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ABSTRACT

Context. The Crab Nebula emits exceptionally bright non-thermal radiation across the entire wavelength range from the radio to the
most energetic photons. So far, the underlying physical model of a relativistic wind from the pulsar terminating in a hydrodynamic
standing shock has remained fairly unchanged since the early 1970s when it was first introduced. One of the predictions of this model
is an increase in the toroidal magnetic field downstream from the shock where the flow velocity drops quickly with increasing distance
until it reaches its asymptotic value, matching the expansion velocity of the nebula.
Aims. The magnetic field strength in the nebula is poorly known. Using the recent measurements of the spatial extension and improved
spectroscopy of the gamma-ray nebula, it has become –for the first time – feasible to determine in a robust way both the strength as
well as the radial dependence of the magnetic field in the downstream flow.
Methods. In this work, we introduce a detailed radiative model which was used to calculate the emission from non-thermal electrons
(synchrotron and inverse Compton) as well as from thermal dust present in the Crab Nebula in a self-consistent way to compare it
quantitatively with observational data. Special care was given to the radial dependence of the electron and seed field density.
Results. The radiative model was used to estimate the parameters related to the electron populations responsible for radio and
optical/X-ray synchrotron emission. In this context, the mass of cold and warm dust was determined. A combined fit based upon
a χ2 minimisation successfully reproduced the complete data set used. For the best-fitting model, the energy density of the magnetic
field dominates over the particle energy density up to a distance of ≈1.3 rs (rs: distance of the termination shock from the pulsar). The
very high energy (VHE: E > 100 GeV) and ultra-high energy (UHE: E > 100 TeV) gamma-ray spectra set the strongest constraints
on the radial dependence of the magnetic field, favouring a model where B(r) = (264 ± 9) µG(r/rs)−0.51±0.03. For a collection of VHE
measurements during epochs of higher hard X-ray emission, a significantly different solution B(r) = (167 ± 5) µG(r/rs)−0.29(+0.03,−0.06)

is found.
Conclusions. The high energy (HE: E > 100 MeV) and VHE gamma-ray observations of the Crab Nebula lift the degeneracy of the
synchrotron emission between particle and magnetic field energy density. The reconstructed magnetic field and its radial dependence
indicates a ratio of Poynting to kinetic energy flux σ ≈ 0.1 at the termination shock, which is ≈30 times larger than estimated up to
now. Consequently, the confinement of the nebula would require additional mechanisms to slow the flow down through, for example,
excitation of small-scale turbulence with possible dissipation of the magnetic field.

Key words. radiation mechanism: non-thermal – astroparticle physics – magnetohydrodynamics (MHD) –
ISM: supernova remnants – gamma rays: general – dust, extinction

1. Introduction

The Crab Nebula and pulsar are the centrepieces of gamma-
ray astronomy and high energy (HE) astrophysics in general.
The discovery of its very high energy (VHE) emission by the
pioneering observations with the Whipple air Cherenkov tele-
scope (Weekes et al. 1989) marks a breakthrough in the field by
establishing the Crab Nebula as the brightest steady gamma-ray
source.

The current understanding of the nebula was already estab-
lished several decades ago by Rees & Gunn (1974). The descrip-
tion of the dynamics of the nebula and its radiative model
dominated by synchrotron emission of relativistic electrons
(Pacini & Salvati 1973) has remained basically unchanged for
the past 50 years. In this model, the nebula is powered by a con-
tinuous cold and ultra-relativistic pulsar wind. The wind termi-
nates at a distance of about 0.13 pc (Weisskopf et al. 2012) to the
pulsar in a standing shock. The position of the termination shock
is commonly associated with the bright ring observed at soft

X-rays which has a major axis of (13.3 ± 0.2)′′ (Weisskopf et al.
2012)1.

The slow expansion of the nebula requires the downstream
flow to slow down. In an ideal magneto-hydrodynamic (MHD)
setting as suggested by Kennel & Coroniti (1984), the ratio of
magnetic to kinetic energy (σ parameter) upstream of the shock
is estimated to σ = 0.003 to match the boundary conditions
of the slow expansion of the outer nebula of ≈1500 km s−1. In
the downstream flow, the toroidal (‘wound up’) magnetic field
would increase due to magnetic flux conservation with increas-
ing distance until equipartition is reached.

However, with the three-dimensional treatment of the MHD
problem (Porth et al. 2013) it has been demonstrated that
the magnetic field structure and magnetic field present in
the plasma very likely deviate from the simplified model
of Kennel & Coroniti (1984). Additionally, the conversion of
ordered fields to turbulent fields which would be dissipated in

1 The pulsar is slightly offset by 0.9′′ from the centre of the ellipse.
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non-ideal MHD plasma could change the magnetic field configu-
ration substantially (Bucciantini et al. 2017; Tanaka et al. 2018).

The spatially resolved degree of polarisation and position
angle in the radio (e.g., Bietenholz & Kronberg 1990) and opti-
cal (e.g., Hickson & van den Bergh 1990) indicate the pres-
ence of large-scale toroidal fields in the region of the torus,
while at larger distances the field orientation becomes pre-
dominantly radial as traced out in the radio. The fraction of
polarised X-ray emission from the Crab Nebula was measured
to be (19.2 ± 1)% (Weisskopf et al. 1978; Feng et al. 2020;
Liu & Wang 2021), which indicates that the magnetic field
energy is roughly equally shared between an ordered and small-
scale turbulent field (Bucciantini et al. 2017). A more detailed
view of the spatial distribution of the magnetic fields will be pos-
sible with the upcoming observations of the Crab Nebula with
the Imaging X-ray Polarimetry Explorer (IXPE; Weisskopf et al.
2016).

With the observation of (inverse Compton) generated
gamma-ray emission, the ideal MHD flow-type solution
(Kennel & Coroniti 1984) has been confirmed to provide a
reasonable description of the nebula’s gamma-ray spectrum
(Atoyan & Aharonian 1996). Improved spectroscopy at VHEs
demonstrates however, that the simple approach does not pro-
vide a reasonable description of the data anymore (Aleksić et al.
2015). Even though the ideal MHD flow solution and its sib-
lings remain as benchmarks (see e.g., Abdalla et al. 2020), the
observational data are of sufficient quality to test the underlying
assumptions of the simple flow model already developed in the
1970s.

So far, it has not been possible to spatially resolve the mag-
netic field strength in the nebula or any other pulsar wind neb-
ulae. High energy and VHE gamma-ray observations have been
used to estimate an average magnetic field from the ratio of syn-
chrotron to inverse Compton emission (Aharonian et al. 2004),
which requires careful modelling of the seed photon fields in the
nebula (Meyer et al. 2010). Even though this method is robust,
observational details, which are required to match the precision
of the observational data with sufficiently accurate model calcu-
lations, have been mostly omitted in past studies.

In this analysis, we take the next step and include the recent
measurement of the spatial extension at gamma rays of the
nebula (Yeung & Horns 2019; Abdalla et al. 2020) in combina-
tion with the most recent spatial and spectral multi-wavelength
data to reconstruct, for the first time, the electron and magnetic
field configuration in the nebula in a consistent phenomenolog-
ical model without any underlying assumptions as to the flow
properties.

The underlying parameters were estimated with a χ2 min-
imisation method. This is the first study of this type carried out
on any gamma-ray emitting source. Thanks to the exceptional
multi-wavelength observational data, the Crab Nebula remains
a corner stone object for the study of non-thermal processes in
relativistic plasma.

2. Observations

In the following, the heliocentric distance of the Crab Nebula is
assumed to be dCrab = 2 kpc (Trimble 1973). The basis of the
compilation of multi-wavelength data used here is summarised
by Aharonian et al. (2004), Meyer et al. (2010) and references
therein. In the past decade, both new observations (see Table 1)
as well as refined and relevant corrections on the extinction in
the interstellar medium have become available.

Table 1. Summary of updated observations.

Energy Instrument References

Radio WMAP (1)
Planck for the (2)
HFI instrument

Sub-mm/IR Herschel (3)
WISE (3)

X-ray Crab (4)
to NuSTAR (5)
γ−ray Fermi-LAT (6)
VHE H.E.S.S. (7)

VERITAS (8)
MAGIC (9)

Tibet ASγ (10)
HAWC (11)

LHAASO WCDA, KM2A (12)

Notes. All other data shown e.g., in Fig. 7 are taken from Meyer et al.
(2010) and references therein.
References. (1) Weiland et al. (2011), (2) Planck Collaboration XXVI
(2016), Ritacco et al. (2018), (3) Gomez et al. (2012), De Looze et al.
(2019), (4) Toor & Seward (1974), (5) Madsen et al. (2017), (6)
Buehler et al. (2012),Yeung & Horns (2019), (7) Aharonian et al.
(2006), Holler (2014), Holler et al. (2015), H. E. S. S. Collaboration
(2014), (8) Wells (2019), Fig. 5.15, Aliu et al. (2014), (9) Aleksić et al.
(2015), MAGIC Collaboration (2020), (10) Amenomori et al. (2019),
(11) Abeysekara et al. (2019), (12) LHAASO Collaboration (2021).

2.1. Radio and infrared observations

The transition between the radio synchrotron component and the
thermal dust emission is explored through observations with the
Herschel (PACS and SPIRE), Spitzer (MIPS), while the tran-
sition from the dust emission to the optical/wind synchrotron
emission is traced with WISE and Spitzer (IRAC) multi-band
photometry. The integrated aperture-photometry (integrating
over an ellipse centred on the pulsar position, with PA = 40◦
and semi-major and minor axes of 245′′ × 163′′) is taken from
De Looze et al. (2019), Table 3. In addition to the continuum
component, the emission lines contribute up to 18% of the con-
tinuum flux in the PACS λ = 100 µm pass band. The resulting
data set is shown in Fig. 1 in combination with the best-fitting
model. The new and additional data taken from the compilation
of De Looze et al. (2019) are marked with white circles in Fig. 1.

2.2. Optical observations

In comparison to previous works (Meyer et al. 2010), the opti-
cal data used here have been updated to include a more recent
estimate of the extinction along the line of sight towards the
Crab Nebula. In the original compilation of Aharonian et al.
(2006), the extinction was corrected using A(V) = 1.5 mag with
a colour excess E(B−V) = 0.47 mag guided by the discussion of
Véron-Cetty & Woltjer (1993). More recent 3D-reconstruction
of the Galactic extinction with Gaia, Pan-STARRS 1, and
2MASS observations lead to a smaller value of A(V) = 1.2 mag
(Green et al. 2019). We chose here the central value of A(V) =
(1.08 ± 0.38) mag and E(B − V) = 0.43 mag determined
by De Looze et al. (2019) from modelling the dust emission
along the line of sight towards the Crab Nebula. The wave-
length dependent extinction was calculated with the extinction
curve from O’Donnell (1994). The resulting shape of the visual
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Fig. 1. Observed spectral energy distribution (SED) from radio to opti-
cal photon energies. The additional data from the recent compilation of
photometric data from De Looze et al. (2019) are marked with white
circles. Optical/UV data are presented with and without extinction
correction (see text for more details). The SED has been fit with the
superposition of thermal dust emission (see Table 3 for a list of param-
eters and uncertainties) and the underlying synchrotron continuum (see
Table 4).

continuum emission follows a power law, such that Iν ∝ ν−s with
sO ≈ 0.8. This is considerably harder than the X-ray spectrum
with sX ≈ 1.3. The far-UV spectroscopy of the entire nebula
with the Hopkins UV telescope (Blair et al. 1992) confirms the
extrapolation of the optical spectrum to the UV. The UV spec-
trum obtained in a slit aperture of 17′′ ×116′′ displayed in Fig. 1
was corrected by an ad hoc correction factor of 7.5 to match the
overlapping photometric points of Hennessy et al. (1992).

Additionally, we extracted the spectral indices s(9241−5364)
obtained between λ = 9241 Å and λ = 5364 Å from Fig. 1 of
Véron-Cetty & Woltjer (1993). The spectral indices were deter-
mined within bins of 10′′ × 10′′ covering the optical nebula. By
averaging over annuli centred on the pulsar position, we calcu-
lated the mean and root mean square of sO. The indices change
from ≈0.6 in the centre to ≈1 at the periphery of the nebula (see
Fig. 2). This is well-matched by the predicted behaviour of the
synchrotron model as indicated by the superimposed blue line in
the same figure.

2.3. X-ray observations

The Crab Nebula has a long history as a standard candle for
X-ray astronomy (Toor & Seward 1974). Therefore, for many
X-ray telescopes the instrumental response functions are tuned
to reproduce a particular spectral shape that is deemed to be
a canonical X-ray spectrum following a power law dN/dE =
N0(E/keV)−Γ, with Γ = 2.11 and N0 = 11 in units of
cm−2 s−1keV−1, readers can refer to Shaposhnikov et al. (2012),
for example.

In this spirit, the X-ray spectrum of the Crab Nebula has
been used to cross-calibrate different instruments (Kirsch et al.
2005; Weisskopf et al. 2010). Given the apparent brightness of
the nebula, other weaker non-thermal X-ray sources are conve-
niently used for more sensitive instruments which suffer from
saturation/pile-up for bright sources such as the Crab Nebula.
In a recent study of the non-thermal X-ray source G21.5-0.9
(Tsujimoto et al. 2011), the findings of earlier comparisons were

Fig. 2. Predicted and observed optical spectra of the Crab Nebula. In
concentric annuli, the mean and root mean square of the spectral indices
sO (Iν ∝ ν−sO ) have been determined from the data displayed in Fig. 1
of Véron-Cetty & Woltjer (1993). The superimposed curve is calculated
from the intensity expected from the synchrotron model as described in
Sect. 4.3 with the best-fitting parameters listed in Table 4. It is important
to note that these data have not been used in the fit.

confirmed that the energy spectra measured with different instru-
ments in the energy range from 2 keV to 8 keV show relative
differences in the normalisation of up to 20% and differences in
the spectral index of ∆Γ = 0.1.

