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VARIANCE ESTIMATION FOR SEQUENTIAL MONTE CARLO ALGORITHMS: A

BACKWARD SAMPLING APPROACH

YAZID JANATI EL IDRISSI, SYLVAIN LE CORFF, YOHAN PETETIN

ABSTRACT. In this paper, we consider the problem of online asymptotic variance estimation for par-
ticle filtering and smoothing. Current solutions for the particle filter rely on the particle genealogy and
are either unstable or hard to tune in practice. We propose to mitigate these limitations by introducing
a new estimator of the asymptotic variance based on the so called backward weights. The resulting
estimator is weakly consistent and trades computational cost for more stability and reduced variance.
We also propose a more computationally efficient estimator inspired by the PaRIS algorithm of [33].
As an application, particle smoothing is considered and an estimator of the asymptotic variance of the
Forward Filtering Backward Smoothing estimator applied to additive functionals is provided.
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1. INTRODUCTION

Sequential Monte Carlo (SMC) methods offer a flexible framework for the approximation of
posterior distributions in the context of Bayesian inference, for instance in Hidden Markov Models
(HMM). These models presuppose that the observations are defined using an unobserved process
assumed to be a Markov chain. In such a setting, we are particularly interested in estimating the law
of a hidden state given all past observations referred to as the filtering distribution and the laws of
sequences of states given past and future observations, referred to as smoothing distributions. These
distributions can be approximated by weighted empirical measures associated with random samples,
usually known as particles. All SMC methods are based on successive importance sampling and
resampling steps. When a new observation is available, new particles are sampled according to an
importance distribution and then they are weighted to match the target distribution. Finally, through
a resampling scheme, particles with large weights are duplicated while low weighted particles are
discarded. This general procedure has been used in a wide range of applications such as signal
processing, target tracking, econometrics, biology, see [3, 6, 16] and the references therein.

The quantification of the Monte Carlo error of SMC estimators is a major challenge. For a vari-
ety of SMC methods such as the bootstrap filter [23] or the Forward Filtering Backward Smoothing
(FFBS) [37] algorithms, Central Limit Theorems (CLT) with theoretical expressions of the asymp-
totic variance (in the number of particles) have been derived [13, 5, 26, 15]. However, these expres-
sions are not computable in practice and give rise to the natural question of their estimation. Since
this problem appears in an online context, a critical constraint is that the samples produced by the
original SMC algorithm should be recycled to compute such estimates.

This problem has received some satisfactory solutions recently: a simple estimator of the asymp-
totic variance has been proposed in [4] for the bootstrap filter algorithm and has since been refined in
[27, 32, 18]. The computation of the associated asymptotic variance estimator at time ¢ is based on
tracing the genealogy of each particle down to time 0. Although it has been shown to be consistent
as the number of particles N grows to infinity, it is particularly prone to instability when ¢ is large,
as the successive resampling steps lead to the well known path degeneracy issue. After a few time
steps, particles are likely to share the same ancestor at time 0 which in turn makes the asymptotic
variance estimates collapse. To overcome this degeneracy issue, [32] proposed to only trace a part of
the genealogy of each particle according to a fixed-lag parameter following the fixed-lag smoothing
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approach introduced in [31]. As long as the number of particles is balanced with the chosen lag, the
bias introduced by considering only the most recent ancestors of each particle can be controlled as
shown in [32]. However, while this alternative estimator remains easily computable, choosing an
optimal lag is a non trivial task which makes this approach hard to tune in practice. We thus address
the limitations of current asymptotic variance estimators in this paper.

The first contribution of this paper is to propose a parameter free estimator of the asymptotic
variance associated with the bootstrap particle filter that trades computational cost for stability and
reduced variance. The construction of our estimator starts from the observation that the aforemen-
tioned degeneracy is similar to that of classical SMC-based smoothing algorithms [17, 20, 35] or
Particle Markov Chain Monte Carlo algorithms such as the Particle Gibbs sampler [1]. In both
cases, a backward sampling step which aims at diversifying the particle trajectories has shown to be
a reliable workaround that decreases the (theoretical) variance of the estimators at the expense of
higher computational cost [22, 15, 33, 11, 29, 7]. We thus aim at introducing such a mechanism in
the estimation of the asymptotic variance. The construction of our estimator relies on the analysis
conducted in [27] in which it is shown that the estimator of [4] can be interpreted as a conditional
expectation with respect to the indices that retrace the genealogy of the particles, given all the par-
ticles and ancestors. We show that this construction still holds when the distribution of the indices
relies on the backward importance weights. The resulting estimator is computed by averaging aux-
iliary statistics that are very similar to those of the forward implementation of the FFBS for additive
functionals [12] and can be thus updated online. The time complexity per update of our estimator is
of order N3, Driven by the efficient implementation of the FFBS for additive functionals developed
in [33], we show that the computational cost of our estimator can be reduced from O(N?3) to O(N?)
by means of additional Monte Carlo simulation while remaining as competitive in terms of bias and
variance.

We next focus on the FFBS algorithm for the estimation of smoothing estimators. Despite the
fact that a CLT has been obtained for estimators based on the FFBS, no variance estimator has been
proposed in the literature. We show that our previous construction enables us to fill this gap and we
thus provide a consistent estimator in the case of additive functionals which are particularly critical,
for instance in the Expectation Maximization framework. Again, this estimator can be computed
online and in the particular case of marginal smoothing its computational cost can be drastically
reduced.

The paper is organized as follows. In Section 3 we briefly review the SMC framework and discuss
the current estimators of the asymptotic variance proposed in [4, 27, 32]. In Section 4, we introduce
our estimator based on the backward weights, propose an online implementation and establish its
asymptotic properties. In Section 5, we extend our derivations to the FFBS algorithm and provide an
asymptotic variance estimator. We finally validate our results with numerical experiments in Section
6. All additional proofs and discussions can be found in the appendix.

2. NOTATIONS

For any measurable space (E, £), we denote by F (&) the set of R valued, £-measurable functions,
by Fy(E) the subset of bounded functions on E, and by M(E) the set of measures on E. For any
u € M(E) and h € F(E), we write

(k)= [ hoylan).
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For any transition kernel M from (E, £) to another measurable space (G, G), define
/dey , YheF(G), VzeE.

and write M the measure defined on G by
uM(A) = /[L(dl‘)M(I,A) VAegG.
E

If M; is a transition kernel from (E, £) to (G, G) and My a transition kernel from (G, G) to (H, H),
then My M is a transition kernel from (E, &) to (H, ) defined by

My Ms(x, A) = / My (z,dy)Ms(y, A) VAeH.
G
In addition, My ® M is a transition kernel from (E, £) to (G x H,G ® H) defined by
My @ Ma(z, A) := /]lA(y,z)Ml(w,dy)Mg(y,dz) VeeE, A€GQH.

In particular, for all N > 1,we will write M &N for ®ZI\L1 M. For two £-measurable functions f, g
the tensor product is defined as

f®g:E 3 (z,y) —~ f(x)g(y) .

The L, norm of a random variable X is || X||, := E[X ] "4 The supremum norm of f € Fy(E)
is denoted by |f|s. The unit function 1 is such that 1(x) = 1 for all € E. The transpose of a
matrix A is denoted AT. If A, B € RM*N are two matrices, then the Hadamard product A® B is the
element-wise product, i.e foralll1 <¢{ < Mand1 < j < N,(A®B);; =a;,;b; ;. IfA€ RNV*N |
then Diag(A) is the N x N diagonal matrix such that for all 1 <+ < N, Diag(A),; = A;; and if
x € RV*! then Diag(x) is the N x N diagonal matrix such that Diag(z); ; = x;. For (a,b) € N2,
[a : b] := NN [a,b] and [b] := [1 : b]. If f is a mapping from [N]? to R, we denote by f the
associated N x N matrix such that f; ; = f(¢,7). Finally, we adopt the following conventions.

i ) : : ko k k :
Given some set {fl}se[o:t],z'e[N]’ we write gtl'N = (&, ,giN), oot = (&0, -, &), é;gN =

{fkuf}kofe NJ-

3. SEQUENTIAL MONTE CARLO

In this section, we first review the bootstrap particle filter methodology and recall the main as-
ymptotic results associated with the estimates produced by this algorithm. A state of the art and a
discussion of the estimation of the asymptotic variances related to this algorithm are also presented.

3.1. Definitions. Let (X, X’) be a general measurable space. Let My and (M;);cn be a probability
measure on (X, X') and a sequence of Markov transition kernels on X x X, respectively. Consider
also a family (g¢)en of non-negative X'-measurable functions, referred to as potentials. Throughout
this paper, we make the following assumptions on {M; };cn and {g: }ren-

(A1) The probability measure My admits mq as probability density with respect to some refer-
ence measure v € M(X). Forall t € Nand z; € X, Myy1(2+,.) admits myyq (x4, .) as
probability density with respect to v.

(A2) There exists a constant G, > 0 such that forallt € Nand z € X, 0 < ¢4(z) < G -
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Define the sequence of unnormalized transition kernels (Q;41):cn where, forallt € N, z; € X and
AeX,

Qiri1(zy, A) i= ge(w)Myg (2, A)
and, for any s,t € N2,

1d otherwise .

s® - ® ifs<t,
Qs:t::{Q Qt

Define recursively the sequence of measures (7o.¢)ten,

Yo(dzo) := Mo(dzo) ,  70:e(dzo:t) = Yorr—1(dwo:e—1) Qe (241, dzy) | 3.1

and let y;(dx¢) = fxt ~o:t(dzo.¢). Sequential Monte Carlo algorithms aim at solving recursively the
filtering problem, i.e. at estimating the sequence of probability measures defined as

ne(day) =y (D)ve(dae),  ¢e(day) = ge(ae)ne(dae) /mege) (3.2)

respectively called the predictive and filtering measures. Note that 7, can be computed recursively
using

ne(dxy) = /¢t71(dxt71)Mt($t—17d$t) . (3.3)
‘We motivate these definitions with the following example.

Example 3.1. Hidden Markov models consist of an unobserved state process { X} }:cn and observa-
tions {Y; }+en. They respectively evolve in two general measurable spaces (X, X) and (Y, ). Itis
assumed that { X} };cn is a Markov chain with transition kernels (M;1):en and initial distribution
Mj. Given the states { X, };en, the observations {Y; };cn are independent and for all ¢ € N, the con-
ditional distribution of the observation Y; only depends on the current state X;. This distribution is
written G (X4, .) and admits the potential g; (x4, .) as density (the dependence in Y; is made implicit
and we drop the second argument). Given an observation record Yj.;, the predictive and filtering
distributions (3.2) are then the distributions of X; given Yj.;—; and X; given Yj.; respectively.

These two distributions are of considerable interest in Bayesian filtering as they enable the es-
timation of the hidden states through the observed data record. Unfortunately only in a few cases,
such as discrete state spaces or linear and Gaussian HMM, can they be obtained in closed form, see
[3, 6] for a complete overview.

3.2. Particle filter. We now illustrate how to obtain empirical estimates of 7, and ¢, in an online
manner through Monte Carlo simulation. Assume that at time ¢ the empirical measure 1" (dz;) :=
N1 Ziil d¢:(dat) based on random samples {¢i}1<i<n approximates 7;(dz¢). Plugging n} in
(3.2) provides an approximation of ¢;(dz;),

N
O (day) ==Y Wide (day)
i=1
where W} 1= Q7 Yw!, wi == g4(€/) and Q; := Y"1 w! . Replacing ¢; by ¢1 in (3.3), we obtain the
mixture ¢ M, ; which allows to construct n,{YH by drawing N samples from it. We first sample for
all 1 <4 < N an ancestor index A} ~ Categorical(W}*"), and then sample &/ ~ Mt+1(§;4;, ).
The algorithm is initialized with the approximation of 7y = Mg, ¥ := N1 Zf;l O¢i (dxt) where

N = Mg9 N and coincides with the bootstrap algorithm [23]. Note that this mechanism has been
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extended in many directions in the past decades [34, 14, 6]
Alongside )Y and ¢, the particle approximation of the unnormalized marginal -y, (dz;) is given by

AN (day) == { HN 10, }m (dzy), Vt>0, (3.4)
s=0
and Y (dzo) = 1} (dxo) . In particular, 7;¥ (h) is unbiased for any measurable function & [9].
In the remainder of this paper we denote by FN the o-field containing all the particles and
ancestors up to time ¢, i.e. F7 = o (&Y, ASY ).

3.3. Asymptotic variance estimation in particle filters. The particle filter described above yields
consistent estimators, see for instance [3, 16, 6, 30, 9] and references therein for a complete overview.
Indeed, for a test function h € Fy(X) and under assumption (A2), the SMC estimators satisfy a
Strong Law of Large Numbers when the number of particles /N goes to infinity, i.e.

V' (h) = wh), 0 (B) 5 om(h) e (h) =5 n(h) (3.5)

Under the same assumptions, CLTs for 7Y (h), n¥ (h) and ¢} (h) are also available [13, 5]:
VN (N (h) = v(h)) ?)OJ\/(QV%(h)) ,
VN (n]N (h) — ni(h)) ?)ON(O,V;;g (h)) . (3.6)
VRO () = uh) = N(0.VE5(R)

where =—> denotes weak convergence and

=3 {17 (Qurra[h)?) — (h)?} 3.7)
s=0
00 (1) ; %(l)vs(QsH:t[h—nt(h)]2)
Vs (h) = ; AL , (3.8)
o= (WY (Quralge{h — 6:(R)1?)
G ; Ye+1(1)? ' G2

An intuitive derivation of (3.7) is proposed in Section D of the appendix. The authors of [4] propose
to estimate (3.7) online using the samples produced by the particle filter described above. Their
estimator is based on the genealogy of the particle system induced by the successive resampling
steps of the particle filter. From the indices A!, it is possible to trace back the ancestors of each
particle and deduce the corresponding ancestor at time ¢ = 0. More interestingly, these ancestors
can be computed in a forward way by introducing the Eve indices E};’O. Forall i € [1 : N, Ei,o
describes the index of the ancestor at time 0 of particle ¢} and can be computed from

. Al
10 = E; 7 oLles0 +ili=o - (3.10)
As explained in [32], the asymptotic variance estimator of 7{¥ (h) obtained in [4] can be written as
Vl(h) = -N"" Z L ez, U006 = (WHAE) =¥ (W)} . G

i,j€[N

We sometimes refer to Vm(h) as the CLE (Chan & Lai Estimator). Note that it can be computed
online in a remarkably simple way since the Eve indices (3.10) are computed recursively. However,
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the counterpart of its computational simplicity is that it degenerates as soon as the ancestral paths
coalesce. Indeed, it is widely known in the SMC literature that all lineages eventually end up with
the same ancestor when ¢ is large enough with respect to the number of samples N (see e.g. [20,
Section 2.2] for a more detailed explanation). This means that for a fixed N, as ¢ grows and s < t,
El, = Elforall (i,5) € N* and V)Y, (k) = 0 for any test function h.

The degeneracy problem concerning (3.11) is partially addressed in [32] by truncating the ge-
nealogy of the particle system. Denoting A € [t] the lag and E! , | the ancestor of & at time ¢ — ),
their estimator reads 7

Vpit(h):==N"1 30 B g (W) - (WHME) -~ (W} (G12)

4,jE[N]?

In the regime where (3.11) degenerates, (3.12) can be made stable provided that the lag A is chosen
such that there is little asymptotic bias. However, besides the strong mixing case for which the
authors propose a heuristic, the practical choice of such a A, although crucial, is a non trivial task.

In [27] the CLE is revisited using different techniques based on [8, 1, 2]. These tools enable
them to derive a weakly consistent term by term estimator of (3.7) based on the unbiased estimation
of v;(h)? and of each (1), (Qs1:¢[h]?), for all s € [0 : ¢]. The construction of this second
estimator is appealing and insightful in that it helps identifying the deep root of the degeneracy
in the CLE. They indeed show that (3.11) and each ~,(1)~s (Qs+1;t[h]2) can be interpreted as a
conditional expectation with respect to particle indices that retrace the ancestral paths. Indeed, by
introducing discrete random variables K}, and K2, such that conditionally on 7}, K} and K? are
distributed uniformly on [IV] and such that for any s € [0 : ¢ — 1],

1 2

Kl = Ai{sﬂ7 Kf = 1K§+1¢K§+1A§s+1 + EK;+1:K§+1CS ,

S

where Cs ~ Categorical(WXV), then for example

t
K} K}
Vie(h) = =NE | T] Larsere {0 ) = nY (W) HR(E) niv(h)}‘ffv] :
s=0
1 2
An intuitive extension is to replace the deterministic assignments K} = Aﬁ(”l and K2 = Afs“

by random ones based on backward sampling. Essentially, the backward kernel samples at time s
1

. - - . ; i oK ; K
an index 7 with probability proportional to wims1(§%,§,7") (resp. wimgy1(£L,€,7")) and thus

allows to consider relevant trajectories which are not necessarily ancestral trajectories.

4. VARIANCE ESTIMATION WITH BACKWARD SAMPLING

In this section we present three variance estimators for the bootstrap particle filter. In Section
4.1, we lay out our methodology and derive a term by term variance estimator; its computation is
detailed in Section 4.2. In Sections 4.3 and 4.4, we provide two additional estimators that have a
lower computational cost. All the estimators are provided for the joint predictive distribution (3.4)
and the expressions for the predictor and filter are deferred to Section B.1 of the appendix.

