
number. Moreover, it is a long-standing conjecture known as the Pisot- Viiayaraghavan
problem that Pisot numbers are the only real numbers with the Pisot property.

Definition 1.9. We say that a sequence (oy)k>0 converges to a cycle of period ¢ if the
subsequence (0po1j)k>0 converges for every 0 < j < £.

We can now state an almost sharp diophantine condition on a and S for the existence
of an (a, B)-admissible sequence with converging phase:

Theorem 1.10. Let « > 1 and B € R. Then

(1) There exists an a-admissible sequence with phase sequence converging to a cycle
if and only if o has the Pisot property. Moreover, in that case there exists an
a-admissible sequence with phase sequence converging to 0.

(2) (a) If there exists an («, B)-admissible sequence with phase sequence converging

to a periodic cycle, then o has the Pisot property.
(b) Conwversely, if o has the Pisot property and 3 = ?‘n—_al%,
coprime integers with ko > 1, then there exists an (o, 5)-admissible sequence

whose phase sequence converges to a cycle of period ko.

where k1 and ko are
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(A) ap =2 (B) ag = L+V5 (non-integer Pisot number)

FIGURE 1. Vertical slices z = constant of quadratic skew-products
for two different values of ag. In red, wandering domains; in blue, the
two parabolic basins; in shades of grey, the basin of infinity. Observe that
figure (A) is go-invariant while figure (B) is not.

Note that if the Pisot-Viijayaraghavan conjecture is true, then there exists an a-
admissible sequence with converging phase sequence if and only if « is a Pisot number.

[t is natural to ask whether the condition of Theorem [I.6]is necessary or not. In the case
that there are no («, )-admissible sequences whose phase sequence converge to a periodic
cycle, it means that any wandering Fatou component whose orbit remains in B), x By,
would have to remain bounded under a sequence of non-autonomous compositions of
generalized Lavaurs maps with non-periodic sequences of phases. Proving rigorously
whether such a thing is possible or not is likely to be very difficult, but it seems reasonable
to expect that for generic values « it is not the case.

If we now specialize to the case of degree 2, Theorems and imply that for any
Pisot number ag > 1, the map

1 w2
2 2 2
(1.5) (z,w)n—)(z—z,w—i-w +<Z+W)Z>
has a wandering domain of rank 1 (see Figure . Those are the first completely explicit
examples of polynomial maps with wandering domains, as well as the first examples in
degree 2 and the first examples of wandering domains with rank 1.

Recall that two Fatou components 27 and {2y are in the same grand orbit (of Fatou
components) for P if there exists ni,n2 € N such that P" () = P"2(€Qy). One may
ask whether for polynomial endomorphisms of P? there exists a bound on the number of
grand orbits of wandering domains that would depend only on the degree. The following
theorem gives a negative answer:
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Theorem 1.11. Let P be of the form (1.5) and let ag > 1 be an integer. Then P has
countably many distinct grand orbits of rank 1 wandering domains.

Note that contrary to something like the classical Newhouse phenomenon, we do not
use perturbative arguments in the proof of Theorem and the maps considered are
completely explicit. In fact, more precisely, we construct an injective map from the
set of hyperbolic components in a specific family of modified horn maps into the set of
grand orbits of wandering Fatou components of P, see Theorem and the beginning
of Section [Gl

1.3. Topological invariants and horn maps. We will now investigate a few conse-
quences of the Main Theorem on the topological classification of skew-products tangent
to the identity.

Recall that in dimension one, the topological classification of germs tangent to the
identity is just given by the parabolic multiplicity, that is, the order of vanishing of
f — Id at the origin. However, the analytic classification of germs tangent to the iden-
tity is extremely complicated: by a result proved independantly by Ecalle and Voronin
([32], [14]) the so-called horn maps (also called Ecalle-Voronin invariant) are complete
invariants. These horn maps are themselves two holomorphic germs fixing 0 and oo
respectively; see e.g. the Appendix in [7] for more details.

To our knowledge, no complete topological classification is available for germs tangent
to the identity in C2. Our results imply that such a classification must in fact also be
complicated even in the seemingly simple class of skew-products; in fact, it resembles the
analytic classification for one-dimensional parabolic germs.

Definition 1.12. Let us define the lifted horn map of P of phase o by
(16)  Ho(Z,W):=(Z a0 ¢y, 0 (65,) " (W) + (1 = a0)Z +0) = (Z, Hz5(W))

The map H, satisfies the functional relation H,(Z +1,W + 1) = H,(Z, W) + (1,1), so
it descends to a map H, defined on C?/Z(1,1), which we call the horn map of phase o
of P.

Remark 1.13. Observe that we have the following semi-conjugation:
(1.7) (65,) " 0 (Hzo(W)) = L(ao, 052, (¢°) (W)
where Z = ¢,,(2).

The following is the main result of this subsection:

Theorem 1.14. Assume that two maps P1 and P, of the form (1.1) are topologically
conjugated on a neighborhood of the origin, and let H. denote their respective horn maps.
Then there exists 01,02 € C such that H;1 and H32 are also topologically conjugated on
C2%/7.

The following Proposition will be needed in order to prove Theorem [1.14] but it also
has an intrinsic interest:

Proposition 1.15. The real numbers o and By from (1.2)) are topological invariants
(and therefore so is b).
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Finally, using Theorem we can obtain:

Corollary 1.16. If P1 and Py are topologically conjugated near (0,0), then the number
of critical points of q; in By, is the same. In particular, there is no k € N such that the
local topological conjugacy class of maps of the form (1.1)) depend only the k-jet of P at
the origin.

In [2] Abate raised the question whether maps of the form
(Bap1): [f(z,w) = (z+az®+(1—a)zw, wtpuw?+(1-B)zw), with a+8 # 1 and a, 3 # 0
are topologically conjugated to each other. Using Proposition we can Now answer
this question negatively. Indeed, observe that for & = 1 and 8 # 0 this map is conjugate,
via a linear automorphism, to a map

1— 2
(z,w) — <z—z2,w+w2+4ﬁz2>

which is of the form (I.1)).

1.4. Fatou components with historic behaviour. In [9], Berger and Biebler con-
struct wandering Fatou components Q for some maps f (which are Hénon maps or
endomorphisms of P?) that have historic behaviour, meaning that for any = € Q, the
sequence of empirical measures

1 n
en(x) = - Zéfk(z)
k=1

does not converge.

To our knowledge, these are the only known examples so far of Fatou components
for endomorphisms of P* or for Hénon maps with historic behaviour. Note that in
the case of the wandering Fatou components constructed in [7] and [6], the sequences
(en)nen converge to the dirac mass centered at the parabolic fixed point at the origin.
In dimension 1, it follows easily from the Fatou-Sullivan classification that no Fatou
components of a rational map on P! can have historic behaviour; and for moderately
dissipative Hénon maps, it follows from the classification of Lyubich and Peters [23] that
periodic Fatou components cannot have historic behaviour.

Using the Main Theorem of this paper, we give here new, explicit examples of polyno-
mial skew-products that extend to endomorphisms of P? which have a Fatou component
with historic behaviour:

Corollary 1.17. Let P(z,w) = (p(z),q(z,w)) be a polynomial skew-product satisfying
the following properties:

(1) p(z) =z — 22+ 0(23)

(2) P has two different fized points tangent to the identity of the form (0,w1) and
(0,w3), which both salisfy the conditions thalt a; € N* and B; = 0, with the same
notations as in the Main Theorem and in appropriate local coordinates.

Then P has a Fatou component ) with historic behaviour. More precisely, for any
(z,w) € Q, the sequences (en(z,w))nen accumulates on

a1 — Q9 a9 — 1

=" — 9
# a1 — 1 (Osw1) + a1 — 1 (O.wz2)
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and on
— L_l(g Q12 — M ¢
H2 = a0 — 1 (wal) 1o — 1 (0,1[)2)'
More explicitly, these conditions are given by:
(1) p(2) = 2 = 2° + O(2%)
(2) P has two different fixed points tangent to the identity of the form (0,w;) and
(0, ws), with ¢ (w;) =2
3 3
(3) c;i?\zzop(z) - ddﬁhu:wiqo(w)
2

21
(4) If b; := %%(z w):(Ow_)q(z,w), then b; > i, and q; := eVl € N*,

Example 1.18. With
p(2) =222+ 28427
and q(z,w) := qo(w) + a(z) with
35 4 .39

19
Qo ::w+w2+w3—§w +?w5—13w6+€w7

a(z) = <i + J;) 21— 22,

the map P satisfies the conditions above, with w1 =0 and we =1, a; =2 and §; = 0.

and

Although we believe that the Fatou component constructed in Corollary is wan-
dering, we were not able to prove so. Note however that if it is not the case, then this
would be the first example of an invariant (for some iterate of P) non-recurrent Fatou

component whose limit sets depend on the limit map, which would give an affirmative
answer to [23, Question 30] for the case X = C? and X = P2.

Structure of the paper. In Section 2] we recall classical properties of parabolic curves
and prove Theorem [[.2] In Section [3] we introduce some notations, recall some basic
facts concerning Fatou coordinates, and introduce approximate Fatou coordinates. We
also prove some important estimates on the error function A which measures how close
the dynamics is to a translation in these approximate Fatou coordinates. The Main
Theorem is proved in Section [l Finally, Sections [5] [6] and [9] are devoted to the

proofs of Corollary Theorem Theorem Theorem and Corollary

respectively.

Acknowledgements. We thank Marco Mancini for invaluable help in writing the code
used to produce Figure [3] and Arnaud Chéritat for helpful discussions.

2. PARABOLIC DOMAINS

Let P be a holomorphic germ fixing the origin which is tangent to the identity of order
k > 2,i.e. a map with a homogeneous expansion P = Id+ P, + Px11+. .. where P, Z 0.
We say that v € C? is a characteristic direction for P if there exists a A € C so that
Py(v) = Adv. If X # 0 then v is said to be non-degenerate otherwise, it is degenerate. The
director of a characteristic direction v is an eigenvalue of a linear operator

d(Pk)[v] —1d: T[U]]P)l — T[U]Pl.
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A parabolic curve for P is an injective holomorphic map ¢ : A — C?, satisfying the
following properties:

(1) A is simply connected domain in C with 0 € A
(2) ¢ is continuous at the origin and ¢(0) = (0,0),
(3) »(A) is invariant under P and P"|,a) — (0, 0) uniformly on compact subsets.

We say that a parabolic curve is tangent to [v] € P! if [p(¢)] — [v] as € — 0 in A.
This implies that for any point given point z in the parabolic curve the orbit (P"(z))
converges to the origin tangentially to v, i.e. [P"(z)] — [v] in P!. We now recall the
following classical result due to Hakim [16] [17]:

Theorem 2.1. Let P : C?> — C? be a holomorphic germ fizing the origin which is tangent
to the identity of order k > 2. Then for any non-degenerate characteristic direction v
there exist (al least) k — 1 parabolic curves for P tangent to [v]. Moreover if the real
part of the director of a non-degenerate characteristic direction v is strictly positive, then
there exists an invariant parabolic domain in which every point is attracted to the origin
along a trajectory tangent to v.

From now on let P be a map of the form (1.1)) and observe that its characteristic
directions are given by the equations

—22 = Az
w? +bz2 = \w
Then, aside from the trivial parabolic curve z = 0 with non-degenerate characteristic

direction (0,1) , there are two parabolic curves z + (2, (¥ (2)) which are tangent to the
non-degenerate characteristic directions (1, ¢t), where ¢ are the roots of

(2.1) u? +u+b=0.
We break Theorem into the following two propositions.

