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MEAN-FIELD LIMIT DERIVATION OF A MONOKINETIC
SPRAY MODEL WITH GYROSCOPIC EFFECTS.

MATTHIEU MENARD

ABSTRACT. In this paper we derive a two dimensional spray model with
gyroscopic effects as the mean-field limit of a system modeling the in-
teraction between an incompressible fluid and a finite number of solid
particles. This spray model has been studied by Moussa and Sueur (As-
ymptotic Anal., 2013), in particular the mean-field limit was established
in the case of W interactions.

First we prove the local in time existence and uniqueness of strong solu-
tions of a monokinetic version of the model with a fixed point method.
Then we adapt the proof of Duerinckx and Serfaty (Duke Math. J.,
2020) to establish the mean-field limit to the spray model in the monoki-
netic regime with Coulomb interactions.

1. INTRODUCTION

The purpose of this paper is to establish the mean-field limit for a system
of partial differential equations introduced by Moussa and Sueur in [39] to
describe two dimensional spray modeled by an incompressible fluid and a
dispersed phase of solid particles with the following interactions: The fluid
particles move through the velocity field V' generated by the fluid and the
solid particles whereas the solid particles are submitted to a gyroscopic effect
related to their velocities and to V. We define

(1.1) o) = —5-Inz

as the opposite of the Green kernel on the plane. Let w(¢, ) be the vorticity
of the fluid and f(¢,z,£) be the density of solid particles, then this system
can be written:

Oiw + div(wV) =0
Ouf +€- Vaf +dive (€= V)1) =0
V =—-Vigx (w4 p)

p(t, z) /‘ftxf

Replacing V+¢ with a W1 kernel, the authors derived these equations
as the mean-field limit of a model describing the dynamics of a finite number
of particles moving in an incompressible fluid. Namely, for /N solid particles
immersed in a fluid of vorticity wy(¢,z) with initial condition wy, if the
number of particles becomes large and if at time zero their empirical measure
fn(0) is close to a regular density fo, then for any time t (fn(t),wn(t)) is

(1.2)
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2 M. MENARD

also close to the solution (f(t),w(t)) of (L2) starting from (fy,wp). The
system modeling the interaction between a fluid of vorticity wy and N solid
particles with positions ¢1, ..., gy and velocities pq, ..., py is the following;:

Own + div(wyVy) =0
gi = pi
pi=pi — Vgrwn(a) ZVQ (qi(t) — q;(1))

(1.3) i

Vi = —V>g* (wy + pn)

Mz

1
N
\ k=1

1 . . . .
where N represents both the mass of a solid particle and the circulation of

velocity around it. This model was established by Glass, Lacave and Sueur
in [21I] by looking at a rigid body in a fluid whose size goes to zero and its
well-posedness was studied in [33] by Lacave and Miot. Remark that we can
formally obtain this system from Equation (L2]) if we take

1 N
= NZ(S% ®5pi'
=1

By Theorem 1.2 of [33], we know that there exists a unique global weak
solution of System (L3) on Ry x R2.

In this paper we adapt the proof of Duerinckx and Serfaty in [48] to
extend the mean-field convergence result of [39] for the true Coulombian
interaction, that is we prove the convergence of (L3) to Equation (L2) in
the monokinetic case, or more precisely to the following system:

Oyw + div(wV) =0
Op + div(pv) =0
o+ (v-Vo=(v—V)*

V=-Vigx(w+p).

(1.4)

It can be obtained by taking formally f(¢,2,£) = p(t,7) ® d¢—y(t,y) in
System (L2). A rigorous derivation of System (4] from (L2) was proved
in [39] replacing V*'g with a W1 kernel.

Before establishing the mean-field limit, we will justify the local in time
existence and uniqueness of strong solutions of System ([4]). The local
well-posedness of Euler-Poisson system (that is the system we get if we take
w = 0 and add a pressure term in the equation on v) was studied in [38] in
the case d = 3 using the usual estimates on hyperbolic systems that were
proved in [32]. In Section 2] we extend this result to System (L4). We will
not study the existence of weak solution of our system, for more details on
this subject one can refer to the bibliography of the appendix of [48].

Mean-field convergence for regular kernels were first established by com-
pactness arguments in [6, 40] or by optimal transport theory and Wasserstein
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distances by Dobrushin in [I7]. The latest method is the one used in [39]
to prove the mean-field convergence of (L3]) to (I2). In the Coulomb case,
the kernel is no longer regular and their proof no longer holds. However,
there are other works which prove mean-field limits for some systems with
Coulombian or Riesz interactions. Let us consider N particles x1,...,xn
following the differential equations:

N
. 1
(1.5) iy = Nle(xi — ;).
j:
J#
Then the mean-field limit to a density p following
(1.6) Oppe + div(K * pu) =0

has been rigorously justified in different cases:

Schochet proved in [46] the mean-field limit of the point vortex system
1

x
(that is K = 7 W in dimension two) to a measure-valued solution of Euler
T |x

equation up to a subsequence, using arguments previously developed in [45]
and [I5] to prove existence of such solutions. This result was extended later
to include convergence to vortex sheet in [37].

For sub-coulombic interactions, that is |K (x)l, |z||VK (z)| < C|z|~* with
0 < a < d— 1, the mean-field limit was proved by Hauray in [24] assuming
div(K') = 0 and using a Dobruschin-type approach. It was also used by Car-
illo, Choi and Hauray to deal with the mean-field limit of some aggregation
models in [IT], [12].

In [I8] Duerinckx gave an other proof of the mean-field limit of several
Riesz interaction gradient flows using a "modulated energy” that was in-
troduced by Serfaty in [47]. Together they also gave a mean-field limit of
Ginzburg-Landau vortices with pinning and forcing effects in [19].

In [48], Serfaty proved the mean-field convergence of such systems where
K was a kernel given by Coulomb, logarithmic or Riesz interaction, that
is K = Vg for g(x) = |z|7° with max(d —2,0) < s < d ford > 1 or
g(x) = —In|z| for d = 1 or 2. For this purpose K * u was supposed to be
lipschitz.

Rosenzweig proved in [44] the mean-field convergence of point vortices
without assuming lipschitz regularity for the limit velocity field, using the
same energy as in [48] with refined estimates. Remark that it ensures that
the point vortices converges to any Yudovich solutions of the Euler equation
(see [49]). This result was extended later for higher dimensional systems
(d > 3) in [42] by the same author.

Numerous mean-field limit results were proved for interacting particles

with noise with regular or singular kernels in [3], 5] [7], ] [13], 20, [36], [41].

For systems of order two following Newton’s second law:

1 N
(1.7) iy = ) K (i~ x))
j=1

J#i
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the mean-field convergence to Vlasov-like equations remains open in the
Coulombian case but was established for some singular kernels:

In [26] 25], Hauray and Jabin treated the case of some sub-coulombian
interaction, or more precisely for a kernel K = Vg where |Vg(z)| < Clz|~*
and |Vg(z)| < Clz|7*~! where 0 < s < 1. For this purpose they used the
same kind of arguments as Hauray did in [24].

In [31} 0], Jabin and Wang treated the case of bounded and W 1>
gradients.

In [, 34], 35, 27] the same kind of result is proved with some cutoff of the
interaction kernel.

In the appendix of [48], Duerinckx and Serfaty treated the case of Coulom-
bian interaction kernel to the Vlasov equation in the monokinetic regime,
that is the pressureless Euler-Poisson equation. This was used later by Car-
illo and Choi in [I0] to prove the mean-field limit of some swarming models
with alignment interactions.

In [23], Han-Kwan and Iacobelli proved the mean-field limit of parti-
cles following Newton’s second law to the Euler equation in a quasi-neutral
regime or in a gyrokinetic limit. This result was improved later by Rosen-
zweig in [43] who treated the case of quasi-neutral regime for a larger choice
of scaling between the number of particles and the coupling constant.

For a general introduction to the subject of mean-field convergence one

can have a look at the reviews [22] 29].

1.1. Main results. If v is a probability measure on R?, we will denote
V9% =y X .

Recall that g is the opposite of the Green kernel of the plane:

1
9(z) = =5 Inlz|.
7r

A will denote the diagonal of (R?)%:
A = {(z,z); z € R?}.

