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LARGE-SCALE NONCONVEX OPTIMIZATION: RANDOMIZATION,
GAP ESTIMATION, AND NUMERICAL RESOLUTION*

J. FREDERIC BONNANST, KANG LIUT#, NADIA OUDJANE$, LAURENT PFEIFFER',
AND CHENG WANS

Abstract. We address a large-scale and nonconvex optimization problem, involving an aggrega-
tive term. This term can be interpreted as the sum of the contributions of N agents to some common
good, with N large. We investigate a relaxation of this problem, obtained by randomization. The
relaxation gap is proved to converge to zeros as N goes to infinity, independently of the dimension of
the aggregate. We propose a stochastic method to construct an approximate minimizer of the origi-
nal problem, given an approximate solution of the randomized problem. McDiarmid’s concentration
inequality is used to quantify the probability of success of the method. We consider the Frank-Wolfe
(FW) algorithm for the resolution of the randomized problem. Each iteration of the algorithm re-
quires to solve a subproblem which can be decomposed into N independent optimization problems.
A sublinear convergence rate is obtained for the FW algorithm. In order to handle the memory
overflow problem possibly caused by the FW algorithm, we propose a stochastic Frank-Wolfe (SFW)
algorithm, which ensures the convergence in both expectation and probability senses. Numerical
experiments on a mixed-integer quadratic program illustrate the efficiency of the method.

Key words. Large-scale and nonconvex optimization, aggregative optimization, relaxation, de-
centralization, Frank-Wolfe algorithm, concentration inequalities, multi-agent optimization, privacy-
preserving methods.

AMS subject classifications. 49M20, 49M27, 90C06, 90C26

1. Introduction.

Problem formulation. This article is devoted to the theoretical analysis and the
numerical resolution of the following large-scale, aggregative, and nonconvex opti-
mization problem:

1 N
G(r)= — i(4)
(P) inf J(z) = f(G(z)),  where: N2

reX
X = HiV:1 Xi-

Here, NV can be seen as the number of agents and is assumed to be large. The mappings
gi: X; — £ are given and referred to as the contribution mappings. The space £ is a
real Hilbert space. The main feature of this problem is the aggregative form of the
function G: X — &, which is defined as the average of the N mappings g;. We will call
G(z) the aggregate. Let us emphasize that the dimension ¢ of the aggregate space &£
can be arbitrarily large and possibly infinite. While very few structural assumptions
are made on the sets &X; and the mappings g;, we will assume that f is convex, with
a Lipschitz-continuous gradient and that the image sets ¢;(X;) are all bounded. A
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central idea in this work is that the problem can be well approximated by a convex
problem when N is large.

In various examples of interest, the function f has a separable structure as defined
below. It turns out that taking into account the separability of f, when possible, allows
us to refine our theoretical results (more precisely, to reduce some of the constants of
interest, see Remark 2.7). From now on, we suppose that & is the Cartesian product
of M separable Hilbert spaces denoted &;, for j = 1,..., M. We assume that f is
additively separable, that is to say, we assume that

M M
j=1 i=1

where f;: & — R. Note that when f is not separable, one can take M = 1 and
&1 = &. We assume that the contribution mappings are of the form

gl(l’l) = (gij(xi))jzl,“.?M’ where gij - Xl — gj-

Hence the criterion J of problem (P) writes
M | X

(1.1) J(@) = FG@) = Y fi (5 2 90(@)-
j=1 i=1

We present and discuss some motivating examples in Section 5, arising from social
welfare problems, optimal control problems and supervised learning.

Related works and methods. Let us return to the general problem (P). Classical
Lagrangian relaxation (Chapter XII of [26]) methods can be relevant here because
the dual problem is separable in the sense below, thanks to the aggregative form of
G. To see this, let us reformulate (P) as: inf(, ) exxe f(v), subject to the constraint
that v = G(x). Its dual problem is:

(1.2) sup ( -+ <I>(/\)),
AEE

where f* is the Fenchel conjugate function of f, and ®(\) is defined by

N

M G@) = =3 inf (A gi(m0)-

19 o) = int N2,
One sees that ®(\) can be evaluated by solving N independent sub-problems, one
for each ¢ in {1,...,N}. Solving these sub-problems can be much easier than ad-
dressing frontally the original problem with N coupled variables. This approach has
been extensively employed in convex settings [41, 39]. However, the nonconvexity of
the problem raises two major difficulties: the potentially large duality gap and the
reconstruction of a primal solution from the dual optimal solution.

These two difficulties are addressed by Wang in [49]. She proposed a convex
relaxation of the problem, based on a geometrical approach, that allows to obtain
an estimate of the duality gap of order O(¢?/N?). Her main tool was the Shapley-
Folkman lemma [45], which allows to show that the image of G is close to a convex set.
This idea was already present in the seminal work of Aubin and Ekeland in [2], dealing
with a different setting involving a coupling constraint. We refer the reader to [29] for
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LARGE-SCALE NONCONVEX OPTIMIZATION 3

the most recent improvements dealing with this class of problems. We also refer to [49]
for a more exhaustive of mathematical works dedicated to the estimation of the duality
gap, where a kind of convexification occurs. After having solved the dual problem by
a cutting plane method and then found an approximate solution to the relaxed primal
problem via a projection problem, Wang’s method recovers an approximate solution
to the original nonconvex problem, by computing a Shapley-Folkman decomposition
of the aggregate with a standard linear programming approach.

There exist another important class of methods for large-scale optimization prob-
lems which are the block coordinate descent algorithm and its variants [6, 20]. These
methods may not be applicable without additional assumptions on the sets &; and the
maps ¢; (in the current framework, the sets X; could be discrete). Even if we make
additional regularity assumptions, they may be inefficient, in particular because the
cost function J is not convex in general.

Contributions and organization of the paper. We first introduce in Section 2 a
convex relaxation of the original problem (P). The relaxed problem is obtained by
randomization, that is to say, we replace the variables x; by probability measures
pi on X;. The contribution mappings g;(z;) are replaced by [ X gi(x;)dp;(x;); these
terms are linear with respect to p;. The resulting randomized cost function, denoted
J, is convex, and so is the randomized problem. We give a first upper bound of the
relaxation gap of order O(1/N). The randomized problem has a stochastic interpre-
tation: it amounts to replace the variables x; by independent random variables X;
of probability distribution u;, and to replace g;(z;) by the expectation of g;(X;). To
derive a good candidate (for (P)), given an approximate solution to the randomized
problem p = (u1, ..., N ), we propose to simulate random variables X; with proba-
bility distribution p;. We will call this technique the selection method. We give a
sharp estimate of the probability of error for the selection method. More precisely,
we estimate the probability that J(X1,...,Xn) > J (1) + (% +€), given € > 0. The
proof relies on McDiarmid’s inequality, a concentration inequality [35].

From a numerical point of view, our main contribution is a method which is par-
allelizable, which benefits from the convexity of the randomized problem, but avoids
the difficulty of the manipulation of probability measures (arising in the formulation
of the randomized problem). This could be achieved by combining the Frank-Wolfe
(FW) algorithm [17, 28], applied to the randomized problem, and the selection method
described previously. The resulting algorithm, called stochastic Frank-Wolfe (SFW)
algorithm, is described and analyzed in Section 3. Each iteration of the algorithm
requires to solve a subproblem of the form (1.3), which is decomposable into N sub-
problems. Resorting to the selection method, we avoid to manipulate explicitely
probability measures on the sets A;, which may otherwise cause memory issues. The
SFW method is able to find an O(1/N)-solution to problem P. In addition, we esti-
mate the probability that the iterate xj is (% + e)—optimal, for k < 2N, where k is
the iteration counter. This result relies on concentration inequalities for martingales
[15] which generalize McDiarmid’s inequality.

Let us note that many articles in the literature are dedicated to stochastic variants
of the Frank-Wolfe algorithm. These variants are concerned with the situation where
the cost function is in the form of the expectation of a random cost and where its
gradient is evaluated by sampling. See for example [16, 24, 25, 38, 51], see also [18, 32]
and the references therein. Let us emphasize that the stochasticity of our algorithm
has another origin, namely the selection method. In all these articles, convergence
is established in expectation; to our knowledge, only the article [46] quantifies the
probability of success of some stochastic method based on the Frank-Wolfe algorithm.
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Our last theoretical contribution is a sharp estimate of the relaxation gap, of
order O(q A N/N?), where q is the (potentially infinite) dimension of the aggregate
space €. It is proved in Section 4. It relies on a geometrical relaxation of problem
(P), shown to be equivalent to the relaxation by randomization. The relaxation gap
is estimated with the help of a measure of nonconvexity for sets (introduced in [10])
and with the help of the Shapley-Folkman lemma [45]. We also give an estimate of
the price of decentralization (as defined by Wang in [49]). We conclude the section
with a detailed comparison of our approach and the one of [49].

Section 5 is dedicated to examples and discussions on numerical aspects. We
provide in section 6 numerical results for a mixed-integer linear-quadratic program.

1.1. Notations.

On sets. For two sets A and B in a normed vector space X, we denote by d(A): =
sup, e [7—yllx the diameter of A, by A+B = {r +y | z € A,y € B} the Minkowski
sum of A and B, by A = {\z | x € A} the scalar multiplication of A with A € R
and by conv(.A) the convex hull of A. Note that conv(A + B) = conv(A) + conv(B).

For all ¢ € {1,...,N}, we denote A_; = (Hz/_:l1 Xyr) x (HZ].\,[:Hl Xy). Given
x € X, we denote z_; = (Z1,...,Ti_1,Tit1,---,TN) € X_;. From time to time, we
represent x by the pair (z;,z_;).

