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Abstract

The notions of regularity and characteristic width of detonation cells are revisited based
on crossed analyses of experimental head-on and longitudinal recordings obtained with the
soot-plate technique. Tubes with cross-sections of different shapes, namely round, triangular
and square, but the same surface area of 16 cm2, are used to detonate the stable mixture
2 H2 +O2 +2 Ar at the initial temperature T0 = 294 K and the initial pressure p0 varying from
15 kPa to 100 kPa. The longitudinal recordings show the well-known regular arrangements
for this mixture for all cross-section shapes and p0, but those on the head-on recordings are
irregular except for the square shape and low-enough p0. There are fewer cells in the round
tube, more in the square one, and their average widths and relative differences increase
with decreasing p0. All head-on cells become irregular and independent on the cross-section
shapes with increasing p0. In the square tube, the modulation of the cell phase shift suggests
that randomly distributed phenomena with characteristic times at least the actual reaction
time add up to compressibility, chemical kinetics and tube geometry. The cellular dynamics
at the walls of a tube is thus not representative of that on the whole detonation front, and
longitudinal soot traces alone are not sufficient for describing the cellular structure. An
analysis based on elements of graph theory proposes that a tessellation of regular hexagons
can model a large set of irregular head-on cells. This defines an average cell width from a cell
count an experimental head-on recording and an intrinsic but high minimum error on the
cell width. Its resulting oversensitivity to the parameters of the simplest Arrhenius rate of
chemical evolution indicates that detailed schemes of chemical kinetics and more advanced
conceptual tools than a single length are necessary for characterizing the three-dimensional
patterns of detonation cells. The Voronoi tessellation supplemented with a physical criterion
for the surface density of randomly-distributed point sources could represent a step forward.
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1. Introduction

The instability of the reaction zones of self-sustained, e.g., Chapman-Jouguet (CJ), or
overdriven detonation waves in gaseous mixtures was identified experimentally in the late
1950s by Denisov and Troshin [1], preceded by the observations of marginal detonations by
Campbell and Woodhead [2]. Detonation fronts thus have a cellular structure, which is an
impressive example of non-linearities in compressible reactive fluid dynamics such as those
investigated by Clavin [3] for several varieties of reactive fronts. Higgins [4], Ng and Zhang
[5], Vasil’ev [6], and Desbordes and Presles [7] reviewed experimental and numerical progress
on detonation instability and cells. Understanding and characterizing this instability is useful
for studying chemical kinetics in detonation reaction zones, calibrating numerical simulations
and presizing safe industrial devices and advanced propulsion systems, e.g., [8–10].

To date, the cellular structure of the detonation is characterized based on representative
lengths, namely the average width of the cells, e.g. [11], or the effective length of the
reaction zone, that is, the Soloukhin’s hydrodynamic thickness [12] further investigated by
Lee and Radulescu [13, 14]. The increase in computational capabilities makes it possible to
consider today predictable numerical simulations and other descriptions than characteristic
lengths. This requires first collecting and analysing experimental data specific to the three-
dimensional aspects of detonation cells, which is the object of this work.

A cellular reaction zone of detonation is an unsteady three-dimensional flow with unburnt
and burnt gas pockets, and preceded by a leading shock made up of cells, that is, Mach waves
with longitudinal and transverse fronts. Mach’s method of traces on soot-coated plates is the
usual technique to record geometrical information about cellular structure, e.g., [1, 15]. The
typical setup is a straight detonation tube with the coated plates positioned longitudinally
against its inner walls. The erosion of the coating by the transverse waves draws diamond-
shaped patterns whose average width and regularity depend on the composition and the
initial pressure and temperature of the mixture, or the transverse dimensions of the tube
[16, 17]. This width is an usual characteristic length for characterizing the cellular structure.
Values are available for many reactive mixtures [18] as functions of their equivalence ratio,
dilution, initial pressure and temperature, e.g., [19–22], their confinements - such as straight
or curved channels - and the detonation propagation mode - such as the steady propagation
in tubes or transient dynamical conditions, e.g., transmission from a tube to a large volume or
spherical expansion after direct ignition from a point source. The average width is accepted
as a detonability indicator, that is, the capability of detonation to propagate in a system
with finite transverse dimensions (another is the distance for the transition of deflagration
to detonation, DDT). Thus, the smaller this width (or the DDT distance), the higher the
detonability [23]. Shepherd et al. [24] and Zhao et al. [25] proposed automated methods
to quantify cell width and irregularity using spectral and statistical analyses, respectively.
More recently, Zhang et al. [26] reconstructed the cellular surface using the neural approach.

