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ABSTRACT: We use the RG framework set up in [1] to explore the ¢? theory with a random
field interaction. According to the Parisi-Sourlas conjecture this theory admits a fixed
point with emergent supersymmetry which is related to the pure Lee-Yang CFT in two less
dimensions. We study the model using replica trick and Cardy variables in d = 8 — € where
the RG flow is perturbative. Allowed perturbations are singlets under the S5, symmetry
that permutes the n replicas. These are decomposed into operators with different scaling
dimensions: the lowest dimensional part, ‘leader’, controls the RG flow in the IR; the
other operators, ‘followers’, can be neglected. The leaders are classified into: susy-writable,
susy-null and non-susy-writable according to their mixing properties. We construct low
lying leaders and compute the anomalous dimensions of a number of them. We argue that
there is no operator that can destabilize the SUSY RG flow in d < 8. This agrees with
the well known numerical result for critical exponents of Branched Polymers (which are in
the same universality class as the random field ¢ model) that match the ones of the pure
Lee-Yang fixed point according to dimensional reduction in all 2 < d < 8. Hence this is a
second strong check of the RG framework that was previously shown to correctly predict
loss of dimensional reduction in random field Ising model.
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1 Introduction

Physical systems with randomly distributed impurities can be modelled through disordered
quantum field theories. Random Field (RF) models constitute a class of such theories where
a disorder field is coupled to a local order parameter. We are interested in the simplest RF
models described by the following continuous action

Slovh] = [ d'a[ (0,67 +V(6) + hx)o(a)] (1)

where the disorder field h is coupled to a single scalar field ¢ for a given potential V.
This continuous description conveniently captures the physics of the theory near the phase
transition, where the microscopic details of the model are inconsequential. Typically the
disorder field is chosen to be Gaussian, with a zero mean. Physical observables are obtained
by taking correlation functions (A(¢))y for a given configuration of h and then computing
their average (A(¢));, over the disorder. The disordered coupling is relevant if A, < 4.
This is called Harris criterion. Since A, = %52 4 5 (with 7 < 1) close to the usual upper
critical dimension, the disorder is strongly relevant and changes the universality class of the
critical system.

A notable example of RF theories is the Random Field Ising Model (RFIM), which
can be defined on the lattice by adding to the usual Ising model a term which couples the
disorder field to a local Ising spin. This corresponds to V(¢) o« ¢* in the action above. In
this paper we focus on another important example: random Field ¢? model (denoted RF
#> model), where we set V(4) oc ¢3. We discuss it in a moment. The analysis for both ¢*
and ¢® potentials appeared in a shorter paper [2].

In [3] it was first suggested that RF theories of the type (1.1) have a phase transition
with an interesting feature: its critical point is related to that of the same system without
disorder in d — 2 dimension. This was explained by a conjecture due to Parisi and Sourlas
in 1979 [4], in the context of RFIM. The conjecture has two essential parts:

1. Emergence of supersymmetry: the IR fixed point of the RF theory is equivalent to
the fixed point of a nonunitary supersymmetric theory (with supercharges that do
not transform in a spinor representation). This is the Parisi-Sourlas CFT.

2. Dimensional reduction: the correlation functions of the SUSY CFT restricted to a
d — 2 hyperplane are equal to those of a d — 2 dimensional CFT with the same action
as the disordered model but without the disorder.

The above implies that critical exponents of a RF model should be the same as those of
a CFT4_o. However this is not always true as found in the RFIM case from a number
of numerical studies. Indeed the model shows dimensional reduction from 5 — 3 [5, 6]
but not for 4 — 2 [7] or 3 — 1.1 This means that one of the two parts of Parisi-Sourlas
mechanism should stop working for RFIM at some intermediate dimension. In [8] part 2 of
the conjecture was explored in the framework of axiomatic CF'Ts. It was shown that there
was no issue with dimensional reduction in the Parisi-Sourlas SUSY CFT.

!The case 3 — 1 cannot work as there is no phase transition for Ising model in 1d.



Part 1 of the conjecture was explored in [1]. A perturbative RG framework was set up
to study the model. It was shown that the emergent SUSY fixed point ot the RFIM is in
fact unstable below a critical dimension. The key points of the analysis were the following:

e One represents the RF model by using a replica Lagrangian. In this formulation, the
disorder field is integrated out and one is left with a pure quantum field theory of n
coupled fields ¢;—1, ., in the limit n — 0.

o The fields ¢; do not have a well defined scaling even in the Gaussian theory (for
V = 0). This is problematic for RG purposes. It is thus convenient to perform a
linear map in field space [9], dubbed Cardy transform, which gives rise to a set of
fields with well defined scaling dimensions.

e Near the upper critical dimension d,. the model is described by a Gaussian action
perturbed by a weakly relevant interaction. This gives rise to an IR fixed point
equivalent to the Parisi-Sourlas SUSY CFT.

e There is an infinite number of other perturbations, that are irrelevant close to d = de.
The fixed point would become unstable if any of these perturbations becomes marginal
at d < dye.

e The perturbations are all S,-singlets i.e. invariant under the S, symmetry that
permutes the n replicas. These singlets (like the fields ¢; themselves) do not have well
defined scaling dimensions. Indeed, after Cardy transform, they can be written as a
sum of operators of different dimensions. The lowest dimensional part of the singlet

is called “leader operator”, the other parts are named “followers”.

e The leader operators fully control the behaviour of the S,-singlet perturbations in
the IR. It is therefore enough to study the anomalous dimensions of leaders (in a
theory —dubbed L — where all followers are set to zero) to know if the .S,-singlet

perturbations are relevant or irrelevant.

e The leader operators are further classified into 3 categories: susy-writable, susy-null
and non-susy-writable.

e The anomalous dimensions of a number of low dimension leader operators in each
category were computed in [1]. This showed that a few S,,-singlet perturbations
do become marginal at some critical dimensions estimated as d. = 4.2 — 4.7 thus
rendering the fixed point unstable at d < d.

We review the framework in detail in section 2. The result of the above RG framework
nicely explains when and why dimensional reduction works for the RFIM. If the framework
is correct it should also be applicable to other known cases giving results consistent with
the numerical predictions. In this paper we test the above framework on the RF ¢? model.

Let us briefly review some features of this model. First let us consider the pure version
of the RF ¢3 theory. This is described by the scalar ¢3 theory which has upper critical



dimension d,. = 6. This theory has a microscopical description realized by considering
the Ising model in an imaginary magnetic field. The critical properties of the model are
captured by the well-known Lee-Yang universality class [10-13].

Once we add the disorder, by the Harris criterion, the fixed point must be in a different
universality class. Interestingly the universality class of the RF ¢? fixed point describes
the critical properties of branched polymers in a solution. Branched polymers are defined
as polymers —long chains of single units called monomers— which branch into other
polymers. Depending on the interactions between the parts of the chain they can appear in
extended or collapsed configurations. One can study the properties of the polymers near
the transition between these two phases. It is also possible to define the branched polymers
on the lattice as connected clusters of sites called ‘Lattice Animals’ The number of their
possible configurations and their average size, scale with some critical exponents that are
known from Monte-Carlo for all dimensions 2 < d < 8 [14, 15]. Lubensky and Isaacson [16]
proposed that branched polymers can also be described in field theory with the n — 0 limit
of a Replica Lagrangian with cubic interaction that allows perturbative computations in
d = 8 — € (see appendix A for a review). Parisi and Sourlas [17] showed that this Lagrangian
also describes the RF ¢ model. Through the Parisi-Sourlas conjecture this is related to
Lee-Yang fixed point without disorder in d — 2 dimensions. Critical exponents in the lower
dimensional theory are known from both perturbative computations (in 6 — € dimensions)
and Monte-Carlo. They agree with the branched polymer critical exponents, showing that
both parts of Parisi-Sourlas conjecture indeed work for this model.

The fact that Parisi-Sourlas conjecture works in this model is supported by the result
of Brydges and Imbrie [18] who found a manifestly supersymmetric model of Branched
polymers, where the dimensional reduction can be rigorously shown (see [19] for a review).
However that analysis does not explain why a generic non-supersymmetric model should
also have a SUSY fixed point, namely why SUSY breaking perturbations are irrelevant (see
appendix A.4 of [1] for more details on this point). Therefore one important goal of this
paper is to explain using the RG analysis of [1] how RF ¢ fixed point flows to a stable
SUSY fixed point that admits dimensional reduction in all allowed dimensions d < 8.

The rest of the paper is organized as follows: in section 2 we review the RG framwork
of [1] focusing on the RF ¢3 theory. We introduce ‘leader’ and ‘follower’ operators and show
how the SUSY fixed point arises. In section 3 we classify all the leader operators into three
categories. In each category we compute the anomalous dimensions of the ones that have
low classical dimensions and break SUSY. In section 4 we use the results to argue that the
SUSY fixed point is stable. We conclude in section 5. There are four appendices that show
various technical details and computations.

2 The RG flow of random field models

In this section we investigate how SUSY emerges in the RG flow of a RF model. In order
to study this question we follow the logic of [1], summarized in figure 1. We start the next
subsection by reviewing how to compute quenched disorder correlation functions through
the method of replicas [20]. We then define a transformation in field space (first introduced
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Figure 1. A flowchart summarizing the RG framework of [1] for a random field model.

by Cardy [9]) which makes the scaling properties of the UV Gaussian fixed point more
transparent. In section 2.2 we explain how to do RG in these new variables and we show
that the IR properties of the model are captured by the “leader theory”, which is specified
by a simpler Lagrangian £;. Thanks to this formulation we can easily classify the spectrum
of the theory and see which perturbations are relevant and whether they give rise to a
SUSY IR fixed point or not. In subsection 2.3 we will focus on the case in which e =8 —d is
small and we will easily show that £ can be mapped to a SUSY model with Parisi-Sourlas
supersymmetry. Finally in subsection 2.4 we explain that the resulting SUSY model can be
dimensionally reduced to a non-SUSY theory in d — 2 dimensions. In principle, when € is of
order one, new relevant SUSY breaking operators could destabilize the SUSY fixed point,
as it happens for the RFIM. This scenario for RF ¢? will be considered and ruled out in
sections 3 and 4.

2.1 Method of replicas and Cardy transform

Quenched averaged correlators are defined by first averaging over the field ¢ and in the end
over the random magnetic field h

@) = [onP(h) 5 [ DoA)es, (2.1)

where overbar denotes the disorder average with distribution P(h), S[¢, h] is the random field
action introduced in (1.1) and A(¢) is a function of the field ¢, e.g. A(¢) = ¢(z1) ... d(zn).
In this paper we will focus on a gaussian disorder distribution P(h) o exp(—5t [ d%@ h(z)?).
Because of the presence of the denominator Zy, equation (2.1) is notoriously complicated
to compute. The method of replicas is a prescription to compute these correlation functions
by eliminating the factor 7, L

The idea is to multiply and divide the integrand of (2.1) by Z,?_l. The resulting
equation is independent of n, thus we can take the limit n — 0, where the denominator
Zy — 1. The Z,?_l in the numerator is instead considered as a product of partition
functions for fields ¢s, ... ¢, which combine with the original functional integral where ¢ is



renamed ¢1. The net result is that we get rid of the denominator Zj at the price of having
n replica fields ¢1,...,¢,. The advantage of this trick is that the average over h is now
just a Gaussian integral which can be performed giving

[A(9)) = lim [ DG A(gr)e51 = (A(g)), (2.2)

n

» y 1 H(&
Sild) = [ @2 dY 50,007 + Vion)| - 5 <§ :asz-) . (23
i=1 =1

We can also generalize this construction to compute the disorder-average of a product
of several correlators as follows

(A1(@) - {An(9)) = lim / D Ax(9ir) - An(iy)e™ 5 = (A1(91,) . An(iy),

(2.4)

where the result is independent of the choice of indices 41, ...,inx as long as they are all

different. While the definition (2.1) eludes the standard QFT framework because of the

average over disorder, the reformulation in (2.2)—(2.4) is conveniently written in terms a

QFT of n coupled fields (the only subtlety being the limit n — 0). This formulation is thus

well suited to study the RG of the theory.

From the quadratic part of S,, we obtain the propagator

1 HM
G=—+

k2 k?(k2 _ TLH) ’ (25)

where M is an n x n matrix whose all elements are equal to one. We see that, in the limit
n — 0, the two terms in the r.h.s. of (2.5) have different scalings in k. This in turns implies
that the fields ¢; at the UV fixed point do not possess a definite scaling dimension. The
idea of Cardy [9] is to disentangle the two scaling behaviors through a linear transformation
in field space. The Cardy transform is defined as follows

1

with p = ﬁ(@ + ...+ ¢n). By construction, the variables y; are not independent and
satisfy the constraint > ;' 5 x; = 0. The quadratic Lagrangian in n — 0 limit thus becomes

H 1

Em%:mﬁw—5u9+§@mﬁ, (2.7)

where from now on we leave implicit the sum over y;, where ¢ runs from 2 to n. We

borrowed the notation £y, from [1] and the superscript ‘free’ denotes the V(¢) = 0 case.
The transformed fields w, ¢, x; have now well-defined scaling dimensions:

N ) 2

Notice that the dimension of ¢ is one unit below the unitarity bound, signaling that the
resulting theory is actually non unitary. By inverting the kinetic term we then obtain the



free propagators, which are now scale-covariant

(o =3r (=g =0 (0k00)4) = (5T
(2.9)
Here II;; is an (n — 1) x (n — 1) matrix whose components are all equal to one. In this
new basis the powers 1/k? and 1/k* of (2.5) appear separated. Notice that to get such a
neat separation we had to work at n = 0. Let us show that indeed order n terms are not
important to study the RG of the random field model.
To model this problem we consider a Lagrangian £ independent of n perturbed by a
relevant operator O with dimension A < d, which is multiplied by a coupling g of order n
(which we think as a small parameter),

Ad{ - / dlz O(x), (2.10)
uv

with Ayy the UV cutoff energy scale and g o n. For our problem L is a Lagrangian obtained
by setting n = 0 (e.g. the Gaussian Lagrangian £, where we are also allowed to turn on
any number of n = 0 perturbations discussed in the next sections) while O is any relevant
operator that enters at order n (there are many of such operators e.g. ©?). We want to see
what happens to the RG of £ when n is small and understand how we are supposed to
think of a line of theories parametrized by n which are smoothly connected to the n =0
theory (indeed this is what we are supposed to have when we use the method of replica).
This is non trivial since there are two conflicting effects: on one hand ¢ looks unimportant
because g x n is small in the UV, on the other hand g is a relevant coupling, thus it should
grow and become important in the IR. Let us explain how we should understand these
fighting effects. The coupling g —which in the UV was order-n — grows along the RG and
becomes order-1 at a scale

AIR ~ nﬁAUV . (211)

At scales A < Ajr the flow is no longer perturbative and we have no means to predict the
fate of the theory (which may flow to a gapped phase or to new fixed point). Formula (2.11)
thus tells us that any fix point of the n = 0 RG is ultimately unstable with respect to order
n perturbations. So in practice no matter how small n is, the coupling g will eventually
become large and destabilize the n = 0 RG. One could then think that it is not possible to
find a smooth interpolation between the n > 0 theories with and the n = 0 one. On the
contrary, in the following we explain how this can be done.

