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Free cyclic actions on surfaces and the Borsuk-Ulam theorem

DACIBERG LIMA GONCALVES * JOHN GUASCHI f
VINICIUS CASTELUBER LAASS *

2nd April 2022

Abstract

Let M and N be topological spaces, let G be a group, and let 7: Gx M — M be a proper free
action of G. In this paper, we define a Borsuk-Ulam-type property for homotopy classes of maps
from M to N with respect to the pair (G, 7) that generalises the classical antipodal Borsuk-Ulam
theorem of maps from the n-sphere S™ to R™. In the cases where M is a finite pathwise-connected
CW-complex, G is a finite, non-trivial Abelian group, 7 is a proper free cellular action, and N is
either R? or a compact surface without boundary different of S? and RP?, we give an algebraic
criterion involving braid groups to decide whether a free homotopy class 8 € [M, N] has the
Borsuk-Ulam property. As an application of this criterion, we consider the case where M is a
compact surface without boundary equipped with a free action 7 of the finite cyclic group Z,. In
terms of the orientability of the orbit space M, of M by the action 7, the value of n modulo 4 and
a certain algebraic condition involving the first homology group of M, , we are able to determine
if the single homotopy class of maps from M to R? possesses the Borsuk-Ulam property with
respect to (Zy, 7). Finally, we give some examples of surfaces on which the symmetric group acts,
and for these cases, we obtain some partial results regarding the Borsuk-Ulam property for maps
whose target is R?.

1 Introduction

The famous Borsuk-Ulam theorem states that every continuous map from the m-dimensional sphere
to the m-dimensional Euclidean space collapses a pair of antipodal points [2, Satz II]. We can state
this result in terms of a free action of the cyclic group of order 2 in the following way: let Zo = {0, 1}
be the cyclic group of order 2, and let T: Zy x S™ — S™ be the free action defined by 7(i,7) = (—1)'x
for alli € {0,1} and x € M. If f: S™ — R™ is a continuous map, then there exists x € S™ such
that f(7(0,2)) = f(7(1,x)). A very natural generalisation of this theorem is to replace S™ and R™ by
manifolds M and N, and replace the antipodal map by a free involution on M. One may then ask if
any continuous map from M to N collapses an orbit of this Zs-action. We will refer to this question
as the Borsuk-Ulam problem for M and N. We focus our discussion on the case where M and N
are surfaces, for which much progress has been made over the past fifteen years with respect to this
problem. In 2005, classical techniques of algebraic topology were used to obtain a complete answer
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to the problem for every compact surface M without boundary equipped with a free involution and
N =R? [4]. A few years later, the problem in the case where M and N are compact surfaces without
boundary was studied, and using the theory of surface braid groups, a complete answer to the problem
was given [5]. To our knowledge, this was the first time in the literature that these groups were used to
study Borsuk-Ulam-type problems. In a similar vein, the Borsuk-Ulam problem was solved in the case
where the domain is the product of two compact surfaces with boundary equipped with the diagonal
involution, and the target is R” [9] or a compact surface without boundary [10], braid theory being
used in the latter case. More recently, another natural and more refined problem that generalises the
Borsuk-Ulam theorem arose, namely the question of the classification of the free homotopy classes of
maps between M and N, where M is equipped with a free Zs-action for which every representative
map of a given homotopy class collapses an orbit of the action. This problem was solved by the authors
in three recent papers in the cases where M and N are compact surfaces without boundary of Euler
characteristic zero [6, 7, 8]. The results depend on the choice of free involution on M, and once more,
braid theory plays an important role in the solution of the problem.

In this paper, our aim is to initiate the study of another generalisation of the Borsuk-Ulam theorem
by considering free actions of groups other than Z, on spaces as follows. Let M and N be topological
spaces, and let G be a non-trivial group for which there exists a free action 7: G x M — M of GG on
M. Following [6, 7, 8], we say that a free homotopy class 5 € [M, N| has the Borsuk-Ulam property with
respect to the pair (G, 1) if for every representative map f: M — N of /3, there exist g1, go € G, where
g1 # g2, and x € M such that f(7(g1,2)) = f(7(g2, 7)), and that the quadruple (M, G, 7; N) satisfies
the Borsuk-Ulam property if every homotopy class of maps between M and N has the Borsuk-Ulam
property with respect to (G, 7). For technical reasons, we also define the Borsuk-Ulam property for
pointed homotopy classes. More precisely, a pointed homotopy class o € [M, mq; N, nq] has the Borsuk-
Ulam property with respect to the pair (G, ) if for every representative map f: (M, m;) — (N, ny)
of « there exist g1, g2 € G, where g1 # go, and € M such that f(7(g1,2)) = f(7(g2, 7))

The first case that we study is that of free actions of a finite cyclic group on a compact surface M
without boundary, and where N is the Euclidean plane R2?. Note that in this situation, there is just
one homotopy class, and in this sense, our results generalise those of [4]. We underline the important
role of braid theory in our work.

To state Theorem 1.1, which is the main result of this paper, we first recall some facts and notation.
Given a pathwise-connected CW-complex M and a proper free cellular action 7: G x M — M, where
(G is a non-trivial discrete group, we say that two points x1,x9 € M are equivalent if there exists g € G
such that 7(g,z1) = x9. Let M. denote the quotient space (or orbit space) of M by this action, and let
pr: M — M, denote the natural projection of M onto M,. Then p, is a regular covering map, and
the associated group of deck transformations is G. Thus the space M, is also a pathwise-connected
CW-complex whose dimension is that of M, and we have the following short exact sequence (we omit
the basepoints):

(pT)#

{1}—>71(M)—>771(Mr) =G {1}> (1)

(pr)3(m (M)

where 6, is the natural projection.

Suppose now that G is an Abelian group. Then the homomorphism 6, of (1) factors through the
Abelianisation (my(M;))ap of m (M,) that is isomorphic to the first homology group H;(M,,Z) of M,
with integral coefficients. We denote this factorisation by (6,)ap: Hi(M,) — G. If M, is a compact,
non-orientable surface without boundary, let § denote the unique element of Hy (M, ) of order two. The
main goal of this paper is to prove the following theorem.

Theorem 1.1. Let M be a compact surface without boundary, and let 7: Z, X M — M be a free
action. Then the quadruple (M, Z,,7;R?) has the Borsuk-Ulam property if and only if the following
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conditions are satisfied:

(1) n=2mod 4.
(2) M. is non-orientable, and (6;) 45(0) is non trivial.

Notice that for M = S? and n = 2, Theorem 1.1 is a special case of the classical Borsuk-Ulam
theorem.

Following Theorem 1.1, it is natural to ask what happens for actions of finite non-cyclic groups.
Our techniques may be can be applied in part to this more general case, and in Section 5, we illustrate
their use by giving a solution to the Borsuk-Ulam problem in certain cases where G is the symmetric
group X,, where n > 2. More precisely, in Proposition 5.1, we show that for all n > 2, there exist
actions of ¥, on two compact surfaces M; and M, without boundary. In the case of M;, the Borsuk-
Ulam property does not hold for maps into R?, while in the case of M,, we do not know the answer in
general.