The main result in this paper is Theorem which proves the mean-field
limit of solutions of System (I3]) to solutions of (I4]) with some regularity
assumptions. We will use the following definition of weak solutions:

Definition 1.1. We say that (p,w,v) is a weak solution of (LA if

e p,w € C([0,T], L' N L*®(R?,R)) with compact supports.

e v € Wheo([0,7T] x R? R?)

o The equation on the velocity is satisfied almost everywhere and the
continuity equations are satisfied in the sense of distributions, that
is for every o € W1°([0,T],CL(R?)) and for every t € [0,T], we
have:

/ (p(t)o(t) — pop(0)) = / / p(5,2) (O + Vo v) (5, ) de ds
(18 ¥ 0 B
/ @(O)e(t) — wop(0)) = / / w(s,2) (O + Vo - V)(s,2) dr ds
R2 0 R2
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In Section 2] we will prove existence and uniqueness of solutions of (L))
in a space strictly included in C([0, 7], L' N L>°)% x W1 (see Theorem Z.T]).
For the microscopic system (L3]), we will use the following definition of weak
solutions, introduced in [33]:

Definition 1.2. (wy,Qn, Pn) is a weak solution of (L3) on [0,T] if

o wy € L([0,T), LY N L>=)NC([0, T], L>® —w*) with compact support.

e q1,....,qn € C?([0,T],R?)

e The partial differential equation on wy is satisfied in the sense of
distributions (which means that it also verifies[.8) and the ordinary
differential equations are satisfied in the classical sense.

Remark 1.3. By Theorems 1.4 and 1.5 of [33] we know that for wy(0) €
L>(R?) compactly supported and q1(0),...,qn(0) distincts outside of the
support of wx(0) there exists a unique weak solution of (I3]) on [0,77] for
any T > 0 and no collision between the solid particles occurs in finite time.

Remark 1.4. One could replace the compact support assumptions by some
logarithmic decrease of the solutions w and p at infinity as done in [I8]
and [44] but for the sake of simplicity we will only consider solutions with
compact support.

In order to show that the limit of a sequence (wy, Qn, Py) of solutions of
([L3) converges to a solution (w, p,v) of (L)), we will control a modulated
energy similar to the one defined in [48]. Let Xn = (21,...,2n) € (R?)Y be
such that x; # z; if i # j and pu be a L' N L> nonnegative function with
compact support, then the following quantity is well defined:

(1.9)
N N
gz —y) (u - 5mi> (dz) (u - Z%) (dy).
i=1 =1

FiuXw) = |
R2xR2\A
This is the "modulated energy” used in [48 [44] to prove the mean-field limit
of (A to (). As we will see later this quantity controls the distance
between p and the empirical distribution on Xy in a weak sense. More
precisely we have the following proposition proved in [4§] (number 3.6 in
the article):

Proposition 1.5 (proved in [48]). For any 0 < 6 < 1, there exists A > 0
and C' > 0 independant of u and Xy such that for any smooth function &,

/RQ§<M—% 3 53&,.)

i=1

< c( €]l oo N

#196e (Flo X + (0 Ll 22 )

Now let p,w,wy be (L*NL>)(R%, R) nonnegative functions with compact
supports, v € WH(R2 R?), Qn, Py € (R?)" be such that ¢; # ¢; and
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pi # pj if i # j. We define:
/H(W,p,’l),WN,QN,PN)

Z |U QZ pz

+/ 9z —y)(p+w—py —wy)®?(dzdy)
(R2xR2)\A

By In(N)
N 2N

1 N
PN = N 25%'
1=

By is a number depending only on ||p + w — wn||;~, which is given by
Corollary 3.5 of [48] and ensures that for all IV,

+ [|w — wNHLz + —

where

By In(N)
glz—y)(p+w— —wy)®%(dzd
L A e

= 0.

We can also check that if ||wn|[; is uniformly bounded in N, then so is
B In(N
Bpy. Remark that if remove WN + n2(N)
is the functionnal used by Duerinckx in the appendix of [48] to prove the
mean-field limit of particles following (IL7)) to the Euler-Poisson equation.
Our main result is the following theorem:

and set wy = w = 0 our quantity

Theorem 1.6. Let (p,w,v) be a weak solution of Equation (L)) in the sense
of Definition[I1] and (wy,Qn, Pn) be a weak solution of Equation (L3) in
the sense of Definition L2 Then we define

(1.10) Hn(t) = H(w(t), p(t), v(t), wn (), Qn (), Pn (1))

Suppose that Vw € L>®, Vv € C°([0,T] x R?,R?) and that

(1.11) Sup [Jut | 1oe < o0
(1.12) q1(0), .-, an (0) ¢ supp(w)
(1.13) Vi # j,4i(0) # ¢;(0).

Then there exist positive constants C and [ depending only on T, p,w and
lwn |l o such that for all t € [0,T],

(1.14) Hn(t) < C(HN(0) + N7P).
We will also prove a coerciveness result about this energy.

Proposition 1.7. Let Qn, Py € (RH)N, w,wy,p € L' N L®(R%, R), and
v € W2(R2,R?). Then there exist positive constants C and 3 such that

(1.15) <O+ |V[2yree) Hy

H-5

N Z O(gs pi) = P D Og=u(a)

-N
+ (1 + |l ) NP2,
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In particular, if we assume that

sup Hw?VHLDO < +00
€N

and
%(w,pav,wNaQN,PN) N—> 0

— 00

then for any a < —1,

WN — W
L2
—
PN P
1 N
3 2 Van) =2 P @ Semua):
i=1

Remark 1.8. The H5 norm is not optimal, but it is sufficient to justify that
Hn controls the convergence to a monokinetic distribution in a weak sense.

As a consequence we get that if a sequence of solutions (wy, @y, Py) of
([L3) satisfying the hypothesis of Theorem are such that

HN(O) N%—Jr)oo 0

then for any ¢ € [0,7] we have

HN (t) N%—Jr)oo 0

and it follows by Proposition [T that for any ¢ € [0,7] and a < —1,
an(t) — ()

p (1) — (1)

N

1

N 2 Oatp0) 77 P © demuirz.
i=1

N
1
Since ~ Z O(gs(t),pi(1)) 18 bounded in the dual of continuous bounded func-
i=1
tions, we can extract a subsequence which will converge in the weak-%
topology of signed measures M(R? x R?). Since it necessarily converges
to p(t) ® d¢—y (1), Dy weak-* compacity we can deduce that for all ¢ € [0, 77,

N
1 * .
7 2 Va0 ane) = () © dempira) i M(R?)
i=1
and thus we have the mean-field convergence of (L3) to (I4)). One can
look at [44] Corollary 1.2] for a more detailed proof about such compacity
arguments.

Remark 1.9. If we suppose that wy o converges to wp in L? and that PN,0
converges to pg in the weak-* topology of signed measures, then the conver-
gence of

/ gz — 9)(po + wo — prvo — w0)®2(dz dy)
(R2xR2)\A
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to zero can be seen as a well-preparedness condition on the initial data, as
stated in the following proposition:

Proposition 1.10. Let us suppose that wy o,wo, po € L*(R% R) with com-
pact support, and that (¢?, ..., q?v) are such that q? %+ q? if 1 # j. Let us also
suppose that the support of wy,o and 4, ..., q?v are in a compact K that does
not depend on N. Then if we suppose

WN,0 — Wo in L2

PN,0 X po in M(R?)

1
= 2. 9@ —q) N%OO// z —y)po(x)poly) dz dy

1<i#£j<N

we have

N—+o00

/ 9(z — 3)(po + wo — prvo — wno)®(dzdy) —» .
(R2XR2)\A

The latter statement strongly relies on the results proved in [I8]. One
could have more details about this well-preparedness assumptions by reading
the introduction of [I§].

The remainder of this paper is organized as follows. In Section 2] we
establish local well-posedness for strong solutions of (IL4]). Then in Section
Blwe provide the proof of Theorem 2.1l Proposition[[.7land Proposition [[LT0l
Sections 2] and [3] are independant from each other.

2. LocAL WELL-POSEDNESS

In this section, if ; be a continuous function defined on R? with compact
support, we will denote

Rlp) = sup {x € R?; u(x) # 0}
and

Rylp] == Sup Rlu(t)]-

if u depends on time. If B is a Banach space and 1 < p < oo, we will denote
LB = L*([0,T], B).

We will use the same convention for the Holder spaces C%B and the Sobolev

spaces lef’p B. Let us also recall that ¢ is the opposite of the Green kernel

on the plane defined in (L.TJ).

C will refer to a constant independant of time and of any other parameter
that can change value from one line to another. We will denote C'(A, B) for
a constant depending only on some quantities A and B.

We want to show that System (4] has a unique regular solution in [0, 7]

for T small enough. In [38], Makino builds such a solution for the following
compressible Euler-Poisson system in three dimensions:

ou+ (u-Vyu+Vp=F=xp
Op + div(pu) =0

where p is a function of p and F' = VG where G is the Green function on
R3. There are three main differences with our system (ICZ):
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(1) We have no pressure term, but we have a gyroscopic effect.

(2) We have a continuity equation on w that we also need to solve.

(3) On the plane R?, the function V = —V'g* (p + w) is not in L2
except if we assume that [(p+w) = 0.