On functions. Let H be a real Hilbert space. Let (-,-); and || - || denote the
corresponding scalar product and norm. Let F: H — R U {+oo}. The domain of
F, denoted by dom(F'), is defined by dom(F) = {z | F(z) # 4oo}. When F is
differentiable, we denote its gradient by VF. The gradient is defined as a function
from H to itself. We say that VF' is L-Lipschitz on a subset A of H if for any x,y € A,
we have

(1.4) IVE(z) = VE(y)ll2 < Lilz — ylla.
The subgradient of F' at some point 2 € dom(F') is denoted by dF(x) and defined by

OF(z)={peH|F(y) > F(z) + (p,y —x),Yy € H}.

The Fenchel conjugate of F is denoted by F*: H — R and defined by F*(p) =

sup,cy (p, ) — F().

On measures. Given a set 2, we denote by ¢, the Dirac distribution at some point
z € Q. We denote by Ps(2) the set of finitely supported probability distributions,
defined by

Ps(Q) = { > Al
k=1

Let pu = Zszl A0z, € Ps(Q2). Given a Hilbert space H and a mapping F': Q — H,
we denote

K
K €N, Aoy € (Ry)™, (zx)isy € QF, ZM = 1}-
k=1

Eu[F] =Y MF(a), o2 [F] =Y Ml|F(aw) - Eu[F]|[3-
k=1 k=1

In other words, E, [F ] is the integral of F' with respect to the measure p and 03 [F ]

is the variance of the probability measure ijl Aj0F(z;), in the sense of [48, Remark
7.5]. Finally, the Bernoulli distribution with parameter w € [0,1] is denoted by
Bern(w).
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On numbers and real-valued random variables. We denote by m An the minimum
of the numbers m and n in RU {+o0}. Let X be a real-valued random variable. The
expectation of X is denoted by E[X], the variance of X is denoted by Var(X) and the
conditional expectation of X w.r.t. some o—algebra F is denoted by E[X | F]. Given
1 € Ps(Q) and a random variable X in €, the notation X ~ pu indicates that p is the
probability distribution of X.

2. Relaxation by randomization and gap estimation. In this section we
first make a structural assumption on the general problem of interest, problem (P).
Next we introduce a relaxation of the problem, obtained by randomization. We give
an upper bound of the randomization gap in Proposition 2.6. Finally we propose a
method to recover an approximate solution to (P), given an approximate solution to
the randomized problem. Its performance is investigated in Theorem 2.10.

2.1. Assumptions and constants. We recall that £ is the Cartesian product
of M separable real Hilbert spaces £;. We denote by (-,-)¢, the associated scalar

products and by || - [|¢; the corresponding norms. Let us emphasize that we will not

consider any other norm in the spaces £;. We equip € with the scalar product (-, -),
M

defined by ((y1,.--,ym), Wi, - Yhy)) = Zj=1<yi,y§>5j and we denote by || - || the

corresponding norm.
For any i =1,..., N and for any j =1,..., M, we denote

N
1
Sij ={gij(x;) |z, € X} and S = ¥ Zsij‘
i=1

The following regularity assumption will be in force all along the article.

ASSUMPTION A. Fori=1,2,...,.Nandj=1,2... , M:
1. The range set S;; in &; has finite diameter d;; = d(S;;).
2. The function f; is L;-Lipschitz on conv (S;).
3. The function f; is continuously differentiable on a neighborhood of conv (S;),
and NV f; is L;— Lipschitz on conv (S;), in the sense of (1.4).

We next define two constants Cy > 0 and C; > 0 by

M

Co= Z (Lj max {dij}), and C; = %Z (ij id?j)
== i=1

Jj=1 Jj=1

Remark 2.1. We will regularly employ notations of the form O(h(N, ¢, k)), where
h is an explicit function of N, ¢ (the dimension of £), and k (some iteration counter).
We use it to express the fact that some variable is bounded by C h(N, ¢, k), where

the constant C' only depends on (maxlgiSN dij)j:1 Y and the Lipschitz moduli

(Lj)j=1,...,m and (ij)j=17_“7M. With this convention in mind, we have
Co=0(1) and Cy=0().

Remark 2.2. Our results can be applied to aggregative problems of the form

M N
wllelﬁ( Z i ( Z gij(xi)>a
=1 =1

This manuscript is for review purposes only.



6 J.F. BONNANS, K. LIU, N. OUDJANE, L. PFEIFFER, C. WAN

i.e. of the same form as in (P), but without the coefficient % Indeed, it suffices
to define g;; = Ng;; to come down to the formulation (P) and to use the fact that
d(g:;(X;)) = Nd(§;j(X;)). The introduction of the coefficient + induces a natural
scaling of the problem as N increases. It also enables to us to highlight the convex-
ification of the problem as /N becomes large, assuming that the coefficients d;; are
uniformly bounded.

We state in the following lemma a straightforward inequality, exhibiting the role
of the constant Cjy. Note that the role of the constant C; will be revealed in Lemma,
2.6.

LEMMA 2.3. Let Assumption A be satisfied. For alli € {1,...,N}, for allz_; €
X_i, x; and x} in X;, it holds:

Cy
! N — . I < =,
|J (2, 2—i) — J (@i, 2-4)] N

2.2. The randomized problem. The randomized problem is obtained by re-
placing each optimization variable x; by a probability measure p; € Ps(X;). The con-
tribution mappings g;(z;) are replaced by their integral with respect to u;, E,, [gi].
Denoting Ps = [[1, Ps(X;), we obtain

N

(PR) Mien7£5 T () = f(% Z E,, [gi]) = i i (% Z By, [9@'])'

i=1 j=1 i=1

The following equality justifies the denomination of the relaxed problem: given p € Ps
and given N random variables X; in X; such that X; ~ u;, we have

(21) 740 = (5 S Eln(x]):

Remark 2.4. Working with probability measures with finite support, we do not
need to equip the sets X; with a topology and to consider regularity assumptions on
the mappings g;. Note that the original problem and the randomized one do not
necessarily have a solution under the standing assumptions of the article.

Let J* and J* denote the values of the primal problem (P) and the randomized
problem (PR) respectively. One is interested in comparing J* and J*. The next
lemma gives a direct result for one direction of this comparison.

LEMMA 2.5. Let Assumption A hold true. Then —oco < J* < J*.

Proof. By the definitions of E,,[g;;] and S;, we have that 3 Zf\il E,.l9i5] €
conv(S;). Since f; is Lipschitz-continuous over the bounded set conv(S;), we deduce
that J* > —oo. Let x € X. Define pt = (0z,,...,0z5) € Ps. Then J(u) = J(z). As
a consequence, inequality J* < J* follows. ]

The randomization gap is then defined as
randomization gap = J* — J* > 0.

Next we prove a first upper bound of the randomization gap, of order O(%)

This manuscript is for review purposes only.



LARGE-SCALE NONCONVEX OPTIMIZATION 7

PROPOSITION 2.6. Let Assumption A hold true. Let u € Ps and let (X;)i=1,...
denote N independent random variables such that X; ~ p;. Then,

1 Cq
(2:2) B0} - T00 < 35 3 1( Zo e

where X = (X1,...,Xy). As a consequence, J* — J* < & N

Proof. Let us define Y; = N(Zz 1965 (X )) for j=1,...,M. Let us set Y =
(Y;)j=1,...,m- We have

E[J(X)] =E[f(¥)] and  J(u) = f(E[Y)).

Since the variables X; are independent, the random variables g;;(X;) are also inde-
pendent (for fixed j). It follows that

E[|lv; -E[W]|, ] = NQZE[H% Egij inuij]:];;azi[giﬂ.

By Assumption A, we have

F(Y) < FEBIY) + (VAEYD, Y ~BY D, + 53 (L] ~ B2

J=1

Taking the expectation of the above inequality and recalling the definition of C7, we
deduce (2.2). d

Remark 2.7. As we explained in the introduction, our analysis covers the case of
a non-separable cost f (when M = 1), however, when f is separable, it is useful to
take this property into account. The aim of this remark is to justify this fact. Let
us assume (in this remark only) that f is indeed separable, i.e. M > 1. Let us treat
f as a non-separable function. It is easy to verify that the mapping V f is Lipschitz
continuous with modulus (maxj:17.__,M ij); this estimate is tight. If we do not take
into account the additive structure of f in the proof of Proposition 2.6, we end up
with the following estimate:

BLI0) < T0)+ s (o, £5) 2 32 o),

which is less precise than inequality (2.2). The same kind of comment could be made
for the constants appearing afterwards in the convergence results of our numerical
method.

We finish this subsection with an equivalent relaxed problem in the situation
when the sets X; (resp. the contribution functions g;) are identical. We refer to this
situation as the symmetric case.

LEMMA 2.8. Suppose that there exists a set X and a function g: X — £ such that
X; =X and g; = g, for alli. Then,

(2.3) J = inf  f(E)g]).

vEPs(X)

This manuscript is for review purposes only.
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Proof. Let v € Ps(X). Take pu = (v,...,v) € Ps. It follows that f(E,[g]) =
J (). As a consequence, inf,cp,(x) f(Ey[g]) < infuep; T(1). On the other hand,
let @ = (f1,...,4n) € Ps. Take v = Zil fi/N € Ps(X). Then, we deduce that
J() = f(Ez[g]). The conclusion follows. a0

The relaxed problem in (2.3) has a natural interpretation as a mean field relax-
ation: instead of considering an optimization problem with N symmetric agents, we
consider an arbitrarily large number of agents and optimize their distribution v.

2.3. Selection method. Suppose that a minimizer or an approximate mini-
mizer p of the randomized problem (PR) has been obtained. We address in this
subsection the issue of recovering an approximate minimizer of the original problem
(P) from p.

A naive approach would consist in averaging the measures p;, assuming that the
sets A; are convex. In such a case, one can define the point x; = E,,, [Id]. Another ap-
proach, motivated by Proposition 2.6, consists in sampling pu, that is, in simulating N
independent random variables (X1, ..., Xx), with distributions X; ~ p;. This can be
done without additional structural assumption on the sets X;, moreover, Proposition
2.6 ensures that for any € > 0,

(2.4) ]P’[J(Xl, L XN) < T () + % +e} > 0.

