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Geodesics in first-passage percolation cross any pattern

Antonin Jacquet*

Abstract

In first-passage percolation, one places nonnegative i.i.d. random variables (7'(e)) on the edges of
Z%. A geodesic is an optimal path for the passage times T'(e). Consider a local property of the time
environment. We call it a pattern. We investigate the number of times a geodesic crosses a translate
of this pattern. Under mild conditions, we show that, apart from an event with exponentially small
probability, this number is linear in the distance between the extremities of the geodesic.
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1 Introduction and main result

1.1 Settings

Fix an integer d > 2. In this article, we consider the model of first passage percolation on the hypercubic
lattice Z¢. We denote by 0 the origin of Z¢ and by &£ the set of edges in this lattice. The edges in £ are
those connecting two vertices « and y such that ||z —y||; = 1. A finite path 7 = (20, ..., ) is a sequence
of adjacent vertices of Z%, i.e. for all i =0,...,k — 1, ||z;41 — x;||1 = 1. We say that 7 goes from g to
xk. Sometimes we identify a path with the sequence of the edges that it visits, writing = = (eq, ..., ex)
where for i =1,...,k, ¢; = {z;—1,z;}. We say that k is the length of 7 and we denote |7| = k.

The basic random object consists of a family T' = {T'(e) : e € £} of i.i.d. non-negative random
variables defined on a probability space (£2, F,P), where T'(e) represents the passage time of the edge e.
Their common distribution is denoted by F. The passage time T'(7) of a path m = (ey,...,ex) is the
sum of the variables T'(e;) for i =1,... k.

For two vertices x and y, we define the geodesic time

t(z,y) = inf{T(7) : 7 is a path from x to y}. (1.1)

A self-avoiding path ~ such that T'(y) = t(z,y) is called a geodesic between z and y.

For the following and for the existence of geodesics, we need some assumptions on F. Let t,;, denote
the minimum of the support of F. We recall a definition introduced in [8]. A distribution F' with support
in [0, 00) is called useful if the following holds:

F(tmin) < pe when tpi, =0,
F(tmin) < ]72 when tmin > 0,
where p. denotes the critical probability for the Bernoulli bond percolation model on Z% and 172 the

critical probability for the oriented Bernoulli bond percolation.
In the whole article, we assume that F' has support in [0, 00), is useful, and that

Emin [T, ..., T5,] < oo, (1.2)

where T, ...,T54 are independent with distribution F.
As F is useful, F(0) < p.. By Proposition 4.4 in [2], we thus know that geodesics between any points
exist with probability one.

1.2 Patterns

Let A > 1 be an integer. We fix A = By (0,¢") = {—¢*,... ¢*}? and w* and v two points on the
boundary of A, i.e. on the set {y € Z¢ : |ly||oo = #*}. These points u* and v* are called endpoints.
Then we fix an event A", with positive probability, only depending on the passage time of the edges
joining two vertices of A. We say that P = (A, u®,v*, AY) is a pattern. Let x € Z%. Define:

o foryeZ? O,y =y—x,
o for e = {u,v} an edge connecting two vertices u and v, e = {0,u,0,v}.

Similarly, if 7 = (zo,...,zx) is a path, we define 0,7 = (0,x0,...,0,x;). Then 6,T denotes the
environment T translated by —z, i.e. the family of random variables indexed by the edges of Z? defined
for all e € £ by

(0.T) (e) =T (0—ze).

Let 7 be a self-avoiding path and z € Z?. We say that = satisfies the condition (7;B) if these two
conditions are satisfied:

1. O, visits v and v*, and the subpath of 0,7 between u® and v" is entirely contained in A,

2. 0,T € A,



Note that, if 2 satisfies the condition (7;9) when 7 is a geodesic, then (0,7),4 ,a is one of the optimal
paths from u® to v* entirely contained in A in the environment 6, 7. When the pattern is given, we also
say "m takes the pattern in §_,A" for "z satisfies the condition (7;9)". We denote:

N¥ (7T) = Z ]l{z satisfies the condition (7;B)}- (13)

reZd

Note that the number of terms in this sum is actually bounded from above by the number of vertices
in 7. If N¥(n) > 1, we say that 7 takes the pattern. The aim of the article is to investigate, under
reasonable conditions on 93, the behavior of N¥ (v) for all geodesics 7 from 0 to = with ||z||; large. The
first step is to determine these reasonable conditions, that is why we define the notion of valid patterns.

