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EQUILIBRIUM STATES OF ENDOMORPHISMS OF P* II:
SPECTRAL STABILITY AND LIMIT THEOREMS

FABRIZIO BIANCHI AND TIEN-CUONG DINH

ABSTRACT. We establish the existence of a spectral gap for the transfer operator induced on
P* = P*(C) by a generic holomorphic endomorphism and a suitable continuous weight and
its perturbations on various functional spaces, which is new even in dimension one. The main
issue to overcome is the rigidity of the complex objects, since the transfer operator is a non-
holomorphic perturbation of the operator f.. The system is moreover non-uniformly hyperbolic
and one may have critical points on the Julia set. The construction of our norm requires the
introduction and study of several intermediate new norms, and a careful combination of ideas
from pluripotential and interpolation theory. As far as we know, this is the first time that
pluripotential methods have been applied to solve a mixed real-complex problem.

Thanks to the spectral gap, we establish an exponential speed of convergence for the
equidistribution of the backward orbits of points towards the conformal measure. Moreover, we
obtain a full list of statistical properties for the equilibrium states: exponential mixing, CLT,
Berry-Esseen theorem, local CLT, ASIP, LIL, LDP, almost sure CLT. Many of these properties
are new even in dimension one, some even in the case of zero weight function (i.e., for the
measure of maximal entropy).
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Notation. Throughout the paper, P*¥ denotes the complex projective space of dimension k
endowed with the standard Fubini-Study form wgs. This is a Kéhler (1, 1)-form normalized so
that wlg is a probability measure. We will use the metric and distance dist(-,-) on P¥ induced
by wes and the standard ones on C* when we work on open subsets of C¥. We denote by
Bpx(a,r) (resp. BX,D(a,r),D,) the ball of center a and radius r in P* (resp. the ball of center
0 and radius 7 in C*, the disc of center a and radius r in C, and the disc of center 0 and radius
r in C). Leb denotes the standard Lebesgue measure on a Euclidean space or on a sphere.

The pairing (-,-) is used for the integral of a function with respect to a measure or more
generally the value of a current at a test form. If S and R are two (1, 1)-currents, we will write
|R| < S when R(¢R) < S for every function £: P¥ — C with |¢] < 1, i.e., all currents S — R(£R)
with £ as before are positive. Notice that this forces S to be real and positive. We also write
other inequalities such as |R| < |Ry| + |Re| if |R| < S + S2 whenever |R;| < S7 and |Rz| < So.
Recall that d° = 5-(0 — 9) and dd® = £99. The notations < and 2 stand for inequalities up to
a multiplicative constant. The function identically equal to 1 is denoted by 1. We also use the
function log*(+) := 1 + |log(-)]|.

2010 Mathematics Subject Classification. 37F80, 37D35 (primary), 32U05, 32H50 (secondary).
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Consider a holomorphic endomorphism f: P¥ — P* of algebraic degree d > 2 satisfying the
Assumption (A) in the Introduction. Denote respectively by T, u = Tk, supp(p) the Green
(1,1)-current, the measure of maximal entropy (also called the Green measure or the equilibrium
measure), and the small Julia set of f. If S is a positive closed (1, 1)-current on P¥, its dynamical
potential is denoted by ug and is defined in Section [2.3]

We also consider a weight ¢ which is a continuous function on P*. We often assume that
¢ is real. The transfer operator (Perron-Frobenius operator) £ = Ly is introduced in the
Introduction together with the scaling ratio A = A4, the conformal measure m, the density
function p = py, the equilibrium state p, = pmg, the pressure P(¢). The measures my and j
are probability measures. The operator L is a suitable modification of £ and is introduced at
the beginning of Section

The oscillation €2(-), the modulus of continuity m(-,-), the semi-norms ||-[|,,,r and ||-[|, of a
function are defined in Section Other norms and semi-norms [[[|,,, [|*[l,, o+ [I'll p,ay> [I'll¢p,ay
for (1, 1)-currents and functions are introduced in Section and the norms |-, [|-[|,,, in Section
The semi-norms we consider are almost norms: they vanish only on constant functions. It
is easy to make them norms by adding a suitable functional such as g — |(mg, g)|. However,
for simplicity, it is more convenient to work directly with these semi-norms. The versions of
these semi-norms for currents are actually norms. The positive numbers qq, g1, g2 are defined in
Lemmas and the families of weights P(q, M, Q) and Qp are introduced in Sections

and

1. INTRODUCTION AND RESULTS

Let f: P¥ — P* be a holomorphic endomorphism of the complex projective space P* = Pk(C),
with k > 1, of algebraic degree d > 2. Denote by u the unique measure of maximal entropy for
the dynamical system (P¥, f) [Lyu83; BD09; DS10a; BMO01]. The support supp () of j is called
the small Julia set of f. Given a weight, i.e., a real-valued continuous function, ¢ as above, we
define the pressure of ¢ as

P(¢) :=sup { Entf(v) + (v, 9) },
where the supremum is taken over all Borel f-invariant probability measures v and Ent(v)
denotes the metric entropy of v. An equilibrium state for ¢ is then an invariant probability
measure [y realizing a maximum in the above formula, that is,

P(¢) = Enty(ug) + (1g, ¢)-

Define also the Perron-Frobenius (or transfer) operator £ with weight ¢ as (we often drop the
index ¢ for simplicity)

(1.1) Lg(y) == Legy) == Y *Tg(a),

zef~1(y)

where ¢g: P¥ — R is a continuous test function and the points x in the sum are counted with
multiplicity. A conformal measure is an eigenvector for the dual operator £* acting on positive
measures.

The following result was obtained in [BD20|. We refer to that paper for references to earlier
related results.

Theorem 1.1. Let f be an endomorphism of P* of algebraic degree d > 2 and satisfying
the Assumption (A) below. Let ¢ be a real-valued log?-continuous function on P¥, for some
q > 2, such that Q(¢) := max ¢ — min¢ < logd. Then ¢ admits a unique equilibrium state jiy,
whose support is equal to the small Julia set of f. This measure pgy is K-mizing and mizing
of all orders, and repelling periodic points of period n (suitably weighted) are equidistributed
with respect to g as n goes to infinity. Moreover, there is a unique conformal measure my
associated to ¢. We have g = pmg for some strictly positive continuous function p on P* and
the preimages of points by f" (suitably weighted) are equidistributed with respect to my as n
goes to infinity.
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Recall that a function is log?-continuous if its oscillation on a ball of radius r is bounded by
a constant times (log*r)~%, see Section for details. We made use of the following technical
assumption for f:

(A) the local degree of the iterate f™ := fo---o f (n times) satisfies

1 n
nlggoﬁloggé%)lgdeg(f ya) = 0.
Here, deg(f™,a) is the multiplicity of a as a solution of the equation f™(z) = f"(a). Note
that generic endomorphisms of P¥ satisfy this condition, see [DS10b]. We assume (A) also
throughout all the current paper.

A reformulation of Theorem is the following: given ¢ as in the statement, there exist
a number A > 0 and a continuous function p = pg: P* — R such that, for every continuous
function ¢g: P¥ — R, the following uniform convergence holds:

(1.2) ATLg(y) = cop

for some constant ¢, depending on g. By duality, this is equivalent to the convergence, uniform
on probability measures v,

(1.3) ALY — my,

where my is a conformal measure associated to the weight ¢. The equilibrium state p4 is then
given by py = pmg, and we have ¢y = (my, g).

We aim here at establishing an exponential speed of convergence in , when ¢ satisfies
necessary regularity properties. This requires to build a suitable (semi-)norm for (or equivalently,
a suitable functional space on) which the operator A~'£ turns out to be a contraction. Observe
that condition (A) is necessary for the uniform convergence.

Establishing the following statement is then our main goal in the current paper. As far
as we know, this is the first time that the existence of a spectral gap for the perturbed
Perron-Frobenius operator is proved in this context even in dimension 1, except for hyperbolic
endomorphisms or for weights with ad-hoc conditions (see for instance [Rue92; [MS00]). This is
one of the most desirable properties in dynamics.

Theorem 1.2. Let f,q,¢,p,my be as in Theorem and L, )\ the above Perron-Frobenius
operator and scaling factor associated to ¢. Let A > 0 and 0 < Q < logd be two constants.
Then, for every constant 0 < v < 1, there exist two explicit equivalent norms for functions on
=L [lls,, depending on f,v,q and independent of ¢, and ||-||,,, depending on f,¢,v,q, such
that

97

oo + 1lhoge S M-lloy = MFlloy S l-llev -
Moreover, there are positive constants ¢ = c(f,~v,q,A,Q) and 5 = B(f,7v,q,A,Q) with § < 1,
both independent of ¢ and n, such that when ||¢||, < A and Q(¢) < Q we have

VL oy < s lplle, S0 1/plle, S and AL, < Blgl,

for every function g: P* — R with (mg,g) = 0. Furthermore, given any constant 0 < § <
dV/ 2742 when A is small enough, the norm [ll,, can be chosen so that we can take B =1/4.

The construction of the norms |[|-||,, and [-[|,, is quite involved. We use here ideas from
the theory of interpolation between Banach spaces [Tri95] combined with techniques from
pluripotential theory and complex dynamics. Roughly speaking, an idea from interpolation
theory allows us to reduce the problem to the case where v = 1. The definition of the above
norms in this case requires a control of the derivatives of ¢ (in the distributional sense), and
this is where we use techniques from pluripotential theory. This also explains why these norms
are bounded by the C! norm. Note that we should be able to bound the derivatives of Lg
in a similar way. A quick expansion of the derivatives of Lg using gives an idea of the
difficulties that one faces. The existence of these norms is still surprising to us.
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Let us highlight two among these difficulties. First, the objects from complex analysis and
geometry are too rigid for perturbations with a non-constant weight: none of the operators fi,
d, and dd® commutes with the operator £. In particular, the dd-method developed by the
second author and Sibony (see for instance [DS10a]) cannot be applied in this context, even for
small perturbations of the weight ¢ = 0. Moreover, we have critical points on the support of
the measure, which cause a loss in the regularity of functions under the operators f, and L (see
Section . Notice that we do not assume that our potential degenerates at the critical points.

Our solution to these problems is to define a new invariant functional space and norm in this
mixed real-complex setting, that we call the dynamical Sobolev space and semi-norm, taking into
account both the regularity of the function (to cope with the rigidity of the complex objects)
and the action of f (to take into account the critical dynamics), see Definitions and
The construction of this norm requires the definition of several intermediate semi-norms and
the precise study of the action of the operator f, with respect to them, and is carried out in
Section Some of the intermediate estimates already give new or more precise convergence
properties for the operator f, and the equilibrium measure pu, see for instance Theorem

A spectral gap for the Perron-Frobenius operator and its perturbations is one of the most
desirable properties in dynamics. It allows us to obtain several statistical properties of the
equilibrium state. In the present setting, we have the following result, see Appendix [A] for the
definitions.

Theorem 1.3. Let f, ¢, j1y, Mg, H'||<>1 be as in Theorems|1.] and A the scaling ratio associated
to ¢, and assume that ||¢||,, < oo. Then the equilibrium state jiy is exponentially mizing for
observables with bounded ||-||,, norm and the preimages of points by f" (suitably weighted)
equidistribute exponentially fast towards mg as n goes to infinity. The measure py satisfies
the LDP for all observables with finite |||, norm, the ASIP, CLT, almost sure CLT, LIL for
all observables with finite |-||,, morm which are not coboundaries, and the local CLT for all
observables with finite |||, norm which are not (||-||,, , #)-multiplicative cocycles. Moreover,
the pressure P(¢) = log A is analytic in the following sense: for ||[¥|lo, < oo and t sufficiently
small, the function t — P(¢ + t) is analytic.

In particular, all the properties in Theorem hold when the weight ¢ and the observable
are Holder continuous and satisfy the necessary coboundary/cocycles requirements. In this
assumption, some of the above properties were previously obtained with ad hoc arguments,
see [PUZ89; DU91a; DU91b; DPU96; Hay99; DNS07; SUZ15| when k = 1, [UZ13; |SUZ14] for
mixing, CLT, LIL when k& > 1, and [Dupl0| for the ASIP when k& > 1 and ¢ = 0. Our results
are more general, sharper, and with better error control. Note that the LDP and the local CLT
are new even for ¢ = 0 (for all £ > 1 and for all £ > 1, respectively). Our method of proof of
Theorem [I.3] exploits the spectral gap established in Theorem [I.2] and is based on the theory
of perturbed operators. This approach was first developed by Nagaev [Nagh7] in the context
of Markov chains, see also [Rou83; Bro96; (Goul5|, and provides a unified treatment for all the
statistical study. Observe in particular that the fine control given for instance by the local CLT
is simply impossible to prove using weaker arguments, such as martingales, see, e.g., [Goul5| p.
163].

For the reader’s convenience, the above statistic properties (exponential mixing, LDP, ASIP,
CLT, almost sure CLT, LIL, local CLT) and the notions of coboundary and multiplicative
cocycle will be recalled in Section [5] and Appendix [A] at the end of the paper.

Outline of the organization of the paper. In Section [2| we introduce some notations and

establish comparison principles for currents and potentials that will be the technical key in

the construction of our norms. In Section |3, we introduce the main (semi-)norms that we will

need, and study the action of the operator f, with respect to these (semi-)norms. Section [ is

dedicated to the proof of Theorem Finally, in Section [5] we develop the statistical study

of the equilibrium states. This section contains the proof of Theorem and more precise
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statements. In Appendix [A] we recall statistical properties and criteria in abstract settings that
we use to prove results in Section
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2. PRELIMINARIES AND COMPARISON PRINCIPLES
2.1. Some definitions. We collect here some notions that we will use throughout the paper.

Definition 2.1. Given a subset U of P¥ or C¥ and a real-valued function g: U — R, define the
oscillation Qr(g) of g as

Qu(g) :=supg —infyg
and its continuity modulus my (g, 7) at distance r as

my(g,r) = sup l9(x) — g(y)l.
z,yeU: dist(z,y)<r

We may drop the index U when there is no possible confusion.

The following semi-norms will be the main building blocks for all the semi-norms that we
will construct and study in the sequel.

Definition 2.2. The semi-norm ||-Hlogp is defined for every p > 0 and g: P¥ — R as

Iglhogr := sup |g(a) —g(b)] - (log™ dist(a,))” = sup Qg (ar)(9) - (1 + |logr])”,
a,bePk r>0,a€Pk

where Bpx (a,r) denotes the ball of center a and radius 7 in P¥. The definition can be extended

to functions on any metric space.