Indeed, as n approaches zero, the scale (2.11) (at which g ~ 1) becomes smaller and
smaller. In practice the n < 1 instabilities are only triggered at parametrically large
distances. This indicates that we should only focus on the regime A 2 Ajg. Because of
the IR cutoff at these scales we can only reach approximate scale invariance. However by
lowering n we are able to make the approximate scale invariant region larger and larger,
finally reaching a true fixed point at n = 0 (which is the one of £ theory).

Very importantly in the regime A 2 Ay all (2.10) contributions are perturbative. They
appear as a Taylor series in n which can be dropped when taking the limit n — 0. It is



thus possible to drop them from the start. In summary from now on we are allowed to
consider the theory at strictly n = 0 and drop all perturbations that which are proportional
to n. This is going to be assumed in the rest of the paper.

2.2 RG in Cardy variables

In the previous section we showed how the gaussian Lagrangian at n = 0 takes a nice form
in Cardy variables. The next step is to consider the RG of the theory.

Independently of the form of the potential, the replica action (2.2) is S,, symmetric. In
order to study the RG of (2.2) we should consider all possible perturbations compatible
with S),, and possible extra symmetries if they are not broken by the form of the potential.
E.g. in [1] a quartic potential was considered, which allowed for an extra Zs symmetry. In
this work we will consider a cubic potential V(¢) = ¢3 in (2.2), thus the Zy symmetry will
not be present.

Sy symmetric preturbations are easily written in terms of the replica fields, e.g.

o=y o, Ty = D O Oudhi,

Ok(uw) = Z ¢§_1auau¢i ) Ok(p)(v) = Z ¢i’c_28u¢iau¢i ) (212)
and so on. On the other hand in order to use the results of the previous section, we need to
rewrite the S,,-singlet operators in Cardy variables. To do so we simply use (2.6) and we set
n = 0. The lowest dimensional singlets in Cardy basis are the following quadratic operators?

o)) = Opdw + 5(0xi)?,
0? = w?, (2.13)
o9 = 2pw + X? .

We see that oy,
generate the kinetic terms, they are by definition always marginal. The perturbation oo

) and o7 generate the Gaussian Lagrangian Lfree of (2.7).3 Since they

instead has scaling dimensions d — 2, thus it is always strongly relevant. It takes the role of
a mass term, which we need to tune to zero in order to reach an IR fixed point. The next
perturbation is o3 which appears due to the potential V(¢) = %¢3 of the perturbed UV
action (2.3). In Cardy variables it takes the form

o3 = [3¢%w + 3px]] u_yt x| sy g ] oyt 1 [w?] - (2.14)

Here the subscript of the square brackets indicate the bare dimensions of the composite
operators computed by summing the dimensions of the fields ¢, x;,w in (2.8). We thus

2In principle one can also consider the perturbation oy = w. This however does not play any role, since
it can be reabsorbed in the Gaussian Lagrangian (2.7) by a shift of fields, w — w + const. Indeed, as we
will explain in appendix B, this perturbation is equivalent to the perturbation q@ in q@d theory, which is also
discarded because it can be reabsorbed by a shift of ¢.

3Tt is important to see that the two terms belong to different S, -singlets, so the relative coefficient
is allowed to change along an S,-preserving RG flow. This is not a problem since the IR fixed point is
independent of such relative rescaling, as it is explained in section 3 of [1].



conclude that the singlet o3 can be written as a sum of operators of different dimensions,
which is actually a recurrent feature of the model. While looking very exotic, this feature
should be expected. Indeed, as we stressed in the previous section, the fields ¢; which are
used to define the S, singlets do not have a well-defined scaling dimension. Thus we do
not expect to find that combinations of ¢; give operators with definite dimensions. The
quadratic operators in (2.13) should be considered as exceptions to this rule. In general
a given S, singlet perturbation O is written in Cardy basis as a sum of operators of
different dimensions

O=0.,4+0Fr +0p, +..., (2.15)

where we distinguish its lowest dimensional piece O, which we call leader from all the higher
dimensional terms Op, which we dub followers, where the follower Op, has dimension
k-units bigger than Or. As it should be clear from what follows, this difference in dimension
does not renormalize, so the difference between the dimensions of a leader and its followers
is the same in the UV and in the IR.

It is easy to see that leaders play a much more important role than followers to
characterize the IR properties of the RG. This can be shown in two steps. First, due to
Sy symmetry, the form of the multiplet must be preserved when integrating out degrees of
freedom. E.g. if we introduce a momentum cutoff A and we integrate out the momentum
shell [A’, A], where A/A" = b > 1, the form of O is not allowed to change, meaning that the
relative coefficients between Oy, and the OF, remain fixed and only the overall coupling is
allowed to change,

g((’)L + OFl + OF2 + .. ) integraﬂg out g(OL + Opl + OF2 + ... ) . (2.16)
Here g is the coupling associated to O at a scale A, while § is new coupling after integrating
out the momentum shell from [A’, A]. Second, when we rescale back to initial form of the
action we see that the relative coefficients get rescaled differently and follower operators are
more and more suppressed as we go to the IR,

1

1
JO0L+0p +0p,+...) — gb)(OL+ — 12

rescaling b

Op, +=50p+...). (2.17)
In particular in the deep IR, b — oo and all follower operators are set to zero with respect
to the leader. We can define an RG equation for the perturbation O as the variation of g(b)
in the RG scale b. Close to the fixed point this can be linearized as follows,

jf(fg)b —) (2.18)

From this construction it should be clear that the eigenvalue y» can be computed in a
very simple way: it is obtained as yo = Ap, — d where Ap, is the scaling dimension of
the leader operator O computed in a simpler theory —which we call £;, — defined by
dropping all follower operators. This is a remarkable conclusion. It gives us a very simple
algorithm to check if an S, perturbation is relevant or not. The strategy is to construct
the S, perturbations, map them in Cardy variables and drop all the follower contributions.



By studying the anomalous dimensions of the leader operators in the £ theory we are
then able to see if y» > 0 and thus the S, perturbation falls off in the IR, or if y» < 0 and
the perturbation grows. E.g. to study the IR effect of the perturbation o3, we should only
consider its leader piece 3pw + 32, which has bare dimension %d — 4 and thus gives rise
to a weakly relevant perturbation in d = 8 — ¢ dimensions. In the next section we will detail
what happens to the IR fixed point of this RG flow. Before ending this section we shall
make a final remark about the £ theory.

Of course, as it is written, equation (2.18) works when there are no other degenerate (i.e.
of the same scaling dimension) perturbations. As expected, when some S,, perturbations O;

have degenerate leaders O, one gets coupled equations of the form Z"{g(;’g = —(y0)i;95(b)

where yo is a mixing matrix which must be diagonalized to obtain the eigenvalues of the
correct IR scaling perturbations. However one should be careful because sometimes the
chosen basis for O; is such that two distinct perturbations 01, Os have the same leader
O11, = Oy, (namely Oq7, and Oy, do not only have the same dimensions but they are really
the same operator) and different followers. In this case it would not be correct to say that
the O; and O, are degenerate (for a detailed exemplification of why this is the case see
appendix B of [1]). In order to correctly diagonalize the RG one should change the basis of
O; and consider as a new perturbation their difference,

01—02:0+(01F1—02F1)+(01F2—02F2)+-~ . (2.19)

The new S,, perturbation O; — Qs has a leader (017, — Oz, ) which clearly has a different
scaling dimension with respect to Oy, thus (07 — O2) and O; are not degenerate preturba-
tions. When we say that L, is a theory of leader operators, we mean that one should first
diagonalize the S, perturbations as above and only then one is allowed to set the follower
operators to zero. In appendix B we construct such a diagonalized basis for the low lying
S, perturbations O; where each perturbation is associated to a distinct leader O;r. The
resulting basis of O, defines the possible low lying perturbations of the theory Lr.

2.3 Emergence of supersymmetry for RF ¢ at small e = 8 — d

If we work in d = 8 — € (for € < 1), it is easy to see that the full list of relevant leaders
in the theory L is given by the quadratic terms in (2.13) plus the leader (o3)r. The
Landau-Ginzburg Lagrangian thus takes the simple form?
H 1
Lr = |0pdw — —w?® + = (8)@)2} + m? (2(,0&; + X?) +9 ( 2w+ gox%) , (2.20)
2 2 2
Beside the strongly relevant mass term, which must be tuned to zero to reach the IR
fixed point, the Lagrangian (2.20) has the single weakly relevant perturbation (o3)r, which
triggers a short RG flow which can be studied perturbatively. This Lagrangian will thus be
the starting point for all the following computations.

“Using (2.8) it is easy to see that the dimension of the interaction is [¢°w] = [px}] = 2 — 4 which

is equal to 8 — % in d = 8 — € and therefore is always relevant for any ¢ > 0. The Lagrangian (2.20) is

renormalizable and contains all possible relevant perturbations in d = 8 — € for € < 1.



Before entering the perturbative computations, we would like to show that many of the
observables of the theory (2.20) are captured by a SUSY Lagrangian. This in turns implies
that for small € the random field ¢® model has an IR fixed point with emergent SUSY.

By looking at (2.20) one notices that y; only appear quadratically, thus the associated
partition function is defined through a Gaussian functional integral in the fields y; which
can be performed. The Gaussian path integral of n — 2 bosonic fields (there are n — 1
fields subjected to one constraint) in the limit n — 0 is equal to a fermionic Gaussian path
integral. This motivates the following replacement,

[\.')M—t

> [0+ £ @) i T [0+ £(0)] 9 (2.21)
1=2

which is valid for any function f of the field ¢, where 1, ¥ are fermionic fields which transform
as Lorentz scalars i.e. they are not spinors. In other words we replace a Gaussian O(—2)
model by a Gaussian Sp(2) model, where O(—2)-singlets (x;)? are replaced Sp(2)-singlets
(¢1)). The new fermionic action thus takes the form

Lsusy = |OpOw — g(ﬁ + 8@&8@4 + 2m? (gow + Wﬁ) (cp w+ 2901/11#) (2.22)

The Lagrangian Lgusy is invariant under a special kind of supersymmetry named after Parisi
and Sourlas [4]. In order to make SUSY manifest we can rewrite the action in superspace
as follows

_ 1
Ssuperspace = / d*zdfdo {—2<I>D2<I> +m?®% 4 géﬂ : (2.23)

where 0,6 are fermionic coordinates (which also transform as Lorentz scalars), D? =
0> —H 00y is the super-Laplacian and the superfield ® can be expanded in components as

®(z,0,0) = o(x) + 0(z) + 0 (x) + 00w(z) . (2.24)

The supersymmetry enjoyed by Ssuperspace is the super-Poincaré group R42 % OSp(d|2),
where R%? denotes super-translations and OSp(d|2) super-rotations. In this theory the su-
persymmetry generators do not transform as spinors and thus the theory is non-unitary [8].%

One needs to be a bit careful with the map (2.21). While the path-integral of the two
theories is equal, the two theories are actually different since they have a different set of
operators. In particular operators that are not singlets under Sp(2) and O(—2) cannot be
mapped from one theory to the other. E.g. x¥ for k # 2 has no counterpart in the Sp(2)
theory. Conversely e.g. v itself has no counterpart in the O(—2) theory. In appendix C
of [1] it was shown how to explicitly write a map between the singlet operators of the two
theories (this is not trivial since it is possible to map also composite operators which contain
derivatives, e.g. Xi0uXi <> VO + 0uabib).

®This setup avoids standard classifications of supersymmetric theories (e.g. [21]) that are based on
the assumption that supercharges transform as spinors and anticommute giving rise to the translation
operator (and to the special conformal generator in supercorformal theories). In particular Parisi-Sourlas
supersymmetric theories can exist in any dimension d and we will be interested in the case of d = 8 — e.
See [8] for more details on Parisi-Sourlas supersymmetry.
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Since the x- and 1-theories are somewhat different, one may wander if it is correct to
study the fixed point of the L, by using Lg,sy. However, it is easy to see that this step is
completely rigorous. Indeed the Lagrangian £, had accidental O(—2) symmetry, therefore
along its RG flow only O(—2)-singlets can be produced. These can in turn be mapped to
Sp(2) singlets. Thus the RG flow of the two theories is restricted to live inside the subspace
of operators which exists (and it is equivalent) in both theories.

To be more pragmatic one can compute the beta function for ¢ with
both Lagrangians (2.20) and (2.22), and obtain the same result (computed in
dimensional regularization):

eg 3¢°H 5
=——-——+4+0 2.25
where the mass term m is tuned to zero in order to reach the fixed point, which is given by
2(4m)*
Hg? = 2 ;) e+0(e). (2.26)

We stress that the same fixed point is reached independently of the value of H (indeed
by rescaling ¢ — vVHy and w — w / V'H we can get rid of H in the kinetic terms of the
actions at the price of rescaling ¢ — VvV H g). In practice we can consider Hg? as a single
coupling.® At this fixed point we can easily compute the anomalous dimension for some
singlet operators and obtain the same result using both formulation (2.20) and (2.22). E.g.

the one-loop anomalous dimension for ¢ and w is v, = v, = see appendix D.3.1).