Definition 1.1. We say that a pattern is valid if the following two conditions hold:

o AN has a positive probability,

o the support of F is unbounded or u® = —0*e; and v™ = (Peq, where 1 is the first coordinate

vector.

Remark 1.2. In the case where the support of F is bounded, the condition on the endpoints of the
pattern can be relaxed. See Lemma 4.1 and subsequent remarks.

1.3 Main result

The main result of this paper is the following.

Theorem 1.3. Let P = (A, ud, v, AY) be a valid pattern and assume that F is useful and satisfies
(1.2). Then there exist & >0, f1 > 0 and Bo > 0 such that for all x € 79,

P (3 a geodesic y from 0 to x such that N* () < a|z|1) < BrePellzl,

The first result of this kind appears in an article by van den Berg and Kesten [8]. Let us recall their
setting. Let F' be a finite mean distribution on [0, 4+00). Denote by u(F') the associated time constant,
that is Elt(0

t
p(F) = lim E[t(0, ne1)]
n—o0o n
where ¢ is a first-passage percolation model associated with F' and where €; is the first vector of the
canonical basis of R?. Let F' be another finite mean distribution on [0,+00). Assume F useful, ' # F
and d > 2. If F is more variable! than F, then u(F) < p(F). This is the main result of [8]. One of the
key intermediate results is the existence of a constant ¢ > 0 such that, for all large n,

E[N® (7(n))] > en (1.4)

where B is a properly designed pattern and where 7(n) is the first geodesic from 0 to ne; (geodesics
are ordered in an arbitrary way). This is the content of Proposition 5.22 in [8]. The proof relies on a
modification argument.

Estimates similar to (1.4) are established, for different patterns, in [7] (see Lemma 1 in [7] which is
used to prove Theorem 1) and in [5] (see Sections 5 and 6). We give more details on the latter below as
we wish to strengthen some of their results to illustrate the use of Theorem 1.3.

Establishing the above mentioned results is rather technical and sometimes quite involved. Theorem
1.3 thus answers a need for a result handling any valid pattern. It is moreover stronger on two aspects:

1. It provides an at least linear growth of the number of crossed patterns out of an event of exponentially
small probability,

2. Tt gives the result for all geodesics and not only for a specific geodesic (see Theorem 1.8 for an
example where this is useful).

1One says_that F is more variable than F' if there exists two random variables T' — with distribution F' — and T — with
distribution F' — such that E[T|T] < T. See Definition (2.1) and Theorem 2.6 in [8].



A result fulfilling both items above appears in an article by Andjel and Vares [1] for the number of
edges with large time crossed by a geodesic.

Theorem 1.4 (Theorem 2.3 in [1]). Let F be a useful distribution on [0, +00) with unbounded support.
Then, for each M positive there exists e = (M) > 0 and a = a(M) > 0 so that for all x, we have

P <3 geodesic T from 0 to x such that Z]IT(e)ZM < a||x|1> < e~cllzlh, (1.5)

ecT

Theorem 1.3 is a generalization of this theorem since, for example, we can take the pattern 3 =
({=1,0,1}%, —¢y,e1, AN) with A® the event on which each edge of {—1,0,1}% has a passage time greater
than M to get this result. The proof of Theorem 1.3 is partly inspired by the proof of this theorem and
by the proof of (1.4) in [8].

Even if it is stated for distributions with unbounded support, one can check that Theorem 2.3 in [1]
holds for F' with bounded support with the same proof. Then, we get the following theorem which is
useful in the proof of Theorem 1.3 when the support of F' is bounded (Section 4.2).

Theorem 1.5. Let F be a useful distribution on [0,+00) with bounded support. Then, for each M
positive such that F([M,+00)) > 0, there exists € = e(M) > 0 and o = (M) > 0 so that for all x, we
have (1.5).

1.4 Some applications

Several of the main results recently obtained in [5] are based on modification arguments leading to
results of the type (1.4). We take advantage of Theorem 1.3 to slightly improve some of these results.
The purpose of this section is primarily to illustrate the use of Theorem 1.3, the details of the proofs are
postponed to the next section.

Euclidean length of geodesics

Consider the following two assumptions? on the distribution F:

(H1) There exist strictly positive integers k and ¢ and atoms 71,...,7}_ 9, 87, --,5;, (not necessarily
distinct) such that
k+2¢ k
0=3 s (16)
i=1 j=1

(H2) There exist strictly positive integers k and ¢ and atoms r < s such that (k + 20)r = ks.