4.1. Term by term variance estimator. For any t € N, let B; := {0, 1}!*1. Denote by 0 the null
vector in 3; and e, the vector with 1 at position s and 0 elsewhere. Let (X, X ;)56[0:25] be a bivariate
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Markov chain in (X?, X®?2) and depending on b € B; with initial distribution and transition kernels

M (dzo, dap) = Mo(dzo){Ly,—oMo(daf) + Lyy—10a, (dzf)} ,

4.1
MO (2 dz,d2") == My (2, d2) {1y, oMy (2, d2") + 1p,—10.(d2")}, VE>1.

Define also for any b € B, the measure Qy, ; by Qy o(dxo, dz) = /\/lg“ (dzg, dxy) and for t > 1:

t—1 ¢
Qp¢ (dwoy, dajyy ) := Mbe (dzg, day) H 922 (xy, x) H Mbs (251, 2,_1;das, dal) . (42)
s=0 s=1

The measure Qp ; is the joint distribution (3.1) of the Feynman-Kac model defined by the initial
distribution ./\/lg“, the transition kernels { MY }seq1:4) and by the potential functions { 9?2}56[11711-
Remark that for any i € F(X) such that h : 2o, — h(z;), we have that Qg +(h®?) = ~;(h)? and

Qe +(h®?) = 75 (1)7s(Qss1:2[R]?) - 4.3)

A generalization of (4.3) is proved in Proposition 5.1. Consequently, for i € F,(X') V3% (h) in (3.7)
can be rewritten as

t
V() = {Qe, 1(hf?) = Qo (hi?)} (4.4)
s=0

where h; : zo.; — h(x;). Following this observation, for a given b, an estimator of Q ;(h;) could
be obtained with a single run of a bootstrap particle filter in augmented dimension (i.e. relying on
the the bivariate transition Mft at time ¢ and on the weighing of the associated particles with g°%).
As a direct extension of (3.4), this estimator would be unbiased and as a byproduct, we would get
an unbiased estimator of (4.4). However, this procedure is not in line with our initial objective in the
sense that we aim at estimating (4.4) with the particles and indices already available.

In order to motivate and introduce our approach, let us consider the static situation where ¢ = 0,
bo = 0 and let (h, f) € Fy(X)?2. Then,

m D Lh@)&), & My @.5)
i,jE€[N]?
is an unbiased and almost sure convergent estimator of Qo o(h ® f) = MJ?*(h ® f) and only
relies on i.i.d. samples from M, rather than M(‘?2. Note that for h = f, we thus get an unbiased
estimator of yo(h)2. If by = 1, then N~ SN h(&}) f(£2) is an unbiased and consistent estimator
of Q1o(h ® f) = Mo(h).

Taking advantage of the fact that the particles at time ¢ are i.i.d. conditionally on F/¥,, we can
carry these simple observations to the sequential case in two directions as we now detail. Define for
any ¢ € N* the functional version of the backward weights:

—1(y)me(y, x) 2
BN (z,y) = — Tt . Y(z,y) e X2, (4.6)
' Zévzl wf—1mt(§f—17$)
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Assume that t = 1 and define for any (k3, k3) € [INV]? the following random variables that involve
the backward weights

a3 kL Lk} K2 k2\, oKLy o k2
6> (ko ko) = N(Nio—l) D LB LGB G EOMEN &Y, @)
SEETYE
Q3 kD kL k2, kD k2
EPP (ko ko) = WO Z a2 B1 (607, &V (€7 (&) (4.8)
ki €[N]?

and also the following which involve the ancestors

032 1 2
GT /1.1 1.2\ ._ 0 § N R ki k1
50 (k07k0) T N(N _ 1) kl:QG[NP ]]'Algl :ké7Aglzkg,k%7&krfh(£l )f(gl ) ) (49)
02 2 1 2
GT /7.1 1.2y . °°0 kg kq k1
&7 (ko ko) = N E , ké:Aﬁ,ki:k-fWO h(&M)f(&7") (4.10)

ky2e[N]?
Consider also Lemma 4.1 which states a crucial identity involving the backward weights.

Lemma 4.1. Forallt € N*, (x,y) € X2,
B (@, y)dp"  Mi(dz) = Q%?Mt(y,dm : (4.11)

and for any (k}_1,k}) € [N]?> and h € F(X),
B[BY (6", €77)h(E) | FYL] = B[

+ kt—1 kt—1
baeate MENIFEL] = W MRI(E2) . (412)

Applying Lemma 4.1 to (4.7) and (4.9) and using that given 72" the particles at t = 1 are i.i.d.,
we get

E[E85(kd, k2)|FY] = B[EST (ks k2)|FN] = oS (€5, &5 )ME[R @ f1(E5°, €0°)

and
B 3ty )] =] 5 vyaqElee 1R
kl2e[N]2 kl2e[N]2
5| S Ly R
ki2E[N]2
=N(N-1)Q01(h® f).
Similarly,
k?l k?2 k?l k‘2
E[ng(kéakg)’fév] :E[SFT(ké,kgﬂfév} :96@2( 0 oO)MHhQ@f]( 0 00) ;
and

B 5 LB )| = N0 - D0uatie ).
kg2 €[N]?
Therefore, it is possible to derive unbiased estimators of Qg 1(h ® f) and Q., 1(h ® f) (but also
Qeo,1(h®@ f) and Q1 ,1),1(h® f)) with a single run of the particle filter in two different ways: either
by using the backward weights and (4.7)-(4.8), or by using directly the ancestry of the particles and
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(4.9)-(4.10). The asymptotic variance estimators proposed in [4, 27, 32, 18] are all based on the
latter solution, while in this paper we instead focus on estimators based on the backward weights.

We now generalize the derivations performed in the case ¢ = 1. Denote by A;; and Ay the
discrete measures conditionned on F}¥ and defined by

t
A i(dkoy) := N7 Be(ks, dkan) (4.13)
s=1
t 2
A (kg dkg,) == N"' ] {nkg_kgwssf + nkg#gﬁs(k?,dk?l)} : (4.14)
s=1

Specific choices of kernels {3 }._, are, for all (k, /) € [N]?,

¢ k
ﬁST(k’g) = HZ:A"‘_lv BES(]{’K) — ](\';}s 1j7ns( 175 ) -
° Zj:l wsflms( 571755)
where GT stands for genealogy tracing and BS for backward sampling. When the conditional dis-
tribution given F}Y is AFS @ ABS (resp. AST @ AST) we write Egs|[-| F/¥] (resp. Egt[-|F{¥]). Define

also for any b € B; the coalescence function:

:ﬂév( fa ﬁfl)v

Ib,s : ([N]S+1)2 S (k(l]:s, k(2):s) — H{lk}:kg:u‘bé:l + ]].k%ikg]].b[:()} 5 Vs € [0 : t] B (415)
=0
for any h € F(X®2(t+1)) the random variable
1-b,

Qs HNb( ) A (1)2Eas [ (Kb K2R(ES €501 FN] , @a16)

and denote by Qb t’ T the counterpart where the expectation in the r.h.s. is EgT.

Remark 4.2. By (4.15), the random variable QZIX t’BS(h) remains defined for any b € B, with r >t
and QN BS( h) = QN Bs( h) where by, is the truncation of b to the ¢ + 1 first terms.

Finally, define for any h € F(X),

Proposition 4.3. Lett € N. For any b € By and any h € F(X®2(t+1)),
(i) B[N B3 (W)|FN ] = Q%5 (924 M [h]) for all t € N* .

(ii) QN BS( h) is an unbiased estimator of Qp () .

(iii) Ifh € F(X), Vo0

4t (h) is an unbiased estimator of V35 (h).

The proof is provided in Section A.2 of the appendix. First, (ii) is a generalization of [27, Lemma
2] which states that Qb ; T(h) is also an unbiased estimator Qj, +(h). Its proof (see [27, Supplemen-
tary]) is based on a doubly conditional SMC argument [2] and while this scheme can be replicated
to our estimator based on backward weights, we rather propose an alternative and elementary proof
that also extends straightforwardly to GT and which is based on our previous discussion. From (4.4),
(iii) is a direct consequence of (ii) and provides an estimator of (4.4) based on a single particle run.
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Theorem 4.4 deals with the convergence of Q(])V;Bs(h) for bounded h. The convergence in Lo

is stated under (A2 : 4) which are standard and the 1/v/N convergence rate is obtained under the
additional assumption (A5). The equivalent result for Qé\’[ ;GT is stated in [27] and is proved under
(A2) alone. From a technical point of view, this is possible because the use of indicators instead
of backward weights allows for cancellations that simplify the analysis significantly. Assumption
(A4) enables us to show that the additional terms that come with the use of backward weights go to

zero.
(A3) Forallt > 0and (x,2') € X2, my(2',x) > 0.
(Ad) There exists oy > 0 such that forall £ > 1, sup,, . ex me(2',7) < oy
(A5) There exists 0 < o_ < o4 suchthat forall ¢ > 1, inf, yex mu(2',2) > o_.

Assumption (A5) is a strong assumption that is typically verified in models where the state space
X is compact. This assumption, together with (A4), are now classic and have been widely used to
obtain quantitative bounds in the SMC litterature [19, 15, 28].

Theorem 4.4. Assume that (A2 : 4) hold. For anyt € N, b € B, and h € Fy(X®2(t+1),
lim {|Q}3%%(h) — Qpe(h)]l2 =0 (4.18)
N—oc0 ’

In addition, if (A5) holds the convergence rate is O(1/v/N).

The proof can be found in Section A.4 of the appendix. As a straightforward consequence, the
term by term estimator (4.17) of the asymptotic variance is weakly consistent. It remains to detail
how it can be computed. The next section is devoted to the exact computation of the estimators
Qé\{ ;Bs(h) and Qi’ﬁs(h) that appear in its expression.

4.2. Computation for b = 0 and b = e;. We now derive practical expressions of Q&Bs(h) and

Qé\i’fs(h) in the practical case where h : xo.t,zh,, — h(z,x;) € F(X®2+D), Define, for any

be B,andany t > 0,
TO(K} K7 o= Egs [T, (K., Ko |[FY K K] (4.19)

Then, by the tower property, Qé\f ;BS (h) in (4.16) can be rewritten as

N,BS ' b N\ 1 (1)? b k b

i (h)zHN5<N_1> N 2 TkOnEh ). @20
s=0 k,L€[N)?

Next, define for any t € N and (k, ¢) € [N]?,

t

Se(k, 0) ==Y T (k, 1) . (4.21)

s=0
. . —N,BS .
Plugging (4.20) in (4.17), V., ;" (h) can be rewritten as

t—1.,N 2
i = YR S fsien - T w o fuened . @2
k,€[N]?
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The sequential computation of V,Jx ;Bs(h) relies on that of S;(k,¢) in (4.21), and so on that of
T.° (k,£) and T,2(k, £). By the tower property, we obtain the following recursions for 7,°:
Tk, ) = Litopg=0 + Lkt bo=1 ,
TP (ko 0) = Dize 3o ey B85 (R, )BES (G )T (i,4) i b =0, (4.23)
7;Z)(k’é) = lp=¢ Zi,jG[N]z ﬂtBS(kvi)Wg—llEbfl(iﬂj) it b=1,
for all (k,¢) € [N]? and t € N*. In particular, if b = 0,

TO(k,0) = Thge >, Bk, )BE (T2, 5) (4.24)
i,j€[N]?
and if b = e,
Lite 3 jepvy B (R, D)BPS (0. ) T (6,5) - > s,
Tt (k€)=  Lime 2o jepnye B> (B, )W/, T2 (4, ) t=s, (4.25)
TO(k, ) t<s.
Next, combining (4.21)-(4.25) we obtain the online update of .S;:
Se(k, €) = T (k, 0) + Toge Y BE(k,1)BE(€,5)Se-1(1,5) (4.26)
i,jE[N]?

for any (k,f) € [N]? and t € N. We have shown that despite the sum over s that appears in
(4.17) we are still able to update (4.22) at a computational cost independent of the time horizon ¢ by
propagating S; and 7,°. Note that the algorithm provided in [27, Supplementary] for the computation
of Vﬂ]x ; relies on that of each individual term that appears in the GT version of the sum (4.17) and
is not tractable from an online point of view. We thus derive a similar online scheme for the GT
estimator in Section B.2 of the appendix.

The computation of the estimates Qé\ft’BS(h) and Vﬁfs(h) can benefit from parallelization by
implementing the updates (4.24)-(4.25) with matrix operations. They then become

T, =BT, 185" — Diag(BF5T7_,88°T)  if b =0,
TY = Diag(BEST0_ W) if b=1.

4.3. Variance estimators with reduced computational cost. In this section we derive a second
estimator that relies only on the update of 7,0. Let h € Fy(X). By (3.6), VN (v (h) — v(h))
converges in distribution; moreover, N (vtN (h) — ¢ (h)) ?is uniformly integrable, using for instance
a Hoeffding type inequality (see [16]). Hence NE[(7 (h) — 7:(h))?] converges to the asymptotic
variance V5% (h). On the other hand, using the lack of bias of 7" (h) ,

NE {(%fv(h) - %(h))g} =N (E [%(h)?] = n(h)?) = N (B [vV (h)?] — Qos(h?)) .

A natural estimator of this quantity is obtained by replacing both terms by their unbiased estimators
N,BS
7 (h)? and Qg (hi??)

VB (h) = N (4 (h)? — Qg 25 (h$?))

)
Nt—l
= N R (¥ ? -

(N —1)t+1 Z 7;0(2,3)]1(5;)/1(550 . 4.27)

i,5€[N]?
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The convergence of this second estimator stated in Theorem 4.5 stems from the following identity
which also appears in [27, 18] and dates back to [8]:

> (e (55)  Jamue

beB, =

- 7tN(1)2EBS [Z Ib,t(K(%t?th)h(gtI(tl)h(gtK?) .FN

beB;

(4.28)

Theorem 4.5. Let (A2 : 4) hold. Forany h € Fy(X), Vi\ngS(h) converges in probability to V35 (h).

The proof is in Section A.5 of the appendix. The main advantage of (4.27) w.r.t. (4.22) is the
computational cost. Indeed, remark that (4.27) only relies on the sequential update of 7,2, contrary
to (4.22) which also relies on that of 7,°. Consequently, the computational time of (4.27) is roughly
twice lower. In addition, experiments show that the difference in performance is negligible so (4.27)
is to be preferred in practice.

Remark 4.6. This alternative estimator does not invalidate the relevance of (4.17). Indeed, remember
that (4.17) is an unbiased estimator. Moreover, the asymptotic variance estimator of the FFBS
algorithm that we provide in Section 5.2 is a term by term estimator that can be updated online in a
way similar to (4.17).

4.4. A PaRIS variance estimator. Let us discuss how the computational cost of (4.27) and (4.22)
can be further reduced a la PaRIS [33, 21]. In [33], the forward only implementation of the FFBS
algorithm is sped up by replacing the backward statistics by a conditionally unbiased estimator
obtained by sampling particle indices according to the backward probabilities BtBS through rejection
sampling. We therefore apply the same idea here by letting ’760 := T and replacing 7,* with

M

- I]-k l -~ i i .

T ) = =2 Tl i) 0 b=0,
=1

_ 1 N

ﬁb(ng) = ZZZ Jk:t 1a]) lf bt:1>

where for any k € [N], J3:M, arei.i.d. samples according to S£°(k, .). For h € F(X®?), the PaRIS
estimator of Qy ;(h) is, for any b € B,

t N 1—b,
SN M .
Qi (h) = {HNb' (N_1> }
s=0 1,jE[N]?

Z TP, d)h(& €] (4.29)
and the PaRIS variance estimators are
Z {0 (h®%) = Q5 M ()}, (4.30)

V%Maz) = N(% (h)? — QN M (n®2)) @31

where M > 1 refers to the number of sampled indices. The computation of (4.27) and (4.31) is
summarized in Algorithm 1.
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Algorithm 1 Variance estimators (4.27) and (4.31) associated to ;" (h)

Require: M, w} N, H_l,TOandfyt (1)
Compute 16t+1
if PaRIS then
fork € [1: N]do
Sample J;* M B 5t+1( )
end for
for (k,¢) € [1: N]* do
M i i
Set TS, (k, 0) = Lo D52y 7;0(']1@,15’ o) /M
end for
else o
Compute T, +10 BET? ,BtB_E’l.
Set T?—’rl = Tt-‘,—l — Dlag(Tt_H).
end if
Compute @ = T4, © [R(EENR(EEN) . > h is applied elementwise
return N’YtN(l)Q{niv(h)Q N2 Zi,jG[N]z Qi /(N — 1)t+1}, T?Jrl'

We are able to reduce the time complexity of computing 7,° to O(M N?). The key feature of the
PaRIS approach is that M does not necessarily need to be large (see [33, Section 3.1] for a discussion
on this matter). We impose M > 1 because then in the case b = 0, which is the case we are the
most interested in, the support of Qé\f ’tBS(h) is made of N2M'*+! terms whereas when M = 1 itis
only N2. We show empirically in our experiments that setting M = 3 is sufficient to provide good
results for the asymptotic variance estimation.

While it is not needed to obtain a O(M N?) time complexity, the indices J. j.1—1 can be sampled
using an accept-reject procedure with the weights W}V as proposals if the transition densities m;
are upper bounded. This approach does not require the computation of the normalizing constant
of the backward weights (4.6). The computational time is then random but if the transition kernels
are strongly m1x1ng 1t can be provably further reduced [15]. Theorem 4.7 is concerned with the
convergence of Qb K (h) for any bounded h and for any fixed M > 1. Its proof bears some
similarity with that of Theorem 4.4 with the exception that the additional sampling introduces non
trivial terms that need to be handled carefully. As a straightforward consequence, we obtain the
convergence in probability of Vi\f ;M(h) for any h € Fy(X). The weak consistency of (4.31) in
Theorem 4.8 is however less straightforward than that of Theorem 4.5 and relies on the insight that
the identity (4.28) still holds when Qb tBS are replaced with their PaRIS versions. The proofs are
provided respectively in Section A.6 and A.7 of the appendix.

Theorem 4.7. Assume that (A2 : 4) hold. Foranyt € N | b € By, M > 1 and h € Fy(X®?),

Jim (1O (k) = Quu(B)l2 =0 (4.32)

In addition, if (A5) holds the convergence rate is O(1/v/N).

Theorem 4.8. Ler (A2 : 4) hold. Forallt € N, M > 1 and h € Fy(X), ny\{;N[(h) converges in
probability to V5, (h) when N goes to infinity.
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5. APPLICATION TO THE FFBS

In this section, we derive an estimator for the asymptotic variance of the Forward Filtering Back-
ward Smoothing algorithm. We start by giving a short presentation of the FFBS algorithm and we
next derive an estimator of the asymptotic variance for additive functionals.