Apart from this Introduction, this paper has four sections. In Theorem 2.4 of Section 2, we give an
algebraic criterion involving configuration spaces and braid groups that enables us to decide whether
a given homotopy class of maps from M to N has the Borsuk-Ulam property, where M is a connected
manifold equipped with a free action of an Abelian group G, and N is either the Euclidean plane R? or
a compact surface without boundary different from the 2-sphere S? and the real projective plane RP2.
One implication of the condition of Theorem 2.4 is valid in general, while for the other implication, at
present, we only know that it holds in the case where G is Abelian. This is the reason for which we do
not know presently if the surface M, of the previous paragraph satisfies the Borsuk-Ulam property. In
Section 3, in Theorem 3.1 we exhibit a presentation for the braid group that arises in the statement of
Theorem 2.4 in the case where G is cyclic of order n and N = R?. Section 4 is devoted to the proof of
Theorem 1.1. Finally in Section 5, we discuss the above-mentioned examples of two surfaces on which
Y, acts freely with regard to the Borsuk-Ulam property.

2 Preliminaries and Generalities

We start by stating and proving the following result that is an algebraic and homotopy theoretical
characterisation of the set of pointed homotopy classes of maps between pairs of CW-complexes. It
generalises [6, Theorem 4] in some sense, and it will be used in the proof of Lemma 2.2.

Theorem 2.1. Let (M, my) and (N, ny) be pointed pathwise-connected CW -complexes such that m;( N, ny)
is trivial for 2 < ¢ < dim(M). Then the map I': [M,my; N, nq] — Hom(my (M, mq), (N, nq)) defined
by I ([f]) = f& is a bijection.

Proof. Let N = K(m(N),1) be the first stage of the Postnikov tower of N, and let h: N —s N
be a map that induces an isomorphism on the level of fundamental groups. By the definition of &
and the hypothesis, the homomorphism hy: m(N,n1) — m(N,h(ny)) is an isomorphism if 1 <
i < dim(M), and it is surjective if ¢ = dim(M) + 1. From these observations, standard arguments
of homotopy theory and [17, Chapter VI, Theorems 6.12 and 6.13], the map T'y: [M, mq; N,nq| —
[M,my; N, h(ny)] defined by I'y ([f]) = [hof] is a bijection. Further, the map Iy: [M,my; N, h(ny)] —
Hom (mry (M, m1), 71 (N, h(n1))) given by I's ([g]) = g4 is a bijection by [17, Chapter V, Theorem 4.3)].
Now let I's: Hom(m (M, my), m (N, h(n1))) — Hom(m (M, m),71(N,n;)) be the map defined by
s () = (hg) ' 0. Then I's is a bijection, and the result follows by taking I' = T's 0 Ty o T';. O

Let M and N be pathwise-connected CW-complexes, and let G be a non-trivial discrete group
for which there exist proper free cellular actions 7: G x M — M and 71: G x N — N. A map
f: M — N is said to be (7, 7)-equivariant if f(7(g,x)) = 71(g, f(x)) for all g € G and all x € M.



Given a pointed homotopy class a = [f] € [M,my; N, nq], let ag = fu: m(M,mq) — m (N, n).
Note that the homomorphism . is independent of the choice of the representative map f of a. The
following result provides an algebraic criterion to decide whether a pointed homotopy class has an
equivariant representative map, and it generalises [6, Lemma 5].

Lemma 2.2. Let (M, my) and (N,ny) be pointed pathwise-connected CW -complexes (resp. compact
surfaces without boundary) such that m;(N,ny) is trivial for 2 < i < dim(M), let G be a non-trivial
group for which there exist proper free cellular actions 7: GXM — M and 7: GXN — N, and let
a € [M,my; N,n| be a pointed homotopy class. Then the following conditions are equivalent:

(a) there exists a representative map (resp. homeomorphism) f: (M,my) — (N,n1) of « that is
(T, T1)-equivariant.

(b) there ezists a homomorphism (resp. isomorphism) : m (M;, p-(mq)) —> 71 (Nyy, pry(n1)) such
that the following diagram is commutative:

m1 (M, m1) - T (N, 1)
(p‘r)#l l(pn)#
7T1(M7,p7-<m1)) """""""" "/’ """"""" > ’/Tl(NTnpﬁ(nl)) (2)
X "
G.

Proof. We first prove that condition (a) implies condition (b). Let f: (M, m;) — (N,n;) be a
(T, 71)-equivariant representative map of . Then the map f: (M,,p-(my1)) — (Ny,, -, (n1)) between
the corresponding orbit spaces defined by f(y) = p,, o f(z) for all y € M,, where x € p='(y), is well
defined, and the following diagram is commutative:

(M, my) —— (N, ny)

l ) l (3)
(My,pr(ma)) L= (N pry (11)).

Let ¢: 71 (M, p;(my)) — 71(N,,, pr, (n1)) denote the homomorphism induced by f. The diagram (3)
then gives rise to the upper square of the diagram (2). It remains to show that 6, = 6,, o ¢. To see
this, let a € m(M,,p;(my)), let a be a loop in M, based at p,(mq) such that a = [a], let o be the
loop in M, based at p,(m;) given by o/ = foa, let g = 6.(a), and let £: [0,1] — M be the lift
of a to M for which £(0) = m;. By commutativity of (3), o/ = fop, o0& = p,(f o &), and since
f(&(0)) = f(m1) = ny, fo&: [0,1] — N is the lift to N of o/ whose initial point is n;. Using the
construction of the short exact sequence (1), we have (1) = 7(g,mq). It follows from the fact that f
is (7,7 )-equivariant that fo&(1) = f(7(g,£(1))) = (g, f0£(1)), and so 0, ([¢/]) = g, from which we
see that 0, o ([a]) = 6, ([¢/]) = g = 0-(g) as required. Further, if f is a homeomorphism, then f is
too, and ¢ = 7# is an isomorphism.

We now prove that condition (b) implies condition (a). Since p,,: N — N,, is a covering map,
the triviality of m;(N,ny) for 2 <7 < dim(M) implies that of m;(NV,,, pr, (n1)) for all 2 < i < dim(M).
It follows from Theorem 2.1 that there exists a map f: (M,,p,(m1)) — (Nyy,pn(n1)) such that
?# = 1), and so by (2), there exists a lift f: (M, m;) — (N,n1) of the map fop, for the covering p,,
from which we obtain the commutative diagram (3). The injectivity of (p,, )4 implies that ay = fu,
and so f is a representative map of o by Theorem 2.1. Let us show that f is (7, 71)-equivariant. We
will do this in two steps. We first claim that f(7(g,m1)) = 71 (g, f(mq)) for all g € G. To see this, let
v: [0,1] — M be a path such that (0) = m, and (1) = 7(g,m1). Then o = p, oy is a loop in M,
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based at p,(m;) such that 6,([a]) = g. The commutative diagrams (2) and (3) imply that f o« is a
loop in N,, based at p,, (n1), and that:

07, ([f 0 a]) = (0, 0 [4)([a]) = 0-([0]) = g.