Different to most other X-ray instruments in use, the
pn-camera of the XMM-Newton X-ray observatory has been cal-
ibrated without relying on the Crab Nebula as a standard candle
(Strüder et al. 2001). The normalisation N0 = 8.6 (Kirsch et al.
2005) found in observations of the nebula with the pn-camera in
burst mode is consistently smaller than the normalisation found
with other instruments.

The challenging task to (cross-)calibrate the past, current,
and future X-ray missions is carried out by a consortium that
formed shortly after the publication of Kirsch et al. (2005).
The International Astronomical Consortium for High-Energy
Calibration (IACHEC) recognises these systematic differences
(Madsen et al. 2021) but there is still no consensus which mea-
surement can be considered to be more reliable.

In the previous works (Aharonian et al. 2006; Meyer et al.
2010), we chose to re-scale measurements at higher ener-
gies to match the XMM-Newton result. In view of the recent
measurements of the nebula’s X-ray spectrum with the NuS-
TAR telescope, we updated this approach. The absolute flux
measurement reported by Madsen et al. (2017) uses stray light
from the Crab Nebula in the focal plane of the NuSTAR tele-
scope. Since the X-rays do not pass from the optical mirror
assembly, the resulting flux determination does not suffer from
the uncertainty of the energy dependent efficiency of the mirror
assembly. Subsequently, the instrumental team of NuSTAR has
changed their canonical Crab spectrum to Γ = 2.103±0.001 and
N0 = 9.69± 0.02. This normalisation is 14% larger than the pre-
viously obtained value for the pn camera (Kirsch et al. 2005).
Moreover, the NuSTAR measurement extends to hard X-rays
and is consistent with, for example, the results from the coded
mask imaging detector and spectrometer SPI on the INTEGRAL
observatory (Jourdain & Roques 2009) as well as Earth occul-
tation data taken with the BATSE instrument (Ling & Wheaton
2003). Both measurements indicate a break of the spectrum at an
energy of approximately 100 keV.
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Beyond the hard X-ray band, gamma-ray measurements rely
on Compton scattering instead of photo-ionisation. The Comp-
tel telescope on-board the Compton-Gamma-Ray-Observatory
(CGRO) observed the Crab Nebula for 9 years (Kuiper et al.
2001). The resulting time-averaged energy spectrum between
0.75 MeV and 30 MeV follows a power law with photon index
Γ = 2.227 ± 0.013 (Kuiper et al. 2001). While the power-law
index is consistent with the one determined with INTEGRAL-
SPI and BATSE data at lower energies, the flux normalisation of
the Comptel measurement is systematically lower than the one
obtained with BATSE and SPI data. From Fig. 31 of Kuiper et al.
(2001), we estimated possible relative systematic deviations on
the collection area from two different calibration methods to be
20%. In the data sample used to characterise the synchrotron
component of the nebula for the fit, we introduced an ad hoc
scaling of the Comptel flux by 1.3.

Even though this scaling is larger than the systematic uncer-
tainty of the Comptel flux, it is well within the range of the com-
bined systematic uncertainty when cross-calibrating between the
very different types of detector. Clearly, the MeV energy range is
most challenging and even though heroic efforts are under way
to re-analyse the complete Comptel data set (Strong & Collmar
2019), a new mission is required to improve the situation in
this poorly explored energy range (see e.g., the COSI mission
Tomsick & COSI Collaboration 2022).

An additional concern in constructing the X-ray
SED of the Crab Nebula is the variability of its X-ray
(Greiveldinger & Aschenbach 1999; Ling & Wheaton 2003;
Wilson-Hodge et al. 2011) and gamma-ray flux (Tavani et al.
2011; Abdo et al. 2011). The X-ray variability has been
observed to occur mainly between 2001 and 2010 with an
apparent relative amplitude of 2(4)% in the energy band
<15(15–50) keV on timescales of ≈3 years. In the preceding
years of monitoring the Crab Nebula with the RXTE mission,
the flux appears to remain constant (Wilson-Hodge 2012). The
X-ray spectrum softened between 2009 and 2011 with a photon
index changing from 2.14 to 2.17 as measured with RXTE-PCA
(Wilson-Hodge 2012). We show in Fig. A.1 the combined hard
X-ray light-curve between 2000 and beginning of 2022.

When comparing the recent average flux with the histori-
cal measurements of about 50 years ago (Toor & Seward 1974),
possible long-term flux variations do not exceed the variations
observed during the 20 years covered by Wilson-Hodge (2012).
The origin of the variability is not clear but a systematic effect
can be firmly rejected as the sole reason given that the variability
has consistently been observed with independent instruments.

On a shorter timescale and at larger energies, the Crab Neb-
ula shows rapid variations of the flux between 100 MeV and
approximately 1 GeV. The flux can both increase by a factor
of ≈8 over timescales of days (Buehler et al. 2012) and it can
also drop below the average flux within a similar timescale
(Yeung & Horns 2020).

For the characterisation of the time-average synchrotron
spectral energy distribution we assume that the X-ray variability
is averaged out during the long exposure. It is to be expected that
the variability measured at soft to hard X-rays should translate in
a similar variability in the VHE gamma-ray flux at TeV energies.
So far, multi-year observations of the nebula with ground-based
gamma-ray instruments such as HEGRA have only constrained
the relative variability to be smaller than 10% (Aharonian et al.
2006).

The more volatile situation at the end point of the syn-
chrotron spectrum is unlikely to change the inverse Compton
emission of the nebula. This has been confirmed by simulta-

Fig. 3. SED of the Crab Nebula centred on the X-ray energy range.
The best-fitting model (blue line, see details on the fitting procedure in
Sect. 4 and Table 4) is shown along with measurements from different
X-ray observatories. The normalisation of the spectrum measured with
XMM-Newton (yellow band) has been scaled up by 16% to be consistent
with the absolute flux measurement with NuSTAR (magenta band). The
COMPTEL gamma-ray flux has been scaled up by 30% to match the
extrapolation of the SPI spectrum.

neous observations of flares with Fermi-LAT and ground-based
gamma-ray telescopes: during these observations no correlated
flux changes have been found (H. E. S. S. Collaboration 2014;
Aliu et al. 2014). There may be however a measurable change of
the PeV gamma-ray flux during high flux or flaring states (see
Sect. 4.4.4).

In Fig. 3, the data points used for the fit are shown as
blue markers together with measurements listed above. The blue
line indicates the best-fitting synchrotron model which includes
the Fermi-LAT data points between 70 MeV and 500 MeV (see
below).

With the scaling of the flux measurements to match the abso-
lute flux measurement of NuSTAR applied to the XMM-Newton
and COMPTEL measurement, we obtain a consistent spectral
measurement from 0.2 keV to 30 MeV. The spectrum in this
energy range can be well characterised with a Band-like model
(Band et al. 1993)

dN
dE

= N0

{(
E

100 keV

)Γ1 e−E/E0 if E 6 E0(Γ1 − Γ2),[ (Γ1−Γ2)E0
100 keV

]Γ1−Γ2 eΓ2−Γ1
(

E
100 keV

)Γ2 E > E0(Γ1 − Γ2).
(1)

with parameters for the photon indices Γ1 = −2.095(4), Γ2 =
−2.34(1), E0 = 1.36(17) MeV and normalisation at 100 keV:
N0 = 6.40(8) × 10−4 cm−2 s−1 keV−1. The resulting χ2(d.o.f.) =
97(158) indicates a good fit of the Band function. Similar param-
eters (Γ1 = −1.99(1), Γ2 = −2.31(2), E0 = 531(30), N0 =
7.5(2)×10−4 cm−2 s−1 keV−1) have been obtained from analysing
17 years of INTEGRAL SPI data (Jourdain & Roques 2020), see
also Fig. 3.

2.4. HE and VHE gamma-ray observations

Since the work of Meyer et al. (2010), roughly nine more
years of Fermi-LAT observations have been presented in recent
publications. Therefore, the statistical uncertainty on the flux
above 100 GeV has been reduced by a factor of three. The
updated instrumental response function of Fermi-LAT extends
the HE reach from formerly 300 GeV to 500 GeV. The system-
atic uncertainty on the energy scale has been reduced from pre-
viously ∆E/E =+5%

−10% (see e.g., Abdo et al. 2009) to ∆E/E =+2%
−5%

(Ackermann et al. 2012).
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In a recent investigation of the gamma-ray extension of the
Crab Nebula, Yeung & Horns (2019) analysed the LAT data
accumulated over ≈9.1 years with a refined model for the
Crab pulsar’s spectrum. They obtain a >5 GeV spectrum of
FL8Y J0534.5+2201i (the PWN component) which essentially
matches the off-pulse spectrum reported by Buehler et al. (2012)
but with improved statistical uncertainties and wider energy
reach.

The MAGIC collaboration has published an updated energy
spectrum of the Crab nebula overlapping the energy range cov-
ered with Fermi-LAT and reduced uncertainties at energies
below 100 GeV (Aleksić et al. 2015). The measurement of the
flux from the Crab Nebula with the MAGIC instruments spans
for the first time from 50 GeV to 30 TeV. In a subsequent
analysis of data taken with the MAGIC telescope at ultra-large
zenith angles, the energy reach has been extended up to 100 TeV
(MAGIC Collaboration 2020).

The VHE end of the Nebula’s spectrum has recently
become a focus of interest with observational data taken
with non-imaging air shower detectors with improved analy-
sis of data taken with the HAWC water Cherenkov detector
(Abeysekara et al. 2019) or with long-term observations with
the Tibet ASγ air shower array which extends the energy
spectrum up to 450 TeV (Amenomori et al. 2019). The lat-
est addition to results on the Crab nebula obtained with the
LHAASO KM2A array extends the spectrum beyond 1 PeV
(LHAASO Collaboration 2021).

The High Energy Stereoscopic System (H.E.S.S.) collabora-
tion has presented their preliminary results of H.E.S.S. phase II
observations of the Crab Nebula Holler et al. (2015) superseding
the results obtained with the previous setup (phase I) which con-
sisted of four imaging Cherenkov telescopes (IACTs) with a mir-
ror surface area of about 100 m2 each and an energy threshold of
approximately 100 GeV. Due to the visibility of the Crab Nebula
from the southern hemisphere, the energy spectrum obtained with
the phase I instruments from the Crab Nebula covers the energy
range from 440 GeV up to 40 TeV (Aharonian et al. 2006). The
large telescope of the H.E.S.S. phase II with a mirror surface of
600 m2 has lead to a lowered energy threshold of 230 GeV for
observations of the Crab Nebula (Holler et al. 2015).

Finally, the VERITAS collaboration has reported on obser-
vations of the Crab Nebula (55 h before and 46 h after the cam-
era update in 2012; Wells 2019). In a previous analysis, slightly
more data were used (Meagher & VERITAS Collaboration
2016), but the investigation of Wells (2019) indicate that the
calibration of the two different levels of amplification for each
channel need to be adapted. More detailed information on the
VHE data sets is provided in Appendix A.

3. Non-thermal emission model

The specific luminosity Lν from the Crab Nebula was calculated
by integrating the synchrotron and IC emissivities ( jSy

ν , jICν ) over
the volume of the nebula (assuming optically thin plasma and
spherical symmetry):

Lν = 4 π
∫

V
d3r

(
jSy
ν (r) + jICν (r)

)
, (2)

where the specific emissivity for inverse Compton emission ( jICν )
and synchrotron emission ( jSy

ν ) is given by

jIC
ν (r) =

1
4π

∫
γ

dγnel(r, γ)
3
4
σT c
γ2 h2ν

hν∫
hν/4γ2

dε
ε

fIC(ε, ν, γ)nseed(r, ε), (3)

jSy
ν (r) =

1
4π

∫
γ

dγ nel(r, γ)

√
3e3B(r)
mc2 G

(
ν

νc

)
, (4)

with nseed(r, ε) and nel(r, γ) being the differential number densi-
ties of seed photons and electrons respectively.

The resulting specific intensity Iν(θ) was calculated by inte-
grating along a line of sight subtending an angle θ with the centre
of the nebula. The source region is optically thin. The exter-
nal absorption in the interstellar medium was used to correct
the apparent flux measurements in the optical/UV (de-reddening,
see Sect. 2.2), X-ray (photo-ionisation, see Sect. 2.3), as well as
at ultra-high energy (>100 TeV) gamma-rays. The latter effect
was re-evaluated here taking into account the anisotropy of the
local radiation field which leads to an increase of the optical
depth in comparison to previous works (see Appendix B for
more details).

The function G(x) used for the synchrotron emissivity for
an isotropic electron distribution in random magnetic fields
(Crusius & Schlickeiser 1986) has been recently expressed in
terms of modified Bessel functions as given in Eq. (D5) in
Aharonian et al. (2010). For the numerical calculations, we used
the convenient approximation of Eq. (D7) in Aharonian et al.
(2010).

The function fIC is the general function for scattering of
electrons in an isotropic photon gas derived by Jones (1968;
Eq. (44)).

In order to calculate the emissivity of the electrons we need
to determine the electron distribution, seed fields, and magnetic
field structure to reproduce all available observations. While
the observed synchrotron emission is mostly degenerate for the
choice of magnetic field and particle distribution, the observed
inverse Compton emission breaks the degeneracy to allow us to
reconstruct both the strength and the spatial variation of the mag-
netic field in the nebula.

3.1. Distribution of electrons

The spectral and spatial distribution of electrons in the nebula
is inferred by matching a phenomenological model of the elec-
tron distribution and its synchrotron emission to observations.
The electron distribution was kept as simple as possible and as
complex as necessary to match the observations.