Cellular patterns on longitudinal soot foils have been categorized as very regular, regular,
irregular and very irregular [16, 27], based essentially on recordings in square-section tubes.
The average width of irregular patterns can thus be as large or even smaller than standard
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deviation, raising questions on its representativeness [17]. Cell regularity is interpreted based
on the chemical kinetics in the detonation reaction zone, e.g., [28–34]. Regular patterns are
observed in mixtures with light fuels and oxygen highly diluted by a mono-atomic inert gas,
typically argon, and irregular patterns in mixtures with heavier fuels and dilution with ni-
trogen [7]. Mixtures with regular or irregular patterns are also termed stable or unstable,
respectively, e.g., [25, 35, 36]. Short [37] and Radulescu [38] carried out a modelling synthe-
sis based on the Zel’dovich-Neuman-Döring (ZND) model of the detonation reaction zone.
Irregularity corresponds with ZND induction zones large compared to reaction thicknesses.
They proposed a regularity criterion based on the ratio of the former to the latter (the χ
number), the larger this ratio, the more unstable (irregular) the mixture. These interpre-
tations thus involves chemical kinetics alone, whereas the shape of the cross-section of the
detonation tube also determines how detonation cells behave. For example, regular mixtures
show rectangular head-on cellular patterns only in tubes with rectangular cross-section, [39],
and the marginal regimes of detonation propagation in regular mixtures are different de-
pending on the cross-section shape. The usual control parameter for selecting marginal or
multi-cellular detonation regimes in a given tube is the initial pressure because the larger it
is, the smaller the cells.

There are only a few cells on the front of marginal detonations, and only one for the
lower limit of propagation, e.g., [2, 40, 41]. For the round cross section, the limiting mode
shows a spinning wave, that is, a single transverse wave rotating along the tube wall [42–45].
For the square cross section, the limiting mode shows two transverse waves normal to each
other and reflecting on facing walls [42]. For slightly larger initial pressures, there can be
two pairs of parallel transverse waves, each pair normal to the other and each wave of the
same pair moving in opposite directions. The usual observation is the rectangular mode for
which the transverse waves of a same pair are parallel to facing walls [46]. However, Hanana
et al. [39, 47] identified a diagonal mode for which the transverse waves are angled by π/4 to
the tube walls, by passing the detonation through an obstacle with a square hole angled by
π/4 to the walls. Inductively, these experiments indicate that the three-dimensional prop-
erties of a cellular structure in a given mixture at given initial pressure and temperature
depend on the dimension and the shape of the confinement [48] and, for marginal regimes,
on the ignition method. Tsuboi et al. [49], Eto et al. [50], Deiterding [51], Wang et al.
[52], Borisov and Kudryavtsev [53] and Taileb et al. [54] presented numerical simulations
of rectangular and diagonal modes based on inviscid (Euler) equations coupled with either
detailed chemical-kinetics or simple Arrhenius rates coupled with the constant-γ equation
of state. Williams et al. [55], Deledicque et al. [56] and Dou et al.[57] compared 2D and
3D numerical simulation of the one-cell rectangular mode and found the same cell width
regardless of the dimensionality. In contrast, Takai et al [58] found the 2D cells smaller.
The converse situation is that of cells small compared to the transverse dimensions of the
tube or to the detonation size itself, e.g., the radius of a spherically expanding detonation.
Although there are many observations and recordings of multi-cellular regimes of detonation,
the 3D properties of a large set of such cells seem to have received less attention, apart from
the indication by Takai et al. [59] that the volumes drawn by the transverse waves of rect-
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angular modes are octahedrons and tetrahedrons. Therefore, 3D recording implementations
should also investigate how the structure of multi-cellular fronts depends on the geometrical
properties of the confinement, as suggested by Presles et al. [60].
Our work thus describes and analyses experiments in tubes whose cross sections have differ-
ent shapes, namely square, triangular and cylindrical, based on head-on and longitudinal cell
recordings on soot-coated foils for the regular mixture 2 H2 + O2 + 2 Ar. This study is essen-
tially experimental and descriptive, and intended only to discuss the cellular patterns, not to
provide a predicting model for their sizes. Section 2 details the setups and their instrumen-
tation, Section 3 presents the experimental results, Section 4 investigates how elements of
graph theory can help interpret these results, and Section 5 discusses and concludes the work.

2. Methodology and experimental setup

We carried out a series of recordings in tubes with round (R), equilateral triangular (T)
and square (Q) cross sections of the same area to within ±4 % . We also carried out some
recordings in round and square tubes with larger cross sections (R’ and Q’ resp.). Table 1
shows the inner dimensions of the tubes.