—15 (
Notice that these are equal as expected since they belong to the same SUSY multiplet in
the (2.22) formulation.

In this section we thus learned that for small e = 8 — d the IR properties of the random
field ¢3 model are captured by the leader Lagrangian £y, which can mapped using (2.21)
to the explicitly SUSY Lagrangian (2.22). We can conclude that for small € the random
field ¢ model has emergent supersymmetry. The question that remains to answer is what
happens when € is not small. Before entering this discussion we review a property of the

SUSY Lagrangian (2.22) which is going to be useful in the following.

2.4 Dimensional reduction

Theories with a Parisi-Sourlas type of supersymmetry like Ssyperspace i equation (2.23)
have a remarkable property: most of the observables of the theory can be described in terms
of a model living in d = d — 2 dimensions which does not have any supersymmetry. More
precisely correlation functions of the d-dimensional SUSY theory with an interaction V(®)
when restricted to a d-dimensional spatial hyperplane are equal to correlation functions of
a scalar theory with the interaction V((E) in d dimensions. This map can be established for
general axiomatic CFTs just by using the superconformal symmetries [8].
To illustrate this map we consider a 2-point function,

(®(21,0,0)®(22,0,0)) = (p(z1)p(x2)) = (d(x1)P(22)), (i €R), (2.27)

SAn interesting observation is that by taking H negative it is possible to make the critical coupling

g» real.
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where the correlators in the Lh.s. is computed using (2.23) while the one in the r.h.s. is
computed in the theory:

41 >~ [1 _~ ~ g~
S=— [ d% |-(00)* + m*¢* + Z4%| . 2.28
o [ |57 + w2+ 45 (225)
The %3—theory (2.28) is a quite well studied model that can even be found as a toy example

in some QFT textbooks (see e.g. [22] for a basic introduction and [23-25] for results at
higher loop orders). In d = 6 — € the one-loop beta function for g, after tuning m to zero, is

given by:
€g 39° 5
== — (0] . 2.29
Po="7% Tam? (") (2:29)
The fixed point occurs at
2(4m)3
= 0(e). (2:30)

One can study anomalous dimensions of operators at this fixed point and get an exact
match with the ones computed using the SUSY formulation (2.22), e.g. V3= Ve = W = Yo
This fact is going to be very useful in the following since it allows us to relate observables
of the SUSY theory (2.22) to the ones of the better studied and simpler ¢3-theory.

3 Classifying perturbations

For infinitesimal ¢ = 8 — d in the previous section we proved that the IR fixed point of the
RF ¢3 model must be supersymmetric and should therefore undergo dimensional reduction.
This however may not be the case for larger values of €. Indeed if € is of order one, other
operators could in principle become relevant and destabilize the RG flow, as it happens
for RFIM [1]. Of course, as we reviewed in the introduction, numerical simulations are
compatible with dimensional reduction [17] and therefore we do not expect a destabilization
to occur. However it is interesting to see how this works out theoretically using the RG
setup described in the previous sections. With this in mind, in this section we study the
one-loop anomalous dimensions of a large set of operators. This information will then be
used in section 4 to check if the SUSY fixed point is indeed stable for the RF ¢? model at e
of order one.

In order to achieve this goal we follow the strategy outlined in the previous section.
Namely we consider the S, singlet perturbations of the Lagrangian (2.3) in the limit n — 0
which are simply captured by the leader perturbations of the model L. The latter being
obtained by only considering the leading pieces of the S, singlets when written in terms
of Cardy variables. So our objective is to systematically consider low-lying S, singlets
and compute the anomalous dimensions of their associated leaders, checking if at (non
infinitesimal) values of € they become relevant.

A large set of low-lying leaders is presented in appendix B. As we shall see, leaders can
be classified into 3 categories: 1. Susy-writable, 2. Susy-null, and 3. Non-susy-writable
operators. This classification is justified since the three types of leaders mix with themselves
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only in a triangular way. This can be schematically shown as below:

susy-null <> susy-null
susy-writable — susy-writable, susy-null

non-susy-writable — non-susy-writable , susy-writable, susy-null. (3.1)

This means a susy-null operator mixes only with other susy-null operators, a susy-writable
mixes with only susy-writables and susy-nulls, while a non-susy-writable operator mixes
with all 3 types. In other words a renormalized susy-null operator can be written as a linear
combination of only susy-null operators, and so on.

In the following we explain in detail how we define these three classes and we will
further compute the anomalous dimensions of the low lying operators of each class. Finally
in section 4 we will collect these results and we will comment on the stability of the SUSY
fixed point.

3.1 Susy-writable leaders

We refer to the operators invariant under O(n — 2) and which do not vanish after the
substitution y — 1 (i.e. they become Sp(2) invariant after the substitution) as susy-writable
operators. They can thus be written in terms of the susy-fields ¢, 1, ), w. Since for these
operators the map between x and v is a bijection, with an abuse of language we sometimes
will refer to the operators already written in terms of ), variables as susy-writable
operators. However one should keep in mind that the actual operators are the ones defined
in terms of the y fields.

Susy-writable leaders are the most frequent ones in the low lying spectrum of the Ly,
theory. This may sound surprising since they come from 5, singlets which do not have any
knowledge of the emergent supersymmetry of L£7. The reason why this happens is that
given an S, singlet of the form Y 7" ; A(¢;) (for any function A) its leader can be written as

(Zn:A(%)) = [A'(w)w+ %AN(SO)X? : (3.2)
=1 L

This form is explicitly susy-writable, indeed it can be written as the highest component of
the composite superfield A(®), namely 9p05A(P). Similarly, product of the leaders (3.2)
are still susy-writable. From this point of view it may in fact seem that only susy-writable
leaders exist in the theory. This is of course false as it is easy to see. Indeed very often two
operators built out of products of singlets of the form (3.2) have the same leader. In this case
the prescription of section 2.2 tells us that we should subtract them to obtain a subleading
contribution. The latter is either non-susy-writable or susy-null. Many examples of this
phenomenon are presented in appendix B. For more discussion see appendix B of [2].

It is important to stress that susy-writable leaders belong to a special class of susy-
writable operators. As we exemplified below equation (3.2), they can be written as the
highest components 0,5 = 9p050 of superfields O. In other words, once written as susy
fields, they are invariant under super-translations. See [2] appendix B for a formal proof of
this statement.”

"It was also shown in [2] that any Sp(2) and super-translation invariant operator is a susy-writable leader.
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On the other hand susy-writable leaders do not have to be invariant under OSp(d|2)
super-rotations, they are only required to be singlets of SO(d) x Sp(2) C OSp(d|2),® as
it is the case e.g. for the operators o? and Oa(u)(uy 0 (2.13). Since superrotations are
not preserved, along the RG flow we may also find superfields which transform in non-
trivial representations O % of OSp(d|2), where we use the notation of [8] and define
latin OSp(d|2) tensor indices as a; = 1,...,d,0,0. Indeed we can be obtain singlets of
SO(d) x Sp(2) by contracting the OSp(d|2) indices of the superfields with the Sp(2)-metric,
e.g. (’)abgsg @ — _0% 4 0. This procedure gives rise to operators with indices set
to the 6 and @ directions. However one should notice that the Sp(2)-metric cannot be
contracted to graded-antisymmetric directions otherwise the result vanishes. Also operators
O with more that 2 graded-symmetric indices vanish when contracted to the Sp(2) metric
because 0993 — (. In practice this means that we should only consider irreducible
representations of the kind (2,0,...), (2,2,0,...), (2,2,2,0...), etc.”

The final result is that only superfield components of the following form do contribute
under the RG (recall that lower 6 refer to the superfield component in 6,6 expansion,
while upper 66 refer to OSp(d|2) indices)

7 00,00
Sear Ty By™, .. (3.3)

where S is a superscalar, J transforms in the spin-2 representation and B2 in the box
representation (2,2) where (a,b) and (¢, d) are the graded-symmetric pairs. The dots take
into account the contributions from other representations with more indices, e.g. (2,2,2),
(2,2,2,2) and so on. In the following we will not consider the latter since all free theory
primaries in these representations have very high conformal dimensions (many fields and
many derivatives are needed to allow for the required antisymmetrizations). Notice also
that these higher irreps do not appear in integer dimensions d < 5 —e.g. the dimension of
the representation (2,2,2) is equal to 17 (d — 5)(d — 1)d*(d + 1)(d + 2) and vanishes for
d = 5. On the other hand they exist in non-integer dimensions. It would be interesting to
study the lightest operators in these irreps and to compute their anomalous dimensions.
We will not attempt this here. In the following we will focus on the lightest operators in
the scalar, spin 2 and box representations.

Luckily we already know a lot about these operators because they are related to
operators in the dimensionally-reduced theory. Indeed, given a superfield O with highest
component Oz, the following relation holds

A09§2A0+2:A5+2, (3.4)

where A@ is the dimension of the operator O in the d = d — 2 dimensional theory to which
O gets mapped under dimensional reduction. Therefore the susy-writable leader O; is
relevant in d dimensions exactly when the operator O is relevant in the dimensionally
reduced theory.

8They must be Sp(2) singlets by definition of susy-writable operators. They must be SO(d) scalars
since the relative Sy,-singlets perturbations are also scalars (non-scalar perturbations would explicitly break
rotation symmetry).

9Here (a,b,---) denotes the Young Tableaux that represents mixed symmetry OSp(d|2) tensors [8] with
a boxes in the first row, b boxes in the second row, etc.
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Scalars. Let us first consider the case of scalars. For the (53 fixed point it is known that
there is only one operator which is relevant in d dimensions, which corresponds to the
mass term 52. So we must have only one susy-writable leader operator that is relevant,
which corresponds to [®2],5. This is indeed equal to the term oy which was considered
in the previous section (see equation (2.13)) and that must be tuned to reach the fixed
point. All other scalar operators are irrelevant in d dimensions, thus there cannot exist
other relevant susy-writable scalar leaders (remarkably we are able to make this statement
without any computation).

Spin two. We can now focus on spin two operators. In d = 6 the lowest spin 2 operator is
the conserved stress tensor 7' which has dimension As = d=6. Any other spin 2 operator
has higher dimension. We thus conclude that in d = 8 the leader Teeg is marginal and that
any other spin two susy-writable leader is irrelevant. One may be worried that in lower
dimensions (namely q§3 theory in d< 6) one would get new relevant operators. However,
since the stress tensor is always marginal, this would imply that the new operators would
have to cross it. Since level crossing is unlikely in an interacting non-integrable model, we
conclude that all spin two operators should stay irrelevant even at d < 6.9 Thus the only
spin two operator that we should consider is the component 7;%9 of the super stress tensor
itself which corresponds to the following susy-writable leader at d = 8 (see appendix C of [8])

00 2 2 2
T 2900w — = (0x:)? + 2HW? = (24 r2Ho?) . :

One could ask what happens when we add this perturbation to the action. On one hand
since 7'9%9_ is always marginal one may imagine that the IR fixed point is a one-dimensional
conformal manifold. However this intuition is incorrect as we explain in what follows.
Indeed the super stress tensor can be defined as a variation of the action with respect to
a superspace background metric gq. Conversely we can say that a perturbation by 7;%5
produces a change of gy,

Lfoa | 06
9o — 95 + 0995 <— 0S5 = —§/d x 1915999-7'95 . (3.6)

Notice that the metric of (2.23) is defined such that gy = H/2, so the perturbation 7;99—5
actually modifies only the value of H. This is also visible from the explicit form of the
operator (3.5), which when added to the quadratic Lagrangian (2.7) has the net effect of
changing the relative coefficient of the kinetic term, namely H. As we explained below
equation (2.26), changes of H do not have physical consequences on the theory. Therefore
’Te%é should be considered as a “redundant” perturbation (see [26]) and should be discarded.

Box. Finally we consider the box representation. In $3 theory we can write an infinite
tower of box operators as follows (see appendix C for a detailed discussion),

~ Y
~ o~~~ 2~ o~ -
B}(Lkl/),pz)' = ¢k 3 <¢7#V¢’pa¢ - C’l‘_2¢,u¢,y¢,pa> 5 (3.7)

0For unitary theories one could use the unitarity bounds to argue that all spin-two operators above the
stress tensor are irrelevant. We avoided this argument since the 4/53 fixed point is known to be non-unitary.
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where B®) is the lowest dimensional operators in a box representation built out of £ > 3
fields (E Here Y denotes the box Young symmetrization and subtraction of traces and the
notation A ,, ,,.. stands for d,,0,, ... A. There is no argument that fixes the dimensions
of B® nor were they previously computed, so we have to obtain them in d=6—¢ by
explicit computation. This is done in appendix D.3.4. Using (3.4) we thus conclude that
the highest components B(glg) (see appendix C for their explicit definition in terms of the

SUSY fields) of the lightest box operators B*) have the following IR scaling dimension:

Ag = (Zk +6— 26>dass + (6 (Qk — 5k — 2) e>

This ends our classification of the low-lying spectrum of susy-writable leaders. To summarize,

+0 (), (3.8)

1-loop

we explained that after the y — 1 map they can be classified in terms of their OSp(d|2)
representations. We argued that for our problem the most important ones are the scalar,
spin two and box representations. We explained how to obtain anomalous dimensions of
susy-writable leaders using the knowledge of the dimensionally reduced theory. Without
any computation we concluded that scalar and spin two leaders cannot be responsible for
the destabilization of the SUSY fixed point. Finally we computed the dimension (3.8) of the
first susy-writable leader in the box representation. This is the susy-writable leader which
we should worry the most about becoming relevant in d < 8. In section 4 we will comment
on if this perturbation can actually be responsible for destabilizing the SUSY fixed point.