Soif v;: [0,1] — N is the lift of foa by the covering p,, such that v,(0) = ny, then 71(1) = 71(g,n1).
Now (f 0v)(0) = f(m1) = ny and:

prno(foy)=foproy=Ffoa=p,om.

It follows from the path lifting property that f o~y = v, and hence:
f(r(g,m1)) = (f o)1) =n(1) = (g, m) = 7u(g, f(ma)), (4)

which proves the claim. Now let z € M, let g € G, let £: [0,1] — M be a path from m; to z, and
let &1,&: [0,1] — N be the paths defined by &(t) = f(7(g,£(t))) and &(t) = 11(g, f 0 £(t)). Then:

§0) = £(r(g,£€(0)) = £(r(g,m1)) L 7i(g, F(ma)) = 71(g, f 0 £(0)) = &(0). (5)

Using (3) and the definition of p, and p,,, for all ¢ € [0, 1], we have:

Pr 0 &1(t) = pry 0 f(7(9,£(8)) = [ op-(7(9,€(1))) = [ op-(&(t) = pr (f 0 §(t)) = pri (T(g, f 0 &(2)))
= Py 052(25)‘

Thus & and & are lifts of the path p,, o & by the covering p,, that have the same initial point by (5),
and therefore £ = & by the path lifting property. From this, we conclude that:

f(r(g,2)) = f(7(9,6(1))) = &(1) = &(1) = (g, f 0 £(1)) = 7(g, f(2)),

and f is indeed (7,7 )-equivariant. Finally, if M and N are compact surfaces without boundary and
¥ is an isomorphism, it follows from the classification theorem for surfaces and [18, Theorem 5.6.2]
that 1 is induced by a homeomorphism. So we may take f to be a homeomorphism, in which case f
is also a homeomorphism. O

Let S be either the Euclidean plane or a compact surface without boundary. Recall that F),(S) =
{(z1,...,2,) € S" | x; # x;if i # j} is the n™ ordered configuration space of S. It is a pathwise-
connected 2n-dimensional manifold, and if S is different from the 2-sphere S? or the projective plane
RP?, then by [3, Corollary 2.2], m;(F,(S)) is trivial for all ¢ > 2. The fundamental group 7 (F,(95)),
denoted by P,(5), is the n-string pure braid group of S. Let ¥, be the symmetric group on the set
{1,...,n}. We adopt the convention that a product of permutations is read from left to right. Note
that the map 7y: X, x F,(S) — F,(5) defined by 71(0, (21,...,2,)) = (To-1(1), - - -, To-1(n)) 15 a free
action. Using the notation and the constructions given in the Introduction, F,,(S),, is the orbit space
corresponding to this action, and the group m (F,(S)-, ), which we will denote by B,,(.S), is the n-string
(full) braid group of the surface S. Let v; = (pry)g: Pu(S) = m(Fn(S)) — m(FL(S)r) = Bu(S)
and let m; = 0,,: B,(S) = m(F.(S)r) — m(F.(S)n)/Im ((pry)4) = 3n. Now let G be a finite
group of order n, and let i: G — X, be a monomorphism. Let 7: G x F,(S) — F,(S) be
the free involution defined by 7(g,x) = 71(i(g),x). We may regard G as a subgroup of ¥, and 7
as the restriction of 7 to G x F,(S). Let the fundamental group of the corresponding orbit space
F.(S)., be denoted by Bg(S), and let ta = (pr,)x: Pu(S) = m(Fn(S)) — m(Fn(S)r) = Ba(S)
and my = 0,0 T (Fn(S)r) — m(Fn(S)r)/Im ((pr)4) = G. For j,k € {1,2}, we may regard i and
t; as inclusions, 7 as a natural projection, and 7, as the restriction of 71 to G x F,(S). The map
h: Fo,(S);, — F,.(S); that sends a my-orbit to the corresponding 71 orbit is well defined, satisfies
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h o p;, = pr,, and induces an injective homomorphism hy: 7 (F,(S)5,) — T (Fn(S)r). Using the
construction of (1), we obtain the following commutative diagram of short exact sequences:

2

1 — P,(S) 2> Bg(S) 2~ G ——1

.

T

1——P,(S) = B,(S) =%, —1.

Identifying G with i(G) and 7 (F,(S).,) = Ba(S) with Im (hy), we see that Bg(S) C 7 '(G), and it
follows from (6) that Bg(S) = 7, H(G).

Remark 2.3. Given a finite group G = {g1, g2, . . ., gn } of order n, the set of bijections ¥ from G to
G equipped with the operation of composition is a group that is isomorphic to ¥,,, and that we will
identify in what follows. Note that composition in s is read from right to left, but as we mentioned
above, a product of permutations will be read from left to right. For all g € G, the map iy: G — G
given by i,(¢') = ¢.¢ for all ¢’ € G is a bijection, and the map i: G — X, that assigns g to i,
is an embedding of G in 3,. With respect to the homomorphism ¢, and with the notation of the
previous paragraph, [5,(S) may be described as F},(S) = {(zg,,...,2g,) € S™ | x4, # x4, if 9; # gi},
and 72(g, (g, -, 2g,)) = (Tggrr-- -1 Tggn)-

As for the Artin braid groups, the elements of B,(S) may be described geometrically as follows
(other equivalent geometric constructions may be found in [1, 11, 15] for example). Pick n distinct
points Pj,..., P, in S. A geometric n-braid is a n-tuple 8 = (by,...,b,) where by,...,b,: [0,1] —
S x [0, 1] are paths (called strings of ) satisfying the following conditions:

(i) b;(0) =P, x {1} foralli=1,... n.

(ii) there exists a permutation 7(/3) € ¥, called the permutation of 3, such that b;(1) = Px(g)@) x {0}
forall:=1,...,n.

(i1i) for all t € [0, 1], the intersection (S x {t}) N {by(t),...,b,(t)} consists of n distinct points.

Two geometric n-braids fy and (; are said to be equivalent if there exists a continuous family of
paths b3,...,0% : [0,1] — S x [0,1], s € [0,1], such that hg = By, h1 = B1, and hy, = (b5,...,b%)
is an n-braid for all s € [0,1]. This defines an equivalence relation on the set of geometric n-braids,
and the equivalence class of a geometric n-braid is called simply an n-braid. Notationally, we do not
distinguish a geometric n-braid from its equivalence class. If § = (by,...,b,) and v = (¢1,...,¢,) are
geometric n-braids, then we define the product of § and v by By = (b1 *cz(g)(1) - - - » bn * Cz(8)(n)), Where
the symbol % denotes concatenation of paths. This induces a group structure on the set of n-braids,
and the resulting group is isomorphic to B, (S). Up to this isomorphism, we may identify m; and 7.
The pure braid group P, (S) (resp. the group Bg(.S)) consists of those n-braids whose permutation is
the identity (resp. belongs to the subgroup G of X,,).

The following theorem is the main result of this section. It establishes a connection between the
Borsuk-Ulam property and the braids groups of a surface, thus generalising [6, Theorem 7).