Note that (H2) is stronger than (H1) and that (H1) holds as soon as 0 is an atom. For z € Z¢, we denote
by Ly, (resp. Lo,) the minimal (resp. maximal) Euclidean length of self-avoiding geodesics from 0 to
2. In [5], Krishnan, Rassoul-Agha and Seppéldinen prove the following theorem.

Theorem 1.6 (Theorem 6.2 in [5]). Assume that P(T(e) = tmin) < pe and Emin [T7, ..., Th,] < oo with
p > 1. Furthermore, assume one of the following two assumptions:

o the support of F is unbounded and (H1) is satisfied,
o the support of F is bounded (H2) is satisfied.
Then, there exist constants 0 < D,d§, M < oo such that
P (ZO,m — Ly, > D||x|\1) >0 for ||z|p > M. (1.7)

We use Theorem 1.3 to prove the following result. It generalizes in a way Theorem 1.6 since in the
case of bounded support, we have a less restrictive assumption and since the lower bound in (1.8) is
exponentially close to one in the distance instead of the uniform lower bound in (1.7). However, the
assumption on the moment is less restrictive in Theorem 1.6.

2 Assuming that P(T(€) = tmin) < P, the assumption (i) or (ii) or (iii) in Assumption 6.1 in [5] is equivalent to the
assumption (H1) or (H2). We prove that by distinguishing the case where 0 is an atom or not.



Theorem 1.7. Assume that F' is useful and E min [Tld, ey TQdd} < 0. Furthermore, assume (H1). Then
there exist constants 0 < By, B2, D < 0o such that

P (Low — Lo, > D[r) > 1 — preP2llr, (1.8)

The proof of this theorem is the aim of Section 2.1.

Strict concavity of the expected passage times as a function of the weight shifts

For b € R, define the b-shifted weights by
T® = {T®(e) : e € £} with TW(e) =T(e) +bforalle € £.

Following the notations of [5] (see Section 2.2 in [5]), all the quantities associated with the passage times
T(®) acquire the superscript. For example, t(*) (x,y) is the geodesic time between x and y defined at (1.1),
where the infimum is only on self-avoiding paths. Theorem A.1 in [5] gives the existence of a constant
€0 > 0 with which we have an extension of the Cox-Durett shape theorem for the shifted weights 7(—
for b < tmin + €0 (note that here the weights can be negative). Note that (ii) in Theorem A.1 in [5]

guarantees that E[té;b)] is finite if b € (0, tmin + €0)-

Theorem 1.8. Assume I useful. Furthermore, assume that the support of F' is bounded and that it
contains at least two strictly positive reals. Then, there exists a finite positive constant M and a function
D(b) > 0 of b > 0 such that the following bounds hold for all b € (0, tmin + €0) and all ||z|1 > M:

E[t;.)] < Elto.s] — bE[Lo,.] — D(b)bl|]:. (1.9)

Remark 1.9. In Theorem 1.8, we strengthen very slightly Theorem 5.4 in [5] in the bounded case.
Indeed, E[Ly ] in [5] is replaced by E[Lo.] in (1.9). This strengthening is made possible by the fact that
Theorem 1.3 gives a result for all geodesics and thus, in particular, for the geodesic of mazximal Fuclidean
length. We focus on the bounded case in Theorem 1.8 since Theorem 5.4 in [5] already contains (1.9) in
the unbounded case.

1.5 Sketch of the proof

Although they share some similarities, the proofs of Theorem 1.3 differ according to whether the support
of F'is bounded or unbounded. As the proof is easier in the unbounded case, we decide to first give the
proof in the unbounded case in Section 3 and then give the proof in the bounded case in Section 4. In
both cases, the aim is to prove the following proposition which gives us the main result by a standard
re-normalization argument.

Proposition 1.10. Let B = (A, u®, 0™, A*) be a valid pattern and assume that F is useful and satisfies
(1.2). Then there exist C > 0 and D > 0 such that for all n >0, for all x such that ||z||1 = n,

P (3 a geodesic v from 0 to x such that N¥(y) = 0) < De=€"7 (1.10)

In what follows we give an informal sketch of the proof of Proposition 1.10. First, assume that we
are in the case where geodesics between all points exist with probability one and are unique. We fix 0
and x and we denote by v the geodesic between 0 and x. We begin by associating to 7 a sequence of
g = C||z|l1 disjoint boxes crossed by « (for a suitable constant C' > 0). Out of a very low probability
event, we can ensure that these boxes are typical in the sense that the passage time are particularly well
controlled by u (see (1.15)). The initial naive intuition is the following.