Of course, one can realize several samplings of u to increase the probability of finding
a good candidate for the original problem. We will refer to this approach as the
selection method.

Ezample 2.9. Consider the following instance of the problem (P), where N is a
large even number:

2
L 1 N o 1 N .
mlmmlze{J(xl,xg,...,zN) = -~ 2im1 Ti + (—N > i1 T ;

subject to z; € [-1,1], i=1,...,N

(2.5)

It is easy to see that z* is a minimizer of (2.5) if and only if * has N/2 coordinates
equal to 1 and the others equal to —1. In this example, the original and the relaxed
problem have the same value, J* = J* = —1. The relaxed problem does not have a
unique solution. One of them is fi; = %(5_1 + 51). Averaging [i as suggested above
yields Z = (0,...,0) and J(Z) = 0. Thus in this example, the averaging method yields
a poor candidate, whatever the value of N.

On the other hand, the selection method yields good candidates when N is large.
Indeed, assume that P[X; = —1] = P[X; = 1] = 1/2. When N is large, by the law of
large numbers [47], nearly half of the random variables X; are equal to 1 while the
others are equal to —1, with probability close to 1. Then in such a case X is almost
a minimizer of (2.5).

The next theorem provides a sharp estimate of the probability in (2.4) and con-
firms the interest of the selection method for large values of N. It relies on a concen-
tration inequality, McDiarmid’s inequality [35], and its variant [15] (cf. Corollary A.2)
of “variance type”. It is quite intuitive that if the probability measures p; have a small
variance (in a sense to be specified), then the selection method will be more efficient.
The interest of taking into account the variances of the probability distributions will
be revealed in the analysis of the stochastic Frank-Wolfe algorithm in Subsection 3.3.

This manuscript is for review purposes only.
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THEOREM 2.10. Let Assumption A be satisfied. Let u € Ps and let Xy, ..., XN
be N independent random variables such that X; ~ p;. Let X = (X1,...,Xn). Then,
for all e > 0,

Ch 2Neé?

Assume further that for alli=1,..., N, there exists a constant v; such that
(27) Jl2ti [J(v {E,Z)] < Uiz’
forallz_; € X_;. Then (2.6) can be strengthened as:
(2.8)

M N

L Ne?

P J(X)<j(ﬂ’)+ : Zgzj tel >21—exp|—

2w 2 (T i+ %)

Proof. Combining Lemma 2.3 and McDiarmid’s inequality [35], we obtain

IP’[J(X) <E[J(X)] +€:| >1—exp <2]C\'[§2> .

Combining this estimate with the second inequality of Proposition 2.6, we obtain

(2.6).
Estimate (2.8) is proved similarly, combining McDiarmid’s inequality of “variance
type” proved in Corollary A.2 and the first inequality of Proposition 2.6. ]

We provide in the next lemma an explicit candidate for (2.7).
LEMMA 2.11. Inequality (2.7) is satisfied with v} = #(ZJA/; L?)aﬁi (gi)-

Proof. We first state a general following property: given a probability measure p
and two maps hy and hs suitably defined, we have the inequality

(2.9) o7 [hiohy] < L0} [ho],

assuming that hy is L-Lipschitz continuous. Let us prove this property. For any x,
we have

thohg(x)—E [h1 o ho] H = Hh10h2 (x) — hl(E#[hZ])Hz
+2(h1 0 ha(x) = hn(Eplhe]), hi(Epulho]) — Eulhy o ho])
+|[B1(Bulha]) — E,lhy o ha)||*.

Taking the expectation, we obtain that
onlhy o hy) ZEH[thth—hl(Eu[hz])H } — || (Eplh2)) — Byl o ha]||”.

Since hy is L-Lipschitz continuous, we have E,, [||h1 0 ho — hi(E,[h2])|?] < L?0,[ho]?.
Inequality (2.9) follows immediately. Next, it is easy to verify that the function f is

L-Lipschitz continuous, with L = (Zj\il L§)1/2. Using (2.9), we conclude that

0,2“ [J( )] < L0, {Ngl( )+ C} ][\172 O [91]

where C' = % Zi,# gir(z;r) is regarded as a constant. The estimate follows. |
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3. Stochastic Frank-Wolfe algorithm.

3.1. Assumptions. We introduce two new assumptions, which will be in force
until the end of the article.

ASSUMPTION B. For all j = 1,..., M, the function f;: & — R is convex over
conv(S;).

Let p' and p? lie in Ps. Take w € [0,1]. Let pu = (1, ..., un) be defined, for
anyi=1,...,N, by u; = (1 — w)u} —l—wuf. Here, the addition and the multiplication
by a scalar are understood as usual in the set of signed measures. In the sequel,
we simply denote p = (1 — w)p' + wp?. We have p € Ps; moreover, E,, [g;)] =
(1 —w)E,1[g] + wE,z2[g], for any ¢ = 1,..., N. Then, Assumption B implies that
J(p) < (1 -w)J (') +wI (p?). In words, the randomized problem (PR) is convex.

In this section, we address the numerical resolution of the randomized problem
(and the original problem) under Assumption B. Let us mention that this convexity
assumption is natural for the application problems described in the introduction. It
allows the application of the Frank-Wolfe algorithm (also called conditional gradient
algorithm) [17], for which convergence can be established. The Frank-Wolfe algorithm
requires to solve at each iteration a subproblem. Here, the subproblems can be de-
composed in N optimization problems, which can be solved in parallel. This property
is particularly interesting, since we aim at solving instances of (P) with large values
of N. We do not detail here the practical resolution of the subproblems, which can

only be investigated case by case. Instead, we make the following assumption. Let
us set A= {Vf(y) | y € conv(G(X))} C £.

AssumMPTION C. Foralli=1,...,N, for all A € A, the problem
(3.1) inf (X, gi(z:))

T, €X;
has at least a solution. For alli=1,...,N, we fix a map S;: A+— X; such that for
any A € A, S;(X\) is a solution to (3.1).

The map S; can be understood as a best-response function corresponding to agent
1. The involved cost function is a linear combination of the contribution mappings
gij, with j = 1,..., M. In problem (3.1), A can be interpreted as a price variable
associated with g;(x;).

Remark 3.1. Tt is easy to find assumptions which ensure the existence of the map
S;. For example, one can assume that X; is a compact set in a topological vector
space and that g; is continuous. Let us emphasize that Assumption C is essentially
an assumption of numerical nature: S; should be understood as the output of an
(efficient) numerical procedure for the resolution of (3.1). The algorithms described
afterwards largely rely on evaluations of S;.

3.2. Basic Frank-Wolfe algorithm. We first describe a rather direct appli-
cation of the Frank-Wolfe algorithm, which is referred to as the basic Frank-Wolfe
algorithm. The starting point of our numerical approach is the following lemma, the
proof of which is straightforward.

LEMMA 3.2. Let A € A and let i = (fi1,...,an) € Ps. Then, i is a solution to

. 1 X
(3.2) ulen7£5 <)\, N ; E,, (gz)>

if and only if for alli =1,..., N, fi; is supported in argmin, cy. (X, gi(x;)).
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The cost function in (3.2) should be regarded as a linearization of 7, as needed in
the abstract formulation of the Frank-Wolfe algorithm in [17]. An immediate conse-
quence of Lemma 3.2 is that (ds, (), .,0sy(x)) is a solution to (3.2). The resolution
of problem (3.2) is a key step in the numerical procedures developed afterwards; let
us emphasize that the maps S;(y) can be evaluated independently from each other,
i.e. the resolution of (3.2) can be parallelized.

Algorithm 1 Frank-Wolfe Algorithm

Initialization: u° € P;.
for k=0,1,..., K do
Step 1: Resolution of the subproblems.
Set y* = % Zfil Eu? [gl} and set \¥ = Vf(y*).
fori=1,...,N do
Compute z¥ = S;(\F).
end for
Set /_Lk = (5ilf7 .. 75%?\7)
Step 2: Update.
Set wi, = 2/(k + 2).
Set pFtt = (1 — wp )k + wpih.
end for

The convergence analysis performed afterwards relies on standard arguments
(compare our proof with [28]). We introduce the primal gap 7, and the primal-dual
gap B, defined by

N

Note that 8 can be evaluated numerically. The following lemma shows that fj is an
upper bound of the primal gap vg.

LEMMA 3.3. Forallk € N, v < Bg.

Proof. Let k € N. Let u € Ps and let y = %Zi\; E,lg:;]. By Lemma 3.2, we
have (Vf(y*),5") < (Vf(y*),y). Thus, using the convexity of f, we obtain
(34) Br=(VSW").y" =) 2(VI(")v" — ) = F") = Fy) = T (") = T (w).
Since p is arbitrary, we deduce that 8, > J(u*) — J* = . 0

We have the following convergence result.

PROPOSITION 3.4. Let Assumptions A, B, and C hold. Then, in Algorithm 1, for
any K € N*|

2C4
K < K
Proof. As we will see, the result is a consequence of Lemma A.3, with C' = %

and uy = 0. By Assumption A,

-
L
e (A B A O R Wl s Vi [
j=1
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We have y**1 — y* = wy. (g% — y*). Therefore, by definition of By,

v -
L.
(3.5) ) < f(yk)—wkﬁk—I—w;%Z?]Hﬂf -y l?

j=1

By definition, ||yj —y; 12 = 5= ZZ 1 B [9i(ZF)—9:5 ()] ||2, thus by Cauchy-Schwarz
inequality,

N
_ 1 _
195 = w517 < 5 D2 1B [ (2) — 9 Zd
i=1
Combining the above estimate with (3.5) and usmg the inequality v, < i proved in
Lemma 3.3, we obtain that vx41 < (1 — wg)ye + 1w,% Thus Lemma A.3 applies,

which concludes the proof. ]

In the following remark, we give an alternative value of wy, in Step 2 of Algorithm
1, while preserving the convergence rate from the previous proposition.