Proposition 2.2. Ifbe C— (%, 00), then the map P has an invariant parabolic domain,
i which each point is attracted to the origin along trajectories tangent to one of its
non-degenerate characteristic directions.

Proof. We have two cases:

Case 1: Let be C— [%, o0). A straightforward computation shows that directors
of P in the directions (0,1) and (1,¢*) are —3 and —1 — 2¢F respectively. Since ¢* are
the solutions of the equation ([2.1)) it follows that ¢* = —% + 3, where z is the solution
of 22 = 1 — 4b, hence Re(—1 — 2¢*) = FRe(z). Observe that for b € C — [}, 00) we
have Re(x) # 0, hence exactly one of the directions (1,c*) has a director with a strictly
positive real part. By Theorem we know that if the real part of the director of a
non-degenerate characteristic direction v is strictly positive, then there is an invariant
parabolic domain in which each point is attracted to the origin along trajectories tangent

to v

Case 2: Let b = ;. First, observe that as b — 1, the characteristic directions (1, %)
are getting closer to each other, and in the limit they merge to a single characteristic
direction v = (1, —%) In the terminology of Abate-Tovena [3], v is an irregular charac-
teristic direction, hence by the result of Vivas [30, Theorem 1.1] there exists an invariant
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parabolic domain, in which each point is attracted to the origin along trajectories tangent
to v.
O

Proposition 2.3. If b > i, then the map P always has at least two invariant parabolic
domains, where points converge non-tangentially to the origin.

Proof. Let z — (2,(*(2)) be a parabolic curve tangent to a non-degenerate characteristic
direction (1, c%). Since it is invariant under P, it has to satisfy the equality ¢.(¢F(2)) =
(*(p(2)). A direct computation then gives us (¥(2) := ¢*z + O(22). For z close to the
origin, we can define a change of coordinates ¢¥*(z) = (z,w + (*(z)) which conjugates
our map P to a map of the form

(2.2) (z,w) = (2 — 224+ 0(2%), w + w? + 2cF 2w + O(2w?, 22w, w?)),

where ¢t = —% + 15 is the solution of the equation u?4+u-+b=0and z > 0. Note that
(1,0) is now a non-degenerate characteristic direction of this map. For the rest of the
proof let us focus only on the case of ¢*; in the case of ¢~, one can follow computations
verbatim with an appropriate change of sign.

By making a blow-up w = uz of the map (2.2)), we obtain
(2.3) P(z,u) = (2 — 22 4+ O(2%), u(1 + ix2) + zu® + O(2°u)).

where O(z2u) is holomorphic on some neighbourhood of the origin. Let us define D(r, ) =
{ze€ C:|z—r| <r}and D, := {(z,u) | |u| < r,z € D(r,r)} and assume that r is
sufficiently small so that p(D(r,r)) C D(r, 7).

Lemma 2.4. There exists a sequence of real numbers 0 < r; < r such that for any
(20,u0) € D = U;51{(2,0) | lu| < rj, 2 € D(r, rj+1)} we have P™(z0,u0) € D, for all

n > 0. Moreover, the sequence P”(zo,uo) 1s bounded away from the origin.

Proof of Lemma[2.] First observe that for sufficiently small » > 0, there exists a holo-
morphic function h(z) such that

P(z,u) = (p(2),§(z,u)) = (z — 22 + O(z%), ue ™ thE) o2 O(Z%u?)).

Let j € N* and z € K, := D(r, Ty ) Note that we have Re(p"(z0)) = 2 + O (222)

and Im(p"(z20)) = O (12") with unlform bounds depending only on K for all n > 1 (see
Section . Using this, we define

: _ 10 () | U u?lnn
fa(u) == projy(P(p™ " (20), u)) = ue'n T9n(0) 4 40 < )

where ©,, = O (12—2”) depends only on zp and is uniformly bounded on K; and the constant
in O (“ 1“”) is uniform on K; x D(0, 7).

We need to prove that there exists an 0 < r; < r such that for every uy € D(0,7;) and
every zg € K; we have (zp,u,) := P"(20,u0) € D, for all n > 1. In particular we need
to prove that |u,| < r for all n > 1.
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Observe that u, = (fno...0 f1)(ug) for all n > 1 and let U := 7(u) = —1. For n > 1
we define

iz 1 Inn Inn
— -1 - —Z_9,
gn(U) := (1o fpor ) (U)=Ue = +n+0<n2’Un2>'

It suffices to prove that there exists 0 < r; < r such that for all (2o, Up) where 2y € K
and |Up| > % we have [gn 0...0¢1(Up)| > % for all n > 1.

Observe that since x is real, there exists C‘j > 0 such that
~ n—1 iz ~
Col < e Zh=1 WOk < O

on Kj for all n > 1. By making a non-autonomous change of coordinates

n—1 iz

¢n(U) = 2ho1 % 1+Or U,

we obtain

Gn(U) = w;-il-l 0 gn 0 Yn(U)
1 < iz Inn Inn
=4+ = 2 k=1 % 1Ok O —. —
+ nt + n? ' Un?
1 . , Inn Inn
— U+ = ix In n+izy+h(zo) ol ==
+ nt * n? ’Un?
where b := > 77, Oy, is a holomorphic function of zy. Here, we have used the fact that
She1: =7+Inn+O0(%) and that >, Ox(21) = b(20) + O (1“7”), where the bounds
are uniform on K.
Since x # 0 is real, it follows from Abel’s summation formula that there exists a
constant C' > 0 such that

<C

i leixlnk i kf(lfiz)
k=1 k k=1

for all n > 1. This implies that Gy, 0o...0 G1(U) = U 4+ O(1) for all n > 1, where the
constant in O(1) depends only on K.

Next observe that g, 0...091(U) = ¢p410Gpo...0G1(U), hence there exists A; > 0
such that for all |Up| > 1 and all zp € K; we have

CHUo| = Aj < lgno...0gi1(Us)| < Cj|Us| + A,

for all n > 1.

From here it immediately follows that there exists an 0 < r; < r such that for every
|Uo| > % we have |g, 0...0g1(Up)| > 2 for all n > 1. Moreover for every |Up| > % the
sequence gn o ... o g1(Up) is bounded away from infinity.

Therefore we have proven that for any (z9,uo) € K; x D(0,7;), we have (2, uy) € D,

for all n > 0, where the sequence (uy,)n>0 is bounded away from the origin. This concludes
the proof of Lemma [2.4] O
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Let us resume with the proof of Proposition Let Q:={(z,2u) | (z,u) € D}: it is
a connected open set whose boundary contains the origin and such that P(2) N Q # (.
From the Lemma above, it immediately follows that the iterates Pfé converge to the
origin locally uniformly on €2, which is therefore contained in some invariant parabolic
domain. It remains to prove that orbits of points converge non-tangentially to the origin
in that parabolic domain. Indeed, let (2o, wp) € 2 and (zp, wy) = P" (20, wo) and observe

that since z, # 0, for all n € N we have [z, : w,] = [1: £2] = [1 : u,]. From the proof

of Lemma we can see that every limit map of the iterates (P") on D is of the
form (z,u) — (0,m(z,u)), where n is a non-constant holomorphic function and % Z 0.
Therefore, there is no vector v € C2 such that the sequence [P™(z,w)] would converge to
[v] in P! for all (2, w) € Q.

g

3. FATOU COORDINATES AND PROPERTIES OF THE ERROR FUNCTION

3.1. Fatou coordinates. Consider a holomorphic function f(z) = z+asz?+az23+0(z%)
where ag # 0. For r > 0 small enough we define incoming and outgoing petals

Pi ={lagz +r[ <r} and P} = {|agz — 7| <r}.

The incoming petal 7?} is forward invariant, and all orbits in 73} converge to 0. Moreover,
any orbit which converges to 0 but never lands at 0 must eventually be contained in Py
Therefore we can define the parabolic basin as

Br=Jr (P

The outgoing petal P} is backwards invariant, with backwards orbits converging to 0.
On P} and P§ one can define incoming and outgoing Fatou coordinates ¢% : Py — C
and G Py — C, solving the functional equations

¢y o f(2) = ¢3(2) +1 and ¢F o f(z) = ¢F(2) + 1,

where ¢%(P}) contains a right half plane and ¢%(P}) contains a left half plane. By the
first functional equation the incoming Fatou coordinates can be uniquely extended to the
attracting basin By. On the other hand, the inverse of ¢%, denoted by ((;5‘})_1, can be
extended to the entire complex plane, still satisfying the functional equation

fol(ep)™H(2) = (¢7) " (Z + ).

This entire function is then called an outgoing Fatou parametrization. We note that both
incoming and outgoing Fatou coordinates are (on the corresponding petals) of the form

. 1 1
P (2) = T blog <_CL22> +o0(1)

and

asz

$9(2) = —a; +blog (1> +o(1)

where b:=1— %,
az
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Finally note that for every zo € By we have

2 = fF(20) = (¢) 7' (#%(20) + k)
~1
! <k+ bInk + ¢'(z0) + O <lnkk>>

a2

1 (1 blnk ¢%(20) In? &
[EEC +0 | —— ,
ag \ kK2 k2 3

hence Re(agzi) = —% +0 (h,;*f) and Im(azzx) = O (%k)

3.2. The error functions. Here, we introduce and study properties for one of the main
objects to appear in our arguments: the functions A(z,w), A(z,w) and Ag(z).

Let P be a skew-product of the form (L.1), and recall that v = (1,¢*) are two non-
degenerate characteristic directions of P, where ¢t := —% 4 ic. From Hakim’s explicit
construction [I6], we know that there are two parabolic curves z — (z,(*(z)) associated
to these directions, which are both graphs over a small petal P;. Since parabolic curves

are invariant under P, it follows that the functions (*(z) satisfy the following functional

equation:
+ +
2:(¢7(2)) = ¢*(p(2))-
From here we can easily compute the first few terms of their (formal) power series ex-
pansion:
as + (b — 1)[)073
2

Ci(z) =tz + <ci@ + > 22+ O(zg),

a3—bo,3+b3,0

where © := by 3 + 55
Definition 3.1. Let cHz)
1 zZ)—w
z =51 o — = ()
V(w) i= 55 log (w - C(Z))

where log is the principal branch of logarithm and let

tfo — + T

w7 (w) = () £

Note that with this choice of branch, v, is defined on C\L,, where L, is the real line

through ¢*(z) and ¢~ (z) minus the segment [(~(2),(T(2)]. In particular, 1)* and ¢ are
both defined in a disk centered at w = 3({*(2) + (7 (z)) whose radius is of order z.

Definition 3.2. Let

(1) Alzyw) = 9030 0 4:(w) = ¥/ (w) — 2
(2) Ap(w) = —@ 11

Note that the formula for A(z,w) does not depend on whether the ingoing or outgoing
coordinate 1, is used, and is therefore well defined.

Proposition 3.3. We have that:
(1) Ag(w) = (bo3 — 1)w + O(w?) is analytic near zero.
(2) There exists r > 0 such that for all z # 0 in a neighborhood of zero, A(z,-) is
analytic on the disk D(0,r).
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Proof. The item (1) is an easy computation. For (2), observe that
1 () R L (o))
o) = s (Fe =) ~ 7 s (=)
1 log (qz(w) — (T (p(2)  g(w) — C(p(z))> .