Definition 2.3. The norm ||-||, of a (1,1)-current R is given by
18]l = inf [[S]

where the infimum is taken over all positive closed (1,1)-currents S such that |R| < S, see
the Notation at the beginning of the paper. When such a current S does not exist, we put
|R||, := 4+oc. The semi-norm ||-||, of an integrable function g: P¥ — R is given by

lgll.. := lldd°g]l. -

Note that when R is a real closed (1, 1)-current the above norm is equivalent to the usual

one defined as

IR, := mf(|ST] + (IS~
where the infimum is taken over all positive closed (1,1)-currents S* on P* such that R =
St —S~. In particular, for R = dd°g, the currents ST and S~ are cohomologous and thus have
the same mass, i.e., [|ST| = ||S™||, see [DS10a, App. A.4] for details.

In this paper, we only consider continuous functions g. So the above semi-norms (and the
others that we will introduce later) are almost norms: they only vanish when g is constant.
In particular, they are norms on the space of functions g satisfying (v, g) = 0 for some fixed
probability measure v. For convenience, we will use later v = my or v = g to obtain a spectral
gap for the Perron-Frobenius operator and to study the statistical properties of 1.
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2.2. Approximations for Holder continuous functions. We will need the following property
for Holder continuous functions, see Definition [3.11] and Remark

Lemma 2.4. Let 0 <~ < 1 be a constant. Then, for every CY function g: P* -+ R, s > 1, and

0 < e<1, there exist a C® function ggl) and a continuous function g£2) such that

g=9"+9%, g es < cllgla (/07 and (9P < cllgllen e
where ¢ = ¢(v, s) is a positive constant independent of g and e.

Proof. Using a partition of unity, we can reduce the problem to the case where g is supported
by the unit ball of an affine chart C*¥ C P*. Consider a smooth non-negative function y with
support in the unit ball of C¥ whose integral with respect to the Lebesgue measure is 1. For
v > 0, consider the function x,(z) := v~ 2*x(z/v) which has integral 1 and tends to the Dirac
mass at 0 when v tends to 0. Define an approximation of g using the standard convolution
operator g, := g* Y., and define ggl) = g, and g§2) := g—g,. We consider v := ¢'/7. It remains

1 2
to bound [|g s and [|g¢]|oc.
By standard properties of the convolution we have, for some constant x > 0,
192 oo < Mg, K1) S Nlgller (51)7 S llgllen €.

and, by definition of g,,

k — —
9V lle S 19llos IIxwlles Leb(BE) < llglloe ™" S llglloo €.

The lemma follows. O

2.3. Dynamical potentials. Let 7" denote the Green (1,1)-current of f. It is positive closed
and of unit mass. Let S be any positive closed (1,1)-current of mass m on P*. There is a unique
function ug: P¥ — RU {—o00} which is p.s.h. modulo mT and such that

S =mT + dd°ug and (u,ug) = 0.

Locally, ug is the difference between a potential of S and a potential of mT. We call it the
dynamical potential of S. Observe that the dynamical potential of T is zero, i.e., up = 0.

Recall that T has Holder continuous potentials. So, ug is locally the difference between a
p.s.h. function and a Holder continuous one. We refer the reader to [DS10a; BD20| for details.
In this paper, we only need currents S such that ug is continuous.

2.4. Complex Sobolev functions. In our study, we will be naturally lead to consider currents
of the form iOu A Ou. These currents are always positive. In this section, we study the regularity
of u under the assumption that i0u A Ju < ddv for some v of given regularity. Recall that,
given a smooth bounded open set © C CF, the Sobolev space W12(Q) is defined as the space
of functions u: Q — R such that [|ully12(q) == ||ullz2(q) + [|[0ul[12(q) < 0o, where the reference
measure is the standard Lebesgue measure on 2. The Poincaré-Wirtinger’s inequality implies
that [|ullyr2ig) S 10ullp2iq) + | Jou dLeb |. We will need the following lemmas.

Lemma 2.5. There is a universal positive constant ¢ such that
/ luld Leb < ¢Leb(K)(log* Leb(K))"/2.
K

for every compact set K C Dy with Leb(K) > 0 and function u: D1 — R such that ||u||W1,2(D1) <
1.

Proof. By Trudinger-Moser’s inequality [Mos71|, there are positive constants ¢y and « such that

/ e2alul® g Leb < ¢p.
D1
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Let m denote the restriction of the measure Leb to K multiplied by 1/Leb(K). This is a
probability measure. It follows from Cauchy-Schwarz’s inequality that

1/2
/ el dm < ( / 2l dm) " < Leb(K) /2

Observe that the function ¢ s e is convex on Rt and its inverse is the function ¢

a~1/2(log t)l/z. By Jensen’s inequality, we obtain
1/2
/|u|dm <a /2 [log/ealuzdm} < (log* Leb(K))'/2.

The lemma follows. (]

Lemma 2.6. Let u: Do — R be a continuous function and x: Dy — R a smooth function
with compact support in Da and equal to 1 on Dy. Set x, := 0x/0z. Then we have, for all
O<r<s<l,

(2.1) u(0) — u(r) ! <i8u,x(silz);d§> + i<u, Xz(sflz)éidz A d§>.

T o Z(z—r) 27 sz(z—r)
Proof. Denote by ¢ the Dirac mass at £ € C. Observe that

o
L 9% — dd°log |z — &| = 6,

2r 7 — £

where the equalities are in the sense of currents on C. Hence, for |£] < s,

ia[x(s_lz)dz] ~ Xz(s712)idz AN dz Xz(s712)idz A dz
27 z-¢& 27s(z — §) 2ms(z — £)
Applying this identity for £ = 0 and £ = r, and since u(0) — u(r) = (u, dy — J,), we obtain

u(0) —u(r) = %<u,ia [X(sflz)(i S >d3}> — i<u,XZ(s*1,z)<i e ! )idz A d?>

X(s_lz)ég = + O¢.

zZ Z-r 27s zZ Z-r
1 r 1 r
= Liunts 9 a) el — iz n ),
27r<Z (5 Z)z(z—r) 7)) oR U Xa(s Z)sz(z—fr)Z FReE
The assertion is proved. O

The following is a main result in this section. It will be a crucial technical tool in the
construction of the norms with respect to which the transfer operator has a spectral gap.

Proposition 2.7. Let u: B¥ — R be continuous and such that [0ul| L2 gy < o0. Assume that
iOu A Ou < ddv where v: B'g — R is continuous, p.s.h., and such that

1
(2.2) / mBi(v,t)(log log* t)*t1dt < 4o0.
0
Then there is a positive constant ¢ such that, for all 0 < r < 1/2, we have
r1/2 1/2
(2.3) Mgk (u,r) < c(/ Mgk (v, t)(loglog* t)2t*1dt>
0

+ cmpgy (v, T>1/3QB§ (0)1/6(10g* 7")1/2 + CQB{; (U)l/er/Q(log* 'r)l/Q.

Proof. Let 2,y € B¥ be such that dist(z,y) < r < 1/2. We need to bound |u(z) — u(y)| by

the RHS of (2.3). We can assume without loss of generality that dist(z,y) = r. By a change

of coordinates and restricting to the complex line through x and y we can reduce the problem

to the case of dimension 1. More precisely, we can assume that £ = 0 and y = r in C and

that u,v are defined on Dy. By subtracting constants, we can assume that v(0) = 0 and

st u(z2)idz A dZ = 0. By multiplying « and v by suitable constants v and 72, we can assume
7



that mp,(v,1) = 1/8, which implies that |v| < 1 on D3. In order to establish (2.3) it is enough
to show that |u(0) — u(r)| is bounded by a constant times
1/2

r 1/2
(2.4) (/0 mp, (v, t)(log log* t)2t_1dt) / + mp, (v, )3 (log* r)Y/2 + /2 (log* r) /2.

Since v is bounded, by Chern-Levine-Nirenberg’s inequality [CLN69] the mass of dd“v on D
is bounded by a constant. Thus, by the hypotheses on « and v, the L?-norm of du on Dy is
bounded by a constant and therefore, by Poincaré-Wirtinger’s inequality, Hu||W1,2(D2) is also
bounded by a constant.

Fix a smooth function 0 < x(z) < 1 with compact support in D2 and such that y = 1 on D;.
Define x, := dx/0z and set

s := rmin {ril/z,mDB(v, r)*l/S}.
We have
(2.5) Vor<s<rt? <1

because mp,(v,r) < mp,(v,1) = 1/8 and 0 < r < 1/2. The functions u and x satisfy the
assumptions of Lemma Thus, holds for the above s and r. The second term in the
RHS of is an integral over Dgog \ Dy because x. has support in Dy \ D;. Moreover, for
z € Dgs \ Dy, we have —"— = O(rs™?) because of (2.5). Using that lullwr2p,) < 1 and

Z(z—r
that Leb(Das) < s%, Lemma implies that the considered term has modulus bounded by a
constant times
rs~'(log* s)"/? < max {7“1/2, mp, (v, r)1/3}(log* )2,
The last expression is bounded by the sum in .

In order to conclude, it remains to bound the first term in the RHS of (2.1). Choose a
smooth decreasing function h(t) defined for ¢t > 0 and such that h(t) := (—logt)(log(— logt))?
for t small enough and h(t) = 1 for t large enough. Define n(z) := h(|z|) + h(]z — 1]|). We
will also use the function 9(2) := v(z) — rLv(r)R(z). This function satisfies dd°s = dd‘v and
0(0) = o(r) = 0. By Cauchy-Schwarz’s inequality we have for the first term in the RHS of

T 7’2

2 -1

. -1 . 3 -1 -1 X(s7"2) . —
‘<28u, X(s Z)z(z—r)dz>’ < (i0u A Ou, x(s ' 2)n(r~'z)) / s e p idz A\ dz.
Using the change of variable z — 7z, the fact that 0 < x < 1, and the definition of n we see
that the last integral is bounded by

/ idz N dz ‘
c [h(lz]) + h(lz = 1))]|22 (= = 1)?|

Using polar coordinates for z and for z — 1 and the definition of / it is not difficult to see that
the last integral is finite. Therefore, since i0u A du < ddv = dd“v, we get

‘<i8u,x(s_1z)z(zr_mdz>‘2 < <ddcﬁ,x(s_lz)n(r_1z)>.

Define 9(z) := 9(sz). The RHS in the last expression is then equal to
{(dd“d, X(z)n(r_lsz)> = (dd°d, X(z)h(r_ls|z\)> + <ddcﬁ,x(z)h(]r_1sz —1|)).

In order to conclude the proof of the proposition, it is enough to show that each term in the
last sum is bounded by a constant times

(2.6) / mp, (v, t)(log* | log t|)*t = dt + mp, (v, )% log* r.
0

We will only consider the first term. The second term can be treated in a similar way using
the coordinate 2’ := z — rs~!. Since h is decreasing, the first term we consider is bounded by

(ddd, x(z)h(|z]))-
8



Claim. We have

(2.7) (ddd, x(2)h(|z])) I/D\{0}@(Z)ddc[x(2)h(|2|)]-

We assume the claim for now and conclude the proof of the proposition. Notice that the
assumption ([2.2)) will be used in the proof of this claim.
Using the definitions of h and y, we can bound the RHS of (2.7) by a constant times

/ 19(2)272|(log log* | z|)%idz A dZ = / |5(2)272|(log log* |z/s|)%idz A dZ
D2\ {0} D25\ {0}

< / 15(2)2~2|(log log™ |2|)2idz A d,
D25\{O}

where we used the change of variable z — sz and the fact that log*|z/s| < log*|z| for
0 < |z| < 2s < 2. Moreover, by the definition of v and using that v(0) = ©(0) = 0, we
have for |z| < 2s

[5(2)] < mpy (v, [2]) + 7 u(r)R(2)] < mp, (v, [2]) + mp, (v, 7)r~" 2]

Therefore, using polar coordinates, we see that the last integral is bounded by a constant times

2s
mp, (v, t)(loglog* t)2t~tdt 4+ mp, (v, r)r~Ls(loglog*(2s))>.
0
The first term in this sum is bounded by a constant times the integral in (2.6) because
mp, (v, t') < dmp,(v,t) for s/2 <t < s <t < 2s. The second one is bounded by a constant
times the second term in (2.6) by the definition of s and (2.5)). The proposition follows. O

Proof of the claim. Observe that h(|z|) tends to infinity when z tends to 0. Let ¥ : R — R be a
smooth increasing concave function such that ¥(¢t) = ¢ for ¢ < 0 and ¥(t) = 1 for ¢ > 2. Define
Un(t) := 9(t — n) + n. This is a sequence of smooth functions increasing to the identity. Define
[(z) :== x(2)h(|z|). Using an integration by parts, we see that the LHS of is equal to

lim (dd°0,9,(l(z))) = lim 0(2)dd“Vy, (1(2))

= lim 0(2)9,,(1(2))ddl(z) + lim o(2)9n (1(2))dl(2) A d°U(2).
n—oo D3 n—oo D3
The first term in the last sum converges to the RHS of the identity in the claim using Lebesgue’s
dominated convergence theorem and . We need to show that the second term tends to 0.
Since x(z) = 1 for z near 0, for n large enough, the considered term has an absolute value
bounded by a constant times

lim |0(2)]i0Oh(|z]) A OR(|z]) < lim |9(2)22|(log log* |2]))*idz A dZ.
"0 S {h(|2])>n} 100 S {h(|2])>n}
Using the arguments as at the end of the proof of Proposition and the assumption on
v, we see that the last integrand is an integrable function on D;. Since the set {h(|z|) > n}
decreases to {0} when n tends to infinity, the last limit is zero according to Lebesgue’s dominated
convergence theorem. This ends the proof of the claim. ([

Corollary 2.8. Let Sy be a positive closed (1,1)-current on P* of unit mass, whose dynamical

potential ug satisfies |[us||jogr < 1 for some p > 3/2. Let F(So) denote the set of all continuous

functions g: P¥ — R such that idg A dg < So. Then for any positive number q < £— % we have

||g||10gq < ¢ for some positive constant ¢ = c(p,q) independent of Sy. In particular, the family

F(Sp) is equicontinuous.
9



Proof. Notice that (2.2) is satisfied for all v such that [|v[|,,,» < oo for some p > 1. It follows
that if v and v are as in Proposition and v is logP-continuous for some p > 3/2 then u

is logd-continuous on B} for all ¢ as in the statement, with ||“”B‘f logl < € ||v\|é{€210gp for some
’ 59

positive constant ¢ independent of u,v. The result is thus deduced from Proposition [2.7] by

means of a finite cover of P¥, (]

3. SOME SEMI-NORMS AND EQUIDISTRIBUTION PROPERTIES

In this section, we consider the action of the operator (f™). on functions and currents. We
also introduce the semi-norms which are crucial in our study. Some results and ideas here are
of independent interest. Recall that we always assume that f satisfies the Assumption (A) in
the Introduction.