5.1. FFBS algorithm. The FFBS algorithm aims at solving the well known degeneracy problem
associated with the particle filter of Section 3.2 when it is used for approximating smoothing distri-
butions. It relies on the following backward decomposition of the joint smoothing distribution:

¢o:t\t(h) = /h($0:t)¢t(dxt)Tt($t,dwo:t—1) ) (5.D
where T is the backward transition kernel from (X, X) to (X!, X®*):
B {Bd,tl ®-- @By, ift>0,
Tl else |
and B, is the backward kernel defined by

L f m5+1(935, xs+1)]]-A(Is)¢s(de)
By, (@er1, 4) 1= 6s (M1 (- 7o)

Denote by TY the particle approximation of T; where each backward kernel B, is replaced by
plugging in the particle approximation of the filter. This yields for any A € X and 45,1 € X,

s VAGX,V.’ES+1€X.

N . .
BN (.13 1 A) — fms+1(l‘s,$s+1)ﬂA($s)¢iV(d$s) _ Z w;m5+1(§;,x5+1) ]lA(gl)
¢ ’ oY (Mmsy1 (-, Ts41)) Sy wime (€ zan) ’

Plugging this approximation and that of the filtering distribution filter in (5.1) yields

N N
Sour S(h) = > Ralioa) PES &) (5.2)

io=1 ip=1

where A4 (ig.¢) :== Wit 1., BP%(is,is—1). In the following, we write (bé\ftlt for ¢é\{;‘FtFBS and if h
is such that b : g — h(xse) with 0 < s < £ < ¢, we will instead write qﬁé\fe‘t(h).

The theoretical properties of the FFBS are well understood in both the asymptotic regimes of N
and t [15, 10, 11, 19, 33, 16]. In particular, a Central Limit Theorem with an explicit expression of

the asymptotic variance is established for any h € F,(X®'*1) under (A2) in [15, Theorem 8],

VN ($0(h) = doue(h)) = N (0, Vii P2 (h)) (5.3)
where
FFBS L : Ns (Gs,t [gt{h - ¢O:t\t(h‘)H 2)
Vouje (h) := ;) Qo) (5.4)

and G is the kernel that integrates h forward and backward starting from xz, i.e.

Gs,t[h}(l‘s) =T [Qs—&-l:t[h]] (ws) = /h(xo:t)Ts(xade:s—l)Qs—&-l:t(gSwdl‘s+1:t) )

forany s € [0: t] and z, € X.

Unlike the asymptotic variance of filtering algorithms, no estimator of (5.4) exists in the litera-
ture, even though the FFBS and its variants are of significant importance in marginal smoothing and
parameter estimation in HMMs [24]. For a general h, (5.2) has O(N®*!) complexity and is thus
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impractical for any problem of interest, especially in an online setting where the observations are
processed sequentially. It is therefore not conceivable to be able to devise an estimator that com-
putes the asymptotic variance at a lower computational cost, let alone an estimator that tracks the
asymptotic variance online. For this reason, we restrict ourselves to additive functionals h of the
form:

t—1
hO:t(xO:t) = Bs(xsyxs+1) 5 (55)

S

Il
=

for which the FFBS can be computed online with a O(N?) time complexity per time step. For
0<s<r<t, wewrite hg. () = Z;;: }ng(mg, x¢+1). Expectations of functionals of the form
(5.5) include marginal smoothing, pairwise marginal smoothing and the E-step of the Expectation
Maximization algorithm.

We show in the next section that it is in fact possible to estimate (5.4) online for such functionals.
Before that, let us first recall why the FFBS can be indeed computed online in this case. For more
details on the forward only implementation of the FFBS and its variants we refer the reader to
[16, 33]. For any ¢ > 0 and any additive functional hg.;,

T [ho](x¢) = / {BO:t—l(xO:t—l) + ht(ZEt—hIt)} Ty (2, dzo.1-1)

= / {iLO:tfl(fL'O:tfl) + Bt71($t71,$t)} By, (wy,dri—1)Ti—1(x4—1,dzo:—2)

=By, , [Tt—l[ﬁo:t—l] + iLt—l(th)] () .
Then, plugging in the particle approximations, we obtain the following recursion

N

TN [how) (2,) = o€ ) e ) + (€ 5.6
! [ O.t](xt) ;Z?]:1wi71mt(fg7hxt){ til[ o 1](&71)—'— t 1(515717‘%75)}7 G0

and then
N
Boreje(hot) = D WITY [ho.)(&]) - 5.7)
i=1

Equations (5.6)-(5.7) show that Tﬁv [ho:¢] needs only to be estimated at the particle locations and that
smoothing estimates for additive functionals can be computed with the forward pass and has O(N?)
complexity per time step.

5.2. Asymptotic variance estimator. From now on we will assume that hg.; satisfies (5.5). Our
estimator is based on the following alternative expression of the asymptotic variance (5.4)

VFFBS(h) _ i ’79(1)79 (Gs,t[gt{hO:t - ¢O:t\t(h0:t)}]2) (58)

0:t|t ~ 'yt+1(1)2 )

which is deduced using the definitions given in Section 3. This expression is motivated by Proposi-
tion 5.1 in which we express the numerators that appear in (5.8) in terms of expectations with respect
to Qc_ ¢ The proof is given in Section A.3 of the appendix.

Proposition 5.1. For any s € [0 : t] and any additive functional ho.; € F(X®!1),

’Ys(]-)')/s (Gs,t[ho:t}Z) = Qes,t([Ts[iLO:s} + iLs:t] ®2) . (5.9)
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For every t € N*, let A,(X®'1) denote the set of additive functionals (5.5) such that h, €
Fp(X®2%) for all s € [0 : t — 1]. By Theorem 4.4, for any ho; € Ay(X®*1) we have that
QZ’}?S([TS[BO;S] + he]®?) is a consistent estimator of Q. ¢ ([Ts[ho.s] + hs:t]®2), but T[ho.s] is
intractable and we only have access to its particle approximation T2 [hg.,]. Our proposed estimator
of the asymptotic variance (5.3) is then

N,BS 7 7 ®2
VN’BS(h ) XT: Qes7t ([gt{T{qv[hO:s} +hgy — d)é\{t‘t(ho:t)}} )
. t) =
0:tlt v ,ytJ\Jfrl(l)z
where we have replaced ¢o:t‘t(ht) by its FFBS estimator. Remark that Theorem 4.4 cannot be
applied to QN BS ([gefTY [ho:s) + ﬁs:t] ®2) because its proof relies on the fact that the function h
integrated by Qb’tBS does not depend on the particles.

Theorem 5.2 proved in Section A.8 of the appendix shows that weak consistency still holds under
the assumptions of Theorem 4.4. The proof proceeds in three steps. We first establish that for all s >
0 and additive functional ho.s € Ay(X®5T1), TN . ](x,) converges P-a.s. to T, [ho.s] () for any
zs € X. Then, we use it to show that at ¢ = s, the distance in Ly between QL85 ([T [ho.s]cs +
Bs] ® [T{,\' [fo:slds + fg]) and the "idealized" consistent estimator Q27725([Ts[h0:3]cs + Bg] ®
[TS[ foslds + fs]) goes to 0. Finally, we extend the result to ¢ > s by induction, similarly to
Theorem 4.4.

Theorem 5.2. Assume that (A2 : 4) hold. Foranyt € N, s € [0 : t], (R, for) € Fy(XE5T1)2,
(ct,dy) € Fyp(X)? and additive functionnals (ho.s, fo.s) € Ap(X®5FT1)2,

hm || QN BS([TéV[h()iS]Ct + Bs:t] ® [Tév[fO:s]dt + fs:t])

— Qe t([Tslhossler + hae] @ [Tlfouslde + fou] )|, =0, (5.1D)

: (5.10)

and for any additive functional ho,, € Ay(X®'1), VES 1|t (ho:t) converges in probability to VEEBS (hg.4).

0't|f
5.3. Algorithm for marginal smoothing. We now provide an algorithm for the case hy : ., —
he(z¢) known as the marginal smoothing problem. For such functions (5.10) is defined for ¢t > ¢
and simplifies to

vjv‘t»BS(hz) =

{ Z QN ([ge4he — 01y (h)}] )

m( (5.12)

+ Z Qe ([gATY {hdqf»%(he)}}w)}
s=¢+1

When ¢ = t we recover the term by term estimator of the filter which is consistent with the fact that
11, (h) = 61 (h). Using the bilinearity of QN BS yields

Viiz (he) = R, — &7l (he) Ry, + &3l (he)* Ry (5.13)
where
Rl = Yo Q™ (lonhd ™)+l QL 2([0TY [he] %) ,
RZt ={> ]ev ?S (9the ® gt) + Qéi? (gt ® gihe) }
+H{ i er, *(9: TN [he] @ g2) + QZ’ES(gt @ g TN [he])}
R =31, Q0 (97 .

o+
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Mirroring (4.25), define for any ¢t € N, n € [0 : t] and f,, : 0., 20, — f(zn,z),) the random
variable

€s K! (K2
T [fn](KtlaKtZ) = E[Ies,t(Kézthg:t)fn(gn &n™)
and also for any ¢ > ¢ the random variables
¢ . .
ZS:O 7265 [h?Q}(Ktli Kt2)2+ Zi:€+1 726" [Tév[hd(ga] (Ktlv Kt2) lf t> [ )
Se(K}, KRG (€, €, ) i t=0,

FN, K} K} (5.14)

SR K?) {

Yo TIPS K7) 4+ S T [TV )2 (LKD) i t> ¢

S} (K} KR = [ e .
P SeEE KRR ES ) if t=10,

where for any fy, ijQ cxp, )y — fo(xg) + fe(x}) and Sy is defined in (4.21). Applying the tower
property we get that

N\ i ol (i - -
Va0 =N (g ) X WWLSL(id) — S d) + e ?S100)
i,j€[N]?

The quantities .5, },t 11 Sl?,t 1 may be updated online using the following recursions which are again
obtained by applying the tower property

Ster1(67) = T (6 )T [he) (600 T [hel (6141)
+ iz Y. BER(L,m)BE (G, n) Sk, (mom) , (5.15)
m,n€[N]?

and

SZi1(iyd) = T (i, TN A [Rel (€111) + TR [he) (€41) }

t iz Y AR (Em)BE(Gn)SE(m,n) . (5.16)
m,n€[N]?

The updates of Sj, , (i,7) and of S7, (i, j) are thus similiar to that of S; in (4.26). The compu-
tation of the variance estimator is described in Algorithm 2.

6. NUMERICAL SIMULATIONS

We now demonstrate our estimators on particle filtering and smoothing examples in HMMs (see
Ex. 3.1). We assume in this section that X = Y = R and that the dominating measure is the
Lebesgue measure. The model considered is the stochastic volatility model with, for all n > 1,

Xn+1 = SOXn + Un+1 5
Yn = Bexp(Xn/Q)‘/n )

with (¢, 8,0) = (.975,.641,.165), {Up}tnen and {V;,}nen are two sequences of independent
standard Gaussian noises and U, is independent of V;,, for all (n,m) € N2. The state process
{ X, }nen is initialized with a Gaussian distribution with zero mean and variance o2/(1 — ¢?).
These are the exact values and initialization used in [32]. The assumptions on the model un-
der which [32] conduct their theoretical analysis and (A1 : 4) are satisfied for this model. All
the simulations are run on GPU and the implementations using matrix operations are available at
https://github.com/yazidjanati/asymptoticvariance.

6.1)
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Algorithm 2 Variance estimator for marginal smoothing
Require: th-i-l\l[v Wt1:N7 BtB-Elﬁ Tg—l [hf]’ T?’ Sl},t’ Sl?.,t’ ¢£|It+1(h’€)
Compute 771y = BB TIW:, T =B TIBE,  Sip1 = B8 SiBET
Set T34 = Diag(T3\7),  Ton = 77'?+1 - Diag(?gﬂ)’ Si41 = Si+1 — Diag(Sis1) +
T
foric {1,2} do
Com~pute gé,t-};l = ﬂthl Sé,t??f? .
Set Sth = S;,, — Diag(S; )
end for
Set 8} =8} yp1 + Ty © [Tugalhe] Togalhe] 7]
Set §2,11 = 87,1 + To5 © [Turalhe] + Tugalhe] ]
Set §Ifﬂf+1 = Sz},t+1 - ¢é\|’t+1(hf)sl?,t+1 + ¢gt+1(h€)25t+1
return — N2 /(N — 1)"F1 37, e Wi W1 Seai1(i, 5), TS, S} 1157 141, Sty1-

6.1. Asymptotic variance of the predictor. We are interested in the estimation of the asymptotic
variance of the predictor 1" (Id) at each time step t. The estimator is given in Section B.1 of
the appendix. We use synthetic datasets sampled from (6.1). The real asymptotic variances are
intractable and we estimate them by repeating independently and a thousand times the computation
of each predictor mean /¥ (Id) with N = 10000 and then multiplying the sample variance by N.

We first investigate how the three variance estimators based on backward sampling Vf]\j ;BS, Vi,v ;M
and V;\i ;BS behave in terms of computational time, bias and variance. The PaRIS estimator is used
with M = 3 without rejection sampling. For this first experiment, we sampled 750 observations
from (6.1) and ran 50 particle filters with N = 3000 from which we obtained 50 replicates of each
asymptotic variance estimate. The results are reported in Figure 1. The three estimators exhibit
approximately the same variance but the term by term version becomes slightly more biased at ¢
increases. Strikingly, the PaRIS estimator fo ;M behaves similarly to V,]X ,;BS with a much lower
computational time and complexity as can be seen on the left plot of Figure 2.

We now compare fo IgM with M = 3 to [4, 27, 32] on two different observation records of
different length. For the lag size parameter A\, we found that A = 20 has the best bias-variance trade-
off by comparing the obtained fixed lag estimates with the crude asymptotic variance estimator.
Note that in realistic situations choosing the right A is non trivial (besides the strong mixing case,
as argued in [32]) and for this reason we conducted the experiments with two additional lag values,
A € {100, 200}. For moderately long observation records (¢ € [750]) and with N = 3000, fo M
compares favorably in terms of bias-variance trade-off with the best lagged estimator and even has
similar computational time on GPU, as can be seen in Figure 2. The results are reported in Figure 3.
The five different estimators are computed with the same particle cloud and replicated 50 times.
As expected, when the lag is increased the fixed lag estimates exhibit more variance because of the
particle degeneracy. In the extreme case where the lag is set to 750, which corresponds to the CLE,
bias and variance both increase significantly, as showcased in the fifth plot of the same figure.

For the longer time horizon ¢ € [3000] we set N = 5000 and picked three time steps in order
to monitor the bias and variance closely, see Figure 4. The variance of fo ;M remains steady while
the bias increases gradually but slowly. Nonetheless, our estimator remains competitive with the
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FIGURE 1. Long-term behavior of V,Jx ,;BS (top), Vfl\{ ’tM with M = 3 (middle) and
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> (bottom). The black dashed line is the asymptotic variance estimated using

brute force. The number of particles is set to N = 3000.
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FIGURE 2. Comparison of time complexity (left) and runtime (right) for the dif-
ferent estimators, per time step. The runtime on the left plot is on CPU and that
on the right plot on GPU, only for our most competitive estimator.
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Asymptotic variances
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FIGURE 3. Long-term behavior of the asymptotic variance estimators up to ¢t =
750. From top to bottom: PaRIS version of V,]]\f t’BS with M = 3, lagged estimators
with (in order) A € {20, 100,200, 750}. The case A = 750 corresponds to the
CLE estimator. For each estimator, the blurred colored lines represent each run
out of fifty runs and solid colored lines correspond to their average. The black
dashed line is the asymptotic variance obtained by brute force. The number of

particles NN is set to 3000.

best fixed lag estimator. Doubling the number of particles decreases both bias and variance, as
highlighted by the right plot.

The computational cost of fo ;M is approximately twice larger than that of the genealogy tracing
estimators when N = 5000 as shown in Figure 2. However, we are able to maintain a small variance
and bias without having to tune any other parameter besides the sample size. In more complicated
models or realistic scenarios, one does not know in advance which lag size is suitable and using an
inappropriate lag might yield poor estimates.

Let us now explain the slight bias observed in our estimators. Assume for the sake of illustration
that the transition kernels are strongly mixing (Assumptions (A4 : 5)) and that there exist 0 <
G_ < Gy < oosuchthatforall x € X, G_ < g(z) < Goo. Set p := 014G /o_G_. Then, for
any (i,7) € [N]?, BB5(i,j) < p/N and for N > p?,

TP (ki k7)) > (1= p*/N)", (6.2)



22 VARIANCE ESTIMATION FOR SMC ALGORITHMS

2.5 0

= g
o =}

Asymptotic variances
o

0.5

0.0

t=1000

FIGURE 4. Boxplots of the long-term behavior of the asymptotic variance esti-
mates up to ¢ = 3000. VBS refers to fo ;M with M = 3. The white dots represent
the average of the asymptotic variance estimates of each algorithm at the specified
time t. The dashed black lines correspond to the asymptotic variances estimated
by brute force. N is set to 5000 on the left boxplot and 10000 on the right one.
The boxplots at each time step from left to right are: é;v ;M with M = 3 and then
the lagged CLEs with A € {20,100, 200, 3000}, in order.

by using repeatedly the fact that

N
S My e BB R DB R ) =1 8PS (k)% (ki) = 1 p* /N .
K2 EIN]? i=1

The lowerbound (6.2) sheds light on what should be expected from our estimator. For the variance
estimator to maintain low bias, 7,° should stay relatively large, i.e. be above some threshold ¢ >
0.5 (this is the value observed in our experiments), which means that N should be larger than
p%/(1 — €'/*) by (6.2). As to (3.11), although it is expected to collapse to 0 after O(N) timesteps
following the findings of [25], the estimator starts to exhibit high bias and variance much before the
collapse as the set of time 0 ancestors depletes.