Remark 3.5. For any k € N, denote hi(w) = —wfi + %cﬁ, where the constant
Cy is defined by Cj = Z L ||yj —Yj ¥|2. In view of inequality (3.5), the result
of Proposition 3.4 remains true 1f the sequence (wg)ken is chosen such that for any
k€N, h(wg) < h(@g). The result remains in particular true for

(3.6) wy, = argmin h(w) = min (6k 1)
we(0,1] C
The above proposition shows the convergence of the Frank-Wolfe algorithm. Yet
the algorithm only provides a relaxed solution. In order to get a solution to the
original problem, one can use the selection method introduced in Subsection 2.3. A
first direct application of Proposition 2.6 yields the following. Let (Xi,...,Xy) be
N independent random variables such that X; ~ u¥, for all i. Then,

201 Ch
ElJX)| <J"+—4+ —.
Therefore, from a theoretical point of view, there is no guaranty of unprovements when
k > N since, then, the error term 251 becomes negligible in comparison Wlth . The

following lemma provides a convergence result (in probability) for the combmatlon
of the Frank-Wolfe algorithm and the selection method, for a number of iterations
k<N.

LEMMA 3.6. Let (pk)keN be the output of Algorithm 1. Let k < N. Let ¢ € (O 1)

.....

ur. Let X7 = (X{,...,XJJV). Then,

. ; 3C, . 202 k2 1
(3'7) P[j_rﬁl.?nJ(Xj)<j Jrk] Zl*(v Zf TLZFN <<)
Proof. Since k < N, we have 53 & <3 Cl . Therefore, by Theorem 2.10,
. ; 201 C1 2N€2n
’ {—“ﬁ%?ﬂxj) STt *6} > 1-ep (- Tg)’
for any € > 0. Take € = $t. If n satisfies (3.7), then exp ( — 2Ne? ") <. 0
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3.3. Stochastic Frank-Wolfe algorithm. At each iteration of Algorithm 1, a
new point z¥ is added to the support of each distribution ;¥. Therefore, if at iteration
K, the points (ff)kzo ,,,,, k1 are distinct from each other (for each i), then KN places
are needed to store the iterate p€, which can be prohibitive as K becomes large. We
propose in this subsection a variant of Algorithm 1 which significantly mitigates the
risk of memory overflow. We call it the Stochastic Frank-Wolfe (SFW) algorithm, it
is given in Algorithm 2 below.

Algorithm 2 Stochastic Frank-Wolfe Algorithm

Initialization: 20 € X
for k=0,1,2,...,K do
Step 1: Resolution of the subproblems.
Compute y* = & Zf\il gi(x¥) and \¥ = V £(y*).
fori=1,2,...,N do
Compute zF = S;(\F).
end for
Step 2: Update.
Choose ny € N*. Set wy, = 2/(k + 2).
for j=1,2,...,n; do
fori=1,2,...,N do
Simulate Pik’J ~ Bern(wy), independently of all previously defined
random variables.
Set 87 = (1 — PPY)ak 4 PPIgh,

end for '
Define 257 = (2%7),_1 _ n.
end for
Find zF*1 € argmin {J(x) |x e{ah, j=1,2,... m}}.
end for

Starting from an initialization 2° € X', Algorithm 2 generates a sequence (z*),en
in X. Let us emphasize that there is no probability distribution involved in the
practical implementation of Algorithm 2. However, for the analysis of the algorithm
and for its description, it is convenient to introduce p* = (Ogks- .-y 0gn ). With this

notation at hand, we first observe that y*, as defined in Step 1 of Algorithm 2, satisfies
Y=+ Zfil E,x[g:]. Thus the Steps 1 of Algorithms 1 and 2 play exactly the same

role. Let us focus next on Step 2 of Algorithm 2 and let us define ¥ = (6z15---, 5:f;1cv)

and ¥ = (1 —wg)uk +wpi®. In contrast with Algorithm 1, we do not directly use ji*
at the next iteration but instead employ our selection method so that ji* is reduced to
an N-uplet of Dirac measures. The application of the selection method is here simple
since F = (1 —wk)éwf +wk(5i§. Thus, to simulate a random variable with distribution
A%, it suffices to simulate a random variable P with Bernoulli distribution Bern(wy,)
and to consider (1 — P)z¥ + Pz¥. Using this method, Step 2 consists in simulating
ny random variables (2%7) j=1,...ms such that their probability distribution is equal to
A* (to be rigorous, their probability distribution conditionally to ). Finally, Step 2
selects a random variable #*7 which minimizes J.

It is important to keep in mind that all variables involved in the algorithm (z*,
z% 2%J) and all variables defined above (u*, i*, ii¥) are themselves random vari-
ables, since they depend on the Bernoulli random variables Pik’j . For the analysis of
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the algorithm, we need to consider the filtration generated by the Bernoulli random
variables. We introduce the set of indices Z defined by

7= {(k,j,z’)\keN,je (1.}, i€ {1,...,N}}u{(o,o,0)}.

We equip the set Z with the lexicographic order: given (ki,71,41) and (kz, j2,%2) in
T, we write (khjl; i1> < (k’g,ngg) if and only if

[k’l < kg] or [/{31 = ky and g1 < jQ] or [(klajl) = (k’g,jg) and i; < ig}.

We further write (k1,71,41) < (k2,j2,12) if and only if (k1,71,71) < (ke,j2,i2) or
(k1,J1,11) = (k2,j2,i2). Note that this order coincides with the simulation order of
the random variables Pf’j in the algorithm. The relation < defines a total order with
minimal element (0,0,0). For any (k,7j,7) # (0,0,0), we denote by (k,j,7) — 1 the
maximal element of the set {(¥,j',i") € Z|(K',j',¢') < (k,j,7)}. Finally, we consider
the filtration (G) 1, ;,i)ez defined by

G — trivial c—algebra, if (k,4,4) = (0,0,0),
(k.3,3) o (Gr,jiy—1s Pi]w)7 otherwise,

where o(g(k,m_l, Pik’j) denotes the o-algebra generated by G ;;)—1 and Pik’j. Note

that :i";w is G(x,j,i)-adapted and that z¥ and z*F are G(k,1,1)—1-adapted.

THEOREM 3.7. Let Assumptions A, B, and C hold true. Then, for oll K =
1,...,2N,

4C
E[lyk] < 71, where v = J(x¥) — T*.
Moreover, for all € > 0,
401 —€2N
3.8 P — >1- _
(3:8) {7K< K +€} - eXp<2(vK+emK/3)>’

K-1
_ 2C3 Z k(k+1)* _ G (k+1)(k+2)
where Vg = m ( T and mg = m k:lma)jc{flT .
k=1 T

Finally, the following estimates quantify the variability of vi :

(3.9) Var[yx| < 1?{212 + UWK and E[(max ('yK — 4—?,0))2} < UWK

The proof is postponed to Section 3.4. Let us note that the constants myg and
vk involved in the theorem depend on the sequence (ny)k=o,1,.. but do not depend
on N.

COROLLARY 3.8. Let A > 0. Assume that ny > max (ATICQ, 1), for any k. Then,
forall K =1,...,2N,

4C1 + C A
IP’[WK < 170} >1—exp (—12)

yees

K
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Proof. Using k + 1 < 2k, we obtain

202 = Nk (k +1)2 8NC2 =
__ <
VK S B3R 4+ 1) <Zl Ak? = AK2(K +1)2 gk

_ 4ANC2(K — 1)K _ 4NC2

IN

AK?(K +1)2 AK?
and mg < ﬁoﬂ) (k 1ma}f< 1N(k—;1]2£k+2)> < 6;11\[1?20' Applying Theorem 3.7 with
€= CI;D, we obtain that IP’[ 401;00} >1—p, with

—(Co/K)*N

—A
2(41\/03 6Ncg) < exp <12> ’

p < exp

AK? 3AK?3

as was to be proved.

O
Remark 3.9. A variant of Algorithm 2 consists in setting z*+1 = % if J(2%7) >
J(xF) for all j =1,...,ng. Theorem 3.7 is still satisfied under this modification.

3.4. Proof of Theorem 3.7 and comments.
Step 1: proof of the convergence in expectation. We make use of the notations ¥,
A*, and ¥, introduced right after Algorithm 2. We also introduce 8, = (Vf(y*), y*

7*), where g* = ~ Zl 1 9i(Z%). By construction, we have

. 1 & )
k+1y _ : ~k, 1 K,
J(z )_j=111,1.1.1.}nk‘](x J)Snk;J(x 7.

Recalling that J(u*) = J(2*), we deduce that vz, 1 < v + ap + by + cx, where

1 & ) ‘
= ;1 (J(yzk:,a) —E[J(z%) | Q@,l,l)_l])’
_ b — kg o
by = e ; (E[J(:E NGwa,y-1] — T ))7

cr = J(@) = T(1*) = T(@*) = I ().