"~ 2ic w—CHz)  w=((2)
_ ilo <QZ(w) - QZ(<+<Z)) . QZ(w) — QZ(C_(Z))> _
2ic w—(t(2) ' w—((2)

It follows that A(z,w) has removable singularities at w = (*(z) unless these are critical

points. But up to taking r > 0 small enough, ID(0,r) contains no critical point of go.
]

Proposition 3.4. We have
1
Alz,w) = zAg(w) + <@ +5- b073> 22+ 0(23, 22w)

where the constants in the O are uniform for (z,w) € C? near (0,0) (with z € P}).

Proof. Let w € K be a compact in C*. By a straightforward computation we obtain

1 w—CT(z 1 —(2) = (T (z ()2 - (¢ (2))?
Og( C()>:2iC<C ()wC (2) (¢ ())2w2(C ())>+O(z3)
z  ©z2 22

=% Taa T O

2ic

w—=¢(2)

Using this we can now show that

v/o (2)  e@(»)* | ((2)?
Yoo 0 g (w) = —q}:(w) - qf(w) + Q(SZ(M))Q +0()
z— 22 022 22

qo(w)  qo(w)  2(qo(w))

This implies that

Az, w) = zAg(w) + 022 (i: B qo(lw))

S A N T T
*2(mmm21ﬁ+%w0+0()
2

= 2Ap(w) + 022 + %(1 — 2by3) + O(2*, 22w)

2

Here, we used the fact that A(z,w) is analytic, hence all terms of w with the negative
power are cancelled.

Note that the constant in the O(z3, z22w) a priori depends on K C C*. Let ¢.(w) :=
w and note that by Proposition it is holomorphic on D(0,7). We have

proved that for all compact K C C*, for all w € K, and for all small z # 0 with

1
= ZAO(’LU) + <@ + - — b073> 2’2 + 0(2’3,2271]).
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Re(z) > 0, we have [¢.(w)| < Ck. By taking K = {|w| = §} we therefore obtain the
same estimate |¢.(w)| < Ck for all |w| < § because of the maximum modulus principle.

This gives the desired uniformity.
O

Definition 3.5. As in [7], let v € (3,2) and

(1) v, = |z|'7"
(2) R, ={WeC:%<Re(W)<ZT—12and —1<Im(W) <3}

c 10
Definition 3.6. Let x.(W) =W + (bg3 — 1)R(z, W), where
(3.1) R(z,W) := czeW F.(W)

and F, is the primitive on Ro of W +— e~ cot(cW) wanishing at 3

A straightforward computation shows that R(z, W) is a solution of the linear PDE
OR OR

= cz cot(cW).
Lemma 3.7. We have

()" Y(W) = —cz cot(cW) — g + O(22 cot(cWV), 22)
Proof. We have:

CH(2) = (e

(33) (o)) = B

and using the fact that (*(z) := (=5 £ ic)z + (W + ic@) 22 + 0(23), we find

(3.4) (W)L (W) = —cz cot(cW) — % + O(22 cot(cW), 22).
O

Lemma 3.8. Assume that ¥4 (w) € R, and let W := o (w), Wy := w;(z) o q.(w) and
z1:=p(z). Then

(3.5) |R(21, Wh) — R(z, W) — 2% cot(cW)| = O (|z|2+5)
for some § > 0.

Proof. Let x := (2,W) and h := (21, W1) — (2, W). Then by Taylor-Lagrange’s formula,
we have
PA—t)?
(3.6) R(z+h) — R(z) — dRz(h) = Td Ryien(h, h)dt
0

and
d*Ry(h, h) = Reo:(y)hi + 2Raw (y)hihe + Rww (y)h3
=0+ O(23 cot(cW)) 4+ O(23 cot?(cW))
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2 . .
(Here, R,, := %71;, etc.). Since W € R, by assumption, we have 23cot?(cW) =
O(|z]"*%) = O(|z|**?) for some § > 0. Therefore

[R(z1,W1) = R(z, W) = dRy ()] = O (|227°).
It now remains to compare dR,(h) and cz? cot(cW). First, note that
h= (=24 0(2%),2 + 0(zw)) = (=22 + O(2%), 2 + O(2* cot(cW)).
Therefore
dR;(h) = R,(x)h1 + Rw (z)he
= —2’R.(x) + 2Rw (x) + O(z* Rw, 2% cot (cW) Ry)
= c2? cot(cW) + O(23 cot(cW), 22 cot? (cW))

hence we have

AR, (h) — c22 cot(cW)| = O (\z|2+5) .

Definition 3.9. We define A(z, w) := Xp(z) © Vp(z) © q:(w) — xz o YL (w) — z.

Proposition 3.10 (Almost translation property). There exists § > 0 (depending only
on the choice of v) such that

|A(z,w) — A2*| = O (]z]2+5>

for all (z,w) such that ¥, (w) € R, where A :=0 +1— 3b§’3
Proof. Let z1 :=p(z), W :=¢L(W) and Wy := 9., oq.(w). We have

Az, w) = Xz 0%, 0 qz(w) — Xz 0 YL(w) — 2
=1z, 0 gz(w) — Y (w) — 2z + (boz — 1)(R(21, W1) — R(2, W)).
By Lemma |3.8

|A(z,w) — A(z,w) — cz2(bos — 1) cot(cW)| = O (\z|2+5)
On the other hand, by Proposition we have

Az, w) = zAp(w) + (@ + % - bo’3> 22 + O(2w, 2%)

1
= (bp3 — 1)zw + <@ + 3~ b0,3> 22 + O(2w?, 22w, 2%)

so using Lemma [3.7

b
A(z,w) = (1 — by 3)cz? cot(cW) + 22 (@ +1- 320’3) +0 (zwz, 22w, 23, 23 cot(cW))
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Putting all of these estimates together, we get:
Az, w) = A22] = O (Jzw?], 2w, [2f*, |22
Finally, note that since by assumption ¢, (w) € R, we have |w| = O (|z|"). Moreover,
recall that v > %, so that:
o [zw?| = O (|2[1+%)
o |Z2w| =0 (|z**)

O
Lemma 3.11. As W — 0 in R, we have
1 1 [z
(3.7) F.(W) = Elog(cW) - /2 e “Insin(cu)du + o(1)
0
Similarly, as W — 7 in Ro, we have:
=1 1 [e
(3.8) F.(W) = e_?g log (m — cW) + —I—c/ e “Insin(cu)du + o(1)
2
Proof. Recall that F,(W) = fK e " cot(cu)du. An integration by parts gives:
2c
1w _ v
F.(W)= e log sin(cW') + - e “logsin(cu)du
2
from which it follows that as W — 0:
1 1 [z
F.(W) = —log(cW)+o0(1) — - /2 e “Insin(cu)du
(& C Jo
and as W — %
ey L[
F.(W)=e c—log(m —cW)+ — / e “Insin(cu)du + o(1)
C [y
2c
O

4. PROOF OF THE MAIN THEOREM

We begin this section by explaining how the map v, defined in the previous section,
transforms the complex plane.

Let D, be the disk of radius 3|¢*(z) — (7(2)| = c|z| + O(2?) centered at 3((*(z) +
¢ (2)). Let S(z,R) be the union of the two disks of radius R that both contain the
points ¢t (2), (™ (2) on their boundary. The radius R will be a sufficiently small number,
to be fixed later. The definition of S(z, R) of course only makes sense when the distance
between (T (z) and ¢~ (z) is less than 2R, which once R is fixed will be satisfied for z
sufficiently small. Our choice of R will depend on the map qg, but not on z.

The line L, through ¢*(2) and ¢~ (2) cuts the complex plane into the left half plane

H! and the right half plane H?. We define S/°(z, R) := S(z, R) N HY°. The map 1,

z
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maps the disk D, to the shaded strip [—1, 7£] x iR. The image of S(z, R) is bounded by

two vertical lines, intersecting the real line in points of the form FJ_ £ O(z), see Figure
Next we define P]L{/O := D(FR, R) and observe that S*/°(z, R) EmalN 79;2/0.

N4

FIGURE 2

Key observation: There are positive real constants ro, R, s, t, 6 such that:
(i) The invariant curves z — (z,(*(2)) are graphs over the disk D(rg,70) C Bp.
(ii) We have
™
2
for all z € D(rg, o).
(iii) For every compact K C P} there exists 0 < r’ < rg such that

K C 8z,R) C Py,

™

T .
+ s|z|, % slz|| x iR C ,(S(z, R)) C [ 50

—i—t\z\,% —t\z|] x iR

for all 2 € D(r',7"),

(iv) |A(z,w) — A2%| < [2279] for all (z,w) € D(rg,r9) x D(0,4R) (see Proposition
3.10).

(v) the inverse gy ' (w) is well defined on D(0,4R).

(vi) qo(Psg) C Psp and gy ' (PSR) C PSp

Remark 4.1. Recall that ¥, = 1. + 5, therefore (ii) implies ¥.(S(z, R)) C R for all
z € D(r,r) assuming that v > 0 is sufficiently small (recall that R, was introduced in

Definition .
We are now ready to start with the proof:

Fixing a constant: We now fix these constants ro, R, s, t, 6 and define k,, := [n”]

for the constant v € (%, %) already defined in Definition .
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Notation: Given a point (z9,wg) € B, x By, and an integer n > 0 we will write

= p"(20) and w; := Qe; ©Ge;1 © - - © Gy (Wo)-

Fixing a compact: For the rest of this section we fix a compact subset K/ x K C
B, x By,. Let ng be sufficiently large integer so that p*» (K’) C D(rg, 7o) for all n > ng.
By taking even larger ng if necessary we may assume that wy, € Py and therefore by
(iii) above wy, € S*(ek,,R) for all (z0,wp) € K’ x K and all n > ng. Finally we fix a
point (zo,wp) € K’ x K.

Remark 4.2. Unless otherwise stated, all the constants appearing in estimates depend

only on the compact K' x K, but not on the point (29, wo) nor the integer n.

4.1. Entering the eggbeater.
Lemma 4.3. We have ¢, (wg,) = ¢¢,(wo) +kn+o0(1) and hence wy, = —é +0 (%) :

Proof. For 0 < j <k, we have
P (Wj+1) = B4, (g0(w;) + b + O(€}))
2 (ws) + 1+ 0((¢ ’(wg) 7

Therefore by induction, ¢p (wg,) = ¢p, (wo) + kn + O(%), and -5 = o(1) by the choice
of k,.. Final conclusion follows from the fact that

1

(W) = o (1 —bo3)log(—w) + o(1).

Lemma 4.4. We have
2

e, (Why) = — e h (k)
w + + o(eg,) -
Skn - Kn W, kan Fon

Proof. This follows directly from the computation in the proof of Proposition O
Definition 4.5 (Approximate Fatou coordinate). Let @, := y, o ..