3.1. Bounds with respect to the semi-norm ||-||;,,». In this section, we study the action of
the operator f, on functions with bounded semi-norm |-[|,,,». We first prove that, with respect
to this semi-norm, the operator f, is Lipschitz.

Lemma 3.1. For every constant A > 1, there exists a positive constant ¢ = c¢(A) such that for
every n >0, p > 0, and continuous function g: P* — R, we have

|47 (™) lhoge < A glhoge -
Proof. We have
1 (F)ag g = suP A7 |(F")ag () = (F)eg(y)] - (l0g” dist(, )"

z,ycPk

We need to bound the RHS by ¢? AP™ [|g||},r-
Applying [DS10b, Cor. 4.4] inductively to some iterate of f, we see that the Assumption (A)
implies:

(A”’) for every constant k > 1, there are an integer n, > 0 and a constant ¢, > 0 independent
of n such that for all 2,y € P¥ and n > n, we can write f~"(z) = {z1,..., g} and f(y) =
{y1,...,ygen} (counting multiplicity) with the property that

dist(z;,y;) < cx dist(:c,y)l/“n for j=1,...,d".
Fix k < A. We have, for n > n,,

A7 (F)g(@) — (FM)g(y)| (log* dist(z,y))P < m?X\g(ﬂfj)—g(yj)!(log*dist(%y))p

max nglogp
~ 7 (logrdist(x;,y;))P
( log™ dist(x, y)
= max .
5 \k"log*dist(z;,y;

(log* dist(z,y))P

p
) o <"

We need to check that the expression in the last parentheses is bounded by a constant. Fix a
large constant M > 0. Since log* dist(z;, y;) is bounded from below by 1, when log* dist(z, y) is
bounded by 2M k™ the considered expression is bounded by some constant ¢ as desired. Assume
now that log* dist(x,y) > 2M k™. Since M is large, we deduce that log dist(z,y) < —2Mr"+1 <
—M&K™. Hence, by (A’), since M is large, we have

1
log dist(z;,y;) < logec, + k™" logdist(z,y) < iﬁ*”log dist(z,y).

It is now clear that x"log*dist(z;,y;) > 3log*dist(z,y) which implies that the considered
expression is bounded, as desired. This implies the lemma for n > n,.
As the multiplicity of f™ at a point is at most d*", we also have (see again [DS10b, Cor. 4.4]):
10



(A”) there is a constant ¢y > 0 such that for every n > 0, for all z,y € P*, we can write
f™(x) ={z1,...,xgn} and f"(y) = {y1,...,Ygen} (counting multiplicity) with the property
that
dist(z;,y;) < co dist(ac,y)l/dlm for j=1,...,d".
Hence, when n < n,, it is enough to use (A”) instead of (A”). Since n, is fixed it is clear

that MM < d*"= | which is bounded. The proof is complete. O
g* dist(z;,y;) ~

We will need the following result which is an improvement of [DS10b, Th. 1.1] in the case where
f satisfies the Assumption (A). By duality, this result implies an exponential equidistribution
of d=*"(f™)*v towards u for every probability measure v. The assumption (A) is necessary
here to get the estimate in the norm ||-|| .

Theorem 3.2. Let f be an endomorphism of P¥ of algebraic degree d > 2 and satisfying the
Assumption (A). Consider a real number p > 0. Let g: P¥ — R be such that ||ddg||, < 1,
(1:9) =0 and |\gll,ogr < 1. Then, for every constant n > d=P/®+1) there is a positive constant
¢ independent of g such that for every n >0

17" ()9l < en™

Proof. Set gn := d7*(f").g. Recall (see, e.g., [Sko72; IDNS10]) that there exists a positive
constant ¢y independent of g and n such that

(3.1) / e?lonl < ¢,
Pk

where the integral above is taken with respect to the Lebesgue measure associated to the volume

form wky on P*.

Fix a constant A > 1 such that n > (A/d)” ®*Y . Suppose by contradiction that for infinitely
many n there exists a point a, € P* such that |g,(a,)| > 3n™ for some g as above. Choose

o= emead™n T with c4 the constant given by Lemma (we write cy4 instead of ¢ in order
to avoid confusion). By that lemma, when dist(z, a,) < r, we have

19n(2)| = [gn(an)| — |gn(2) — gn(an)| = 30" — AP (1 + [logr|) ™" = n".
This implies that

o > / ednlgnl > / edn|gn(z)| Z r2kedn7l" Z 672kcAAnn—n/p+dnnn'
Pk dist(z,an)<

By the choice of A, the last expression diverges when n tends to infinity. This is a contradiction.
The theorem follows. (]

3.2. The semi-norm |[-[|,. In this section, we combine the semi-norms ||-[|,,,» and [|-[|,. to build
a new semi-norm ||-|| , and study its first properties. For our convenience, we will use dynamical
potentials of currents, but this is avoidable.

For every positive closed (1,1)-current S on P¥ we first define

151, = ISI+ lluslogr
where ug is the dynamical potential of S. When R is any (1, 1)-current we define
|||, = min [S]],,

where the minimum is taken over all positive closed (1, 1)-currents S such that |R| < S, and we
set [|R||, := oo when no such S exists. Finally, for all g: P¥ — R, define

lgllp := [ldd“g||-

The following lemma shows in particular that the norm ||-[|,, is equivalent to the norm |- H; when
both are defined. We will thus just consider the norm |-, in the sequel.
11



Lemma 3.3. Let S be a positive closed (1,1)-current on P¥ and let g: P¥ — R be a continuous
function. Then

fuslly <2015, 11, < IS, <elSl,,  and gl < cllgl,

for some positive constant ¢ = ¢(p) independent of S and g.

Proof. Define m := ||S]|. We have ||S||}, > m. Since ur = 0, we have || T, = ||T|;, = 1 and
luslly = lldd?uslly = 1S — mTllp < [S], +mlI T, < |1, +m < 20iS],.

This proves the first assertion in the lemma.

We prove now the second assertion. The first inequality is true by definition. For the
second one, it is enough to prove that if S is also positive closed, and such that S < S, then
HSH; < CHS'H; for some constant ¢ independent of S, S. It is clear that ||S|| < HS’H So we can

assume that HSH = 1 and we only need to check that [|ugl[iogr is bounded by c(1 + [|ugl[iogr)
for some constant c.
We cover P¥ with a finite family of open sets of the form <I>]-(B’f /2) where ®; is an injective

holomorphic map from ij to P*. Let h; denote a potential of T" on i{j(B]Z). This is a Holder
continuous function. By definition of dynamical potential, v; := ug + h; is a potential of S on
®;(B%). By |[BD20, Corollary 2.5], we have that Q(ug) is bounded by a constant. Taking into
account the distortion of the maps ®;, a comparison principle [BD20, Corollary 2.7] implies
that for all » smaller than some constant rg > 0

mpk(ug,r) < mjaxmvj (vj,evT) + VT S (1+ lug|hogr)|log r|7P.

This proves the second assertion.
Finally, let us consider the last inequality in the statement. By linearity, we can assume that
there exists a positive closed (1,1)-current S of mass ||S|| = 1 such that |dd°g| < S and prove

that [[g]ljoer < c(1+ ||u§Hlogp) for some positive constant ¢ independent of g and S. Observe

that dd®g+ S is a positive closed current and dd®g+ S < 25. So we can apply the arguments in
the previous paragraph to g +ug, 2ug instead of ug,ug. We obtain ||g+ ugllogr S 1+ [|ugllioge-
This implies the last assertion, and completes the proof of the lemma. O

The following lemma can be applied to a non-convex C? function x as it can be written as the
difference of two convex functions. We can also apply it to x Lipschitz and convex because such
a function can be approximated by smooth convex functions with bounded first derivatives.
The statement for the smooth convex case that we need is however simpler.

Lemma 3.4. There is a positive constant ¢ = c¢(p) such that for all continuous functions
g,h: P¥ — R with finite [, semi-norms and any C? convex function x : R — R we have

189 A OR|, < c(Qg)lIRllp + gllpR(h)  and [Ix(9)]p < cllX'(@)llcllglp-

Proof. We can write |dd°g| < S with ||| < |lgll, and ||us|liogr < [lg]lp,- We first prove the
second inequality. Set A :=||x'(9)|lcc- We have

1 o . 1 o
dd°x(g) = x'(g)dd°g + ;X”(g)zﬁg ABg = [x’(g)dd g+ AS + ;x”(g)zag A dg| — [AS].

Write the last expression as Rt — R~ where R' (resp. R™) is the expression in the first (resp.
second) brackets. Using the definition of A, the inequality |dd“g| < S, the convexity of y, and
the fact that i9g A g is always positive, we deduce that both Rt and R~ are positive currents.
Clearly, the current R~ is closed and its mass is S A ||g|[,. The current R* is cohomologous to
R~ because dd°x(g) is an exact current. It follows that R™ is also a positive closed current of
mass < A ||g||p.

12



We have [[ug-[logr = Allus|liogr < Allgll,- This and the above estimate for the mass imply
that |R™[, < Allgll,- On the other hand, the above identities imply that x(g) + ug- differs
from ug+ by a constant. We deduce that

[up+ logr < llup-lhogr + IX(9)lhogr < [t~ llog? + Allglhogr < Allgll,, -

Therefore, we also have ||[RF[|, < Allgll, It is now clear that [|dd°x(g), < Allgll,- Hence, we
get the second assertion in the lemma.

For the first assertion, we first consider the case where g = h. We can replace g by g —ming
in order to assume that min g = 0 and hence ||g||cc = €2(g). The above computation gives

0<idgAdg = W(ddch — 2gddcg) < dd®g* + 2||g]|0oS-
We thus have
1109 A dgllp S 1ddg* [l + gl 1Sl S 1dd°g* [l + llgll llll, -

We obtain the desired estimate by applying the second assertion in the lemma to ||dd®g?|,,
using the function x(t) := t2.

Finally, let us consider the first inequality for ¢ and h. As above, we can assume that
min h = 0 and hence ||h|o = Q(h). It follows from Cauchy-Schwarz’s inequality that

Ih _
|0g A Oh + 0k A Bg| < |‘| ”‘ idg N g + {é““i(‘?h/\@h.

The assertion thus follows from the particular case considered above. This completes the proof
of the lemma. O

3.3. The dynamical norm ||-||, ,. In this section, we define the main norms ||-||,, , for (1,1)-
currents that we will use to quantify the convergence (1.2)). Based on the results in the previous
sections, we will see later that these norms satisfy the inequalities

g S I+

for some explicit ¢ depending on p, o, and d. In particular, the new norms are at the same time
weaker than the previous norm ||-||,,, but still inherit the main properties of a similar norm |[-[|,
which are obtained in the previous section.

pa 5 lI-ll

Definition 3.5. Given a positive closed (1,1)-current S on P¥ and a real number « such that
d~! < a < 1, we define the current S, by

a'_za k l)n

For any (1, 1)-current R on P* and real number p > 0, we define
(3.2) R, := inf {c € R: 38 positive closed: [S]|, < 1,|R| < cSa}
and we set ||R|[, , := oo if such a number ¢ does not exist.

Note that when ||R][, , is finite, by compactness, the infimum in (3.2 is actually a minimum.

We have the following lemma where the assumption d~' < a < d~V/®+Y) ig equivalent to
0<qo<p.

Lemma 3.6. Let a and p be positive and such that d™* < a < d=V/®+t1)_ Then, for every
0<q<q:= %(p + 1) — 1, there are positive constants ¢; = ¢1(p, ) and ca3 = ca(p, a, q)
such that, for every (1,1)-current R,
1Rl < clR], and IRl < c2[[Rl,
13



Proof. The first inequality holds by the definition of [-[|,, , and Lemma We prove the second
inequality. Consider a current R such that | R||,, = 1. We have to show that || R||, is bounded
by a constant.

From the definition of [|-||,, ,, we can find a positive closed current S such that [|S][, =1 and
|R| < Sa. By the definition of the norm |[-[|, and Lemma applied to S, it is enough to
show that ||S.l|; is bounded. Denote by u, the dynamical potential of S,. Since the mass of
S is bounded, we only need to show that ||uq||10ge is bounded. By definition of S, we have

- n (fn)*us
o = Z T

n=0

It follows that, for every positive number N,

m(ua,r) < > a"d” () us iogr (log 1) P 4+ 2 Y adE I || (f7) us -
n<N n>N

Fix constants A > 1 close enough to 1, n > d~?/®*+1) close enough to d=»/®P*t1) and o/ > aAP
close enough to «. In particular, by the assumption on « and the choice of n, we have that

adn is close to ad/®+1) and smaller than 1. By Lemma and Theorem we know that
(") xuslhogr < dF AP and ||(f™)susll,, < d*™n". This, the above estimate on m(uq,r), and
the fact that o’d > ad > 1 imply that
m(ua,r) S Z a"d" AP (log* r) 7P + Z ad™n" < (o/d)N (log* ) ™P + (adm) V.
n<N n>N
Finally, choose N = % loglog* 7. Observe that if we replace o/ by a and adn by ad'/®+D),
the last sum is equal to 2(log* r)~%. So, this sum is bounded by a constant times (log* )~ for

q < qo because o is chosen close to a and adn is close to ad¥ @+ This concludes the proof
of the lemma. O

The following shifting property of the norm ||-|| p.o 18 very useful when we work with the action
of f, and is the key property that we need of this norm.

Lemma 3.7. For every n >0 and every (1,1)-current R on P*, we have

1
[l (). B, 0 <

T qnan H Hp7a :

Proof. We can assume that || R||, , = 1, so that there is a positive closed current S with [|S||, = 1

and |R| < S,, see the Notation at the beginning of the paper. Consider any function &: P¥ — C
such that |£] < 1 and define &, := £ o f™. Since |¢,| < 1, we have

%<§d ). R) = d7%< J(—Dn > S T >_ ot T—Dn gh-DF > = grgne

The lemma follows. O

3.4. The dynamical Sobolev semi-norm ||-|| (pa)+ We can now define the first semi-norm for
functions g: P¥ — R with respect to which we will be able to prove the existence of a spectral
gap for the transfer operator. We can also define this norm for 1-forms.