Tube Cross-section area (cm2) Diameter or side length (mm) Length (m)
R 16.6 46 6
T 16.1 61 1
Q 16.0 40 6
R’ 70.8 95 10
Q’ 25.0 50 6

Table 1: Dimensions of the tubes. R,R’: round, T: equilateral triangle, Q,Q’: square

We selected the stoichiometric reactive mixture 2 H2 + O2 + 2 Ar because its regular
cellular pattern in Q tubes at low-enough initial pressures (Section 1) is a convenient reference
for comparison with the patterns in the R and T tubes. The mixture was prepared in a
separate tank using the partial-pressure method, and then injected at the desired initial
pressure p0 after vacuuming the tubes. We varied the initial pressure p0 from 15 kPa to 100
kPa and the initial temperature was 294± 3 K for all experiments.

Figure 1 shows the schematic of an R or a Q tube. A spark plug or an exploding wire
was used for ignition; Shchelkin spirals then ensured the transition to detonation on a very
short distance, typically 1 m. Longitudinal and head-on recordings of the cellular structure
were obtained using soot-coated foils positioned at the end of the tubes opposite to ignition.
The longitudinal soot foils were 50-cm long and 1-mm thick. They were shaped into a
half-cylinder for the R tubes, and a plate for the Q tubes.

The T tube was 1-m long. It was inserted at the end opposite to ignition in the 10-m
long R’ tube (Table 1) so that the detonation be steady before entering the T tube. Its three
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Figure 1: Schematic of a round (R) or square (Q) tube. Ig: ignition, Sp: Shchelkin spiral, Pt: pressure
transducers, Lf: longitudinal soot foil, Hf: head-on soot foil

inner faces were coated with soot over their whole length before being assembled in such a
way as to ensure sharp and equal inner angles.

Three Kistler 603B pressure transducers coupled with Kistler 5018A electrostatic charge
amplifiers were positioned on the R and Q tubes before their soot-foil section. The triggering
of the transducers was used to obtain the average velocity of the detonation wave and check
its steadiness in the soot-foil section. Steadiness was also checked from the longitudinal
recordings that showed cells with geometrical properties constant from the beginning to the
end of each soot foil. There was no transducers on the T tube. Steadiness in this case was
deduced only from the soot recordings. Similarly to those in the R and Q tubes, they showed
cells with constant properties, except for a few centimeters of adaptation at the T-tube entry.

3. Results

3.1. Cell patterns and cross-section shapes and areas
Figures 2 to 5 show typical head-on and longitudinal soot recordings.
At lower initial pressures, from p0 = 15 to 20.0 kPa (Figures 2 to 4, respectively), the

head-on recordings in the Q tube show the long-time identified regular arrangement of square
and rectangular patterns whose distributions depend on the instant of the detonation impact.
These distributions are analyzed in subsection 3.2. However, the arrangements in the T and
R tubes are stochastic, and repeated experiments show no dependency on the instant of
impact. Although counting is difficult, a detonation front in an R tube appears to contain
fewer cells than in the T and Q tubes, and in the T tube than in the Q tube, for the same
p0. The longitudinal soot recordings shows cells more irregular in the T and R tubes than
in the Q tube, and slimmer in the Q tube than in the T and R tubes. In the Q tube, they
also show a regular spacing of the reflection impacts of the transverse fronts moving parallel
to the longitudinal plate.

At intermediate initial pressures, from 20.0 to about 70.0 kPa (Figures 5 and 6, re-
spectively), the rectangular patterns on the head-on recordings in the Q tube are locally
deformed with complex shapes similar to those on the T and R head-on recordings. The de-
formation domains have a stochastic distribution and spread with increasing p0, although the
longitudinal recordings in the Q tube still show a regular spacing of the transverse impacts.

At higher initial pressures, from p0 ≥ 70 kPa (Fig. 6), the deformation domains eventually
covers the whole section of the Q tube. There is no transverse waves moving parallel to the
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Figure 2: Head-on (top) and longitudinal (bottom) soot recordings in the mixture 2 H2 + O2 + 2 Ar at
p0 = 15.0 kPa in round (R), triangular (T) and square (Q) tubes with the same cross-section area (16 cm2).

walls and no impacts of transverse fronts on the longitudinal plate anymore. The head-on
patterns look the same regardless of the cross-section shape. They show the same complexity
without evident local and global symmetries. The longitudinal recordings in the Q tube (Fig.
6) also look the same as in the T and R tubes, in particular, they do not show reflection
impacts of the transverse fronts anymore, as they did for the lower values of p0.