1. In every such box, the probability that v takes the pattern is bounded away from 0.

2. Since there are C||z||; boxes, the probability that 7 does not take the pattern in any box is
exponentially small in ||z||;.



Let us be slightly more formal. For all £ € {1,...,q}, we define the event:
M(¢) = {the geodesic from 0 to = does not take the pattern in the first £ boxes of the sequence}.

Then, it is sufficient to prove, for all £ > 1 and for a constant n > 0,

1
PIM(0) < 73 PM( - 1)) (1.11)

Indeed, by induction and as there are ¢ boxes, this yields

1 q
P( does not take the pattern) < P(M(q)) < (?)
n

and thus the result is established. Since M(¢) C M (£ — 1), (1.11) is equivalent to:
PM(€ = 1) \ M(£)) = nP(M(0)). (1.12)

So it remains to prove (1.12). Here we use a modification argument. The idea is, starting from an initial
environment 7, to build a new environment T* — with the same distribution® as T' — by resampling the
passage time of some edges of the /-th box. The aim is to get:

P(T* € M(¢— 1)\ M(O)|T) > on {T € M(¢)}, (1.13)

where we use the notation {T" € M (j)} to denote "the event M(j) holds with respect to the environment
T". The inequality (1.12) is a direct consequence of (1.13) by integrating. Thus the aim is to bound from
below the probability, conditionally to T', to have the two following properties on the event {T' € M(¢)}:

1. T* ¢ M(¢),
2. T* e M(£—1).

In particular, even for the first item, if we denote the ¢-th box by B, it is not sufficient to prove that,
in the environment T* (that is, after the modification in the ¢-th box), the geodesic takes the pattern
in B. Indeed, we still need B to be the /-th box. Thus, one need to be able to get a global control of
how the geodesic is modified in the environment 7. In particular, one need to control the location of
the sequence of boxes and this becomes significantly more difficult when there is no uniqueness of the
geodesics and if we want a result valid for all geodesics. To overcome this difficulty, in the definition of
the sequence of boxes, we define and use concentric annuli (see Section 3.1).

Comparison with the plan of the proof of Proposition 5.22 in [8]. Let us compare the above
strategy with the plan used in [8] to prove Proposition 5.22. Fix z in Z?. We shorten geodesic from 0
to z in geodesic. In [8], van den Berg and Kesten also start by associating with some specific geodesic
some sequence of ¢ = C||z||; typical boxes. By simple geometric arguments, they then get some family
B of boxes such that

E[number of boxes of B which are typical and crossed by 7] > ¢||z|]1

where c is a positive constant. Fix some box B € B. Then they also define a new environment 7% by
resampling the times of the edges in B. It is then sufficient (this is the technical part of the proof in the
bounded case) to prove

P(every geodesic in T™ crosses the pattern in Blin the environment T', 7 crosses B and B is typical) > 7

for some positive constant n > 0. In particular, and contrary to what happens in our framework, it is
not necessary in this setting to control what happens to geodesic(s) outside the considered box when we
resample the times of the edges in the box.

3In fact, the ¢-th box has to be fixed to get that 7' and T have the same distribution.



Comparison with the plan of the proof of Theorem 2.3 in [1]. In [1], the main difference with
the strategy described above is the use of penalized geodesics. Indeed, Andjel and Vares only consider
geodesics which do not take edges whose passage time is greater than M and it allows them to get a
result on all geodesics from 0 to x thanks to the modification argument. However, it seems difficult to use
penalized geodesics with the patterns, that is why we use the strategy of concentric annuli developped
in Section 3.1.

1.6 Some tools and notations

In this subsection, we recall some results and fix some notations. First, we denote by N the set of all
non-negative integers, by N* the set N\ {0}, and by R, the set of all 2 € R such that 2 > 0.

For a self-avoiding? path 7 = (zo, ..., 2x) going from z to xj, we say that z; is visited by 7 before
x; if i < j; we say that an edge {z;,xz;11} is visited before an edge {z;,z;4+1} if i < j. A subpath of 7
going from x; to x; (where 4,5 € {0,...,k} and i < j) is the path (z;,...,2;) and is denoted by 7, 4.