Definition 3.8. Let o be a real number such that d~! < a < 1. For any function g: P¥ — R
we set

Ty A 111/2
HgH<p,o(> T Hlag A 8ng7a .
The following two lemmas give the main properties of the semi-norm |[[-[|, ) that we will
need in Section 5, together with Lemma[3.7] Recall that qo is defined in Lemma @ Note that

the hypothesis p > 3/2 ensures that d=! < d—5/(P*2) and the hypothesis on « ensures that

qo > 3/2, and hence that ¢; is positive.
14



Lemma 3.9. Let o« and p be posz’tz’ve numbers such that p > 3/2 and d™! < a < d—5/(2p+2)

Then, for every 0 < q < q1 := q—o — 5, there are positive constants ¢; = c1(p,,q) and ¢y =

ca(p, ) such that for every g: Pk — R we have
”g”logq <a HgH(p,a> ’ ”gH<p,a> < ¢ ”g”p7 and HgH<p,a> < HgHCI :

Proof. We can assume that ||g[|,, ,y < 1. By the definition of the norm [-[|, ,, and Lemma
Hiag A Og
some positive closed current R such that ||R| and HuR”bgq’ are bounded by a constant. The

. is bounded by a constant for any ¢’ < qo. Therefore, we have i9g A g < R for

first inequality follows from Corollary The second assertion follows from Lemmas [3.6] and
3.4l The last assertion follows from Definition 3.8l O

Lemma 3.10. Let o and p be positive numbers such that d=' < o < 1. Then for all functions
g, h: P¥ = R we have

1971l .y < V2(119 0l gy 1l + 19l 1]l g )-

Proof. Using an expansion of id(gh) A 9(gh) and Cauchy-Schwarz’s inequality, we have

i0(gh) AD(gh)[|, . < IIBIIZ ||idg A dgl, , + llgli% [k A OR],
+lglloe ||h||ooHi@g/\éh%—i@h/\ég“pﬂ
< ||nlZ ||iog A dgl|, , + llgllZ [[ioh A dn||
gl il (e H“’ Jiog n dgl, +”Z‘|‘|"°H'8hwh\}p,a)
< 2HhHOOHz@g/\@g”pﬂ—i—?\\g\\wHi@h/\@thva
The assertion follows from Definition 3.8 O

3.5. The semi-norm |||, .y~ The following semi-norm defines the final space of functions
that we will use in our study of the transfer operator. We use here some ideas from the theory
of interpolation between Banach spaces, see also [Tri95].

Definition 3.11. For all real numbers d~! < o < 1, v > 0 and p > 0, we define for a continuous
function g: P* - R

9/l .0,y := Inf {c >0:V0<e<13gWM ¢@.

9= 9 + 92, 90| oy < 1/, |92, < ce}.

When such a number ¢ does not exist, we set ||g|[(, 4y ., := o0
k) ?

Remark 3.12. Lemma applied for s = 1 implies that |- H
H'Hcl, see Lemma

)y < l-llex because |-,

~

The following two lemmas are the counterparts of Lemmas and for the semi-norm

[l p,),,- Recall that g; is defined in Lemma

2p+2)

Lemma 3.13. For all positive numbers p, a7, q satisfying p > 3/2, d ! < a < d—5/( and

q<q:= ﬁql, there is a positive constant ¢ = ¢(p, a7y, q) such that

||g||10gq < CHQH(p,a),’y and HgH<p,a),'y < HgH<p,a)

for every continuous function g: P¥ — R. Moreover, if x : I — R is a Lipschitz function with
Lipschitz constant k on an interval I C R containing the image of g, then we have

||X(g)||<p7 )y = HHQH (pyr)yy+
15



Proof. Let us prove the first inequality. We can assume that || g\|<p’am <1 Lemma implies

that g( ) has H'”log‘?’ semi-norm bounded by a constant times (1/€)/7 when ¢’ < ¢;. Therefore,
we have for r > 0

1/e)t/
m(g,r) <m(gt,r) +m(g®,r) <(lo{g)r)q e

Choosing € = (log* )™ % with K = ¢//(1 + 1/7) gives
m(g,r) < (log" )~ +E/7 4 (log* r) =K = 2(log* r)~7/A+1/7),

The first assertion of the lemma follows by choosing ¢’ close enough to ¢;.

The second inequality follows from the definition of the semi-norm ||-| (psa) iy by taking g§2) =0

in the decomposition g = gél) + g£2) for every e.

We prove now the last assertion. Since we can approximate y uniformly by smooth functions
Xn With |x,| < 1, we can assume for simplicity that x is smooth. Define h := x(g) and recall
that we are assuming that HgH@,aM < 1. For every 0 < € < 1, we have the decomposition

g=9+9 with g0 < (1/9Y7 and g <e

Write

h=hM+n® with bV :=x(g") and AZ :=h—nrW.
We have

1F o = Ix(9) = X)) loo S Kllg — 9N Nloo = K198 oo < Ke
and also

12 ey = 1i0x(99) A Dx(gM) e < kllidgM) A DgEV |33 = wllgiM | oy < K(1/)M7.
It follows that ||h||(yq)y < . This completes the proof of the lemma. O

Lemma 3.14. For all positive numbers p, o,y such that ' < o < 1 we have

gkl gy < 319N pay o 12l e+ N9llo 1Pl ) )
for every continuous functions g, h: P* — R.
Proof. We can assume that [|g]|, o), = [l = 1. For every 0 < e <1, we need to find a
decomposition gh = LEI) + LEQ) with Lgl), L£2) such that
LN ey < 30190l + I1Blloc) (1/)7 and L3 |oo < 3(gllo + 1All)e.
Case 1. Assume that [|g|lcc < 3€ and ||h]lc < 3e. Choose LY =0 and L? = gh. Clearly,
these functions satisfy the desired estimates.

Case 2. Assume now that [|g[lec + [[i/[oc = 3€. By the definition of the semi-norm ||-[[, oy -
we have the decompositions g = gé ) + gé ) and h = hE ) + hE ) with

ng(l)H(p,a) < (1/6)1/77 Hgg)”oo <k, thl)H@,a) < (1/6)1/77 HhEQ)HOO <e
Observe that Hgél)Hoo < |lgll, + € and thl)H < ||h]| o + €, which imply that

19| + 1], < 2(llglloe + [1Allso)-

Set
)@

€ € -

IO = gORD  and IO = gD 4 @R 4 g

€

The desired estimate for ||L£1) | (p,oy follows from Lemma/|3.10|and the one for HL£2) |loo is obtained
by a direct computation. This ends the proof of the lemma. U
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4. SPECTRAL GAP FOR THE TRANSFER OPERATOR

In this section we prove our main Theorem (1.2 Theorem and give the scaling
ratio A, the density function p as an eigenfunction for the operator £ = L4, and the probability
measures mg and fis, all under the hypothesis that ||¢||;,, < 0o for some ¢ > 2. The semi-norms
1,0y @0 [l oy, Were introduced in Sections [3.4) and respectively.

4.1. Some preliminary results. For positive real numbers ¢, M, and  with ¢ > 2 and
Q) < logd, consider the following set of weights

Pq, M, Q) == {¢: P" 5 R 1 ||¢|lioge < M, Q(¢) < Q}

and the uniform topology induced by the sup norm. Observe that this family is equicontinuous.
The following two lemmas were obtained in [BD20], see Lemmas 4.6 and 4.7 therein. Since
we will use them several times in this section, we restate them here. We use the index ¢ or
parameter ¢ for objects which depend on ¢, e.g., we write Ay, Ly, ps instead of A, L, p.

Lemma 4.1. Let g, M, and Q) be positive real numbers such that ¢ > 2 and ) < logd. The maps
O = A, @ = My, ¢ g, and ¢ — pg are continuous on ¢ € P(q, M,§) with respect to the
standard topology on R, the weak topology on measures, and the uniform topology on functions.
In particular, py is bounded from above and below by positive constants which are independent
of ¢ € P(q, M,Q). Moreover, ||)\;" ZHOO is bounded by a constant which is independent of n
and of ¢ € P(q, M, ).

Lemma 4.2. Let g, M, and ) be positive real numbers such that ¢ > 2 and Q) < logd. Let F be
a uniformly bounded and equicontinuous family of real-valued functions on P*. Then the family

{)\;"Eg(g) : 77/207 ¢EP(p,M,Q), gEf}

is equicontinuous. Moreover, H)\;"Eg(g) — <m¢,g>Hoo tends to 0 uniformly on ¢ € P(p, M,Q)
and g € F when n goes to infinity.

4.2. Main result and first step of the proof. The following is the main result of this section.
We will use it in order to prove Theorem with a suitable norm and another value of S.

Theorem 4.3. Let f,¢,\,mg,p be as in Theorem and L the Perron-Frobenius operator
associated to ¢. Let p,a,v, A, Q be positive constants and qa as in Lemma [3.13 such that
p>3/2,d' <a<d¥®?) Q <log(da), and o > 2. Assume that 1]l oy, < A and
Q(¢) < Q. Then we have

Ny S € Nollgayy S and 11/l <

for some positive constant ¢ = c(p,a,, A, Q) independent of ¢ and n. Moreover, for every
constant 0 < 8 < 1 there is a positive integer N = N (p, a7y, A, Q, B) independent of ¢ such that

(4.1) ALY oy iy < Bllal iy

for every function g: PF — R with (mg,g) = 0. Furthermore, we can take § = 5N for every
given constant 0 < § < (da)V/(Q“f”), provided that A is small enough.

Notice that Lemma and the assumption g2 > 2 imply that [¢[,q¢ < oo for some
q > 2. Hence, the scaling ratio A, the density function p, and the measures my and pg are well
defined by Theorem Notice also that go > 2 implies that the condition o < d—%/(P+2) ig
automatically satisfied.

The proof of Theorem will be reduced to a comparison between suitable currents and
their norms. Theorem [4.3| will then follow from some interpolation techniques (see Section [4.4)).
A crucial estimate that we will need here is the following.
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Proposition 4.4. Let f be as in Theorem[1.1, Take 0 < a <1 and p > 0. Given n functions
dY): Pk SR forj=1,...,n, set

(I)m = aimd(kil)mez;nzl max(qb(”) and £m’n = £¢(7n) 0---0 ﬁ(b(n) .

Then there exists a positive constant ¢ = c(p, «), independent of ¢(j), such that

121090 0y < €11 L17 @32 gl g0y + € D 16T aym™ > @0 1L1m 2L [ L n9 o

m=1
for every function g: P¥ — R.

Proof. By Deﬁnitionof the semi-norm ||-[|,, ,y, we need to bound the current 10L1 ngNIL1 9.

Consider the product space (P¥)"*! and denote by (zo,...,x,) its elements. Define the
manifold T,, C (P¥)"*+! by

U= {(z, f(2),..., f*(2)) : = € P¥},

which can also be seen as the graph of the map (f, f2,..., f?) in the product space (P¥)
Denote by m, the restriction to I',, of the projection of (P¥)"*! to its last component.
We have, using a direct computation,

oe# e+ e g (0)) = 1 0

n+1

with
n—1
01 :=h"dg(xg), ©O9:=h"g(z0) Z a¢(n_m) (xm), and h”:= ") (@o) 46 (@n1)
m=0

Using Cauchy-Schwarz’s inequality, we obtain
iaﬁl,ng A gﬁl,ng = Z(Wn)*((—)l + @2) A (Wn)*(@l + @2)
< 2i(m0)«(01) A (1) (O1) + 2i(70)1(O2) A () (O2).

We need to bound the norm ||-||,, , of the two terms in the last sum by the square of the RHS
of the inequality in the proposition.

For the first term, using again Cauchy-Schwarz’s inequality, the definition of ®,, as in the
statement, and Lemma we get (notice that (my,)«(h") = £ ,1)

Ji(mn)«(@) A (m)u (@D, < | (T)a (W) (). (WiDg(0) A By (0)) |,
< |Lanlll e O || (7). (0 A D)
1£11] o Pn Hi@g A 5ng7oé .

IN

This gives the desired estimate for the first term. o
For the second term, observe that i(m,)«(©2) A (7,)«(02) is equal to

Y ilm)« (0"9(20)a" ™ (@m)) A ()« (W g(0)DS" ™) (1))

0<m,m’<n
< 20 > ilmn) (0 g(20)08"™ ™™ (m)) A (70)+ (0 g(20)00 ™) (@) |-
o<m/<m<n
Using Cauchy-Schwarz’s inequality, we can bound the current in the absolute value signs by
(m — '+ 1)72i(m0) (09 (2006~ (@) A (). (0 9(20) "™ (2,0
(m — ' + 1)) (W g(20)06™ ™) (a1,)) A (1) (W g (20)T6" ™) (a2,))
and deduce that i(7,)«(02) A (m,)«(©2) is bounded by a constant times
D (n=m)Pi(m)u (0 g(20) 06" (@m)) A ()« (hg(20) D™ (1))

0<m<n
18



Therefore, in order to get the proposition, setting n := (ﬂn)*(h/’g(ajo)8¢("_m) (zm)) we only
need to show that

. _ _ 2
Hm A 77”]),04 S Hd)(n m)H<pvo¢>q)n—m ”ﬁl,n—ml”oo H»Cn—m-&-l,nguio .

Consider the map 7’ : T, — (P¥)"=™+1 defined by 7'(z) := 2’ := (¥m,...,2n). Denote by
I the image of T',, by 7. Consider also the map 7 : I’ — P¥ defined by n”(2') := x,,. Both
7 : Ty — I and 7" : T' — P* are ramified coverings, respectively of degrees d*™ and dk("=m)
and we have m, = 7" o7’.

With the notation as above, we see that

n= 77;/(Lnfm+1,ng($m)hma¢(n_m) (xm)) with hm = €¢(n—m)(xm)+...+¢(1)(mn71).
It follows from Cauchy-Schwarz’s inequality that
AT < LamirngllZm ()7l (Nnid"™ ™™ () A DS ™ (2,))
< Lnmmit gl 217 (o) [loo [P oo (F77 ™) (106" A D).
Thus, by Lemma |3.7| and the definition of 7”7, we get

lin ATillp.a < 1£n-m+ 109l 21£10-m Lo @nm [0 ™ A DS "™ 4.
This ends the proof of the proposition. O

4.3. Proof of Theorem We will need the following elementary lemma.

Lemma 4.5. Let ¢,¢9) ¢: P¥ — R be such that Zj‘;l qu— d)(j)Hoo < a for some positive
constant a. Define 9 : Rt — RY by 9(t) := t~1(e! — 1) and 9(0) = 1, which is a smooth
increasing function. Then we have

(1) 1£6 — Lyllo IUIe = Yllo) 1Ll 16 = Ylloos
(i) for everymn >1, ||L™ — Lyay o0 Lyw Hoo <dY(a)a|L"-

Proof. Observe that for ¢,1): P¥ — R we have, using the definition of Ly and Ly,

1£6(9) = Lyl < |1 =€*"P)lgllool o 16D oo = 11 = €” ]| 12610 19l -
The first item in the lemma follows. For the second item, notice that

H(¢+¢of_|_...+¢ofn—1) _ <¢(n)+¢(n—1)of_|_...+¢(1)ofn—1>Hoo < i“¢_¢(j)“oo'
j=1

Therefore, using this estimate and the expansions of £™(g) and Ly 00 Lywm) (g9), we obtain
the result in the same way as the first item. U

We continue the proof of Theorem We first prove the following result.