Theorem 2.4. Let (M,my) be a pointed, pathwise-connected CW -complex, and suppose that there
exists a proper free cellular action 7: G x M — M, where G is a finite group of order n > 2 that
we embed in 3, as in Remark 2.3. Let (S,sy) be a pointed surface, where S is either R? or a compact
surface without boundary different from S* and RP?.

(a) Let o € [M,mq;S,s1] be a pointed homotopy class. Suppose that there exist homomorphisms
o: m(M,my) — P,(S) and ¢: m (M;,p;(m1)) — Bg(S) for which the following diagram is com-



mutative:

Qi
/—*
TUM ) o T P(8) e (S, 1)
(pT)#L LLQ (7)
7Tl( ijT ml """""""""""""""""" > BG S

\/

where py: F,(S) — S denotes projection onto the first coordinate. Then o does not have the Borsuk-
Ulam property with respect to (G, 7). Conversely, if G is an Abelian group and o« does not have the
Borsuk-Ulam property with respect to (G, 1), then there exist homomorphisms p: m (M, my) — P,(S)
and : m (M;, pr(my)) — Bg(S) for which the diagram (7) is commutative.

(b) Let € [M,S] be a free homotopy class, and let o« € [M,my;S,s1] be a pointed homotopy class
such that every representative map of o 1s also a representative map of [ when we forget the basepoints.
If B has the Borsuk-Ulam property with respect to (G, T), then so does a. Conversely, if G is an Abelian
group and o has the Borsuk-Ulam property with respect to (G, T), then so does 3.

Remarks 2.5. By applying [17, Chapter V, Theorem 4.3 and Corollary 4.4], if S is either R? or a
compact surface without boundary different from S? and RP? and G is an Abelian group, Theorem 2.4
provides us with an algebraic criterion to decide whether a homotopy class has the Borsuk-Ulam
property or not. The cases where S = S? or RP? is the subject of work in progress, and the techniques
required are somewhat different. In the general case, for the time being we have not been able to
remove the restriction that G is Abelian in the converse of parts (a) and (b) in the statement of
Theorem 2.4.

Proof of Theorem 2.4. In what follows, for all g € G and x € M, we will denote 7(g, ) simply by gz.
With respect to Remark 2.3, by permuting the elements of G if necessary, we may suppose that g, is
its trivial element.

(a) First suppose that there exist homomorphisms ¢: 71 (M, my) — P,(S) and ¢: w1 (M, p,(m1)) —
Bg(S) for which the diagram (7) is commutative. Since F},(S) is a K (P,(S), 1)-manifold, [17, Chapter V,
Theorem 4.3] and Lemma 2.2 imply that the homomorphism ¢ is induced by a (7, 73)-equivariant map
F: M — F,(5),s0 Fp=¢. Fori=1,...,n,let f,,: M — S be a map such that:

F(.CE) = (fg1<x)>f92($)a s >fgn(x)) (8)

for all x € M. Since F is (7, 73)-equivariant, for all i = 1,...,n and x € M, by (8) and Reamrk 2.3,
we have:

(fgl (gix)v f92<gix)7 R fgn(gﬂj)) = F(gﬁ?) = 7'2(91‘, F(l‘)) = <f9i~gl (27), fgi-gz(x)v Tt fgzgn(x» (9)

Now let f = f,,. Since g; is the trivial element of G, we see from the first coordinate of (9) that
fo(z) = f(gix) forall i =1,...,n and z € M. We conclude from (8) that

Since F'(x) € F,(S), then by definition, the pointed homotopy class [f] does not have the Borsuk-Ulam
property. Again, by (7) and [17, Chapter V, Theorem 4.3], we have a = [f], and thus « does not have
the Borsuk-Ulam property as required.



Conversely, suppose that G is an Abelian group, and that o € [M,my; S, s;] does not have the
Borsuk-Ulam property with respect to (G, 7). Then there exists a map f: (M, m;) — (S, s1) such
that o« = [f], and for which the elements f(giz),..., f(g,z) are pairwise distinct for all x € M. For
i=1,...,n,let f,,: M — S be the map defined by fo:(z) = f(gix). Then the map F': M — F,(S5)
given by F( )= (fo(z),..., fy.(2)) for all x € M is well defined, and it satisfies p; o F' = f. We claim
that F'is (7, TQ)—equivariant. Indeed, using the fact that G is Abelian, for all ¢ € G and ©x € M, we
have:

F(r(g,2)) = F(gz) = (fa (92), - -, fo. (92)) = (f(91(92)), - -, fgn(g)))
= (f((g-91)2), -, [((9-90)7)) = (fo0. (@), -, [y, (7))
=729, (for (= ) fgn( ) = 7y, F(x)).

If o: m(M,my) — P,(S) is the homomorphism induced by F, then (pi1)g o ¢ = (p1)g o Fy =
(p1oF)y = (fg)x = f4 = ay, and applying Lemma 2.2 to the pointed homotopy class [F], there
exists a homomorphism ¢: (M., p;(m1)) — Bg(S) for which ¢ o (p;)x = 20 and m o) =6,
which yields the commutative diagram (7).

(b) Clearly, if 8 has the Borsuk-Ulam property, then « does too because every representative map of «
is also a representative map of 5. Conversely, assume that G is an Abelian group, and suppose that
does not have the Borsuk-Ulam property. So there exists a map f: M — S such that 5 = [f] and for
which the cardinality of the set {f(g12), ..., f(g.z)} is equal to n for all z € M. By [16, Lemma 6.4],
there exists a homeomorphism H: S — S that is homotopic to the identity such that H(f(my)) = s1.
Thus the map Ho f is a representative map of /3, the cardinality of the set {Ho f(g1x),..., Ho f(gnx)}
is equal to n for all z € M, and the pointed homotopy class o/ = [H o f] € [M,mq; S, s1] does not
have the Borsuk-Ulam property with respect to (G,7) (as a pointed homotopy class). By part (a),
there exist homomorphisms ¢’: m (M, m;) — P,(S) and ¢': m(M;,p;(m1)) — Bg(S) such the
following diagram is commutative:

V%
7T1(M, m1) ,,,,,,,,,,,,,,, o - Pn(S) (P1)# 7T1(S,51)
(pT)#L l/LQ (10)
Wl( T,pq— ml """""""""""""""" > BG S

\/

By [17, Chapter V, Theorem 4.3 and Corollary 4.4], there exists v € 7(.5, 1) such that the homomorph-
isms oy, oy : (M, my) — mi(S, s1) satisfying oy (v) = yal,(v)y~" for all v € m (M, m,). Further,
by [1, Theorem 1.4], there exists b € P,(S) such that (p;)4(b) = . We define p: w1 (M, my) — P,(5)
(resp. ¢: m (M., p.(m1)) — Bg(S)) by ¢(v) = b¢'(v)b™" for all v € m (M, my) (resp. ¥(w) =
Lo(D)Y (w)ia(b)~! for all w € m(M,, p,(my))). Using the commutativity of (10), it follows that the
diagram (7) is also commutative, and therefore @ does not have the Borsuk-Ulam property as a pointed
homotopy class. ]

The following corollary will be used in the proof of Propositions 4.2—4.4, which is the restriction of
Theorem 2.4 to the case where S = R2.