3.2 Susy-null leaders

A susy-null operator —like a susy-writable operator— is a composite operator built of
©,w, Xi-s that is invariant under O(n —2) and thus can be rewritten using the map x — 1, %.
The novelty is that after this map the resulting operator vanishes. E.g. (x?)? maps to
(¢1p)? = 0. Since they vanish in the SUSY theory these operators have very restrictive
mixing properties. Indeed susy-null perturbations cannot affect susy-writable observables.

In appendix B we list the susy-null leader operators with low classical dimensions in
8d. We find that there exists an infinite class of 5, singlets which plays an important role

2 (U2Uk—2 20’1%-1)

Ni (3.9)

“k—3\k—2 k-1

for k =4,5,...,00. Indeed the leaders associated to N}, take the following simple form

(N =" (X?)Q ) (3.10)

which makes them the lowest dimensional null operators made of k fields. Because of this
property they cannot mix with any other operator in perturbative computations. We can
then quite easily compute their one-loop dimensions, which in d = 8 — € are given by (see
appendix D.3.2)

A, = (2 (k+2)— ’;)dass 4 <118 (62 — 7k — 48) e) co(d). @

1-loop
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We notice that all operators N}, for any k& > 4 have positive anomalous dimensions. In the
next section we show the consequences of this fact on the stability of the fixed point.

Other susy-null leaders (such as w(x?)?) are obtained in locality constraints B. However
for our argument it is sufficient to consider the anomalous dimensions (3.11). Nevertheless,
for completeness, it would be nice to also compute their anomalous dimensions.'! We leave
this task for future investigations.

As a last comment we stress that the operator (V) = (x7)? has a positive one-loop
anomalous dimension. This is in contrast with the RFIM case of [1] where the one-loop
correction of the same operator vanishes (notice that the operator Ny was called Fy in [1]).
In that circumstance we thus needed to consider the two-loop correction which was negative
and played an important role in determining the stability of the RFIM fixed point.'?

3.3 Non-susy-writable leaders

Finally we discuss non-susy-writable operators. In Cardy variables they are only singlets
under S,,_1 which permutes the n — 1 fields y;, and not of O(n — 2). So they cannot be
mapped to 1,1 variables, and hence break SUSY explicitly. E.g. an operator ox
cannot be mapped to SUSY variables.

If a leader that is non-susy-writable becomes relevant it would clearly destabilize
the SUSY fixed point. In the RG flow non-susy-writable leaders mix with the other two
types mentioned above, although (as expected from the SUSY theory) the opposite mixing
cannot occur.

The non-susy-writable leader with the lowest classical dimension comes from a class of
Sy, singlets which we call Feldman operators (see appendix B and also appendix D of [1]).
They are defined as follows [1, 27]:

n k-1
Fe= ) (9 - )" = Z(—l)l (?) O10k—1, (3.12)
,7=1 =1
and their leaders take the form
k—2 I
(Fi), = > _(=1) <l> () (x5 - (3.13)
1=2

We will consider k to be an even integer greater or equal to 6. For all odd k£ the operator
vanishes. Similarly, for £k = 2, Fr—o — 0 as n — 0. When k = 4 the operator F; just

"Tndeed the main role is played by Ny which is the lowest dimensional leader in the susy-null class.
However we will further consider N5 to perform a sanity check. It can be interesting to consider other
low lying susy-null leaders like w(x?)? (which have the same classical dimensions of Ns) to get further
sanity checks.

12For completeness we show the one-loop anomalous dimensions of (Ny)r in the RFIM case (which we
obtained using the techniques of appendix H of [1]),

k k—4)(k+3
AS\IHI)\/IL = (k+4— 26) + <( )é + )6> +0(%).
class 1-loop
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reduces to A which has a susy-null leader and it was already considered in the previous
section.'® The operator Fg has a non-susy-writable leader

(Fo)r = =10 (26 - 333 ) (3.14)

with classical dimension 18 — 3¢ in d = 8 — €. It is the lowest of its type, and hence we want
to compute its RG correction. Below is the result of IR anomalous dimensions of all (Fy)r:

Ary, = (31<: - k;) + <118k:(2/<: - 3)6) + 0 (62) : (3.15)
class 1-loop
We show the computation in appendix D.3.3. We see that the one-loop correction is strictly
positive. On the contrary, for the RFIM case, the first non vanishing correction comes at
two loops and it is negative [1].!4 This difference is very important for the stability of the
respective SUSY fixed point as we will explain in the next section.

Of course there are infinitely many more non-susy-writable leaders. Let us discuss
another infinite family which is interesting because it contains some of the lowest dimensional
operators of this type. The family can be defined by the following combination of S, singlets

030k—3  0104—1 (k—4)o205_2

== T h—1 (k=B (k-2)’ (3.16)

for k =6,7,.... The leaders of G;, can be written in a very compact way as a composite of
the leader of Fg and powers of ¢,

(Gr)r o< ¢ °(Fo) - (3.17)

This implies that their classical dimension is 2(k+3) — %€ in d = 8 —e. Since they are written
as a product of the lowest dimensional non-susy-writable leader (Fg);, times powers of the
lowest dimensional field ¢, the operators (G, are the lowest dimensional non-susy-writable
operators made of k fields. Because of this property in perturbation theory they do not mix
with other operators and it is easy to compute their anomalous dimensions. The result is

1

Ay, = (2(k +3) - l;k) L (B(k:(6k —7) - 120)6) +0 (62) . (3.18)

1-loop

Once again we notice that the one-loop correction is always positive.'®

13In this paper we avoid the name F; and we shall use A in order to keep the distinction between the
family Fi>¢ with non-susy-writable leaders and the family Nk24 with susy-null leaders. However the name
F4 was used in [1].

M For convenience we quote the result below:

RFIM k k(?’k — 4) 2 3
A(]:k)L_<2k26) +<1086 +O(e).
class 2-loops

15 A similar computation for the RFIM gives

AR — <k+6— ’;) ¥ <(k‘6)6(""+5)6) 1o(e)
cl. 1-loop

where the anomalous dimensions for k£ > 6 are always positive.
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For our argument we will mostly focus on the lowest dimensional non-susy-writable
leader (Fg)r, however it will be useful to know the dimensions of the other leaders of the
families (Fj)r and (Gx)r as a sanity check. In particular we found it useful to introduce
the family (Gi)r, since (Gr7)r in d = 8 has dimension equal to 20 and thus lies well below
(Fg)r which has dimension 24.

4 Stability of the SUSY fixed points

In the previous section we computed the one-loop scaling dimensions A of the low-lying
operators of the L theory in d = 8 — €. It is now time to take our conclusions on the
stability of the SUSY fixed point when € is of order one. The strategy is simple and it
amounts to checking if any scaling dimension A, as a function of d, can cross the marginality
line A = d at some dimension d < 8.

One may be worried that we considered only some low lying operators, and that there
exist still an infinite number of operators which we did not take into account and which
may possibly cross the marginality line. If one has to check the whole spectrum of the
theory, the problem would be intractable and our strategy would not have any hope to
work. However it is possible to argue that there is no need to check the higher dimensional
operators because level crossing is unlikely to occur in non-integrable theories.

Let us explain this point in more detail. Operator mixing occurs in perturbation theory
between operators of the same symmetry, which also satisfy extra selection rules like having
the same dimension and being composite of the same number of fields. In a non-perturbative
setup these extra selection rules are lost and any two operators with the same symmetry
can mix. Let us consider two operators with the same symmetry and dimensions A;(d) and
As(d) computed from perturbation theory. Let us assume that at certain dimension d = d
we have a crossing A;(d) = Ay(d). At this point we should not fully trust the functions
A;(d) since nonperturbative mixing effect can modify the dimensions. The modification is
computed by diagonalizing the mixing matrix of the inner products between the associated
states. The corrected A;(d) can either repel or become complex conjugate close to d = d,
depending on operators having norms of same sign or opposite signs respectively (see also
section 10 of [1]). One point of view about crossing is that when this happens one should
not trust anymore the perturbative computation. However for our problem this point of
view seems too pessimistic.

Indeed it is important to take into account that in the context of e-expansion the
computations A;(d) (when € is of order one) tend to be much more reliable for operators
with low classical dimension. In other words, by computing higher orders in perturbation
theory, the dimensions of the low lying spectrum do not dramatically change, while the
higher dimensional operators may have very important corrections. For this reason, when
level crossing occurs in e-expansion between operators with low and high classical dimensions,
the most likely scenario is that the crossing is non-perturbatively resolved by repulsion of
the higher dimensional operator. The operators with lowest classical dimensions, roughly
speaking, provide a barrier which is unlikely to be crossed by the higher dimensional ones.
With this in mind we can conclude that in e-expansion by knowing the low lying spectrum
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Leaders O Type IR dimension: Ap

(Ma)r Susy-null 12 — 2e 4+ 1€ + O(e?)
(Ns)L Susy-null 14 — 3¢ + 8% 4 O(€?)
Bé%) Susy-writable (box) 12 — 4 4+ O(e?)
Bé%) Susy-writable (box) 14— £ 4+ 0(e?)
(Fe)r Non-susy-writable 18 + O(€?)
(G7)L Non-susy-writable 20 + 3¢ + O(€?)

Table 1. Summary of the computation of anomalous dimensions of the first leader operators of
each type. The computations are performed in the £, theory for the RF ¢ model in d = 8 — e.

of operators in all symmetry sectors, we can answer with reasonable confidence the question
of stability of the fixed point.

In our case the mixing may occur if two operators have leaders in the same class between:
non-susy-writable, susy-null and susy-writable of a given OSp(d|2) representation. By the
argument above it should be enough to study the operator with lowest classical dimension
for each sector. However, to be extra cautious, we further considered (at least) one operator
above it. By checking if the operators above cross the ones below we thus have a measure
of whether non-perturbative mixing effect may be important and slightly affect the result
(namely if there is no crossing we should be more confident about our computation).

We are now ready to analyze the result of section 3. We found that the lowest
dimensional susy-null leader is (NVy) = (x?)2. This operator belongs to the infinite family
of susy-null leaders (N )z, with dimensions computed in formula (3.11) for generic k. For
susy-writable leaders we argued that the operators in the box representation of OSp(d|2)
have a better chance to play a role. The lowest dimensional one is Béi;i) and belongs to the

(

0
in (3.8). In the non-susy-writable sector the lowest dimensional operator is (Fg)r which

infinite family of operators B g) (k > 3) with dimensions that increase with k as computed
comes from the infinite family (Fy)r for & = 6,8,10,.... Their dimensions are given in
equation (3.15). We also considered another infinite family of non-susy-writable leaders
(Gk)r which contain the operator (Gr—7)r, that lies right above (Fg)r. Their dimensions are
given in equation (3.18).

In table 1 we summarize the anomalous dimensions of the lowest dimensional operators
(M) r, Bé:;—), (Fe) 1, of each type and we compare them with the dimensions of one operator
above. From the table it is easy to see that the lowest operators are never crossed by the
operators above. Moreover one can also check that they are never crossed by any higher
dimensional operator of the same type. We thus conclude that non-perturbative mixing
should not affect our analysis.

In what follows we can then focus on each of the lowest operators of the three categories.
We have plotted their IR dimensions as a function of the spacetime dimension d in figure 2.
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Figure 2. Plot showing dimensions of the lowest dangerous leaders from the three categories vs
spacetime dimension d.

Comparing with the marginality line A = d we see that none of the operators becomes
relevant. Since we do not find any new relevant perturbation we can conclude that the
SUSY fixed point persists even at 8 —d = O(1) and thus that the RF ¢ model always
undergoes dimensional reduction.

Of course our conclusion has to be taken with a grain of salt. Besides the non-
perturbative mixing (which should not significantly change our results), there is a more
important source of uncertainty. Indeed our conclusion relies on a one-loop computation of
the anomalous dimensions. Since we are extrapolating to € ~ O(1), higher loop corrections
may become important. It would be very interesting to compute them and see if our results
are confirmed.'® We leave this task for the future.

One of our main motivations for this work was to check if the RG setup introduced
in [1] to study the RFIM model would give consistent results also for RF ¢3. Recall the
discussion from section 1 that the RF ¢® model describes the near critical behavior of
branched polymers. As first established in [17] according to numerical evidence, the critical
point of branched polymers is related to the non-disordered Lee-Yang fixed point (which
describes critical point of Ising model in an imaginary magnetic field) via dimensional
reduction in all 2 < d < 8. Consequently it is expected that the critical RF ¢3 model in this
range of dimensions is always described by a supersymmetric fixed point. Our conclusion
above is therefore consistent with this expectation (see the next section for a discussion on
the subtle d = 2 case).

Another motivation was to compare how the single RG setup works in different ways
for RFIM and RF ¢ (see figure 3). Indeed in [1] we found that for the RFIM the SUSY
fixed point becomes unstable at a critical dimension d. ~ 4.2-4.7 (namely for d < d. the
fixed point is non supersymmetric). On the other hand we expected no instability for the

16We checked that a Padé[1,1] approximation does not change our observation that none of the considered
operators crosses marginality. However it would be nice include higher loop computations in the analysis.
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(a) RFIM. (b) RF ¢3.

Figure 3. RG flow of the leader theory in the RFIM (figure 3a) vs RF ¢ theory (figure 3b). In
RFIM we have an unstable SUSY fixed point below d. ~ 4.2-4.7. For RF ¢ the SUSY fixed point
is stable.