The term aj, does not play a significant role at the moment since its expectation is
null. The term by must be understood as a relaxation cost, induced by the use of
the selection method. The term cj is estimated exactly as in Proposition 3.4: as was
seen in its proof, we have ¢, < —wgfy + wi Cl. A direct adaptation of Proposition
2.6 shows that

1 M N
SWZZ i»gzj S
j=11i=1

Combining the above estimates, we obtain

Ch

N
Z: l—wkd —wk(l—wk)2N

nM:

Cy

5 C1
(3.10) Vi+1 < Ve +ag + ( wi Bk + wi— 5 ) +wi(1 - wk)2N
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For the choice wy, = @y, we have (1 —wy)/N =k/(N(k + 2)) < wy, since k < 2N. It
follows that

o 201
— < wi;—
wi(l = wi) s <

and finally, since v, < Bk, we have y11 < (1 —wi)ve + wiCl + ap. Next by Lemma
A3,

K—1
4C1 (k+1)(k+2)
11 < — here: = — s a.
(3.11) i < e + Sk, where: Sk kz:o KK 1) ay,

We have E[ay] = 0, thus E[Sk] = 0 and finally E[yx]| < 251

Step 2: proof of the probability and variance estimates. We next need to find
an estimate of P[Sx > €|. For this purpose, we need to further decompose the
term ay as a sum of random variables. A first observation is the following equality:
E[J(ik’j) | g(k,l’l),l] = E[J(ﬁ?k’j) | g(,w-yl),l], which easily follows from Lemma A.5.
As a consequence,

J(@*) = E[J(E) | Gra-1] = D Uk
where

Ut,ji) = E[J(ffk’j) | Gi,jiy] — E[J(jk’j) | Grerjiy—1] -

We obtain the following decomposition of Si:

—1 ng N
E Z (k+1)(k+2)
: k=1 j=1 i=1 ny K (K + 1) (k.3,%)

Note that the index k starts at 1. Indeed, wy = 1, thus 2%/ = z° and then ag = 0.
Let us apply Proposition A.1 to Sx. We have ]E[U(k] i) | Gegiy— 1] = 0. Viewing

the term J(2%7) as a function F of the random variables A := (Pk ' )(k/ 50 < (ki)

B := Pk’J and C := (P; = )(k,ji)< (k' j7,i7)>, We can apply Lemma A.4 to Uy, ;;), with
§= CO/N (by Lemma 2. 3) This yields

C() wk(l - wk)C2
Uiy < 5 and  E[UG 0 | Gji—1] < =5z

Therefore, Proposition A.1 applies to P[Skx > €], where the constants m and v are
given by

e EEDEE2) G0 mi
 k=l..k-1 m;K(K+1) N N’
ey i((k+1)(k+2)>2 2%kC3 vk
v mK(K+1) ) (k+2)2N2 N
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This proves estimate (3.8). Recalling that vx < % + Sk a.s., we obtain

4C 27 16C%

2 1 1 2

Var[yx] E[k] <E|(2+5k) | = 7~ +E[Sk].

Next by Proposition A.1, E[S%{] < vk /N. The first inequality in (3.9) follows. The
second inequality follows from the inequality: max (ny — %, 0)2 < 5%.

Remark 3.10. Let us set hx(w) = —wfi + wQ% +w(l— w)zc—]\l, If for all k € N,
we have hy(wi) < hi(2/(k +2)), then the convergence in expectation of Theorem 3.7
still holds, i.e. E[ny] < 4Cy /K, in view of inequality (3.10). In particular, one can
take

. . [ Bk —C1/2N
3.12 wp = argmin hg(w) = max [ min | ———,1/,0].
G e R ( <01<1—1/N>

3.5. A speed-up of the SFW algorithm. Step 1 of Algorithm 2 requires to
solve N independent subproblems. It turns out that only a subset of those subprob-
lems need to be solved for the implementation of Step 2. At iteration k consider the
following set:

n= U {z’e {1,...,N}\Pf’j:1}.
3=1,2,...,mk
If ¢ ¢ I, then i:i” = 2% in other words, for such an index i, it is not necessary
to evaluate S;(A\*). A speed-up of the SFW algorithm can therefore be obtained by
simulating the Bernoulli random variables before Step 1, next by evaluating S;(\*)
only for the indices i in Ij, and finally by computing #*7 and zF*! as before. The
expectation of the number of subproblems to be solved at iteration k is given by

E[|I]] = ZN:IP[Z‘ €n)=NO-P[1¢L])=N(1-P[PI =0, vj=1,...,m])

(- (550)")

Note that this speed-up technique cannot be applied if wy is chosen according to
formula (3.12). Indeed, this formula requires to evaluate i, which implies that the
N subproblems must all be solved.

3.6. Stopping time strategy. In Algorithm 2, the number of samplings n; is
chosen at the beginning of Step 2. We consider here a variant: we generate a sequence
of random variables #%7 with probability distribution equal to iz (conditionally to
G(k,1,1)—1); the variables are constructed via Bernoulli variables independent from
each other. We define ny as the first index j such that

. C
(3.13) J(@) < I () + (S + Co)ed
or, equivalently,
o k.j k —k & 2
(3.14) @) < F((1 = wy* + o) + (5 + Co)wi,

where g* = LSV g,(z¥) and g% = LN gi(#%7).  The next iterate is defined

N i
by zFt! = i’évn’f
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LEMMA 3.11. Let (2*)ren denote the sequence obtained with the stopping rule
(3.13). Then

CL + Co)

4
J(zK+1>_j*§ ( = , VK=1,...2N, a.s.

Moreover,

E[ns] < (l—exp<— %))_2, Vk=1,... K.

Proof. Let & be a random variable with probability distribution equal to i,
conditionally to Gz 1,1)—1. Then, for all € > 0, estimate (2.8) of Theorem 2.10 yields:

C
(315) P[J(,f?) Z j(ﬂk) + ﬁwk(l — Wk) + € ‘ g(k$171)71i| S Pe

where p. = exp ( —Ne e )). For e = Cow?c, we have

Q(wk(lfwk)CngTe
_NC3u! ) <_ng> ( 4N )
e = X 2 < p:i=ex ) =exp | ———= ).
Pe= P\ qwecz — 20202) ) =P TP\ 2 Pl +2p3

Recalling that %wk(l —wg) < %w,%, we deduce that

P[J(i") > J(") + (% + Co)”i ‘ Q(k,1,1)—1} <p.

Now, let us consider a sequence of independent random variables (&%) j=1,... (con-
ditionally to Gx,1,1)—1), with conditional probability distribution [*. By estimate
(3.15),

Pl = 1] <P[I5) 2 T(#) + (D +Co)h, v7 |G| <7

We finally deduce that E[nk] < ZZO:I gpi—t = ﬁ, which proves the second part
of the lemma. For the first part of the lemma, it suffices to observe that

J(:L‘k+1) < j(ﬂk) + (% + C’())w,% < J(xk) — ﬁkwk + (Cl + Co)wliv

and to conclude with Lemma A.3. O

3.7. Distributed algorithm. In this subsection we present a privacy-preserving
implementation of Algorithm 2. The Algorithm 3 is equivalent to Algorithm 2; the
instructions are distributed over an operator, N agents, a simulator, and an ag-
gregator, who communicate with each other. Roughly speaking, the operator sets
up prices that are sent to the agents, which compute independently from each other
their best-response. The aggregator computes in a confidential fashion the aggregate
associated with a given value of (z;);=1,.. n~. The simulator implements the random

variables Pij * of the Stochastic Frank-Wolfe algorithm.
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Algorithm 3 Distributed SFW Algorithm
[Agents] Initialization: z° € X.

[Aggregator] Compute and send y° = + Zfil gi(2?) to Operator.
for k=0,1,2,...,K do
[Operator] Compute and send \¥ = V f(y*) to the Agents.
fori=1,2,...,N do
[Agent i] Compute zF € S;(A\F).
end for
[Aggregator] Compute and send y* = + Zfil gi(z¥) to Operator.
[Operator] Compute 8% = (\F y* — g).
[Operator] Compute, send wy with (3.12) or with wy = %H to Simulator.
[Operator]| Set j = 0 and send test = true to Simulator.
while test do
[Operator] Increment j.
fori=1,2,...,N do .
[Simulator] Simulate and send P ~ Bern(w,) to Agent i.
[Agent i] Set 277 = (1 — P9k 4+ PFIgh,
end for ‘
[Aggregator] Compute, send §*7 = + va:l Ji (afcf]) to Operator.
[Operator| Update and send test to Simulator.
end while
[Operator] Find j* € argmin f(j%7). Set y**+1 = gF7".
J=1,j
[Operator] Send j* to the Agents.
fori=1,2,...,N do
[Agent i] Set xi—“‘l = if’j*.
end for
end for

More precisely, at the beginning of iterattion k of Algorithm 3, the operator sends
a price A\, to the agents, who calculate their best-response. The aggregator sends the
corresponding aggregate 4 to the operator, who can compute the primal-dual gap
BF and can fix the value of the stepsize wi. Next the simulator realizes stochastic
simulations, communicated to the agents. Only the aggregate associated with each
simulation, §*7, is communicated to the operator. The operator decides when to stop
the simulation phase through the logical variable test. For example, test can be set
to true as long as j < ny, for predefined values of ng. The variable test can also be
designed so as to implement the stopping rule (3.14) of Subsection 3.6. Finally, the
operator identifies the number j* of the simulation that has yielded the best aggregate
and communicates it to the agents.

The key point in this algorithm is that the operator never receives information
that is specific to a given agent: it only collects aggregates (the variables g*, 77,
and y*). Similarly, the agents have only access to the prices A\ and to j*. We do not
detail here algorithms used by the aggregator to compute the aggregate and refers
the reader to [4], which investigates a similar approach for preserving privacy, with an
operator that only has access to aggregates (note that the underlying mathematical
method is different from ours). It is proposed in that reference to use a cryptographic
protocol called secure multiparty computation for the non-intrusive computation of
aggregates, taken from [43] and [1].
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4. Refined gap estimates.

4.1. Nonconvexity measure and gap estimate. We give in this subsection a
refinement of the randomization gap obtained in Proposition 2.6. Our analysis relies
on the concept of nonconvexity measure, introduced in [10].

DEFINITION 4.1. Given a subset K of €, we call nonconvezxity measure of K the
number p(K) defined by

1/2
p(/C)z( sup inf Uu[Idf) ,

yEconv(K) HEPs,
Ey[ld]l=y

where Id: € — &€ denotes the identity mapping.

The ”nonconvexity measure” terminology is motivated by the following: if K
is convex, then obviously p(K) = 0 and conversely, if p(K) = 0, then K is dense
into conv(K). We have the following two properties, easily verified. The map p is
homogeneous in the following sense: given a € R, we have p(aK) = |a|p(K). Moreover
p(K) < d(K), where d(K) is the diameter of . Another particularly interesting
property for our aggregative problem is the sub-additivity of p(-)%: given two subsets
K1 and Ky, we have p(K1 + K2)? < p(K1)? + p(K2)?, see [10, Theorem 1]. We will
use an improvement of this inequality in the proof of Theorem 4.4, based on the
Shapley-Folkman theorem.