Proposition 4.6. Under the hypotheses of Theorem[].3, there exists a positive integer Ny =
No(p, o, v, A, Q, B) independent of ¢ and g and such that (4.1) holds for all N > Nj.

By subtracting from ¢ a constant, we can assume that ¢ belongs to the family of weights
Qo:={¢:P* >R : ming =0, [|¢]lppay, < A4, Qo) < Q}.

Observe that we can apply Lemmas and because, by Lemma [3.13| and the assumptions
on « and p, the family Qp is contained in Py(g, M, Q) for suitable ¢ > 2 and M. Observe also
that [|¢]|, = Q(¢) < Q and [|¢]| S |8l (p,a),, < A-

Consider two constants K > 1 and K’ > 1 whose values depend on 3 and will be specialised
later. We will not fix A but we assume A < A for some fixed constant Ag > 0. For a large part
of this section we can take A = Ay, but at the end of the proof of Theorem we will consider
A — 0. This is the reason why we will keep the constant A in the estimates below. Note that
the constants hidden in the signs < below are independent of the parameters A, 8, K, K’,n and
also of the constant 0 < € < 1 and the integer j that we consider now.
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Since [|¢l(p,a),y < A, for every j > 1 there are functions #) and ¥ such that
¢:¢(J')+¢(j)7 H¢ H <A (Kj )1/7(1/6)1/7 and Hw J)H < AK'j 2.

Observe that ||¢pU)| s is bounded by a constant since ||¢||« is bounded by a constant.
We can assume for simplicity that |||, .y, < 1, which implies that £(g) is bounded by a

constant. Since (mg, g) = 0 by hypothesis, we deduce that ||g|« is bounded by a constant. By

(1) (2)

the definition of the semi-norm ||-|, we can find two functions g’ and g™’ satisfying

(pa)y
9=9 9%, N oy < KWV 9P < 2K e, (mg, gM) = (my, g) = 0.

Notice that without the condition (myg, géz)) = 0 we would not need the coefficient 2 in the
above estimate of || géZ) |loo- We obtain this condition by adding to g£2) a suitable constant and

subtracting the same constant from gél). The condition (mg, gé )> = 0 is deduced from the

hypothesis (mg,9) = 0 when we have <m¢,g£ )> = 0. Since ||g||oo is bounded by a constant,

”gél)Hoo is also bounded by a constant.
Define as above Ly, := Lym) 0+ ++ 0 Lym) and write

(42) AL = AL ALY — L1,90) AT LR = G+ G0 4 Gl

€ € € n,

Lemma 4.7. When K and K' are laTge enough, we have for every n>1
< e

Proof. The above estimate on ||1)\9)||o implies that 3|1 ||c < AK~'e. Therefore, using
Lemma and the fact that the sequence A™"L"1 is bounded uniformly on n and ¢ (see

Lemma , we get

(69, < 56e and |G|

|G|, S AKel|gV]|loe S AK e < AgK ™!

because || gél)HOO is bounded by a constant. So we get the first estimate in the lemma when K
is large enough (depending on Ay and f3).

For the second estimate, using again that the sequence A™"L"1 is uniformly bounded, we
obtain

G52 S 19PN < K e
The result follows provided that K’ is large enough. -

Lemma 4.8. When K > 1 and K’ are fized, there is a constant 0 < ¢y < 1 independent of ¢
and g such that, for all 0 < e < ¢y and all n large enough, also independent of ¢ and g,

G, < B/
Proof le an €y > 0 small enough. We will apply Proposition [£.4] First, using the estimates
S YD ||oo S AK e < Ag and A > dFe™ %, we obtain
®,, < a—md(k—l)mem max ¢ < a—md—m/\memQ(¢) < a—md—m)\memQ.
By Lemmas [4.5] and [4.I] we have
[L1m1lloe S IL™ Lo S A™  and  [[Lmt1nlllec SIL" oo SA™™

and also, again by Lemma

< 1L oo+ £ ng® — L7
S 1L g oo 4+ 11€7 ™ LocllgP o A
S ||£n—mg||oo + ‘|£n—mg§2)||oo + Xn—mAK—l
<

||£n_mg||oo + )\n—mK/—16+ )\n_mAK_l
20
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This, Proposition and the estimates in the definitions of ggl) and ¢\ allow us to bound
[
(4.3)

[Kll/v(

() by a constant times

"/2 m/2 —n+m pn—m — -
= +ZAK1/’Ym2/”*+3/2(da) (H)\ Fmpnemgll o+ (K7 4+ AK 1)6())}61/7.

Recall that g belongs to a uniformly bounded and equicontinuous family of functions, see
Lemma[3.13] It follows from Lemma [4.2] that || \~"+mLn— mgHOO tends to 0, uniformly on ¢ and
g, when n — m tends to infinity. This and the fact that e < da imply that, when n tends to
infinity, the sum between brackets in converges to

Z AK Y Y m2/+3/2 (

m=1

m/2 711 -1

K AK

p a) ( + )€o

This sum is smaller than 8 because ¢j is chosen small enough. Therefore, we get the estimate
in the lemma for n large enough, independently of ¢ and g, because the last convergence is
uniform on ¢ and g. O

Proof of Proposition[{.6. Take N large enough, independent of ¢. It suffices to show that we
can write

A~ NENg — Gg\lf)e + G(Q) with HG(I) H (p:0) S B(l/e)l/'y and HGE\?LH < BE.

We apply Lemmas andto n := N. When € < ¢, it is enough to choose G( ) = G(a) and
Gﬁ)e = G( ) .t GE\,@. Assume now that ¢g < € < 1 and choose va?e =0 and GE\Q,’)E =\ NENg.

With N large enough, we have HGS\?)GHOO < Beg < Be because [|AT"L"g||« tends to 0 uniformly

on ¢ and g when n goes to infinity, see Lemma Thus, we have the desired decomposition
of A=V £V g and hence the property (4.1)) for all N large enough. O

Proposition 4.9. Under the hypotheses of Theorem [{.3, there is a positive constant ¢ =
c(p, o, v, A, Q) independent of ¢ and n such that

AL [payy € Nolpayy S 6 and ([1/pll 0, < c

Proof. We prove the first inequality. We will use the above computations for K = K/ = ¢y = 1.
Consider any function g: P¥ — R such that 9llp,a),y < 1. We do not assume that (mg,g) = 0.
As before, for any 0 < € < 1 we can write

< (1/&)"7 and Hg?)Hoo <e.

9=9" +92 with [lg0]| <

We also consider as above the decomposition

AL =Gl + G owith GU =G and G =GP +GY)

n, n,e’

see . The computations in Lemmasuand.glve ||Gn e||OO < eand HG H pa) S < e/ We

use here the fact that [[A™"T™L""Mg]|| is bounded by a constant, see Lemma [4.2, Therefore,

A" L"gl|(p,a), is bounded by a constant. Thus, the first inequality in the proposition holds.
Consider now the second inequality. Observe that

o0
p=lim ALl =1+ ALy with g:=X""L1-1
n—oo
n=0
The A~!L*-invariance of mg implies that (mg,g) = 0. Therefore, Proposition and the
first inequality in the present proposition imply that |[A="L"g]|,, < /N We deduce that
o1l (p,a) 4 is bounded by a constant.
For the last inequality in the lemma, observe that p is bounded from above and below by
positive constants which are independent of ¢, see Lemma[4.1] The result is then a consequence

of Lemma applied to the function x(¢) := 1/t. The proof is complete. O
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End of the proof of Theorem[.5 By Propositions and it only remains to prove the last
assertion in this theorem. We continue to use the computations in Lemmas and and
take K =1, K’ = &N, and €y = 1 for some ¢’ and d’ such that § < & = d"/2*2) and d’ < da.
As above, we consider the decomposition

ANeNg = GY 4G, with G =GV, and GF =6 + G
Take A — 0, which also implies that Q(¢) — 0. So we can fix an 2 as small as needed and
assume that d’ < e~da. Then, the estimates in Lemmas and give

IGW L ey < (KN 4 0(A))e7 and  [|GRL oo < c(K'~1+ O(A))e,

where ¢ is a positive constant. With N large enough and A small enough, since 6 < ¢’ and
K' =8N we get
2 _ ) -
HGEV,)EHOO <5 Ne and ”GSV?GH(]J,a} < 5N/,

In other words, we can take 3 = ¢ V. This completes the proof of the theorem. O

4.4. Proof of Theorem The statement is a consequence of Theorem namely, of the
estimate . Note that the constant § in Theorem is not the one in (4.1)). Given ¢ as in
the statement, we first choose « sufficiently close to 1 so that Q(¢) < log(ad). Then, we choose
p large enough so that ¢ < g2, where g and  are as in the statement and ¢ is defined in Lemma
@ (this also implies that o < d=%/(P*2) since ¢ > 2). Recall that the semi-norm [,y 18
a

7’7
most a norm. Define

-lloy == llloe 4+ 1l ip.ay,q -
This is now a norm, which is independent of ¢. By Lemmas and we have

lloo + [ lhoge S 1-lloy S [l-llex -
By Lemma [4.1] the quantities |[A\~"L"||os, ||plloc, and ||1/p||oc are bounded by a constant when
||qu<>1 < A. By Theorem H)\_"C"Hmam, ||p\|<p7a>77, and |]1/p\|<p7a>7,y are also bounded by a

constant. We deduce that [[A\7"L"||o,, ||plle,, and ||1/p|lo, satisfy the same property.

Let N and 3y be as in Theorem we write [y instead of 8 to distinguish it from the

constant that we use now for Theorem . Fix a constant 8 such that Bé/ N« B < 1 and

consider the following norms

oo
lglly = legl + 19'l] oy, a0 lgllo, = legl + > 87 (XL || )y -

n=0
for every function g: P¥ — R, where ¢, := (mg,g) and g’ == g — cy4p.

Lemma 4.10. We have ||gh|ls, < 3||glloy||Rllo, for all functions g,h: P¥ — R. Moreover, both
of the norms ||-||, and ||-||,, are equivalent to ||-|,, -

Proof. The first assertion is a direct consequence of Lemma We prove now the second
assertion. Since mg is a probability measure and [|p||,, 4, 18 bounded, we have

lgllo = legl + g = copllpay,y < legl +119llipayy + Iealllpllpar,y S Nglloc + 9l = llgllor-
)y < 1. 1t follows that ||g[[., oy -
is bounded by a constant because it is bounded by [|g'[|, 4y » + [¢g| 12l 0y .- By Lemma
Q(g) is also bounded by a constant. This and the inequality |(mg,g)| = |cg| < 1 imply that
9]l is bounded by a constant. We deduce that [|-||,, is equivalent to |[|-[|,,,.

Observe that |||, < ||-[l,,- To complete the proof, it is enough to show that [|glle, < [lgllo

Conversely, assume that [|g[l, < 1, then [cs| < 1 and [|¢g'

for every function g. Recall that p is invariant by A~™'£ and (mg, p) = 1. Therefore, we have

(mg,g') = 0. Theorem {4.3 and Proposition [4.9) imply that [[A7"L"g'[|ip )y S BS/NHg’H@,aM.
Hence

0o
_ N
lgllos < legl + 119 Ly D BB < legl + 119" payery = lgllo-

n=0
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The last infinite sum is finite because 5 > Bé/ N This ends the proof of the lemma. O

Consider now a function g with ¢, = (mg,g) = 0, which implies ¢ = ¢’. We also have
(mg, A\"1Lg) = 0 because my, is invariant by A~1£*. From the definition of 15, We get

|24l = B(lgll., — llgll.) < Bllgll, -

This is the desired contraction. Finally, the last assertion in Theorem[I.2]is a direct consequence
of the last assertion in Theorem by taking « close enough to 1. The proof of Theorem
is now complete.

4.5. Spectral gap in the limit case. The semi-norm ||-|[, .y can be seen as the limit of the

p,a)
semi-norm ||-||<p7 a)y 35 7 goes to infinity. In order to complete our study, we will prove here a

spectral gap with respect to this limit norm. The following is an analogue of Theorem

Theorem 4.11. Let f, ¢, \,mgy,p be as in Theorem and L the Perron-Frobenius operator
associated to ¢. Let p,«a, A, ) be positive constants and q1 as in Lemma such that p > 3/2,
d~!' < a < d¥®*2) Q < log(da), and ¢ > 2. Assume that [0l oy < A and Q(¢) < Q.
Then we have

AT LM poy < ¢ pllpay < ¢ and |[1/pll 0y < ¢
for some positive constant ¢ = c(p, a, A, Q) independent of ¢ andn. Moreover, for every constant
0 < B < 1 there is a positive integer N = N(p,a, A, Q, B) independent of ¢ such that

H)\fNﬁNgH@m < Bllgll p.

for every function g: P* — R with (mg,g) = 0. Furthermore, we can take § = 5N for every
given constant 0 < § < (da)/?, provided that A is small enough.

Notice that Lemma and the assumption ¢; > 2 imply that Hgf)Hlogq is finite for some
q > 2. Hence, the scaling ratio A, the density function p, and the measures my and pg are well
defined by Theorem Notice also that ¢; > 2 implies that the condition o < d—5/(2P+2) ig
automatically satisfied.

Proof. The proof follows the same lines as the one of Theorem [4.3] It is however simpler because
the definition of the semi-norm |[[-[| , ,) is simpler than the one of [|-||;, ,) .- In particular, we do
not need any decomposition of A™"L"g. Applying directly Proposition with ¢(@) := ¢ for
all 7 > 1 and recalling that [|1,||cc < A we obtain

eQ

HA‘”E”QH@’a) S 9llip,a (da

n Q
)71/2 + ”QZ)H@@[) Z m3/2(%)W/Q‘|A—n+m£n—mg||m‘
m=1

With this estimate, the rest of the proof is the same as that of Theorem O

As in the last section, we obtain the following counterpart of Theorem [I.2] as a consequence
of the last result.