Lemma 4.6 (Comparison with incoming Fatou coordinates). We have

2

1 kn L
;(Pekn (wg,,) = gbqo( wg, ) + o + (1 —boz)Inn+ E"+o(1)

n

where E* := (bp3 — 1) (lnc — foi e "In sin(cu)du).
Proof. Recall that by Lemma [.3] and Lemma [{.4] we have

1 Inn
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and

ekn Ekn
ékn (wkn) = _wk;n + QU)I%TL + O(Ekn)'

Next, we have:

1 1 .
;q)ekn (wkn) = ;Xekn © wékn (wkn)
w
= - c(l— b073)eWFc(W) , where W := 1/Jék (wg,)
kn,
1 k2 W
= _wikn + % — C(l —bo 3)6 FC(W) + 0(1)

and by Lemma [3.11]

w €k i —u .
ce" Fo(W)=log | — ) +1lnc— e “Insin(cu)du + o(1)
Wk, 0

us

= —log(—wg,) —Inn+1Inc— /2C e “Insin(cu)du + o(1).
0

Putting all together we get

1 1 k2

7(1)51% (wkn) = —— 4+ (1 — boyg) log(—wkn) 4+ 4 (1 — 6073) Inn+ E"+ 0(1)
€k, Wk, 2n

k‘2

4.2. Passing through the eggbeater.

Definition 4.7. Let ag, By be as in (1.2) and define M, := |(ap — 1)n + Bolnn| where
|-| is the floor function. Let ¢, := |ecky,| and p, = {(cg — 1)n + Bolun}, where {-}
denotes the fractional part. Finally we define W := @ (w;)
Lemma 4.8. We have

My —£€n—1

o ™ Gy 1
Wi, + Z ej+Aej_c+n+o<n>
J=kn
where
G = —€ by + ﬁ + (1 —bos)e” cInn—e”cpp + ¢y (wo) + C
and

C = (1-— a)e_%% +(1— 6’_%) (@ + g(l —bo3)+(a—1)— qb;(Zo)) + B

Proof. First recall that by Lemma [4.3| and Lemma [4.6] we have:

1/, kn . 1
Wkn = H <¢qo(w0)+k‘n+2n+(1bo,g)lnn+E> +O<n)



22 MATTHIEU ASTORG AND LUKA BOC THALER

Next recall that

€j—

1 (1 —a)In(n + j) + &;,(20) In?n
ntj (n+4)2 +O< >

and observe that by the Euler-MacLaurin formula we get

Mp—Ln—1 M, —¢
n n . 1 1
Yo :/ edj + - ek, —GMn—zn)JrO( >
J=kn n
M,—¢
n n 1 1
— di + — (1 — e /¢ -
and
Mp—£,—1

1 1 T 1
Z Ejzzekn_EMn—én_‘_O() :(1_6c)+0<>'
n

: n n
Jj=kn

Furthermore we have

My —4¢ M
e n+ M, — £, 1 1
dj =In| —————2 ) + ((1 —a) + ¢
/kn G4 =1n ( n+kn ) (( @) p(ZO)) (n My, =4, n+ kn)

+(1-a) <1n(n+Mn—£n) B ln(n—i-kn)) +0<:L>

n+ M, — ¥, n+ky,

x. 1 =1 k ER4 1 Tr
=T (bog—a)(1— e F)= 0 — e Eop, = S TE R (1 —a) (¢7F — 1)
C n n n n n
1 ™ 1 T s lnn 1
= —2—1>L “l—a)e t i b (1—a)e e —1)—2 -
s (e F o) ot - ae T4 (- - )P o ()
T ~Inn k, _xly
=L b (bps—1)(1—e¢ _ e
c T (bos =D —eme)— —— p
+2(@—atgpleo (1) + (- Tl o) 4o
— —a z e ¢ — —a)e ¢c— —e€e ¢ o\ — 1.
n P c P n
Putting all together we obtain
My —t,—1 5
_ o T _xly _=lnn  k;
Wi, + Zk: G +AG =" -t (L-bog)e F 4 ot
J=Fn

Lemma 4.9. For k, < j < M,, — £y, we have W; € R, and

7—1
Wj=Wi, + > e+ Ales, w;)
i=kn

Proof. We prove this by induction on j.
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e Initialization: it comes from the fact that Wj, = k" + 0(7") (Lemma and
Lemma [4.4)).

e Heredity: it follows immediately from Proposition and the computation
above.

O

4.3. Exiting the eggbeater.

Lemma 4.10 (Comparison with outgoing Fatou coordinates). We have war,—¢, € P,
and

1 x (2
(®ess, o, (wrt, ) = =) = 65 (wis, —2,) + €~ 2%+ (1= bog) Inn + B2 + o(1)
€M, —1, c n

where E° := (1 — by 3) (% —Ilnc—ec f:/;c e “In Sin(cu)du).

Proof. By Lemma and Lemma we know that Wy, o, € Rertncy and that

Wit —ey = = — _*é” + 2n2 +o( ) Since wag, ¢, = —cenr,—ecot(cWar,—g,) + O (1)
we have wyy, ¢, ~ 7~ hence for all sufficiently large n we have wy,, —¢, € Pg. By the
same computatlon as in the i incoming case, we have

62
6Mn _én Mn —En

+ o(€n,,—2,,
WMy —tn 2'11]?\4” —ln ( )

€My —tn, (wat,—,) = —
1 < 02

—ery g [ ————— 4" 1

€M, gn< TV +e o) + of )>

Recall that ¢9 (w) = —= + (1 — by 3) log(w) + o(1).
Next, we have:

QEA{n*en (an_K'n) = XEJanln o ’llz)é]y[n_gn (an_Zn)
7r
= Xemp—tn <¢3M"_gn (an—ﬁn) =+ E)

= % + W — CeMn,gn(l — ()073)6W+%FC (W + %)

where W := ¢, (wn,—¢,), and by Lemma

ceWTCE(W + z) = log (GMn_E"> +lnc+ec /C e " Insin(cu)du 4 o(1)
c WM, —n 36

= —logwys, ¢, —In(e<n) +Inc+ec /c e "“Insin(cu)du + o(1)

2c
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Putting all together we obtain

1 s
EMn_en (q)eMn_gn (an*En) _ Z) _
1 =2
- + (1 —bos)logway, ¢, + e =% + (1 —bo3)Inn+ E° + o(1)
wM"_en 2n

x £2

n

= ¢g, (W1, —0,) + €7 ¢

n + (1 — b073) Inn + E° + 0(1)

Lemma 4.11. We have
a0 (Wnr,) = 05 (war,—¢,,) + L + 0o(1)
Proof. Recall that wy, 4, = O (é) . For M,, — ¢£,, < j < M,, we have

o (Wyis1) = 05, (a0(w;) + bef + O(e}))

= 05 (wj) + 1+ O((¢5,) (w;)e3)

€2

= ¢ (wj) +1+0 <w72>
J
2

:¢%mp+1+o(%)

n2
Therefore by induction, ¢g (wu,) = 5 (wWar,—e,) + o + O (%), and i—% = o(1) since
by, ~n¥ with v € (%,%) O

4.4. Conclusion. Finally we can prove the Main Theorem. We state here a technical,
equivalent formulation:

Theorem 4.12. We have
war, = (65,) 7" (¢Fh, (wo) = (¢F 1) 9}(20) = pu +T) + 0(1)
where

x a—>bys+b 1 T
(4.1) I':= (ec — 1) (0723[)3’0 +a+ 5(1 — 6073) + (bo,g — 1) lnC> + (bo,g —a)g

+ee(l— bo,3) /C e “Insin(cu)du
0
Proof. We have:

b0 (wir,) = Gy (wir,—e,) + €n + 0(1)
1

—e c2——(l—boyg)lnn—Eo—i—En—i—o(l)
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where the first equality follows from Lemma[.TT] the second equality follows from Lemma
and the last equality follows from Lemma and Lemma [£.9] Note that in this
computation we used the fact that 5-(e<k2 — e <£2) = o(1).

Finally recall that
a — b073 + bg,g

O = bo,g + % ,

™

E' = (bp3—1) <lnc - /26 e “In sin(cu)du) ,
0

0 T <) <@+2(1 —bo3) +(a—1) —qa;(zo)) + E,

ol

C=010—-a)e c—4+1—e"
c

™

E°=(1-"bpg3) <7cT —Inc—e* /C e lnsin(cu)du> .

s

2c

A quick computation now gives
ecC — E° = — <e§ - 1) ¢p(20) + T,
hence
o (war,) = e 6 (wo) = (F = 1) 6h(20) = pu + T + (1),
O

Remark 4.13. Note that Theorem has been proved under the assumption that By €
R. Following essentially the same proof in the case where 5y € C (only replacing the
definition of My, and p, in Definition[{.7 by M, := |(ao — 1)n+ Re(Bo) Inn| and p, :=
{(ap — 1)n + Re(Bo) Inn} ), one could prove that

war, = (65,)7" (€% 0y (wo) = (€7 = 1) d}(20) = pu + T+ im(bog — a) I ) +o(1).

It then seems likely that (2n4 1, ,war,) belongs to one of the two parabolic domains U™
from Theorem which in turn would imply that (z,,w) belongs to the parabolic basin of
(0,0) for all n large enough. This also seems to be supported by numerical experiments.

Proof of the Main Theorem from Theorem[{.129 It only remains to rephrase Theorem
in terms of admissible sequences. Let (ny)r>0 be an (ao, Bp)-admissible sequence.
By definition of M,, and p,,, we have

M,, = (oo — 1)ng + Bolnnyg],

and p,, = {(ao — 1)ng + Bolnng}. Therefore, by definition of an (ag, Bp)-admissible
sequence, there exists a bounded sequence of integers (my)g>o such that

Nit1 — N = Mp,, + my,
and the phase sequence of (ny)r>0 is given by
o = Ngp1 — aong — Bolnng = np1 — (My,, +np, + pny,)
= Mk — Pny-
By Theorem .12 we have
P (p(2),w) = (p" M (2), L{o, T = i z,w)) +0(1)
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and therefore, by the functional equation satisfied by L,
PP (2), ) = PY T (2), )
= (p tMmt e (2), Lo, T + my, — ppy; 2,0)) + o(1)
= (p"*+1(z), L(ap, T + op; z,w)) + o(1)
which is the desired result. O

5. WANDERING DOMAINS OF RANK 1
The aim of this section is to prove Theorem [I.6]

Proof of Theorem[I.6, By our assumption, if (oy)ren denotes the phase sequence associ-

ated to the (o, Bp)-admissible sequence (ng)gen, then oy, := ng1—aoni—LBo Innyg hzdoo,

6, and hence by the Main Theorem we have P™+17"k (p™k(z), w) koo, (0, £.(w)) where

£Z(w) = ﬁ(aﬁa ['+0;z, 'LU)
Let E(W) := ¢, o (¢5,)"" (W) be the lifted horn map of qo. The map & is defined

on the open set Uy, := (1/}30)_1 (Bg,), which has at least two connected components, one
containing an upper half-plane and the other containing a lower half-plane. Moreover, it
commutes with the translation by 1: for all W € Uy, EW +1) = E(W) + 1.

Let us define o :=TI" + 6, where I' is the constant from the Main Theorem, and

Hz,(W):=aEW)+ (1 —ag)Z+0o
as in Definition [[L.12

Lemma 5.1. There exists a point (zo,wo) € By x By, such that wy is a super-attracting
fized point of the map L, (w).

Proof. First observe that £, is semi-conjugate to flzyg, where Z := ¢,(z). Indeed, we

have L, o ( go)*l =( go)*l o ﬁZ,a, hence it suffices to prove that the map Hz, has a
super-attracting fixed point for appropriate choice of Z € C.
Let Wy be a critical point of £ and observe that since £ commutes with the translation
by 1, it follows that for every N € N the point Wy 4+ N is also a critical point of £.
Next, observe that
aoE(Wo+ N) — (W0+N) +o Oz()g(W()> —Wo+o LN
ap — 1 N ap — 1 ’

hence for sufficiently large No € N there exists zg € B, such that

o (Wo + No) — (Wo + No) + o
ag — 1 .