6.2. Asymptotic variance of the smoother. Here we are interested in the estimation of the asymp-
totic variance associated to the FFBS estimates of the marginal means ¢, (Id) with £ fixed and ¢ > ¢
varying using Algorithm 2. For this example we sampled four different observation records of length
160 each and £ is set to 100. The real asymptotic variances of each ¢, (Id) are intractable and they
are estimated using 1000 independent replicates of the marginal means qﬁé\l’ ,(Id) with N' = 10000.
We then multiply the obtained sample variance by N. The results are reported in Figure 5. As
expected, the crude estimates of the asymptotic variances all stagnate after some time ¢ due to the
incoming observations becoming less and less informative as ¢ grows and thus no longer influencing
the value of ¢y, (Id).
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FIGURE 5. Asymptotic variance estimates for four different observation records
of the marginal mean ¢%0| ,(Id) where ¢ € [100,160]. The blurred brown lines
on the left plot represent 50 runs and the solid brown line their average. The black
dashed line is the crude variance estimator. The number of particles N is set to
5000.

The estimator proposed in 5.3 captures well the behavior of the asymptotic variance with little
variance and also stagnates at the same time. We observed in our experiments that, in comparison
with the variance estimators of filtering algorithms, for this estimator to provide good performance
more samples are required for shorter time horizons. This could be explained by the additional level
of approximation coming from T2 . Nonetheless, the increased computational time incurred by the
increase of the number of particles is to be compared with the time it takes to compute the crude
variance estimates up to ¢ = 160, which is about 1 hour when running on GPU. In comparison, our
estimator takes 3 minutes.
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APPENDIX A. PROOFS

In this section we provide the proofs of Propositions 4.3, 5.1 and Theorems 4.4, 4.7, 4.8 and
5.2. The various Propositions and Lemmata used are stated and proved in Section A.9-A.10. Other
intermediary technical results are provided in Section C.

A.1. Preliminaries. In order to simplify the notations, in what follows we write

QB = S Ryi(kbe KRR €o)

KzelNJ0+D

where
N\ b
Abt ko t7k0t : HNb < ) ViN(l)QIb,t(ké:t»k%:t)AlB,St(kcl):t)Ag,St(ké:ﬁkg:t) . (ALD)
By (4.13),
AlBst(ké:t) - Es(ktla ktl—l)AlB,SZ—l(ké:t—l) )
k2
A5 (kb ko) = {88 (K7 k7 ) Mgz + Wi T Lo JASS 1 (K15 k1) -
and by (3.4) we have that v (1) = v, (1)N~1Q;_1, hence, using (4.16) Qé\;;BS(h) becomes

—1,2
QN BS( h) = Z Ab,t (k(lJ:takgt) (§0t ) Ot ) (Al.2)
KN
1,2 02
= Z Ab,t—l(ké:t—lvk?):t—l)];igl Z ﬁBS k‘l k; 1)
kol 1 EINT? kiZE[N]?

N
X |:]V_1ﬁtBs(k‘t27k D ki k2 p,— O+NW1‘ "lp—g2 = 1} (fo,g ; Of )~

A.2. Proof of Proposition 4.3.
Proof of Lemma 4.1. By (A1), for any (z,y) € X2,

N
B (@, ) o  My(dz) = BN (x,y) > Wi My(§)_,, dx)

i=1
= ngtlit(yiztt(z ; )let LD ft 1, x)v(de)
— 92;2:(1 )Mt(y,dx)

Consequently, for any (k}_;,k}) € X* and h € F(X),
B[ (€4 e8I FY] = [ B (2,605 ()oY  Mi(da)
/97 wy' )Mt(ftt1ladx)

MBI
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On the other hand,

N
E[1, e A FN] = / S L Wi My da)h(z) = WET M RN -
O

Proof of Proposition 4.3. For the proof of i), note that conditionally on 77 ;, ¢V are i.i.d. with
distribution ¢¥ ; My, hence,

E Z 1k}¢k?/81?5(kt17kt1—1) Es(kfakf—ﬂ (5015 ) Ot )]:t 1

klzZE[N]z
kY
Z /lkl;ék?ﬂt ktlaktl 1) (k?,k? h (fo::a Ot )¢t 1Mt(d5t )(Zsi\ilMt(dgt )
kl2€[N]?

and by (4.11) in Lemma 4.1,

E Z lk%;ékf?ﬂ? (ktlvktl 1) (k?,k? 1) (fot ) Ot )]:tNl
k}2e[N]?

N(N -1 -
¥( 22 MR Roet ko (A1.3)
Qtfl

where
gt 1M [h] : (1”0%*171"(/):1571) Hg?—%(mtfl,ﬂﬁiﬂ)/h(mo:uxf);t)Mt(ftfhdxt>Mt($271adxl/‘,)-

On the other hand, by (4.11) in Lemma 4.1,

t 1 kl-t kQ:t
E Z llkrl k25 ktakt DOWET R(&ot s o )]:t]\ll
k12e ]

ki1 ki

Z /]lkl k"’ﬁt k’tlak I h(EOta Ot )¢t 1Mt(d§t ) kl(dft )
k12€[N

ki_ 1 kf 1 S k2

Z Lpr—pew, = / (5015 ] Ot )Mt(ft 1 adft ) (dft )

N2
N
= 02 (gt 1 [ ])(g()t ) Ot )v (AL4)

Qi

where

922 MR ¢ (Tow—1, Thip—1) H9321(%—1,12_1)/h(fﬁomfﬁ:t)Mt(xt—ladxt)fsmt(dﬂfi)~
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If b; = 0, since ;1 and K;f,l(ké:t,l, k2., ,) are F}¥, measurable for any (kl.,_;,k%, 1) €
[N]2¢, by (A1.2) and (A1.3),

Bs —1,2 02
Bl WAL = 3 R B ) gy
k7, €[N]?
ko ko
DI RIY  CRNE R R Al
kl2e[N]2
k()t—l k?):t—l
= Z Abt 1 (K 1ak0t 1)(9 M{[h ])( 0:t1 2 Sost—1 )
kgii_1 €[N]?
= Q;])Vtle(gt 1M0[ ) -
If by = 1, again by (A1.2) and (A1.4),
N,BS N 7 1.2 1 2 07,
{Q ( )‘ft—l} = Z Ab,tfl(kO:tflakO:tfl)T
kgl 1 €[N]?
{ Z ]lkl k2ﬁ ktlaktl 1) ttllh(fma Ot )ftNl:|
k12€ N2
1, kooom1 ko
= Z Ab,t—l(kO:t—lvkO:t—l)(g?—ZlMHh])( 0ite1 - 60it1)
kL2 €[N]2

N,BS
= Qi (92 MG[h])
For the proof of ii), we proceed by induction. Lett = 0 and h € F(X®?). If by = 0, since
é ‘N ud MO

[QNBS( )} - m Z li¢jh(§éa€g)
i, €[N]?

Z LizsM MG[h] = Qpo(h) .

i,5€[N]?
Ifbg =1,

N
E[Q)fm)] -E ;Zh@é,sz‘nl = M3[h] = Quo(h) .

Lett € N* and h € F(x®2(t+1)), Assume that E[sz,\fisl(f)] = Qp—1(f) for any b € B, and
f € F(X®?"). By (i) in Proposition 4.3 and the tower property

B[P ()] =& [B[Q)* (| FY]] =B [ (982 My )|
and g©% Mt [h] € F(X®2"). Thus, by the induction hypothesis and the definition of Qj ; ; we get

E[Q)P°()] = E [ (22 MY )| = Qo1 (622 MY [R]) = Qua(h)
which completes the proof. The proof of iii) is a direct consequence of (4.4), (4.17) and ii). O
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A.3. Proof of Proposition 5.1. Let h.; be an additive functional (5.5). By definition, for s € [¢],
Gs,t (3757 hO:t) = / {iL():S(‘rO:S) + Bs:t(-rs:t) }Ts (-TS7 de:sfl)Qerl:t (:Esv d$s+1:t)

- / {Ts [iLO:s](xs) + Bs:t(xs:t)}Qs—i-l:t(ms; d$s+1:t) )

and then, setting Hy.; : 2g.p — Ts[fzo;s](xs) + hst(xs) we get
78(1)’73 (Gs,t[ho:t}g)
~ =~ 42
= '73(1)75 (Qerl:t [Ts[hO:s] + hs:t] )

- / Yora1(Ahyy1)ga1(2)_) / Qu et [Haet) () Qg 1t [t (2900 (A

= /’70:571(dxz):s—l)gsfl(xlsfl)’YO:s(de:s)éms (dx/s)quLl:t[Hs:t}(xs)Qerl:t[Hs:t](1'/5) )
which establishes the result since by definition
Qes,t (dﬂ?o:t, dxéj;t) = ’YO:s(de:s)VO:s—l(dx6;3_1)95—1(-17;_1)51-5 (dx;)
Qs+1:t(33s7d$s+1:t)Qs+1:t($;7d$;+1;t) .

If s = 0, then GO,t[hO:t}(Z‘O) = f hO:t(l‘O:t)let(an dxl;t) and
Y0 ()70 (Gowtlho:e)?) = 70(Goulho:]?) = /Mo(dxo)let[hO:t}(xo)let[hO:t](Io)

— [ Mo(dz)ds, () Qual o) Quelhn) o)
= Qﬁmt(h((?:?) .
A.4. Proof of Theorem 4.4. Let m € N* and N > 2. Define

T o= {kM2™ e [N k2L £ K2 i e [1:m]}, (AL.5)
I o= {kM™ e [N k2 = k2 i e [1:m]} . (A1.6)
Define also for any p € [2m)],
Sh = {k"?™ € [N]P™ : Card({K", k%, -+ K™ 1 k™)) = p} .

Then [N]?™ = | [2™ SZ, and

2m 2m 2m m
=\ |mns, = |mnsy,, = |"ns, = |7i"ns, . (ALD)
p=1 p=2 p=1 p=1

The first equality holds because the tuples in Zj* must contain at least two different values and
the second because tuples in Z{" contain at most m different values. The proof of Theorem 4.4
is concerned with m = 2 and that of Proposition A.4 with m > 2. Example A.l provides the
intersections for the case m = 2.
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Example A.1. Choose m = 2 and N > 4. Then,

I3 NS5 = {k"* e [N]* 1 k' £ K2 K # k4 (RS k') = (k5 k)Y

T3NSy = {k" e [N]* kY £ K2k # kYRS e kY K2 kY ¢ kY k)Y,
U{kb e [N]* - kY # B2 k2 £ k4 kS ¢ (kY k) k% e (kY K%}

T2NSy = {k" c [N]* 1 k' £ k> £ K £ k')

with Card(Z3 NS2) = 2N(N — 1), Card(ZZ N S3) = 4AN(N — 1)(N — 2) and Card(Z3 N S3) =
N(N —1)(N —2)(N — 3). As for Z%,

PNS; ={k* e [N]* k' = k2 = k3 = k'),
3 NSs = {k" e [N]* k' = k2, k3 = kY kY £ B}

with Card(Z? N S3) = N and Card(Z? N S3) = N(N —1).

Proof of Theorem 4.4. We proceed by induction. Throughout the proof we assume that N > 4 for
the sake of simplicity. For ¢t = 0 and b = 0, using (4.23) and (4.20), Qé\{bBS(h) = N}(N -

D7 e Linih(8h, €) and Qo o(h) = MG?(h).

Q0 (h) = Qoo (h)];
1 . . .y ./
~El o Yo Ly {(E &) — Qoo }H{h(E &) — Qool(h)}
i.3,4%,77 €[N
_ to+to
S NN 12

where

to=E ST {h(EL &) — Qoolh)HIE .€)) — Qoolh)}]
L 4,4,4",j' €IZNSS

th=E ST {6 — Qoo(MHAE &) — Qoolh)}]

.. ' €I3NSE

where Zg N 83 is defined in (A1.5), (A1.7) and explicited in Example A.1, and Z N ?é = (ZZn
S3)U(T3 N S3). If (i, 5,1, 5') € T2 N S, then £, &), €5 and & are i.i.d. Therefore,

E [{high. &) ~ Qoo }{A(E) . &)~ Qoo(h)}] = E [{high. &) ~ Qoo(m)}] =0.
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0(h)|lse < 2[|h[|oc and that
Card(Z§ N S3) = 4N(N — 1)(N — 2) + 2N (N — 1) by Example A.1, we get

b
N2(N —1)2
A[n|3
< 1Moo
= N2(N— 1)2 Z o
i,4,4,5' €I2NSs
4\h|§O [4N(N — 1)(N — 2) + 2N(N — 1)]

- NZ(N —1)2 =0(N".

HQNBS — Qo,0( )H;S

L,

which completes the proof for b = 0. For b = 1,

N
QNES() — Quolh) = NS h(gh &) — [ . o)Mo(ds)
i=1
and since h is bounded,

HQN B3 (h) — Q1.0( o )||§ = NV, [h(&,€)] = 0N,

where Vy, is the variance under M. This completes the proof for ¢ = 0.
Let ¢ > 0, and assume now that (4.18) holds at time ¢ — 1. Consider the following decomposition

Q)% (h) — Quu(h) = Q0% (h) — E[Qp%° ()| FN 1] + E[Qp ;25 ()| FN 4] — Qua(h)

which, by Proposition 4.3, becomes

QU (1) — Que(h) = Qi (h) — Q=3 (9775 My [h)
+ QP (g2 MY ) — Qo2 ME'R]) . (ALB)
By the induction hypothesis, since & is bounded and also g:—1 by (A2), we have
Jim ([ Q0B (62 MY ) - Qe (gEA MY =0,
hence, by Minkowski’s inequality it remains to prove that

lim ‘QN % (h) — Q2 (g2 MYt [k ])H2 =0. (A1.9)

By Proposition 4.3, E[QN BS (h)|FN,] = QN BS (922 Mt [h]) and
B[Q55%° () Q™ (g2 My [h])] = B[ Q0% (02 MG 1))
hence,

Q35 (0) - Q= B = QY= 0 - 9385 a2 A

WD, -
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Consequently, by Proposition A.8, if b; = 0,

HQN B (h) — Q)% (972 MO[hDHZ (A1.10)
< <(N]\_f(?\)f(ivl) 3 ) HgévtBi 9i— 1M0[ ])Hz

b G, [ rans| B o () 8 DO (B 0 01)
+ 0B M@ mi(L,2) Q)R (BN (x,) @ 1) + Q)% (mu (1, 2) ® 1)

x Q2@ BN (z,.) + QB (A @my(,2)) Q% (1 ® B (=, .>>}

QQ
2 2 ®2 E t—1
+ G [ anaoE] ot

x {Qévfﬂmt( £) @ me(o ) QNS (B () @ BN (v..)
QNS (ma(2) @ ma (1) QYES (B () © 6 () }]

andif by = 1,

> [N-1
o= - s i) < (T -1) 10X et Minh g

+ G2 / [“ — OB (., >®1>Q£Y£i<ﬁzv<z,.>®1>] v(dz) . (ALID)

By Proposition A 4, the first term in the r.h.s. of (A1.10) and (A1.11) is O(N~1) in both cases
because | {24 M be[h) |Oo < G2 |h|s < 00. We now show that the remaining terms go to zero when
N goes to mﬁmty Define for any x € X and N € N*,

_
N
Byn(z) = (mt

N(I) Qb t—1 (mf

Qé“?i (mi(2) @ 1) QB (1@ 5 (@, ).
(@) e, (Al12)
(2)©1) Q1 (1@1).

We apply Theorem C.1 with fry = ]E[BN] gN = E[EN] g = B and f = 0. To establish i),
note that E[By (z)] < GDOE[BN(I)] forall N € N* and = € X, since for all (z,7) € X x [N],
BN (z,&_1) < 1and N71Q; ;1 < Gw. Then, to prove ii), for all (h, f) € Fy(X®")?2, by the
Cauchy-Schwarz inequality,

‘]E [Qé\ﬁi(h) Qé\,fii(f) — Qpi—1(h) Qb,tfl(f)} ‘

B [|(@XE 0 — Qua) @S (] +E (55 0) - ia () Qs (0]
< [[QNZ M) = QWL QEZ (A, + 12055 () = Qoar (D] Qo1 (h)

)
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which goes to zero by the induction hypothesis, the fact that sup ¢y H QéV);B_sl (f) ||2 < 0o by Propo-

sition A.4 and |Qp ;—1(h)| < co. Hence, for all x € X,

lim gx(2) = g(x) and  Jim E [ngfsla ®1) ] = Qi 1(1®1)2

N —o00
Added to the fact that [ By (z)v(dz) = Q;°3(1® 1)? and [ B(z)v(dz) = Qps—1(1® 1)2, we
get by applying Fubini’s theorem

lim [ E [EN(;U)} v(dz) = lim E [Q{fﬁslu ©1) ] = Qi1 (1®1)2 = /é(m)u(dx) .

N—o0
Then, for iii), first we have that E[By (2)*/2] < G%2E[§N(x)3/2] and

sup E[By(z)¥?] < ai/Q sup E[QéVtBi(l ®1)%],
NeN NeN

where the r.h.s. is finite by choosing m = 3 in Proposition A.4. The family of non negative random
variables { By ()} nen is then uniformly integrable for any = € X. Indeed, for any = € X, a € R,
and N € N,

E [Bn(2)1py (0)2a] < E[By(2)*?]/Va
< Ujo’r/ngéQ sup E[QéVtBSl(l ®1) }/f,
NeN

hence lim supycn E [By(2)1py(2)>a] = 0 . On the other hand,
a— 00 -

Q%S (mu(,2) 1) Q0% (1 ® gemymu(., )
NN | (my(., z)) ’

and the induction hypothesis coupled with the fact that ¢ | (m,(.,z)) N ¢r—1(my (., z)) with
¢pe—1(me(.,x)) > 0by (A2 : 3) gives

BN(.I)

QB (el 2) ©1) Q% (1@ ge1mu(., 7))
ON L (my(., )

N Qpi—1 (M, 2) @1) Qpy—1 (1@ g1 (., x))
br—1(me(.,z)) '
Hence, By (z) N 0, and by uniform integrability, for any z € X
Jim (@) = lim E[By(2)] = 0.
Finally, by Theorem C.1 we deduce that

lim E[BN(x)]y(dx):/NlilnooE[BN(x)}u(dx)zo. (A1.13)

N—o00

The other similar terms are treated in the same way by adapting the definitions in (A1.12). As for
the second integral, define for any (z,y) € X2,

Ro(o.) = i O el ) £ i) QLS (87 (0. 8 87 (01
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Then, using that

[ QS (mil) © mu) QS (8 () @ 8 (5.) vldy)
< Qi (el ) @ 1) QR (B (v,) ©1)
together with Fubini’s theorem we obtain
0< / E[Ry(z,y)|v®*(dz,dy) < / [Bn (2)]v(dz)
and by (A1.13) we get that

lim [ E[Ry(z,y)]v®*(dz,dy) = 0.