We assumed two different populations of electrons, so-called
radio and wind electrons which do not share a common ori-
gin. While the wind electrons are most likely accelerated at the
wind termination shock, the origin of the radio emitting elec-
trons is not well understood. This includes both the genera-
tion of sufficient number of electrons/positrons as well as their
acceleration. Recent suggestions include stochastic acceleration
(Tanaka & Asano 2017), for example, in reconnection layers in
the turbulent nebula (Lyutikov et al. 2019).

3.1.1. Spatial distribution of electrons

For photon energies below about 70 keV, the synchrotron emis-
sion is well-resolved by the available instruments. The observed
(projected) structures are characterised by small-scale features
(e.g., wisps) which evolve dynamically on timescales of weeks
as well as large scale features including the X-ray bright ring,
torus, and jets which remain stable for longer time-periods of
years.

For the purpose of modelling the energy spectrum and
extension of the inverse Compton emission of the nebula, we
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followed an approach similar to de Jager & Harding (1992),
Hillas et al. (1998), Meyer et al. (2010) where the electron distri-
bution is found by matching the expected synchrotron emission
to the observed broadband spectral energy distribution (SED).
In a second step, the magnetic field was determined by adjusting
the electron distribution (mainly the normalisation) to match the
observed inverse Compton emission to the data. In order to keep
the model simple, the source was assumed to be spherical. Given
the coarse angular resolution of the instruments used to observe
the nebula at the HE end, this simplification is acceptable.

An important benefit of the assumption on spherical sym-
metry is the simple characterisation of the extension of the neb-
ula. Here, we used the apparent angular extension θ68 which is
defined by the angular radius which encompasses 68% of the
total flux. For a helio-centric distance dCrab of the Crab Nebula,
the spatial radius R68 relates to the apparent size R68 ≈ θ68 dCrab.
We assumed a distance dCrab = 2 kpc.

We collected available observations in order to determine
θ68 for different photon energies. The resulting values of θ68 are
summarised in Table 2. The Chandra data points2 indicate the
68% containment angular radius θ68 of the Crab Nebula for dif-
ferent energy bands. For each energy band (0.5–1.2; 1.2–2; 2–
7; 7–10 keV), the centroid of the background subtracted image
was calculated. The value of θ68 for each energy band was deter-
mined using the method of encircled count fraction (ecf_calc
task of the CIAO package v4.13). The uncertainty on θ68 is
dominated by systematic uncertainties which were estimated by
checking against effects of vignetting and background contam-
ination. The NuSTAR X-ray telescope has been used to image
the X-ray nebula for the first time in a broad energy range from
3 keV–78 keV (Madsen et al. 2015). We estimated θ68 from their
Fig. 13 in three energy ranges. In the lowest energy band (3 keV–
5 keV), the extension derived from the NuSTAR observations
is about 5% smaller than the values obtained with the Chan-
dra image, well within the estimated uncertainties of the two
measurements.

The differential electron number density dn = nel(γ, r)dγdV
was assumed to follow a multiple broken power law in Lorentz
factor γ (see below) with a spatial distribution approximated by
a radial Gaussian with a the scale length ρ(γ) that depends on the
electrons’ energy:

nel(γ, r) = n(γ)e
−

r2

2ρ(γ)2
, (5)

such that the predicted synchrotron emission matches the
observed synchrotron extension.

The observed synchrotron size is mostly decreasing with
increasing frequency, reflecting the cooling of the electrons as
they propagate outwards. Therefore, we assumed for the wind-
electrons a power law for ρ(γ):

ρ(γ) =
ρ0

3600′′
·

π

180◦
·

dCrab

2 kpc

(
B0

264 µG

(
γ

9 × 105

)2
)−β

, (6)

with ρ0 (in arc sec), B0, and β > 0 free parameters in the fit to
the data (see below).

Different to the wind electrons, for the low energy, radio-
emitting electrons, the radial scale length ρr is independent
of the electrons’ Lorentz factor. The value of ρr was left
to vary freely in the fit to match the measured synchrotron
extension.

2 Chandra ObsId 13151.

Table 2. Apparent extension of the Crab Nebula.

ν [Hz] θ68[′′]

5 × 109 117 ± 1 VLA (1)
150 × 109 115 ± 2 NIKA (2)
1.8 × 1012 112 ± 5 PACS 160 µm (3)
4.3 × 1012 112 ± 5 PACS 60 µm (3)
1.4 × 1013 137 ± 5 WISE 22 µm (4)
2.5 × 1013 119 ± 5 WISE 12 µm (4)
6.5 × 1013 140 ± 5 WISE 4.6 µm (4)
8.9 × 1013 141 ± 5 WISE 3.3 µm (4)
1.03 × 1015 99 ± 5 UVOT UVW1 (5)
2.66 × 1017 46 ± 4 Chandra (0.5−1.5) keV (6)
3.7 × 1017 43 ± 3 Chandra (1.5−3.0) keV (6)
8 × 1017 39 ± 3 Chandra (3−6) keV (6)
1.2 × 1018 37 ± 3 NuSTAR (5−6) keV (7)
2.4 × 1018 33 ± 3 NuSTAR (8−12) keV (7)
1.2 × 1019 27 ± 3 NuSTAR (35−80) keV (7)
Eγ [GeV] θ68[′′]
7 121 ± 47 Fermi-LAT (8)
14 209 ± 22 (8)
28 125 ± 26 (8)
56 114 ± 14 (8)
112 95 ± 29 (8)
214 83 ± 26 (8)
990 121 ± 38 (8)
1050 79 ± 10 H.E.S.S. (9)

Notes. The apparent angular size of the nebula was calculated by inte-
grating the observed intensity over the solid angle up to θ68 which is the
percentile that encloses 68% of the total flux. Whenever needed, point
sources were excluded and background subtracted.
References. (1) Bietenholz et al. (2004), (2) Fig. 5 of Ritacco et al.
(2018), (3) Herschel Science Archive (HSA), (4) Infrared Science
Archive (IRSA), (5) XMM-Newton Science Archive (XSA), (6) Chan-
dra Data archive, (7) Madsen et al. (2015), (8) Yeung & Horns (2019),
(9) H. E. S. S. Collaboration (2020).

3.1.2. Spectral distribution of electrons

We considered two distinctly different populations dubbed radio
electrons as they are mostly emitting in the radio band and so-
called wind electrons which are producing the bulk of the emis-
sion from optical to gamma-rays via synchrotron processes:

nel(r, γ) = nradio(r, γ) + nwind(r, γ). (7)

The differential number density of each population was
assumed to follow as a power law for the radio electrons

nradio(r, γ) = Nr,0ρ
−3
r e
− r2

2ρ2
r γ−sr H(γ; γ0, γ1), (8)

and a broken power law for the wind electrons

nwind(r, γ) = Nw,0ρ(γ)−3e−
r2

2ρ(γ)2

[(
γ

γw1

)−s1
(
γw1

γw2

)−s2

H(γ; γw0, γw1)

+

(
γ

γw2

)−s2

H(γ; γw1, γw2) +

(
γ

γw2

)−s3

H(γ; γw2, γw3)
]
(9)

respectively. The auxiliary function H(γ; γ0, γ1) := Θ(γ1 −

γ)Θ(γ−γ0) with the Heaviside function Θ(x) defines the intervals
of the broken power law.
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Fig. 4. Electron number density nel, as a function of γ for different val-
ues of the distance to the centre of the Crab Nebula r and the volume
average. The parameters used here are listed in Table 4.

A representative electron number density nel at various dis-
tances and volume averaged is shown in Fig. 4. Note, the distri-
bution of electrons follows a phenomenological Ansatz guided
by the notion that electrons lose energy (radiative and adiabatic
losses) while expanding in the nebula. However, without further
knowledge about the properties and dynamics of the flow and the
various and competing processes at work, the structure of the
nebula can only be generically explained through the idea of a
shock-accelerated electron distribution in a (ideal) MHD flow of
a relativistic plasma as suggested for example by Rees & Gunn
(1974) and following works (e.g., Kennel & Coroniti 1984).

In the absence of a specific model that matches available
observations, we followed the approach of reconstructing the
energy distribution of electrons and their spatial distribution
from the observations. In this approach, we do not attempt to
follow the temporal evolution of the nebula through its complex
and largely unknown history.

3.2. Seed photon fields

The seed photon fields in the nebula were self-consistently cal-
culated and matched to the observed intensity and brightness of
the nebula. Note, in many previous attempts to model the neb-
ula, the seed photon fields are assumed to be mostly homoge-
neous in the nebula and not specifically modelled to match the
observations.

Assuming an isotropic specific volume emissivity jν (in 4π
solid angle) in a spherical source, the spectral number density
dn = nseed(r, ε)dVdε of seed photons at a distance r to the centre
of the nebula is:

nseed(r, ε) =
4π
hε

1
2c

∫ rmax

rmin

r1

r
jν(r1, ε) ln

(
r + r1

|r − r1|

)
dr1. (10)

The three main seed photon fields contributing to the IC scat-
tering of the relativistic electrons in the Crab Nebula are: (i) the
synchrotron radiation; (ii) the FIR ‘excess’ radiation which is
attributed to the dust emission; (iii) the 2.7K cosmic microwave
background radiation (CMB).

3.3. Thermal emission from dusty plasma

Observations at sub-millimetre and far-infrared wavelengths
show an excess flux in comparison to the extrapolated syn-
chrotron continuum alone. The excess is commonly modelled
with the thermal emission of spherical, radiatively heated dust
grains in thermal equilibrium (Marsden et al. 1984; Temim et al.

2006; Gomez et al. 2012; Temim & Dwek 2013; De Looze et al.
2019). A carbon dominated composition of the dust has been
favoured in past studies where the temperature of the dust
is either self-consistently modelled in combination with a
dust grain composition (e.g., Temim & Dwek 2013) or esti-
mated by fitting a two-temperature population to the data (e.g.,
De Looze et al. 2019). The dust emitting region is concentrated
in the vicinity of the optical filaments which are forming a shell
with inner radius of r = 0.55 pc (Čadež et al. 2004).

The observed emission in the wavelength band from λ ≈
6 µm to λ ≈ 1000 µm is the superposition of continuum syn-
chrotron and thermal dust emission as well as line-emission from
excited atoms in the plasma. In Fig 1, the observed continuum
emission is shown. In all previous works, a quantitative analysis
of the dust emission has relied upon an ad hoc assumption on the
underlying continuum emission.

Following the argument of Owen & Barlow (2015), we
assumed the dust to be predominantly composed of amorphous
carbon grains. The emissivity of dust grains in thermal equilib-
rium with a mass density ρd in the emitting volume is given by

jν = ρdκabsBν(T ), (11)

with Bν(T ) denoting the black body spectral radiant emission
at temperature T and κabs the mass absorption coefficient spe-
cific to the dust grain (Temim & Dwek 2013). In order to cal-
culate the amount of seed photons present in the nebula which
is relevant for the inverse Compton emissivity, we chose to fit
a minimum set of free parameters to achieve an acceptable fit
to the data. The minimal model found here is a mixture of dust
at two different temperatures and with different values of mass
(M1,T1,M2,T2). An additional parameter is the outer radius rout
of the dust population. The value of rout needs to be adjusted to
match the observed extension which is the result of the superpo-
sition of the underlying synchrotron continuum emission and the
thermal emission of the dust. With the emissivity

jν =
3κabs

4π(r3
out − r3

in)
[M1Bν(T1) + M2Bν(T2)] H(r; rin, rout) (12)

of the two temperature dust model for a a fixed set of grain
parameters (see next paragraph and Table 3) we achieved an
acceptable description of the data (see Fig. 1).

The mass absorption coefficient κabs depends upon the geom-
etry of the dust grain and the optical constants for the bulk mate-
rial. Here, we used the measured optical constants of the ACAR
sample (Zubko et al. 1996) and calculated the resulting values
of κabs assuming a spherical symmetry and following the Mie-
scattering theory in a series expansion. The underlying calcula-
tion was carried out with the numerical algorithm described in
Bohren & Huffman (1998), Appendix A. A more thorough self-
consistent modelling of the dust emission by radiatively heated
dust grains is left for further work. The grains’ diameter distri-
bution was assumed to follow a power law between the min-
imum grain radius amin = 10−3 µm and amax = 0.1 µm such
that the probability density of finding a grain between a and
a + da is given by p(a)da = p0a−s with s = 4 for a in the inter-
val [amin, amax] (Temim & Dwek 2013). In the relevant range of
wavelengths (from λ = 1 µm to λ = 103 µm), the resulting opac-
ity is conveniently approximated with

κabs = 2.15 × 104 cm2

g

(
λ
µm

)−1.3
, (13)

with relative deviations between the model (Temim & Dwek
2013) and the parametrisation of less than 5% between λ =
10 µm and λ = 200 µm.
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Table 3. Parameters of the dust model.

Dust parameter Value

Grain material Amorph. Carbon
log10(M1/M�) −4.4 ± 0.1
T1 [K] 149 ± 8
log10(M2/M�) −1.2 ± 0.1
T2 [K] 39 ± 2
rin [pc] 0.55
rout [pc] 1.53 ± 0.09
amin, amax [µm] 10−3, 10−1

s 4

The thermal line emission from the excited plasma was not
considered here. In the visual band, the relative contribution of
the line emission to the overall flux is approximately 30% when
comparing the sum of the equivalent width of the lines listed in
Table 2 of Smith (2003) with the wavelength-band of the mea-
sured spectrum.