Zy == ¢p(20) =

It is then straightforward to check that Wp + Np is a super-attracting fixed point of
HZO,U(W)'
0

Let (20, wp) € By x By, such that wy is a super-attracting fixed point of £,,(w). Let
A= {(z,w) € B, x By, | L:(w) = w}. The analytic set A has pure dimension 1,
and since wy is a super-attracting fixed point of £,,(w), the Implicit Function Theorem
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implies that the point (zp,wg) is contained in a regular part of A. Therefore, there exists
a small disk A centered at zyp and a holomorphic function n : A, — B, that satisfies
n(z0) = wo and h(A,,) C A where h(z) := (2,n(z)). Moreover by restricting that disk if
necessary, we can assume that [£%(n(z))] < 3 on A,,.

Lemma 5.2. The map n: A,, = C is non-constant.

Proof. Recall that we constructed Zy, Wy € C such that I:IZ(W(WO) = Wy, and Zy =
¢p(20), m(20) = ( ZO)_l(Wo). Again by the Implicit Function Theorem, there exists a
holomorphic map 7 : Az, — C such that 77(Z) is a fixed point of lLT[Z#7 for all Z € Ag,,
where Ay, is a small disk centered at Zy. Moreover, we have n = (qzbgo)_l o170 ¢p,. From

the expression of fIZp, it is not difficult to find that 7'(Zp) = 1 — o # 0, therefore 7
and also 7 are non-constant. 0

By the Main Theorem, for each z € A, there exist a disk D, C By, centered at 7(2)
and kg > 0 such that

(5.1) projo (P71 (p™ (2) x D)) € D,

for all k > ko, where proj, : C> — C denotes the projection on the second coordinate.
Moreover, we can find a continuously varying family of disks {z} x D, C B, x By, and
a uniform constant ko with respect to the parameter z € A, for which holds. Let
us define an open set

(5.2) V= J {p™(2)} x D..

ZGAZO

and let U be a connected component of the open set P~ " 0 (V') containing a point
(z0,w’) for which P™o(zg,w") = (p"™0(29),wp). Observe that by the Main Theorem,
the sequence (P")i>o converges uniformly on compacts in U to a holomorphic map
o(z,w) := (0,n(z)) where n is as above. Moreover, since P is a skew-product, this
implies that the sequence of iterates (P"),>0 is bounded on U and therefore that U is
contained in some Fatou component Q C C2.

Lemma 5.3. The map n extends holomorphically to a map n : proj; () — By, and

q0>
there exists a subsequence (P™*)>o that converges locally uniformly on Q to the map

O Q — {0} x By, defined by ®(z,w) = (0,1(2)).

Proof. Since (P™) is normal on 2, we know that it has a convergent subsequence, let us
denote it by (P™*). Moreover since P is a skew-product we know that Q C B, x C and
therefore any limit function of a convergent subsequence of (P") must be of the form
O(z,w) = (0,k(z,w)), and K(z,w) = n(z) for all (z,w) € U. By the identity principle, we
therefore have g—g = 0 on 2, and so k gives a holomorphic continuation of  on proj;(€2),
which we still denote by n. Finally, let us argue that 1 : proj; (2) — By,.

First, observe that if (z,w) € €, then any w-limit point of (z,w) has bounded orbit
under P. This implies that 7 takes values in K (qp), the filled-in Julia set of gg. Moreover,
by Lemma n is non-constant and therefore open; and by definition, n(A.,) C By,.
So n must take values in By,.

O
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Since E(W) = W —mi(1 —bg3) +o(1) as [Im(W)| — +oo (see [7], Appendix), we have
(5.3) Hyz (W) =acW + (1 —ag)Z+C+o(1) as |[Im(W)| — +oo
for some constant C € C. Let H,(Z, W) := (Z, Hz,(W)) be the lifted horn map of

P, with the notations of the introduction, and recall that it commutes with the map
T(Z,W)=(Z+1,W +1). This map is well defined on C x U,. The set of fixed points

of H, can be explicitly written as

(5.4) Fix, = {(O‘Og(W) W, e W> W e uqo}.

(10—1 040—17

Let us define ¢(Z, W) = (Z — W,e*™) and U := 4(C x Uy,) C C x C*. Observe
that there is a small punctured disk A* such that C x A* C U and that there exists
a holomorphic map ¥ : U — C x C* such that ¥ o ¢ = v o H,. (This map ¥ is
holomorphically conjugated to the horn map H, of P, see Definition . It extends
holomorphically over C x {0} with ®(X,0) = (apX + aomi(1l — by 3) — 0,0). We still
denote by ¥ this extended map.

Lemma 5.4. ) is a wandering domain.

Proof. Let ®(z,w) = (0,7(z)) be the limit function as in lemma above and define A :=
proj;(Q2) C Bp. Observe that n(A) = proj,(®(Q2)) and that ¥ := {(2,7(z)) | z € A} is
connected.

Let Fixy be the analytic variety of fixed points of ¥ and observe that Fixy is closed
in the domain of definition of ¥. Moreover, observe that

65) o WETE ) - (EENZ 0 o),

040—1 Oé()—l7 ao—l Oz()—l7
and hence
(5.6) " (aOE(W) W 4+ ,W> Im(W)—+ < apmi( )+ O"O> .
ao—l 040—1 Oég—l

Since Fixy is closed, it follows that (M, 0) € Fixy.

ap—1
Let B, (w) := ozoqbflo (w)+ (1 —ag)¢h(z) + 0. Observe that £, = (¢35 ) o B, and that
if Z := ¢y,(2), then Hz, = B, o( ZO)*l. In other words, B, also semi-conjugates £, and

Hyz,. Welet Z(z,w) := (¢,(2), Bz(w)), and let
¥ i=Z2(%) C Fixg
be the "lift" of ¥. Since Z is continuous and ¥ is connected, so is X',

Let us assume that €2 is not wandering. Up to replacing Q with P*(Q) we may assume
that it is periodic, i.e. P™(€2) = Q. Observe that this implies that ¥’ is forward invariant
under the translation 7. Let v : I — ¥ be a smooth curve such that v(0) = (Zy, Wp)
and (1) = (Zo + m, Wy + m) (this is possible since ¥’ is connected), and such that
Y(y(I)) is a Jordan curve.

Now observe that by , Fix 5 is a holomorphic graph above U, and therefore is
conformally equivalent to an upper half-plane; and by and , its image under
1 is conformally equivalent to a punctured disk. After the addition of the fixed point
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( —aomi(l—b)+o 0

a1 , ), we therefore see that Fixy is conformally equivalent to a disk. The

. —aomi(l—b)+o
curve 9(7) is a Jordan curve around (T’ 0

the holomorphic map detd¥ : Fixy — C. We have |detd¥| < 1 on (), since by
construction the eigenvalues of dF' on ~ are 1 and another one which lies in the unit disk.

But we have computed that det d¥ (W,O) = ag > 1, which contradicts the
maximum principle.

) in that disk. Now let us consider

0

This completes the proof of Theorem
]

6. WANDERING DOMAINS FOR HIGHER PERIODS

6.1. Simply connected hyperbolic components. In this section we assume that
oo € N* and go(w) = w + w?. We let h denote the classical horn map of go, and recall
that

(6.1) 627L7r(1—a0)Z+2i7raiL(€2i7rW)a0 _ €2m1§rz,U(W)

We let h := h® and \ := e2im(l—a0)Z+2imo o C*, and consider the family (h))xecx,
defined by hy := Ah. Observe that by the choice of qg, the maps h) have exactly 3
singular values:

(1) 0 and oo, which are asymptotic values that are also superattracting fixed points

. . 1
(2) one free critical value vy := Av, where v 1= 2™ (73),

In particular, if hy has an attracting cycle different from 0 and oo, then it must capture
V).

Definition 6.1. A hyperbolic component of period m in the family (hy)xec 4 a con-
nected component of the set of A € C* such that hy has an attracting cycle of period m
different from 0 and oo.

Note that by [B, Theorem E|, hyperbolic components as they are defined here are also
stability components. In order to prove that the Fatou components that we construct
are indeed wandering, we will use the following result, which also has intrinsic interest:

Theorem 6.2. Hyperbolic components in the family (hy)xec+ are simply connected.
Before proving Theorem [6.2] we introduce some further notations:

Definition 6.3. We let P, := {(\,2) € C* x C* : z = hY'(2)}, and p : Py, — C be the
map defined by p(A, z) = (hY") (2).

Let U be a hyperbolic component of period m and D C C the unit disk. Then
U = proj, (IT), where II is a connected component of p~1(ID) and proj; : C? — C is the
projection on the first coordinate. Since for every A € C*, hy has only one free singular
value, it may have at most one attracting cycle different from 0 and oo; therefore if (), 21)
and (A, z2) are in a same fiber of the map proj, : IT — U, then z; and z2 must be periodic
points of the same attracting cycle. This means that the function p : I — D descends
to a well-defined holomorphic function p : U — D satisfying p = p o proj;.
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FIGURE 3. Parameter space of (hy)xec+. Hyperbolic components are in
black. Red and blue correspond to parameters A for which vy is captured
by 0 or oo respectively, and white to A such that vy eventually exits the
domain of hy. Observe that for all |A| large enough, vy is captured by oo
(blue). Right: a zoom on a copy of the Mandelbrot set (bottom center of
the left figure).

Lemma 6.4. Let Uy := U\p~1({0}). The map p: Uy — D* is locally invertible.

Proof. We will prove this using a classical surgery argument, originally due to Douady-
Hubbard for the case of the quadratic family ([11]). Let A\g € Uy, and let V' be a simply
connected open subset of D* containing p(\g). Using a standard surgery procedure, we
construct for any t € V' a quasiconformal homeomorphism g; such that g; o hy, o g, Lig
holomorphic, and g;(29) is a periodic point of period m and multiplier t. We refer to [6l
Proposition 6.7], for the details (see also e.g. [15, Theorem 6.4]).

We let ¢ : V' — Teich(hy,) be the holomorphic map induced by t +— i, where p is
the Beltrami form associated to g; and Teich(h),) is the dynamical Teichmiiller space of
hy,. For a definition of the dynamical Teichmiiller space, see [24], [4]. Let V C Uy be
a simply connected domain containing Ag. Since for all A € V the free critical value vy
remains captured by the attracting cycle, the family (hy), ¢ is J-stable by [5, Theorem
E]. In fact, since there are no non-persistent singular relations for the family (hy), ey by
|24, Theorem 7.4] (stated for rational maps, but whose proof carries over verbatim in this
setting), the map hy, is in fact structurally stable on P!: there is a second holomorphic
family gy of quasiconformal homeomorphisms gy : P — P! such that hy := gy ohy, of};l
for all A € V, and §y, = Id.

We let ¢ : V — Teich(hy,) denote the map induced by A — [\, where [y is the
Beltrami form associated to gy. Let £ := %l)\:)\og,\, and observe that since gy(vy,) =

vy = Av, we have £(vy,) # 0. By [4, Proposition 5], the derivative qg’()\o) is therefore
non-zero. Therefore, up to restricting V, we may assume that ¢(V) C ¢(V) and that
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there exists a well-defined inverse branch ¢! : (V) — V. Let ¢: V — V be the map

defined by ¢ := ¢! o0 ¢. Then c is a holomorphic local inverse of p, which maps p(No) to
Ap; the Lemma is proved. O

Lemma 6.5. The map p: Uy — D* is a covering map of finite degree.