In order to deal with the third point, we will assume that vg = ug + V'
where ug € L? and V is a function of x that we will specify later on. If we
try to find a solution of (L4]) when v = u+V, we find that (u, p,w) evolves
according to the following equations:

Oyw + div(wV) =0

Op + div(pv) =0

ou+ (u+V) - Vu+ (u-V)V=ut+f
V=-Vigx(w+p)
f=(V-V)I=(V.V)V

v=u+V.

(2.1)

Thus if we choose V such that f € L?, we will find an equation that
we expect to have a solution in L?. We can achieve this goal choosing the

following value of V:
V:—(/wo—l—po> Vj‘g*x.

where x is some compactly supported function such that [ x = 1. We make
such a choice because fRQ p and fRQ w are conserved and we will justify later
on that for p compactly supported,

Vrgen) = 5= ([ n) Tat 0 (el
2 R2 |$|2 |x|—00

Since we assumed that p and w have compact support, we are not concerned
by the fact that V is not L? on the whole plane. Remark also that the space

—</wo+P0> Vigxx+L?

does not depend on the choice of y. Now we are able to write the main
theorem of this section:

Theorem 2.1. Let s be an integer such that s > 3 and ug € H*TH(R? R?),
po,wo € H*(R% R) such that wy and py have compact support, then if T
is small enough (with respect to some quantity depending only on ||wol| s,
lpoll grss llwoll grs+1, Rlwo] and Rlpol), there ezists a unique (u,w,p) with
(pyw) € (CrH*NCLH* Y2 and uw € CrH*™ N CLH® solution of Z.1).

Remark 2.2. By Sobolev embeddings a solution given by Theorem 21 is
also a solution in the sense of Definition [[.T] that satisfies the hypothesis of
Theorem and thus this result gives the existence of sufficiently regular
solutions of System (L)) that can be approached as mean-field limits of
solutions of System (L3]).

The proof of Theorem 2] proceeds as follows:
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(1) We fix "> 0 and define
Ry = R[po + wol

Mo = max(|lpoll g7+ , llwoll g » l[uoll gra+1)

‘&c:%MMEL$SﬂGﬂF4

w(0) = wo, p(0) = po,
HPHL;?HS < 2Mo, HWHL%OHS < 2My, Rr[p + w] < 2Ry,
(2.2) vt e [0.7), [ (o0) +(®) = [ (oo + ),
vt € [0,7], [|p(t) — p(t)]| jos < LIt — 2,
Jo(®) = (O] s < 2l 11,

where L > 0 is a quantity depending only on Ry and My. Remark
that Xr is a subspace of (CrH*NCLH*~1)2. Then we fix (w, p) € Xr
and we define

(2.3) V==Vigs(p+w)
(2.4) Vz—(/cuoﬂ)o)VLg*x
(2.5) f=V-V)t-V.VV.

Note that we will prove in Subsection Zdthat f € CrH®N L¥ H*L.
(2) In Subsection we solve in Cpy H¥F1 N C’ilp1 H? the equation

du+ (u+V) - Vu+ (u-V)V =ut + f
for initial condition ug and T} < T small enough depending only on
My and L.

(3) In Subsection we define v = u + V and solve in (Cp, H® N
Cq, H*1)? the system

O + div(@V) = 0
O + div(pv) = 0.

(4) In Subsection [Z4] we apply a fixed-point theorem by showing that
the map defined on X7, by (w,p) — (@, p) is a contraction for the
CrL? norm if Ty < T} is small enough, using the estimates proved
for the previous equations.

Remark 2.3. Xr is strictly included in (Cp, H® N C'jlﬂlHS_l)2 but since we
prove in step (3) that the image of ® is contained in (Cp, H® N 071“1 Hs—1)2
we have the expected regularity for the solutions of our system.

Remark 2.4. Uniqueness is established in the space X7 which is bigger
than (CrH® N CLH*"1)2. Tt ensures uniqueness for the whole system: If
(p1,w1,u1) and (p2, ws, uz) are two solutions of ([IL4]), then (p1,w1) = (p2,w2)
by uniqueness of the fixed point and u; = ugy follows by uniqueness of solu-
tions of equation (2.6]). Remark also that using energy estimates one could
prove uniqueness in a space of smaller regularity.
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Before doing these different steps, we give some results about the Biot-
Savart kernel that we will need later on. In this section we will use the
following definition of uniformly local Sobolev spaces:

Definition 2.5. We define H%(R?) as the space of locally H® functions
verifying
[ull s w2y = sup [[ull gs(pe,1)) < +00
" z€ER2

For a more complete introduction to these spaces one can refer to Section

2.2 of [32].

2.1. Properties of the Biot-Savart kernel on the plane. In this sub-
section we prove Proposition containing several results about the Biot-
Savart kernel.

Proposition 2.6. Let s > 3 and let i be a H® function on R? with compact
support. Denote
V =-Vigx*pu.
Then we have the following inequalities:
(1) V€ By and |V ;e < C(1+ R[u)) [l g

(2) IVVigs < Cllpll gs-
(3) V € L*® and we have the three following bounds:

IVl < CRI) [l
IVl e < Cv/RI il
IVl < Cllpl2, a2 -
(4) WV - V)V gz < CQU Rlp)) 1l
5) V) =5 ([ )iz + 0 ).
(6) If i has mean zero, then V € L? and
IVl e < CCRIH) + R lul e

The first consequence of this proposition is the following:

NN

Corollary 2.7. Let pg,wy € H?® with compact support and x be a smooth
function with compact support, (p,w) € Xp where X is the space defined
in[Z2. Let us consider the functions f and V defined in 23 and [2F), then
we have f € LYH*™ ' NCrH®, V € HSFLQ and

72 < R0, 2)
1F 1l e o1 < C(Ro, Mo).
Proof of Proposition[2Z4. Let us begin by the second inequality. We have:
IV e = [IV29 % a1l e < C llial] e

by Calderén-Zygmund inequality.
Let us now prove the third inequality:

IVl < sl oo sUD /
z€R? Jsupp

dy
w |z =yl
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dy
< [|pll e sup —
zeR2 JB(0,R[) 1T — VI

dy
< (oS} T
lielz /B(O,R[u]) Y

Rlp] |[ll oo -

ﬂfi—>/
B(z,R[p |y|

reaches its maximum on x = 0. Now for the second inequality of (3), we
deduce in the same way

3
dy \*
IVl < Il ( / )
B(O.R[u) [y|3

< OV R[p | pll g -

For inequality (3) we refer to [28, Lemma 1].

The first inequality follows from the two inequalities we just proved: Since
all derivatives of V of order k for 1 < k < s+ 1 belong to L? and since
IVilz, < ClIV| g, we get

IV
u

because

< Ol + Rl 1l )
< C(L+ Rlu]) || sll e
because H® — L.

Now let us prove the fourth point. Let a be a multi-index such that |a| <
s, then (0“V - V)V is a combination of 0*'V - V)0V where ag + a2 = .
If a1 = 0,

[(0°V - V)0 V|2 < [Vl oo [VV I s -
If 1 <oy| < s—1, then

104V - V)82V || 12 < |0 V]| oo [V V] s
< HVVHHS
Finally if |a;| = s,
10V - V)" V|12 < [0U V12 [VV]|
< HVVHHS

We conclude using (2) and (3).
We now prove the fifth claim by a standard argument. Let us set

Then we have
(Op +1i0y)W = (0, V1 + 0yVa) +i(0yV1i — 0, Va)
= div(V) —icurl(V)
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Thus W is holomorphic on C\B(0, R) with R = R|[u| (since it is a solution
of Cauchy-Riemann equations) and we can write it as the sum of a Laurent
series:

Remark that since we have W (z) — 0, a = 0 for k nonpositive. Now we
zZ— 00

compute aq by a contour integral in the counter clockwise sense:

ay = i W(z)dz
2im JaB(o,R)
I 0\ 1o 0
=5 ; W (Re")Rie" do
1 2
=5 (Vi —iVa)(Rcos(#), Rsin(f))(Rcos(f) + iRsin(0)) dd
0
L (V-n+iVt.n)de
21 JoB(o,R)

n beeing the outer normal vector to B(0, R) (or equivalently the inner normal
vector to B(0, R)¢) and o its unit measure. Thus by Stokes theorem,

1 .
ay = — div(V) + — / div(v+)
21 JB(o,R) 21 JB(0,R)
- curl(V)
27 R2
__t
- 2 R2

Finally, we get

) ) 1 _
V1+ZV2=é</M>%+O(‘z’ 2)

- %(/u)z'@ww%

which gives us the fifth claim.