RF ¢3. It was interesting for us to see how this would come about. This paper provides an
answer to this puzzle. The main source of instability for the RFIM is due to (Ny)r (which
we called (Fy)r in [1]) and (Fg)r. They are found to have vanishing one-loop anomalous
dimension. The first non-vanishing contribution is found at two-loops and it is negative
(see footnote 14). So the main difference is that in the RFIM their one-loop correction
vanishes, leaving a leading two-loop negative correction. For the RF ¢3 we did not compute
the two-loop correction of (V) and (Fy)r, because their one-loop anomalous dimension is
already positive and fairly large.'” One can easily understand why the one-loop corrections
behave differently in the two models. Indeed these are computed in a different way: one
needs to insert two interaction vertices to compute a one-loop correction in the RF ¢3
while a single vertex is required in the RFIM (this is also true for the pure versions of
the models and it is simply due to the fact that the vertices have odd or even number of
fields). Operators made of only y; fields (like the Feldman operators) clearly do not receive
corrections from the insertion of a single vertex since the latter always contains other fields
(e.g. the vertex cpkxf has extra powers of ©* which cannot be contracted with the fields y; of
the Feldman operator). Therefore by construction in the RFIM all Feldman operators have
zero anomalous dimension at one loop, while for the RF ¢ this need not be the case and
indeed we find that it is not. We thus conclude that by applying the single RG framework
of [1] we obtain the expected results in two different models. This gives us more confidence
that the framework of [1] is indeed correct.

5 Discussion

In this paper we carry out a perturbative RG analysis of the Random Field ¢® model. We
use the framework introduced to study the Random Field Ising Model in [1].

The results of [1] are compatible with the numerical observations [5-7] that super-
symmetry (and thus dimensional reduction) of the RFIM fixed point are lost in d = 3,4
and are recovered in d = 5, where d = 6 is the upper critical dimension. In [1] this is

17Still it would be interesting to compute the two-loop correction.
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explained by the fact that (at least) one operator becomes relevant in dimensions d < d.
where d. ~ 4.2-4.7. For the RF ¢® model the numerical expectation [17] is that the SUSY
fixed point is always reached in 2 < d < 8 (where d = 8 is the upper critical dimension,
while the subtle d = 2 case is discussed below). The main result of this work is a check that
the framework introduced in [1] is compatible with the numerical results. Indeed we studied
a large number of low lying perturbations and we found that at one-loop they all have
positive anomalous dimensions and they do not seem to ever cross the marginality line.

This result is important for two main reasons. Firstly it is a check of the RG framework
of [1]. Indeed we gained more confidence that this framework is correct since gives results
compatible with the RF ¢3 expectations. Notice that it is crucial to test this framework
since it provides a new understanding of when and why the RFIM undergoes dimensional
reduction, which is a question which was debated for almost fifty years. Secondly it explains
in the same language used for the RFIM why dimensional reduction is not lost for the RF
¢? itself. The latter is also an important question. Indeed the RF ¢3 theory captures the
phase transition of a number of interesting statistical physics models like branched polymers
and lattice animals. For these models dimensional reduction was observed to hold giving
rise to the Lee-Yang universality class in d — 2 dimensions. Our calculations are in perfect
agreement with these results.

Interestingly, for the problem of branched polymers Brydges and Imbrie proposed a
model that has explicit Parisi-Sourlas supersymmetry at the microscopic level and which,
by construction, undergoes dimensional reduction [18]. On one hand the result of Brydges
and Imbrie is impressive because it explicitly shows how dimensional reduction works
in the problem of branched polymers without even using field theory or RG. On the
other hand [18] only shows dimensional reduction for a very fine tuned model where
supersymmetry is taken as a starting point. In particular in [18] it is missing an explanation
of why supersymmetry should emerge in the IR for a generic non-supersymmetric model of
branched polymers.'® Our work provides an answer to this question by showing that all
SUSY-breaking deformations are indeed irrelevant.

There are many open problems which deserve further investigation (see also the
discussion section of [1]) and our work should be viewed as a first step in this direction.
Some of the most interesting ones are listed below.

1. Higher loops and other operators: all the anomalous dimensions computed in this
paper are at one loop. It would be interesting to compute higher loop corrections
of the low lying leader operators. This would allow one to verify that SUSY fixed
point is indeed stable for larger values of e. Susy-null and non-susy-writable leaders
like (My)r and (Fg)r need to be studied in the £y theory. This is slightly more
complicated than the usual gg?’ theory (Lee-Yang) fixed point in d=6— €, since the Ly,
Lagrangian contains two interaction vertices and three different propagators. However
using modern multi-loops technologies it should be fairly easy to extend the results
of this work to higher orders in perturbation theory. For the susy-writable leaders

185, g. the model proposed in [18] is not sensitive to susy-null and non-susy-writable perturbations which
were crucial to understand the destabilization of the SUSY fixed point in the RFIM.
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like the box operators the computation can be directly done in the usual (ZS theory
(because of dimensional reduction), by computing higher loop anomalous dimensions
of the B operators.

We also ignored other perturbations with higher classical dimensions, e.g. susy-null
leaders not in the class (Ny)r and non-susy-writable leaders that are not of the form
(Fo.x)1 or of the Feldman type. It would be interesting to compute their anomalous
dimensions. This may be useful in order to understand nonperturbative mixing when
€ is large. It should be kept in mind that for operators with higher classical dimensions
good accuracy is expected only at higher loops.

2. Conformal Bootstrap: it would be interesting to set up a conformal bootstrap problem
for the RF ¢? fixed point.'® This would be a strong check of the stability of the SUSY
fixed point and dimensional reduction. Choosing a 4-point function appropriately one
can shed light on the various operators allowed in the theory in the nonperturbative
regime 8 — d = O(1). E.g. non-susy-writable operators like (Fj)z can be exchanged
in the conformal block decomposition of (x;(z1)x;(x2)xk(z3)xi(x4)), so we could
numerically estimate their dimensions by bootstrapping this correlator.

There are a number of challenges in setting up this bootstrap problem. Firstly, we do
not have a CF'T for positive integer values n which we can analytically continue to
n — 0. This is because the fixed point only exists at n = 0 (the fixed point arises as
the limit n — 0 of a sequence of approximate fixed points as we review in section 2.1).
Second, since we are working in an 5, invariant theory with n — 0 we expect to find
a logarithmic CFT [29]. Indeed for the RFIM case we find logarithmic multiplets (see
section 9.2 and appendix H of [1]), and one should expect the same for the RF ¢3
model. In order to account for logarithmic multiplets one needs to use a different
bootstrap algorithm which makes use of logarithmic conformal blocks [30]. Finally
the CFT is nonunitary as evident e.g. from the dimension of ¢. So one cannot impose
unitarity bounds or positivity of OPE coefficients. For nonunitary CFTs one needs to
resort to Gliozzi’s bootstrap algorithm [31] or to variations thereof, which typically
are less systematic. Some work is required to tackle these problems, but certainly it
would be priceless to have at our disposal the bootstrap toolbox to study random
field theories.

3. Dimensional reduction 2 — 0: the RF ¢® model can also be studied in d = 2. In
this case, according to dimensional reduction, one would obtain a relation to the
pure g/i)\S theory in zero dimensions. This case is of course bound to be singular. E.g.
dimensional reduction for correlation functions is obtained by localizing all operators
to a d — 2 dimensional hyperplane, however this prescription is not well defined for
d = 2, since all insertions would collapse to a single point. On the other hand one can
compute the partition function (and related observables) in the RF ¢3 model for d = 2
and relate them to the zero-dimensional (53 counterpart, where the zero dimensional
path integral is just understood as an ordinary integral. Parisi and Sourlas in [17]

19See [28] for an attempt by Hikami, reviewed in appendixA.10 of [1].
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checked that critical exponents behave according to dimensional reduction even at
d = 2. The problem was later reconsidered in [32], where it was suggested that the
d = 2 theory does not have the structure of a conformal theory. Indeed for d = 2 the
Parisi-Sourlas supersymmetric theory is of a subtle type since it is not clear if it can
possess a traceless super-stress tensor. This problem can be explicitly seen in free
theory by looking at formula (C.4) of [8] where the improvement term which makes
the stress tensor traceless is singular for d = 2. We think that it would be worth to
revisit this problem in a modern language to get a more comprehensive understanding
of this two-dimensional theory and of its dimensional reduction.

4. Dimensional reduction 3 — 1: a less singular case arises for the dimensional reduction
3 — 1. Here one can still consider correlation functions restricted to a line. On the
other hand, again we cannot define a stress tensor in d = 1 since all one-dimensional
theories are non-local. This can be again seen in Parisi-Sourlas supersymmetric free
theory where one finds that the dimensionally reduced stress tensor —see e.g. in (C.6)
of [8]— vanishes. It would be interesting to study in more detail the three-dimensional
SUSY theories and their dimensional reduction.

5. Dimensional reduction 4 — 2: finally we would like to mention that the dimensional
reduction 4 — 2 is not singular but it is very interesting. Indeed the dimensionally
reduced models have emergent Virasoro symmetry (e.g. the RF ¢ theory in d = 4
dimensionally reduces to the Yang-Lee minimal model with central charge ¢ = —22/5).
It would be very interesting to investigate how the Virasoro symmetry is embedded in
the d = 4 supersymmetric theories. This direction deserves further investigation [33].

6. Applications to other models: beside RFIM and RF ¢? theory, there are other models
which could be potentially studied in the RG framework used in this paper. Indeed
in statistical physics one often uses the replica method and sometimes one lands on
Lagrangians of the form (2.3) or generalizations thereof (see e.g. [34] for a model of
the continuous phase transition of glassy materials). It would be interesting to further
apply the RG framework of [1] to these cases both as a test of the method and to see
whether it provides a deeper understanding of a broader class of phenomena.
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(a) Branched polymer. (b) Lattice animal.

Figure 4. Different clusters on the lattice.

A Review of branched polymers and lattice animals

In this appendix we review how to define the problem of diluted branched polymers/lattice
animals and see why it is captured by the RF ¢3 theory. We will follow the construction
of [16] and we aim at giving a pedagogical and explicit definition of all the ingredients of
the model (see also chapter 9 of [35]).

Let us start with some basic definitions. A polymer is defined as a linear chain of units
called monomers. A branched polymer is built by sewing together linear polymers. It is
convenient to define the polymers on a lattice so that for any fixed number of monomers,
there is a finite number of configurations. We define a polymer on a d dimensional hypercubic
lattice by placing the monomers at the sites of the lattice and by connecting neighbouring
sites with lines. Sets of connected sites on the lattice are called “lattice animals” or “clusters”.
When lattice animals have a tree-like topology they define branched polymers. General
lattice animals also contain self intersections (i.e. closed loops) as shown in figure 4.

We are interested in studying the statistics of branched polymers/lattice animals when
the number N of monomers is very large: in this limit the number of possible configurations
P(N) and the average size R of a cluster scale as P(N) ~ N=A\Y and R ~ N” where
0, v are critical exponents, while A is a non-universal constant. The models of branched
polymers and lattice animals are known to be in the same universal class (see discussion
below). In the following we define a model which counts configurations of lattice animals,
which allows us to choose how many links, loops, clusters and vertices are present in a given
configuration. Finally we will be interested in the so called diluted limit, which suppresses
configurations with multiple clusters.

We will introduce the model in steps. We will start by defining a toy-model that is
used to build random walks (which are equivalently understood as linear polymers). We
then introduce vertices to allow for branching. Finally we explain how to modify the model
to count the number of separate clusters. We conclude the appendix by showing that the
IR behaviour of this model can be described in the continuum limit by an action with .S,
symmetry which is of the same form as the replica action of (2.3).
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To start we consider a simple O(m) model with an m-state vector s; with parti-
tion function
m
Z=1tr [] (1 + KZSZ@?)SZ(:L'/)) . (A1)
(zx’) i=1
where (z,2') denotes nearest neighbour sites. We want to consider s; to be variables in R
which are spatially uncorrelated with trace defined as

= /_;OOH (Hl ds; (g;)> P (Z S?(%)) , (A.2)

T i=1

where P is an O(m) invariant distribution. By O(m) invariance we must have that
tr si () -+ 85, () = Ck (8iyig -+ Oig_yi + ), (k even) (A.3)

and zero if k is odd, for some coefficients C. The dots in (A.3) represent products of
Kronecker deltas for all possible inequivalent pairings of the indices ;. In order to build
the model we further require the coefficients Cj, to satisfy the following conditions

tr1=1, tr s, (x)siy () = 6iyiy Cy = mgflck, for k =4,6,...,4d,

(A.4)
where the coefficients ¢ must be finite in the limit m — 0. Finally we also need to be able
to tune the coefficients ¢ to the values we want. Later we will explain why these conditions
are useful.

These conditions can be recast as restrictions on the possible distributions P. In
other words it is possible to choose P in such a way that all these conditions are satisfied.

Zi 57
=)
times a polynomial in 3, s?. This distribution gives rise to computable traces (by Wick

A simple way to do this is to choose a distribution written as a Gaussian exp(—

contractions) and one can easily check that by tuning the coefficients of the polynomial one
can fix the same number of coefficients Cj,.?°

Formula (A.1) corresponds to a Hamiltonian 37, log(1 + K 321" s;(z)s;(2")), which
is a slight modification of the usual O(m) model due to the presence of the logarithm. This
formulation gives a simpler partition function which has at most a single bond between
two sites and thus it can be conveniently described diagrammatically in terms of clusters.
Let us show how this is done. We first expand the product in (A.1) to get a sum of terms
each of which is just a product of bonds K Y 7", s;(x)s;(z") for a given set of x,2’. This
product is then depicted by drawing a line between each two sites if a bond between them

20Ty be explicit, given the distribution

Zzbf Imax !
P*Wz:“l (ZSi) )

=0 i
one finds that Cy = Z;ng 2! (HTm)lal, where k are even integers. The linear map between a; with
[=0,1,...,lmax and Cx with k = 0,2, ..., 2lnax is invertible and we can therefore use it to fix this set of

C to any value by opportunely tuning the coefficients a;. This means that by considering lmax = 2d it is
possible to satisfy (A.4) and to even choose the values of c.
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is present. A cluster is thus a set of connected bonds. Now the important observation is
that by tracing over s; the only clusters that survive are closed loops. Indeed for each open
end we get tr s; = 0. Moreover for each separate loop we get a factor of m due to the sum
over 7. There are also configurations with intersecting loops which arise when more than
two spins are present at the same site. Forgetting about the latter (which we will discuss
below), the partition function can be expressed as

Z=> mNtKNe (A.5)
C

where C is a cluster configuration which only contains loops, Ny, counts the number of
loops in C and Np the number of bonds. Now we want to take the limit m — 0. This
has two important consequences: first it suppresses loop configurations, secondly because
of (A.3) it suppresses traces of more than two spins at a given vertex, thus eliminating all
configurations with intersecting loops and leaving only linear configurations. E.g. at order
m the limit m — 0 selects only configurations with a unique self avoiding loop. While this
limit trivializes the partition function, it is typically used to study two point functions of a
spin variable sq

(s1(x1) 81 (x2)) = %tr s1 (1) s1 (x2) H (1 + KZ si(x)si(:n’)> . (A.6)
i=1

(aa’)

By expanding again the product we notice that presence of s; makes it possible to draw new
diagrams which are lines that connect x; to x9. These configurations are not suppressed
by the m — 0 limit because the operator s; is selecting a single component of the possible
m. In practice all configurations are written in terms of lines that connect s; at different
sites (all the other spin components s;~1 are not present in any configuration). Conversely,
choosing the two point function of ), s; would have generated an extra factor of m for the
lines due to the sum over i. Equation (A.6) is used to compute the statistics of self avoiding
walks between two points.