3.4. Magnetic field structure

The widely used model for the confinement of the Crab Neb-
ula by Kennel & Coroniti (1984) is based upon a toroidal mag-
netic field without any turbulence forming. Three-dimensional
relativistic ideal MHD simulations supports the notion of disor-
dering of the magnetic field (Porth et al. 2013) which has been
argued to account for the slowing of the expansion velocity
to match the observations (Tanaka et al. 2018) and the compa-
rably small polarisation observed at X-rays (Bucciantini et al.
2017; Weisskopf et al. 1978). In non-ideal MHD plasma flows,
dissipation of magnetic fields would need to be considered as
well (Tanaka et al. 2018; Luo et al. 2020). In this type of exten-
sion of the pulsar wind nebula scenario, several of the funda-
mental short comings of the toroidal field model of the Crab
Nebula (Kennel & Coroniti 1984) can be overcome as argued by
Luo et al. (2020).

In the following, we assumed a model where the magnetic
field is dominated by small-scale turbulence. The root mean
square value B(r) follows a power law for its radial dependence:

B(r) = B0

(
r
rs

)−α
, (14)

with B0 the field strength at the distance of the termination shock
rs = 0.13 pc and α ≥ 0 free parameters of the model. The
value α = 0 corresponds to the case of a constant magnetic field
as for example assumed by Meyer et al. (2010). The case α =
−1 corresponds to an MHD flow dominated by kinetic energy
(σ � 1).

4. Parameter estimation

The complete model description of the non-thermal electron dis-
tribution (Eqs. (8) and (9)), the spatial distribution, temperature,
and mass of the dust grains (Eq. (12)) as well as the strength and
radial dependence of the magnetic field (Eq. (14)) requires one
to choose values for the underlying parameters. The complete set
of parameters were combined in a tuple Ψ = (Ψ1, . . . ,Ψ21) (see
Table 4 for the complete list of parameters and best fitting values
found in Sect. 4.4.2).

The subset of parameters Ψ1, . . . ,Ψ14 relates to the elec-
tron distribution and is closely related to the choice of the mag-
netic field with normalisation Ψ20 = B0 and power-law index
Ψ21 = α for the radial distribution (see Eq. (14)). The parameters
Ψ15, . . . ,Ψ19 characterise the dust distribution and the amount
and temperature of the two dust populations (see Eq. (12)).

4.1. Data sets used

The method to estimate the best-fitting values Ψ is based upon
the minimisation of the sum of χ2 values calculated for the two
compilations of observational data. Dsync and DIC (see the fol-
lowing Sect. 4.2 on the definition of the test statistics).

The observational data set Dsync includes 203 flux measure-
ments fν and uncertainties σ f

3 as well as 15 measurements of
the angular extent (see Table 2) θobs

68 (ν) and corresponding uncer-
tainties σθ(ν). The resulting synchrotron data set

Dsync = Dsync,SED ∪Dsync,ext, (15)

is the union of the spectral measurements

Dsync,SED = {( fν,i, σ f ,i)|i = 1, . . . , 203}, (16)

and the measurement of the angular (apparent) extension

Dsync,ext = {(θ68(ν j), σθ(ν j))| j = 1, . . . , 15}. (17)

The spectral data set Dsync,SED comprises a variety of obser-
vations collected with different instruments. In many instances,
the resulting measurements are mutually inconsistent indicating
systematic uncertainties (see also Sect. 2 for more details). The
quoted uncertainties on the flux measurements σ f ,i are limited to
the statistical uncertainties.

While below energies of 1 GeV, the dominant contribution
to the Crab Nebula’s luminosity is synchrotron emission of elec-
trons and thermal emission from radiatively heated dust grains,
at energies larger than 1 GeV, the dominant emission process is
inverse Compton scattering of the same electron population on
various seed photon fields present in the nebula.

For energies above 1 GeV, we compiled a data setDIC

DIC = DIC,SED ∪DIC,ext, (18)

which includes the measurements of the energy spectrum using
Fermi-LAT data (25 data points:DIC,SED) and the angular exten-
sion (DIC,ext: 8 measurements as listed in Table 2) combining
Fermi-LAT (Yeung & Horns 2019) and H.E.S.S. measurements
(H. E. S. S. Collaboration 2020). The spectral measurements
obtained with H.E.S.S. and other ground-based instruments were
included separately in the fitting procedure (see Sect. 4.4.2).

4.2. Cost functions

The approach followed here used combinations of cost functions
χ2(Da,Ψ) calculated for the data sets Da, where a indicates the
underlying observations as given in Eqs. (15)–(18); for example,
for the synchrotron SED:

χ2
sync,SED = χ2(Dsync,SED,Ψ) =

203∑
i=1

 Lν,i(Ψ) − 4πd2
Crab fν,i

4πd2
Crab(σ2

f ,i + (0.05 fν,i)2

 ,
(19)

3 See the supplementary table available under https://github.
com/dieterhorns/crab_pheno
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where Lν,i is the model synchrotron luminosity at frequency νi.
The statistical uncertainty on the flux measurement was adjusted
by a systematic uncertainty, added in quadrature. Without fur-
ther detailed knowledge about the contributions to the systematic
uncertainty of individual measurements, we chose to assume that
the flux measurements are subject to relative uncertainty of 5%4.
The best-fitting parameters do not change within the accuracy
of the minimising routine when varying the relative systematic
uncertainty in the range from 0% to 7%.

The value of the model luminosity Lν,i was calculated for a
set of parameters Ψ (see Table 4). Furthermore, we calculated
the χ2-statistics for the angular extension:

χ2
sync,ext. = χ2(Dsync,ext,Ψ) =

15∑
j=1

(
θ68(ν j,Ψ) − θ68(ν j)

σθ(ν j)

)2

, (20)

where θ68(ν j,Ψ) was calculated from the intensity Iν, j(θ), such
that

0.68 =

∫ θ68(ν j)
0 dθ sin θ Iν, j(θ)∫ θmax

0 dθ sin θ Iν, j(θ)
. (21)

The maximum value θmax = 250′′ was chosen such that the cal-
culated angular extension θ68 does not change within the numer-
ical accuracy for a choice of a larger value of θmax. The measured
extensions and uncertainties are listed in Table 2. The uncertain-
ties on the measured angular extension were estimated from the
data and do not require additional adjustments as the resulting
χ2

sync,ext (see Sect. 4.3) indicates an acceptable goodness of fit.
The value of

χ2
sync = χ2

sync,SED + χ2
sync,ext (22)

is the contribution to the cost function related to the synchrotron
data set.

Similarly to the calculation of χ2
sync, the inverse Compton

data set DIC was used to calculate separately χ2
IC,SED and χ2

IC,ext
and the sum of the two

χ2
IC = χ2

IC,SED + χ2
IC,ext, (23)

which is relevant to estimate the parameters related to the
strength and radial distribution of magnetic fields in the nebula.

The main systematic uncertainty of the flux measurement
with Fermi-LAT (see also Sect. 2) is related to the energy cal-
ibration of the calorimeter. This known uncertainty was taken
into account by adding a contribution to χ2

IC,SED which relates to
a relative scaling of the energy (frequency):

ν 7→ ν′ = ν (1 + ζ),

such that

χ2
IC,SED =

25∑
i=1

Lν,i(Ψ) − 4πd2
Crab fν′,i

4πd2
Crabσ f ,i

2 +

Θ(ζ)
(
ζ

0.02

)2

+ Θ(−ζ)
(

ζ

−0.05

)2

. (24)

The estimated systematic uncertainty allows for a relative shift
in energy ζ to be a random deviate with a asymmetric nor-
mal distribution given by the quoted uncertainty on ζ = 0+0.02

−0.05

4 In the previous works of Meyer et al. (2010), the relative systematic
uncertainty was assumed to be 7%.

Table 4. Best-fitting parameters, and χ2-values using VHE data
(MAGIC, VERITAS, Tibet Asγ, LHAASO).

Parameter Best-fitting values
(68% c.l.)

Radio electrons
Ψ1 = sr 1.54 ± 0.03
Ψ2 = ln(Nr,0) 114.7 ± 0.2
Ψ3 = ln(γ1) 11.4 ± 0.1
Ψ4 = ρr [′′] 89 ± 3

Wind electrons
Ψ5 = s1 3.1 ± 0.2
Ψ6 = s2 3.45 ± 0.01
Ψ7 = s3 3.77 ± 0.04
Ψ8 = ln(γw0) 12.7 ± 0.2
Ψ9 = ln(γw1) 15.6 ± 0.8
Ψ10 = ln(γw2) 19.2 ± 0.2
Ψ11 = ln(γw3) 22.3 ± 0.03
Ψ12 = ln(Nw,0) 73.8 ± 0.5
Ψ13 = β 0.15 ± 0.01
Ψ14 = ρ0[′′] 99 ± 4

Dust parameters
Ψ15 = rout [pc] 1.53 ± 0.09
Ψ16 = log10(M1/M�) −4.4 ± 0.1
Ψ17 = log10(M2/M�) −1.2 ± 0.1
Ψ18 = T1 [K] 149 ± 8
Ψ19 = T2 [K] 39 ± 2

Magnetic field parameters
Ψ20 = B0 [µG] 264 ± 9
Ψ21 = α 0.51 ± 0.03

Goodness of fit
χ2

sync,SED(d.o.f.) 182 (184)
χ2

sync,ext(d.o.f.) 16 (15)
χ2

IC,SED(d.o.f.) 22 (23)
χ2

IC,ext(d.o.f.) 24 (8)
χ2

VHE(d.o.f.) 41 (55)
χ2

tot(d.o.f.) 285 (285)

Notes. See Sect. 4.4.2 on details of the fit procedure. The value of γ0
for the radio electrons has been kept fixed to be γ0 = 22 (higher values
are excluded by the low frequency radio measurements; smaller values
are not constrained by observations).

(Ackermann et al. 2012). The value of ζ was found whenever
evaluating χ2

IC,SED (see Sect. 4.4.1).
Finally, we included the contribution of the VHE spectral

measurements to the cost function with χ2
VHE (see Sect. 4.4.2).

In the following sections, we follow three different minimi-
sation approaches, where the most general fit is presented in
Sect. 4.4.2. Firstly, in Sect. 4.3, we minimise the cost function
χ2

sync (see Eq. (22)) on a grid of values for B0 and α, demon-
strating, that the synchrotron data set provides only a weak con-
straint on the parameter α and is degenerate for B0. Secondly,
we proceed in Sect. 4.4 with the inverse Compton component
which allows us to lift the degeneracy with respect to B0. In
Sect. 4.4.1, the sum of χ2

IC (Eq. (23)) and χ2
sync is evaluated on

the same grid of B0 and α as in the previous approach. Finally,
in the most general (time-consuming) fit in Sect. 4.4.2, the cost
function χ2

sync + χ2
IC is used for marginalising over 20 parame-

ters (Ψ1···20). The resulting model is used to calculate χ2
VHE and
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consequently χ2
tot(α) = χ2

sync + χ2
IC + χ2

VHE is used to find the best
estimate for α.

4.3. Fitting the synchrotron spectrum and extension

Since we are mainly interested in the best-fitting values of Ψ20 =
B0 and Ψ21 = α, we marginalised over Ψ1...19 such that we used
the parameters Ψ̌1...19 which minimise χ2

sync for a given pair of α,
B0. The resulting

χ2
sync(α, B0) = χ2(Dsync, α, B0, Ψ̌1...19), (25)

depends on α and B0 only.
As a demonstration of the approach, we show in Fig. 5a the

increment ∆χ2
sync(α, B0) relative to the value of the global mini-

mum χ2
sync(α̌, B̌0)

∆χ2(α, B0) = χ2
sync(α, B0) − χ2

sync(α̌, B̌0). (26)

For a constant value of α, the resulting χ2
sync(α, B0) does not

change substantially over the range of B0 ∈ [50 µG, 1025 µG]
used in the scan with a step-size of ∆B0 = 25 µG.

We find a global minimum for χ2
sync at α̌ = 0.9 with an uncer-

tainty of σα(95%c.l.) ≈ 0.8 (see bottom left panel, Fig. 5c).
The parameter B0 is the normalisation of the magnetic field

at the position of the shock rs. The resulting field 〈B〉 averaged
over the volume from rs to rPWN = 3 pc was calculated to be

〈B〉 =
1
V

∫
dV B(r) =

3 B0 rαs
3 − α

r3−α
PWN − r3−α

s

r3
PWN − r3

s
. (27)

In Fig. 5a we plot contours for 〈B〉/µG ∈ {30, 60, 90} for orien-
tation.

For a fixed value of α, χ2
sync is degenerate for any choice of

the normalisation B0. However, the energy in magnetic field

WB =

∫
dV

B(r)2

8π
(28)

increases for increasing B0 while the normalisation of the elec-
tron spectrum decreases and correspondingly, the energy in par-
ticles We

We =

∫
dV

∫
dγmec2γnel(r, γ) (29)

decreases monotonically with increasing B0.
The minimum energy configuration for the total energy

Wtot = We + WB (30)

is reached for B0 = 514 µG, which is slightly lower than the
equipartition (We = WB) field Beq = 558 µG.

The best-fit result which minimises χ2
sync = 195.2(197 d.o.f.)

is reached for α̌ = 0.9 and large uncertainties which go well
beyond the range of parameters scanned here.

The fitting of the model to the synchrotron data Dsync pro-
vides an overall satisfying goodness of fit. The parameters
related to the electron distribution and dust properties can be
estimated accurately.

We identified the combinations of B0 and α which lead to a
minimum energy configuration for each scanned value of α. The
resulting contour B0 = Bmin is indicated as a cyan dashed line in
Fig. 5.

Even though the configuration of the system is expected to
be close to the minimum or equipartition value of B0, with-
out additional information the normalisation B0 is degenerate
with the number density of the electrons and α is only weakly
constrained. The latter parameter is mostly degenerate with the
radial distribution of the electron density (Ψ13 = β).

Additional information such as the inverse Compton emis-
sion needs to be incorporated in the fit to break these degenera-
cies and determine the parameters B0 and α.