Now let us assume [ 11 =0 and bound the L? norm of V. Let ¢ = g  u,
then by the fifth point of the inequality, W is holomorphic in B(0, R)¢ and
has a holomorphic primitive. Thus we get ¢)(z) = D + O(|z|™!) and for A
big enough,

< C WVl @p0,4)) 1Yl Lo 9B(0,4)) 2TA

[nE
dB(0,A)

¢D — 0
AA%Jroo'

~

This fact allows us to compute the following integral by parts:

Jwe=[veve
—— [wa
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— [ on

< H¢||L°° (supp(p)) ||MHL1
<C

Rp] lll p2 (191l oo (supp () -
Now if x € B(0, R[u]), we have

o) < c( In(z — y)|u(y)| dy

(z,1)NB(0,R[u])

/ um+wmmwm@
B(z,1) COB(O
( = )y

Lomd IM)MO
1+

< C+ R[u?) ul 2 -

_l’_

Q

+

Thus
‘/WF<CMMG+MM%Mﬁz

which is the sixth claim of our proposition.

Now we prove the uniform bounds we need on f and V:

Proof of Corollary[2.7F First remark that

/P0+wo
C‘/PO+WO

< Clpo + woll 11
< CRlpo + wol [l po + woll 12
< 2CRo My

V[l 52 = Vg % Xl g2

Moreover, if we denote h = p + w — (f po + wo) X, we have

I
7 lgeszens < ||V =T = @97

<Jor =7 e+ [0 -]
L2 L2 L HS

+ H(V ' V)VHL%oHsH
<IIVg * hll e 2 + (V29 % hl| oo e + [V DIV o g
<C(Brlh] + Rr[h)? b e 2 + C 11l e s

2

#0014 Rl | [ et o] Il

<C(Ro, My)
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where we used Claims (4) and (5) of Proposition 2.6l and Calderén-Zygmund
inequality.
Now let us justifiy that f € CpH®. If t1,ty € [0,T], we have

1F(t) = FE)ge = Vg% (p(t) + w(ts) = plt2) = wit2)|
< ||V (pltr) + wits) = plta) —wit2)|
+ [V (p(t1) + w(t1) — p(ta) — w(t2))|| o
< C(Rrlp+ w] + Rrlp + w]®)?
x [lp(t) + w(ty) — p(t2) —w(ta)| 2

+ Cllp(tr) + w(ty) = p(t2) — w(te)ll g

where we used points (6) and (2) of Proposition and f € CrH?® follows
from p,w € CrH*™L. O

2.2. Pressureless Euler equations. In this subsection we prove that there
is a unique solution to the following equation

(2.6) ou+ ((u+V) - Vu+ (u-V)V=ul+f

where V and f are the functions defined in 24] and
Following the idea of [32, B8], we start by fixing u € CzH**! and solving
the linearized equation:

i+ (u+V) - V)u+ @-V)YV=u"+f

(2.7) B N
u(0) = wo.

We have the following well-posedness theorem:

Theorem 2.8. If s is an integer such that s >3, u € CpHS™, ug € H¥™,
w with compact support and f € L%Herl NCrH?, then [Z1) has a solution
u € CrHS™ N CLH?, unique in the space CrH' N CLL2. Moreover, we have

the following estimates:
CT(|V | yoo grs+2+ull oo a1 +1) (|
L H L7 H ||'LL(]HH5+1 +0Hﬂ L%HsJﬁl
10l e < C (||| + Ul o gess + [V e v + D IFO] g ) -

Proof. The proof is a direct application of Theorem 1 of [32] which gives the
well-posedness result and the estimates: We can rewrite ([2.7)) as

[a(®)]| o < e

2
Ot + Yy A0yl + Asii = f
i=1

where A; = (u; + V) Iz for i € {1,2} and A3 = < Vi Vit 1>'

To apply the theorem we need to prove the following:
(1) A; € CTL?11 for 1 <i<3
(2) vVt €[0,T] HAi(t)HsH,ul <K forl<i<3
(3) Ay and Ay symmetric
(4) fe LLHY ' NnCrH®
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(5) up € H5H!
where K = HVHL%OH&*2 + HuHL%onlﬂ + C. The three last points are auto-

matically checked by the assumptions of the theorem. For the first point
and the second point, since u is in C7H*1!, we only need to prove that V is
in HSI‘L 2 which is given by Corollary 27

O

As in [32] and [38] we will use the previous estimates to apply a fixed
point theorem u — u on Equation ([2.7)) to prove the well-posedness of the
non-linear equation (Z8]). Let us first recall that we have fixed uy € H*T!,
(w, p) € X7 (where X7 is defined in 2.2)) and

Ry = R[po + wo
Mo = max(||poll s > lwoll gs » w0l grs+1)
V =—Vigx (p+w)

=—</wo+ﬂ0>VL9*X

f=V-V)t-V.vV.
Then the well-posedness of (2.6]) is given by the following theorem:

<l

Theorem 2.9. Let s be an integer such that s > 3, then

(1) There exists T* = T*(My, Ro) < T such that if Ty < T*, there is a
unique solution u € Cpy H¥T1 N C’%FIHS to (28], with

el oo gresr < 2Mo.
T

(2) Let u and u' be two solutions defined on [0,T] with initial condition
ug and forcing terms f and f’, where

ff=V-VHt-V.VV
Vi=—Vigx(p +u)
and (p',w'") € Xp. Then we have

< CGC(MO’RO)Tl HV _ V/

HU_U/HL%C;H’" HLlTlH’"

where 0 < r < s.

Proof. Let Ty < T. We will use a fixed-point method on the following subset
of Cp, L*:

)Z'Tl = {u € L%‘;HS‘H NCr H?® Hu”L%jHSH < 2My, u(0) = wo,
|u(t) —u()||,;. < LIt —t| vt,t' € [O,Tl]}

where L depends only on My and Ry and ¢ are constants to be fixed later
on. Let u € X1, and @ be the solution of ([2.7]) associated to u. By Theorem
2.8l for t < Ty, we have:

(V]| g s Hlul g prssa 1) (
u

E(8) 11 < e ol g« + ¢ 12y, prosr )
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< O MIF2MF (M 4 ¢T1C(Mo, Ro))
by Corollary 271 Thus we get
[a()]| s < 2Mo

if Ty is small enough. Moreover, using Corollary 7 again, we get
100z < ¢ (17 @ + Ul pess + [Vl g grve + 1) [l
< ¢(C(Mo, Ro) + (2My + C(Mo, Ro) +1)2Mp) =: L

Thus for all 73 < T we have built a map @ : )?Tl — )Z'Tl such that
®(u) = u, where T* = T* (M, Ry). We will now show that & is a contraction
for the induced distance on Xp,. Let u and w be two elements of X7, and

set U = u — w. Then U = u — w satisfies:
U+ (u+V)- VYU + (U -V)V =—(U-V)w+U+.

Thus since (U - V)w € CrL?> N LLH" we can apply Theorem 1 from [32] to
have the following estimate:

|71

CTl(HV”L%OHSIFQ'FHUHL%OHS*FI+1) (
u

0+ ¢V V)il 12)

1oL
Ty

< ecT1(C(MOvR0)+2MO+1)cT1 HVGHL%L‘X’ ”U”L%‘;LQ

T1(C(Mo,R 2Mop+1
< AeMyT; e TR )|

using 2.7lin the last inequality. Thus ® is a contraction if T is small enough,
so since )Z'Tl is complete (this can be proved in the same way as the closedness
of X7 which is proved in the beginning of section [2.4]), it has a unique fixed
point in )NCTI, thus (26 has a unique solution for short time. Remark that
the solution we find belongs to the space L3 H**1 N W%IOOH $. Let us justify
that it also belongs to Cp, H*1 N C}, H*:
Let € > 0, t1,t2 € [0,71] and x,, be a mollifier. We have:
Ju(ty) — w(t2) o < lxn * (u(ts) = u(t2)) |l s
12 = X (u(tr) = w(t2))l] s
SO [lu(ty) = u(t2))ll2 + €
if n is big enough (see for example Theorem 4.22 of [9]). Thus since u €
Cr, L?, if [t; — t2| is small enough,
[u(tr) — u(ta) |l gass < 22

Thus u € Cp, H®. Moreover we have
du=—((u+V) - Vu—(u-V)V+ut+f

By assumption f € Cp, H® and by the previous fixed point ut € Cp H*.
Now using Proposition 2.6l V' € Cr, HfﬂH, so since s > 2, we have

(u+V) -V)ueCrH®
(u - V)V e€CnH®

applying Lemma 2.9 of [32] which gives a sufficient condition to have the
product of an H:} and H*? function in H". Thus u € C%lHSH.
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Now let us prove the second point of our theorem: Let u and v’ be two
solutions associated to f1 and fo defined on [0,77] with 71 < T™(Moy, Ro).
Then U = u — u’ verifies:

WU+ (u+V)- VU +U-V)V +ud)=Ur+F

where F' = f — f’. We can rewrite this equation as
2
O,U +> AU+ BU=F
i=1
= 81?1 + O} 1+ 8271 + O9tt}
here A; = (u; )1 B = — 1 = 1),

where ! (uz + VZ) 2 and <31V2 + 3111/2 -1 82‘/2 + 322/2
Then by Theorem 1 of [32], for any 0 < r < s we have:

Ty (1A g g, +1Azlgs sz 1Bl s s

)
HUHLCEHT < Ce : HFHLITIHT

Vv +Mo+1)T
oMWty
1

< CGC(C(M(),R())-i-M()-i-l)Tl HV _ Vl

N

HLITI Hr
where we used 2.7 in the last inequality. O

2.3. Continuity equations. In this subsection we still fix s > 3, u €
CrH"LNCLH?®, (p,w) € (C7H®)?, V = —V1g* (p +w), x smooth with
compact support such that [y =1, V=- (fwo + po) Vigsy,v=u+V
and we consider the following continuity equations:

{atw +div(@V) =0

2.8

with initial conditions (po,wo).