Theorem 4.12. Let f,p,a, A,Q,¢,p,\,mgy and L be as in Theorem [{.11. Then there is an
explicit norm |||, depending on f,p,c, ¢ and equivalent to ||-[|o + |||l 0y, such that when

1]l o) < A and 2(¢) < Q we have

V"L gy S Nellgy e /ol ey S e and [N Lgll,, < Bllglle,

for every g: PF — R with (mg,g) = 0, and for some positive constants ¢ = c(f,p,a, A,Q)
and B = B(f,p,a, A, Q) with B < 1, both independent of ¢,n, and g. Furthermore, given any
constant 0 < § < (da)'/?, when A is small enough, the norm [ll5, can be chosen so that we can

take f=1/4.
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Note that Lipschitz functions have finite ||-[|, ,y semi-norm (this follows from Lemma
since Lipschitz functions can be uniformly approximated by C! ones whose norm is dominated
by the Lipschitz constant, see also the proof of Lemma. So the last theorem can be applied
to Lipschitz functions. For such functions we can take any p large enough and « close to 1. The
rate of contraction is then almost equal to d~1/2 when A is small enough (i.e., when ¢ is close
to a constant function). This rate is likely optimal as it corresponds to known results obtained
in the setting of zero weight, see [DS10a].

5. STATISTICAL PROPERTIES OF EQUILIBRIUM STATES

In this section we prove Theorem The definitions of the statistical properties that we
consider are all recalled in Appendix [A] as well as criteria ensuring their validity in an abstract
setting. We work under the hypotheses of Theorems and and with the equivalent norms
[ll,, and ||-[|,, as in Theorem see Section For simplicity, we define the operator L as

L(g) == (Ap) "' L(pg).

5.1. Exponential equidistribution of preimages of points. The following result gives a
quantitative version of the equidistribution of preimages in Theorem Because of Lemma
and of the definition of the norm |-||, , it applies in particular to Holder continuous test
unctions, see Remark

Theorem 5.1. Under the hypotheses of Theorem for every x € P*, as n tends to infinity
the points in f~"(x), with suitable weights, are equidistributed exponentially fast with respect to
the conformal measure mgy. More precisely, we have

<)\,n Z eP@+ -+ @) g p(x)m¢7g>’ < cB"|9llo: 5
f(a)=z

for all g: P* — R, where 0 < B < 1 is the constant in Theorem and c is a positive constant
independent of x and g.

17?

Proof. For simplicity, assume that ||g|lo, = 1. Define ¢’ := g — c4p with ¢4 := (mgy,g). By
Lemma both |c4| and [|¢'[[+, are bounded by a constant. Since the norms ||-||,, and [-[|,,
are equivalent, we deduce from Theorem (1.2 that ||A™"L"(¢')|lo, < B". Since

(yn 3 edlart @, o) - an(ng)(a),
fr(a)=z
the LHS of the inequality in the theorem is bounded by
A7) = eopll o = XL = eom)| o = XL (G| S 87
This implies the result. O

We also have the following useful result.

Proposition 5.2. There ezists a positive constant ¢ such that, for every g: PF — R with
glls, <1, setting c,g := (Mg, pg) = (K¢, g) we have

<M¢’€ﬁ—n|L"(g)—Cpg|> <c and ||Lng _ Cpg||<>1 < Cﬁn.

Proof. Clearly, the first inequality follows from the second one by increasing the constant ¢ if
necessary. For the second inequality, define § = pg and §' := § — cgp. We have (my,§’) = 0.
By Lemma and Theorem we have that ||gl|,, is bounded by a constant because it is
at most equal to 3 ||p|,, llgll,,- We deduce that cz and hence ||g’[|,, are both bounded by a
constant. Using again Lemma and Theorem we also obtain

1279 = cpglle, = [A"07 L7 = cqll,, = o AL, < 3llp7l,, XL L, < B™

The result follows. (|
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5.2. Exponential mixing of the equilibrium state. The speed of mixing in Theorem is
not controlled for gg,..., 9, 9,1 € L2(,u¢). We establish here some uniform exponential bound
for the speed of mixing of the system (Pk, 1 ,u¢) for more regular observables. In the case of
Holder continuous weight ¢ and observable g, this was established in [Hay99| for k£ = 1 (see also
[DPU96| for a uniform sub-exponential speed) and in [SUZ14| for k£ > 1, see also [DS10a] for
the case when ¢ is constant.

Theorem 5.3. Under the hypotheses of Theorem[I1.3, for every integer r > 0, there is a positive
constant ¢ = ¢(r) such that

r r—1

[ (g0 (910 ™)+ (gr 0 7)) = T] Gtt00 959 | < 8" (TT lgilloy ) Nlgrlzs
j=0 j=0

for 0 =mnp <ny <--- <n, and n := ming<;j<r(njy1 — nj). Here, the constant 0 < § < 1 is the

one from Theorem[1.9

Proof. We prove the theorem by induction on r. Since when r = 0 the assertion is trivial, we
can assume that the theorem holds for » — 1 and prove it for 7.

The fact that the statement holds for » — 1 and the invariance of jg imply the result for r
when go is constant. So, by subtracting from gg the constant c,g, := (mg, pgo) = (1¢, go), We
can assume that (ug,go) = 0. Setting ¢’ := g1 (g2 o f™7"1)---(gr o f"*~™) and recalling that
L(-) = (Ap)"*L(p'), computing as at the end of the proof of Theorem [1.1| we get

| (g 90(g" © F™))| = (s L™ (g0(g" © f™)))] = |{gr L™ (90)9) |
<™ (90)loo 191 21
<L (00) o 9 - Nl g © £ 1,
= 1L (90)lloo 1911l - - - [lgr—1llog [lgrll L1 () -

The assertion follows from Proposition [5.2] applied to go instead of g. O

5.3. Central Limit Theorem (CLT). We prove here the CLT for observables g such that
lgll,, < oo and which are not coboundaries, see Appendix [A|for the definitions. In the case of
Holder continuous weight ¢ and observable g, this was established in [DPU96] for k£ = 1 and in
[SUZ14] for k > 1, see also [DS10a] for the case when ¢ is constant. We start with the following
version that does not need the introduction of perturbed operators. More refined versions of
this theorem will be given later in Sections [5.5] and

Theorem 5.4. Under the hypotheses of Theorem consider a function g: PF — R such that
9lls, < oo and (pg,g) = 0. Assume that g is not a coboundary. Then g satisfies the CLT with
variance o > 0 given by

(5.1) 0% = (g ®) +2) _(ug,g-(go f).

n>1

Moreover, the Berry-FEsseen theorem holds for the observable g.

We refer to Definition for the statement of the CLT and to Theorem for the Berry-
Esseen theorem. Recall that g is a coboundary if there exists h € LQ(M¢) such that g = ho f —h,
and this is the case if and only if ¢ = 0. It is not difficult to check that a coboundary cannot
satisfy the CLT as in Definition

Proof. Let B denote the Borel o-algebra on P¥. By Gordin Theorem we only need to show
that

Y lE(glfB) H;(W,) < 0.

n>1
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We will transform the above series into a series of the norms || L™g|| L2(ug) that we will bound

by means of Proposition Recall that (g, (L"g)h) = (ug, g(h o f)) for all g, h: P* — R. So

(g, g (ho ")) = (ug, (L"g)h) = (ug, (L"g) o [*) (ho ")),
where in the last passage we used the f,-invariance of 4. This precisely says that E(g, f~"B) =
L™(g) o f. Note that the norm of f* on L?(u) is 1. So we have

ST E @ B) 2 < S IE @By < S 12 @)IE

n>1 n>1 n>1

The last sum converges because of Proposition and the hypothesis (14,9) = 0. For the
Berry-Esseen theorem, see Theorem and Section [5.4] below. This completes the proof. [

We have the following characterization of coboundaries with bounded |||, norm that will
be used in Section

Proposition 5.5. Let g be a coboundary and assume that ||g||,, < oo. Then there exists a
function h such that |hllo, < oo and g = ho f —h on the small Julia set of f.

Proof. By the definition of coboundary, there exists a function h € L*(u,) such that g = ho f—h
in L?(pp). This identity implies that (us,g) = 0. By adding a constant to h we can assume
that (ue, h) = 0. Since

L(ho f)=A""p""L(p(ho f)) = A" p~ L(p)h = h
a direct computation gives
Lg+---+L"g=h—L"h.
We claim that L"h — 0 in L?(u,) when n tends to infinity. Indeed, fix any € > 0 and
choose a continuous function h’ with ||h — h/|’L2(#¢) < e and (ug,h') = 0. By [BD20, Lemma

4.3] there exists a positive constant ¢ such that [[L"||/2(,,) < ¢ for all n = 0. Moreover,
LW || oo = |L™A — {pg, )|, — 0 as n — oo by Theorem |I.1|and the definition of L. Hence,

1"l 2y < 127 (h = )| ) + 1270 ¢

(PIPRES

as n — oo. By taking € — 0, this proves that L™h — 0 in LQ(M¢). Proposition and the
identity (14, 9) = 0 imply that the LHS of the last identity converges to a function h with finite
[]l,, norm. We conclude that h = h pg-almost everywhere. Therefore, we have g = ho f — h
pp-almost everywhere, and thus everywhere on supp(ue) as both sides are continuous functions.
The proposition follows because the support of p is equal to the small Julia set, see Theorem

L O

5.4. Properties of perturbed Perron-Frobenius operators. The next statistical properties
will be proved by means of spectral methods, and more precisely by the introduction of suitable
(complex) perturbations of the operator £ = Ly. This method was originally developed by
Nagaev [Nagh7| in the context of Markov chains. More details are given in Appendix
We introduce here some notations and prove some preliminary results. We mainly follow the
approach as presented in [Bro96; DNS07; [Rou83].

Definition 5.6. Given functions ¢, g: P* — R, h: P¥ — C, and a parameter # € C we set
Lprogh = LorogRh +iLyrogSh,
where the operator in the RHS is the natural extension of (|1.1)) in the case with complex weight.
Since from now on we fix ¢ and g, we will just denote the above operator by L when no
possible confusion arises. In particular, we have Ljgj = L. By means of Definition [5.6] we

extend the operator £ to complex weights and complex test functions. We naturally extend the
norms ||-||,, and [|-]|,, to these function spaces by setting

1Pllo, = IRAlls, + (ISl and Al = [[RA],, + [Shll, -
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We will be in particular interested in the case where 6 is small or pure imaginary. We may
develop our study given in the previous sections for a complex weight directly, but we prefer
to use a shortcut which only requires to treat the real case. The next lemma collects the main
properties of the family of operators Ly that we need.

Lemma 5.7. Assume that ||g|,, is finite. Then the following assertions hold for both of the
norms ||-|lo, and |-||,,-
(i) L) = Ly;
(ii) For every 0 € C, Ljg) is a bounded operator;
(iii) The map 0 +— L is analytic in 0;
(iv) For everyn € N, 6 € C, and h: P¥ — C, we have

(5.2) fh = Liy ("),
where
(5.3) So(g) =0 and Sy( Zg o f7 forn > 1.
7=0

Proof. The first item is true by definition. For the second and the third items, it is enough to
prove them for the norm ||-||,, since the norm ||-||,, is equivalent, see Lemma By Lemma

[4.10] we have, for all h: P¥ — C and n € N,
10 D)., < 1Lwll,, llg"Rllo, < 3™ | £a]l,, Nglls, 11,
So, the series >, ~o(0"/n!)Lg(g"h) converges normally in norm |||, . The limit is equal to
Lig)(h) and we have
@@, < W |2, I, -

This proves the second and the third items.
The last item follows by a direct induction. The case n = 0 is trivial and we have

(€)= Ly (L5 (oo 5

= Lo (MLfy (51 O)) = L £y () = Lig Ly

The proof is complete. O

Ip.

Recall that the operator )\_IE[O] has p as its unique (up to a multiplicative constant)
eigenfunction of eigenvalue 1. It is a contraction with respect to the norm |-, (which is
equivalent to [|-[|, ) on the space of functions whose integrals with respect to mg are zero, see
Theorem The following is then a consequence of the Rellich perturbation method described
in [DS58, Ch. VII], see also [Bro96, Proposition 5.2] and |[Kat13; Le 82]. Note that the last
assertion of Theorem is a direct consequence of the analyticity of « given by the fourth item.

Proposition 5.8. Assume that ||g|,, is finite and let 0 < 8 < 1 be the constant in Theorem
1.9, Then, for all B < 8’ < 1, the following holds for 0 sufficiently small and all n € N: there

exists a decomposition
A" Lig = a(0)" Py + ¥y
as operators on {h : |h||, < oo} such that
(i) () is the (only) largest eigenvalue of Lig), a(0) = 1 and |a(0)] > B';
(ii) @y is the projection on the (one dimensional) eigenspace associated to a(f) and we have
Do(h) = (mg, h) p;
(iii) Wg is a bounded operator on {h : |[|h|, < oo} whose spectral radius is < ' and
\I’goq)gzq)go\l/gzo;

(iv) the maps 0 — Wy,0 — Py, and 0 — «(0) are analytic.
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The last property that we will need is the second order expansion of a(f) for 6 near 0. It is

a consequence of the above results.
Lemma 5.9. Assume that ||g||,, is finite and (ug,g) = 0. Let 0 >0 be as in (5.1) and a(0) be

given by Proposition |5.8 Then we have

202 2 2

alf) =e 2 +o®%) — 1 4 QTO +0(6?).

Proof. We know from Lemma and Proposition that «(0) = 1 and that 6 — «(0) is
analytic near 0. So, we only need to prove that o/(0) = 0 and o/(0) = o2.
We start with the first equality. First of all notice that, for all n € N and h: P* — C, the

invariance of my implies
(5.4) {10, h) = (mg, ph) = (mg, X" Ly (oh) )

Applying these identities to e%7(9)/™ instead of h (with S,(g) as in (5.3)) and using (5.2), we
get

(10,51 = (mg, A1y )
Then, the decomposition given in Proposition (applied with 1/n instead of 0) gives

(5.5) (16, 5O/ = a(1/n)" (s, 170 () + (Mg T (0))-

By Proposition [5.8] the second term in the RHS goes to zero exponentially fast as n — oo .
Using that a() = 1+a/(0)8 +o(#) and ®y(p) = p+o0(1) as # — 0 and the identity (my,p) = 1,
we get,
: Sn ny _ a'(0
n]ggo<u¢,e (9)/my = (0,

Recall that j14 is mixing and hence ergodic. Moreover, g is continuous and (p4, g) = 0. Birkhoff’s
ergodic theorem then implies that S,(g)/n — 0 pg-almost surely as n goes to infinity. We
conclude that o/(0) = 0 as desired.

Let us now prove that o’(0) = o2, The f-invariance of te and a direct computation give
) SngH 2 SngH 2 0?
2 _ rng nJg -
7t = Jim (o (1)) (o (R)) = gga (e
We use again (5.2]) and Proposition (applied with 6/4/n instead of 6) to get
(1165 €@IV75:9) = a(0/V/n)" (ms gy o) ) + (s Uiy )) -

A direct computation, together with the identities a(0) = 1, /(0) = 0, (mgy,p) = 1 and the
properties in Proposition [5.8] gives

0?2
(0/v/n)Sng — A
502 <u¢,e > ‘6:0 =a'(0)+ o(1).