4.4. Fitting the inverse Compton spectrum and extension

The inverse Compton emissivity of the electrons is proportional
to the product of number density of electrons and the energy
density of the seed photon field (in the Thomson limit of inverse
Compton scattering).

The observation of inverse Compton emission and its spatial
extension breaks the degeneracy of the model parameters. Dif-
ferent to a fit to the synchrotron component alone (see previous
section), no additional constraints as for instance equipartition
or minimum energy are required to determine α and B0.

4.4.1. HE SED and extension

In order to make the fitting numerically tractable and to get an
overview on the best-fitting parameters, we carried out a min-
imisation following these steps5:
1. Choose α ∈ [0, 1.2], starting at 0, incremental by 0.05
2. For each value of α, marginalise over B0: χ2(α) = χ2(α, B̌0)
3. Repeat steps (1) and (2) and locate the global minimum

χ2(α̌).
The minimisation carried out in step (2) relates to χ2 =

χ2
sync + χ2

IC with χ2
IC = χ2

IC,SED + χ2
IC,ext given by

χ2
IC,SED = χ2

(
DIC,SED, α, B0, Ψ̌1...19, ζ̌

)
, (31)

and

χ2
IC,ext = χ2

(
DIC,ext, α, B0, Ψ̌1...19

)
. (32)

Note, the values of the parameter estimates related to the elec-
tron and dust population Ψ̌1...19 were found by minimising χ2

sync
separately for each choice of parameters α, B0. This leads to an
acceptable computation time for a parameter scan.

The resulting χ2
IC(α) shows a minimum for α̌ = 0.8 shown

in Fig. 5d (bottom right panel). While χ2
sync remains essentially

constant over the entire scan range, χ2
IC rises quickly towards the

lower and upper boundary of the scan range. In order to accom-
modate the dynamical range of ∆χ2

IC, the right hand panels of
Fig. 5 show log10(∆χ2

IC + 1).
The best estimates for α̌ = 0.8+0.16

−0.13 and B̌0 = (497 ± 43) µG
are close to the minimum energy condition (B0,min = 514 µG, see
also cyan lines in Figs. 5c,d and 6).

For an overview of the best-fitting value B̌0, we also carried
out a scan in α, B0 shown in Fig. 5b. The solid yellow contour
in the same Figure indicates the 95% confidence level parame-
ter region favoured here. The shape of the favoured parameter
region follows the shape of the cyan line which traces the mini-
mum energy configuration.

The fit to the synchrotron component is in comparison to the
previous fit to the synchrotron component only slightly worse
with χ2

sync = 196.4 instead of χ2
sync = 195.2 found in the previous

5 In the subsequent section, a more general approach is chosen.
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Fig. 5. Results of the fitting procedure. Left column: (a) ∆χ2
sync(α, B0) and (c) ∆χ2

sync(α). Right column: (b) ∆ log10(χ2
IC(α, B0) + 1) and (d)

log10(∆χ2
IC(α) + 1). In the top panels, for each combination of α, B0, the other parameters of the model are marginalised; in the bottom pan-

els, this includes B0. The dotted white lines in the top panels indicate the contours for constant values of volume averaged 〈B〉 = 30, 60, 90 µG. The
cyan dashed line indicates the combinations B0 and α with the minimum total energy Wtot in electrons and magnetic field. The yellow solid contour
marks the 95% confidence level error box for B0, α. The grey boxes in the bottom panel indicate the 95% confidence interval for α. In the bottom
right diagram, the cyan dashed line indicates the minimal total energy Wtot for a given α. For a discussion on the relevance of the co-location of
the global minimum χ2

IC with the corresponding global minimum of Wtot, see the text.

Fig. 6. Volume-integrated total energy Wtot equals the sum of the energy
in relativistic electrons We and magnetic field WB. For any best-fitting
set of parameters, the energy partition is a function of the normalisation
B0 of the magnetic field at the shock distance rs. The best-fitting value
is found to be B̌0 = (497 ± 43) µG (90% c.l. uncertainty, including sys-
tematical uncertainties). This value is slightly smaller than the minimal
energy configuration at B0 = 514 µG.

section. The inverse Compton component is fit with χ2
IC,SED =

32.0 and χ2
IC,ext = 17.2. The total χ2(d.o.f.) = 245.6(228) indi-

cates still an acceptable fit with p(χ2 > 245.6, d.o.f. = 228) =

0.2. However, when considering the fit to the inverse Compton
component only, the resulting χ2

IC(d.o.f.) = 49.2(29 indicates
that the fit is not acceptable with p(χ2 > 49.2, d.o.f. = 29) =
0.01.

Note, the best fit value for α̌ is consistent for the two different
estimates from fitting the synchrotron and inverse Compton data.

4.4.2. VHE SED

The fitting procedure outlined above has been primarily opti-
mised for the synchrotron emission of the Crab Nebula (SED,
extension). The inverse Compton component of the SED
was mainly used to constrain independently from the elec-
tron spectral shape the magnetic field B0 and the related
parameter α.

Both, the synchrotron as well as the inverse Compton SED at
energies below the peak in the SED are fairly degenerate for dif-
ferent choices of the radial dependence of the magnetic field (see
also the following Sect. 4.4.3). The resulting uncertainty of the
power-law index α used for B(r) ∝ r−α is comparably large with
σα ≈ 0.15, even after including the Fermi-LAT spectral informa-
tion. Furthermore, when constraining the electron distribution by
matching the synchrotron emission to the SED and determining
in a separate step the best-fitting values of α and B0 (see previous
section), the resulting goodness of fit to the Fermi-LAT data is
not acceptable.
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Table 5. Energy-scaling factors ζi and resulting χ2-values before and after changing the energy-scale.

Data set Scaling factor ζi Statistical error σζ χ2
before(d.o.f.) χ2

after(d.o.f.)
(α̌ = 0.51) 68% c.l.

Fermi-LAT 1.00 Fixed 21.7 (25) 21.7 (25)
MAGIC 0.891 0.006 221.0 (14) 11.7 (13)
VERITAS 1.050 0.003 469.9 (12) 9.1 (11)
MAGIC (VLZA) 1.141 0.025 55.6 (7) 2.6 (6)
Tibet ASγ 0.918 0.017 22.8 (10) 6.4 (9)
LHAASO 0.964 0.006 41.0 (17) 11.6 (16)
Combined 832.0 (85) 63.1 (80)

Notes. Energy-scaling factors ζi for the VHE spectra are derived for the best-fitting model with α̌ = 0.51 (the corresponding best fit parameters Ψ
are given in Table 4).

The accurate measurement of the IC component at ener-
gies covered with ground based VHE gamma-ray telescopes
bears the potential of determining α with greater precision. This
is evident from the wide range of flux values and slopes of
gamma-ray spectra at energies beyond several 100 GeV pre-
dicted for the interval of α considered here (see Sect. 4.4.3).
Therefore, the VHE measurement of the SED reduces the uncer-
tainty on the value of α.

We modified the method used in the previous section by
including the LAT spectral information to estimate the parame-
ters Ψ1...20. This numerically expensive approach was necessary
to improve the goodness-of-fit of the inverse Compton method
and to include the VHE measurement.

The fit is carried out in the following steps:
1. Choose α ∈ [0.4, 0.8], increment by 0.005
2. Minimise χ2(α) = χ2

sync + χ2
IC to estimate Ψ̌1...20

3. Calculate for each α the predicted VHE spectrum and the
resulting χ2

VHE.
4. Repeat until the minimum χ2(α̌) is found to estimate the

parameter α.
The third step involves both individual VHE data sets DVHE,i as
well as their combinations.

DVHE =
⋃

i

DVHE,i. (33)

A complete list of the data sets and individual fit results are pre-
sented in Appendix A and Table A.1. In the following, we con-
sidered a combination of five data sets obtained with MAGIC
(normal zenith angles as well as very large zenith angles), VER-
ITAS, Tibet ASγ, and LHAASO. With this combination of
observations, a consistent model was found. Another consistent
solution was found for the combination of the data from the
HEGRA and HAWC observations (see Appendix C), while the
spectra obtained with the H.E.S.S. I and II telescope arrays can-
not be fit well by the model presented here (see Table A.1 for the
individual fit results).

For each data set DVHE,i, we introduced a relative energy
scaling ζi as an additional nuisance parameter. This adjustment
of the relative energy scale compensates for systematic uncer-
tainties related to the absolute energy calibration of ground based
air Cherenkov telescopes.

The scaling factors ζi determined for the VHE data are listed
in Tab. 5. The values are close to unity with the largest correction
applied to the MAGIC data set taken at very large zenith angles
(MAGIC VLZA: ζ = 1.14 ± 0.03). The value found here is well
within the error budget of the systematic uncertainty related to

the energy scale which is estimated to be 17% for this data set
(MAGIC Collaboration 2020). Note, the dramatic reduction of
the χ2 between χ2

before = 832 before the scaling and χ2
after = 63.1

after the scaling (see Tab. 5 for more details). The introduction
of the five additional parameters reduces the number of degrees
of freedom from 85 to 80 for the VHE data sets used here.

The best-fitting parameters were used to calculate the broad-
band SED for α̌ = 0.51±0.03 and B̌0 = (264±9) µG (for a com-
plete list of parameters used, see Table 4). The result is shown in
Fig. 7. The overall fit from radio to PeV energies traces the obser-
vational data with a resulting χ2

SED = χ2
sync,SED +χ2

IC,SED +χ2
VHE =

182+24+41 = 247 with 184+23+55 = 262 degrees of freedom
(see Table 4 for the resulting parameter estimates as well as the
goodness of fit summary). In the residual shown in the bottom
panel of Fig. 7, deviations are visible in the MeV spectrum as
well as at PeV energies. We return to possible explanations in
Sect. 4.4.4.

In more detail, the SED at HE and VHE gamma-rays is
shown in Fig. 8. The VHE data sets selected are consistent after
the relative energy scales have been slightly adjusted to a com-
mon energy-scale provided by the LAT data. The five different
VHE data sets overlap in the energy range covered both with
the LAT data as well as among each other. The resulting good-
ness of fit is quantified by χ2

VHE = 41 for 55 degrees of freedom.
Even without additional systematic uncertainties related to the
flux measurement, the statistical uncertainties are not sufficiently
small to further constrain or even rule out the model used here.

The spatial extension of the model emission is matching the
measured extension quite well. This is shown in Fig. 9. The
resulting χ2

ext = χ2
sync,ext + χ2

IC,ext = 16 + 24 = 40 for 15 + 8 = 23
data points (the number of degrees of freedom is reduced by
the number of parameters of &2) indicates at first glance a poor
fit: p(χ2 > 40, d.o.f. = 21) ≈ 1.2 × 10−5. However, the large
value of χ2

IC,ext is mainly driven by one (outlying) measurement
at E = 14 GeV. When removing that individual point, the result-
ing χ2

ext(d.o.f.) = 21(20).
After including DVHE, the constraint on the magnetic field

distribution improved considerably. The best-fitting estimate for
α̌ = 0.51 ± 0.03 has a remarkably small statistical uncertainty.
The value of α is mainly constrained by the accurate measure-
ment of the SED at VHE energies. The measurement of the
spatial extension is less constraining (see also Sect. 4.4.3). The
difference in the best-fitting values for α when comparing the
results obtained in Sect. 4.4.1 and the ones found here is not sig-
nificant, but will be discussed in the context of an extension of
the model in Sect. 5.5.
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Fig. 7. Best-fitting model in comparison to the data. The upper plot shows the synchrotron and inverse Compton (IC) radiation by radio (R) and
wind (W) electrons produced in the spatially varying magnetic field and seed photon field (blue and magenta coloured broken lines indicate the
contributions from IC scattering on individual seed photon fields). The blue data points are used in the fit to determine the parameters Ψ̌1...20 listed
in Table 4. The VHE data have been scaled using the values of ζi determined for each data-set (see text for further details) to adjust the energy
scale for prediction given by the global minimum χ2(α̌ = 0.51). In the lower plot, the relative residuals are shown (statistical uncertainties only).

Fig. 8. Comparison of the best-fitting model with the HE and VHE data.
The detailed view confirms the consistency of the selected data sets
(after scaling) and the good agreement of the model to the data. The
selected VHE data sets overlap with the LAT data and each data set
overlaps with at least one other VHE data set.

4.4.3. Varying α: Effect on the IC SED and extension

As discussed in the previous sections, there is a unavoidable
degeneracy of χ2

sync for variations of parameters related to the
magnetic field (α, B0) and the electron spectrum.

As an illustration of this degeneracy with respect to the
choice of α, we show in Fig. 10 the best-fitting SEDs, colour-
coded for different values of α. Each SED is the result of the
fitting procedure outlined in Sect. 4.4.1 above. For clarity, the
data points are not included.

The resulting SEDs indicate that the synchrotron component
does not change in a noticeable way when varying the value of
α while the inverse Compton emission varies in a systematic
way: For a constant magnetic field (α = 0), the energy spec-

Fig. 9. Extension of the model emission is characterised by the radial
size θ68. The model curve is the calculated extension which matches
well the observational data.

trum is harder than for models where the magnetic field drops
with increasing radius (α > 0).

The model with the largest value of α = 1.2 covered in the
scan has the softest spectrum. The differences between the mod-
els with varying α is most pronounced at the energies beyond the
peak energy of approximately 100 GeV.

Similar to the SED, the angular extension of the synchrotron
nebula is highly degenerate with respect to variations of the
parameter α. This is demonstrated in Fig. 11.

Different to the SED which shows the largest variations of
the SED for the VHE part when changing the value of α, the
angular extension varies the strongest for the part of the inverse
Compton emission covered with HE gamma-ray observations.