Theorem 2.10. Let u,p,w be as in the upper paragraph, there exists a solu-
tion (p,w) € CrH*NCLH*! of [2), unique in CrL*. Moreover, we have
the following estimates:

Tllull e 1

~ T
170 e 2o < ool € exp (eI T V0| ey )

~ T(|VV
1@l e gre < Moo T e

10601 Lo prs—1 < C(A 4/ Rrlp+ w)) [lp + wll oo grs |9l oo prs

(07101 < € (| f 40

Now let p1 and pa be two solutions associated to two velocity fields v1 =
ur + V and vy = ug + V with same initial conditions, and @1 and o be
two solutions associated to two wvelocity fields Vi and Vo with same initial
conditions, then we have the following estimates:

Flullprzen ) iz

|01 = @all oo 2 < CT Vi = Vall peo 2 l|wall oo s

~ ~ ~ T
161 = all e 12 < CT 1Bl o s 1o — vilpgeprn €1 VF7°.
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We will also give a general lemma to control the support of a compactly
supported solution of a continuity equation:
Lemma 2.11. If u is the solution of the following continuity equation,
Op + div(pa) =0

with a € CoWh*® and po with compact support, then i has compact support
and

(2.9) Rrlp] < Rlpo] + T ||a||L;°L°° :
In order to prove the main theorem we will need the following result:

Lemma 2.12. If a is a lipschitz vector field, uo € L* and f € LLL? then
there exists a unique solution of the continuity equation

O+ div(ua) = f

in CrL?. Moreover we have the following estimate

t
(210)  [u®lle < (uuoup + [ d7> e LI (@) ()l oo dr
0

Proof of Lemma 213 The existence and uniqueness of the solution in CpL?
can be obtained by Theorem 3.19 and Remark 3.20 of [2]. Moreover by
Proposition 6 of [I], we know that for all ¢ and almost every = we have

:U’(t’X(t’x)) :MO(x)
+/0 <div(a)(s,X(S,:c)),u(s,X(s,x)) —}—f(s,X(s,x))) ds

where X is the flow associated to a. Let us denote h(t,z) = h(t, X (t,z)) for
any function h. Taking the L? norm of the upper inequality we get

@2 < luoll gz + (| Fll o pe +/0 [div(a)(s)l| oo ()] 2 -

Thus by Gronwall lemma,

IE@ 2 < (Nleollz + [[F]l 1y z2)e

Now remark that for any L? function g,

/ (X (t,2))? da = / IX @@ de < gl e

by inequality (7) of [I]. Using it for 77 and f we get inequality EI0L O

laiv(a)l g poe

ldiv(a)lp o

Now we prove the main theorem of the section:

Proof of Theorem [Z10. Let us know use the previous lemma to prove the
H? bound on @. Let o be a multi-index such that |a| < s. Then, since V is
divergent-free,

0;0%0 + div(Vo“w) = F*
where F'® is a combination of 0*'V -0*?Vw with |a1|+ |ag| = s, |ag] < s—1
and |a;| > 1. Thus by the upper estimate (ZI0]), since V' is divergent-free,
we have:

t
10°5(0) 2 < (ua%oum + [l d¢) |
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If || < s — 1, then

[0V - 0%V wl| 2 < 0%V oc |07 V&S| 2
< [0 V] g2 0%V 12
< IVVI s 1@l -
If |on| = s, then ap = 0, thus

[0V - 9%Vl o < [IVV | s VW] e

< IVVIgs VOl g2
< IVV s ol g -

Thus

t
[0%@(8)]| 2 < <||<9°‘@o\|L2 +C/O NV s o) s d7> :

Summing over all indices «, we get

t
(O] s < (H@oHHs +C/0 NV gz 19T s dT) :
By Gronwall’s lemma we get the first inequality of our theorem. Now we
will prove the estimate on p. For a multi-index « with |a| < s we also have
0, 0%p + div(vd“p) = F“.

Because v is not divergent-free, F'* is now a combination of 90%'vd*?p
where |a1| + |ag| = s+ 1, |a1] = 1 and |ag| < s. If |a1| < s — 1, we have

[0%10 - 0% p] 2 < 107 0| oo 1072 2
< 0% 0l g2 0% 2

< IVollgs 121 s -

Now if |ay| = s or s+ 1 (respectively |ag| =0 or 1),
[0%t0 - 0% p] 2 < IVl g 1072l oo
< IVollgs 10720 12

< IVollgs 121 s -

Thus

10301 <<\|3°‘,50||L2

t
te [ IV e 15 dT) o K1)l o (1) 7
0

Summing over all indices «, we get

t . T .
1P| s < (Hﬁol!Hs +0/0 Vo) s [1PCT) s dT> e lo Il e (7) 7

t T
< <HﬁO”Hs + CA HVU(T)”HS ”ﬁ(T)HHS dT> ecf() HU(T)“HS dr

because div(v) = div(u). The corresponding estimate follows by Gronwall’s
lemma.
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Now let us bound the time derivatives of @ and p. Take o a multi-index
with || < s —1, then
00°G = -0V -VB) = > Capad™V-VI™0.
al1tas=a
Moreover,
[0V - VO 0| 2 < [|0M V][ oo [VO*20]| 2

CIVIl oo + IVV I o) ol e -

NN

Now by Proposition [2.G],

VL < CV Rrlp+wllp+wl g

and [|[VV|| ;. < Clp+ wl| js- Thus we have our estimate.
Let us do the same kind of computations for p:

0,0%p = 0%(div(u)p+u-Vp+V -Vp).
If log + ol =s—1,

|04+ 0V ]| 2 < 10w |

o*? %p‘

| L
[l s 161 s -

We do the same estimates for every term composing 9%(div(u)p), except for

<
<

0% div(w)pll 2 < [l s 1] oo
< lwll o 101 s -
Now for the third term, if |a; + as] = s — 1,
[0°4V - Vo2 p]| o < (|0 V| o (IVO?2P] 2

<C‘/(Po+wo)

/(Po + wo)

by Proposition Thus we have the estimate we wanted to prove.
Now let us prove the last point of our theorem. Substracting the two
continuity equations followed by w; and wsy, we have

815(@1 — (?)2) + diV(Vl((?}l — &32)) = (‘/2 — ‘/1) . VLTJQ
Using estimate (2I0]), we have

10° Vg # x| oo 1]l g5

<C

P[] £

T
11~ Gall e < e [ 10 = Vo) - Viala (r) dr
0
SCOT Vi = Val e g2 llwall s -
Now we prove the last estimate we need for p; — po:
O (p1 — p2) +div(vi(pr — p2)) = (v2 — v1) - Vo + div(va — v1)po.

We can bound the second term the same way that we did for the previous
one:

[[(ve — 1) - Vo +div(vy — v1)pall 2 < |lvr —v2|lp2 Vo2l e

+ [Idiv(vr = v2)l[ 2 o2 Lo
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< 2||vr — vall g (192l g5 -
Thus by 210),

~ ~ ~ T||di
171 = B2l o2 < OT [Ball e s llvz = vill e e N0

~ T
< CT Wallgea e = vill e o € 2107

because div(vy) = div(uy). O
Now let us prove lemma 21T}

Proof of Lemma [211. Solving the continuity equation by characteristics, we
see that

supp(u(t)) = 9" (supp(1(0)))
where v is the flow associated to a. Moreover, for x € supp uo,

9! (@)] < [0 ()] + [9' () = 90 ()]

t
<ol + ' [ atrr@nar
< Rlpwo) +T HGHL;?LOO .