For the problems of branched polymers and lattice animals we want to sew together
many self avoiding walks. A first step to do so is to allow many endpoints, namely we
can multiply the partition function (A.1) by a term [],(1 4+ Hsi(z)). This is not enough
since as m — 0 it would only generate configurations involving a number N, of linear self
avoiding walks weighted by H?N¢. In order to obtain branched configurations we need
to introduce vertices v (z) which allow us to connect k lines to the site 2. These can be
defined by the requirement

%iino tr vg(x)si, () - -~ 54, () = OpkO14y...i, » (A7)

where d4,.. 4, = 1 if all a; are equal, otherwise it is zero. Since the index k of vg(z) counts
how many lines are attached to a given site, for a hypercubic lattice we need only to build
a finite number of vertices with 3 < k < 2d. Also the k label is restricted by the possible
number of spins s;(z) at a given site x in the nearest neighbour interaction (A.1), which
gives 0 < p < 2d. The operators vi(x) are written in terms of the spin variable s;(z). We
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ask vy (z) to preserve the O(m — 1) symmetry that rotates the variables s; with i = 2,...,m.
In practice we can define vi(z) as a polynomial of order k in the spin variables which
depends on s; and Y7, s2. Let us exemplify this by considering the simplest vertex for
k = 3. We start by the ansatz v3(z) = a151 + a5} + ags; S/, s? for some coefficients a;.%!
The coefficients a; of the ansatz are fixed by requiring that (A.7) is satisfied for p = 1, 3.
Notice that from these two requirements we obtain three equations which arise from the
different tensor structures. E.g. from p = 1 we get a single equation that multiplies d1;,
which we want to set to zero. From p = 3 we get two equations. One from the coefficient of
(0141 0igig + 01iy0iqi, + 01i50i,4,) Which we want to set to zero and one from the coefficient of
01, 01i,0143 which we want to set to one. In particular using (A.3) and (A.4) we can solve
the full set of equations obtaining

Cq 1 cg — 0421
ag = ——, az= .
m(Am+2) —c(m+4))" 7 Gegm® T 2cem? (A(m +2) — co(m + 4))
(A.8)
By simple power counting this automatically satisfies (A.7) for all p > k because of the

ay =

scaling in m of (A.4).

This example not only shows how to construct the vertices but also it clarifies why we
need to be able to tune the coefficient ¢;. Indeed we must ask that the denominators of the
equations above are not vanishing, namely ¢3(m + 2) — cg(m + 4) # 0 and cg # 0.2

In other words, the existence of vertices with the property (A.7) is an extra requirement
which is not trivially satisfied by all distributions P. We can go on by repeating this
construction for vertices vy with higher k. The number of coefficients in the ansatz
for the vertices matches the number of independent tensor structures appearing in the
equations (A.7) for p < k (this is ensured by symmetry) and thus we are able to fix all
the coefficients in terms of the variable c;. We checked this algorithm and found explicit
formulae for the vertices v, for k = 3,...6. We do not report the results here since the
expressions are lengthy.

Using the vertices we can write a new expression for the partition function

z 3<k<2d

Z = tr H (1 + Kisi () s (3:')) H 1+ Hsy (x) + Z Wiog(x) |, (A.9)
(za') =1

where the coefficients W}, are introduced to count the number of vertices with k lines in a
configuration. It is important to notice that for a given site we can either have a simple
point, an endpoint or a vertex v,. This means that we never have to consider traces of
two vertices vk, (z) and v, (z) and therefore that (A.7) is enough to compute all possible
configurations. It is also worth mentioning that in this model there cannot be more than
4d spin variables at a given site (this happens when a vertex vyq(x) is attached to 2d lines)

2We did not include even powers of the spin variable because (A.7) gives rise to an independent set
of linear equations for the correspondent coefficients which is homogeneous and thus has trivial solution,

namely we can set all these coefficient to zero.
-
22F.g. these requirements are not satisfied by the distribution P(z) = §(z —m) which gives cx = ( 2

4,

[SE RS

and thus c¢3(m +2) — cs(m +4) = 0.
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Figure 5. Two configurations that scale like H3W3 (both made with eleven bonds which thus
give an extra factor of K'!). The blue dots represent end points weighted by H, while the red dot
represents a vertex vs weighted by W3. The configuration on the left contains a single cluster while
the configuration on the right contains two.

which explains why we required the maximal value of k in the conditions (A.4) to take
this value.

Because of the vertices, the partition function now also generates loop configurations
(thus generic lattice animals and not only branched polymers) as long as they are constructed
by connecting v, and endpoints. E.g. the simplest loop configuration is obtained by attaching
an endpoint to one of the lines of a v3 vertex and by making a closed loop with the remaining
two lines — giving a weight HW3. This term will not scale as m because all the spin
variables in the diagram must be of the form s;.

A problem of this model is that it does not give us any handle to count the number of
separated clusters. E.g. a diagram weighted by H3W3 (see figure 5) could either be a vertex
attached to three open ends or it could be made of two separate clusters, the first being like
the one described above with weight HW3 and the second one being a line that connects
two points with weight H?2. This is not what we wanted, since we aimed at counting the
number of configurations of a single lattice animal. In the following we explain how to
modify the model in order to count the clusters. This will be crucial to take the dilute limit
in which configurations with multiple clusters are suppressed.

There is a very simple way to count clusters. Indeed, as mentioned above, a linear
cluster obtained by inserting at the open ends the operator >, s; (instead of s;) is weighted
by a factor of m (similarly the weight of m is kept for branched clusters if one uses vertices
that satisfy tr vg(x)s;, () --- 54, (z) = Oprdi;...5, instead of (A.7)). Here however we do not
want to use m to count the number of clusters, since this variable is already used to count
the number of loops. The idea is thus to introduce a new index j in the spin variable
obtaining s;; with ¢ =1,...m and j = 1,...n, where the new parameter n will be used to
count clusters. The label j is independent of ¢ but works in a very similar way. The trace is
defined as

tr :/+OOH HHdSij () | P ZZS% (z) ], (A.10)
Tz \4=lj=1 i=1j=1
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where P is an O(m) x O(n) invariant distribution which thus gives
tr siy5, (@) -+ Sigs, (@) = Die (01109051 - - - Oige_yig g + -+ )5 (k even) (A.11)

and vanishes when k is odd. The dots contain products of Kronecker deltas for all pairings

of the indices (i, jr,) —such that every ¢; ;, always appears multiplied by d;,;, with the
same p,q. We require the coefficients Dy to satisfy the conditions
k_
tr1=1, tr si 5, (iL')SZ'QjQ (z) = 5i1i26j1j2 , Dy =m?2 1dk , for k=4,6,...,4d,
(A.12)

where again we want to be able to tune the values of dj which must be finite in the
limit m — 0. As before all these conditions can be met by considering P as a Gaussian
distribution multiplied by a polynomial with opportunely chosen coefficients.

We thus define the partition function

Z =tr H (1+KZZ‘SU z) sij (z )H(l—l—Hzn:slj(m)—i— Z Wkwk(x)) )
(za!)

i=1j=1 x 7=1 3<k<2d
(A.13)
where the new vertex wy(x) satisfies
ﬁlliglo tr wg ()i, () - S5, (T) = OprOiy...iy Oy js » (A.14)

for 0 < p <2d and 3 < k < 2d. The vertices wy are built as polynomials of order k in the
spin variable s;; which preserved S, x O(m — 1) symmetry and whose terms are assembled
from the building blocks >7_; s7;(x) and 3770 37, sgj(x) It is easy to see that the same
ideas used to construct v; can be generalized to define the vertices wy. E.g. a vertex ws
that satisfies (A.14) can be defined as follows

=a Zslj —I—agzslj +G3ZZS7«J x) Z 515/ () (A.15)
5'=1

i=17=1
with
dy 1 dﬁ_di
a) = g =—"5, Q3= .
T m (2 (mnt2)—dg(mn+4)) T 2 6dgm?’ "0 2dgm? (d2(mn+2) —dg(mn+4))
(A.16)
As before the coefficients dj, are tuned to avoid singularities.
By expanding the partition function in the m — 0 limit we obtain
Z=S KNegNepNe T w ", (A.17)

C 3<k<2d

where C is a configuration that contains Np bonds, Ng endpoints, N¢ separated clusters
and Ny, vertices with k£ legs. The presence of all these parameters allows us to count
the number of loops Ny, in a given configuration, which is obtained through the relation

Np = Ng — £ + Ek( — 1)Ny,. We thus obtain a partition function of the form
Np ANp A N,
Z = ZA sANeANe T Ay, (A.18)
3<k<2d
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where
A=K, A =H2, Ac =nH?, Ay, = W, H" 2. (A.19)

We further want to consider the diluted limit, namely the case in which there are few
clusters. To do so we take the limit n — 0. The resulting partition function generates
lattice animals; in principle one could get branching polymers by forcing the number of
loops to zero by taking A — 0 (or equivalently H — 00) in (A.18) while keeping the rest
of the A’s finite. We avoid this procedure and keep Ay finite since lattice animals and
branched polymers are known to be in the same universality class. While there is no full
proof of the latter statement, this was checked in various numerical works (see e.g. [36])
and also at low order in perturbation theory in [16]. Given the formulation (A.13), the
fact the two models are in the same universality class can be rephrased by saying that the
RG flows which start at infinite H or finite H in the UV should end up in the same IR
fixed point. As a final comment, we would like to mention that in physical systems where
branched polymers arise one cannot typically exclude the presence of closed loops [37] so in
fact lattice animals define themselves a physically relevant system.

Now that we constructed the model (A.13) which counts diluted lattice animals, we
want to show how to reformulate it in terms of a field theory. We start by rewriting the
partition function as follows

z- |1 TLIT dsis(e) | e oo (A.20)

T j=1j=1

where the Hamiltonian takes the form

H=—7) log (1 KDY sij(2) sis (90/))
(za’)

==t (A.21)

n
= |log [1+HD s1j (@) + > Wywy (z) | +log P Zsfj(az))
x j=1 E>3 1j

The model has a continuous symmetry O(m — 1) which rotates the i = 2,...m components
of s;;. This arises because the original O(m) symmetry is broken by the end points and
vertices which are built in terms of powers of spins in the direction ¢ = 1. The O(m — 1)
symmetry is not going to play any role in the final field theory since the directions i # 1
are not going to be critical. This may not be so counterintuitive since also in the cluster
representation only the spin s;—1 ; was contributing to the configurations. There is an extra
Sy symmetry which acts by permuting the components j. This arises because the vertices
wy, contain powers k of s]fj with arbitrary k. We thus expect to obtain a model in the
continuum limit which has 5, symmetry in the limit n — 0. In the following we shall
explain how this arises in more detail.

We first consider the nearest neighbour interaction term of (A.21). Each term in the
expansion of the logarithm can be further Taylor expanded for small lattice spacing a between
neighbouring sites. The result is written as a polynomial in s - s =}, si;si; dressed with

derivatives. E.g. let us consider the term k = 1 in the expansion log(1 +y) = > "2, %yk
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of the logarithm and let us work for simplicity in d = 1; in this case a site x has two
nearest neighbours at position z + a and x — a, so s(x) - s(x + a) + s(x) - s(x —a) =
2s(z) - s(z) + a?s(z) - 9?s(z) + yats(x) - 8*s(z) +.... Similarly the k = 2 term give rise to
[s()-s(w+a) 2[5 (x)-s(w—a)]? = 2[s(x)-s(2)+2[(Ds(x)5(2))2+5(x)-s(x) s(2)-0%5(x)]+ ..
and so on. Of course it is trivial to generalize this to higher dimensions by using derivatives
0" along all space directions. The terms in the second sum in (A.21) are defined at a single
site x so they do not change by taking the continuum limit (however we still have to include
in the final action all possible terms in the expansion of the logarithm). The result takes
the form

/ddl‘ [POS(CC) - 0%s(x) 4 pas(x) - s(x) + pa(s(z) - s(z)? + -+
+> asiy(@) + Y any sh(@) + Y d Y sh(@)(s(x) - s(x) + . |
j=1

k>3 =1 k>1 j=1

where the first dots correspond to terms with higher powers of s(z) - s(z) possibly dressed
with derivatives and the second dots take into account higher powers of s(x) - s(z) which
multiply Z?ZI slfj. The coefficients p; are written in terms of K and the lattice spacing a
while the coefficients ¢;, ¢}, ... are written in terms of polynomials in the variables H and
W;. In order to have an action written in a canonical form we first to rescale the fields s;;(x)
to get a kinetic term normalized as 19"s(z) - 9,5(x). Secondly we get rid of linear terms
proportional to ¢; in the action by shifting s1;(z). Because of this shift, the coefficients
multiplying the monomials in s1;(x) and in s,z j(x) become different. In particular the
mass terms si;(z) and ;. s7;(x) appear with a different coefficient. When we study
this action in the IR we tune the mass for ¢ = 1 in order to reach the critical point. All
other fields are massive and are integrated out. The resulting action takes the form of an

Sy, model

1
/ddx [2 Zaﬂsljauslj +c ZS%j + CQ(Z 81]‘)2 +c3 ZS‘L +...0, (A.23)
J J J J

where the dots stand for any S, invariant interaction defined by powers of s1; possibly
dressed with derivatives and the coefficients ¢; are written in terms of the p; and ¢; of (A.22).
After mapping s1; — ¢;, this action is exactly of the form (2.3) (with V(¢) = c14? + c3¢°
and ¢y = —H/2) which is the starting point for analyzing the RF ¢® model in terms of
replica variables.?3

B Classification of leaders in RF ¢3 theory

The classification of leaders of the RF ¢? theory is very similar to the one of the RFIM
described in [1]. Indeed, the form of the leaders does not depend on the potential V' (¢),

#3Notice that in the dots of (A.23) there is also the term Zjl ia
we call o102 in the main text, which is an irrelevant deformation.