The longitudinal soot recordings point to two other observations. The first is the para-
doxical result that the longitudinal patterns are regular even in the cases where the head-on
patterns are not, regardless of the tube. The second is that the cells are slimmer in the Q
tube than in the T and R tubes. Although perhaps limited to regular mixtures, this opposite
evolution participates in raising questions about the representativeness conditions of a single
length for characterizing detonation cells, at least about those deduced from longitudinal
recordings alone.

Nevertheless, Figure 7 shows the cell average widths λ from longitudinal recordings for
each cross-section shape as function of the initial pressure p0. The widths were measured
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Figure 3: Head-on (top) and longitudinal (bottom) soot recordings in the mixture 2 H2 + O2 + 2 Ar at
p0 = 17.5 kPa in round (R), triangular (T) and square (Q) tubes with the same cross-section area (16 cm2).
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Figure 4: Head-on (top) and longitudinal (bottom) soot recordings in the mixture 2 H2 + O2 + 2 Ar at
p0 = 20.0 kPa in round (R), triangular (T) and square (Q) tubes with the same cross-section area (16 cm2).
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Figure 5: Head-on (top) and longitudinal (bottom) soot recordings in the mixture 2 H2 + O2 + 2 Ar at
p0 = 22.5 kPa in round (R), triangular (T) and square (Q) tubes with the same cross-section area (16 cm2).
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Figure 6: Head-on soot recordings in the mixture 2 H2 + O2 + 2 Ar in the Q, R and R’ tubes and
longitudinal soot recording in the Q tube at p0 = 70.0 kPa. The periphery of the R’-tube cross-section

could not be recorded.
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classically on the longitudinal soot recordings as the distances between two transverse waves
projected normal to the average incident shock direction [25, 29]. Their averaging includes at
least 50 measurements along each recording, and the resulting uncertainty is approximately
the size of the coordinate markers in the figure.
These averages show the usual decreasing trend with increasing p0 regardless of the cross-
section shape and, if p0 > 25.0−30 kPa, they meet the well-known empirical relation λ ∝ p−α

0

with 1.1 < α < 1.3, e.g., [61]. Their differences from one shape to another increase with
decreasing p0. The difference from the Q to the R shapes increases progressively with p0
decreasing from 20.0 kPa whereas that from the T to the R shape is more abrupt at p0 about
15.0 kPa. The cell widths in the R tube are the larger, those in the Q tube the smaller.
Their differences can be as large as ∼ 100% for the lower initial pressure p0 = 15 kPa. For
a given p0, the differences are small for the tubes whose cross sections have the same shape
and different areas.
There are two possible interpretations. The first one is a transverse acoustics more complex
in the R and T tubes that results in larger cells than in the Q tube, and the second one
involves a boundary layer at the tube walls. A variation analysis in the limit of large cross
sections appears not to favor the latter. For example, the basic Fay model [62, 63] reproduces
at least qualitatively the increase of the boundary-layer thickness with decreasing p0. The
lower flow velocity due to viscosity in a boundary layer acts as a mass sink that induces locally
a specific mass larger than in the entire cross-section. The consequences are a diverging flow
and, therefore, a curvature and a velocity deficit of the average front, e.g., [64–66], that should
increase with increasing thickness of the boundary layer. This description applies to cellular
detonations if the cell widths are small enough compared to the transverse dimensions of
the tubes so that a smooth average surface represents well the detonation front. According
to Figure 7, this effect should then be more pronounced in the R tube than in the Q tube
since detonation cells are larger if the shock temperature, that is, the detonation velocity, is
smaller. In the limit of large cross sections, the boundary-layer thickness, denoted below by
δ, should be independent of the cross-section shapes and thin compared to the transverse
dimensions of the tubes, namely here the radius R and the side a of the R and Q tubes,
respectively. Their cross-section areas are AR = πR2 and AQ = a2, those reduced by the
cross-section areas of the boundary layers are A′

R = πR2(1− δ/R)2 and A′
Q = a2(1− 2δ/a)2,

so, since AR = AQ in this work,

A′
Q

A′
R

=

(
1− 2ε

1−
√
πε

)2

, (1)

with ε = δ/a. This ratio is smaller than 1 for physically-small δ/a, and decreases with
increasing δ/a. The effective cross-section area would thus be larger in a R tube than in a
Q tube with the same geometric cross-section area and would decrease less rapidly in an R
tube than in a Q tube. Figure 7 shows the opposite trends, that is, the cell width is larger
in the R tube than in the Q tube, and the difference increases with decreasing p0. This
observation suggest that, in our conditions, possible boundary layers have a characteristic
time of development larger than that of chemical-kinetics termination, which tends to favor
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the hypothesis of transverse acoustic effects. Indeed, cells are still small compared to the
transverse dimensions of the tubes, e.g., 0.05 ≤ λ/a ≤ 0.2 (a = 40 mm, Table 1) for
p0 ∈ [70, 20] kPa approximately, a domain where an influence of the cross-section shapes is
already observed.
Another argument for acoustics is that, at lower p0, cells are slimmer in the Q tube than in
the R and T tubes, but all attain the same aspect ratio with increasing p0 regardless of the
cross-section shape.