Taking the supremum for all z in supp(uo), we get (Z9).
U

2.4. Monokinetic spray System. In this section we prove the well-posedness
result of system (L)), that is Theorem 2T}

Proof of Theorem [2l. Let (pg,wo) € H®, ug € H*T! and x be a smooth
function with compact support such that [y = 1. We recall that

My = max(||poll s » [|woll grs » l|woll gs+1); Ro = R[po + wo

and

Xr = {(w,p) € LFH*N C'Tflsi1 w(0) = wo, p(0) = po,

1ol e 1re < 2Mos ol s 1z- < 2Mo, Rrlp + ] < 2R,
v e 0.71 [ (o0 +(0) = [ o0+ i),
vt,t' € [0,T), ||p(t) — p(t")|| your < LIt =¥,

|w(®) = w(®)|| yor < LIt =], }

with L > 0 that we will fix later on. Let us justify that X7 is the complete
metric space for the distance

d((p1,w1), (p2,w2)) = llp1 — PQHL%OL? + [lwr — Wz”L;?L? :

It is sufficient to prove that Xr is closed in (L$L?)%. Let us consider a
sequence of functions (py,wy) in X7 and (p,w) € (L L?)? such that

d(([)N,WN), (p7w)) N:Zo 0

and prove that (p,w) € Xp. By Banach-Alaoglu’s theorem, since H*® is
a Hilbert space, for almost every time there exists a subsequence p, ) (t)
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that converges weakly in H*. Thus by uniqueness of the limit in weak L2
Pe.(n)(t) converges weakly to p(t) for almost every ¢t € [0,T]. By lower
semi-continuity of the H® norm we get that

(2.11) 1ol o e < 2Mo.

By the same kind of argument we can prove that

(2.12) ||W||L39HS < 2Mp.

and that for all ¢,¢' € [0, 7]

. lo0) = o) < it~
l|w(t) = w(t)]| gour < LIt —1].

As a consequence p and w are continuous in time with value in H*~! and
thus

(214) p(0) = po.

Moreover for all ¢t € [0,T],

[ t50amn (A ® + @)~ [ Loam (20 +w*(0) =0

by strong convergence in L?. Thus p and w have compact support and
(2.15) R[p + w] < 2Ry.

Finally, compact support and convergence in L? implies convergence in L'
so we get that for every t € [0, T,

(210 [ttt +wie) = [ oo+ ).
Inequalities (211), (Z12), @I3), ZI4), (2I5) and (ZI0) gives us that

(p,w) € X7, so Xr is closed in L¥L.
Now let us build a contraction Xy — Xp. For (p,w) € Xp fixed, we
have defined
o V=-Vigx(p+tw)
o Vi=—([po+uwo) Vg x
o = (V—V)J‘ — (VV)V
By Corollary 27 f € L%OHS+1 NCrH?®. Let T7 be sufficiently small so
that Theorem [Z9] can be applied and u be the solution of ([2.6]) given by this
theorem, v = u + V, and (p,@) be the solution of (ZJ) given by Theorem
T30 According to Theorem 29l the smallness of 77 depends on My and
Ry. Now let us justify that for small enough 75 < 77, we have (p,w) € Xp,.
By Theorem 2.9 we have the following estimates:

T [lul o s

~ T lull oo
L I e TP

~ T ||VV||
HWHL%C;HS < |woll e Lg H°

Remark that
19V g e < Cllp+ll e e < ACMo
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by Proposition Moreover by Proposition and Theorem [2.9]
HVUHL%;HS = ”uHL%C;HS‘H + HVVHLCEHS
< 2My 4+ CRyMy
Thus H,0||L%;HS < 2Mjp and ||(,uHL%;HS < 2My if T < Ty and T5 small

enough with respect to My and Ry. Now, by Lemma 2.IT] and point (3) of
Proposition [Z6] if 0 < t < T we have

R[p(t) +w(t)] < R[p(t)] + Rlw(t)]
Ro+t(||lvllpoe + IVl 1oo)
Ro +t(|ull e + V| poo + IVl 1)

+CVERplp+wlllp+w|g)

Ry + T2(2M0 + 2CRoMy + 4C/ ROMO)
2Ry
if Ty is small enough with respect to Ry and My. By Theorem 210}, we have:

1060l Lo -1 < C(L 4+ V Ry [p 4+ w)) [+ wll poo s W]l Lo s
2 2 2
< C(l + 4/ 2R0)4M02M0
18ePll 0 g1 < <'/Po +wo | + HUHL‘X’QHSH> 1Pl 56 £z
Py T 2

C
< C(2Ro My + 2Mo) 2 M.

/

NN

N

Ro—i—t(?Mg—i—C‘/po—FwO

NI

Choosing L large enough (with respect to My and Ry), we have
10¢0]| 00 prs—1 < L
Ty
107 20 o1 < L.
2

Thus we have built a map @ : (p,w) — (p,w) such that ®(X7,) C Xp,. We
will now prove that @ is a contraction for the L3 L? norm.

Let (p1,w1), (p2,w2) € Xy, (p1,w1) = ®(p1,w1) and (p2,w2) = P(p2,w2).
By Theorem 210, we have

|1 — CNU?HL;S;LQ <O [|Vi — V’ZHLELQ H@”L;%HS

and

~ ~ ~ CTHUIHLOO H3
1 = P2l peo 12 < CTa ||p2|l oo g [lv2 — V1l oo g1 € LI
Th s Ty

Moreover, by Theorem

CeC (Mo, Ro)T> IV

[lva — UlHLgf;Hl = |luz — U1||L392H1 < - V2HL;°2H1

Thus
||l — CTJ2||L35;L2 +lp1 — ﬁzHLgs;L?

< 20Ty My ||V; — VzIIL;s;m
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+ 2CT2M0620T2M0CeC’(M07R0)T2 ||‘/'1 _ V2HL§9 g1
2
< C(Mo, Ry, T)T ||V1 — VQHL%‘;Hl
for any T < T7 < T. Moreover,
Vi~ Vallge
< IVi = Vallys g2+ V(e = V2) | 1
2 2
1
< C(1+ (4Ro + (4R0)*)7) [lp1 + w1 — p2 — WQHL%ZLQ

by Claims (2) and (6) of Proposition Thus @ is a contraction if T is

small enough (with respect to My and Ry), so it has a unique fixed point

(p,w) € Xry,. O
3. MEAN-FIELD LIMIT

In this section we prove Theorem [[L6, Proposition [[.7 and Proposition
[LI0l Let us begin by proving Theorem

3.1. Proof of Theorem We want to compute the derivative of the
functional Hy = 11 + To + T5 + Ty + T5 + T defined in (LI0). We will
denote a = w + p and ay = wy + pN-

L=+ Z o(q:) — pil?
= [ gle -t dran(t, dy
R2ZxR2\A
= [ gle-yaltealty)dedy
R2ZxR2\A
T, = —2/ gz —y)a(t,x) dedayn(t,y)
R2xR2\A
T5 = w(t) — wn ()72
By In(N)

N 2N
Claim: For every t € [0,T], we have

Ts =

N
25 Ve (vl) ~ )
=1
9 N
(3.1) "y ng )+ Vo x (wn — a)(a)

J#z
+ 2 // v(t,z) - Vg(z —y)pn(t, dz)(any — a)(t, dy)
R2xR2\A
=T +Ti2+T13.
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Proof of C’laz’mlﬂ Since v € C1([0,T] x R?,R?) we can compute

ddj;l _if Z v(a:) (Ow(g) + (pi - V)vla:) — pi)

:—Z v(qi) — pi) <—(U'V)v(qz‘)+(v—V)l(q2‘)

+ (pi - V)v(@:) — pi + Vg + wn () NZVQ )
J#z
9 N
=2 S wla) - p) - (<<pi — o(t.00) - D)olas) + (vla:) — pi)*

=1

+ Vg (wn — a)(q:) ZVg >

J#z

2

g i=1
J#
9 N
e 1o
-y P (NZVQ(%‘ — ) + Vg * (wn — 0‘)(%)>
-
2 & 1 &
+ Zv(qz') : (NZVQ(%‘ —qj) + Vg (wy - O‘)(qi)>
=
2 iv ‘ ®2
= — N - v(qz) (U(Qz) - pl)
N N
2y (BT )+ T e
i=1 i=1
J#

i //RW\A v(t2) - Vg(o = ylon(t, dz) d(aw — a)(t,y)

=T +Ti2+ T3
|

In the incoming computations, we will only find terms which look like
T 2, that is, terms depending on p; (which will cancel out) or like 77 3, that
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is terms of the form:

// Alt,z) - Vg(z — y) du(e) dv(y)
R2xR2\A

with A a smooth vector field (for example v or V) and u, v some signed
finite measures (for example a or p — py). We will finish our computations
grouping all terms corresponding to the same vector field A. Let us now
compute the time derivative of T5. Notice that the energy

Z il e v dantt ) dax(ty)

of System (L3)) is constant in time (for more details see Proposition 5.1 of

[33]). Thus, we have
| X
T =&En — N;|pi|2
1=

and
N
dT: 2
T;:_szi‘< — Vg *wn(g) ——ZVQ >
i=1
J#z
(3.2) ,
=P (Vg*aw ¢) ZVQ )
i=1

J#l
= T271.