(0/ﬁ)sng> ‘9:0.

It is now clear that o”’(0) = o2. This completes the proof of the lemma. O

5.5. Local Central Limit Theorem (LCLT). We establish here an improvement of the CLT,
see Definition [A74] for observables satisfying a further cocycle condition. Our result is new for
k =1, ¢ non-constant, and for k > 1, even when ¢ = 0; for k = 1 and ¢ = 0, see [DNS07]. We
need the following definition.

Definition 5.10. Let g: P¥ — R be a measurable function. We say that g is a multiplicative
cocycle if there exist t > 0, s € R, and a measurable function ¢: P¥ — C, not equal to zero He-
almost everywhere, such that e®9()¢(z) = e¢(f(z)). We say that g is a (C°, ¢)-multiplicative
cocycle (resp. (||-|l,, , #)-multiplicative cocycle) if there exist t > 0, s € R, and §: P* — C, not
identically zero on the small Julia set of f, which is continuous (resp. with finite |||, norm),

such that e®9(?)¢(2) = €¢(f(2)) on the small Julia set of f.
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Recall that the supports of pi4 and my are both equal to the small Julia set of f, see Theorem
1

Theorem 5.11. Under the hypotheses of Theorem let g: P* — R be such that ||g|,, is
finite, {p19,9) = 0, and g is not a (||-|,, , ¢)-multiplicative cocycle. Then g satisfies the LCLT
with variance o given by (5.1)).

Remark 5.12. The LCLT is a refined version of the CLT. Notice that it requires a stronger
assumption on the observable g.

We first need some properties of multiplicative cocycles. Note that the following lemma still
holds if we only assume that ¢ and g have bounded ||-[|;,,¢ norms for some ¢ > 2.

Lemma 5.13. There is a positive constant ¢ independent of g,t, and n such that |\~ "Ly lloo <
c. Let K be a compact subset of R\ {0} (e.g., a singleton in R\ {0}). Let F be a uniformly
bounded and equicontinuous family of functions on P¥. Then the family

F = { "Lk : te K, he F, neN}

1 also uniformly bounded and equzcontmuous Furthermore, if K C (0,00) and g is not a
(CY, ¢)-multiplicative cocycle, then |[A\""LT, hllo tends to O when n goes to infinity, uniformly

mte K and h € F.

Proof. Define ¢; := ¢ + itg. Observe that |e?t| = e®. It follows that ||£[lt oo < 1L"|oo < €A™
for some positive constant ¢, according to (1.2)). Using this, we can follow the proof of [BD20,
Lemma 3.9], with ¢, instead of ¢, and obtain that ]-',{f is uniformly bounded and equicontinuous.
It remains to prove the last assertion in the lemma.

Let FX denote the family of the limit functions of all sequences A\ =" Egg_}(hj) with ¢; € K,
h; € F, and n; going to infinity. By Arzela-Ascoli theorem, this is a unifo]rmly bounded and
equicontinuous family of functions which is compact for the uniform topology. Define

M :=max{|l(a)/p(a)| : | € FE, ain the small Julia set}.

[Zt]

Claim 1. If M = 0, then FX only contains the zero function.
Proof of Claim 1. Assume that M = 0. Consider a function [ in FX. We show that [ = 0.
Consider functions [_,, € FX such that [ = A\~ "Liiyl-n for some t € K (take t as a limit of ¢;
above). Since M = 0, the function /_,, vanishes on the support of my (which is the small Julia
set) and we have ¢;_ | = (mg, [l_,|) = 0. Moreover, we also have

lI| = \)\_”Egt]l,ﬂ <AL

By Lemma applied to the family {|h| : h € FE}, the last function converges to 0 when n
tends to infinity. The claim follows. O

Claim 2. There is | € FX such that |I/p| = M on the small Julia set.

Proof of Claim 2. Choose a function [ in FX such that max |l/p| = M. Consider I_,, and t as
in the proof of Claim 1. Let a in the small Julia set be such that [{(a)/p(a)] = M. Then we
have

’ ( )| _ ‘)\ nﬁnt]l_ )| _ ‘)\fn Z 6¢t(b)+.--+¢t(fn—l(b))l_n(b)
bef~"(a)
—_ .. n_]‘
<A Z OISO N p(b) = M p(a).

bef~"(a)
So the last inequality is actually an equality. In particular, we have |I_,/p| = M on f~"(a).
Recall that when n goes to infinity, f~"(a) tends to the small Julia set. Therefore, if [ is
a limit of [_,, we have |l_/p| = M on the small Julia set. Replacing [ by [_ gives the

claim. O
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Claim 3. There are t € K and [ € FE such that |\~ NE l] = Mp on the small Julia set for
every N > 0.

Proof of Claim 8. Choose [ satisfying Claim 2 and ¢ as in its proof. Define [_,, and [_,, as in
the proof of that claim. Fix an N > 0. For every n > N, on the small Julia set we have

Mp =l = []A"Lhylon| = AN LE N TN LE )]

SATEN L NN LI | < AN L NATN 2N (M p) = M.

So the two last inequalities are in fact equalities and we deduce that [A~V Efvﬂl_ | = Mp. It
follows that A=V ﬁ[ t]l_oo\ = Mp for every N > 0. Replacing [ by I_, gives the claim. O

Assume now that g is not a (CY, ¢)-multiplicative cocycle. By Claim 1, we only need to show
that M = 0. Assume by contradiction that M # 0. Consider ¢ and [ as in Claim 3. Define
£(a) :==l(a)/p(a) for a € P*¥ and ¥(a) := (D ¢(a)/€(f(a)) for a in the small Julia set. These
functions are continuous and we have |{(a)| = M and |[9(a)| = 1 on the small Julia set. We
have for a in the small Julia set

Mp(a) = [A"Liyl(a)] = ‘A‘” Z €d>t(b)+~~~+¢z(f”‘1(b))l(b)
bef~"(a)
<A Z €¢(b)+-~~+¢(f"*1(b))Mp(b) = Mp(a).
bef~"(a)
So, the last inequality is an equality. Using the function £, we can rewrite this equality as (we

remove the factors A™" and also the factors |£(f™(b))| and M as they are both equal to |£(a)
and independent of b € f~"(a))

Z J(b I 1( ))e A(b)+-+o(f 1(b))p(b)‘ — Z e¢(b)+~-~+¢(f"*1(b))p(b).
bef—"(a) bef~"(a)

As |9 = 1, we deduce that if b and ¥’ are two points in f~"(a) then

9(b) ... 9(f b)) =) ... oY),
This and a similar equality for f(b), f(b’),n — 1 instead of b,b’',n imply that ¥(b) = 9(b'). We
conclude that ¥ is constant on f~"(a) for every n. As f~"(a) tends to the small Julia set
when n going to infinity, it follows that ¢ is constant. From the definition of 19, and since ¢ is
continuous, we obtain that g is a (C°, ¢)-multiplicative cocycle for a suitable real number s such
that 9 = €. This is a contradiction. So we have M = 0, as desired. O

Recall that ¢ and g have bounded ||-[|,, norms.

Lemma 5.14. Let K be a compact subset of R. There is a positive constant ¢ such that
I~ ”E”t]||<>1 < c for everyn > 0 and t € K. If K C R\ {0} and g is not a (|||, ,®)-

multiplicative cocycle, then there are constants ¢ > 0 and 0 < r < 1 such that ||\~ "Ly lo, < ecr”

for every t € K and n > 0.

Proof. Consider the functional ball F := {h : [[h[|, < 1}. By Arzela-Ascoli theorem this ball
is compact for the uniform topology. Define FX as in the proof of Lemma Using that
lemma, we can follow the proof of Proposition and obtain that ||)\_”£Et] | (p,a) v i bounded
uniformly on n and ¢ € K. It follows that a similar property holds for the norm |-, . This
gives the first assertion in the lemma. We also obtain that the family FX is bounded in the
]|, norm and, using again Arzela-Ascoli theorem, we obtain that it is compact in the uniform
topology.

Consider now the second assertion and assume that g is not a (||-|,, , ¢)-multiplicative cocycle.
We first show that FX reduces to {0}. Assume by contradiction that this is not true. Consider

t and [ as in Claim 3 in the proof of Lemma Recall that both [|I||, and [[1/p]|,, are finite,
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see Theorem By Lemma the function £ := [/p satisfies the same property and we
conclude, as at the end of the proof of Lemma that g is a (||||,, , ¢)-multiplicative cocycle.
This contradicts the hypothesis.

So FE is reduced to {0}. By definition of FX, we obtain that AT"Liph converges to 0
uniformly on h € F and t € K. Using this property, we can follow the proof of Proposition
(take 8 = 1/4) to obtain that ||\~ Nﬁ%hH(pa < 1/4 for N large enough and for all h € F
and t € K. When N is large enough, we also have |A~V [ZN hHoo < 1/4. Therefore, we have

I~ NLJZ;] lo, < 1/2 which implies the desired property with r = 2-1/N, O

We have the following characterizations of multiplicative cocycles.

Proposition 5.15. Let g: P¥ — R be such that lglls, is finite. Then the following properties
are equivalent:
(ia) g is a multiplicative cocycle;
(ib) g is a (C°, ¢)-multiplicative cocycle;
(ic) g is a (|||l,, » #)-multiplicative cocycle;
(iia) there evists a number t > 0 such that the spectral radius with respect to the norm ||-||,,
of /\_lﬁ[it] is > 1.
(iib) there exists a number t > 0 such that the spectral radius with respect to the norm ||-|,,
of Aflﬁ[it] is equal to 1.

Moreover, every coboundary with finite ||-||,, norm is a (||-|,, , )-multiplicative cocycle.

Proof. The last assertion is a direct consequence of Proposition - Indeed, if g is such a
coboundary, we have g = ho f — h on the small Juha set for some h with ||Alls, < 0. Sogisa

([lls, » ¢)-multiplicative cocycle as in Definition for t :=1, s := 0 and & := €. We prove
now the equivalence of the above five properties. It is clear that (ic) = (ib) = (ia) and (iib) =
(ila). Lemma implies that (iia) = (ic). The following implications complete the proof.
(iia) = (iib). By Lemma 1A~ ”E”t]HOl is bounded uniformly on n. Thus, the spectral
radius of A™! Ly, with respect to the norm ||-|| o, 15 at most equal to 1. We easily deduce that
(ila) = (iib).

(ia) = (iia). Assume by contradiction that (ia) is true and (iia) is not true. Consider ¢,s,
and ¢ as in Definition If £(z) # 0 we divide it by |£(2)|. This allows us to assume that £

is bounded. Define h := £p. Using the cocycle property of g and the A~!L-invariance of p, we
have

AT Lpgh = ATHL(eMEp) = €ATIL((E 0 f)p) = €PEATIL(p) = € h.
It follows that A\~ "ﬁ?ﬂh = €] for n > 1. Fix an arbitrary positive constant e and choose

a smooth function h such that ||h — E|’Ll(m¢) < e. Since (iia) is not true, A™"L

[t h converges

uniformly to 0. Moreover, we have
|h| =A™ ”E”t]h\ < AT ”E”t]h| +|A™" (h R <A™ it]lﬂ + AL A — h.
This and the A~ £*-invariance of mg imply that
1Bz myy < TN LRy Pl gy + 1 = Bl my) < A" LRy Bl 21 () + €.

By taking n going to infinity, we obtain that [|h||£1(,,) < €, which implies that h = 0 and hence
¢ = 0, both mg-almost everywhere. This contradlcts the requirement on ¢ in Definition
and ends the proof of the proposition. D

Proof of Theorem [5.11. We follow here the proof of [DNS07, Th. C], which is based on [Bre92,
Theorem 10.17]. Let 1) be any real-valued function in L'(R) whose Fourier transform

n 1 —itx
P(x) == \/%/Rw(t)e dt
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is a continuous function with support contained in some interval [— . Define

(5.6) An() = aV2mn (g, ¥z + Sn(g)) — e 20’n/ o)

By [Bre92, Th. 10.7], it suffices to show that A, (z) converges to 0 as n goes to infinity, uniformly
on .

Claim. We have
(5.7)

A )—/(Wﬁw( EY el D g TRy oY — 0 )/OO it/ (o)~ /2 gy
T seya o Tt eyl o ‘ '

Proof of Claim. The second term in the RHS of (5.6 is equal to the second term in the RHS
of (5.7) because

—22/(20%n) _ / lt:r/ Uf t2/2dt and 0) = 1 /oo £)dt
e o n v(0) = 7= 7001#()
It remains to compare the first terms. Using the identities
(s 52 9) = g, LS = (o A ) anad () = o [ et

and the fact that u, = pmg, we obtain

)
oV2mn (e, v(z + Sn(g)) = O—\/ﬁ/(sQﬁ(t)eitx<lul¢7eitsn(g)>dt

é
= a\/ﬁ/azb(t)em<m¢,)\"E%p)dt.

The last expression is equal to the first term in the RHS of (5.7) by the change of variable
t + t/(o+/n). This ends the proof of the claim. O

Notice that for any constant dp > 0 we have the following partial estimate for the second
term in the RHS of (5.7)):

(5.8) lim ‘/ eitm/(”\/ﬁ)e_trzﬂdt‘ < lim e 2t =0
n=o0 | Jit|>800v/n =00 Jit|>6p0/n

Moreover, it follows from Proposition Lemma and the identity (mg, p) =1, that
: N t —n pn N —t2

(5.9) nh_)ngow(ai\/ﬁ> (meg, A E[it/(a\/ﬁ)]@ —9(0)e /2 =0 forallteR,

and, for dg < d sufﬁciently small,
610 oo )<m¢~A "Lty ?) — PO S R, when i < doovn

Since the RHS in ) defines an integrable function of ¢ € R, (5.9) and (5.10) imply that

doo/n ¢ . doov/n )
lim et/ OV (i AL dt — (0 / et/ V) =2 g1 —
S - (U\r) (Mo X" Ly o ympp)dt = 900) |

Using this, (5.8, and the above claim, it is enough to prove that (compare with the first term
in the RHS of (5.7))

st .
A — itz /(oy/n) —nprn
" /JOSt/(aﬁ)|<5 w<0\/ﬁ>e (o AL oy 2

converges to 0. Here is where we use the assumption that g is not a multiplicative cocycle. By

Lemma [5.14] and Proposition [5.15] we can find two constants ¢ > 0 and 0 < 7 < 1 such that

HA_nEﬁt/(o\/ﬁ)]Hol < er™ for |t/(o/n)| € [do,d]. This shows that the term (-, -) in the definition
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of Al (z) goes to zero exponentially fast, and we deduce that A} (z) = O(y/nr™) as n goes to
infinity. This completes the proof of the theorem. O

5.6. Almost Sure Invariant Principle (ASIP) and consequences. We can now prove the
ASIP for observables which are not coboundaries, see Definition The ASIP was proved by
Dupont [Dupl0] in the case where ¢ = 0 for observables which are Holder continuous, or admit
analytic singularities, by using [PS75|, see also Przytycki-Urbariski-Zdunik [PUZ89| for k = 1
and ¢ = 0.