Corollary 2.6. Let M be a compact surface without boundary, let G be a finite Abelian group of order
n>2, and let 7: G X M — M be a free action. Then (M,G,T;R?) does not have the Borsuk-Ulam



property if and only if there exists a homomorphism v : w(M;) — Bg(R?) such that the following
diagram is commutative:

.............................. > B ]RQ)

RN

Proof. First of all, since R? is contractible then there is only one homotopy class « € [M,R?], and
ay: m (M) — m(R?) is trivial. So by Theorem 2.4, (M, G, 7;R?) does not have the Borsuk-Ulam
property if and only if there exist homomorphisms : 7 (M) — P,(R?) and ¢: m(M,) — Bg(R?)
for which the diagram (7) is commutative. In particular, if (M, G, 7;R?) does not have the Borsuk-
Ulam property then the lower triangle of (7) is the commutative diagram (11). Conversely, given the
commutative diagram (11), the exactness of (1) and the upper row of (6) allow us to obtain (7). O

3 The group Bz, (R?)

Let n > 2. We denote the cyclic group of order n by Z, = {0,1,...,n —1}. With respect to
Remark 2.3 and the paragraph that precedes it, we fix an embedding ¢: Z,, — ¥, of Z,, in ¥,,, given
by i(1) = (1,n,...,2), and we identify Bz, (S) with its image in B,(S) under hy. The aim of this
section is to give a presentation of the group Bz, (R?). Recall that if n € N, the Artin braid group B,

on n strings is generated by the Artin generators oy, ...,0,_1, subject to the following Artin relations:
oi0; =0j0; it |i — j| > 2, where 1 <i,5 <n—1 (12)
0;0i410; = 0;410;04+1 for ¢ = ]_, Lo, — 2. (13)

Geometrically, o; and its inverse correspond to the braids illustrated in Figure 1.

1 t—1 ¢ 1+1 i+2 n 1 t—1 4 i+1 1+2 n

/| BN
( A

0; ot
Figure 1: The braid o; and its inverse.

Theorem 3.1. The group Bz, (R?) admits the following presentation:
generating set: {g} U{A; ;}i<icj<n-

relations:
A ifr<s<i<jori<r<s<gj
-1 . . .
7)) A“1A A . — Ar,in,jAnj Zfr <1=8<)
(0 A g =N 44 a a1 400 fi= :
rifsjAijAs j Ay ifi=r<s<j

141 “14-1 . -
AT,]‘AS,]'ATJ’As,in,jAS,jAT,jAs,jAr,j Zf’l” <1< s<].

A; fl1<i<ji<n-—1
(1) gAi,jg_l _ +1,j4+1 B Zf _Z. Js<n |
A A MAMHA 'Al,n if1<i<n—1andj=n.

n—1n "'



(1) g" = H (1:[ Am‘)'

Remarks 3.2.

a) In terms of the Artin generators of B,,, we take g = o1 ---0,_1, and:
& 9
Aij=0j1- 000 -0, for 1 <i<j<n. (14)
One may check using (12) and (13) that:

Aij=o7" -aj*_120]2-710j_2 oy for1 <i<j<n,. (15)
Geometrically, A; ; corresponds to the braid illustrated in Figure 2.

(b) The element ¢" that appears in relation (II1) is the well-known full-twist braid, denoted by A2,
that generates the centre of B, (R?) if n > 3.

(¢) With respect to the lower row of (6), we have 7r2( ) (1,n,...,2). Taking S = R? and G = Z,,
where we identify Z, with the cyclic subgroup ((1,n,...,2)) of En in the manner described at the
beginning of this section, it follows that g € By, (]Rz).

(d) Considering the permutation homomorphism my: By, (R?) — Z,, of the upper row of (6), and
up to the identification of Bz, (R?) (resp. Z,) with Im (hy) (resp. with Im (7)), we have m(g) = 1 and
m(A;;) =0 for all 1 <i < j < n. Further, for all a € By, (R?), there exist unique 0 < m < n —1 and
w € P,(R?) for which a = wg™.

Figure 2: The element A, ; of B,,.

Proof of Theorem 3.1. We apply the method of [12, Chapter 10, Proposition 1] to the short exact
sequence of the upper row of (6), where we take S = R?, G = Z,,, and g and A, ;, where 1 <i < j <n,
as in Remarks 3.2(a). We identify the cyclic subgroup ((1,n,...,2)) of 3,, with Z,, as in Remarks 3.2(c).
With respect to the upper row of (6), it follows that g is a coset representative of the generator 1 of Z,,.
Since (A; )1<i<j<n is a generating set of P,(R?) by [11, Chapter 1, Lemma 4.2,], it follows from [12,
Chapter 10, Proposition 1] that {g} U {A;;}1<i<j<n is a generating set for Bz, (R?). From the same
proposition, the following three types of relation form a complete set of relations of Bz, (R?):

(i) the relations emanating from P,(R?). By [11, Chapter 1, Lemma 4.2], these are the relations (I)
of the statement.

(ii) the conjugates of the generators of P,(IR?) by g, rewritten in terms of the generators of P,(IR?).
Suppose first that 1 < i < j < n — 1. Using (12) and (13), we see that that gorg™' = o1 for all
k=1,...,n—2, and it follows from (14) that g4;;g~' = A;+1,+1, which is the first relation of (II).
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Assume now that 1 < ¢ <n —1and j = n. One may check (by induction on n for example) that
01+ Op10p—1---01 = A1+ Ap_1n, and it follows from this and (15) that:

-1 _ 2 -1 -1 -1 -1
gAing =01 0p-1-Opn-1"""0i410;0,, 10, 1.0 -0, 4
—1 -1 2 ~1 11 -1
=01 0p_10p-1""*01.07 0, 070, 01.0] 0,101 0,4
N —1 -1 2 —1 —1
—Al,n"'An 1n0'1 ...O' 10'0'7; 1‘.00'1147171,77,.”141,71,

1
= Al,n" An lnAl Z+1An n"" Al o

which is the second relation of (IT).
(iii) the lift of the relation n.1 = 0 of Z, in terms of generators of P,(R?). Since ¢" = A2 by

Remarks 3.2(b), relation (I1I) of the statement follows by noting that A7 = []’_, (Hf;ll Ai,j>. O

4 Proof of Theorem 1.1

Let M be a compact surface without boundary, and let Z, = {0,1,2,...,n — 1} denote the cyclic
group of order n > 2. If 7: Z,, x M — M is a free action, to simplify the notation, we will consider 7
to be the continuous map 7: M — M defined by 7 = 7(1,-), that satisfies 7® = Id and for which the
cardinality of the set {z,7(z),7*(x),...,7" ! (x)} is equal to n for all z € M. Then the orbit space M,
is also a compact surface without boundary. In what follows, we will distinguish the following three
possibilities, and in each case, we define an element § of (M, ):

(I) M. is orientable, m(M,) = (a1, ..., a2 | [a1,az] - [a2m_1,a2,]), and 5 =1.