Let us compute the time derivative of the third term:
Claim: Ty € W1°°([0,T]) and for almost every t € [0,T], we have

dT;
— =2 : _ _
(3.3) dt //RMR2 v(t, @) - Vg(z = y)p(t, x)a(t, y) de dy
=:T37.

Proof of Claim[33 Let (g,)o<n<1 be a family of smooth functions such that

o gp(z) =g(x) if [z =>n,
* [gy(z)] < \g(g)!,

o [Vgy(2)| < Tl

* gn(—) = gy(2)

o Vgy(—x) = =Vygy,(z)

For 0 <s,t <T and 0 <n < 1, we have

T(t) — Ts(s) = //g(fC —y)(a(t,z)a(t,y) — als,z)a(s,y)) dz dy.
Remark that

[ lsnte = it w)att.p) — ats.s)als, vl deay
< // 90 — 9)l(alt, 2)alt,y) — als, z)als,y))] dzdy < +oo
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because « has compact support. Thus by dominated convergence theorem
we have

(34) T3(t) - T3(S) = 71]1_% ﬂ gn(m - y)(a(t7 .%')Ck(t, y) - (X(S, 1’)04(87 y)) dz dy
Since gy, is smooth and « has compact support, we have by (LL8) that

t
[onta = watt) - aa)do= [ [+ wV)o) Vgylo - ) dodr

Since (pv +wV) x Vg, € L>=([0,T],C}(R? R)), we get from the upper equa-
tion that g,xa € W°°([0,T],C*(R? R)) and that for almost every ¢ € [0, 77,

O(gy * ) = —(pv + wV) x Vg,.

Thus we can use g, * a as a test function in (L&) to get

[[ont = wiattvatt.y) - ats,zjals. ) dody
[t revyevaas [ [orer) v, o)
- /st //(pv +wV)(1,2) - Vg, (y — x)a(r,y) de dy dr
+ /St //(pv +wV)(r,2) - Vgy(z — y)alr,y) de dy dr
_9 /: //(pv +wV)(r,2) - Vgo(z — y)alr,y) de dy dr.

Remark that for almost any 7 € [0, T], we have
/\Vgn z=y) - (pv+wV)(r,2)a(r,y)| dzdy

</ Hrw+wv><r,w>ra<7,y>rdwdy

Hpv—l—wVHLooLl sup sup/’

T7€[0,T]zER2 ’1’ - y’

< (||PHL§>9L1 HUHL%OLOO + HWHL%OLI HVHL%’LOO)RT[O‘] HOZHL%OLOO :

where the last inequality follows from the proof of Claim (3) of Thus
by dominated convergence theorem,

//gn(fﬂ —y)(alt,z)alt,y) —a(s,z)a(s,y)) drdy
= ///pv+wv (r,2) - Vg(a — y)o(r,y) dzdydr.

Combining the upper limit with (34]) we get that

T3(t) — T3(s) = 2/ //(pv +wV)(1,z) - Vg(x — y)a(r,y) dz dy dr.
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Remark that since Vgsa = —V+

/st //(”V)(T’ z) - Vg(z — y)a(r,y) dedydr = 0.

Finally, we get

Ty(t) — Ty(s) = 2 / t // () - V(e — y)p( 2)a(r y) de dy

which ends the proof of B3] for almost every t € [0, 7. O

, we have

Now for the fourth term, we state:

dTy

v :2// V(t,z) Vg(xr —y)(wny —w)(t,z)dedan(t,y)

-2 // v(t,x) - Vg(z —y)p(t,z)de dan(t,y)
9 N
N > pi-Vgrala)
i=1
=:Ty1+Tho+Tys3.
Proof of Claim[33. Recall that

Ty=—2 // o(z — y)a(t, z) dz dax (t,y)
——z2 [ gla -yttt ddy

N

-~ Z /Rg(m —q(t)a(t,x) dx.

i=1
Using g, in the same way we did for the previous claim, one can prove that
Ty is W1 and that for almost every ¢ € (0,7),

% :< — 2/ Vg(x —y) - (V(t,x)w(t,x) + p(t,z)v(t, z)) de day(t,y)
+2 [ Vgt =) Vit att.o)ex ) de dy)
N
+ % izlpi . /Vg(a: —qi)a(t,z)d
=A; + As.

Let us compute each term. For the second term in Aj, remark that:
[ 9ot =)Vttt aon (e dsdy
= [|] Vote =) V4ol ~ Jattaon (t.) dr dydan(t. 2

= // Vig(r —y) - Vgly — 2)alt, r)wn (t,y) de dy dan(t, 2)
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_ // <_/vlg(y —2)a(t, z) dx) -Vy(y — 2)wn(t,y) dy dan(t, z)
_ // V(t,y) - Vgly — 2)wn(t,y) dyday (¢, 2)
_ //V(t,x) Vy(r — y)wn(t, z) dz day(t, y).

It follows that

A =2 // V(t,z) Vg(x —y)(wy —w)(t,z)dedan(t,y)

2//v(t,x) -Vg(x —y)p(t,r)drdan(t,y)
=Ty1+Typo.

For the second term:

N
2
Ay = N z;pi . /Vg(qi —x)a(t,z)dx

o N

=% > i+ Vg ala)
=1

= T473.

We now need to differentiate the last term with respect to time.
Claim: For almost every t € [0,T] we have:

dTs
(3.6) I = —Q/Vw (V= Vn)(w — wn)

= T571.

Proof of C’laz’mlﬂ Let (x5)np>0 be a sequence of mollifiers with compact
support and set wi, = x, * wy. For ¢, s € [0, T, we have

75(0) ~ T5(s) = [ fo(®) — o) = [ fu(s) —an(o)P
= lim [ ult) =R OF - [ lu(s) ~ R )P
—tin [* - ([ ) -3 ) ar

= [ tn) =R P =2 [ =) divieV — xp ¢ (V)
=2 /(w —wi) div(w(V = Vn) + (w — wl) V)
+2 /(w — wil) div(wi{ Vv — xn * (WNVn))

=2 /(w —wl)Vw - (V = Vy)
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+ 2/(w —wil)V(w—wl) VN
+ Q/wdiv(wyvVN — xn * (WN V)

— 2/“?\7 div(wh VN — Xy * (wn V).

For the first term, remark that for any 1 < p < +oo, we have Vy € LI and

loc

1 1
wi —>0 wp in L? where — + — = 1. Thus since w — wy has compact support
n—

and Vw € L, we have
2/(w—wK,)Vw-(V—VN)—>O2/(w—wN)Vw-(V—VN).
n—

Remark also that the second term cancels out because Vi is divergent-free:

1
/(w—w?v)VN-V(w—w?V):—i/VN-V|w—w}7V|2:O

We will now prove that the two last term tends to zero. For the third term,
we integrate by parts to get:

2 /wdiv(w?\,VN —Xn * (WNWN)) = —2/Vw (Wl VN = xn * (WNVN))

Since WiV — wn Vi, Xy * (WNVN) — wnVa in L' and Vw € L*®, we
n—0 n—0
have
9 (W — —0.
/Vw (WhVN = xn * (wn V) n—>00

For the last term, since all the ¢; are outside of the support of wy (see
Remark [[3)), they are also outside of the support of w; if 7 is small enough.
Thus we have:

Vv € WhP(suppw})
for any 2 < p < 400. By the commutator estimate of DiPerna and Lions in
[16] (see [14] Lemma 2.2] for more details) we get

V * —0 in Li- ..
[ N5 Xn ]wN =0 m Lige
Since w}; is uniformly bounded in L, we obtain

n
/wN[VN, Xn*|lwn njO) 0.
which ends the proof of Claim (]
Remark that all terms depending on p; (coming from Equations (B.J])

B2) and ([B3)) cancels out, that is
Tio+To1 +Ty3=0.