81]‘15%]‘2. This term corresponds to what
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Singlet Leader Leader type

09 [2we + x?]A_g susy-writable
o3 [w?]A=g susy-writable

Table 2. Scalar leaders with Ny = 2, Nger = 0 in d = 8.

nor on the space dimensions. The only differences are the following. First the classical
dimensions of the fields depend on the spacetime dimension d and the latter is different in
the two models (since we work close to the respective upper critical dimension). Secondly
the RFIM has an extra Zs symmetry, and thus one is allowed to focus on leaders which
are singlet under Zy (which are all composite operators made out of an even number of
elementary fields). In the RF ¢3 theory the symmetry Zs is absent, we will thus need to
consider also operators made out of an odd number of elementary fields.

Let us call Ny the number of elementary fields and Nge, the number of derivatives
that are contained in the composite operators. As an example of even-NNy leaders, let us
consider the case of Ny = 2. As for the RFIM, the possible singlets without derivatives
are o9, o7. All leaders with N, = 2 must be susy-writable as it was discussed in [1]. Here
the only difference is that their dimensions is computed in d = 8, as shown in table 2.
Similarly operators with derivatives will have the same exact form as the one described
() = [20wdp 4 (9x:)?] o_g- This should make it clear that we do not need
to repeat the classification for all even Ny, which is given in [1] and still holds, up to the

in [1]. E.g. oy

scaling dimension of the fields which can be very easily recomputed following the d = 8
rules that A, =2, A,, = 3 and A, = 4. It is easy to see that this amounts to shift the
d = 6 dimension in all tables of [1] by Ny, namely

A8 A=) N (B.1)

leader leader

Applying the equation above to the cases studied in [1] we find the lowest dimensional
leaders in the even-NN, spectrum of #3 theory in d = 8: the first susy-null leader is (x?)?
with dimension A = 12 while the first non-susy-writable leader is (Fg)r, and only appears
at dimension A = 18. In [1] other susy-null leaders appear at A < 18, the second one is
©*(x?)? with dimension A = 16 in d = 8. In the following we want to check if in the odd-N,
spectrum of ¢ theory there are new low lying leaders in the susy-null and non-susy-writable
sectors. We will see that there are no new non-susy-writable leaders at A < 18, therefore
the lowest dimensional leader of this type is still F¢.?* Similarly we find that the first
susy-null leader is still (x?)?, however we also find other susy-null leaders at A < 18 with
odd Ny,. The first new one is ¢(x7)? which appears at N, = 5 and has dimension 14 in
d = 8. In equation (3.9) in the main text we show that this operator is a member of an
infinite class of susy-null operators named N}, which have leaders equal to cpk(xzz)2, which
also describe the cases (x7)? and p?(x?)? discussed above.

24 Another non-susy-writable leader is Fg 1 and can be found at dimension 20 as explained in the main
text. In this appendix we will not show this leader because we decided to focus on A < 18.
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Singlet Leader Leader type

o3 [wp? + xF¢]A_g  susy-writable
0102 [2¢0w? + x?w]a—1p susy-writable
o} [w¥a=12 susy-writable

Table 3. Scalar leaders with Ny =3, Nger =0in d = 8.

Singlet Leader Leader type

T3() (1) [QXiSO,uXi,u + ‘PX%,“ + WSO?M + 2@90,#@”} A10 susy-writable
O1(1)02(n) [wy (XiXipu +wep + wu)] a2 susy-writable
TLI2(p1) () [w (X?,u + 2<Puwu)]A=12 susy-writable
0101(1)01(p) [sz]A:14 susy-writable

Table 4. Scalar leaders with Ny = 3, Nger =2 in d = 8.

B.l Ny=1

A single operator with Ny = 1 is present,
ol =w, (B.2)

which is susy-writable. When we add this operator to the Lagrangian, the physics does not
change since w can be reabsorbed by shifting the fields. In SUSY language it corresponds
to adding ® to the SUSY Lagrangian. Equivalently this corresponds to adding 523 to the
dimensionally reduced Lagrangian. In both cases this perturbation can simply be undone
by a shift in the fields (respectively ® and ¢).

B.2 Ny=3

There are only three leaders with Ny, = 3 and no derivatives. They are all of the susy-
writable type as shown in table 3. We can also consider leaders with Ny = 3 and two
derivatives. The result is still a list of susy-writable operators as shown in table 4.

By increasing the number of derivatives we do not find new interesting operators.
Indeed all o, with £ < 2 have a susy writable leader with no followers. So, any combination
of these with any number of derivatives will be susy-writable. One can thus focus on
o3 —which is the only operator with N, = 3 that has followers (which are not always
susy-writable)— and try to dress it with derivatives. But one can see that these do not
produce new non-susy-writable or susy-null operators. Indeed we first notice that there
exists a single independent? way to write a Lorentz scalar by dressing o3 with derivatives:
U:gk) =3 0i(0u ... Oy, #i)?. The associated leaders are susy-writable. One may still worry

25 All other dressings are equal to ng) plus total derivatives plus terms built by dressing o1 and o2 with

derivatives (which we already considered above).
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Singlet Leader Leader type

o5 [0 (ow + 2X3)] A 19 susy-writable
0104 [?w(2pw + 3X7)]a=14 susy-writable
M [QO(X?)Z]A:M susy-null
0307 [pw?(w + X2)|a—1g  susy-writable
o307 — 30301 [W(X?)2]A:16 susy-null
(72‘7% [w3(2g0w + X?)]Azlg susy-writable

Table 5. Scalar leaders with Ny =5, Nger = 0 in d = 8.

that another singlet could have the same susy-writable leader and that their difference
should be considered as a new leader. However the leader of aék) has lower dimension than
any other leader built by composing products of o1 and o9 dressed by derivatives, as one
can see for the example of two derivatives in table 4. This ensures that there is no other
singlet with the same leader and therefore that the followers of Uék) can always be neglected.
In summary we find that no matter how many derivatives we consider, any operator built

out of Ny = 3 fields must have a susy-writable leader.

B.3 N¢, =5

We now focus on the operators built out of five fields. The list of Ny = 5 leaders with
A <18 and Nger = 0 is shown in table 5. Here we find the first odd-Ny4 susy-null operator
which we call (NV5)r according to the definition (3.9) in the main text. This operator has
dimension A = 14 and leader equal to ¢(x7)?. At dimensions A = 16 we also find the new
susy-null leader w(x?)2.

By considering Nger = 2 we must take into account the following S, singlets

95,(1) (1) > O4,() (1) 915 03,(1) ()92 0302,(u) () » ‘73,(M)(u)‘7% ’

3
02,(1) (1) 9201 5 02,(1) ()91 5 O4,(1) 91, () » 03,(11)92,(n) » 03,(1)91,(1)91>
09,102,015 T2,4)01,(0%s Ot )0t - (B.3)

Combinations of these singlets give either susy-writable or susy-null leaders. At dimension
16 there are five leaders: three susy-writable and two susy-null. Since the two susy-null
leaders have dimension greater than (N)r, they are not very important for our classification.
However it is instructive to show their explicit form:

Ol = 2030 () — 69203, () ) + 60104,y + 30301 — 40307, (B.4)
209 03
O = —20104() ) + 7%))(“) = 201(.)04(u) + 209 T3(s) (B.5)
which gives rise to the susy-null leaders
(O’gt)ll)L - _38“[S07“<X12)2]A=16’ (Oﬁ)n)L = [0y (‘PX?@L(X?))]A:W- (B.6)
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Singlet Leader Leader type

o7 [<P5(90W + 3XZ2)] A=16 susy-writable
o106 [prw(2pw + 5X2)|a—1s  susy-writable
N3 [Wg(X?)Q]A:w susy-null

Table 6. Scalar leaders with Ny =7, Nger =0 in d = 8.

It is interesting to notice that the leaders of @) and @@ are just total derivatives, indeed
these operators can be written as derivative of spin-one S,,-singlets,

1
01(111)11 = Oy (2‘7302(u) — 30203(,) — 57491 () T 20104(u)> v (B.7)
2 2 1
O = 0, (—3010400 T 30302 30401(@) : (B.8)

Since the operators are total derivatives they do not affect the RG and we can discard them
for the purpose of the present classification. Analogous considerations are valid for the next
null operators with Nger = 2, Ny = 5 which have dimensions 18 and are built by dressing
w(x?)? with derivatives.

By studying higher number of derivatives with Ny = 5 we do not find any non-susy-
writable leader with A < 18. E.g. by considering Nger = 4 the lowest dimensional operator
is 05 dressed by derivatives which has a susy-writable leader with dimension 16, while the
first susy-null operator has already dimensions A = 18.

To summarize for Ny = 5 we found that the lowest dimensional susy-null leader is N}

and that there are no non-susy-writable leaders up to A < 18.

B4 Ny=7

The Ny = 7 leaders with Nge; = 0 and A < 18 are considered in table 6 We notice that
the only susy-null operator belongs to the family N, for £ = 7 and it has dimension 18 in
d = 8. Tt is easy to see that all leaders with Nger > 0 and A < 18 are susy-writable.

C Box operators

The only susy-writable operators which may destabilize the SUSY fixed point are those which
transform in the (2,2) irrep of OSp(d|2). Since these are susy-writable their anomalous
dimensions are determined by computing anomalous dimensions of the corresponding
operators in qg?’ theory in d — 2 dimensions. In this appendix we show the form of these
operators both in <Z§3 theory and in the SUSY theory.

In order to define operators which have good scaling dimension at one loop, we consider
the primary operator built out of free scalars gg in d = d — 2 dimension. We are interested
in primaries that transform in the (2,2) representation of SO(d). It is easy to show that
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they take the form
2d v
B/(jf/)’pa = ¢k_3 <¢,,uu¢,pcr¢ - g_2¢,u¢,u¢,pa> ) (Cl)

where k& > 3. To unpack (C.1), we contract it with polarization vectors z{'z¥ 2529 such that
22 = 23 = 21 - 20 = 0. We thus obtain

~

B®) (21, 25) o ¢F3 {d(zl 0)° 6 ((22:0)-0) *~2d (21-0) §(21-0) (22-0) #(22-0) 6

(C.2)

where each derivative is meant to act only on the closest (;AS on its right. The two lowest
dimensional operators of this family are thus B®) and B®) .26

We now want to write down the correspondent SUSY superprimary B®*)abcd We are
(k),00,00
- 00

6. The operator B was explicitly written in [1] (in d = 6). In the following we thus focus

especially interested in the highest component B with all indices in directions 6 and
on B®) | which can be written in components as follows
3),00,00 - - _ _ _
Béé) Xw <_86¢,u¢,u _90,2;;.11_7290,/1“},#) +6</7,;L (¢,u¢,ul/ +'L/},,uu¢,u) _Q‘P,uu (IW,W +¢,ul/¢)
+6(P,ﬂuw,uiz,u+14w,p, (WZ,;L—HM[‘Z) +6@,uw,yﬁp,p‘y+3(P,#§07Vw7#y+1580.}3

+290 (_w,uud—],uu_@,MVW,HU‘F’?W’QH) 5 (C3)

where here, for simplicity, we set d = 8. To compute anomalous dimensions of this operator,
one can alternatively consider the lowest component of the same supermultiplet, which has
a considerably simpler form

B o p (64002 —2 (14400 +62,, ) ) + 60 (T80 + Thutb+ @uippn ) —6w (4209 +5¢2) .

(C4)
In appendix D.3.4 we will compute the anomalous dimensions of B®) using the formula-
tion (C.2) in terms of the ¢? theory. It would be nice to check this computation using the
SUSY descriptions (C.3) or (C.4).

D RG computations

In this appendix we give the details of the results shown in section 3. All our computations
will be at one loop order. For our theory this typically involves two vertices. It is suitable to
use Feynman diagrams for such cases, as opposed to the OPE method we used for one-loop
computations in [1]. We will use dimensional regularization scheme in our computations for
which we refer to [22, 38] for a good review.

We will work with the y; fields instead of 1, fields. This is suitable for computing
anomalous dimensions of general susy-writable, susy-null and non-susy-writable operators.

26To study the RFIM in [1] we considered the operator §(4), since it is the lowest dimensional operator in
this representation which is Zz-even. Here the Zs symmetry is not present thus we are allowed to consider
operators built out of an odd number of elementary fields like B,
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Y =

hS|
Yy 3

Figure 6. The Feynman diagrams for the one-loop renormalization of (¢(p)e(—p)).

D.1 Wavefunction renormalization

Our theory is given by the Lagrangian (2.20) in d = 8 — € dimension, written in Cardy
variables and mass term set to zero:

9B

H 1
L1 = 0ppduwp — —wh + 5(8XB)2 + G

5 (3w3<,023 + 3XQB¢B) . (D.1)

The subscript ‘B’ denotes bare quantities that are related to the renormalized ones

as follows:27

oB=Zyp, wp=Zw, XB=Z2X 9B=22;°72; u. (D.2)

Here p is an arbitrary mass scale. The Z-s denote renormalization constants which can be

expanded in powers of 1/e and g2 as follows:

Zy=1+ Z Z zg?’q)g%e*q, (D.3)

p>11<q<p

where the subscript A = ¢, ¢, w, x. The above is very much similar to the usual ¢3-theory
fixed point in d = 6 — € dimension. Correlation functions of the bare quantities contain poles.
Since those of the renormalized ones must be finite we should choose 29 accordingly.