Theorem 5.16. Under the hypotheses of Theorem let g: P — R be such that lglls, s
finite and (pg, g) = 0. Assume that g is not a coboundary. Then g satisfies the ASIP with error
rate o(n?) for all ¢ > 1/4.

Proof. We will prove that the assumptions of Theorem are satisfied by the system f: P¥ —
P* and the operators T; := /\*15[2-,5} for t € R. These operators act on the functional space
H :={h : [|h]|,, < oo} which is endowed with the norm ||-||, . We consider here the probability
measures v := iy, V* := mg, the function { := p, and the constant p (of Theorem large
enough. We only need to check the strong coding condition in Theorem Indeed, the
spectral description is a consequence of Theorem the weak regularity follows from Lemma
or Lemma |5.14] and the last condition is satisfied since g is continuous.

Let us prove that the strong coding condition holds for all ¢g,...,t,—1 € R. As in the proof

of (b.2)), we obtain

. n—1 o l e it o fn—l 4 ne2 . ;
ﬁ)](ezzl:o tigof p) — E[O} (‘C[O] 1(6 tn_1g90f 16 Zl:O tigof p))

— Ly (eitn_lgﬁ[r(z)}—l(ei 2 tlgoflp))
ﬁ[itn_l]['ﬁ)]_l (eiZ?;OQ tigof! p).

Hence, by induction, we get
- n—1 ° l
1[7(,]] (ezZ,:() tigof P) — [’[itn,ﬂ 0---0 [’[ito]p'
The identity (5.4)) and the last one imply
. n—1 o 1 _ . n—1 ° l _
<u¢’ezzl:0 tigof > — <m¢,)\ n %](ezzlzo tigof P)> — <m¢’)\ n‘c[itnil] o-.-.. O‘C[ito]p>~
This is the desired strong coding condition. Applying Theorem gives the result. U

We also have the following direct consequence of the ASIP and Theorem [A-3] see Definitions
and Theorem The LIL was established in [SUZ14| in the case where both the
weight ¢ and the observable g are Holder continuous.

Corollary 5.17. Under the hypotheses of Theorem let g be such that ||g|,, is finite and
(g, g) = 0. Assume that g is not a coboundary. Then g satisfies the ASCLT, the LIL, and the
CLT with error rate O(n=1/?).

5.7. Large Deviation Principle (LDP). We conclude the statistical study of (P*, f, u14) with
the following property, see Definition This is new in this generality for all £ > 1, even for
¢ = 0 (see [CR11| for the case when k£ = 1 and some kind of weak hyperbolicity is assumed).
The LDP in particular implies the Large Deviation Theorem, which is proved in [DNS10] in the
case ¢ = 0, see also [PS96; [DS10a].

Theorem 5.18. Under the hypotheses of Theorem let g: P* — R be such that lglls, s
finite and (114, g) = 0. Assume that g is not a coboundary. Then g satisfies the LDP.

Proof. We apply Theorem for the random variables S,, := S, (g) (see (5.3])) with respect to

the probability p14, and for A(6) := log a(), where a(f) is defined in Proposition So, A(0)

is analytic and well defined for # small enough. Since g is not a coboundary, we have ¢ > 0 and
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the convexity of A follows from the expansion of a(f) given in Lemma Finally, as in (5.5)),
using 6 instead of 1/n, we get

(19, ") = a ()" (mg, Po(p)) + (me, Vi (p))
which implies (note that (mg, ®g(p)) does not vanish for 6 small as it is equal to 1 when 6 = 0)

] 1 QSTL(g) — —
Jim -~ log(ug, e7>m1) = log a(8) = A(6).
Thus, Condition (A.5)) in Theorem is satisfied. Applying that theorem gives the result. [

APPENDIX A. ABSTRACT STATISTICAL THEOREMS

We provide here the precise definitions for the statistical properties studied in Section [pl, as
well as the criteria, used in the previous section, ensuring their validity in an abstract setting.
We will consider in what follows a dynamical system T': (X, F) — (X, F), where F is a given o-
algebra, and v a probability measure which is invariant with respect to T'. Given any observable
(real-valued measurable function) g € L'(v) and n > 1 we denote by S,(g) the Birkhoff sum
Sn(g) = Z?;& goTJ. We are interested in comparing the behaviour of the sequence S, (g)
with that of a sum of independent identically distributed random variables Z,, of mean (v, g).
Notice that the invariance of v precisely implies that the functions goT7, considered as random
variables, are identically distributed. The goal is to prove that, under suitable assumptions,
the sequence of weakly dependent random variables g o 77 and their sums S, (g) enjoy many of
the statistical properties of the sequences Z,, and qul;ol Z;. For simplicity, we only consider
observables g of zero mean, i.e., such that (v,g) = 0. It is easy to extend the discussion to the
case of non-zero mean.

In what follows, we will denote by E(h|G) the conditional expectation of an F-measurable
function h with respect to a g-algebra G C F. The o-algebra T~ F is generated by the sets
of the form T—"(B) with B in F. We will say that h is a coboundary if there exists h € L?(v)
such that o = hoT — h. A coboundary belongs to L?(v) and has zero mean.

Definition A.1 (CLT - Central Limit Theorem). Let T: (X,F) — (X,F) be a dynamical
system and v an invariant probability measure. Let g be a real-valued integrable function with
(v,g) = 0. We say that g satisfies the Central Limit Theorem (CLT) with variance o > 0 if for
any interval I C R we have

(A1) I {15()61} ! /‘Jzzdt
. im v{ —S, = e 202 dt.
n—oo \/ﬁ g V2mo Jr

We give two criteria to ensure that an observable g satisfies the CLT. The first one, due to
Gordin (see also [Liv96]), is more classical and easier to use.

Theorem A.2 (Gordin [Gor69)). Let T: (X,F) — (X,F) be a dynamical system and v an
invariant probability measure. Let g be a real-valued function in L?(v) which is not a coboundary.
Assume that

(A.2) ST |E (gl7F) Hi%) < 0.

n>1

Then g satisfies the CLT with variance o > 0 given by
(A.3) o= (r,g°)+2) (rg-(goT").

n>1
Note that under the hypothesis , the observable g is not a coboundary if and only if the
constant ¢ defined in is non-zero. Note also that this hypothesis implies that g has zero
mean because each term in the infinite sum in is larger than or equal to |(v, g)|? thanks
to Cauchy-Schwarz’s inequality and the invariance of v.
The second criterion is based on the theory of perturbed operators, which also allows to study

the speed of convergence in (A.1), i.e., to get a version of Berry-Esseen theorem. Recall that the
34



spectrum of a linear operator 7T, from a complex Banach space to itself, is the closure of the set
of z € C such that the operator zI — 7T is not invertible. The essential spectrum is obtained from
the spectrum by removing its isolated points corresponding to eigenvalues of finite multiplicity.
The spectral radius (7)) and the essential spectral radius ress(7) are the radii of the smallest
disks centered at the origin which contain the spectrum and the essential spectrum, respectively.
The following criterion, based on ideas on Nagaev and Guivarc’h [Nag57; (GH8§], is a translation
in our setting of |Goul5, Th. 3.7].

Theorem A.3 (Nagaev-Guivarc’h-Gouézel). Let T: (X, F) — (X, F) be a dynamical system
and v an invariant probability measure. Let g be a real-valued integrable function. Assume that
there exist a complex Banach space H, a family of operators Ty acting on H, fort € [—0,0] with
some constant § > 0, and elements £ € H and v* € H* such that

(i) coding: for alln € N and all t € [—6,0], we have <1/, eitsn(g)> = (v*, T,"€);

(i) spectral description: we have 1ess(To) < 1, and To has a unique eigenvalue of modulus

> 1; moreover, this eigenvalue has multiplicity 1 and is located at 1;

(iii) regularity: the family t — T; is of class C3.
Assume also that the largest eigenvalue «(t) of T for t near O admits the order 2 expansion
at) = i At=0*2/2+0(t) for some A,0 € R with ¢ > 0. Then g — A satisfies the CLT with
variance o and the Berry-Esseen theorem holds, i.e., the speed of convergence in is of
order O(n=1/2).

The following is an improvement of the CLT, see also Remark

Definition A.4 (LCLT - Local Central Limit Theorem). Let T: (X,F) — (X,F) be a
dynamical system, and v an invariant probability measure. Let g be a real-valued integrable
function with (v, g) = 0. We say that g satisfies the Local Central Limit Theorem (LCLT) with
variance o > 0 if for every bounded interval I C R the convergence

]. 2 2
. = z?/(20°n) _
Jim ovnv{z+ Sy(g) € I'} \/ﬂe ]| =0

holds uniformly in « € R. Here |I| denotes the length of I.

Partial sums of independent and identically distributed random variables can be compared
with Brownian motions of suitable variance, and one can get precise estimates for the fluctuations
around the mean value. In the context of dynamical systems, we have the following analogous
definition.

Definition A.5 (ASIP - Almost Sure Invariant Principle). Let T: (X, F) — (X,F) be a
dynamical system and v an invariant probability measure. Let g be a real-valued integrable
function with (v,g) = 0. We say that g satisfies the Almost Sure Invariance Principle (ASIP)
of variance ¢ > 0 and error rate n” if there exist, on some probability space X, a sequence of
random variables (S, )n>0 and a Brownian motion W of variance o such that

(i) Sp = W(n) + o(n?) almost everywhere on X’;

(ii) Sn(g) and S, have the same distribution for any n > 0.

General criteria that allow one to establish the ASIP in various contexts are given in [PST75].
We state here a criterion by Gouézel, see |[Goul0O, Th. 1.2] and [Goulb, Th. 5.2]. Notice that
Gouézel’s result actually holds in the more general case of random variables with values in R?.

Theorem A.6 (Gouézel). Let T: (X, F) — (X, F) be a dynamical system and v an invariant
probability measure. Let g be a real-valued integrable function. Assume that there exist a complex
Banach space H, a family of operators Ty acting on H, fort € [—§, 5] with some constant 6 > 0,
and elements £ € H and v* € H* such that

(i) strong coding: for allm € N and all to, ..., t,—1 € [—0,0], we have
(v, ¢ 250 tjgoTj> =W T 0 0Tpé);
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(i) spectral description: we have 1ess(To) < 1, and Ty has a unique eigenvalue of modulus
> 1; moreover, this eigenvalue has multiplicity 1 and is located at 1;
(iii) weak regularity: eithert — Ty is continuous, or ||T"||y_5 < ¢ for some constant ¢ > 0
and for all t € [=6,0] and n > 0;
(iv) there exist p > 2 and ¢ > 0 such that ||g o T"||p(,) < ¢ for alln = 0.
Assume also that the largest eigenvalue «(t) of Ty for t near 0 admits the order 2 expansion
a(t) = giAt=022/240(t?) for some A,o € R with 0 > 0. Then g— A satisfies the ASIP of variance
o and error rate o(n?) for all q¢ such that

p 1 1
= -+ .
dp—4 4 4p—4

q>

The following properties are general consequences of the ASIP, see for instance [PS75; LP89;
CGO07].

Definition A.7 (LIL - Law of iterated logarithms). Let T: (X, F) — (X, F) be a dynamical
system and v an invariant probability measure. Let g be a real-valued integrable function such
that (v,g) = 0. We say that ¢ satisfies the Law of Iterated Logarithms (LIL) with variance

o>0if
S,
lim sup %
n—oo 0v/2nloglogn
Definition A.8 (ASCLT - Almost sure Central Limit Theorem). Let T': (X, F) — (X, F) be
a dynamical system and v an invariant probability measure. Let g be a real-valued integrable

function such that (v,g) = 0. We say that g satisfies the Almost Sure Central Limit Theorem
(ASCLT) with variance o > 0 if, for v-almost every point x € X

=1 wv-almost everywhere.

Ly 15 — N(0,0)
=6 o).
1Ognj:1j 371/28;(9)(x) ’
In particular, v-almost surely
1 1 1 b _ 42
=1i12g. - — e 202dt
logn]’;j {j=1/25;(g9)<to} /9o /—oo

for all tg € R.

Theorem A.9. Let T: (X, F) — (X, F) be a dynamical system and v an invariant probability
measure. Let g be a real-valued integrable function with (v, g) = 0. Assume that g satisfies the
ASIP with variance o > 0 and error rate nY for some v < 1/2. Then g satisfies the LIL and
the ASCLT, both with the same variance o.

The last property that we recall is the Large Deviation Principle. It gives very precise
estimates on the measure of the set where the partial sums are far from the mean value. It
implies in particular the Large Deviation Theorem, which only requires an upper bound for the

measure in (A.4]) below.

Definition A.10 (LDP - Large Deviation Principle). Let T': (X, F) — (X, F) be a dynamical
system and v an invariant probability measure. Let g be a real-valued integrable function such
that (v,g) = 0. We say that g satisfies the Large Deviation Principle (LDP) if there exists a
non-negative, strictly convex function ¢ which is defined on a neighbourhood of 0 € R, vanishes
only at 0, and such that, for all € > 0 sufficiently small,

1 S
(A.4) lim — log V{w € X: Snl9)() > e} = —c(e).
n—oo N n
The following result, established in [BL85|, is a local version of Géartner-Ellis Theorem [Gar77;
El184; |DZ98] which can be used to prove the LDP, see [HHO1, Lem. XIII.2].
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Theorem A.11 (Bougerol-Lacroix). For all n > 1 denote by P,, a probability distribution, by
E, the corresponding expectation operator and by S, a real-valued random variable. Assume
that on some interval [—0y, p], with 6y > 0, we have

i L 08,y _

(A.5) Jim -~ log By (e7) = A(6),
where A is a C', strictly convex function satisfying A'(0) = 0. Then, for all 0 < € < A(6p) /00,
we have ]

lim —log P, (S, > ne) = —c(e) < 0,

n—o00 N
where c(e) := sup{fe — A(e): |0] < Oy} is the Legendre transform of A, which is non-negative,
strictly convex, and vanishes only at 0.

Notice that the symmetric statement for the measure of the set where n=1S5,(g) < —e in
(A.4) can be obtained by applying the result above to the sequence of random variables —&,,.
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