Proof of Lemma[6.5. We start by claiming that II is relatively compact in P,,. Indeed,
U = proj;(II) is relatively compact in C* because if |A| is small (respectively large)
enough, vy is captured by the super-attracting fixed point 0 (respectively co). Moreover,
by [5, Theorem A|, the map proj; : P,, — C* is proper, because the only two asymptotic
values in the family (h))xec+ are persistently fixed. Therefore II is relatively compact in
P,,. Since p is analytic (hence continuous) on P,,, and since the set Il is a connected
component of 5~1(ID*), this proves that j : Ilp — D* is proper. Consequently, so is
p:Uy— D*.

By Lemma the map p : Uy — D* is also locally invertible; therefore it is a finite
degree covering map. 0

Proof of Theorem[6.4 By the lemma above, p : Uy — D* is a finite degree covering map.
This implies that there exists A\g € U such that Uy = U\{\o}, and that Uy is isomorphic
to a punctured disk and U to a disk. g

6.2. Proof of Theorem We state here is a slightly more precise statement of
Theorem [T.11t

Theorem 6.6. To each hyperbolic component U of the family (hy)xecx, we can associate
a wandering Fatou component Qu of P. Moreover, if Uy # U, then Qu, and Qy, are in
different grand orbits of P.

Since «q is an integer we know already that there exists an agp-admissible sequence
ng and o € C, such that P™+17" (p"k(2), w) — L(g, 0; 2z, w) uniformly on compacts in
By x Bg,. Let (Ao, z9) € C* x C* be such that z is a super-attracting periodic point of
exact period m for hy,. Let (20, wo) € By x By, be such that e2im(1—a0)dy(20) = )\ and
%% (W0) — 70 Then wy is an attracting fixed point of L(, 0520, ).

Applying the Main Theorem as in Section |5 we know that (z,,wp) belongs to the
Fatou set of P for large enough n, where z, := p™(z). We let ng be large enough, and
Q = Q, ) denote the Fatou component containing (2ng, wo). We also know (again,
by applying inductively the Main Theorem as in Section , than there is an increasing

sequence of integers (ng) such that Plgkfno(z, w) — (0,n(2)), where n(z) is an attracting

periodic point of period m of L(ap, 032, ), with 1(2p,) = wo.

Lemma 6.7. The Fatou component € s wandering.

Zng 7“’0)

Proof. The proof is similar to the one in Section[5] and we use some of the same notations.
We assume for a contradiction that 2 is not wandering: then P*+¢(Q) = P*(Q2), for some
k € N and £ € N*. Up to replacing Q by P*(Q), we may assume k = 0.

There exists some continuous curve joining (z,,,wo) and P%(2,,,wo) inside Q. Using
the convergence of P"~"0 to (0,n), we obtain a curve joining 1(zy,) and 1(zp,+e¢) inside
¥ :=n(A), where A := proj;(2). We let ¥ be as in Section [f} ¥’ is an open subset of
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Per,,(Hy) := {(Z,W) € C%: H"(Z,W)}: then there is a curve in ¥’ joining (Zo, Wp)
and (Zo + €, Wy + £), where Zy := ¢ (2n,) and Wy := agdy, (wo) + (1 — ao) Zo.
Finally, we consider the image of this curve under the map

(6.2) e: (Z,W) s (2im(1a0)Z 2imWy

It now becomes a closed loop in II := e(X'), which we denote by v := (71, 72). By con-
struction, the loop 79 is non-contractible in C*; however, it is contained in the hyperbolic
component U = proj, (IT). But this contradicts Theorem O

Lemma 6.8. If (z;,w;) (i = 1,2) are such that \; = e*™1=20)%:(2) pelong to two different
hyperbolic components U;, then the wandering Fatou components Q; := Q(Zi ;) are not

in the same grand orbit.

Proof. The idea of the proof is similar. Let us consider two wandering Fatou components

Q;, = Q (o7 () ) constructed above. Recall that (z;,w;) are such that w; is a super-
attracting periodic point of £(ag,0; 2, ), and that (p™i(z;),w;) € Q4. Let us denote by
£; the periods of w;.

Assume by contraposition that €2y and s are in the same grand orbit of Fatou com-
ponents for P: then there exists m; € N such that P"1(Q;) = P"2(Q2) =: Q. Moreover,
there is an increasing sequence of integers (nj)r>o such that P‘gi—ng converge to the
maps (z,w) — (0,7;(2)), where for all z € A; := proj;(£%;), ni(z;) are periodic points of
respective periods ¢; of the maps £, := L(ao,0; 2, -). (This sequence (ny) is obtained
by taking an ag-admissible sequence, and then extracting a subsequence by taking only
one term every lem(¢1,¢2)). By normality, it is easy to see that the multipliers of those
fixed points cannot be repelling: p;(z) := (£%) (n:(z)) € D for all z € A;. Since non-
constant holomorphic functions are open and p;(z;) = 0 € D, we must therefore in fact
have p;(z) € D for all z € A;.

Next, we claim that there exists £ : A := proj;(©2) — C such that n; = qévi o&opmi

for some N; € N. Indeed, since P{;Zk*nz — (0,7;) on Q;, there exists functions & : A — C

such that P~ — (0,&;) on €, and
n; =& op™.
Assume without loss of generality that Ny := n} +my — (n§ 4+ mg) > 0. Then

(0,62) = lim P2 = L Pt = oo (0, ¢,)

so that qéVO o0& = £1. So we can take £ := &y, Ny := 0 and N; := Njy.

Recall now that Z(z,w) := (¢(2), aody, (w) + (1 — ag)d,(2) + o), Ti := {(z,n(2)) :
z € A}, and X := Z(%;). Let v = (71,72) : [0,1] — © be a continuous curve joining
P™(p(z1),w1) and P™2(p"2(z5), ws) in Q. Let (Z;, W;) := Z(p"i (), w;). Note that
for all k,¢ € N and (z,w) € By x By, Z(p*(2), ¢5(w)) — E(z,w) € Z%. In particular,
A(t) := E(71(t),&(71(t))) gives a continuous curve satisfying the following properties:

(1) 5(0) — E(z1,m1(21)) € Z2
(2) (1) — E(22,m2(22)) € Z2
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(3) for all t € [0,1], 4(t) € Pery(H,), where £ := lem(l1,€s), Hy(Z, W) is the lifted
horn map defined in (L.6), and ( HZU) (3(t)) € D.

(Property [3| comes from the previous observation that p;(z) € D for all z € A;.)

Finally, we consider a curve (91,42) := e 0 7, were e is given by equation (6.2). Then
41 is a continuous curve joining A; and Ao, inside a hyperbolic component of period
(dividing) ¢ for the family (hy)xec+, which is a contradiction. Thus Lemma and
Theorem [6.6] are proved. O

Finally, to obtain Theorem from Theorem we just need to know that there
are countably many hyperbolic components in the family (hy) ec+. Since we have proved
that the multiplier map is a conformal uniformization of any hyperbolic component on
the unit disk, it is enough to prove that there are countably many A € C* such that h)
has a super-attracting periodic point (different from 0 or oo). But this follows from e.g.
[[5], Proposition 5.1].

7. ADMISSIBLE SEQUENCES AND PISOT NUMBERS
We will give in this section the proof of Theorem [I.10]

Lemma 7.1. For every (o, 3)-admissible sequence (ny)g>o there exist a real number
¢ > 0 and a bounded sequence of real numbers (di)r>0 such that
Blna

-1
Moreover, if we let pg == ng11 — ang — k:B Ina, then

pr =0k + fIn¢ + o(1)

nk = Ca¥ — k + dy, Vk > 0.

and
B Slna 1 & P;
C—n0+( _1)2+a27
7=0
and -
flna L Pj+k

dp = — s =~

(a—1)2 « = al -’

Proof. First we study the asymptotic behaviour of the («a, #)-admissible sequences.

Claim 1: For every («, 3)-admissible sequence (ny)x>o there exist constants (,C > 0
such that ‘nk — Cak‘ < Ck for all k£ > 0.

Proof of Claim 1. Let us define up := % and observe that ug = ug—1 + -5 lnuk 1+

5(76;1]3 no 0221 where (0),>0 denotes the phase sequence of (ng)r>0. Since the sequence

of phases is bounded and a > 1 it is easy to see that there exists D > 0 such that
|ug| < Dk for all k > 0, hence the sequence uy converges to some positive real number
(. It follows that

jBIna oj
—“0+Z“J+1 —”0+Z J+1ln“1 Tt it
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where the sum converges absolutely. Finally observe that

oo .
and that there exists C' > 0 such that
oo .
iz(fjlnquJr(]HzmnaJrU;k <Ck, VEk>D0.
§=0
O
Claim 2: We have p;, = o, + BIn( + o(1).
Proof of Claim 2. Observe that by the previous lemma, we have
Pk = Ngy1 — ang — kBIna
=op+ Blnng — kfIna
=0+ PBlnug =0+ BIn¢+o(1)
O

Claim 3: We have

Blna 1 & P Blna 1 & Ptk
ot 2RA L INYP g o pe D iy
¢ n0+(a—1)2+azoaﬂ’ F (v —1)2 ai=Z o

Proof of Claim 8. Recall that pr = o+ 5 Inug. From the proof of Claim 1 it now follows
that

aj+1 a]+1 aj"rl
j=0
[oe) .
A E ey
o (6%
Jj=0

and
Blna

+ g — (o
a—1

dp, =k

_Blna 1 =B (j+E)Bna ok
_ka—l_ajz—%ajlnuﬂk—i— ol + o

flna li (J+k)Bna L Pith
[0

=k .
a—1 o ad
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O
This completes the proof of the proposition. O

Remark 7.2. Note that by Lemma the phase sequence (oi)k>0 of a (o, f)—admissible
sequence converges to a cycle if and only if the sequence (pi)r>0 converges to a cycle of
the same period. Hence the phase sequence (oy)k>0 converges to a cycle if and only if the
sequence (di)k>0 converges to a cycle of the same period.

Corollary 7.3. If (nk)r>0 is an a—admissible sequence whose phase sequence converges
to zero, then o has the Pisot property.

Proof. Since (ny)g>0 is an a—admissible sequence, 5 = 0 and p;, = o}, (using the notation
from Lemma . Moreover, since (o%)r>0 converges to zero the same holds for the
sequence (dy,)k>0, and hence we have ||¢a¥|| — 0. O

Lemma 7.4. Let (ng)r>0 be an (o, B)-admissible sequence and (oy)k>o its phase se-
quence. Then (oy)k>0 converges to a cycle of period £ if and only if my == npte — 1y 15
a-admissible sequence and whose phase sequence converges to £51n a.

Proof. Observe that

Mpg1 — QUM = Ny 144 — N1 — (Mg — Ng)

= (Nt 140 — ONpye) — (N1 — any)
n
= oy), — o) + Bln
ny,

=0k — ok + B Ina + o(1).

O
Corollary 7.5. If (ng)r>0 is a-admissible with converging phase sequences, then my, =
Ng+1 — Nk 8 a-admissible and has phase converging to zero.
Proof. This follows from the previous lemma with 8 = 0. O

Lemma 7.6. If a has the Pisot property, then there exists an a-admissible sequence
whose phase sequence converges to 0.