N—o00
The remaining term goes to zero by a similar reasoning. This completes the proof of (4.18).
For the convergence rate, by the strong mixing assumption we have that

G0
N < oo+
5t (./I:,y) — U—Qt—l

and in the case b; = 0, we have for example that

[ QB ity 0 1)QNE (5 (2. & vlae)

Y(z,y) € X?, (Al.14)

OOO—
< 2 [ QN min) © 1O (18 p(d)

GOOO'+
o_Qy_

IA

QéVtBiu@l)
and
/ QS (me(,2) @ mu (1)) Q025 (BN () @ BN (y,.)) v®2 (d, dy)

2
GU+

N,BS
Sorqz Qi (1®1)%.
kO

Thus, replacing in (i), we get

@25 (h) — QS (o2 ME IR |
N —-2)(N -3
< [ DO ) Qi M |

e Bt

+ 20’+G |h|2 (N — 2) + o4
N(N-1) o_N(N-1)
The case b; = 1 is handled similarly using ((ii)) which yields

190555 (h) — 90555 (922 ML TR,

N—1 G2 |h
< [ME - 1] neiss e agnig + 2=l oxes .

Both upper bounds are O(N ~1) by Proposition A.4. This concludes the proof. O
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A.5. Proof of Theorem 4.5. The proof is a straightforward adaptation of the proof in [27, Theorem
1]. Let h € F,(X). By (4.28),

N,BS . N -1 N,BS/; ®2
v =3 (N5 otsoe «
Lo
+ > N{ 11 o
beB\{0,e0:+ } s=0

t
5 300 ~ Qou(hF?)} =
s=0

N1\t

( - ) ] S (h?)
N—1\'"

(55 e

where we have used that for any b € B;, QN BS (h2?) L5 Q,,.,(h€?) by Theorem 4.4.

A.6. Proof of Theorem 4.7. Define for any ¢t € [N] and b € By,

G = U(gtj\ll U U({Jli,tfl}(i,k)E[NP) Uo({A} 1, & 'fil)) ) (AL15)
with go = FN Inthe following, we write
t N\ Lhe
Chbt = {SUONZ’S <N_1> }%N(I)Q/J\ﬂ ) (A1.16)

The intermediary results used in the next proof are given in Section A.10.

Proof of Theorem 4.7. Let h € Fy(X®?%). We proceed again by induction. The case t = 0 is a
consequence of Theorem 4.4 since QN M( h) = QN BS( h) for any b € By. Lett > 0. Similarly to
Theorem 4.4 we make use of the followmg decomposmon

Q" () = Qua(h) = Q3™ () — QM (92 M )
+ Qb t— 1(9t 1Mbt[ 1) - Qb,tfl(gfbfﬂ\/l?t [A]) -
By Minkowski’s inequality and the induction hypothesis, it remains to prove that

fim G35 (1) — G (4 M

N—o0

), = (A1.17)

By Lemma A.9, ]E[é{)ﬁM(hﬂgiV_l] QéVtM(g | Mt [h]) and

E[Q):M ()M (923 MUt [h)] = E[Q) M, (982 MUt [h])?]

hence,

19 () — @M (A M |2 = |05 (Wl — | Q™ (g3 My D -
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By Proposition A.10, if by = 0,

4
18N (1) 2 = ZE[C?V,b,t S T RTR, k‘*)}
p=2 k}4e12nsy

N —2)(N
(N(]\)[(HQM 1 gt 1 H2

AL ZE[C%V,b,t 3 ib(kbk?)ib(k?,kb] ,

p=2 ky4eIgZnsy

<

and
19N () — QM (g2 M D
(W 1) |9 (g2 M)
+|h§OZB:JE[C§V7b,t > T EDTI (kK
p=2 k}4eT2ns?

2
< 0

By Proposition A.12, (A2) and the fact that h is bounded, sup y ¢y || Qb s 1 (92, MY [h ||2

and

lim
N—o0

N —2)(N —
(SR 1) Ia e o,

and by (i) in Proposition A.11, the second term in the r.h.s. also goes to zero, which shows (A1.17)
when bt =0.1If bt = 1,

2
Ol =BG 3 T RT D)
p=1 kiteZ?nsSy

N 2 ~ -
N8 g2z 1>||2+|h|§oE[C%v,b,t S T RT K

kyteZins;

||§ goes to zero similarly to the case b, = 0 and by application

and [| Q)" (h) - QM (9% M [h])
of Proposition A.11.
The convergence rate follows straightforwardly by Proposition A.11 since for p € {2, 3}

E|CRoe Tb(k37k2)7b(kf’,k4) =O(N7Y),

- klte12nSy

and

E|Cy: >, TPkt EDTE <kf,k4> =O(N7).

kl4eI?nsSy -
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A.7. Proof of Theorem 4.8. The proof boils down to showing a PaRIS version of the identity
(4.28). Let us first prove that for all t € N and (k}, k?) € [N]?,

Y Tk k) =1 (A1.18)
beB:
We proceed by induction. If ¢ = 0,
D Tk kg) = Tz + Tigmiz = 1
beBy

Let t > 0 and assume that (A1.18) holds at ¢t — 1 for all (k}_;,k? ;) € [N]?. By the induction
hypothesis,

> Tk k)

beB,
M M N
- b (qi ' Fb (7
= 3 g X T i)+ g 0 Y WA o)

bEBf,_l =1 1=1n=1

M N
:M_lz{]lk,};ékf D T Tie ) + ez D Wi Y T, qem)

beBi_1 n=1 beBy_1

—Ilkl#kzM 121+]lk1 k:2M ZZthl

n=1i=1
= Loz ]lk%:k? =1

which proves (A1.18) at time ¢. Consequently, we have that for all h € Fy,(X)

t N 1 1—bs '7 kL L2

_b. - NM t t

2 [V (N) (r) =SB S T R ()
beB;

beB; s=0 kl2e[N]2
7 (1)? ky k7 Fbopl 1.2
= N2 Z h(ﬁtt)h(ﬁtt)Zﬁ(kt,kt)
k12€[N]2 beB;
= (1) (h)?* =+ (h)* .
The convergence in probability is then obtained by mimicking the proof of Theorem 4.5 and using
Theorem 4.7.

A.8. Proof of Theorem 5.2. The proof of Theorem 5.2 requires the convergence of T [ho.](z)
to Ts[ho.s](x) P-a.s. for any © € X.

Proposition A.2. For any s € N*, any x € X and additive functional ho.s € Ap(X®5T1),
Tév[hOs](x) 2) Ts[h()s}(x) . (A119)
N—o00
Proof. Letxz € X. Define
an :=n4 (gq 1{T h0s i 1+fs 1})

by = 775—1 (gS—lmS('a SU)) ;
b:= nsfl(gsflms(wx)) .

|
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where fZ | : y — mg(y,x) and
1Y = ms(y,f) {ils—l(yvx) - Ts[hO:sKﬂ?)} .

Then, we have that ay /by = TV [ho.s)(x) — Ts[hos](x). By (A4), (f* 1, %)) € Fy(X)? for
any z € X and

et (g {Taalhosna |24 + F21}) =0

Hence, choosing fs—1 = f2 ; and f,_1 = f2_; in Theorem C.2 (A3.1), there exists (d, d) € (R )?
such that
P(lay| > €) < dexp(—dNe?) . (A1.20)

On the other hand, by choosing f,_; = f* , and f,_; = 0, there exists (d',d’) € (R*.)? such that
P(|lbxy — b > €) < d exp(—d'Ne?) .

Finally, since |an /by| < [T [ho:s] ()] + |Ts[ho:s)(#)| < 2[ho.s|oo P-a.s. and b > 0 by (A2 : 3),
there exist (¢, ¢s) € (R7%)? by Lemma C.3 such that

(|aN/bN| ‘TN hO 5]( ) Ts[h05](m)| Z 6) S 65 eXP(—CsN€2) )
from which (A1.19) follows by applying the Borel-Cantelli Lemma. ]
Proposition A.3. For any s € N* and additive functional hg.s € Ay(X ®S+1)
lim E [¢>§,V_1MS [(Tﬁ,V [ho:s] — TS[hO:S])‘*H —0. (A1.21)
N —o00

Proof. The proof is a straightforward application of [33, Lemma 17] (which dates back to [15]). We
recall it with its proof for the sake of completeness. Define for any x € X

le(x) = |T£V[h0:5]( ) — Tslhos](z | Al 1(ms( m)),
1’4;1\7('7“‘) = ¢§71(m5(.71‘)) )
A(x) = g1 (ms(.,x)) .

We apply Theorem C.1 with fy = E[Ay], gn = E[KN], f=0andg = A.
NMhosl|(zs) < [ |hows| (zo:s) TN (2, dg:s—1) < [ho:s|oo, hence
E[Ax(2)] < 16]ho..| SB[ Ay ()]
(ii) We have that Ay (z) N%O A(z) for any z € X by (A4), (3.5) and by the dominated
convergence theorem _ lim ]E[ZN(x)] = A(x). On the other hand, [ E[Ay(2)]v(dz) =
E[¢Y (1)], fA dx = ¢s(1) and ngnooE [¢)(1)] = ¢4(1) again by the dominated

convergence theorem. Hence

(i) For any x4

lim [ E[Ay(z)]v(dz) = Nliglooﬁ[(;sg(l)] = ¢s(1) = / A(z)v(dz) . (A1.22)

N—o00
(iii) By Proposition A.2, (A4) and (3.5)
AN (.’E) £> 0 y

N—o0
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and since Ay (x) < 16|hg.s|2 0+ P-as., by the dominated convergence theorem we get
A}im E[An(z)] =0.
— 00

Finally, by Theorem C.1

lim E[ / AMm)v(dx)] = lim E[o7 M, [(T7 [ho.s] — Ty [ho.s]) "] (A1.23)

N—o00

= / lim E[Ay(z)]v(dz) =0.

N—oc0

Proof of Theorem 5.2. We write
Hé\{t = Tiv[h’()is]ct =+ i‘LS:tv Hs,t = TS[hO:s]dt + }le:t
Fé\{t = Tév[fo:s]ct + fs:ta Fs,t = Ts [fO:s]dt + ]Es:t

We proceed by induction on ¢ > s with s fixed. By Theorem 4.4,

fim_|QY S (H @ F.) - Qo (Mo 9 FL) [ =0

N —oc0

Hence, by the triangle inequality it suffices to show that the difference with the "idealized" estimator
goes to 0, i.e.

2
lim ]QgVES HY, @ FN)) — QNBS(H, , @ F, ) ‘ ~0. (A1.24)
Nﬁm S 9 b S ’ 2
For any (ho.s, fo.s) € Ap(X®5TH2 and (hy, fs) € Fyp(X)2, by (4.20)
|oxes Y, e ¥2,) — QNI (H,, @ F..,) |
S ) b ER) ’ ’ 2
_ NS+1P)/‘£V 1 2 €s (s i j % j
an2| 3 M W e B (€ RN, (€) — B L (€)F L (€)
. (N—-1) 2
i,JE[N]?
Ns N 1 2 . X 3 .
vt Y VW | Y RN, ) - B (R, (@)
- (N _ 1)3 4 5 5 4
i JEIN]?

by Cauchy-Schwarz inequality. We now show that sup ey || N5y (1)2/(N — 1)57 ¢ (i,j)||4 is
bounded for all (i, j) € [N]?. We first show by induction that for any n € N, T,2(i, j) < 1,;. For
all (4,7) € [N]?,TL(i,j) = Lix;, and for any n > 0, by (4.23)

TG, 5) =Lizs Y. BES(,k)BE(j,OTL  (k,0)

k,Le[N]?

Sligy Y B k)BRE(, O Lise
k,€[N]?

STy Y, BRR)BEG) < Liyj
k,l€[N]?
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where we have used the induction hypothesis in the second line. This shows the result. Next, we
have that

T g) = Liey . BES(LEW! T2 (k. 0)

k,€[N]?
< 1 Z BE (i, k)WL Lyse
k,£Le[N]?
<L Y, BE(LWL =1 .
k,Le[N]?
Hence, sup ey || N*7Y (1)?/(N = 1)°T (i, )|, < (2GZ,)*Li—;. Consequently,

HQN BS HN ®FN ) _ QZ,ES (Hw ® F&S)

.
2 s IV . ; i i
(2(];\?) > [ HEDFY ) — Hou(eh P
=1

[ B EF(€) — Has(€DF. ()|
< | (HE(€0) = Ha o (€D) P (D], + [ (FI(ED) — Fo o (€D))HIL ()]
< Cf,cHTéV hOs](fé) - Ts[hOS](£;)||4 + Ch,dHTéV[fOsKgé) - Ts[fOs](gé)H4 .

4 4 . .
where Cy 4 = |ds|§o(\f018|Oo + |fs|oc) and Cj, . = |cs|§o(|h0:s|oo + |hs|oo) which are finite
because (ho.s, fo.s) € Ap(X®5TH2, (¢4, ds, hs, fs) € Fp(X)*. We have used that

< . (A1.25)

and

|Hi\f§(£z)’ < /|cs|oo|h0€|ooT]gV( 2,d$0;5_1) + |h9|oo = |Cs|oo|h0:s|oo + ‘hs|oo = Ch,c .
For any hg.s € F(X®5t1),
i NI
HTéV[hO:S](gs) - TS[hO:s}(Ss)Hzl

[T lho. (€D) — T o (€)' |72
ng—l / (Tév[hO:s](x) - TS[hO:S](x))4M8(§Z—17dx)}

4
= |:¢L]9V;1Ms [(Tév[hOS] - Ts[hO:s]) :|i| 5
and replacing in (A1.25) we get
2
QNS (uY, w FY,) - QNS (H, o K, |

2

< (2G§O)5{Cf,dE [¢§11Ms [(Tiv[hois] - Ts[ho‘s]y”

+ O [0 M [(TY [fors] — Tl o) }

The upperbound goes to zero by Proposition A.3 and this finishes the proof of the initialization.
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Lett > s and ho.s € Ap(X®*T1) an additive functional. Assume that (A1.24) holds at ¢ — 1.by
the induction hypothesis

hm || Qe t 1 (QtHin ® Q:F, t) Qe, t—1 (QtHs,t ® Qth,t) H2 =0,
where Q is defined in (3.1) and for example
QHY, (z5:i-1) = T [hous] (24) Quler] (@i -1) + Qi lhsu] (ws-1)
where Q¢[c:] and Qt[hszt] are bounded by (A2), and by defintion of Q. ; (3.1)
Qe.t—1 (QtHs,t & Qth,t) = Qes,t(Hs,t ® Fs,t) .
Hence, to prove (5.11) it is enough to show

Jim QY E(HY, @ FY,) — o9 (QuHY, © QiFY,)[|, = 0. (A1.26)

Because T [ho.;] and T [fo.s] are 7V ;-measurable, by Proposition 4.3
E[QN o (HY, o F)|FY ] = Qi\ifil (QHY, ® QF,)
and thus
105" (H3 @ F2L) — QU2 (QUHL, © QUFS) |,
=[P (HY, @ B[, — |Q 5 (QuH), @ QFY,) [, . (A1.27)

Now note that Proposition A.8 is still applicable with h = H + ® F . although there is a slight

abuse because this specific & depends on the particles up to s — 1 through T [ho.s] and TV [fo.5].
However, as they are F}Y ;-measurable, Proposition A.7 is still valid and hence Proposition A.8.

. . . . . g1\ 2
Additionally, this specific & is bounded almost surely since for any (4.t 2%.,) € (Xt H)

|Hgt($s:t)F£t(x/s:t)’ < C = (|h0:s|oo|ct|oo + |B82t|00) (‘fo:‘s'mldt‘m + |fs:t‘oo)
and hence
H QN BS Hi\{t ® th) — Qii:?il (QtHi\,’t ® QtFi\,{t) H2

N —-2)(N -3
<[RS ] oS (o )|

g0 [vane| A QB om(a) 0 1O BN ) 91)
+ OB M @me(,2) Q0B (BN (x,.) @ 1) + Q)% (mu(,2) @ 1)

x QP (1@ BN (x,.) + Q5P (1 @ my(, 1)) QP (1 @ B (=, .>>]

G2 C%?
®2 o0 t—1
* / v (dy’dx)E{ N(N =1

x{@iﬁfﬁmt( £) @ me( ) QY (8 (2, ) ® BN (v..)

QNS (my (1) @ () QNS (BV (n,) @ B () H
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The first term in the r.h.s. goes to zero by Proposition A.4 and the fact that QtHi\f : ® QtFi,\j . are
bounded. The remaining terms are similar to those that appear in the proof of Theorem 4.4 up to
some constants and thus go to zero.