At several GeV of gamma-ray energy, for a constant mag-
netic field, the extension is the lowest (about 100′′) and it
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Fig. 10. Overall spectral energy distribution for the estimated best-fitting parameters Ψ̌1···20 (after minimising χ2
IC for fixed values of α) is shown.

The value of α characterises the radial decrease of the magnetic field B ∝ r−α (see Eq. (14)). While the synchrotron part of the spectral energy
distribution is almost degenerate with respect to the choice of α, the inverse Compton dominated part (right panel) shows noticeable differences
up to the peak at approximately 1011 eV. Note, in the left panel the sum of synchrotron and inverse Compton emission is shown, while in the right
panel, the SED of the inverse Compton emission is additionally superimposed.

systematically increases with increasing α, such that for α = 1.2,
the extension reaches a value of about 150′′. At the highest
energy part, the variation of the extension for different values
of α is effectively constant.

The underlying reason for the observed changes in the SED
is related to the magnetic field relevant for electrons of different
energies. The most energetic electrons are located close to the
shock which features the largest magnetic field. Consequently, a
reduced number density of these electrons is required to match
the synchrotron emission which in turn leads to a reduced inverse
Compton emission, softening the VHE spectrum with increasing
value of α. The energy range covered with Fermi-LAT is less
affected by changes of α as the underlying electrons populate
the entire volume and therefore produce synchrotron emission in
an averaged magnetic field which does not change for the best-
fitting model when varying α.

4.4.4. An additional ultra-high energy component

The energy spectrum measured at ultra-high energy (UHE)
gamma-rays above several 100 TeV with the LHAASO array
(LHAASO Collaboration 2021) apparently deviates from the
predicted shape of the inverse Compton emission at the highest
energy bin centred on Eγ = 1.26 PeV6. It has been speculated
that the PeV emission could be due to an additional hadronic
component, similar to the one possibly present in the Vela-X
region (Horns et al. 2006). Previous upper limits on the presence
of a hadronic wind have constrained the fraction of spin-down
power diverted to the acceleration of relativistic hadrons to be
less than ≈20% up to PeV energies (Aharonian et al. 2004). The
PeV excess could be produced by as little as 1% of the spin down
power assuming efficient confinement of the protons in the Crab
Nebula (LHAASO Collaboration 2021).

6 When considering the actual photon statistics, the Poissonian prob-
ability to observe 2 or more photons in the energy bins around 1 PeV
is predicted to be 15.6% when calculating the expected number of
events with the best fitting model and the collection area given by
LHAASO Collaboration (2021), see Appendix D for more details.

Fig. 11. Angular extension from the fitting procedure described in the
text. After marginalising Ψ̌1···20, the predicted angular extension of the
synchrotron nebula matches the data well for values of α = 0, . . . , 1.1
with very small variations visible in the transition between thermal and
non-thermal emission at near- to far infrared. At higher energies, the
predicted size differs mostly at the low-energy end of the inverse Comp-
ton emission.

Here, we invoked a second electron distribution similar to
previous attempts of explaining the flaring component of the
Crab Nebula (see e.g., Lobanov et al. 2011) with the energetic
electrons located in the vicinity of the pulsar or close to the
shock. The finding of a fast (several days) dimming in the Neb-
ula’s emission (Yeung & Horns 2020) indicates that most of the
highest energy synchrotron emission (>75%) is produced in a
compact region.

Motivated by these findings and the particular shape of the
spectrum measured from the Crab Nebula with the COMPTEL
instrument, we introduced a secondary PeV electron component
which (on average) matches the highest energy part of the syn-
chrotron spectrum. In the framework of the model developed
here, we reduced the maximum energy of the wind electrons
from γw3 = 4.8 × 109 (Ew3 = 2.5 PeV) to γw3 = 2.5 × 109

(Ew3 = 1.3 PeV). This way, the presumably steady synchrotron
emission cuts off below 10 MeV (see Fig. 12).
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Fig. 12. A suggested model for the SED including a secondary electron contribution located at the shock position. The low and high state spectra
as measured with Fermi-LAT are shown for comparison (Yeung & Horns 2020). The secondary electrons’ spectrum during average (high) state is
a power-law with dn/dγ ∝ γ−2.3 between γ1 = 3 × 109 and γ2 = 7(18) × 109. The magnetic field in the region is chosen to be 85 µG. The total
energy content of the electrons is 2(3) × 1042 ergs. The dotted lines indicate the effect of absorption on the Galactic foreground emission (see also
Appendix B).

We added a secondary component which is located at a fixed
distance where due to radiative cooling, the energy is quickly
dissipated. In the model considered here, the magnetic field
varies as B(r) = 264 µG(r/rs)−0.51. In order to fit the synchrotron
and UHE part, the consistent combination of seed photon field
and magnetic field strength would favour a position in the nebula
at r ≈ 20rs. Since it seems unlikely that particle acceleration to
PeV energies is ongoing in the nebula’s periphery, we explored
here the possibility of electron acceleration close to the shock at
r ≈ rs, possibly in a region with weaker magnetic field strength
(here, we chose a value of 85 µG). We considered the seed pho-
ton field at the shock self-consistently calculated in our model.
We did not attempt a quantitative fit here but instead chose rep-
resentative values in order to match the SED. The average addi-
tional electron spectrum was assumed to follow a power law with
dn/dγ ∝ γ−2.3 between γ1 = 3 × 109 and γ2 = 7 × 109.

The resulting spectra for the three flux states: wind-only with
a reduced cut-off energy, average, and flaring PeV component
are shown in Fig. 12 in comparison to the same data as shown
before.

In addition, we include the low and high-state energy spec-
tra provided by Yeung & Horns (2020) to compare with the
respective flux state from the model. The total energy required
in the secondary electron distribution is moderate with We =
2 × 1042 ergs.

The computed SED matches the data quite well. At the MeV
energy range, the COMPTEL measurements are described better
by the superposition of the steady wind electron emission and the
average secondary component. During times of lower activity,

the reduced cut-off in the wind electron spectrum matches the
observed low-state spectrum Yeung & Horns (2020; dark green
squares in Fig. 12).

The inverse Compton emission at energies beyond ≈400 TeV
is dominated by the emission of the secondary component.
The emission of the secondary component is produced by up-
scattering of synchrotron (radio) seed photons and to a lesser
extent by CMB photons.

We also included a model for the high flux state (light green
curve in Fig. 12). The minimal modifications were an increase of
maximum energy such that γ2 = 1.8×1010 and an increase of the
energy of the electrons to 3×1042 ergs. The resulting synchrotron
emission matches the observation during the high flux state with
Fermi-LAT quite well (light green circles). The resulting inverse
Compton component during the high flux state is also shown in
Fig. 12. In both cases, the absorption of gamma-rays due to the
anisotropic Galactic radiation field is included (see Appendix B
for details about the calculation carried out here).

5. Discussion of the parameters

5.1. Radio electrons

The four parameters Ψ1...4 related to the radio electrons are well
constrained by the observational data. The total number of radio
emitting electrons has been found to be Nr ≈ 1051 up to a max-
imum Lorentz factor of γ1 ≈ 90 000 for γ0 = 22. The lower
bound γ0 = 22 has been fixed to a value which is not in conflict
with the low frequency radio measurements starting at 111 MHz
in our sample. A possible smaller value of γ0 would increase the
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Fig. 13. Energy density of the seed photons as a function of the dis-
tance from the pulsar. The dust emissivity was modelled to be con-
fined in a shell surrounding the optical nebula. As a comparison,
a composite of X-ray (Chandra: blue, white)/optical(HST: purple)/
infrared (Spitzer: pink) composite image from the nebula is shown
with approximately matching spatial scale. Background image credit:
X-ray: NASA/CXC/SAO; Optical: NASA/STScI; Infrared: NASA-JPL-
Caltech).

total number of radio emitting electrons. The value found here
for Nr should be considered a lower limit.

The resulting total energy in radio electrons is 3.4×1047 ergs
(this value is determined by the value of γ1). The spatial distribu-
tion of radio electrons is found to extend up to ρr = 89′′ for the
best-fitting model of the magnetic field B(r) ∝ r−0.51. The result-
ing extension is therefore constant for the radio synchrotron
emission which is in good agreement with the radial extension
measured to be unchanged between 5 GHz and 150 GHz (see
also Table 2).

The upper bound of the radio electron spectrum γ1 is anti-
correlated with the amount of cold dust (Ψ17). The comparably
low value for γ1 found here is favoured by the observational data
between λ = 100 µm and 1000 µm (see Fig. 1) where the dust
emission starts to dominate over the synchrotron emission.

5.2. Dust emission

As a consequence of the comparably low value of the upper
end of the radio electrons’ spectrum (γ1), the amount of cold
dust required here is larger than in previous estimates which
were based upon a power-law extrapolation between the radio
and optical. Using the same dust emissivities as De Looze et al.
(2019), we therefore find for the cold dust mass a larger value
(Ψ17 = log10(M/M�) = −1.2±0.1) than previously (≈−1.7). In a
standard (explosive) nucleosynthesis model (Woosley & Weaver
1995), the progenitor star would have to be sufficiently massive
(Mprog ≥ 12(18) M�) to produce the dust with 75(25)% conden-
sation efficiency. The spatial distribution of the dust is confined
to a shell with fixed inner radius 0.55 pc (see Sect. 3.3) and an

outer radius estimated to be Ψ15 = 1.53 ± 0.09 pc. This cor-
responds to an angle of ≈150′′. This parameter is constrained
by the angular size measured in the infra-red (see Table 2 and
Fig. 9). The dust emissivity and resulting spatial distribution
of dust generated seed photons (see Eq. (12)) was in turn used
for the calculation of the IC emissivity (see Eq. (10)). The IC
emission of wind electrons up-scattering the dust emission as
seed photons dominates at the peak energy of a few 100 GeV.
This is distinctly different from previous models where the dust
seed photon field is assumed to maintain a constant energy den-
sity of 0.5 . . . 1 eV cm−3 throughout the nebula. Since the dust
is formed in a shell surrounding the pulsar wind nebula, the
energy density of the dust seed photon field reaches a maximum
of ≈1.5 eV cm−3 at a distance of ≈1 pc (see Fig. 13).

5.3. Wind electrons

The spectral and spatial model of the wind electrons includes
ten parameters (Ψ5...14). Most of the electrons’ energy is carried
by the wind electrons at the lower boundary γw0 = 320 000
(corresponding to Ew0 ≈ 200 GeV). The total wind electrons’
energy in the nebula is very close to the energy in radio elec-
trons (3.4 × 1047 ergs).

There is a considerable gap in energy between the two elec-
tron components (γ1mec2 ≈ 50 GeV vs. γw0mec2 ≈ 200 GeV).
The de-reddening of the optical nebula emission has revealed the
presence of a further break in the spectrum between the optical
and X-ray part (spectral index changes from 0.7 to 1.1). The break
in the X-ray spectrum at about 120 keV requires a second break
in the electron spectrum, such that we fitted as particle indices
3.1(2) → 3.45(1) → 3.77(4). The breaks are located at energies
of γw1mec2 ≈ 3 TeV and γw2mec2 ≈ 110 TeV. The upper bound
of the energy of wind electrons is fixed by the cut-off in the aver-
age synchrotron spectrum at γw3mec2 ≈ 2.5 PeV. The power-law
indices and the positions of the breaks are most likely intrinsic
to the injected particle spectrum and the underlying acceleration
mechanism. Similar results related on the position of the lower-
energy break have been found by for example Martín et al. (2012).
Radiative cooling would not be sufficient to explain however the
appearance of the higher energy break at 110 TeV.

The spatial distribution of the wind electrons was assumed
to be a radial Gaussian with an extension that follows a power
law ρ(γ) = ρ0γ

−β with index β = 0.15 (see Sect.3.1.1). The pre-
factor ρ0 for the wind electrons’ distribution was found to be
(99 ± 4)′′ which is larger than ρr = (89 ± 3)′′ characteristic for
the radio electrons. This fit result is a consequence of the com-
parably large size (≈145′′) found at near infrared in the WISE
images (see Table 2). The large value of ρ0 is in line with the
extension measured at high energies with Fermi-LAT (≈120′′).

The observation that the lowest energy wind electrons with
energies of approximately 200 GeV are distributed within a
larger volume than the radio electrons indicates that the electrons
are not only moving convectively with the wind.

5.4. PeV electrons

The most energetic electrons at PeV energies are traced by their
synchrotron emission at energies of about 100 MeV observed
with Fermi-LAT. The light curve of the 80 . . . 800 MeV syn-
chrotron flux has been found to include at least three different
spectral states (high, medium, and low state) that can be
identified from Fermi-LAT observations (Yeung & Horns 2020):
The high state is evident from the observation of flaring activ-
ity which occur roughly once per year (Mayer et al. 2013;
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Yeung & Horns 2020). In a flaring state, the flux increases during
several days dramatically with a spectral hardening and a peak in
the SED reaching up to several 100 MeV. The average high flux
state spectrum as defined by Yeung & Horns (2020) is shown in
Fig. 12. Despite large efforts (Weisskopf et al. 2013), no obvi-
ous counter-part to the flares has been identified, even though
the optical variability (position, size, and brightness) of the inner
knot does show some correlation with the changes of the gamma-
ray flux (Rudy et al. 2015). This correlation is consistent with the
prediction of Komissarov & Lyubarsky (2003) that the majority
of the MeV emission, including the flaring activity, is produced
in the inner knot, where supposedly most of the PeV electrons
are accelerated.

The medium state has the highest duty cycle (>95%) and is
therefore identical to the average flux state shown in the previ-
ous sections. It is characterised by a very soft energy spectrum
which smoothly connects to the inverse Compton emission at
approximately 1 GeV.