Proof. Since a has the Pisot property there is ¢ > 0 such that [|¢a®|| — 0. Now define
ny := [Ca¥] and observe that ngyq — ang = —||Ca* || + af|¢Ca®|| — 0. O

Lemma 7.7. Let (ng), (my) be two a-admissible sequences, and let j, ji1,jo € Z. Then:
(1) ni4; is again an a-admissible sequence, and o(nyy;) = o(ny)
(2) if jing + jomy is strictly increasing, then it is an «-admissible sequence, and
o(jink + jamy) = jio(ng) + jeo(mg)
(3) if (my) is a-admissible and €, € £>°, then nyg := my + € is a-admissible, and
o(ng) = o(my) + €xr1 — Qeg.

Proof. This is a direct computation. O

Observe that Corollary [7.3] Corollary Lemma and Lemma [7.7] imply the fol-
lowing result which settles claim (1) of Theorem [1.10]
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Corollary 7.8. Let a > 1 and m € N* arbitrary. The following are equivalent:

(1) « has the Pisot property,

(2) there exists an a-admissible sequence whose phase sequence converge,

(8) there exists an a-admissible sequence whose phase sequence converge to a cycle
of exact pertod m.

Let us mention that for a very special type of a-admissible sequences a similar con-
clusions were already made by Dubickas, see [12].
Finally the claim (2) of Theorem follows from Lemma Corollary [7.8 and the

following remark.

Remark 7.9. Let (ng)r>0 be an («, B)-admissible sequence and denote § = ,6;1310[ and

my, = ng + |kO]. Observe that by Lemma [7.1 we have
ng+1 —ang — Blang =ngy; —ang — kBflna — FInd + o(1)
=mgr1 —amy + {(k+1)8} — a{k6} — 0 — BIn¢ + o(1).

It follows that the phase sequence of (ny)r>0 converges to a cycle if and only if the
sequence (my)g>0 15 a-admissible and the sequence myy1 — amy, + {(k + 1)0} — a{k6}
converges to a cycle of the same period as o(ng).

Hence if we take (my)k>0 to be an a-admissible the sequence whose phase sequence
converges to zero (note that such always ewists since « has the Pisot property) and if
0 = Z—; € Q then clearly the sequence ny = my, — k@] is an («, 5)-admissible sequence
whose phase sequence converges to a cycle of pertod ko.

Note that the sequence ({(k + 1)8} — a{kf})r>o is uniformly distributed modulo 1 if
and only if § is an irrational number, therefore it is reasonable to consider the following
question.

Question 7.10. Let o > 1 have the Pisot property. From the previous remark we already
know that 0 € Q s a sufficient condition for the existence of an a-admissible sequence
(ng)k>0 such that the sequence ngy1 —ang + {(k+1)0} — a{k0} converges to a cycle. Is
this condition also necessary?

8. PROOF OF THEOREM

Let P1, P> be two skew-products that are topologically conjugated in a neighborhood
of the origin, that is, there is a homeomorphism b : U — V with ho P, = Pyolh and U,V
are open neighborhoods of (0,0). We will assume without loss of generality that U,V
are bounded in C2. The map b is of the form

b(z,w) = (7(2), (2, w)),
and f conjugates locally py to pa: fop; = paof. We will write g, (w) := g(z,w). We will
also denote by L;, oy, B; for i € {1,2} the quantities appearing in the Main Theorem, and
(ni)ken two (i, B;)-admissible sequences defined by nj | := [ain} + f; Innj} |, where |-]
is the floor function and n{, = ng is chosen large enough that both sequences are strictly
increasing, and let o} denote their phase sequences. We let Uy := U N {z = 0}, and we
assume without loss of generality that Uy is a disk centered at w = 0.
In what follows we write g;(w) := projy o P;(0,w) for i € {1,2}.
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Lemma 8.1. Let z € By,, w € By, NUy, and for any n € N, let z, := pt(z). Then
there exists m € N such that for all k large enough and all 0 < j < ”I%:-H — n,lC —m,

Pf(zn}{,w)eU.

Proof. First, note that since lim,,_o 2, = 0, 2j4n, belongs to any arbitrary neighborhood
for 7 > 0 and k large enough. Therefore, if we let w; denote the second component of
Plj(zn}c,w), it is enough to prove that for £ and m large enough, w; remains in Uy for
all 0 < j < np,y —np—m. For 0 <j <t :=[(n})"], this follows from Lemma
For ty <j <nj,, —nj — loaty] , this follows from Lemma (recall that v is a fixed
constant in (1,2)). Finally, the existence of m > 0 (independant from nj) such that
for all ”11f+1 — nl,l€ —|laaty] <j < n,ﬁ_s_l — n,{: — m we have w; € Uy follows from Lemma
[4.10] O

Let us now prove Proposition [I.15]

Proposition 8.2. The real numbers a and 3 are topological invariants, i.e. a1 = Qg
and 31 = Pa.

Proof. Let z € B, N Dom(f) and w € By, N Up. By Lemma 8.1] we have

(8.1 o P (pi*(2), w) = P o h(p}* (2), w)
forall0 <j < n}H_l — n}C — m. In particular, both sides of the equation belong to V.
Let My := |(a2 —1)n} + B2 Inn} ], and let pg, := {(aa — 1)n}. + B2 Innj}. Chose R >0
large enough that V' C D(0, R)?, and choose (z,w) € U so that
|Lo(ag, T2 — pr; §(2), go(w))| > R

for arbitrarily large values of k. This is always possible: indeed, let p € [0,1) be an
accumulation point of the sequence si. From the functional equation

Lo(a2,T'2 = p;p2(2), 2(w)) = g2 © Loz, T'2 — p; 2, w),
it follows that (z,w) — La(ae,T's — p; 2, w) takes arbitrarily large values on U. Then any
(z,w) € U such that |La(ag, s — p; z,w)| > R works.
Next, we observe that it follows from the Theorem that
1 1
P o (pr*(2),w) = P (3 (=) go(w) + o(1))
= (0, L2(az2, 'y — p; §(2), go(w)) + o(1).

Therefore, by and our choice of R, z and w, we must have M}, > n}cﬂ — n,li —m for
arbitrarily large values of k. Therefore ag > «q; but then by symmetry, as = a1. Then,
using again the fact that My > n}zﬂ — n}c —m, we find B2 > B, and therefore we finally
have, again by symmetry, 51 = fa. O

We are now ready to prove Theorem

Proof of Theorem[1.1] By Proposition we have n}, = n} =: ny, o}, = oi =: 0}, and
a1 = ag =: a, so by (8.1) and the Main Theorem, we have

h(o(1),L1(a,T1 + o —m; z,w) +0(1)) = (0(1), La(a, Ty + o — m; §(2), go(w)) + o(1)
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for all k large enough, z € B, and w € Uy N By,. Therefore, for any accumulation point
o of the sequence (o)r>0, we have:

(8.2) go (L1(a,I'1 + 0 —m;z,w)) = La(a, Ty + 0 —m; §(2), go(w))

Let us write for simplicity £;(z,w) := Li(a,T; + 0 — m; z,w). Observe that since f and
go conjugate p; to po and g1 to ¢o respectively, there exists homeomorphisms §: C — C
and go : C — C commuting with the translation by 1 such that:

(8.3) 80 © 7 = ¢35 o go,
and
(8.4) fodl, =dn, of,

where ¢¢ denotes the outgoing Fatou coordinate of g;.
For z,w as above, let Z := ¢}, (z) and W := ¢{(w). Let us compute:

oo Hy, (W) =¢30g00(49) " o Hy, (W)
(by (C7) =¢85 ogoo Li(z, (¢9) (W)
(by B2) =950 La(f(2), 800 (¢7)~" (W)
= aghogoo (¢9) " (W) + (1 — )¢y, (1(2)) + o2
= agb o (¢5) " 0 go(W) + (1 — @)j(Z) + 02
= Hj ), (@0(W)

w
w

where o, = o +1;, — m.

Therefore, if we let G(Z, W) = (§(Z),80(W)) we have proved that
GoHy (Z,W)=H2 oG(Z,W).

This relation holds for all z € B, and for all w € By, N Up; therefore it holds for all
Z € C and all W € C with Re(WW) large enough.

But since the lifted horn maps H f,z commute with the translation of vector (1,1), this
conjugation descends to a conjugation of the horn maps on C2/Z. g

Corollary 8.3. If P, and P, are topologically conjugated near (0,0), then the number
of critical points of q; in By, is the same. In particular, there is no k € N such that the
local topological conjugacy class of maps of the form (1.1) depend only the k-jet of P at
the origin.

Proof. For any Z € C, the number of critical values of Hz,, in {0 < ReW < 1} is exactly
equal to the number of critical points of go in By,. The former is clearly preserved under
the topological conjugacy G, therefore so is the latter.

For the second assertion, it suffices to observe that this number cannot depend on any
k-jet of qo at w = 0. O
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9. PROOF OF COROLLARY

Finally, we will prove Corollary in this Section.

Let £ denote the extended Lavaurs maps associated to both parabolic fixed points
(0,w;), and let Egl)(w) = L(;,I';; 2,w). Let M, := £? o £Y. We denote by B; the
parabolic basins of w; for qo, so that (z,w) — M (w) is defined on B, x Bi. We start
by recalling the notion of islands, named after Alhlfors famous Five Islands theorem.

Definition 9.1. Let f : U — P! be a holomorphic map, where U C P! is a domain. Let
Dy C P! be a Jordan domain. We say that D is an island for f over Dy if f : D — Dy
s a conformal isomorphism.

Lemma 9.2. Let f(2) = 2+ 22+ 0(2%) be a polynomial map with a parabolic fired point,
and let qbsc : By — C and 1#}3 : C — C denote its incoming Fatou coordinate and outgoing
Fatou parametrization respectively. Then

(1) For every Jordan domain Dy C C such that (qb})_l(Dl) doesn’t intersect critical
orbits of f, for every open set () intersecting OBy, gb} has an island D € Q) over
D1

(2) For every Jordan domain Dy C C that doesn’t intersect the posteritical set of f,
w? has an island D over D;.

Proof. Let Dy C C be a Jordan domain, and let {2 be an open set intersecting 0B;.

Let Dy := Do + k. It is well-known that gb} : By — C is a branched cover whose
critical points are the pre-critical orbits of f in By; therefore, by the assumptions on Dy,
Dy, is simply connected and doesn’t contain any critical value of gb}, SO gb} has an island
Uy above Dy,.

By assumption, Uy doesn’t meet any critical orbits of f, and it is simply connected,
so we may define univalent inverses branches of f=* for all k, and for k large enough,
at least one such branch gy of £~ will map Uy compactly into Q (by normality and the
equidistribution of preimages). Let Uy := gi(Up). We then have:

¢4 (Vo) = ¢ o f*(Uy) = 6%(Ur) + k = Do + k
so that qb}(Uk) = Dy. The domain U}, is the desired island above Dy.
The second item follows immediately from the other well-known fact that
¥§ : C\(¥) ™ (Py) — C\Fy
is a covering map, where P; denotes the post-critical set of f.
O

Lemma 9.3. There exists 29 € By such that M, has a super-attracting fized point wg.

Proof. The difficulty is that we cannot apply Montel’s theorem, as the domain of M7
shrinks as n — +4o00. Instead, we will follow closely the proof of the Shooting Lemma
from [5]. Let ¢} (with i = 1,2) denote the incoming Fatou coordinates of w; for qo, and let
1; denote the outgoing Fatou parametrizations associated to w; for go. Let Z := ¢(2),
A z(W) = agW + (1 — a9)Z + T, so that

(9.1) M, =1pg0 Ay z0¢50110A1 70¢].
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Let ¢ € By be a critical point for ¢}, and let = € v, ' ({c}). Let 7(Z) := A1z 0 ¢ (c),
and let gz := As z o ¢y oipy. If we can find Z € C such that gz oy(Z) = x, then this will
mean that M, (c) = ¢, where ¢;,(2) = Z, which will prove the Lemma.