For the second part, by Theorem C.2 and Borel-Cantelli Lemma, qb(])\,[ ¢ (h) Nﬂ $0:¢/¢(h). Then, by
i —00

multiple applications of Theorem 5.2 and using the bilinearity of Qé\ft’Bs and Qp ¢, forany s € [0 : ¢]

and bounded additive functional A,
= 2
QNBS ([ge{T [ho:s] + hrsse — by (he)}]¥7)

= QU ([0 AT [hous] + hawt }1°2) = @60 (h) (QZ’,?S’([gt{TiV (hows] + s} @ 1)+
+ 92’55(1 ® [ge{ T [ho:s] + ils:t}])) + (b(l)\:]tlt(ht)QQi?Es(l ®1)
i> Qes,t([gt{Ts[hO:s] + Bs:t}}®2) - ¢():t\t(ht) (Qes,t([gt{Ts[hO:s} + Bs:t}] & 1)+

+ Qes,t (1 ® [gt{Ts[hO:s] + Bs:t}])) + ¢O:t|t(ht)2ges,t(]— ® 1)

~ Q2
= Qes,t([gt{Ts[hO:s] + hs:t - ¢0:t|t(ht)}] ) 3
from which the weak consistency of Vé\f tﬁs(h‘) follows. O

A.9. Supporting results for Theorem 4.4. In this section we prove Proposition A.4 and the upper-
bound of || Qé\ngS(h) Hz used in the proof of Theorem 4.4.

Proposition A.4. Assume that (A2) holds. Foranyt € N ;b € B, and m € N,

sup E[| Q%% (1)]], < o0 (A1.28)
NeN

We preface the proof with supporting lemmata.
Lemma A.5. Foranyp > 2, and N > 2m
Card(Z)' N SE) = O(N?) and Card(Z{* NSE) = O(NP) .

Proof. The tuples in S?, contain p distinct elements. These p distinct elements can be selected in
(];[ ) ways. For each of these tuples of size p, there are p?>™ tuples of size 2m with each element
taking one of the p values. These tuples of size 2m contain at most p distinct elements. Hence,
, N NP
Card(Zy* N SP)) < Card(SE) < ( >p27” < —'me ,
p b:

and similarly,

NP
Card(Z7"N&P) < —'me .
p!

Proposition A.6. Lett € N*, m € N* and (k}_,--- , k™) € [N]*™.
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(i) Ifp € [2:2m] and (k},--- k™) € T N SE,,

2m N Ggo
N EaC IS
t—1
(ii) Ifp € [1:m]and (ki, -, k?™) € "N SP,
BS/7.2j—1 2J 1 "0311 N ngm
Hﬁ k sk )Wtq Fila SW'

Proof. Letp € [2 : 2m]. By definition there are exactly p distinct elements in each k := (k},--- , k™) €
I NSk Letk, = {a1, - ,a,} = {kt, - ,k7™} the set of cardinal p containing the p distinct

elements in a tuple k € S?,. Define for any a; € ky, V,, := {j € [2m] : kl = a;}. Bach V,,
is non-empty so that it is possible to pick j; € V;,, and by (4.11) in Lemma 4.1 and the fact that
different particles are i.i.d.

2m
[I 8k k)

j=1
P
HE[ TT #55(,k )

i=1 Ljev,,

N
Fiza

fﬁl]

I
1~

H BN (R e o M, (der) b

1/ 1
/

-
Il

I
=

TT BN e e, &) el M(der) ¢

i=1 J€Va \{di}
P

:H/ H ﬂt( 7) Mt(tlvdf) )
i=1 J€Va; \{4i}

with the convention [] = 1. Then, since for any (k, ¢) € [N]2, BBS(¢F,&/_1) < 1, we get

J
2m

H 685 km m

p
Gr,
M; f o &) < :
I Pt < &
Nowletp € [1: m]andk = (ki,---  k2™) € I"NSP,. Define V,,, := V,,N{1,3,...,2m—1} for
any a; € k,. These sets are non-empty since each V,, is non-empty and has as many even indices as
odd indices, by definition of Z]" N SE,.

m*

It is then possible to pick j; € V,, and, since for any i € [N]
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W:_ . is FN  -measurable,
t—1 i—1

HBBS kzg 1 kzg I)Wfil ]:t]L
_HthllE HﬁBS kzj 1k2j 1)}—;{1 )
m 0, P
k}tJ_l 1 1 a;
I T [ IT a5t ol e b
j=1 i=1 jev,

K - 0 oK, 0 KT o
= HWt—il / H B (&R & B (€8, & e My (def) o

J=1 i=1 JE€Va, \ds}

. kfil - t 1
STV TL [ T s et ag |

=t =10 evita

with the convention [ [, = 1. Hence,

+
G

2;
HﬁBS kLW | R,

S

O

Proof of proposition A.4. Let m € N and assume for now that N > 2m. We proceed by induction.

For t = 0, and by = 0 we have that QN BS( 1) = N"Y(N = 1)7' 3, jeinge Ligs = 1 which

NBS( )

completes the proof. If by = 1, Q =N-! >_i je(ny2 Li=; = 1 and the result follows.

Lett € N* and b € B;. Assume (A1.28) holds at time ¢ — 1. Again we treat the cases b; = 0 and
b; = 1 separately. In the case b; = 0, by (A1.2),

CIPATEO ) R I SR | § vt

ké_;tzme[N]2m(t+1) j=1
and

Z HA (k2271 kD)

k,l Zm E[N 2m(t+1) j=1

+~1.2 2j—1 ;25
= Z HAbt 1 kojtfuko?tq)

kyizmy €[N]Pmt j=1

]1 2 1
0, kJ 7516 S/7.25—1 12j—1\ BS/1.2] 1.2]
x Z H 7 (ky Nnn v (k7 ki2q)

kl2me[N]2m j=1
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By Proposition A.6(i) and Lemma A.5, for any kM4 € [N]?™

> H BES (R kBB (R R ) Ly | FY

kt1:27n€[N]2m

N
)| Fita

2m
=> > Hﬂ (k. K] _y)
p=2k

12meInSh,

2m ; 2m 2m )
G GP_Card(Z5* N SP,) NP
< E E <L © m. <L E

- 0, 0, =¢

p=2kl2meTmnSh, "7 p=2

where C'is a constant independent of N. Consequently, using the fact that

201 N,BS
Z HAbt 1 Ojt—l’kOt )= Qi (D™
kl 2m E[N]zmt] 1
which is 77 ;-measurable and that ;_; < NG, P-a.s. by (A2), we get
N2m—pr
N,BS N,BS N,BS
[Q (1 )m} <CE {th 1(1 )mNm(Nl)] CE {th (™ ] ;
which completes the proof. In the case b, = 1, again by (A1.2),

SR | BNt

k§i7me[N]2m+) j=1

= Z HAbt 1 k[)t 1vk(2)jt 1)

kl 2m G[N]th J 1
1 2j—1_ 125 k2j
% Z H - Ly ky B LT U S VAV
kli2m g [N])2m j=1
Then, similarly to the case b; = 0, by Proposition A.6-(ii) and Lemma A.5, for any ktl_21m €[N ]27”,

m

2j
2J 1 p2i-1 kil | =N
E H ki )Wt—l ﬂk37*1:k§J Fila
kt1:2me[N]2m j=1
1 2
25—1 2j 1 ktj—l N
= S B[R Y,
k‘l 2m I SP j=1

MS I MS

Z Qm+p - CZ Qm+P ?

1 k1:2m€I71nm8P

S
Il

where C' is a constant independent of IV, and

L Q2 NP
E Q)] < CE [Qﬁfi( " Ry

< CE Q% ()] .
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which completes the proof.

If N < 2m (resp. N < m), then a tuple in Z§* (resp. Z1") contains at most N different elements
and the proof proceeds similarly by truncating the sums over p. ]

We now give more explicit computations for the case m = 2. The sets ZZ N Sy and Z7 N SL are
detailed in Example A.1.

Proposition A.7. For any h € Fy(X®2*D) and (k§., 1, k§,_1) € [N]*,

kb, L4 f .
> E|RP&Y &) Hﬁ (K] K] )y a2 gz | F
kite[N]4
N(N - 1)(N — 2)(N -3) kb, K,
< Or (9§31M(t)[h])®2( ARSI e
t—
N(N —1)(N - 2)G3_|h|%, I N(N - 1)G% |h|% kL
+ le ﬁN(t l>+ 921 t(t—11>’
t— t
and
k2
Z E h®2( oL Ot HﬁBS k2] 1 k2j 1)Wt7111k}:kf,kf’:kf J—_-tj\_fl
kF4E[N]4
N(N -1) Kl ki, NG3 kS Kl
ST( M[]) (Otv"‘aogs')‘F ngoMf 61: (&N (€Y -
t—
where

Of c o MBY (L ah))(2h) + MelBY (- 2h)](2?) + Ml (-, 2)](ah) + M[B (-, 2%)](2)
ot e MyBY (2@ )MBY (o)) + M8 ()] (@ )M (B, (-, 2™))(2?) -

Proof. Let (k}.,_1, -+ ,kg.,_1) € [N]*. First note that

9 nkl kX i
Z E |h®%( 05 60) Hﬁ k§7 t—1 ]1k1¢k K3 Akd
kl4e[N]4

N
Fiz1

4

R D D R S G R Hﬁ (k{, k{_1)|F

p=2 k}4eZinsy

We compute each term herebelow. Foreach p € [2 : 4] and k := (k},--- k) € Z3 N ST, let
k, := {a1, - ,a,} = {k}, -+, k{} the set of cardinal p containing the p distinct elements in a
tuple k € S%. Define for any a; € k,, Vo, :=={j € [4] : k] = a;}.

— Let (ki -+ ,k}) € I2 N S3. Then, ko = {k}, k?} and we either have Vit = {ki k}} and Vje =
{k2,k}} or thl = {k, k4} and Vi2 = {k7, k}}. Assume that Viy = {k;, k3} and Vi2 = {k7, k{}.



VARIANCE ESTIMATION FOR SMC ALGORITHMS 47

Then, by (4.11) in Lemma 4.1
|: Hﬁ kg ’ kg 1

=E[ 25 (ky,ki_y) E%ki,k?_n!fﬁl}ﬁ{ 25 (ki k7 ) BES (ki k)| FY

ftNl]

//a ottt agth) ooz e agh)
kfl

< g o )} e s et €.

If Vi = {ki, ki'} and Viz = {7, K/},

[Hﬂ ki,k’g 1

2

G [ 4 2
|7 ] = e [ et ehm et e

and

\ ]
> [H BES (kK| Y

k}4eI2ns? J=1

< XA UG foy, [ . ) et s et €y

4
ktl

5] e e @)

— Let (kt, -, k) € Z2 N S3. Then, either k3 = {k}, k?,k}} or ks = {k{, k2, k}}. Assume that
k3 = {kt17 kt27 ktg} and Vk} = {ktlv k?} Then,

[Hﬁ kiaki 1

El_ E2_ k3 kL
= Wtill till tillMt [5t ( i 1)} ( till)

N
t 1

o G kiR
> 33 > M; Bt ( t—1 ) ( t—1 )
Qt 1

Applying the same reasoning to all the combinations within Z3 N S5 we get

Z Hﬂ kgakg 1 ftNl
k}4e12nS3 Jj=1
N(N —1)(N - 2)G3, K, kK, ki, ki_y
e ] G R ] [
t—1

3
ktl

+ M, [@N(-, o )} (657) + M, {ﬁtN(-, 51311)} ( fiz'f)} -
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— Let (ki, - ,k}) € I3 N S3. Then, ky = {k}, k%, k3, k}} and

E h®2(0t""7 0:t' H/B kf,ki 1 ]:tNl

/h®2( SRR Ot Hﬁ ki»kg 1 ¢t 1Mt(d5t )

/h®2( AP Ot HWt Mt gttllvdgt )
kO:tfl Ot 1
(gt 1M0[ ]) (fo:t—u"', 0:t— 1)/Qt 15

which completes the proof of the first inequality. For the second inequality, write

2;
Z ®2( BS (1,21 =1 12i—1 kyly N
E |h Ot ’... , Ot Hﬂ ]{) k )Wt71 lk}:k?,kf:kf ‘thl

ktielN

2
kb 2 1 2 Tyy kel
:Z E h®2(0t""70t Hﬂ ” U

p=1kl4e12nSy

3

— Let (k}, -+ k}) € I2 N S). Then ky = {ki} and

kilkz Ki1yy ki

kil _ _ _
HBBS K5 RIS N | Wt w t 9 Mt[ﬂt (L &SDINES)

< G K| ki
=~ 73 M Bt ( t—1 ) ( t—1 )7
Qt 1

and

NGL AN e
< o, M, |:Bt (&5 )} (&)

Z Hﬁ 2_7 L 2] 1)Wtk_?]]1

kl4eI?ns] Jj=1

—Let (k/,--- ,k}) € I N S3. Then, ky = {k/}, k}}, Vi = {k/, k7 } and Vjs = {k}, k/'}. Hence,

2 2 1 2 Tyqp okt
E h®(0t7"'70t Hﬂ . 1 )thll

ké:t—l ké:t—l
(gt 1M [h ]) ( 0:t—1 """ »S0:t—1 )/Qt 15
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and

2j

®2 BS/7.25—1 2] Iy Fes1 | =N

S OE | R 1‘[5 (k7L k2O Y
KIET2NS2

N(N -1) kb kg
= g WMD)
t—

which completes the proof. U

Proposition A.8. Foranyt € N, h € Fy(X®2HD) and b € By,
(i) Ifb, =0,

(N — 2)(N
N(N -

N -2 Q,
lQXEs ()| < 311088 (g2 M) 2 + L2 8 |h|zoE[ t 1u<@éﬁ>}

o+ F=76= N

S PEY 1 g0
+E m” (TR |

where

Op; x> [QéVtle (me(, ) ©1) + Qi)vtle(l @my(.,z))]
x [ (BN (z, ) 0 1) + @ (1@ BN (2, )]
T c (y) = QNGBS (o) @ mal ) QS (BN (x,) @ B (y.))
+ QS (ma () @ e, ) Q0525 (BN (v, ) @ B (=) -

(ii) Ifby =1,

leyEsml; < Sl e M

. Q
+ Gl / E { 0B (1, 2) ® 1)Q 2 (BN () @ 1) | w(da) . (A1.29)
Proof. To prove (i), if by = 0, by (A1.2),

N,BS <12 +1,2 ko, kg,
- b,t (%:N (2):t b,t 3:t7 3:t 2 0:t 2" HS0:t
Qi (h)? = Ayt (ko kg ) Ayt (Ko ko, )R (&l )
KRN+

—1,2 —1,2
= Z Ay (ko1 kg:t—l)Ab,t (Ke—15 Ko—1)
it €N
Q.

4
X{Z 2 NN —1)2 Hﬁ ki,kilh@(m,...’g%t)}’

p=2 k4 eIZNSy
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and by Proposition A.7,
NBS (112 (N —2)(N N,BS 2
o < S e e ai |
G3_|h]2 (N —2) —1.2 —1,2
=N - B |- > Ny (Rt Kk Ay o1 (K K1)
=1 it e

s [ el et e o et | €
k3,

+M; [@N (&5 )} (653) + M, [@N (. figf)} ( fff)}]

2elhl3 —+1,2 12
+ mE Q? 1 Z Ab,tfl(k(%:tfh kg:tfl)Ab,tfl(kg:tfb kgztfl)

kit €[N]4
ki, k7,

x{Mt [ﬂiv(., i“il)} (EF M, [/a’t (e )] (&)
[ el efom [ et @)
Then using (Al),
S R e R (e K MUBY (616

ki1 EINTH

—1,2 —1,2 K3, ki,
/ Z Ab,t—1(/‘35:t—1akg:t—1)Ab,t—1(kg:t—1aké;t—1)5tN(%§t_1 )mt(ft—1 ,2)v(dz)

koiy 1 EIN]H

— [ QUES () 0 1) QY (5 (0. 1) vl

S Ry (kb K )Ry (kg K y)
kgt 1 €[N]4t
X MBN (e8I EF MY (L € 1Er )
= [ QB rmuCa) ) QS (81 2, B (3:.)) v ()

which completes the proof of (i) by applying the same reasoning to the remaining terms. Item (ii) is
obtained in the same way. (|

A.10. Supporting results for ‘Theorem 4.7. In this section, we prove the analogues of Proposi-
tions 4.3-A.4-A.6 and A.7 for Q[J)Vt’M. We remind the reader that the number of sampled indices M

in the PaRIS estimator is fixed and that G} is defined in (A1.15). Let G ; Vv ¢} be the following
o-algebra:
GV =0(GY ua(EN)) . (A1.30)

Lemma A.9. Foranyt € N*, h € F(X®?) and b € B,,
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(i) E[Qu3" (WG] = QY (o My k)
(i) Qé\ft’M(h) is an unbiased estimator of Qp +(h),

where @Z])VtM(h) is defined in (4.29).
Proof. We start with the case b; = 0. For any (k,¢) € [N]?, J., , and J;, , are independent

conditionally on GY | Vv &5 for any i € [M]if k # ¢ and 7,? | is GN ,-measurable, hence, using
“4.4),

E [T (k, Oh(sF. 6|61 (AL3D
=E[Lyzeh(&F, €M 12;7?1 Thi—1s It e-1)| Gt 4]
~ B[l NS S A ST (]
i=1 n,me[N]?
- ﬁal<n,m>x@[ﬂk#ﬁfs<k,n> B 6, mn(et €017
n,me[N]2
zggf S T ) (PR MO (61, 6

n,me[N]?
Ifb, =1,

E T2k, Oh(er, &)

gy 1} (A1.32)

= E[Li—ch(&F, )M 1ZZWt T em) |G

i=1 m=1

E|:]lk oh(&E €M IZ Z 5tBSk7” T 1 (n,m) |Gy 1}

i=1 nme[N

- Y T mE [ﬂk_wfs(k,n)Wﬁlh@f,afﬂfﬁl}

n,me[N]?

1._ ~
—gr 2 Tl m) (@B M) )

% n,me[N]2
Consequently, if b, = 0, by (A1.31),

E[Qp;" (]G]

t—1 N O\ AN (12 02 _
- (V) S s mm[ﬁb(k,z)h@f,sb\gﬁl

s=0 k,L€[N]?
t—1 1-bs N 2
( N Vi1 (1)
-1 (v07) 5 T Am M) )

n,me[N]?