Now let us group all terms of the form

// v(t, ) - Va(z — y) du(z) dv(y)
R2XxR2\A

coming from Equations (3.1) (B3] and (3.35):
Ti3+ T30+ +Tup
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=2 //szRm v(t,z) - Vg(z —y)(pn @ (an — @) — p®@ an + p® o)(dzdy)
=2 [ ) el = o o) )t
=92 //R2XR2\A v(t,z) - Vg(zr —y)d(a — an)(t,z) dla — ay)(t,y)
- //M2\A v(t:2) - V(o = y)(w —wn)(t2) drd(a — an)(ty)
- // (v(t,z) —v(t,y)) - Vg(z — y) d(e — an)(t, z) d(a — an)(t,y)
R2xR2\A

+ 2/vl(t,w) (V= V)t 2)(w — wn)(t,z)dz
because
’ //R2><R2\A v(t,z) - Vg(r —y)d(a—an)(t, z) d(a = an)(t,y)
— // v(t,z) - Vg(xr —y)d(a —an)(t,z)d(a — an)(t,y)
R2xR2\A
+ //R?xR?\A v(t,y) - Vg(y —z)d(a — ay)(t,y) d(a — ay)(t, x)

= // (v(t,z) —v(t,y)) - Vg(z —y) d(e — an)(t,z) d(a —an)(t,y).
R2xR2\A
Let us do the same for V' (there is only one term, coming from ([B.5)):

Ty = 2// V(t,z) Vg(x —y)(wny —w)(t,z)dedan(t,y)

= 2// V(t,z) Vg(x —y)(wy —w)(t,z)ded(a — an)(t,y)

because
[ Vita) - Vota — p)on — )t e)att ) dsdy
= /V(t,x)(wN —w)(t,z) -Vt z) da
=0.
Thus

Ty = —2//Vl(t,m) (V =Vn)(t,2)(w(t,z) — wn(t,x)) da.
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Putting all terms together, we obtain

(3.7 )
L Z : (v(as) - pi)®?

v(t,z) — v . xr — o —ay)®?(dz
+ //RW\A( (t,2) = v(t,)) - Vg(z — y)(o — an)(dz dy)

+ A-(V—VN)(w—wN)
R2
=: R+ Ro+ R3

with A = 2(vt —V+—Vw). In order to control R3, we will need the following
result:

Lemma 3.1. If A € L*°, then there exists A > 0 such that
‘/A'(V_VN)(W_WN)‘ < C<~F(W+p_WNaQN)

In(N
o =l + 2 4 V)

where F is the functionnal defined in[1.9.
Proof. Let us fix I = [[A-(V — Vy)(w — wn), then

f—// Vo — y)(w — wn)(@) dw + p— wy — pw)(y) ds

_ /vg # [A(w — wn)] W) (@ + p — wn — ) (dy).

Denote

o (v = Vg [Alw — wn)],
® N =W+ p—wWN.
Then

I= / Ex () (in — p)(dy).

Using Proposition (proved in [48]), we get that for any 0 < 6 < 1,
there exists a constant A > 0 such that

1] <Cllénllgoo N7
In(N)\ 2
=

Remark that, by Morrey theorem and Calderén-Zygmund inequality, for
some p depending on 6 that we can choose to be such that p > 2, we have

O Vel (me,@N) (14 ] ) N1 4 2D
’Vzg* w—wN)]HLp

A
|

Allgee (1] o + il )

€x 1l co.o
(w WN)HLP

AHLOO [|w — WNHLp

|
|
|
|

NN N
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since V' and Vi are divergent free, thus by [L.T1]
1€nllcoe < C.
where C' is independant of N. Now, by Calderén-Zygmund inequality,
V29 # [Alw = wn)]|| > < [All e lw = wll g2 -

Thus we obtain the inequality we wanted to prove. O

Let us get back to the expression of
We have

N

Ry < 290Mee 5~ o)

(3.8) 1 X N |U(Ql) pl| .
i=1

N = R + Ry + R3 given by (B.7]).

Using Proposition (proved in [48]) with p = uyy = w+p —wy € L™
(with a uniform bound in N on the L* norm), we get

Ry <[Vl (m T p—wn Q) + (1+ lanll )N =5 +

o

3.9 _1
(3:9) + C ol poe 1wl poe N2 + [Vl poo (] oo N

_1
+ OVl pee (14 [lpn |l L) N2

Now using Lemma B.1], since V', v and Vw are in L,
In(N
(3.10) R3§C<}"(w+p—wN,QN) n( ) é) .

N
Combining inequalities B.8] B:QI and B.10]

dH N
—<c< qu@ il 4 o — w2

—i—]—"(w—l—p—wN,QN)—i—N_B).

1A
with § = min <§, 5) Applying Gronwall’s lemma we get

Hy(t) < (Hn(0) + ON—F)eT
that is Inequality (CI4).

3.2. Proof of Proposition [I.7. Let ¢ be a smooth test function with
compact support in R*. We have:

1 N
/@(%5) <N Y Slaiwn — PO 55:v(x>> (dzd¢)
i=1

[p(qispi) — (gisv(qi))]

I
2|~
=

+
2= T
& ||Mz

-
Il

o(ai,0(a) / o(, v(2))p(x) dz

’ﬂ
+
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Let us bound T7:

T < Zuso (@i )l i — v(@5)].

By Cauchy-Schwarz inequality:

N 2
1
(3.11) T1| < Cllellypro (N > pi— v(qi)!2> :

i=1

For the second term:

1) = ' [ eteso@io - p)tan

< llvolao)lgz llp = pnllg-2-
Let f = (Id,v), then

312) ool < CU+ Vel sw [THoo

Now let 1) = V¥o for some k € {0,1,2}, then
wo i = [ ottt ) do
<sup [ oo y)P do
y

< 1 Fllwsa

where F(y) = [ [¢(z,y)* dz. Remark that
0, W) =2 [ 0,0(0.1) - 6(a.p) ds

< / 10,0, y) da + / (e, )P da

35

Doing the same computations for all derivatives of F' of order less or equal

than three and integrating in y gives us

2
[E s < Cllblls -
From (B.12]) and the upper equation we get

2
(3.13) oo fllg < CA+[IVullje) el gs -
Now,
o= pnllg— < llp+w—=pn —wnllg-2 + lw—wn g2
SCllw—wnllp2+llp+w—py—wnllg-—-

By Proposition for any £ € C*°,

‘ / g<p+w . —pN)‘ <ON[|Ellcos

+C €l g <f(w +p—wN,Qn) + N7
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1
In N 2
+(1+HP+W—WNHL00)NI+DT> :

Taking # small enough to have H? — C%  we get

(3.14) |lp+w—pn —wn|g-2 < C<.7:(w+p—wN,QN)+N_>\

InN\2
(Lt o+ —anll)N T+ 5T )

Combining inequalities B.1T], B.13] and B.14],

1 N
'/@(%5) (ﬁz5(qi7pz — P 0= v(z))
=1

1
+ O+ llpll oo + Il oo + Rl )N ~7) 2

for some § > 0. Thus we get (LIO). It follows from this estimate that if
HR, — 0, then

O+ Volfye) lell s (M

wWN — W
L°°L2

NZ (qi>pi) L°°H 5p®5§ v(t,@)-
=1

Remark that in equation ([BI4)) we could have taken H'*t® «— C%% for any
positive a, and since wy — w in L?, we get

—
PN — P
for any a < —1, which concludes the proof of Proposition [L7

3.3. Proof of Proposition We have

/ 9(x —y)(po +wo — prno — wN7o)®2(dx dy)
(R2xR2)\A

=F(po,Qnp) + / g(x — y)(wo — wn,0)**(da dy)
(R2XR2)\A

9 / g(z — y)(wo — w0) ® (po — pvo)( dz dy)
(R2xR2)\A

As in section 1.4 of [48] we compute

[ 9t = )o@ ~ oxale) (o) - wnol)) dedy
—/( Ag * (wo —wn,0))g * (wWo — wn0)

= / Vg * (wo — wi,0)|”

1
< C(Rlwo — wi 0] + Rlwo — wn,0]*)? lwo — wavol| 2
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using Claim (6) of Proposition Moreover,

2/ g(z —y)(wo —wn,0) @ (po — pn,o)(dz dy)
(R2xR2)\A

:/g*po(m)(wo—wMo) )dz — —Z/ z)(wo — wn,0)(z) dz

<lg * pO”LQ(B(O,R[wo—wMO}) lwo — w0l 2

1
+ N Zl ||g||L2(B(qi7R[w0—wN’0]) ||w0 - WN,OHLQ .
1=

Thus since wy,p and 4, ..., q?v have compact support uniformly in N, if

— — 0
leono = woll —

F(po,@n,0) N 0

then

/ 9(z — ) (po + wo — prvo — wno) 2 (dzdy) —> 0.
(R2xR2)\A

N—+4o00

It is proved in Theorem 1.1 of [I§] that the convergence of F(pg, Qn,0) to zero

is ensured by the weak-* convergence of pno to pg and the convergence of
1 .
N2 Z g(q) — q]Q) to [ g(x — y)po(x)po(y) dz dy, which ends the proof
1<iAj<N
of Proposition [[LI0l
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