The next lemma provides a general relaxation estimate based on the nonconvexity
measure of the feasible set. Let us emphasize that the central idea behind this result
is the same as the one in the proof of Proposition 2.6. The only difference is the point
of view, which is here geometric while it was previously probabilistic.

LEMMA 4.2. Let K be a subset of £. Let F' be a differentiable real-valued function
defined on some neighborhood of conv(K). Assume that VF is L-Lipschitz continuous
over conv(K). Then,

L
inf F(y) < inf F = 2,
inf F(y) < (| _inf F() + 50(K)

Proof. Let y € conv(K). Let u € Ps(K) be such that E,[Id] = y. Then, since
VF' is L-Lipschitz continuous, we have

: L
yl;gc F(y') < E,[F] < F(y) + 503 [1d].

Minimizing the right-hand side with respect to u, we obtain that

L
inf F(y)<F —p(K)%.
Jnfe () < F(y) + 5p(K)
Minimizing the result with respect to y yields the announced estimate. ]
Some notations are needed for the application of Lemma 4.2 to (P). We set

9ij (i) = \/fjgij(ﬂci)y gi(xi) = (3i5(%)) ;=1 ur

s

fj(%)ifj(\}%j), f(y):ifj(yj).

Jj=

=
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Obviously, J(z) = f( Zl 1Gi(@0)) = Z]Ail fj(% Zf\il Gij(z;)). Finally we denote
N
YVi=gi(X;) and Y= N ;yz
We give next two new formulations of problems (P) and (PR), revealing the

geometric nature of the relaxation technique employed so far.

LEMMA 4.3. We have

(PG) J'= inf fy),
(PGR) J* = yecgg(y) f).

Proof. The first equahty is straightforward. For the second one, it suffices to ob-
serve that conv()) = Z *, conv(Y;) and that conv(Y;) = {E,,,[G:] | ni € Ps(X;)}.0

We introduce the following constants:
M
(41) Z J z]a D[k] = KQ?%?JX,N} Z Dz
j=1 IK‘:]C ieK

THEOREM 4.4. Let Assumption A hold true. It holds:

< DPlarN|
= T2NZ

1
(4.2) ~J < 5w (ch, o > p(i)?

|Q|=gAN "~ €@

Note that D[N] = NC1, thus the new gap estimate is the same as the one obtained
in Proposition 2.6 when ¢ > N and it is strictly better when ¢ < N.

Proof of Theorem 4.4. We let the reader verify that Vf is 1-Lipschitz. Then
Lemma 4.3 and the homogeneity of p yield

2
* * 1
T =T < 5p() _2N2p<23¢> :

Applying [10, Theorem 2], we obtain that

N 2
p(Z%) < emax > e,
=1

Q= qAN Viea

which proves the first inequality. Observing that
M M
P(yz) < d yz Z gz] Z gz] = Dia

we obtain the second inequality. 0
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4.2. Duality and price of decentralization. In this subsection we introduce
a dual problem (we work again under Assumption B) and investigate its connection
with the geometric relaxed problem (PGR). This allows us to obtain a last refinement

of the randomization gap. For all ¢ = 1,..., N and for all A € £, we introduce
®;(A) = inf (X, Gi(2:)), Yi(A) = argmin (A, y;), X;(A) = argmin (A, gi(z;)).
zi€X; Yyi €Vi T €X;

We refer to the following problem as the dual problem:

N
z 1
D su — (N + = D;(N) ).
(D) sup (=7 ¥ W)
Let D* denote the value of Problem (D).

ASSUMPTION D. The function f: € — R is lower semi-continuous and conver,
and the set conv()) is closed.

Remark 4.5. Assume that £ is finite-dimensional. If the sets X; are compact and
the maps g; continuous, then the sets J; = g;(X;) are also compact. It is then easy to
verify with Carathéodory’s theorem that conv());) is also compact, thus closed, which
finally implies Assumption D.

LEMMA 4.6. The problem (PGR) has a solution.
Proof. This is a direct application of [3, Theorem 11.9]. d

The next lemma provides a duality result and a characterization of optimal solu-
tions for problem (PGR).

LEMMA 4.7. Let Assumptions A, B, C, and D hold true. Then, J* = D* and the
dual problem (D) has at least one solution. Fizx a solution X to Problem (D). Lety € &.

Then, y is a solution to (PGR) if and only ify € df*(\) andy € + Ziil conv(Y;(N)).

Proof. Let h denote the indicatrix function of conv()). By Assumption A, the
domain of f contains a neighborhood of conv()). By Assumption D, h is lower
semi-continuous. Therefore, the Fenchel-Rockafellar theorem [40] applies and yields

J" = ;reli; (f(y) + h(y)) = sup ( - - h*(—A))-

Moreover, the supremum in the right-hand side is a maximum. We have

N

Do) = 5 DB,

i=1

R (=A) = inf  (\y) = inf
( ) yechlw(y) < y> ynel;v

As a consequence, J* = D* and problem (D) has at least one solution.
Now let us fix a solution A to the dual problem (D). Let y € £&. Then y is a
solution if and only if (i) f(y) + f*(A) = (A, ) and (ii) h(y) +h* (=) = —(\,y). The

condition (i) is equivalent to y € Jf (). The condition (ii) is equivalent to

y € conv(Y) and (\,y) = —h*(=\) = iIé%}(A,y’).
y/
Thus (ii) < y € Y, where Y = argmin ()\,3’). We further have
y’€conv(Y)
1 & 1 &
_ : Ny - _ _ ,
Y = conv (arygényln Ny >> = conv( I ;yz(x)) N ; conv(Y;(N)),
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which concludes the proof. 0

_ Remark 4.8. 1f f is differentiable on £, with a Lipschitz-continous gradient, then
f* is strongly convex (see [3, Theorem 18.15]), which implies that (D) has a unique
solution.

Let us fix a solution A to the dual problem until the end of the subsection. Let
us consider

Jdec = 12£{ J(x), subject to: z; € X;(N), Vi=1,...,N.

In words, we restrict X; to the best-responses corresponding to the dual variable A.
Following the terminology of [49], we call price of decentralization the real number
P = Jdec — J".

PROPOSITION 4.9. Let Assumptions A, B, C, and D hold true. It holds:

* 1 2
P < Jgee — I < W (QC?llaX,N} Zp(yl(/\)) >

Proof. The definition of Jyo. and Lemma 4.7 respectively yield:

Jdec = inf f(y) and J* = inf
yeH SN Vi(N) Y€+ SN, conv(Vi(N))

The announced estimate follows then from Lemma 4.2 and [10, Theorem 2], as in the
proof of Theorem 4.4. ]

Remark 4.10. The randomization gap is bounded from above by Jqec —J . More-
over, one can show that p(¥i(A\)) < p();). Thus Proposition 4.9 provides a last
refinement of the gap estimate (4.2).

5. Comments on numerical aspects and examples.

5.1. Literature comparison. Let us compare our results and our method with
the work of Wang [49]. Our gap estimate, as well as our estimate of the price of decen-
tralization, are of order O(min(q, N)/N?), while the estimates obtained by applying
[49, Theorem 3.5] are of order O(¢?/N?). We emphasize that our first gap estimate,
of order O(1/N), already improves [49] when ¢ > +/N. Note that the geometric
relaxation employed in Section 4.1 is the same as the one used in [49].

Let us compare our algorithmic approaches. At a general level, one can observe
that we have a primal approach, while Wang solves the dual problem to the relaxed
problem. Our approach is restricted to the case where f is differentiable, while the
dual approach allows to tackle the case of hard constraints (for example when f is the
indicator function of some convex set). Both approaches leverage the decomposability
of the problem into N problems and require that the subproblems can be easily solved.
Let us emphasize however that we only need to be able to compute a single solution for
those problems, while [49, Algorithm 2] requires to compute the full set of £-optimal
solutions, which may be much more difficult. Our algorithm does not require to
perform Shapley-Folkman decompositions, contrary to [49]. This is a major advantage
when the dimension of the aggregate ¢ is very large. Also, we do not need to evaluate
f*. As a counterpart, we are only able to find O(1/N)-optimal solutions, while the
algorithm of [49] can find O(¢?/N?)-optimal solutions. The design of a method for
the computation of O(g A N/N?)-solutions will be the topic of future research.
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5.2. Social welfare example. A particularly interesting instance of (P) is the
social welfare optimization problem investigated in a closely related paper by Mengdi
Wang [49]. The cost function is the following:

. 1 & 1 &

Following her terminology, the function h; is the contribution of agent ¢ to some com-
mon goods, fy is a social cost function of the common goods, and [; describes the
individual preference of agent i. There are various applications fitting into the frame-
work of (5.1), see [49]. In particular, some power system management problems can
be modeled as (5.1). Such a problem is investigated in [41]: x; represents the produc-
tion profile of the generator ¢, I;(z;) is its individual production cost, fy denotes the
demand elasticity or, equivalently, a penalty function that depends on the difference
between the average production and some inflexible demand D (e.g. fo := || - —D||?)
so as to penalize the deviation of the overall production from the inflexible demand.

Let us also mention the resource allocation problems, investigated in [4], for ex-
ample. These problems are of the form (5.1), where fy is the indicator function (as
defined in [3, Example 1.25]) of a given point y € £, modelling the resource to be al-
located over the agents. These problems find applications in energy management (see
for example [22] and [27]). They do not fit to the current framework, since the indica-
tor function is not differentiable, but can be reasonably well approximated, replacing
the indicator by a penalty function.