52 VARIANCE ESTIMATION FOR SMC ALGORITHMS

and in a similar way, E [éévtM(h) IGN,] = Q{)VtMl (2% M}[h]) by (A1.32) if b, = 1. The second
item follows~straightforwardly by induction and the tower property. The induction is initialized by
noting that QéVéM( ) is equal to QN BS( h) which is an unbiased estimator of Qy o(h) by Proposi-
tion 4.3. ]
Proposition A.10. Lert > 0and N > 4.

(i) If by = 0,

E[CN S e (et T T kD

kyteIgnss

gﬁl}

_WQ?%( 2M[R)?, (AL33)

2 Fbr1pl 1.2\Fb (1.3 1.4 G2 (M - 1)97, ®2(N,M
E|CNp.e Z Te (ke kg T (kY K) |Gl | < MN(N —1) v bt )

ki4e1ins?

G202, 0
+ X1 T (ki k), (AL34)
MN(N — 1) ] k%ﬂ%}v]z t—1,

and

E[c%m,t S TR R)TR K

ky4eIgnss

&G (M — 1)(N —2)
g“} - MN(N —1)

ZCHe

Qt—ngo(N_z) 2 (2)
+ MN(N — 1) CNbi—1 Z T~ (k 1), (A1.35)

kL8 €[N]3
where
O s [Op M (s >®1)+th Maem(, )]
x (O (BY () @ 1) + QM (1@ B ()]
T s () = M, (o) @ mal ) O™ (BY () @ B (y..))
+ QM (ma( ) @ ma () Qo™ (BN (v, ) @ BN (x,.))
and
Ty o (kf R2) o TP f k)2 + TRkl k)T (k2 k)
T4« (k) kKDY = TR (b RTR (kS k) + T K2 TR (ke RY)
+ TRk KD TR (K2 KD) + TRk KD TR (K3 K2
(ii) Ifby = 1,
Blchoe X ne e et T T k)

kl4eI?nss

gﬁl}

N —
—th M (g2 MI[R])?, (A1.36)
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and

E[CN ST T KT KD

kyteIins;

G 1] (A1.37)

Qt 1G /th 1 (my(. )®1)th 1(@ (z,.) @ )w(dx)

G20, _
+ T]\t/vc?\/,b,t 1 Z TE (kg k)T (kg k)
kl 2 4 N

Proof. We start with the case b; = 0.

—If (k}, - k}) € I2 N S3, then kf # k? # k} # k} and conditionally on G¥ ; v /'Y J}ﬁl 1
1 Jig ,_, and J]€4 ., are independent for any (i, j) € [M]* and J};"! ki1 % BS(kf,.) for

any £ € [1 : 4], thus, for any (i,j) € [M]?

{Tb( kl,t—1> li,?,tq)ﬁb('] -1 k4t 1)

GN v el ]

_E[Tb( klt—1> k2t 1)

GNver } {Tb( k3t—10 k4t 1)

o v e
= Z HﬁBS (k' ki 7?’1(’% 1k )7?)1(]% 17k—1)7
k14 €[N]4 n=1

and

E{h(gf}>§f) (ft aft Z Tb klt 1 th 1)Tb( k3 t—1° k4t 1)

i,j€[M]?

GV ]

=E[h(§fi§f) @ranu2 Yy HBBS (kp, K

i,j€[M]? kL4 €[N]4 n=1

X ﬁb—1(ktl—1a k?—l)ﬁb—l(k?—la k?—ﬂ

gtN_l}

nogn ke ckiyp ekt ekt
= Z ktl 1,kf 1)7?1(]5? 17]@? 1) {Hﬂ (kg ki )h(& " & )h(& ", & )gtj\il]
4elN
1

Fb o1 12 \Fb (13 g4 o1y, Kiy oki_y ckiy
BRI Z Tfl(ktfhktfl)ﬁfl(ktflvktfl)(gt 1M [h D (ft I ) s
LEIN

t—1 »5t—1 »5t—1
tlk

where we have used that 7,2, (kt_,, k% ) and 7,2, (k3_,, k*_,) are G ,-measurable in the third
equality and then proceeded similarly to Proposition A.7. By Example A.1, Card(Z3 N Sy) =
N(N —1)(N — 2)(N — 3) and since b; = 0 implies that

Q4
Cipt = Chipie 17]\72(]\; 1 R (A1.38)



54 VARIANCE ESTIMATION FOR SMC ALGORITHMS

we obtain

E[CN S e (e T AT k)

kyteZinss

GV 1]

~Chue % E[h@fagff)h@f?,gff)

kyteZgnss

7b Fb j
Z T klt 1 k2t 1)T( k3 t— 17J1i4t 1)

i,5€[M]?

th 1(9t 1M0[ D

GV ]

_(N-2)(N-3)
N(N —1)

—If (k},--- ,k}) € I§ N S3. Then ky = {k;, k7} and we either have Vi1 = {k;,k}} and V}> =
{k2,k}} or Vkl = {k/,k}} and Vi = {k7,k}}. Assume that Vyy = {k}, k‘3} and Vjz = {k7, kf}

)
Taking into account that J 11 = k3 i1 and J 241 = k;‘,tfl’ we get

[T”(ki,kw (k2 k)

GV }

:E[Mz Z 7~1111(J;i3,t71vJ/ig,tﬂ)illlu;z;,t_pJ;zg,t—1)|gt]\£1]
i,j€[M]?
=E[M‘2 ST Ly > Bk )BEE R KR )T (R K )

i,j€[M]? k12 €[N]?

Z Liz; Z HﬂBS kzk’ 7?1(’% 1k )ﬁbl(kt 15 —1)|gtj\i1

iGE[M]2 k14 €[N]4 =1
Then,
G2, -1)G%
{Tb(ktl,kQ)Tb(kik‘l) el 1] 02 Z 7?1 (ki1 ki y)? + (]\495)1

t—1 kL2 €[N]?

xS MBI MIBY (€T (kK )T ()

kit €[N]*

Similarly, if Vi,» = {k;, &/} and Vj2 = {k7, &}, we obtain

E[ﬁ%kbk?)ﬁ%kikf) giv_l]
G2 - - (M - 1)G2,
< MQZ o 226%]\” Tkt k)T (kg ko)) + th_l

ki

Xy MUBN(.EL EONE T IMLBY (LTI T (ko KTy (R k)
k14 e[ N]4



VARIANCE ESTIMATION FOR SMC ALGORITHMS 55

Consequently,

E[ S TR RDTE (kK

kI ET2NS?

gﬁl}

G: NN -1 ~
< Sl Y (T R T T ) )
U ke
G%: N —1) s
e (M92 / > {mtu B (a6 ) mu e BN (0,65 )+
t—1

k14 E[N]4
my ( t— 1 ) )5t (z, ft )mt(ft 1 ay)ﬁt (yv )}7? 1(kt1 1akt2 1)7? 1("7? pk? v ®2(d$ dy) .
Then, using (A1.38),

E[Cfv,b,t S Tk KTk KY)

ki4eI2ns?

gﬁl}

G202, - _ _
< LR (Tl )+ T (R, R Ty (R K }
MN(N —1) ™" k}flze:[N]?

T / {ééY;Ml (ma( o) @ ma(9)) Qe (B (2.) @ B (v,.))

MN(N —1)

+th 1( ( x)®mt('7y)) bt 1(ﬁt (y’,)®ﬁtN(x7_))}y®2(dx7dy)7
which yields (A1.34).

— If (k},--- , k) € Z2 N S3. Then either k:3 = {k}, k?,k}} or ks = {ki, k? k}}. Assume that
ks = {ki, k7, k}}. Then Viy = {k}, ki}, J o1 = Jia, , foranyi € [M] and

E[ﬁ%ki, KT (k) gﬁl}
:E{M_Q Z T kg,t—p k2t 1)T (Jlist e k4t 1 |gt 1]
i,j€[M]?

5t Y on, ¥ T8 0 K VT (R )

i,jE M]2 k.l:S G[N]BZ 1

+ M2 Z Lizj Z Hﬁ kt?kt 1) 7?1(7% 1akt 1)7; 1(’% 1akt 1 |gt 1}

i,j€[M]? k1l €[N]4 £=1
GZ, Z = b
< Tt Ve B )T (R k)
MY, A
-1 Ggo i1\ T
P DO S Y T kTR k)
t—1

k14 e[N]4
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The remaining combinations are treated in the exact same way and (A1.35) is obtained by using
again (A1.38).

Consider now the case b, = 1 and let (k},--- ,k}) € I?NS2. Then k} = k2, k} = ki and k} # k3.
Thus,

ky k7 kf_1yxkio1
E[h(@ NI S S SR Ve T
LJE[M]? |24 €[N]2
x TP (J] k-1 K LT k3t 1’kt71> gtNl]
[ - NN S k7
=E[h(§t SIDIIANIDED HBBS (R RS W
k14 e[N]4 £=1
X ﬁb—l(ktl—lvk?—l)ﬁb—l(kf—lak?—l) gﬁl]
1 b T kts 1 k;,l—l
ot Z T 1(t 1,k )T (kt 1,k )(Qt 1M[]) (ff 60690697
=1 14 [N
Since b, = 1 implies that
Q.
Cth_CNJJ,t 1 N2 )
and using Card(Z{ N S2) = N(N — 1), we get
1 2 3 4~ ~
Sl D S AR AR A CR N gtNl]

kl4eI?ns:

=Cor D E{h(ff*id“)(st ghm2 Y Y o ri

kl1eIinsS: i,jE[M]? k2_4 €[N]2

Xﬁb( ]ig,t—lﬁ )Tb( k3,t— 17 )

Gy }

= SN (e M)

which proves (A1.36).
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57
Let (k},- - ,k}) € T2 NS3. Then ky = {k}}, k} = k? = k} = k} and Jlig,tq = ]ig,’tfl. Hence,
— RN e i ~ i
El:M ’ Z Z Wtfll t7117;bfl( k},t—l?k?1)7;b1(‘]]z;3,t_17k?1){g£]v1:|
i,J€[M]? |24 €[N]?
1 kt
“Ely X R T T k)
k2 E[N]?
M-1 BS k?@ 1 kj2f 1 Tb k Tb k g
M Z Hﬁ ) tl(tl’ )tl(t1> ‘tl
k14€ N4 £=1
G Fb ol 12 \Fb (1 g4
= M3 Z 7;—1(1%—1’kt—1)7;—1(kt—1akt—1)
t—1 k124 c[N]3
El [ G ) © DI (B 7, & vl
t—1
This yields
Blchos 3 TG TAEDIGN]
kyteIinsg
G Qi
<SR i DL Tk k)T (ki ki)
k2t E[N]3
G3 -1)Q ~
=T LS 1/th e 2) © 1S (5 (2, ) @ 1)
which in turn proves (A1.37). |
Proposition A.11. Ler (A2 : 4) hold. Lett > 0. For any b € B,
(i) Ifby = 0, then for p € {2, 3},
J\/li_rgoE[C?V’b’t S TRk DT (K K} )] =0. (A1.39)
ky4eZznsy
(ii) If by = 1, then
ngnOOE[CW > ﬁb(ki,k?)ib(ki’nkf)} =0. (A1.40)

k4 eI?ns]

Additionally, if (A5) holds then the rate of convergence is O(N~1).
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Proof. We prove (i)-(ii) simultaneously by induction. Let ¢t = 0 and b € By. By definition, TE = 76”
and, if by = 0,

oo > ToURGRTIR k) = o5 >, Lizj =O(N72), (Al4l)
kite12ns? i,jE[N]2
4 —
CJQV,b,O Z Tb(ko, ko)Tb(ko, ko) m Z ]]-1,;6] ]].'L;ék - O(N 1) .
kitez12nsSs i,j,kE€[N]?
(A1.42)
If bp = 1, then
CRoo > ToERGKOTI(KS, k) = =5 > Lim; =ON). (A1.43)
kieTins] ue[N

Let ¢ > 0 and assume that both (i)-(ii) hold at ¢t — 1. Define

le:E CJQV,b,t—l Z 'Eb 1 (k tl 17kt2 1)7; 1(kt 1akf—1)] )
i k2 E[N]?
[ 1)
Dé\,’b =E CJQV,b,t—l Z Tg lb(kt 17’?_1)} ,
) ki €N
[ 2)
Dij’)\,’b:E CJQV,b,t—l Z Tg lb(kt 17kt lvk—l):l P
) RIS €N

where Tg?l , and Tg)l , are defined in Proposition A.10. If b; = 0, then by (i) in Proposition A.10,
using that Q; 1 < NG,

E[cN T ﬁbw,kbﬁb(z«f,kﬂ]
kyteZgnss
e[ PaC :

1 N, M ®2 Goo N
MN(N=T) /Tb,t (z,y)v®*(de, dy) +2WD2’I” (A1.44)

and

E[C?W 3 ﬁb(ki,km”(k?,kf)]

ki EeT2NS?

Q_1G3 (M N 2) G% N
<E e, —=D Al1.45
= [ MN(N / dz)| + a Dseo )
SN, M FN,M . N N
where ©; ;" and Y7, are defined in Proposition A.10. We deal first with Dy, and Dy'y. If

b;—1 = 0, then by definition of 7,2 | in (4.4),

D£6=E[C?v,b,“ S TR R )T (R 1,1«“)],

ki €I2nS2

DészE[C%v,b,H S T R )T (R k)]

ki €I2NS3

(A1.46)
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Ifb,_1 =1,

Dé\,[b :2E|:C]2V,b,t—1 Z 7; 1( t— 1,kt2_1)7;b_1(kf_1,kf_1)} >
k4 €1?2nS3
(A1.47)

DSy =B |Chois 3 T )T k)|
k4 eIiNS]
In all cases, by the induction hypothesis we get for any b € 3; with b, = 0,
lim DY, = lim DY, =0.
Ngnoo 2:b 07 Ngnoo 3b 0

Regarding the first terms in the r.h.s. of inequalities (A1.44)-(A1.45), they go to zero when N goes to
infinity since they are, up to the constant (M — 1)/M < 1, the PaRIS counterpart of By (A1.12) in

the proof of Theorem 4.4 and are treated in the exact same way since sup yey E [éévt’M(l)?’] < 00
by Proposition A.12. If by = 1, then, by Proposition A.10, using that ;1 < NG ,

E{C?V,b,t > ﬁb(ki,k?)ﬁb(kf,kf)}
kI ET?NS)
0 1G3 ~ ~ G?
<B| 7 [ G oma) 8 DI (6 (0,) & 1vtdo)| + DN,
The first term goes to zero when N goes to infinity similarly to the case b; = 0. As for the second
term, if b;_1 = 0 then by definition of D{\f b
0< Dy, < D5,

andif b;_1 =1,

OSD{YbE{CJQV,b,t Z Ty (kg kP y)? < Dy, .
k12 e[N]2

Hence, in both cases D1¥, goes to zero by (A.10). This ends the proof of the first claim.

Now assume that (A5) holds also. We proceed by induction. At ¢ = 0 the rate of convergence is
O(N *1) by (A1.41)-(A1.42) and (A1.43). Let t > 0 and assume that the rate of convergence in (i)
and (i) at t — 1is O(N~1). Assume that b; = 0. By the strong mixing assumption we have that

G
Bl (x,y) < 275 Y(a,y) € X2 (A1.48)
o
Using for example that
[ @ ity @ 1wide) = [ G (mel.s) @ mal) e, dy) = M (1w 1)
and then bounding ﬂt using (A1.48) we get that
02 G2 (M —-1) [
g |=1G /TN,M 92(dp. d
e [T )
G§00+(M

O'Z_MN HQIJJVtJWI 1®1 H;’
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and

S|Py [l wwan)] < R IEER I8 e,

MN(N —1) o_MN(N —
where both bounds are O(N ~!) by Proposition A.12. Going back to (A1.44)-(A1.45), we obtain

~ ~ QGgOO‘ (M 2 Gio
E[C?v,b,t > 7;b<k§7k§>7;"<kf,kf>] sWHQM (1@ )|, + 257D,
ky4eIgns: -

and

E[C?v,b,t > ﬁbwi,kf)ﬁb(kikb]
ki4eI2nss

G4

4o, G (M —1 N
< d7: G~ DIV =2)) v Maey|;+ =05,

o_MN(N —

By (A1.46)-(A1.47) and the induction hypothesis, we get that D}’, and DY, are both O(N~1).

Finally, applying Proposition A.12 we get O(N 1) upper bounds. This ends the proof for the case
by = 0. The case b; = 1 follows the same steps. O

Proposition A.12. Assume that (A2) holds. Forall M > 1,t € Nand b € B,

0, M ()|, < 00 . (A1.49)

sup H Q.
Proof. We proceed by induction on ¢t € N. Assume for now that N > 6 and M > 2.
Since Qé\’[{) (h) = QévoBS( ) for any h, the case ¢ = 0 follows from Proposition A.4. Lett > 0
and assume that (A1.49) holds at ¢ — 1. We only treat the case b; = 0. The proof for the case by = 1
follows using the same steps. Since we have that

3
||Q£;M<1>||§=E[C?v,b,t T H7;b<k?“,kff>}

k1S e[N]6 (=1
(A1.50)

b it it
S Y RG]

|: kL6eT3 it3e[M]3 (=1

the proof proceeds by (i) splitting the sum in three parts with respect to the cardinal of the triplet
(i,4%,4%) € [M]3, and (ii) bounding each term by || Qb M (1)13 up to a constant independent of N.