Let Uy := wfl(l’p’g). Since ¢; : C — C is entire, Uy C C is an open set with non-empty
boundary. From the expression of ~, if we fix any Wy € 9Up, we can find explicitly some
Zy € C such that y(Zy) = W.

Let us observe that gz = gz, + (1 —a2)(Z — Zp). Therefore, letting h(Z) := z + (a2 —
1)(Z — Zy), the equation gz o y(Z) = x is equivalent to

(9.2) 92, © V(%) = h(Z).

Let D be a disk centered at x such that D contains no critical values of gz,. (This is
possible because the set of critical values of gz is discrete, in fact finite in C/Z, and we
may assume that z is not one of them). Let € > 0 be small enough that h(ID(Zy,€)) € D.
Let Q := y(D(Zp,€)): Q is an open neighborhood of Wy € dUy. By Lemma [9.2] there
exists D1 € QN Uy such that gz, : D1 — D is a conformal isomorphism. In particular,
gz, 07 : V — D is a conformal isomorphism, where V := ~1(D;) is a disk that
is compactly contained in D(Zy,e). By the definition of € and V, we therefore have
h(V) € gz, 0ov(V) = D, and D,V are disks with smooth boundaries. It then follows
from the Argument Principle that there exists Z € V satisfying , and the Lemma is
proved.

O

Proof of Corollary[1.17. We consider an inductive sequence of integers defined by ng+1 =
aing if k is even and ngy1 = agny if k is odd.
By the Main Theorem applied twice, we have

Ple+27 Tk (anaw) = (an+2’MZ(w)) - 0(1)

with local uniform convergence for (z,w) sufficiently close to the point (29, wg) given by
Lemma [9.3]

Since wop is a super-attracting fixed point for M,,, there exists r > 0 such that
M (D(wo, 7)) € D(wo, 5), and by continuity there exists 7 > 0 such that for all z €
D(z9,7n) we have M (D(wg,r)) € D(wq, 7).

Let V be a connected component of P~"0(p™ (D(zg,n)) x D(wg,r)). For ng large
enough and (ng) satisfying the induction relation above, we have, for any & € N and
(z,w) € V:

(9.3) P (z,w) € By x D(wo, ).

In particular, V' C K(P), and therefore V' is contained in the Fatou set of P. Let Q
be the Fatou component of P containing V.
Finally, let us prove that ) satisfies the historicity property. Observe that

N2k+1

(9.4) lim Z Opi(zw) = (0,w1)

k—+o0 n2k+1 — Nok .
J=n2k
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and

n2k+2
1

9.5 m —— Spsiaun = (0, ws).
(9:5) k%+m7mkﬁ'—n%+lﬁggilfnww) (0, w)

This follows from the fact that it takes mogi1 — nop iterations to "pass through the
eggbeater" associated to (0,w;), and nogyo — naog to pass through the one associated to
(0, w2) (more precisely, this follows from Lemmal[d.9)). Let (z,w) € V, and let us consider
en = en(z,w) := %Z?:o i (zm)-

By (9.4), we have

en2k+1 = €ny + (1 -

and similarly, using (9.5)),

1 1
Cngp = ;26”%—1 + (1 - 072)5(0,1122) + O<1)‘
Putting last two equations together, we find:
10 — Q9 a9 — 1
(96) €k = m(s(o’wl) + m(s(o’wz) + 0(1)
and
o — 1 a1 — Q1
(97) €2k+1 = mé(oﬂul) m5(07w2) + 0(1)
O
REFERENCES

1. Marco Abate, The residual index and the dynamics of holomorphic maps tangent to the identity,
Duke Math. J. 107 (2001), no. 1, 173—207. MR 1815255

, Holomorphic classification of 2-dimensional quadratic maps tangent to the identity,
Surikaisekikenkyusho Kokyuroku 1447 (2005), 1-14.

3. Marco Abate and Francesca Tovena, Poincaré-Bendizson theorems for meromorphic connections
and holomorphic homogeneous vector fields, J. Differential Equations 251 (2011), no. 9, 2612-2684.
MR 2825343

4. Matthieu Astorg, The Teichmiiller space of a rational map immerses into moduli space, Adv. Math.
313 (2017), 991-1023. MR, 3649243

5. Matthieu Astorg, Anna Miriam Benini, and Nuria Fagella, Bifurcation loci of families of finite type
meromorphic maps, arXiv preprint arXiv:2107.02663 (2021).

6. Matthieu Astorg, Luka Boc Thaler, and Han Peters, Wandering domains arising from lavaurs maps
with siegel disks, To appear in Analysis & PDE (2022).

7. Matthieu Astorg, Xavier Buff, Romain Dujardin, Han Peters, and Jasmin Raissy, A two-dimensional
polynomial mapping with a wandering Fatou component, Ann. of Math. (2) 184 (2016), no. 1, 263-
313. MR 3505180

8. Eric Bedford, John Smillie, and Tetsuo Ueda, Semi-parabolic bifurcations in complex dimension two,
Comm. Math. Phys. 350 (2017), no. 1, 1-29. MR 3606468

9. Pierre Berger and Sebastien Biebler, Emergence of wandering stable components, arXiv preprint
arXiv:2001.08649 (2020).




42

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

MATTHIEU ASTORG AND LUKA BOC THALER

Fabrizio Bianchi, Parabolic implosion for endomorphisms of C2, J. Eur. Math. Soc. (JEMS) 21
(2019), no. 12, 3709-3737. MR 4022713

Adrien Douady and John H. Hubbard, Etude dynamique des polynomes complezes. Partie I, Publica-
tions Mathématiques d’Orsay [Mathematical Publications of Orsay], vol. 84, Université de Paris-Sud,
Département de Mathématiques, Orsay, 1984. MR 762431

Arturas Dubickas, On integer sequences generated by linear maps, Glasg. Math. J. 51 (2009), no. 2,
243-252. MR 2500747

Romain Dujardin, Non-density of stability for holomorphic mappings on P*, J. Ec. polytech. Math.
4 (2017), 813-843. MR 3694096

Jean Ecalle, Les fonctions résurgentes. Tome IIT, Publications Mathématiques d’Orsay [Mathemati-
cal Publications of Orsay], vol. 85, Université de Paris-Sud, Département de Mathématiques, Orsay,
1985, L’équation du pont et la classification analytique des objects locaux. [The bridge equation and
analytic classification of local objects]. MR 852210

Niria Fagella and Linda Keen, Stable components in the parameter plane of transcendental functions
of finite type, J. Geom. Anal. 31 (2021), no. 5, 4816-4855. MR 4244887

Monique Hakim, Attracting domains for semi-attractive transformations of C?, Publ. Mat. 38 (1994),
no. 2, 479-499. MR 1316642

, Analytic transformations of (CP,0) tangent to the identity, Duke Math. J. 92 (1998), no. 2,
403-428. MR 1612730

Zhuchao Ji, Non-uniform hyperbolicity in polynomial skew products, arXiv preprint arXiv:1909.06084;
To appear in IMRN (2019).

, Non-wandering Fatou components for strongly attracting polynomial skew products, J. Geom.
Anal. 30 (2020), no. 1, 124-152. MR 4058508

Mattias Jonsson, Dynamics of polynomial skew products on C*, Math. Ann. 314 (1999), no. 3,
403-447. MR 1704543

Lorena Lépez-Hernanz, Jasmin Raissy, Javier Ribon, and Fernando Sanz-Sanchez, Stable manifolds
of two-dimensional biholomorphisms asymptotic to formal curves, Int. Math. Res. Not. IMRN (2021),
no. 17, 12847-12887. MR, 4307676

Lorena Loépez-Hernanz, Javier Rib6n, Fernando Sanz-Sanchez, and Liz Vivas, Stable manifolds of
biholomorphisms in C™ asymptotic to formal curves, arXiv preprint arXiv:2002.07102 (2020).
Mikhail Lyubich and Han Peters, Classification of invariant Fatou components for dissipative Hénon
maps, Geom. Funct. Anal. 24 (2014), no. 3, 887-915. MR 3213832

Curtis T. McMullen and Dennis P. Sullivan, Quasiconformal homeomorphisms and dynamics. III.
The Teichmiiller space of a holomorphic dynamical system, Adv. Math. 135 (1998), no. 2, 351-395.
MR 1620850

Han Peters and Iris Marjan Smit, Fatou components of attracting skew-products, J. Geom. Anal. 28
(2018), no. 1, 84-110. MR 3745850

Han Peters and Liz Raquel Vivas, Polynomial skew-products with wandering Fatou-disks, Math. Z.
283 (2016), no. 1-2, 349-366. MR 3489070

Marzia Rivi, Local behaviour of discrete dynamical systems, Ph.D. Thesis, Universit‘a di Firenze
(1998).

Feng Rong, The non-dicritical order and attracting domains of holomorphic maps tangent to the
identity, Internat. J. Math. 25 (2014), no. 1, 1450003, 10. MR 3189760

Johan Taflin, Blenders near polynomial product maps of C*, J. Eur. Math. Soc. (JEMS) 23 (2021),
no. 11, 3555-3589. MR 4310812

Liz Vivas, Degenerate characteristic directions for maps tangent to the identity, Indiana Univ. Math.
J. 61 (2012), no. 6, 2019-2040. MR, 3129100

, Local dynamics of parabolic skew-products, Pro Mathematica 31 (2020), no. 61, 53-71.
Sergei M. Voronin, Analytic classification of germs of conformal mappings (C, 0) — (C, 0), Funkt-
sional. Anal. i Prilozhen. 15 (1981), no. 1, 1-17, 96. MR 609790




DYNAMICS OF SKEW-PRODUCTS TANGENT TO THE IDENTITY 43

M. AsTorG: INsTITUT DENIS PoissoN, COLLEGIUM SCIENCES ET TECHNIQUES, UNIVERSITE
D’ORLEANS RUE DE CHARTRES B.P. 6759 45067 ORLEANS CEDEX 2 FRANCE.
Email address: matthieu.astorg@univ-orleans.fr

L. Boc THALER: FAcurLTty OF EDUCATION, UNIVERSITY OF LJUBLJANA, SI-1000 LJUBLJANA,
SLOVENIA. INSTITUTE OF MATHEMATICS, PHYSICS AND MECHANICS, JADRANSKA 19, 1000 LJyuBL-
JANA, SLOVENIA.

Email address: luka.boc@pef.uni-1j.si



	1. Introduction
	1.1. Parabolic domains and parabolic implosion
	1.2. Existence of wandering domains and Pisot numbers
	1.3. Topological invariants and horn maps
	1.4. Fatou components with historic behaviour
	Structure of the paper
	Acknowledgements

	2. Parabolic domains
	3. Fatou coordinates and properties of the error function
	3.1. Fatou coordinates
	3.2. The error functions

	4. Proof of the main theorem
	4.1. Entering the eggbeater
	4.2. Passing through the eggbeater
	4.3. Exiting the eggbeater
	4.4. Conclusion

	5. Wandering domains of rank 1
	6. Wandering domains for higher periods
	6.1. Simply connected hyperbolic components
	6.2. Proof of Theorem 1.11

	7. Admissible sequences and Pisot numbers
	8. Proof of Theorem 1.14
	9. Proof of Corollary 1.17
	References