5.3. Discussion on the case of finite feasible sets. The stochastic Frank-
Wolfe algorithm investigated in the previous sections was motivated by the difficulty
of manipulating probability measures, from a numerical point of view. However, when
the sets X; are finite, with relatively low cardinality, it is possible to store probability
measures with possibly full support and some other numerical methods can be used
to solve the randomized problem. Let us assume (in this subsection only) that the
sets &; are of cardinality n; € N and that &X; = {x},...,x[""}. Then the randomized
problem reads:

N ng

1
5.2 min (— uf i xf ), subject to: v; € A(n;),
(5.2) ,_min o f N;; gi(x}) ] (ns)
where A(n;) denotes the (n; — 1)-simplex, i.e.

Zz/zl and VEEO,Vﬁzl,...,ni}.
(=1

A(n;) = {1/ €R™

The problem is a convex program on a Cartesian product of N simplices. Let us first
note that in this framework, Assumption C is trivially verified, since problem (3.1) is
just a minimization problem over X; which can be solved by enumeration. Moreover
any variant of the Frank-Wolfe algorithm can be implemented, in order to solve the
randomized problem in a faster way. We refer the reader to [28, 31]. Some other
methods could also be implemented. The problem could be solved with the projected
gradient descent algorithm, but the projection on the simplices is expensive (see [13]).
Instead, the problem can be naturally addressed with the mirror descent algorithm [5]
(see in particular the entropic descent algorithm in Section 5), and with accelerated
versions of the entropic descent algorithm [30].
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Let us observe that if we require v to have integer entries in the problem (5.2),
then we are back to the original problem. Indeed, the elements of the simplex with
integer entries are its vertices, that is, the vectors of the form (0,...,0,1,0,...,0).
Therefore the original problem can be viewed as a mixed-integer convex program
(MICP) and can be addressed numerically with combinatorial techniques, see [8, 12]
and the references therein.

5.4. Aggregative optimal control. We describe here a large-scale optimal
control problem of the form of problem (P), with an infinite-dimensional aggregate
space. We verify Assumptions A, B, and C and we discuss the applicability of the
Stochastic Frank-Wolfe algorithm.

Let us first fix the data of the problem. For any ¢ = 1,..., N, we consider: an
initial condition 2 € R™, a control set U; C R™, a dynamics F;: (2;,u;) € R* x U;
Fi(zi,u;) € R™, and a contribution function ¢;: R™ x U; — RF. We also consider a
social cost £: R* — R. We make the following assumptions:

1. Regularity and boundedness. For any i =1,... N,

e U; is non-empty and compact

e F; is continuous, Lipschitz continuous with respect to z;, uniformly
with respect to w;; moreover, there exists a constant K; such that
1Fi(zi, wi) || < Ki(1+ [[z]]), for any (zi,u;) € R" x U;

e ¢; is continuous; moreover, there exists a function R;: Ry — R such
that [|¢;(zi, wi)|| < Ri(l|zil| + [luill), for any (i, u;) € R™ x Us.

2. Regularity of the social cost. The function ¢ is continuously differentiable,
moreover, ¢ and V¢ are Lipschitz continuous with moduli L, and Ly, re-
spectively.

3. Convexity assumption. For any i = 1,..., N, for any y € R¥, for any z; € R",
we define Z;(y, z;) the set of all elements (Z1, Z2) in R*™!, where there exists
u; € UZ‘, such that 21 = Fz(z“uz) and Zo > <V€(y),¢z(zz,uz)> The set
Zi(y, z;) is convex.

Let us mention a particular case in which the above convexity assumption is true:
for any i = 1,..., N, for any y € R¥, for any z; € R,

e For any z;, the map w; — F;(z;,u;) is affine.

e The set U; is convex and the function u; € U; — (VU(y), ¢i(zi, u;)) is convex.

For any i = 1,..., N, consider the set X; of pairs (2;,u;) € W1 (0, T;R™) x
L>(0,T;R™) satisfying

Zl(t) = Fi(zi(t), ui(t)), Zl(O) = ZQ7 u,(t) e U;, for a.e. t € (O,T)

K2

A direct application of Gronwall’s lemma shows that for any (z;,u;) € &;, we have
||Zi||Loo(O7T;R7L) S th where Kz = (]. + ||y6||) EXP(KZT) — 1.
The aggregative optimal control problem of interest is defined as follows:

(5.3) _inf /OTZ(;[ iv:qb (zi(t),ui(t))> dt.

(Zi’ui)i:1€H?]:1 X
It is a special case of problem (P) with m = 1, & = & = L2(0, T; R¥), and
gi:  (zi,w) €X; — (t € (0,T) — gbl(zz(t),ul(t))) € L%(0,T;RF)

frye L2(0,T;RY) — [ e(y(t))dt.
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Problem (5.3) can be seen as a nonconvex optimal control problem with state variable
(2;)X,. Tt finds application in energy management, in the situations mentioned in the
introduction and in particular those involving storage devices, for which the dynamics
of the state-of-charge must be taken into account. Once again we refer the reader to
[41], which considers a convex stochastic aggregative optimal control problem. In
general, only dynamic-programming-based methods can provide global solutions to
nonlinear optimal control problems. They are not applicable here because of the high
dimension of the state variable, equal to Nn.

It is easy to verify that Vf is continuously differentiable and that f and V f are
Lipschitz-continuous with moduli vT'L; and Lyy, respectively. Let [A(l be an upper
bound of sup,, ¢y, [luil, for all i € 1,...,N. Then g;(;) is bounded in L2(0, T;R¥),
with diameter bounded by 2vTR;(K; + KZ) Therefore, Assumption A is satisfied.
If £ is convex, then f is also convex and then Assumption B holds true. Let us verify
Assumption C. Given y € G(X), the problem (3.1) to be solved at each iteration of
the SFW algorithm reads

T

(54) it [ (T(0), 010, ui0)
(zi,ui)€X; Jo

This is an optimal control with state variable z;, which falls into the class of problems

introduced in [21, Chapter III, Theorem 4.1] and therefore possesses a solution. It

the dimension of the state variable, n, is small, then it can be solved by dynamic

programming. We refer the reader to [19].

5.5. Supervised learning problems. We describe and discuss here two appli-
cations of problem (P) in the context of supervised learning.

Neural networks with one hidden layer. We refer the reader to [11, 37, 36]. Con-
sider a neural network of the form 4 Zil o.(a,x;), where a € RY is the feature
vector, z = (z;,)¥, € (RP)V are the network parameters (to be optimized), and
o.: RY x RP — R an activation function. We consider a loss function ¢: R — R..

Given a data set (a;,b;)L; € (R? x R)M, the learning problem of interest writes

1 I 1
(5.5) B ;w(bj - 3 L ov(ana).

It is of the form (P), with £ = RM, & =R, fj(yj) = (p(bj — yj)/M, gij(l'i) =
o.(aj,z;). Assume that the set {o.(a;,z) |z € R, j € {1,..., M}} has a bounded
diameter d. Assume moreover that ¢ is continuously differentiable and that Ve is
Ly ,-Lipschitz continuous. Then Assumption A is satisfied and we have D; = LVV,JQ,
for the coefficients D; introduced in (4.1). Therefore, by Theorem 4.4, the optimality
gap is bounded by

(M A N)Ly,d?
2N?2 '

Moreover, if ¢ is convex, then Assumption B holds true. The resolution of the sub-
problems (3.1) is not easy in general, we refer the reader to [14] where the linearized
problems are shown to be solvable by second-order cone programming in the case of
ReLu activation functions.

Note that we are here in the symmetric case, as defined at the end of Section
2.2. The mean-field relaxation proposed in Lemma 2.8 was also utilized in [36, 37] for
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learning problems of the form (5.5). A gap estimate of order O(1/N) is demonstrated,
in the case of a quadratic loss function ¢, see [37, Prop. 1]. Our gap estimate is more
general since V¢ is only supposed to be Lipschitz; moreover, it is more precise in
the case of an overparametrized network (i.e. when M < N), since then it is of order
O(M/N?).

Sparse reconstruction. Another important learning example is the sparse recon-
struction with the fo-penalty, see [34, 33]. Let D be a M by N dictionary matrix.
The objective is to approximate the observed vector 2 € RM by a sparse linear combi-
nation of the columns of D. Following [33, Eq. 5.6], we are interested in the following
least square problem with the £y-penalty:

1 ) 1 M N 2 N
inf §H$ — Da|” + Bllele, = aiEIgN 3 > (xj - ZDjiai) +8) 1oy (i),
=1 =1

RN
aec =1

where (3 is a constant and ||a|, counts the number of non-zero entries in a vector
a. Adding constraints of the form «; € [u;,v;] to the problem, it is easy to see that
Assumptions A and B are satisfied. The subproblems (3.1) are here of the form

inf  zo; + 1R\{0} (Oéi)
o €[ug,v4)
for some real number z. One can show that there is a solution that necessarily lies in
{ui,v;,0}, thus it is easy to compute.
Finally, let us mention other applications of the problem (P) in a convex frame-
work, for instance, the “sharing problem” in [9], Lasso regression in [20] and the dual
problem of a linear support vector machine (SVM) in [42, 20].

6. Numerical test. In this section we provide numerical results for a mixed-
integer linear quadratic problem of the form (P). Let A be a real M x N matrix and
let 7 € RM. Consider the following problem:

M N 2
. L 1 12 . 1 gj
MIQP) i, J(e) o= e = alfa = 2 <N 2 Ayt = N> |

Problem (MIQP) has the form (P), with f;(y;) = (y; — %)2 for 1 < j < M, and
gij(z;) = Ajiz; for 1 <i < N, 1< j <M. Moreover, Assumption A is satisfied with
i]‘ = 2and dU = |Aﬂ‘ Thus Cl = % Zf\;l Z]]Vil |A]Z| Due to the linearity Ofgij, the
randomized problem coincides with the minimization problem of J on [0, 1]V, which
is a convex linear-quadratic program that can be solved with independent methods;
thus it is easy here to obtain a precise estimate of J*.