(II) M., is non-orientable of odd genus, 7y (M,) = (¢, ay,as, ..., Qam_1, Gom | a1, as] - [aom_1, G2m)),
and 6 = c.

(IH)A M, is non-orientable of even genus, 71 (M,) = (u,v,ay, ..., asm | vvuv=ay, as] - [asm_1, dom]),
and 0 = u.

Remark 4.1. Let G = Z,, and consider the homomorphism 0 : (M ) — Z,, defined by (1). If M is
a compact surface without boundary, then - (5) = 0if M, is orientable or if n is odd. In other words, if

0.(5) # 0, then M, is non-orientable, n is even, and 6, (4) = n/2. Since the target of the homomorphism
0,: 7r1(MT) — Zy, is Abelian, the homomorphism 6, factors through the Abelianisation 7y (M) 45 via
the homomorphism that we denote (6,)ap: 71 (M;)ap —> Z,, and for which 97(3\) = (0;) ap(9).

In order to establish Theorem 1.1, by Remark 4.1, it suffices to prove the following three proposi-
tions.

Proposition 4.2. Let M be a compact surface without boundary that admits a free action T of Zn.
With the notation of (I)-(II1) above, suppose that 6,.(8) = 0. Then (M, Z,,7;R?) does not have the
Borsuk-Ulam property.

Proposition 4.3. Let M be a compact surface without boundary that admits a free action T of Z,.
With the notation of (I)—(1II) above, suppose that M, is non-orientable, n = 4k for some k € N, and

0. (5) =2k. Then (M,Z,,7;R?) does not have the Borsuk-Ulam property.

Proposition 4.4. Let M be a compact surface without boundary that admits a free action T of Z,,.
With the notation of (1)—(111) above, suppose that M, is non-orientable, n = 4k + 2 for some k € N,

and 6, ((5) =2k + 1. Then (M, Z,,7;R?) has the Borsuk-Ulam property.

To prove Propositions 4.2—4.4, we will apply Corollary 2.6 to the case where G is the finite cyclic
group {0,1,2,...,n — 1}. In what follows, we shall identify G with the subgroup of 3, generated by
the n-cycle (1,n,...,2), and the generator 1 of G' with this n-cycle.
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Proof of Proposition /.2. We will define a homomorphism +: m(M,) — Bz, (R?) for which the
diagram (11) is commutative, from which it will follow by Corollary 2.6 that (M, Z,, 7;R?) does not
have the Borsuk-Ulam property. With respect to the cases (I)—(III), let ¢: m(M,) — Bz, (R?) be
the map defined on the generators of (M, ) as follows:

(a) ¥(a;) = gbifori=1,...,2m, where g € By, (R?) is as defined in Remark 3.2(a), and 0 < b; <n—1
is such that 0, (a;) = (1,n,...,2)%.

(b) ¥(8) =1 in cases (II) and (I11).

(c) ¥(v) =g, where 0 < w < n —1is such that 6,(v) = (1,n,...,2)" in case (III).

~

Noting that 6.(d) is trivial by hypothesis and m5(g) = (1,n,...,2), one may check in each of the three
cases (I)—(III) that ¢ defines a homomorphism for which the diagram (11) is commutative. O

Although the conclusion of Proposition 4.3 is the same as that of Proposition 4.2, its proof is
somewhat different in nature. We first give a geometric proof of Proposition 4.3 in a specific case.
This will then enable us to give an algebraic proof in the general case. We regard T? as the quotient
space R?/Z?. Notationally, we shall not distinguish between an element of R? and its image under the
canonical projection in T?. Let x and y denote the pointed homotopy classes of the loops in T? given
by (t,0)sep,) and (0,t)iep0,1] respectively. Then i (T?) = (z,y | zyz~ty ™).

Lemma 4.5. Given k € N, let 7: T? — T? be the map defined by 7(a,b) = (—a,a+ b+ 1) for all
(a,b) € T2 Then 7 defines a free action of Zy, on T? such that the orbit space is the Klein bottle
K2, and for which induced short exact sequence (1) associated to the covering p,: T? — K2 is of the
form:

1 ——=m(T?) = (z,y | ayz~ly~' =1) %m(Kz) = (wv | vt =1) = Zy ——1,  (16)

where:

x — uvF u—> 2k
) d 0,: _ 17
(p )# {y — p*F o v— 1. ( )

Moreover, (T?, Zy, 7;R?) does not have the Borsuk-Ulam property.

Proof. Let k € N, and let 7: T? — T? be the map defined by 7(a,b) = (—a,a + b+ 5;) for all
(a,b) € T?. For each 0 < i < 4k, we have:

(a,b) (a,b+ £) if i is even (18)
T Y = ; . ..
(—a,a+b+ 5z) if 7 is odd.

One may check that if 1 < i < j < 4k, then 7'(a,b) # 77(a,b) (note that if a = 1/2 and a + I € Z
then i and j have the same parity), and since 7% = Idpe, it follows that 7 defines a free action
of Zs, on T?. Let g: T?> — K2 be the double covering map whose non-trivial associated deck
transformation 7: T? — T? is given by 71(a,b) = (—a,b+ 3), so go 7 = g, and let u and v be
the homotopy classes determined by the loops (g(t,0))scpo1) and (g(0,t/2))sci0,1) respectively. Then
m(K?) = (u,v]uvuv™ =1), and the induced homomorphism gy: m(T?) — m(K?) is given by
g#(x) = v and gx(y) = v Let f: T? — T? be defined by f(a,b) = (a, ka + 2kb) for all (a,b) € T
The induced homomorphism fy: 7 (T?) — m(T?) is given by fu(xr) = zy* and fu(y) = y?*.
Notice that f is a 2k-sheeted covering of T?  and that fy is injective. By construction, the map
go f: T?> — K2 is a 4k-sheeted covering of K? by T?, and consequently the deck transformation
group associated to the covering go f is of order 4k. We claim that 7 is a deck transformation for the
covering map g o f. If this is the case, since 7 defines a free action of Zg, on T?, it follows that group
of deck transformations for the covering map go f is isomorphic to Z4, and is generated by 7, thus the
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associated orbit space T2 is homeomorphic to K?, and the corresponding quotient map p; is equal, up
to homeomorphism, to g o f. To prove the claim, for all (a,b) € T?, we have:

(9o f)(7(a,b) = (go f) (—a,a+b+ﬁ) =g(—a7—’w+2’f (a“”ﬁ))

=g (—a, ka + 2kb + %) = (gomn)(a,ka+ 2kb) = g(a, ka + 2kb) = (g o f)(a,b).