The values of λ become independent of the cross-section shape for all considered cross-
sections areas above the same p0 for which the regularity domains disappear on the head-on
recordings in the Q tube. This value of p0 is about 70.0 kPa to within the measurement
uncertainty. However, although their cross-section areas are different (Table 1), the Q and Q’
square tubes give similar cell widths even for the lower initial pressures. These widths agree
well with those reported by Barthel [67] and Strehlow [29] (also in [68]). Below p0 ≤ 22.5
kPa, the cell mean widths for the tubes with greater cross section area (Q’ and R’, areas 25
and 70.8 cm2, resp.) are smaller than in the T and R tubes (area 16 cm2).
It has long been observed that the closer the cell dimensions to the tube transverse dimension,
the stronger the effect of the latter on the former and the detonation propagation, and that,
conversely, the smaller the cells, the more independent on the tube they are and the greater
the contribution of chemical kinetics compared to that of transverse acoustics, e.g. [69],
p.194. For example, the increasing divergence of λ with decreasing p0 was noted by Strehlow
and Engel [29] when they compared their measurements to those of Voitsekhovskii [45], but
we could not find the tube dimensions for these experiments. Similarly, Kumar and Dewit
[70, 71] noted the increasing difference between their measured and theoretical cell widths
with decreasing p0. They invoked both measurement issues and the influence of the tube
size because their modelling involved only the post-shock velocity and specific-heat ratio,
the initial temperature, and the induction time.
Essentially, our experiments also point out the increasing influence of the cross-section shape
with decreasing initial pressure, that is, with increasing cell widths, and the difficulty to
determine which minimum pressure should be considered to make sure that cells properties
are dependent on chemical kinetics alone.

3.2. Cells patterns and phase shift in square tubes
We carried out a detailed analysis of the detonation propagation in square-section tubes

with p0 low enough so there are transverse waves moving approximately parallel to the
tube walls (Subsect. 3.1). We used the grey levels on the head-on recordings to infer the
propagation direction of the transverse waves, which is from the lighter to the darker domains
because the latter are made up of the soot particles not swept yet by these waves (Figure
8). We thus identified two limiting modes of rectangular modes of propagation (Section 1).

Figure 9 shows a schematic, the coordinates x and y denote the transverse directions,
and z the longitudinal one, i.e., that of the detonation propagation. A single longitudinal
soot recording identifies the two sets of transverse waves defining a rectangular mode, one
by the diamond-shaped patterns, the other by the periodic impacts of the transverse fronts
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Figure 8: Left: side- and top-view schematics of the soot layer before (top) and after (bottom) the head-on
impact. Right: head-on recording with the transverse-wave directions indicated by white arrow (mixture:

H2 + 1
2 O2 + Ar, p0 = 15.0 kPa, tube width a = 40 mm)
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moving about parallel to the soot plate .
It is convenient to introduce a phase shift φ defined as the distance between the longi-

tudinal positions of the transverse-wave impacts in the x and y directions as schematized
in Figure 9. Its minimum and maximum values are 0 and half a cell length φmax = λ/2,
respectively, and the value used in Figure 9 is intermediate. This definition generalizes to
multi-cellular detonation regimes that introduced by Hanana et al. [39] for one-cell marginal
regimes (Section 1) for which Williams et al. [55] conducted a numerical analysis with
maximum value of the phase shift.

For φ = 0, the two sets of transverse waves are in phase, with impacts at adjacent tube
walls at the same position z (Figure 10, impact position z2). The diagonals and the normals
to the walls through the centre of the cross section are symmetry lines of the cellular front
regardless of time. Each cell has a fixed center and alternates a square and a rectangular
shape, which periodically grows and shrinks with an aspect ratio oscillating between 0 and
+∞.

The opposite case corresponds to transverse sets in phase opposition. The phase shift φ
reaches its maximum value φmax = λ/2 (Figure 11). Similarly to the in-phase case, the cell
centers have fixed positions and the square and rectangle head-on shapes alternate between
each other. There is no symmetry lines any more but the head-on structure looks as though
it rotates by π/2 every time interval necessary for a longitudinal propagation be equal to
λ/2. In Figure 11, this corresponds to the positions z1 and z3, and z2 and z4.