In the numerical simulation, we draw the parameters A;; according to the uni-
form distribution on the interval [0, 1] while y; is drawn according to the uniform
distribution on [0, N/2]. Thus, C; =~ M and the gap estimate is given by % ~ 0.5.
We perform our numerical experiments on a laptop with one Intel Core i5-8250U
processor (4 cores) at 1.60 GHz and 8 GB RAM.

The first experiment is a comparison of Algorithm 2 with an open source solver,
SCIP, [7] and a commercial solver, GUROBI, [23]. As mentioned before, the dual
(randomized) problem is a convex linear-quadratic program. We can compute J*
easily by solver GUROBI. Table 1 shows the value J* and results of (MIQP) obtained
from SCIP, GUROBI and Algorithm 2, for different values of M, N ranging from 100
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to 3200. In Table 1, “Nan” indicates that the solver has failed to return a result or
that computation time has exceeded one hour. Denote by v, the result of Algorithm
2. The indicated gap is a relative gap, in percent, defined by (vs — J*)/T*. We
can observe that the relative gap decreases as N increases, which is consistent with
the randomized gap (2.2). The last three columns of Table 1 show that Algorithm 2
is competitive in terms of execution time, in comparison with SCIP and GUROBI.
Finally, observe that for N = M = 3200, none of the two solvers could solve the
problems while Algorithm 2 has provided a solutions in approximately 6 minutes.

N— M Ve SCIP | GUR. SFVVa SCIP \ GUR. \ SFW
value | value value g p time in seconds
in %

100 2.077 | 2.077 | 2.077 2.136 | 2.870 0.88 0.20 0.03
200 4.120 | 4.120 | 4.120 4.159 | 0.956 5.99 0.69 0.09
400 7.871 | 7.871 | 7.871 7.904 | 0.430 || 87.78 7.90 0.91
800 || 15.953 | Nan | 15.954 | 15.966 | 0.079 Nan | 10.63 6.18
1600 || 32.045 | Nan | 32.048 | 32.0585 | 0.042 Nan | 81.41 | 42.51
3200 || 64.717 | Nan Nan | 64.724 | 0.012 Nan Nan | 330.95

Table 1: Comparison of the approximate values and execution times obtained with
SCIP, GUROBI and Algorithm 2 for problem (MIQP) with M = N = 100, 200, 400,
800, 1600 and 3200. In Algorithm 2, we take ny = 1 and K = 2N iterations.

The second experiment is on the basic Frank-Wolfe algorithm 1 and its stochastic
version 2. In this experiment, we fix M = N = 1000. Figure 1 shows the outcome of
the basic Frank-Wolfe algorithm 1 with 200 iterations. The left sub-figure shows the
evolution of ~, for wy = 2/(k +2) (green curve) and for wy, determined by line search
(3.6) (red curve). A sub-linear rate of convergence is observed (note that logarithmic
scales are employed for both axes). The right sub-figure represents the evolution of
J(XF) — J*, where X* is a random variable with distribution z*. For both choices
of wy, approximate solutions to the problems are simulated, with a gap smaller than
1073, significantly smaller than the gap estimate 2%1[ The line search approach is
quicker than the approach with wy = ﬁ

Figure 2 shows the outcome of Algorithm 2 (with the modification suggested in
Remark 3.9), for different (constant) choices of nj, with 200 iterations, for two different
stepsize rules (wy = 2/(k+2) on the left, line search on the right). Since the algorithm
is stochastic, we have tested it 50 times to evaluate its efficiency; the curves represent
the average value of v;. The standard deviation (for these 8 instances of the SFW
method) is displayed on Figure 3. In all cases, an average value of the gap significantly
smaller than 20—]\1, can be reached; the standard deviation is also significantly smaller
than %\1[ at the last iterations. There is a benefit (both in expectation and standard
deviation) in increasing the number of simulations ny (note that the choice ny = 1000
is much smaller the rule suggested by Corollary 3.8). Yet the convergence is slower
in comparison with the basic Franck-Wolfe algorithm, which can be explained by the

use of the selection method at each iteration.

7. Conclusion. We have investigated a large-scale and aggregative optimiza-
tion problem and its relaxation. New error bounds for the relaxation gap have been
obtained. We have proposed a tractable algorithm for its resolution with a detailed
convergence analysis relying on concentration inequalities. Assuming that an efficient
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I -7 Jxh =g
—e— FW_line —e— FW_line_Sampling
10! — FwW —— FW_Sampling
10!
103
10-°
10° 10! 10? 10° 10° 10 102 103

Number of iterations

Fig. 1: MIQP by Algorithm 1, 2000 iterations, with wy = 2/(k + 2) and line search
(3.6).

method for the resolution of the subproblems is available, the implementation of our
stochastic Frank-Wolfe method is easy.

Future research will focus on refinements of the selection method, allowing the
computation of O(q A N/N?)-solutions. We also aim at working on more complex
problems, involving for example convex constraints on the aggregate, as for example
the resource allocation problems mentioned in the introduction. Such constraints
could be handled with extensions of the Frank-Wolfe algorithm for non-smooth costs
as those proposed in [44, 50]. Finally, we intend to apply our method to large-scale
optimal control problems, such as nonconvex variants of the problem investigated in
[41].

Appendix A. Concentration inequalities and other technical lemmas.

PROPOSITION A.1. Consider T real-valued random wvariables (Yi)i=1,. 1. Let
(Fi)i=1,....7 denote the associated filtration (Fy is the trivial o-algebra). Let Z, =
E[Y?|F;—1] and let St = Zthl Y;. Assume the following:

T
(A1) () EY;|Fal=0, (i) Yi<m, (i) Y Zv<wv, as
t'=1
for allt =1,...,T and for some constants m and v. Then, E[S%] < v. Moreover, for
any € > 0,
2

€
A2 PlSr>e <exp( - ).
(A-2) [T*G]*eXp 2(v+em/3)
Proof. The estimate of E[SZ] can be easily obtained by induction. For the esti-
mate of P[St > €], see [15, Theorem 7]. o0

As a corollary, we obtain the following McDiarmid’s inequality of “variance type”.

COROLLARY A.2. Let (0, F,P) be a probability space and let (€;)i=1, .. be n
measurable subsets of Q. Let X = (X;)i=1,...n be n independent random variables
valued respectively in (€;)i=1,...n. Consider a measurable function f: [[;_, Q; — R
and real constants m € R and (v;)i=1,....n such that

Var[f(Xi,z_)] <vf, as., |f(Xiyz_s) —E[f(Xi,25)]| <m, a.s.,

K3
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R SFW with wy = 2/(k +2) SFW with wy determined by line search
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Fig. 2: MIQP by Algorithm 2 with 2000 iterations, expectation of the gap.

SFW with wy =2/(k +2) SFW with wy determined by line search
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—¥— n=10"2 —— m=10"2

107!
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Number of iterations

Fig. 3: MIQP by Algorithm 2 with 2000 iterations, standard deviation of the gap.

foralli=1,...n and for all x_; € (H;;ll Qi) X (H? it ) Then, for any e > 0,
(A.3) P1(x) ~E[f(x)] > ] <exp (- ; = 162 . me))

Proof. Define V; = E[f(X) | X1,...,X:] — E[f(X) | X1,...,X;—1] and apply
Proposition A.1. 0

LEMMA A.3. For all k € N, denote wy, = ki—w Let (ug)ken and (Vi)ken be two
sequences of real numbers. Assume that there exists a positive number C such that

(A.4) Y1 < (1= wi) e + Cwf + ug,

for all k € N. Then, for all K € N*,

K—-1
AC (k+ 1) (k +2)
A. K< = .
(A-5) KK T4 TRED TKE 1)

Proof. We proof this lemma by induction on K. We have wy = 1, thus taking
k=01in (A.4), we obtain that v; < C' + ug, which proves the claim for K = 1. Let
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us assume that the claim holds true for some K € N*. We deduce from (A.4) that

K

-1

1 1 K (k+1)(k+2)
< 4

7K+1_(K+2+(K+2)2) C+K+2<kz_0 KK +1) ’UJq)"FUK

1C & (k4 1)(k+2)
K—|—1+kZ:0(K+1)(K+2)uk'

Therefore the claim holds for K 4+ 1. This concludes the proof. 0

LEMMA A4. Let A, B, and C be three random variables. Assume that B is
independent of (A,C) and that B ~ Bern(w) for some w € [0,1]. Let F be a real-
valued function of (A, B,C). Assume that |F(A,1,C) — F(A,0,C)| <4, a.s. Finally,
define U = E[F(A,B,C) | A,B] —E[F(A,B,C) | A]. Then,

E[U | A] =0, U<, E[U? | Al < w(l —w)d?, a.s.
Proof. The equality E[U | A] = 0 is trivial. We have U = E[Z | A, B], where
Z =F(A,B,C)-E[F(A,B,C) | A,C).
It is easy to verify that Z < 4, a.s., which implies that E[U | A] = E[Z | A] < 4. The
first inequality is proved. For the second inequality, we first note that
E[Z%| A,C]l =w(l—w)(F(A,1,C) — F(A,0,C)),

as can be easily verified. Thus E[Z | A] < w(1 —w)d?. Next by Jensen’s inequality,
we have U? < E[Z? | A, B]. Therefore,

E[U? | A] <E[E[Z? | A,B] | A] =E[Z* | A] < w(1l —w)d?,

as was to be proved. ]

The following lemma is an elementary property of the conditional expectation. For
the sake of simplicity, we only state it (and prove it) with discrete random variables.

LEMMA A.5. Let X, Y, and Z be three random variables. Assume thatY and Z
are discrete and that Z is independent of (X,Y). Then, E[X | Y, Z] =E[X | Y].

Proof. By definition, E[X | Y, Z] = ¢(Y, Z), where ¢ is defined as follows: for
any pair (y, z) such that P[Y =y and Z = 2] #0,

E[X1y_ylz_.] E[X1y_,]

d)(yaz):]p[y’:yandzzz} B P[Y:y] ’

since Z is independent of (X,Y"). Thus ¢ does not depend on Z and the result follows.O
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