The low state has just recently been found to be equally short
lived and as rare as the flaring state. The low state is charac-
terised by a hard spectrum that follows the extrapolation of the
IC spectrum down to an energy of about 200 MeV where the
spectrum seems to become soft again (Yeung & Horns 2020) and
see Fig. 12.

Motivated by the apparent excess emission at the UHE end
of the spectrum, we explore a possible connection of the UHE
gamma-ray excess found with LHAASO and the flux states
found in the MeV emission. We therefore introduced (minimal)
modifications to the previous best-fitting model by (a) reduc-
ing the maximum energy of the wind electrons from 2.5 PeV to
1.3 PeV and (b) adding a PeV electron component that would
radiate on average a synchrotron spectrum between 1 MeV and
about 800 MeV. We assumed the PeV electrons to scatter off the
seed photon field close to the termination shock. With a magnetic
field of 85 µG the resulting number of electrons radiate sufficient
inverse Compton emission to match highest energy emission
observed. The resulting average state is shown in Fig. 12. The
model matches better the data specifically in the Comptel energy
range between 1 and 20 MeV than in the previous model. The
IC emission at PeV energies (after absorption) matches the
LHAASO data points well, even though the predicted flux is at
the low side. The IC emission is dominated by the scattering
of seed photons produced by the radio electrons and to a lesser
degree by CMB emission. This is a consequence of the distri-
bution of seed photons in the nebula. Close to the termination
shock, the radio synchrotron emission dominates7.

In this scenario, the low, medium, and high flux states can
be successfully described by the dynamics of a single emission
region close to the termination shock. The resulting variability
at PeV energies when comparing the average and high state is
modest (about a factor of 2) and not resolvable with the current
fluence sensitivity of for example LHAASO.

At first glance, it seems like a plausible scenario to include an
additional PeV electron population that simultaneously explains
the hard synchrotron spectrum between 1 and 20 MeV and the
PeV excess found with LHAASO8. Similar scenarios have been
suggested in several studies (see e.g., Khangulyan et al. 2020;
LHAASO Collaboration 2021; Liu & Wang 2021; Peng et al.
2022).

7 Due to the Klein-Nishina effect, the scattering with optical syn-
chrotron emission is suppressed.
8 Note, the observed 2 events at around 1 PeV have a probability of
15.6% to be observed, see Appendix D for details.

However, the common origin of the high, average, and low
state emission as suggested by Yeung & Horns (2020) leads to
considerable tension in the magnetic field strength required for
confinement and the value estimated above. The size of the vari-
able emission region is limited to the light crossing horizon for
the variability time-scale tvar ≈ 100 ksec (the minimum time-
scales for the apparent disappearing of the nebula and for the
flares are similar). This translates into a minimum magnetic field
to confine the electrons radiating at Esync (Lobanov et al. 2011):

B > 500 µG
(

Esync

100 MeV

)−1/3 ( tvar

100 ksec

)−2/3
. (34)

With a magnetic field sufficiently large to confine the energetic
electrons, the expected inverse Compton emission would be too
small to explain the PeV emission from the Crab Nebula. This
makes it unlikely that the variable MeV emission is directly
linked to the PeV emission. Other, more complicated scenarios
would require additional particle populations (either leptonic or
hadronic; Liu & Wang 2021; Peng et al. 2022). However, with
the currently limited statistics of 2 photons detected at PeV ener-
gies and an expected number of 0.3 photons in our model, the
tension between data and model at this point is at the level of
one standard deviation.

5.5. Magnetic field

The radial dependence of the magnetic field downstream from
the termination shock was assumed to follow a power law with a
power-law index, such that B(r) = B0(r/rs)−α. The VHE gamma-
ray observations are essential to determine the value of α as can
be seen from Fig. 10. A more accurate measurement of the HE
extension bears the potential to measure α independently of the
spectral shape (see Fig. 11). The current precision of the gamma-
ray extension measurement is however not sufficient to constrain
α strongly. Taking the synchrotron and HE gamma-ray measure-
ments alone, a value of α̌ = 0.8+0.16

−0.13 and B̌0 = (497 ± 43) µG
is found. This fit is however constrained in the way, that the
HE data are only used after the electron spectra are determined
from the synchrotron SED. In the more general fit including the
VHE gamma-ray data, the parameter α is constrained more accu-
rately. The benchmark fit to the combined VHE spectra taken
with MAGIC, VERITAS, Tibet ASγ, and LHAASO favours a
value of α̌ = 0.51 ± 0.03 and B̌0 = (264 ± 9) µG. The result-
ing total energy in magnetic field in the nebula amounts to
WB = 7.1 × 1047 ergs which is the same energy as in particles
present9.

The measured value of α = 0.51 excludes the assumption
of a wound up toroidal magnetic field (this corresponds to α =
−1). In order to avoid the winding up of the toroidal field in
the slowing wind, the wind has to remain fast or the magnetic
field energy is dissipated (e.g., through reconnection through tear
instabilities) in the plasma.

The velocity of the downstream flow has been estimated
using the ratio of X-ray brightness of the advancing and reced-
ing part of the torus. The resulting estimate of the flow veloc-
ity by Shibata et al. (2003), Mori et al. (2004) requires a faster
flow than predicted in the model of Kennel & Coroniti (1984).
Conversely, the role of dissipation of magnetic fields in
the downstream flow has been discussed in the context of
confinement of the nebula (see e.g., Tanaka et al. 2018) as
well as particle acceleration (see e.g., Tanaka & Asano 2017;
Lyutikov et al. 2019; Luo et al. 2020).

9 The value depends upon the volume of integration, here we choose
to integrate up to 25rs.
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Fig. 14. Comparison of the energy density we(ϑ) of the electrons and
of the magnetic field wB(ϑ). The two additional (green) lines indicate
the extension r68 for the synchrotron and for the inverse Compton com-
ponent: the y-axes indicates the photon energy hν in units of eV (syn-
chrotron, solid line) or GeV (IC, dash-dotted line).

The fit of the radiative model to the complete data set pro-
vides an estimate of the radial dependence of the energy den-
sity present in particles and in magnetic field. In Fig. 14, the
energy density wB of the magnetic field dominates over the par-
ticle energy density in the downstream region until a distance
of about r ≈ 1.3rs. The reconstructed magnetic field at the ter-
mination shock of B̌0 = (264 ± 9) µG corresponds to a value
of σ ≈ 0.1, substantially larger than the previous estimates of
σ ≈ 0.003. The shock is therefore not sufficiently strong (and
mainly hydrodynamic) to slow down the relativistic wind in the
downstream region.

Even though the nominal uncertainty on α is small (0.51 ±
0.0), the VHE spectral measurements show significant differ-
ences in the shape. The estimates of α therefore differ when
using different sets of VHE measurements (see also Appendix A
and Table A.1). An alternative combination of measurements
that are consistent with each other (see also Appendix C) favours
a significantly different value of α̌ = 0.29+0.03

−0.06. Without fur-
ther data, it is impossible to determine whether these measure-
ments exclude each other or whether the underlying systematic
uncertainty on the shape of the energy spectrum is larger than
estimated by the instrumental teams. The contemporaneous data
taken during a flaring episode of the nebula are consistent with
each other (see Table A.1). However, when looking at the tem-
poral sequence of the observations (see Fig. A.1) it appears con-
ceivable that the dynamical changes visible in the relevant part
of the pulsar wind between the termination shock and the torus
could be caused or accompanied by a change in the dissipation
rate of magnetic field energy in the flow.

In addition to the disparity between the best-fitting values
for α obtained with different VHE measurements (0.29 . . . 0.51),
there is also a noticeable (but less significant) difference to the
best-fitting value found for α̌ = 0.8+0.16

−0.13 in Sect. 4.4.1. For that
fit, the spectral data from Fermi-LAT were used only– without
including VHE data which covers the SED beyond the peak of
the inverse-Compton component (see Sect. 4.4.2). In the con-
text of the discussion related to the potential variability of the
magnetic field configuration (see above) and the possible corre-
lation with the hard X-ray flux (see Fig. A.1) it is clear that the
value of 0.8 is too far off the range of values found with the VHE
data to be explained by variability. Putting aside the possibility
of systematic uncertainties, there remains as explanation that the
model is missing an additional ingredient. Without attempting

an additional fit here, a possible modification would be a more
complicated model for the magnetic field strength and its varia-
tion in the nebula. An obvious modification could be applied to
the radial dependence. The electrons contributing to the inverse
Compton emission detected with Fermi-LAT are spatially more
extended than the electrons radiating at VHE energies. In this
sense, the value of α could smoothly change, steepening with
increasing distance from a value of 0.5 to 1. In this way, a more
accurate spectral measurement in the energy range covered with
Fermi-LAT could establish a more detailed picture of the mag-
netic field distribution in the Crab Nebula.

6. Summary and conclusion

The observed broadband emission and spatial extension of the
Crab Nebula have been used to reconstruct the contemporane-
ous properties of the relativistic electrons, magnetic field, and
dust content in the pulsar wind nebula. The main findings can be
summarised in the following points:
1. The assembled observational data for the Crab Nebula are

unique as it covers an extremely broad energy range with an
accuracy that is generally not appreciated when attempting
to model the data.

2. The recent measurement of the spatial extension of the inverse
Compton nebula provides insights into the magnetic field
strength in the downstream region of the termination shock.

3. A detailed radiative model has been developed to estimate a
minimal set of parameters related to the spatial and spectral
distribution of electrons, dust, and the magnetic field under
the assumption of radial symmetry.

4. The best-fitting model provides a good fit to the data. The χ2

minimisation approach provides an accurate estimate of all
the underlying parameters without degeneracies.

5. The VHE gamma-ray data provide the strongest constraint
on the magnetic field strength beyond the termination shock
at rs: B(r) = B0(r/rs)−α with α̌ = 0.51 ± 0.03 and B̌0 =
(264 ± 9) µG.

6. The long-standing assumption introduced about 50 years ago
that the downstream magnetic field increases in a kinetically
dominated pulsar wind (σ = 0.003) is ruled out by the data.

7. The downstream flow is dominated by magnetic energy den-
sity up to r ≈ 1.3rs. For larger distances, the particle energy
density dominates until equipartition is recovered in the
periphery of the PWN.

8. VHE data taken during an increased hard X-ray flux state
favour a value of α̌ = 0.29+0.03

−0.05, with an overall slightly worse
goodness of fit.

9. The simultaneous fit of the synchrotron and dust emission
provides an estimate of the total dust mass, temperature, and
spatial distribution in the nebula. The resulting dust mass
is approximately five times larger than previous estimates
(De Looze et al. 2019). The larger dust mass increases the
required efficiency for dust formation.

10. The production process of the two PeV photons detected
from the Crab Nebula remains of uncertain origin. The sim-
plest model would link the photon production to inverse
Compton emission of PeV electrons which radiate 80–
800 MeV synchrotron emission. Since the majority (>75%)of
this energetic synchrotron emission has been found to
be produced in a compact region (Yeung & Horns 2020)
with fast variability, the resulting constraint on the minimum
(confining) magnetic field (>500 µG) is in conflict with the
comparably low value of magnetic field (≈85 µG) required
to fit the inverse Compton and synchrotron emission simul-
taneously.
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The results obtained here mainly rely on the assumptions of
a spherical and static system. In principle, the model can be
extended to axial symmetry and to include the effects of the
flow in the radiative treatment. On the observational side, multi-
instrument simultaneous VHE observations of the Crab Neb-
ula are crucial to verify the effect of spectral variations. The
upcoming spatially resolved observations of the X-ray polarisa-
tion of the Crab Nebula with the IXPE satellite (Weisskopf et al.
2016) will provide a measurement of the degree of small-scale
turbulence in the flow (Bucciantini et al. 2017) which lead to a
reduced fraction of polarised synchrotron emission.
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Appendix A: Individual VHE data sets

Fig. A.1. Observed hard X-ray light curve (RXTE-PCA data from
(Wilson-Hodge et al. 2011), Swift-BAT (Krimm et al. 2013) available
through the BAT transient monitor page) from the Crab Nebula. The
observed flux varies on time-scales of several years. The observations at
VHE (listed in Table A.1) cover different parts of the X-ray flux states.

Table A.1. Summary of VHE gamma-ray data sets used here.

Data set Start End χ2(do f ) α ζ Ref.

HEGRA (IACT) 1997 2002 18(15) 0.26+0.09
−0.04 1.197 ± 0.005 (1)

H.E.S.S. (IACT) 2003 2005 24(10) 0.38+0.02
−0.09 1.065 ± 0.005 (2)

MAGIC (IACT) 2009 2011 11(13) 0.495+0.05
−0.07 0.896 ± 0.006 (3)

VERITAS (IACT) 2009 2013 9(11) 0.535+0.02
−0.06 1.038 ± 0.002 (4)

HAWC (WCD) 6/2015 12/2017 7(8) 0.27+0.03
−0.08 1.093 ± 0.003 (5)

MAGIC (VLZA) 2014 2018 2(6) 0.59 ± 0.25 1.09 ± 0.02 (6)
Tibet ASγ (EAS, WCD) 2014 2017 4(9) 0.32 ± 0.15 1.06 ± 0.02 (7)
VERITAS (flare) 03/2013 03/2013 13(13) 0.42 ± 0.17 1.09 ± 0.01 (8)
H.E.S.S. II (flare) 03/2013 03/2013 17(31) 0.68 ± 0.3 0.96 ± 0.01 (9)
H.E.S.S. II (IACT) 11/2013 1/2014 93(37) 0.3+0.1

−0.05 1.100 ± 0.007 (10)
LHAASO (EAS, WCD) 2019 2020 11(16) 0.56 ± 0.06 0.932 ± 0.006 (11)

Notes. Listed data sets include imaging air Cherenkov telescopes’
(IACTs) observations as well as data taken with extended air shower
front sampling (EAS) arrays with scintillators or water Cherenkov
detectors (WCD). By observing sources with IACTs at very large zenith
angles (VLZA) between 70◦ and 80◦, the collection area at large ener-
gies beyond 10 TeV is substantially increased. The uncertainty on α
is given for a 90 % confidence level and has been estimated from the
discrete sampled values of α. For some data sets the χ2 curve is under-
sampled while for others, the maximum range of α is not sufficient to
cover the confidence interval.
Reference. (1) Aharonian et al. (2004), (2) Aharonian et al. (2006), (3)
Aleksić et al. (2015), (4) Wells (2019), (5) Abeysekara et al. (2019),
(6) MAGIC Collaboration (2020), (7) Amenomori et al. (2019), (8)
Aliu et al. (2014), (i) H. E. S. S. Collaboration (2014), (9) Holler et al.
(2015), Holler (2014), (10) LHAASO Collaboration (2021).