In our conditions, each longitudinal recording showed a continuous variation of the phase
shift φ between its minimum 0 and maximum λ/2, e.g.,Fig. 13, so the head-on recordings
most often showed out-of-phase modes. Our interpretation is that the detonation propa-
gation is subjected to long-wavelength and low-amplitude instabilities - compared to the
cell dynamics - that distort the average front so its surface is warped, hence the evolutive
mode of the rectangular dynamics. These instabilities might result from the ignition and
system imperfections, such as an unsymmetrical shape of the wave front that comes out of
the Shchelkin spiral and small defects at the tube walls. Thus, the phase and its shift are
difficult to identify and measure with a practical accuracy, and appear as concepts restricted
to ideal ignition system, tube and cellular detonation front, that is, neither tilted, curved,
nor warped.

Another observation is that the blowup of the crossing locus of two transverse waves
reveals that eachs plits into the same third one, although they look about normal to each
other (Figure 12, red and blue lines). Each propagates partly behind, partly ahead of the
other, that is, on different initial states. Therefore, their front velocities are different, which
requires a third wave for their matching (green line). Regular cells in square cross-section
tubes are thus bounded by two Mach stems and two incident shocks (Figure 12, states (2)
and (0), resp.), so they are octagons and not rectangles. More generally, four-wave crossings
on a head-on recording appear to be fortuitous with a lifetime negligible compared to the
evolution time of a detonation cell.

Our analysis here points out that long-time scales phenomena affect the regularity and the
symmetry of detonation cells. Numerical simulations should thus consider investigating the
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propagation of cellular detonation based on initial and boundary conditions with stochastic
distributions of imperfections representative of actual devices. Also, capturing the details of
the transverse wave dynamics necessitates three-dimensional calculations, but whether these
details significantly influences the overall detonation dynamics is an open debate.
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Figure 9: Schematics of the detonation cell evolution with an arbitrary phase shift 0 < φ < φmax

.
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Figure 10: Schematics of the detonation cell evolution with minimum phase shift φ = 0
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Figure 11: Schematics of the detonation cell evolution with maximum phase shift φmax = λ/2
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Figure 12: Blowup of crossing transverse waves
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Figure 13: Example of phase shift φ varying from 0 to φmax on a longitudinal soot recording for the 2H2 +
O2 + 2 Ar mixture at p0 = 15.0 kPa.
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4. Equivalent head-on tessellation for many cells

The experimental head-on recordings indicate that the influence of the cross section shape
on the cellular patterns decreases with increasing initial pressure p0 (Subect. 3.1). Above a
limiting value of p0, the cell widths converge and their head-on patterns are irregular, that
is, there is no evident periodicity in the relative positions of the cell edges. Paradoxically,
the longitudinal recordings show the classical diamond-shaped regular arrangements typical
of the considered mixture, both below and above the limit of influence of the cross section
shape. Therefore, longitudinal recordings cannot be used alone to define an average cell width
independent of the transverse acoustics. In particular, they cannot provide the limiting p0
above which transverse acoustics has no effect anymore, unless measuring cell widths in
tubes with different cross-section shapes until these widths converge to the same value with
increasing p0 (Figure 7).

This subsection thus discusses the definition and the representativeness of an average
cell width λ using head-on recordings obtained in conditions presumably independent of
transverse acoustics, that is, with many irregular cells. This width should be, obviously
enough, of the form j

√
At/F where At is the tube cross-section, F the number of cells on

the head-on recording and j an O(1) geometry factor that depends on some representative
cell pattern independent of the tube. The premise here is that several head-on recordings
obtained with the same composition and the same large enough p0 show the same statistical
distributions of different cell patterns, e.g., triangle, square, pentagon, hexagon, etc. Equiv-
alently, the head-on distribution, at large F , of the same pattern, is statistically independent
of the impact instant of cellular fronts generated in several experiments carried out in the
same conditions. Elements from graph theory and tessellation, e.g., [72] can then be used to
obtain an equivalence to this pattern distribution, and hence a representative cell width.