This proves the claim. Thus (p,)x: 7 (T?) — 7 (K?) is injective, and satisfies the first equality
of (17). Let 0, : m(K?) — Zy be the map defined by (17). One may check that 6, is a well-defined
surjective homomorphism. Let us show that the sequence (16) is short exact. To do so, it remains to
show that Im((p,)x) = Ker (0;). First let z € Im((p;)4). Then there exist m,n € Z such that z =
(pr)w(z™y") = (uv®)™(v*)" and thus 6,(z) = m(2k + 2k) + n.4k = 0, hence Im((p,)4) C Ker (6,).
Conversely, let y € Ker (0,). Now y € m(K?), so there exist m,n € Z such that y = u™v", and
0=0.(y) = m.2k +n.1. Thus 2mk +n = 0 mod 4k, and there exists | € Z such that n = 2mk + 41k.
Since vuv ! ! we see that v?>uv=2 = u, so u and v? commute, and thus:

y=u"" = u" ()" (") = (@) () = () (@)™ ()2 ()" = (pr)#(2™y') € Im((pr) ).

Therefore Ker (6;) C Im((p;)4). Hence Ker (0;) = Im((p;)4), and we conclude that the sequence (16)
is short exact. We conclude that the short exact sequence associated to the covering p,: T? — K2
given by (1) is (16).

It remains to show that (T? Zy, 7;R?) does not have the Borsuk-Ulam property. It suffices to
exhibit an explicit map h: T?> — R? such that h(7%(a,b)) # h(7’(a,b)) for each (a,b) € T? and
0 <i < j <4k —1. First note that by (18), the orbit of a point (a,b) € T? by the action of Zy
generated by 7 belongs to the union of the vertical circles ((a,t)):cj0,1] and ((1 — a,))¢eo,1], and these
two circles coincide if @ € {0, 3}. Let C' C R? be the annulus defined with respect to polar coordinates
by C ={(r,0) | 1<r<2and#f€[0,2r)}, and let h: T? — R? be defined by h(a,b) = (r(a),27d)
for all (a,b) € T? (we take 0 < a,b < 1), where:

= u

(3—4a)/2 f0<a<
r(a)=1¢ (1+4a)/2 if$<a<
(7T—4a)/2 if3<a<l.

NGTJUREN

One may check that h is well defined and continuous. Further, its restriction to each circle ((a,t)):c[0,1]
of T?, where 0 < a < 1, is injective, and that if a € (0,1) \ {3} then the two circles (h(a,t))icjo1) and
(h(1—a,t))icp,1) are disjoint. We conclude that the restriction of the map h to each orbit of the action
7 of Zy is injective, and this completes the proof of the lemma. O

Lemma 4.6. Given k € N, there erist o, € By, (R?) such that m(a) = 2k, m(B) = 1 and
afaf™t =1 in By, (R?).

Proof. Let 0,: m(K?) — Zy;, be the homomorphism defined in (17). By Corollary 2.6 and Lemma 4.5,
there exists a homomorphism ¢ : m (K?) — Bz, (R?) such that the following diagram is commutative:

(u, v | uvuv™ = 1) o S > Bz, (R?)
x %
Z4k.
It then suffices to take v = ¢(u) and = ¥ (v). O
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Proof of Proposition 4.3. We will define a homomorphism : 71 (M,) — Bg,, (R?) for which the dia-
gram (11) is commutative, from which it will follow from Corollary 2.6 that (M,Zy, 7;R?) does
not have the Borsuk-Ulam property. For this, we make use of the elements a and [ given in
Lemma 4.6 and the element g given in Remark 3.2(a). We endow 71 (M) with one of the present-
ations of cases (II) and (III) given at the beginning of this section. To simplify the analysis, we

write 1 (M,) = <8\,U, 1,09, ..., A2m—1,Aom gvgvfl[al, as] -+ [agm—_1, Gam] = 1>, where we take v = 1
in case (II). By hypothesis, 67(3\) = 2k. Let 0 < z < 4k — 1 be such that 6.(v) =% (so z = 0 if v = 1).

For i = 1,...,2m, let b; € Z be such that 0,(a;) = b;, and let 1)(v) = 5. If z is odd, we define ¥ on
the remaining generators of 7 (M, ) as follows:

{gl—>04 (19)

a; — gbi, where 1 <17 < 2m.

If 2 is even, then by the surjectivity of §, there exist 1 < j < 2m and | € Z odd such that 6, (a;) = [.
If j is odd (resp. even), let 7= j + 1 (resp. 7= j — 1). Then we define 1) on the remaining generators
of m (M) as follows:

g > Oz(fl)j
SO 20
az— a1 Bt

Let us show that ¢ extends to a homomorphism from 7 (M, ) to Bz, (R?). If z is odd, then we are in
case (II), and by (19), we have:

A~ o~

Y(dvovay, ag] - - - [agm-1, @om]) = Y(wouv™') = a. fFaf = a.a”t =1,

where we have used Lemma 4.6 and the fact that z is odd. If z is even, then by (20), we have:

~ o~ A~ o~

Zb((SU(S’U_l[al, a2] e [a2m—1a a'2m]) = 1/}(6@5”_1[@]'7 a]](_l)j+1)

— Oé(fl)]'. ﬂZOé(il)j 672<5l&716bﬁ2kﬁ7l. 57b572ka>(71)j+1
2(—1 '. a(_1)j+1 1

where we have used Lemma 4.6 and the fact that z is even and [ is odd. This proves that ¥ is a
homomorphism. One may check that 75 0 ¢ = 6., and hence the diagram (11) is commutative. The
result then follows from Corollary 2.6. m

Proof of Proposition /.4. Suppose on the contrary that (M, Zg., o, 7;R?) does not have the Borsuk-
Ulam property. Then by Corollary 2.6 there exists a homomorphism ¢: m(M,) — Bg,,,,(R?)
such that the diagram (11) is commutative. Suppose that M, is non-orientable of odd (resp. even)
genus, so that m(M,) is as in case (II) (resp. case (III)) given at the beginning of this section. By
hypothesis, 97(3) = 2k + 1, where S=c (resp. 5 = u). From Theorem 3.1, for i = 1,...,2m, there
exist w; € Py2(R?) and 0 < b; < n, w5 € Pyia(R?) (resp. w, € Pyio(R?) and 0 < b < n) such that
fori=1,...,2m, 0.(a;) = b; and ¥ (a;) = w;g", w(g) = wsg®**1, and if M, is of even genus, 6,(v) = b
and 1 (v) = w,g". The evaluation map e: Py;2(R?*) — Z defined on the generating set (A; ;)1<i<j<n
of Pyry2(R?) by €(A; ;) = 1 forall 1 <i < j < nextends to a well-defined homomorphism that satisfies
e(gwg™) = e(w) for all w € Py y2(R?). For all i = 1,...,m, it follows that:

e 0 ([agi—1, as)) = e(wai—1. g™ waig 1. g wyt 1 g7 wy') = e([waim1, way]) = 0. (21)

14



Applying (21) and relation (III) of Theorem 3.1, if M, is of odd genus, we obtain:
0=co0t (lar, as] - [azm—1, a2m]) = £ 0 V(c?) = e(we. g™ M weg ™1 AGL L) = 2e(we) + e(A%, o),
while if M, is of even genus, we see that:

0 =co(uvuv ay, as] - - [agm-1, aom]) = € 0 Y(uvuv™)

_ g(wu.92k+1wvg72k71.92k+1+bwugf2kflfb. Aik+2' w;l) — 2€<wu) 4 5(Aik+2).