We begin with the most basic computation which is to obtain the wavefunction
renormalization constants Z,, Z,,, Zy. For this we consider the correlators (¢(p)w(—p)),
(e(P)e(=p)) and (x;(p)x;(—p)) and demand that they should be finite. Their corrections
are shown in figure 6 and 7. The corrections to (¢(p)w(—p)) and (xi(p)x;(—p)) are equal
and given by the integral:

g 1 2172
foe (pZ) - (9277)d / (12)%(p +1)* - 76g(47r;046 +0 (60) ' (D-4)

The correction to (¢(p)e(—p)) contains the above and also the additional integral:

°H d?l g
oo () = oy | oy = stimye O () (03

27 Although we could consider separate renormalizations for the couplings corresponding to ¢?w and x2,
it is sufficient to focus on just one. We comment later that the two vertices lead to the same renormalization
constant and beta function.
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Figure 7. The Feynman diagrams for the one-loop renormalization of (p(p)w(—p)) (left) and
(xi¢(p)x;(—p)) (right). We have suppressed the 7, j indices.

Taking into account the respective symmetry factors the one-loop corrected 2-point
functions are given by:

ZyZ, 6(4m)te
1

2
<w<p>w<—p>>=12[ = +o(g%ﬂ)],

g :[46 Lo (9260)] , (D.6)

This leads to
(D.7)

D.2 Beta function

We will now compute the one-loop beta function. For this we consider the 3-point function
(p(p1)e(p2)@(ps3)) and demand that it is free of € poles. The tree level diagram involves
the we? vertex. The one-loop diagrams are of the type shown in figure 8. The amputated
form of the 3-point function is given by:

(Pp1)(p2) P = 95 + 2G5 (p1,2) + I(ps, 1), (D5)

The renormalization constants appear through gp via (D.2). I3 is given by the integral

J d’l
I(p1,p2) = (2m)d / (12)(1 + p2)?2((1 — p1)?)?’

(D.9)

This is a triangular loop integral that can be evaluated using standard methods (see
e.g. [22, 38]), and gives the following € pole:

I(p1,p2) = 3(5)46 +0 (). (D.10)

Demanding that the pole cancels, and using the wave function renormalization constants
from (D.7) we obtain
9°H

Ze=1— .
g (4m)te’

(D.11)
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Figure 8. The Feynman diagrams for the one-loop renormalization of g. The shown diagrams
correct the correlator (p(p1)p(p2)w(ps)) at one loop.

We thus obtain the beta function (ﬁg = ug—z) as follows:

Ologgp 0 91 € 3gH 1
= = log | 2,222 u gl = - — 2B, + -
Ologp — Ologp og{ 9% fu K g] 2 2(47r)3eﬁg+gﬂg’
eg 3¢°H
= fBg=—= —
Fg 2 4(4m)t
This gives a fixed point at
2(4)te
2
= — D.12

The two solutions to g, are equivalent as they are related by transforming
= —p, W= —Ww.

The same result can be obtained by considering the 3-point function (x;(p1)x;(p2)e(p3))-
It involves the vertex y?¢? at tree level. At one loop we have two diagrams which give the
same Z,4. This also follows from the equivalence of the Lagrangian (D.1) with the SUSY
theory (2.22).

D.3 Renormalization of local operators

For RG analysis of local operators we consider bare operators OlB (composed of bare fields),

that are related to renormalized operators (9;3 by a mixing (renormalization) matrix Z;;:
OF = 7,,0;. (D.13)

Similar to the renormalization constants of previous subsection, the matrix Z;; can be

expanded in powers of 1/e and g as follows

2
Zij = 51']' + %Zij +.... (D.14)
The matrix z;; has to be fixed by computing one-loop corrections to correlation functions of
O; and requiring them to be free of 1/€ poles. In general, this matrix is of block diagonal
form. A certain block in z;; corresponds to operators with equal number of fields and equal
classical dimension A? = A?.
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The matrix Z gives the anomalous dimension matrix I' as follows:

— -1 _d
Writing ﬁZ = j—gzgjl(g;L and using the definition of beta function it is then simple

to obtain:
Tijg) = —g%2i; + O (g*). (D.16)

This has to be evaluated at the fixed point given by (D.12).
Diagonalization of I' gives the renormalized operators, whose dimensions are given by the
(m)p (m)

eigenvalues. For an eigenvector (™) satisfying Y€ L'ij =7yme; ’, we get a renormalized

operator OFf = (1+ dm ) j e§~m) O]B having an anomalous dimension A, — A% = ~,,.

D.3.1 Anomalous dimension of ¢, w, x

Let us first compute the anomalous dimension of the fundamental fields ¢, w, x;. Their
renormalization constants we computed in (D.7). Using (D.16) we immediately get the

anomalous dimension:
€

As expected this is same as the well-known field anomalous dimension for Lee-Yang fixed
point in d = 6 — € dimensions [22].

D.3.2 Susy-null leaders

In this section we will compute the anomalous dimensions of some susy-null leader operators.
The ones we consider correspond to the class of singlet operators A} we introduced in
section 3.2. For k = 4,5, 6 their leaders (NV;) 1, = (x?)%¢"* give susy-null operators with the
three lowest classical dimensions. These are given by (x?)2, ©(x?)?, ¢*(x?)? respectively.
Since each (N)r has the lowest classical dimension among operators with & fields we may
simply represent their respective renormalization constants as follows:

[(Ne)LlB = Zr(Ni)L -
To compute the renormalization constant Z;, we consider the correlator

(Vi) (p = 0)x; (p1)xk(P2) X1 (P3) Xim (P4)(P5) - - - 0 ()

The one-loop triangle diagram corrections are shown in figure 9. All the diagrams involve
the same loop integral that we had earlier in (D.9).

It is straghtforward to compute the symmetry factors associated to each diagram.
Demanding that the % term vanishes from the correlator above we get the following condition:

_ 3 111 w p?
Zit == (R =k =8) I +p2)ler — 5 ) [@pg) : (D.18)
=1 t el
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Figure 9. Diagrams that contribute to the one-loop correction of (Ng)r.

Here I, is to account for external leg corrections and is given by (D.4). With I(p1,p1 +p2)
computed previously in (D.10) we get the following condition for cancellation of % singlarities:

H92

—1 2

(D.19)

Using the general formula (D.16) we get the anomalous dimensions of leaders of Nj:
1
TN = 1g (8 — Tk —48) . (D.20)

D.3.3 Non-susy-writable leaders

Next we consider non-susy-writable leader operators. We will focus on leaders of the
particular class of singlets, call Feldman operators. We defined them in equation (3.12)
which we repeat for convenience:

k—2 / !
s=3 () (20 (). D.2)

=2

To compute the anomalous dimension of this we should, in principle, consider all opoerators
O; with k fields and the same classical dimension as (F)r. Let us write their renormalization
matrix as OlB = Z;;0;. We take O1 = (Fj)r. We then have a renormalization matrix that
has the following form:

Z11 00...

0 =% ...

Z= (D.22)

0 % ... |
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Figure 10. One-loop corrections to (Fy)r.

o,
25

To show this consider the correlator ((Fi)r(p = 0)xi, (p1) - - Xi, (Pk)). It has a one loop
correction as shown in figure 10. From the x-x legs and the associated contractions of K
matrices it is clear that we only get a correction to Z1; and no other component Z;. The
fact that the components Z;; (i > 1) would be 0 was argued in appendix H.3 of [1], and
this also applies for the cubic interactions considered in this paper. Hence for computation
of anomalous dimension of (Fy)z we have only to compute the renormalization constant
Z11 = Z(;k)L and can neglect the other operators O;;.

The loop diagram is again that of (D.10) and comes with the symmetry factor $k(k—1).
Considering the correction due to k external legs we get:

1 1 [T (p2
Z = ——k(k - V)[I(p1,p1 +p2)ler — = s gp’) ) (D.23)
2 2 i=1 P e!
This gives:
2
_ g°H
Z7l=1- 2 k(2k—3). D.24
k 12(4m)te ( 3) ( )
Using (D.16) we get the anomalous dimension:
k(2k — 3)
V(F)L = — 18 €. (D.25)

D.3.4 Susy-writable leaders

In this section we will compute the anomalous dimension of a class of susy-writable leaders,
specifically the box operators discussed in section 3.1 and appendix C. For convenience
we will compute anomalous dimension of the box operator in the dA)g, theory in d=6—c¢
dimension. Via dimensional reduction that should give the same anomalous dimenision as
the operator we want.

The ¢3 theory has the Lagrangian shown in (2.28) which we rewrite below for con-
venience (here we canonically normalize the action since the anomalous dimensions are
independent of this normalization):

S = /d% B (a$)2 +m?¢® + %53 : (D.26)
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Figure 11. One-loop correction to B® in q§‘3 theory in d = 6 — e.

The arguments are similar to what we described above in section D.3. The standard details
of this theory (beta function, critical point value) are given in section 2.

We want to use a form of the box operator that is simple for computation. In [1]
appendix F we used the idea of equivalence class {O} which contains an operator O and
other operators that are related to it by a total derivative. Hence all operators in {O}
are equivalent for perturbative RG computations. The box operator equivalence class
{B®) (21, 2)} has the following operator:

~

BW(z1,2) = 6" (((21.0)(22.0)9) — (21.0)°0(22.0)). (D.27)

which we defined as B® for this section. It is easy to show that this is related to the
form (C.2) by a total derivative.

We define its renormalization as follows:

{B(k)(zlaZQ)} = ZB(k)B( (21, 22). (D.28)

We consider the correlator (B® (z1, 2)(p = 0)(p1) - - - ¢(pn)) for computing Z=,. It can

Bk
be shown that the box operator as shown in (C.1) is a primary in free theory. Therefore for

computing the one-loop anomalous dimension we can ignore mixing with other operators.

We will focus on the case k = 3. The operator B® may be written as follows:

~

B (21, 20) = (222025 — 21 2428) 6 (00" 9) (0°073) . (D.29)

At tree level the correlator is proportional to:

P PIPe DS +ph v pspS + 5 ps P ] + (u < p,v o). (D.30)

The correction to the correlator is given by the triangle diagram as shown in figure 11.
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Then we have integrals of the following forms depending on which leg(s) the deriva-

tives act:
(I +p)*(l + p1)?
I /ddl
1= Pivs P)(1+p1)*(1 — p2)?’
I = Yy 5/ddl ( ) ( )
2 P3P3 (l2 l+p1) (l_pQ)

[ ()4 p)P (= p2) (L= p2)°
Iy = [ d'l 2 2 2 )
()1 +p1)*(l = p2)
where the indices a, 3,7, p have to be chosen as appropriate.

Let us focus on I to show how to evaluate these integrals. We may write the denominator
in I7 as

1
() (1 +p1)*(l = p2)?

Now using the standard change of variable ¢ = [ 4+ x1p1 — z2ps the above becomes

6(1‘1 + 29 + 13 — 1)
[21(1 + p1)2 + 22(l — p2)? + x3l2]3"

= 2/dx1d:c2d:1;3 (Dgl)

O(x1 +xo+a3—1
Q/dazldxgdmg (1 5 2 ; ), {F =x1(1— xl)p% + z2(1 — wg)pg + 2x1m2p1.p2} )
[¢* + F]
(D.32)
From the numerator of I; one gets:
(+p)*(U+p)’ =" + [qa (ﬂfng — (71 — 1)29?) + (a0 +» ﬂ)}
+ (0 (1 — 1) — 2ap8) (9 (21 = 1) — w21 ) - (D.33)

The ¢“¢® gives a term proportional to 7% upon integration. Since the multiplicative factors
of z1 and zatensors in (D.29) eliminates all traces, we can ignore it. The terms proportional
to ¢@ or ¢° are also simultaneously zero. So we are left with the last term of (D.33)
which gives:

pg p3

= m (6291291 + 32912?2 + 3172191 + 2292292) + O (e). (D.34)

The integral I is obtained by simply replacing p; <> —p2. The I3 is slightly more tedious
as it is quartic in the numerator. But it follows exactly the same method, and gives:

1 1 1 1 1 1
Is= ﬁ 30P1P1P1P1 + 60P2P1P1P1 =+ 60P1P2P1P1 + 30p2P2P2P2 + 90P2P2P1P1
1 1
+ 15P1P1p2p1 + 36p2P1P2P1 + 36P1P2P2P1 + 60P2p2P2P1 + 15P1P1p1p2 + 36102]91]91]92
1 1 19 1 1
362?1172]91]92 + 601721721?1192 + 90P1P1P2P2 + 15p2p1p2p2 + 15P1P2P2P2 (D.35)

The final answer should be written in a form that matches the tree level momentum
dependence (D.30). The result from the loop integral can be brought to this form by using
momentum conservation p; + p2 + p3 = 0.
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Demanding that the correlator is free of e~ poles allows us to compute Z B as follows:

2 2

_ g 39

z=l =1 ) D.36
B® 2(4m)3e * 12(4m)3e ( )

The last part is the standard ¢® theory correction to the 3 external legs (see [22]). This
gives the following anomalous dimension of B®)(zy, z):

€
T5E) = 6 (D.37)

Now let us discuss the case of B(k)(zl, z9) for k > 3. The steps are similar to above. But
there is one extra loop integral where the derivatives of B%*) are not distributed over the
internal legs. It is given by:

dl 1
= / ZQ(Z +p1)2(l — p2)? = (47)3¢ . (D.38)

We explicitly computed the anomalous dimension of E(k)(21722) for k = 3,...,9. By
extrapolation we expect the result for generic k to be given by

1
Tow = g (2k% — 5k — 2) e. (D.39)
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