The cells on a head-on recording can thus be viewed as a set of faces that forms a planar
graph governed by the Descartes-Euler-Poincaré relation

V − E + F = 1, (2)

which constrains the numbers of faces F , edges E (the transverse waves plus the intersections
of the cells with the tube wall(s)), and vertices V (the intersections of transverse waves with
themselves plus those with the tube wall(s)). The right-hand side of relation (2) is 2 for a
convex polyhedron. The conditions that each edge is common to exactly 2 faces and each
vertex to at least 3 faces give the assembly constraint

2E − 3V = k ≥ 0, (3)

where the integer k is the total number of edges supernumerary to 3 on a vertex, so k = 0 if
all vertices are common to exactly 3 edges. Combining (2) and (3) yields the average edge
number per face,

2E

F
= 6

(
1− 1

F

)
− 2k

F
. (4)
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In this work, the blowup of the crossing locus of transverse waves suggests that any
vertex can be common to only three edges (Section 3.2). All intersects are indeed Mach
configurations with three transverse waves. Therefore, k = 0 here, so relation (4) for the
average number of edges per face and its limit at large F reduce to

2E

F
= 6

(
1− 1

F

)
, lim

F→∞

2E

F
= 6. (5)

A head-on recording with a large number of irregular cells is thus equivalent to a planar
graph with the same number of hexagonal cells, that is, the hexagon is the representative
pattern for cells considered as elements of a large set. The corresponding representative cell
width can then be defined as the average of the inner and outer diameters of the regular
hexagon, that is, of the distances between facing edges and facing vertices, respectively,

λ =
6

π

∫ π
6

0

dx

cosx
× di =

3 ln(3)

π
di ≈ 1.049 di, (6)

where di =
√
2Ah/

√
3 and Ah = At/F are the inner diameter and the area of the hexagon,

and At is the cross-section area of the tube; hence,

λ =
3 ln(3)

π

√
2√
3

At

F
≈ 1.127

√
At

F
. (7)

If one accepts two-wave transverse crossing, that is, four edges per vertex, such as those
of head-on patterns approximated by rectangles and squares in a Q tube at low p0 (Section
3.2), the number of edges supernumerary to 3 on a vertex, per face, k/F , is 1, not 0. Relation
(4) and its limit at large F then reduce to

2E

F
= 4− 6

F
, lim

F→∞

2E

F
= 4. (8)

Here, the representation of a large number of irregular cells is a planar graph with the same
number of square cells, so their width is defined by the average

λ =
4

π

∫ π
4

0

dx

cosx
× di ≈ 1.122 di = 1.122

√
At

F
, (9)

where di =
√
Aq and Aq = At/F are the distance between facing edges (a) and the area of

the square cell, and At is the cross-section area (a2) of the tube.
There are three observations. The first is that the average cell width for a large number

of cells does not essentially depend on the actual representative cell pattern. A rough count
from the recording at p0 = 70 kPa in the 40× 40-mm2 Q tube (Fig. 6) gives F ≃ 650, and
relation (7) for F = 600, 650 and 700 then gives λ = 1.84, 1.77 and 1.70 mm, respectively.
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These averages agree with our measurements (Fig. 7) and those of Barthel [67] and Strehlow
[29] (also in [68]) although these authors do not indicate the dimensions of their tubes.

The second observation is that the sensitivity ∆F/2F to the head-on cell number is
relatively low. The cell count can indeed be difficult, depending on the quality of the head-
on recordings. Relation (7) gives a relevant lower bound for measured cell widths, that
is, measured values larger than the average value (7) indicate the persisting influence of
transverse acoustics, to within the uncertainties.

The third observation is that relations (7) and (9) define intrinsic, minimum, uncertainties
on the cell width ∆λ/λ as the relative differences of the edge-to-edge and vertex-to-vertex
distances, that is, 1 −

√
3/2 ≃ 13.4% for the hexagonal cell and 1 − 1/

√
2 ≃ 29.3% for

the square cell. Thus, the uncertainty is about twice smaller if the representative cell is a
hexagon. However, both uncertainties are large, which questions whether a single length can
characterize head-on detonation cells.

A step forward could result from the comparison in Figure 14) suggesting that a head-on
view of detonation cells (left) closely resembles a Voronoi tessellation (right). A Voronoi ele-
ment is the set of the closest points to a single source point in that set. Its boundaries would
represent the transverse waves of the detonation front, and its source point the re-ignition
locus from which these waves originated. The counting of the non-truncated Voronoi ele-
ments in Figure 14) yields F = 73 faces composed of 0 triangles, 12 rectangles, 21 pentagons,
25 hexagons, 13 heptagons, and 2 octagons. The majority, 63%, are pentagons or hexagons,
i.e., with 5 or 6 edges, which is consistent with the upper bound 6 indicated by the relation
(5). Here indeed, 2E/F = 5.62, which is close to 6(1 − 1/F ) = 5.92. This slight deviation

Figure 14: Head-on recording in the Q tube extracted from Figure 6(left) and Voronoi tessellation with
randomly-distributed point sources (right).
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may result from the number of faces F = 73 not being large enough. Statistics from a tenth
of other similarly-generated tessellations give about the same distribution and the same de-
viation, with very few or zero triangles and octagons, and only once a nonagon. In this
example, the boundaries of the tessellation elements are not the contours of the detonation
cells on the experimental extract because these are not defined well enough for a valuable
automatic detection. Instead, we generated the Voronoi tessellation from a random distribu-
tion of sources, the number of which we chose so that the elements had similar dimensions to
the experimental extract. This tessellation technique thus represents a mathematical model
for the head-on view of a cellular detonation suited to alternate modelling such as a cellular
automaton. As its stands, however, a supplementation with a physical criterion is necessary
to predict the number of source points per unit front surface.