Combining the two cases of odd and even genus, we see that:

2¢(w5) + e(Aljy2) = 0. (22)
It follows from relation (III) of Theorem 3.1 that e(Af,,,) = ¢ (H4k+2 <H >> = (2k+1)(4k+1).
Taking equation (22) modulo 2, we obtain a contradiction, and hence (M, Zyy 2, 7; R?) has the Borsuk-
Ulam property. O

5 Two cases where G is the symmetric group

Let N be a compact surface without boundary, and let G be a non-trivial finite group for which there
exists a surjective homomorphism 6: 7 (N) — G. Let ¢: Ker (§) — m(N) denote the inclusion.
By standard covering space arguments, there exists a compact surface without boundary M and a free
action 7: G x M — M such that the associated exact sequence given by (1) is of the following form:

(pr)p=t 0,=0

1

m (M) = Ker (0) m(M;) =m(N) G 1. (23)
We say that the surface M and the action 7 arise from 6. This construction provides us with a method
to construct a compact surface without boundary on which G acts freely. We will consider examples
where G is either X, or Z,, where n > 2.

Let Ny = T2 # T2 be the connected sum of two copies of T?, let Ny = RP?# T? be the connected
sum of RP? and T?, and let 6;: 71(Ny) = (a1, by, az, by | [ay, b1][ag, bo] = 1) — %, and Oy: 7 (No) =
(e,ay,by|c?la, by] = 1) — ¥, be given by:

91(@1) 9 (b1> (1 ) and 91( )
02(c) = (1,2), and 03(a1) = Oa(b1) =

Note that #; and 0y define surjective homomorphisms. For ¢ = 1,2, let M; and 7;: X, x M; — M;
be the compact surface without boundary and the free action arising from 6; respectively.

The following result suggests that there are many possibilities to be explored in the generalisation
of the Borsuk-Ulam theorem to actions of finite groups on surfaces.

0, (bg) =(Ln,...,2) (24)
(1,n,...,2). (25)

Proposition 5.1. Let n > 2. With the above notation, we have the following:

(a) the quadruple (My,X,, 71;R?) does not have the Borsuk-Ulam property.

(b) for the quadruple (M, X, To;R?), there does not exist a homomorphism 1 for which the lower
triangle of the diagram (2) is commutative.

(c) the quadruple (My, Zy, 77, ; R?), where the action of Z, is given by the restriction of the action of
Y, corresponding to the action of the cyclic subgroup ((1,n...,2)), does not have the Borsuk-Ulam

property.
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Remark 5.2. If n = 2, a stronger version of Proposition 5.1 may be found in [4]. Note that
the quadruple (M;,Yy = Z,, 11;R?) does not have the Borsuk-Ulam property, while the quadruple
(My, 35 = Zso, T5; R?) does have the Borsuk-Ulam property.

Proof of Proposition 5.1. By construction, first note that for i = 1,2, m(M;,) = m1(N;).

(a) Let ¢: m (M, ) — B,(R?*) be the homomorphism defined on the generators of m(M,) by
W(ay) = P(by) = o1 and ¥(az) = ¥(by) = g, where g is as defined in Remarks 3.2(a). Using (23)
and (24), we may check that o1 = 6,,, and Corollary 2.6 implies that (M, %, 71; R?) does not have
the Borsuk-Ulam property.

(b) Suppose on the contrary that there exists a homomorphism 1) for which the lower triangle of the
diagram (2) is commutative. From the lower short exact sequence of (6) and (25), there exist x,y, z €
P,(R?) such that ¥(c) = zoy, ¥(a1) = yg and (b)) = zg, where g is as defined in Remarks 3.2(a).
Taking the image of the relation of m(M,,) and using (14), we obtain:

2

"=z.oxo;t Aipy.gzg gy g 2T (26)

1= (lay, b)) = zorzorygzy ‘g~ 'z~
Note that oyz07 !, gzg~! and gy~'g~! belong to P,(R?) because P,(R?) is a normal subgroup of B,,(R?).
Let e: P,(R?) — Z be the evaluation homomorphism defined in the proof of Proposition 4.4. By [14,
Lemma 3.1] and Theorem 3.1, we have g(014; jo01') = e(gAijg7") = e(A;;) =1 forall 1 <i<j<n.
So applying € to (26), we obtain 0 = 2¢(z) + 1 in Z, which yields a contradiction.
(¢) If n # 2mod 4, the result is clear by Theorem 1.1. So let us assume that n = 2 mod 4, so
n = 4k+2 for some k € Z. We claim that the covering space My is non-orientable, therefore M, ~is non-
orientable. To see that M, is non-orientable, for i = 1,...,2k+1, the transposition (1, 2) is conjugate in
Yakt2 to the transposition (i, 2k+1+1), so there exists \; € Y40 such that A;(1,2)\; ! = (i, 2k+1+1).
Fori=1,...,2k+1, let A € m(Na) be such that fa(X;) = Ai. Now let w = (Hfjﬁ /\ic)\i‘l) a2+,
Since c¢ represents a non-orientable loop in Ny, 2k + 1 is odd and a; is orientable, it follows that
w represents a non-orientable loop in N;. One may check that w € Ker (6,), from which it follows
that M, is non-orientable, and thus (MQ)TZn is also non-orientable. We claim that the homomorphism
(07, Jab: Hi((M3)r, ,Z) — Zupyo induced by 0, satisfies (605, )an(6) = 0, where ¢ is the unique
non-trivial torsion element of H((M3)-, ). This being the case, it follows from Theorem 1.1 that
the Borsuk-Ulam property does not hold for the quadruple (M, Z,,, 7z,;R?). To prove the claim, if
p: (My),, — Ny isthe covering map such that pop,, = p,,, it suffices to show that ¢ € Ker ((p4)as),
where (pg)ap: T1((Ma)r, )ap — m1(N2)ap (or equivalently the homomorphism p,: Hi((M3), ) —
H,(Ns) on the level of first homology) is the homomorphism induced by p. To see this, observe that
the induced homomorphism p*: H?(Ny) — H?((Ms),, ) in cohomology with integral coefficients is
trivial since H*(N,) and H?((M3)., ) are isomorphic to Zs, and the homomorphism p* is multiplication
by (4k + 1)!, which is the cardinality of ¥,, divided by n. Since n > 2, the homomorphism p* is trivial.
Using the universal coefficient formula, it follows that the torsion of H;((M3)., ) is sent to zero, and
the result follows from Theorem 1.1. O]

An immediate consequence of the Proposition 5.1(a) is the following.

Corollary 5.3. Given any finite group G, there exists a quadruple (M, G, 7;R?) for which the Borsuk-
Ulam property does not hold.

Given a finite group G, it is not true in general that there exists a quadruple (M, G, 7; R?) satisfying
the Borsuk-Ulam property. Theorem 1.1 provides many examples of this. For example, if G is cyclic of
odd order, the quadruple (M, G, 7;R?) does not satisfy the Borsuk-Ulam property. It is thus a natural
problem to classify the finite groups G for which there exists a quadruple (M, G, 7;R?) satisfying the
Borsuk-Ulam property.
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