The observation of VHE (E > 100 GeV) gamma-rays is the
domain of ground based air shower detection. In this energy
range, the Crab Nebula is the brightest steady source in the sky
and therefore, the detection and observation of the Crab Nebula
is the litmus test for VHE gamma-ray detectors. The fact that
the very first TeV gamma-ray source clearly detected was the
Crab Nebula (Weekes et al. 1989) underlines the importance of
this particular source for ground based gamma-ray astronomy.
The routine monitoring of this standard candle has lead to a
large number of published data sets in this energy range with

widely different detection techniques. We have selected observa-
tions which cover both a wide range of observation times (from
1997 to 2020) and different techniques (imaging air Cherenkov
telescopes as well as shower front sampling with extended air
shower arrays). This is not a complete collection but it is meant
to provide a good cross section of the spectroscopic data from
the past two decades.

The individual data sets are listed in Table A.1. The obser-
vational times as well as ranges of best-fitting values of α are
included with the hard X-ray light curve from the nebula in
Fig. A.1. The contemporaneous data sets are consistent within
the uncertainties of α. When looking at the evolution of the hard
X-ray flux and the changes of α, there is at least a trend visible:
during higher flux states of hard X-rays, the VHE spectra tend to
follow the shape given for a slower radial drop of the magnetic
field. During lower flux states, the magnetic field seems to go
down quicker with increasing distance.

Appendix B: Pair-production opacity towards the
Crab Nebula

The soft photon fields present in the Galactic disk include
the cosmic microwave background (CMB) as well as dust and
stellar emission. Energetic gamma-rays will be absorbed by
pair-production processes when propagating in the soft pho-
ton background Gould & Schréder (1967). Using a recent radi-
ation model of the Galaxy (Popescu et al. 2017), the optical
depth for the line of sight towards the Crab Nebula is calcu-
lated to correct its apparent gamma-ray brightness for absorption
(LHAASO Collaboration 2021). The CMB leads to a reduction
by ≈ 24 % at Eγ = 2 PeV (assuming a distance of 2 kpc). At
lower energies, the CMB photons are not sufficiently energetic
to create pairs such that at Eγ = 100 TeV pairs are mainly pro-
duced with thermal dust emission. Given that the photon den-
sity of the dust emission is substantially smaller at the rele-
vant wavelength of ≈ 100 µm, the resulting absorption is less
pronounced than the CMB-related absorption at higher energies
(1 − exp(−τγγ(Eγ = 100 TeV)) ≈ 1.5 %. However, the result on
the opacity used by LHAASO Collaboration (2021) is not taking
into account the anisotropy of the soft photon field.

Here, we provide an estimate of the previously neglected
effect of anisotropy by using the following simplifications: (i)
the relevant specific energy density λuλ of the photon field is
dominated by the dust component with a peak at λ ≈ 100 µm,
(ii) the angular distribution of the anisotropic background field
follows the measured local intensity, (iii) both, the intensity as
well angular distribution remain constant along the line of sight
towards the Crab Nebula.

The resulting optical depth τγγ(Eγ) for the Crab Nebula
located at a distance d and in the direction along the normal vec-
tor eC is given by:

τ(Eγ) =

d∫
0

dx

εmax∫
εmin

dε n(ε)
∫

dΩ f (eΩ)σγγ(s)(1− eΩ · eC), (B.1)

where σγγ is the pair production cross section (see e.g. Eq. 1 of
Gould & Schréder (1967)), n(ε) is the total (sky integrated) dif-
ferential number density of photons dn = n(ε)dεdV . The angular
distribution f (eΩ) was normalised over the entire sphere, such
that:∫

dΩ f (eΩ) = 1. (B.2)
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Fig. B.1. Energy-dependent attenuation of gamma rays for the line of
sight towards the Crab Nebula: The solid and dashed lines are the atten-
uation calculated here (see text for details) for the anisotropic radia-
tion field (solid) and for the assumption of an isotropic radiation field
with identical energy density (dashed line). The dash-dotted line is
the attenuation as calculated in the framework of a detailed Galac-
tic dust emission model, however assuming an isotropic radiation field
(LHAASO Collaboration 2021)

The unit vector eΩ points towards a direction given in Galactic
coordinates. This way, µ := eΩ · eC corresponds to the cosine
of the angular distance between the photon directions of the
gamma ray from the Crab Nebula and the soft photon from the
Galactic background emission. The centre of momentum energy
s depends on the photon energy Eγ, the soft photon’s energy ε as
well as µ:

s = 2εEγ(1 − µ). (B.3)

Following the approximation (i), the dust photon field was
taken to be a single function

n(ε) = n0

(
ε

ε0

)3.5 1
exp(ε/ε0) − 1

, (B.4)

with n0 = 1223.78 cm−3 eV−1 and ε0 = 1.7 × 10−3 eV. This
is a reasonably close approximation of the model proposed by
Popescu et al. (2017) around the peak at λ ≈ 100 µm.

The angular distribution at λ = 100 µm was taken from the
all-sky map from DIRBE measurements (Schlegel et al. 1998)
with the zodiacal foreground and point sources removed. In
order to highlight the effect of the anisotropy, we calculated the
optical depth for both cases (anisotropic and isotropic photon
field) with the same energy density λuλ and compare the results
in Fig. B.1. While the simplified model reproduces well the more
detailed calculation, taking additional photon fields as well as the
spatial dependence of the photon density (Popescu et al. 2017)
into account, the anisotropic case increases the attenuation as
expected. At Eγ = 100 TeV, the flux is attenuated by about
3 % (as compared to about 1.7 % for the isotropic case). It is
important to note, that this approach is particular to sources close
to the Sun’s position, such that the approximations (ii) and (iii)
allow the simplified treatment of the anisotropic case. The gen-
eral anisotropic case has been treated in Porter et al. (2017) (and
references therein).

Appendix C: Low α VHE solution

The combination of VHE data sets shown in Sect. 4.4.2 favours
a value of α = 0.51 ± 0.03. However, the VHE data sets show
individually quite different fitting results as demonstrated by the
values in Table A.1. While there is a large number of possible
combinations conceivable, there seems to be at least one addi-
tional combination of data sets that would favour a smaller value
of α while still maintaining a good fit to the data. Excluding
therefore the two data sets obtained with the H.E.S.S. telescopes
which are not fit well by the model (see Table A.1), we com-
bined the spectra measured with HEGRA, HAWC, and the Tibet
ASγ experiments. The resulting estimate of α = 0.29+0.03

−0.06 is sig-
nificantly smaller than the value found for the data sets shown in
Sect. 4.4.2.

The resulting fit (shown in Fig. C.1) is still acceptable with
χ2

VHE(do f ) = 30(32). The Tibet ASγ data requires an up-scaling
of the energy scale (ζ = 1.07(2)) to match the model while in the
case of the α = 0.51 fit, ζ = 0.92(2) (see Table C.1 for the results
of this fit). The best-fitting parameters listed in Table C.2 are
systematically different to the parameters listed for the solution
with α = 0.51 (see Table 4). For the solution shown here, the
magnetic field at the shock is smaller and drops off slower. To
compensate, the spatial particle distribution does not extend as
far as in the case of α = 0.51 (see parameters Ψ3, Ψ14). This
in turn reduces the size of the IC nebula (see also Fig. 11). The
resulting χ2

IC,ext is therefore worse than in the solution with α =
0.51. Combined with the worse VHE fit, the probability to obtain
this large value of χ2(do f ) = 289(262) is only p(> χ2, do f ) =
0.12. Even though the goodness of fit is noticeably worse than in
the α = 0.51 case, it is still acceptable.

Fig. C.1. When combining the energy spectra obtained with HEGRA,
HAWC, and Tibet ASγ, the data-sets are consistent with each other
(after scaling the energy) and can be described with the model reason-
ably well: χ2

VHE(do f ) = 30(32).

Table C.1. Energy-scaling for the solution with α̌ = 0.29.

Data set ζ σζ χ2
be f ore(do f ) χ2

a f ter(do f )
(α̌ = 0.29) 68 % c.l.

Fermi-LAT 1.00 fixed 26.6(25) 26.6(25)
HEGRA 1.216 0.006 3050.7(16) 18.1(15)
HAWC 1.083 0.004 556.8(9) 7.7(8)

Tibet ASγ 1.073 0.020 21.4(10) 4.2(9)
Combined 3655.5(60) 56.6(57)
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Table C.2. Best-fitting parameters for the solution with α = 0.29.

Parameter best-fitting values
(68 % c.l.)

Radio electrons
Ψ1 = sr 1.56 ± 0.03
Ψ2 = ln(Nr,0) 114.8 ± 0.2
Ψ3 = ln(γ1) 11.5 ± 0.1
Ψ4 = ρr [′′] 83 ± 3

Wind electrons
Ψ5 = s1 2.9 ± 0.1
Ψ6 = s2 3.3 ± 0.01
Ψ7 = s3 3.62 ± 0.04
Ψ8 = ln(γw0) 12.7 ± 0.2
Ψ9 = ln(γw1) 15.8 ± 0.8
Ψ10 = ln(γw2) 19.3 ± 0.2
Ψ11 = ln(γw3) 22.5 ± 0.04
Ψ12 = ln(Nw,0) 74.3 ± 0.5
Ψ13 = β 0.14 ± 0.01
Ψ14 = ρ0[′′] 83 ± 3

Dust parameters
Ψ15 = rout [pc] 1.57 ± 0.12
Ψ16 = log10(M1/M�) −4.4 ± 0.1
Ψ17 = log10(M2/M�) −1.2 ± 0.1
Ψ18 = T1 [K] 148 ± 8
Ψ19 = T2 [K] 39 ± 3

Magnetic field parameters
Ψ20 = B0 [µG] 167 ± 5
Ψ21 = α 0.29+0.03

−0.06
Goodness of fit

χ2
sync,S ED(do f ) 185 (184)
χ2

sync,ext(do f ) 17 (15)
χ2

IC,S ED(do f ) 27 (23)
χ2

IC,ext(do f ) 30 (8)
χ2

VHE(do f ) 30 (32)
χ2

tot(do f ) 289 (262)

Appendix D: UHE gamma-ray event statistic

In the main section, the expected number of events for the
LHAASO observation (LHAASO Collaboration 2021) were
used to compare with the observed number of events detected
at PeV energies. The underlying calculation is performed using
the exposure time (Tobs = 107 s) and the collection areas listed in
the published data10. The resulting event numbers Ni in bin i are
calculated by integrating the differential photon flux predicted
by the model Φmodel(E) within the bin interval Ei,low and Ei,high:

Ni = TobsAe f f ,i

Ei,high∫
Ei,low

dE Φmodel(E/ζ)e−τγγ(E/ζ). (D.1)

In Tab. D.1, the resulting event numbers are compared with the
background subtracted excess events from the data. For the two
bins just below and above 1 PeV, the expected number of events
is λ = 0.7 while the number of observed events (background
free) is k = 2. The probability to observe 2 or more events is
calculated with the Poissonian distribution

p(k ≥ 2) = 1−pλ(0)−pλ(1) = 1−exp(−λ)(1+λ) = 15.6 %. (D.2)

Table D.1. Event statistics for the LHAASO data set: comparison of
model and data.

log10(Ei,low/TeV) log10(Ei,high/TeV) Ni Ni,obs

1 1.2 3305 4011
1.2 1.4 1718 1979
1.4 1.6 601 649
1.6 1.8 255 278
1.8 2 145 151
2 2.2 53.2 53.6

2.2 2.4 19.1 22.5
2.4 2.6 6.3 5.8
2.6 2.8 1.9 2.9
2.8 3.0 0.5 1.0
3.0 3.2 0.2 1.0
3.2 4.0 0.02 0.0

10 http://english.ihep.cas.cn/lhaaso/pdl/202110/
t20211026_286779.html

A67, page 22 of 22

http://english.ihep.cas.cn/lhaaso/pdl/202110/t20211026_286779.html
http://english.ihep.cas.cn/lhaaso/pdl/202110/t20211026_286779.html

	Introduction
	Observations
	Radio and infrared observations
	Optical observations
	X-ray observations
	HE and VHE gamma-ray observations

	Non-thermal emission model
	Distribution of electrons
	Spatial distribution of electrons
	Spectral distribution of electrons

	Seed photon fields
	Thermal emission from dusty plasma
	Magnetic field structure

	Parameter estimation
	Data sets used
	Cost functions
	Fitting the synchrotron spectrum and extension
	Fitting the inverse Compton spectrum and extension
	HE SED and extension
	VHE SED
	Varying : Effect on the IC SED and extension
	An additional ultra-high energy component


	Discussion of the parameters
	Radio electrons
	Dust emission
	Wind electrons
	PeV electrons
	Magnetic field

	Summary and conclusion
	References
	Individual VHE data sets
	Pair-production opacity towards the Crab Nebula
	Low  VHE solution
	UHE gamma-ray event statistic