5. Discussion and conclusions

The results above aim at providing an experimental basis for revisiting the notions of
regularity and characteristic width for detonation cells. We implemented the soot-plate
technique to record head-on and longitudinal traces of the cellular structure of the detonation
front in the mixture 2 H2 + O2 + 2 Ar at the initial temperature T0 = 294 K and the initial
pressure p0 varying from 15 kPa to 100 kPa (Sect. 2). This mixture is termed stable
because its detonation cells in a tube with a square or a rectangular cross-section show
regular diamond-shaped patterns on longitudinal recordings and, for low-enough p0, alternate
square and rectangular patterns on head-on recordings. In this study, we analyzed its cellular
dynamics in detonation tubes whose cross sections have the same surface area but different
shapes, namely square, triangular and round (Sect. 3).

This work addressed only the case of the mixture 2 H2 + O2 + 2 Ar, for which exists
conditions on geometry and chemical kinetics for observing regularity. Therefore, a similar
investigation is necessary to understand the cellular dynamics of irregular mixtures such as
heavy fuels diluted with nitrogen, depending on the cross-section shape of the tubes.

The distinction between regular and irregular cells or between stable and unstable mix-
tures relies essentially on longitudinal recordings in square-section tubes. However, we found
that longitudinal and head-on recordings do not define the same regularity. Whereas the
cell patterns on the longitudinal recordings are regular for all considered p0 and cross-section
shapes, those on the head-on recordings are irregular except for the square shape and low-
enough p0 (Subsect. 3.1). Therefore, the cellular dynamics at the walls of a tube is not
representative of that on the whole detonation front, and longitudinal soot traces alone are
not sufficient for describing the cellular structure.

We presented geometrical elements from graph theory suggesting that a tessellation of
regular hexagons can model a large set of irregular cells on a head-on recording (Sect. 4).
The analysis indicates that a large number of cells is necessary for characterizing cells by
a single length, and then defines a cell average width λ and its intrinsic minimum error
∆λ/λ ≃ 13.4%. This large value emphasizes the difficulty for numerical simulation to
represent a detonation front with many cells, essentially the right balance between numerical
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accuracy and physical representativeness of the chemical kinetics. For example, considering
the simplest global Arrhenius rate and denoting Ea the activation energy, R the universal
gas constant and TH the shock temperature, we have λ ∝ exp(Ea/RTH) in the limit of large
reduced activation energy Ea/RTH , hence

∆Ea

Ea

=
RTH

Ea

∆λ

λ
. (10)

The typical values TH = 1500 K and Ea = 20 kcal/mole, with molecular mass M = 20×10−3

kg/mole, R = 8.314 J/mole/K, and ∆λ/λ ≃ 0.1 then gives ∆Ea/Ea ≈ 0.3%. This small
number implies that values of Ea can always be found for satisfactory restitution of a single
characteristic length such as λ, although this Arrhenius rate cannot often represent the actual
kinetics. The physical interpretation is that both a detailed scheme of chemical kinetics
and more advanced conceptual tools than a single length are necessary for characterizing
detonation cells.

Our analysis also points out that phenomena with characteristic times at least the effec-
tive reaction time can modulate the regularity and the symmetry of detonation cells (Subsect.
3.2). The simulation of cellular detonations should thus also include initial and boundary
with stochastic distributions of defects representative of actual devices. Today, this simu-
lation relies essentially on Euler’s equations for compressible reactive fluids. However, the
uncertainties in the numerical technique, the chemical kinetics, the equations of state, the
multi-physics of interface phenomena, and hence the still very long computation times for
three-dimensional waves do not make the physical interpretation of the computations less
uneasy and time-consuming than that of the experiments.

Simplified partial differential equations with the same mathematical hyperbolic structure
as Euler’s, such as Burger’s with a non-viscous source term, are modelling substitutes helpful
to understand detonation instabilities and structures, e.g., [73–76]. Combining simulation
and modelling with applied mathematics tools on pattern generation and arrangements,
such as information entropy and Voronoi tessellations, e.g., [72], could bring detonation
cell analysis closer to the mathematical corpus of dynamical systems and help to better
characterize distributions with several cell patterns (Sect. 4).
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