£ v

Let (i%,i2,4%) € [M]3. If Card({i', i?,i3}) = 3, then forall k}*¢ € [N]°, ( ;?L;,l t_l’Jlif‘-’,t—l)ee[lf’]



VARIANCE ESTIMATION FOR SMC ALGORITHMS

are mutually independent conditionally on gﬁ Y% é}hN , defined in (A1.30), and

3
E|:H7;l)_1<Jli;Zl,t—l’ k22t 1) gf 1:|
(=1
3 N y
:E{HE{Ebl(‘]ﬁf‘—l,tp k2¢ b — ) gévl]
(=1

3
—E[H ST BBS(RT RSS2 kP )T (T R

/=1 k2271:2Z6[N]2

Y [IF ) [Hﬂ (k7 k)

k16 €[N]6 £=1

G,V }

9511]

)| FY 1} :
Hence, by Proposition A.6, Lemma A.5 and similarly to the proof of Proposition A.4,

3
Z E{Hﬁb—l( Ii[f“l,t—l’ k2 t— 1) G 1}

kioezs Le=1

3
St S [Hﬁ A

k;6 €[N £=1 k}Sers “n=1

6 aQp
SN CCERNEND SR D

k1S, €[N]6 £=1 p=2k}oez3nsy ¢!

- NP Tb 20—1 1.2¢
<ZQP1) Z H,E—l kt 1 7k ),

p=2 " 171/ p16 c[N]e 0=1

fzm}

IN

A

where < means less than or equal up to a multiplicative constant independent of V. Consequently,

[th Z Z Tizio 143 Hﬁl k”lt 1 792” 1)gt 1]

k‘l 661'3 Gl 3G[M]3
3
_ N,b7t Z Z ) Fb it it
W ]li13éi27éidE|:H7;1<Jk$e_l,t17Jk't2£vt_1)
kL6eTd 183 e[M]3 /=1 )

M(M —1)(M - 2)

6 3
NP ~ B
S M3 (Z Qr 1>C?V7b,t § : I | 7?—1(1%25117 t2£1) )
p=2 '

B e 21

gﬁl}

NPQS_,
i) = Sar i)
6

GS-PNS
< CRpi1 <Z N3(N—1)3) SChpet -
p=2

61
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Therefore,
3

C
]E{ ]J\\th Z Z Lingizpgs Hﬁ 1 kZ’-’ Li—1° kz’-’t 1) NHth 1 )Hg

k16 e[N]6 i3 M]3
(A1.51)

Assume now that Card({i?,i?, 3}) = 2 and that ' = i*. Forall (k},--- ,k{) € [N]° condi-
tionally on G | v &, 7;‘11(J’ o 17Jk6t L) is 1ndependent from 7, 1( kllt 1,Jk2t ,) and

2

T i 2
’7;_1( k317 k?’til), hence, using (A1.5),

3
) E[Hﬁbl( St e, )

kiSezy =1

b it
SO || TR

kyte1?

GN vk } (A1.52)

)

25> E[ﬁb_l( otz fet e

k3O €T}

= (Foy + Fay + F) Y

with
~ 3
FY = Z ]E{’Eb—l( kS t—17 kﬁt |G v ES ]
k3:6e]
= 1 (kP kD kS RS OTE (k2 KD
= Z k2 #kS Z ﬂ tyve— 1) (t7 ) t71( t—1> t71)7
kPG €[N]2 k56, €[N]2
and
2 ~ ¢
S B L7 U )| v 61
kldez? “e=1
4 2 . .
=Y Y [T |0 v
P=2 kyteZgnsy =1
:FQJYb+F§b+Féfo7
where
1
F2]Yb = Z Ilkf;ékz Z ﬁ k%,ktl 1) (kf,kf 1)T£—)1,b(ktlfl?kt271)
ki2€[N]? ki €[N]?
2)
F?f\,[b = Z ﬂki;ﬁk?;ﬁk? Z H/BBS ke k Ti(f 1b(kt 17kt 1ak—1)
ky B e[N]3 ki €[N]® £=1

ng = Z ]lk%;ékf;ékf’;ék‘l Z Hﬂ kkaf 1) 7?1( tl 17kt2 1)7; 1(kt3 1,]@? 1)

kt1:4€[N]4 k14 6 4[ 1
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where Til_)l p and T( )1 . are defined in Proposition A.10. We now upperbound each E[FbeFZAﬂQt 1)
fori € [2:4].
Consider first the case E[F, F,, |G ]. Let S := {k"0 € [N]% 1 k} # ki # K} # ki k) # K} .
Then, Sg C (Z3 NS3) U (Z§ NS3) LU (Z3 N S§) and

6

3
E[FNENIGE) = > TI7 65k D) [H S(kr, kM) |GN 1]
kS eNe =1 kfocs, Lnci
3
< Y IRy Y [Hﬂ (2. k|6
kyi €[N]8 £=1 p=4 k}6eIinst Ltn=1

A

6 3
NPGP _
(Z O °°) DR | RN ) (A1.53)

p=4 7L /g6 c[Ns 4=1

by Proposition A.6 and Lemma A.5.

Consider now the case E[F[, F{% |G/ ;] and define S := {k;® € [N]° : kj # k7 # Kk}, ki # k}}.
Then,

E[F3Fy]9:]

= 3 TRk R )T R k) Y E[HBBSk" r

RS EINT? kitess Tl

e
Proceeding similarly as in Proposition A.6 and Lemma A.5, it can be shown that

3 [Hﬂ (K k)

kl5eSs n=1

_NSGLaN'Gh, | NG
gt 1 = 05 + Ot Q3
t—1 t—1 t—1

Finally, by noting that
3 ~
> Tk K )Tk k) <40 Y [T k)
k5 €[N]? k6 €[N]6 £=1
we get

E[F)Fy /6]

N3GS,  2NiGY,  N3G3, N
< ( L + 0Ol + 03 ) (kt 1vkt l’k a2 )'Eb_l(k?_l’k?_l)
t—1 t—1 t—1 k,}fle[N]J
N°GS,  2N'Gh | NPG, 5
§4< O, an, o ) > 7t k) (A1.54)
t—1 t—1 t—1

k16 €[N]6 =1
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Consider now the case E[F}Y, F%, |G ,]. In the same way as for the previous case, we obtain

NiGY, 2N3G3,  N2G2,
]E[FIJYbFQN,b‘gﬁl] <2< O + 5 + 02 ) Z H,Ebl klelvk% ) -
t—1 t—1 i=1 /16 Cinge =1

(A1.55)
Thus, combining (A1.55), (A1.54) and (A1.53), we obtain

|:Cth Z Z ]121—12 s8¢ {it zQ}Hﬁ 1 k21/ Ly1o I%Wt 1):|

kL6 [N]6 il3e[M]?
6
Q8  NPGP ~ 3
5E|:( tfll 00 )QN,M :| < Q ) )
= QfﬁlNd(N _ 1)3 bit—1 H b,t— 1 HB

The other triplets (i', 72, i) for which Card({i', 2, i®}) = 2 are handled similarly and are bounded
by H QZJ)V tM1 )Hg up to some multiplicative constant independent of /N. We finally obtain

{ 2 2 Tewadneip= H7§ V(e i 1)} Sleni@ll;-
kL6 e[N]6 il3e[M]3
(A1.56)
It now remains to treat the case Card({i*,i?,i®}) = 1. Let (k',--- k%) € [N]?. Denote by
Posg (k') the set of elements in [N]? with positions of equal elements similar to those of the equal
elements in k', For example,

POSB( 2’1a1 ) {( )l(l,j)E[N}z,Z#‘]},
Pos3((1,1,2)) = {(M,J) | (i,5) € [N?,i # 4}
Pos3((1,2,3)) = {(4,5,k) | (i,4, k) € [N]?, Card({i, 5, k}) = 3} .

Letp € [2: 6] and (K}, - ,kS) € Z3 N S§. Without loss of generality, assume that the first p
elements of k} 6 are all different.

3
| [ 700U T )64

=1
3
= Z Hﬁbflktzzllak% [Hﬂ CANARY

k16 €Posg(k}®) =1

Gy ]

IA

3
Gp %b k?f 1 le)
QOP t—l t—1 >
t—1 kl 61€P056(k1 6) (=1

G;D
DD Hﬂblkfﬂl,k2‘>

tlklﬁe 16 £=1
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Consequently, by Lemma A.5,

3
Z ]E|:H7;b_1( ;:227171:_17 kZZt 1)

kleeT3nSy  i=1

GV }

3

GP ~
< Z ono Z HT (kt%ll’k%)

kloez3nsy ~ il k}fle[N]G =1

NPG?,
R Y I AN

kL6, €[N]6 £=1

and,

i i
Z Z ]]-Card({z ,i2,i3})= HT (‘]kﬂ Li—10 k%e,tl):|

{ kL6e[N]6 il3e[M]3

5. Q8 NPGE, \ «
<= ap e o) Q] <I9S s

Finally, combining (A1.51), (A1.56) and (A1.57) we get

VT O SR I | (VRPN | B

kLOE[N]6 13 e[ M]3 £=1

and hence sup > || @ﬁ;M (1) H 5 < 00 by the induction hypothesis. This ends the proof for the case
by = 0. ’

If M = 2, then (A1.51) is equal to 0 and (A1.56), (A1.57) remain the same. The result then
follows. If N < 6 then it suffices to truncate the sums over p to obtain the result. O

APPENDIX B. FURTHER ALGORITHMIC DETAILS

B.1. Variance estimators for the predictor and filter. The asymptotic variances of the predictor
and filter (3.8)-(3.9) can be expressed using V,‘Y’ft. Indeed,

m : ’Ys '7& (Qs t[h nt(h)] )
~:(1)? Z{ 7 (1)?

m(hm(h))Q} =Vii(h)

S

and using that

Ye(ge{h — ¢e(h)}) _ Ye(gih)
Ye41(1) Ye41(1)

*¢t(h):07

we get

Vf;,ot (gt{h - ¢t(h)}) .

A2.1
(1 Az

V;?f’t(h) =
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Then, replacing y;(h) and ¢;(h) by their empirical approximations v/ (k) and ¢¥ (h), we obtain

) = oy 3 TGN KD -} @22)
i,j€[N]?

VIR0 = e Y WIMTR ) e — o (MH{h(e) — el 00} . a23)
i,j€[N]?

As a consequence of Theorem 4.5, these estimators are also weakly consistent.
Corollary B.1. Let (A1 : 4) hold. For any h € Fy(X), V)% (h) = V5(h) and V)25 (h)
Ve, (h).

bt

N,BS

Proof. 1t suffices to note that Q, ;" and Q; are bilinear, that nN (h) N n:(h) and to apply

Theorem 4.4 again:
Q™ ({h = mpY (0)}*?)
= Qi (h®%) =Y (M Qp > (h @ 1) = (M) Q ™ (L@ h) + ¥ (1) Q)% (1)
N Opt ({h - Ut(h)}®2) .

Hence, VN B (h—nN () >, (h—n¢(h)) and using the fact that ;¥ (1)? L 11(1)2 we get the
con51stency for the predictive measures The remaining limit is a straightforward application. ]

Algorithm 3 Variance estimator for predictive measures

Require: w;' N, LN el and T
Compute B2,
if PaRIS then
for k € [1: N]do
Sample J}:M S B (K, .)
end for

for (k,¢) € [1: N]? do
M i i
Set T3 (K, €) = Lype )iy 7;0<Jk,ta Ji) /M
end for
else o
Compute Tt+10: ﬁ?ﬁﬂ?ﬁ?gy
Set T4y = T 141 — Diag(T o11)-

end if

. . T . .
Compute Q@ = T341 © [{h(€EN) — n (W) F{REEY) — (W)} . > his applied
elementwise

return — N /(N — 1)t+! i jen i To-
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B.2. GT term by term estimator of the asymptotic variance. In this section we derive the GT
counterpart of the term by term estimator (4.17). Define for all ¢ > 0

Tor (K{ K7) = Eor [l (Ko, K.) | FY KL KT (A2.4)
and E?J(K(J)-v K&) = 1K§¢K§,b0:0 + ]lKé:Kg’bozl. By the tower property and the definition of
Egt[-|FN ], for all (k,¢) € [N]? and t > 0, if by = 0,

7?7?(’@@ = ﬂk# Z 1A5:i7,4§:j72(,3l1(i,j) = ]11675577)(:?;1(‘4?—1714571) s
1,5€[N]?

andif by =1,

N
7;?;(1‘7’[) = L= Z ]lA;?fl:thjfﬂz,GtTfl(i»j) = 1= Zwtjflﬁ?ttl(Affl’j) .

i.jEIN]? i=1

Similarly to BS, we have by the tower property

N,BS : N N\ N (1)?
Qi (h) = [ V™ (N—l) t S TS (k. O)h(er €D (A2.5)
s=0

N2
ki LE[N]2
and the term by term estimator is thus
—N,GT Nt=14N(1)2 t+1
Vor (h)= ﬁ Z {StGT(k;7£) - ]\7175?;(’575)} hMEHME) ,  (A2.6)
k,Le[N]?
where SET is such that for all (k,¢) € [N]?,

t N
STk, 0) =Y TEL (ke 0) = e YW Tod 1 (A1, 5) + T ST (AF 1, AL )

s=0 =1

which shows that (A2.6) is also updated online in a rather simple way by propagating the matrices
SET and Tth

APPENDIX C. TECHNICAL RESULTS

Theorem C.1 (Generalized dominated convergence theorem). Let (fn)nen be a sequence of X -
measurable functions and (gn) Nen a sequence of non-negative X -measurable functions. Assume
that the following assumptions hold.

(i) There exists C' > 0 such that |fn(z)| < Cgn(z) forall N € Nand x € X.
(ii) (gn)Nen converges pointwise to g and A}im Jgndv = [ gdv < occ.
—00

(iii) (fn)Nen converges pointwise to f.
Then, f is v-integrable and Nlim f fndr = f fdv.
— 00

Proof. The proof can be found in [36]. (|

Theorem C.2 and Lemma C.3 are borrowed from [33] and [15] respectively.
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Theorem C.2. Assume that (A2 : 4) hold. Then, for all s € N , hy € Fy(X®**1) and (fs, f5) €

Fy,(X)2, there exist constants (C’S, 53) S (Ri)g, depending on hy, fs, and fs, such that for all
N eN*andall e € R,

P (‘N ' Zw JF)(€) + Fs(€) } = ms (To[hsl fs + f) | > s) < Oy exp (—53N82> ,
(A3.1)
( S wil(TV L) € + Fo (6) ) - os (Tulnilf + 1) | 2 s> < Cyexp (~CuNe?) .
(A3.2)

Lemma C.3. Assume that ay, by and b are random variables defined on the same probability space
such that there exist positive constants 3, B1,Cy, Ba, Co and M satisfying the following assump-
tions.

e lay/by| <M ,P—a.s.and b > B.

e Foralle >0andall N > 1,P (|bx — b| > ¢) < By exp(—C1 Ne?).

e Foralle >0andall N > 1,P (Jan| > €) < By exp(—C2Ne?).

Then, there exist two positive constants Bs, Cs such that
an
I[D (

> s) < Bzexp(—C3Ne?) .
by

APPENDIX D. ASYMPTOTIC VARIANCE OF THE JOINT PREDICTIVE DISTRIBUTION

In this section we provide some intuition on (3.7). Let h € F(X'). By the law of total variance,
Vit ()] = VIEG () | 7]+ EVLE(3) | 7] (A4.1)

As v} (1) is F}¥ -measurable and the particles at time ¢ + 1 are i.i.d conditionally on 7}, we have
that

N
EDfa () | FY] =20 30 G M [hl(€)

N ‘
=7 ()N, Z %Mtﬂ[h](ﬂ) =7 (Qe41[R]) - (A4.2)
i=1

On the other hand,

N
V1 7] =28 02| S hE |7 | = V0PV, 6]

where

Vonnte s [1(E)] = o Mot ({h — 6N Mo (R)}7) .

Therefore,
VI (h) | FY] = N2 (102 (Quia [{h — 68 Mep1 (1)}])
=N"" ’Yt+1( Ve (Qt+1 Hh - ¢iVMt+1(h)}2D . (A4.3)
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Replacing (A4.2)-(A4.3) in (A4.1), we get the recursive formula

NV[’YﬁA(h)} NV[% (Qt+1[ ])] +E[7ﬁ1(1)%N(Qt+1Hh—¢§Mt+1(h)}2])]

= Mo(Qu:e+1[h]%) = Yer1(h)?
t+1

+ZE “Ys ’Ys 1 QS[{QsH tt1[h] — N (Ms [Qs+1:t+1[h”)}2})]'

With multiple applications of (3.5) in the main paper, we get that

AN (Qu [{Qurritat [] = Y (ML [Qupra[B]]) 1))
2 s (U751 (Qs [{ Qorre1[A] — ds—1 (M [Qs+1 w1l })}2]) ; (A44)
and, using that v5(1)¢s_1(M,[h]) = v,(h) and ~, (Q5+1 as1[h]) = h) for all h we get
Yo ()71 (Qs [{ Qo 1:41[A] — Ps—1 (M [Qugr:t41] ])}2])

= Ys(1)7s ({ Qurrees1[h] — ds—1 (M [ Qo t+1[h]])}2)
= %5 (1) 7 [Qss1:t41(R)?] — yes1(R)*
Finally, by (A2) and the boundedness of &, [y (1)] < G5, |Qst1:4[h]| < GL5%|h| s, thus
Y (W3 (Qu[{ Qupriea ] — 633 (ML [Qusrasa [7]]) )| < 4G% hoo

and by the dominated convergence theorem, for any s € [0 : ],
ngnoo]E [’Vév(l)’yév—l(Qs [{Q5+1:t+1[h] - ¢5—1(Ms [Qs+1rt+1[hm}2})]

= Ys(1)7s [Qetra41(h)?] — ys1(h)? . (A45)

and NV [0]] — S50 {76 (176 [ Qs re41 ()] — Ye1(R)?}. As argued in Section 4.3 of
the main paper, E[N (v, (h) — Y41 (h))2] converges to the asymptotic variance when N goes to
infinity, and since ;Y ; (h) is an unbiased estimator of v,41(h), NV [y [h]] = E[N(v/51(h) —
'yt+1(h))2]. Therefore,

41
]\}EHOO]E[N(Wﬁl(h) — Yet1(h Z {7 ()78 [Qug 141 (R)?] — w41 (R)*}

which ends the proof.
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