Then, we define different balls in Z? or R%. Note that all of these balls (or their intersections with
7Z%) are defined as sets of vertices but sometimes, we also want to say that an edge is contained in one
of these balls. So, we say that an edge e = {u,v} is contained in a ball if u and v are in this ball. For
all ¢ € Z% and r € R, we denote

Boo(e,r) ={ueZ: |ju—c|o <7},
Bi(e,r) ={ueZ: |u—c|; <7},
and for n € N*, we denote by T',, the boundary of B1(0,n), i.e.
T, ={uez: |ul=n} (1.14)
Also for ¢ € Z4 and r € R, we denote by B(c,r) the random ball
B(e,r) ={uecZ: t(c,u) <r}.

Then, for z and y in R¢, we define t(z,y) as t(z',y’) where 2’ is the unique vertex in Z¢ such that
x €2’ +0,1)¢ (similarly for y'). For ¢ € Z? and r € R, we denote by B(c,r) the random ball

B(c, ry={y¢€ R? . t(e,y) <r}.

Let x in R%. Thanks to (1.2), we can define

t(0
p(z) = lim mas

n—00 n

(1.15)

Thanks to the hypothesis (1.2) and since F(0) < p.(Z%), for all z € R® \ {0}, we have u(z) € (0,00).
Furthermore, y is a norm on R? and describes the first order of approximation of B(0,r) when r goes to
infinity. For ¢ € Z? and r € R, we denote

Byu(e,r) ={y e R : p(c—y) <r}.

Fix B = B,(0,1), then the Cox-Durett shape theorem (Theorem 2.16 in [2]) guarantees that for each
e >0,

B
P ((1 —e)BC @ C (14 ¢)B for all large t) =1 (1.16)

One can easily prove that the result (1.16) is equivalent to

b 10.2) = p(a)

=0 a.s. 1.17

Since y is a norm, we can fix two constants ¢, > 0 and C,, > 0 such that for all y in R,

cullyll < u(y) < Cullyls-

4The definition can be extended to not necessarily self-avoiding paths by saying that a vertex x is visited by 7 before y
if there exists ig € {0,...,k} such that z;, = = and for all j € {0,...,k}, z; = y implies that j > io.



Finally, since F is useful, by Lemma 5.5 in [8], there exist 6 = §(F) > 0 and Dy = Do (F) fixed for the
remaining of the article such that for all u, v € Z¢,

P(t(u,v) < (tmin + 0)|Ju — v]|1) < e~ Pollu=vlls, (1.18)
Notice that, using the Borel-Cantelli lemma with this result, we get that for all v € Z¢ different from 0,

p(w) 2 (tmin + 6)[[ull1- (1.19)

2 Proofs of generalizations of modification arguments in [5]

2.1 Modification proof for the Euclidean length of geodesics

To prove Theorem 1.7, we begin by defining the valid pattern in three different cases. Recall that k and
¢ are given by the assumptions of this theorem and that (£);c(1,....qy are the vectors of the canonical
basis

.....

Case where zero is an atom. In addition to the assumptions of Theorem 1.7, we assume that zero

k
is an atom for F. We set /* = max <[§—‘ + 1,0+ 1) and we define a pattern in A = {—¢7, ... (A4,
We denote by 7t the path going from —¢*e; to #2e; by 2¢* steps in the direction e; and by 7 the
path going from —¢*¢; to (—¢* 4 1)e; by one step in the direction &1, then to (—¢* +1)e; +£Leo by £ steps
in the direction £y, then to (—¢* 4 k + 1)e1 + fey by k steps in the direction ey, then to (—¢* +k +1)e;

by £ steps in the direction —e5 and then to #2¢; by 24 — k — 1 steps in the direction £,. We define A*
as follows:

o foralleen™ Untt, T(e) =0,
o for all e € A which is not in 7T UnT* T(e) > 0.

Note that A® has a positive probability. Then, 7+ and 7T are the only two optimal paths from u to v
entirely contained in the pattern.

Unbounded case. Here, in addition to the assumptions of Theorem 1.7, we assume that zero is
not an atom and that the support of F is unbounded. We set /2 as in the previous case and we define

a pattern in A = {—¢A, ... ¢A}4. We also build 7 and 7+ as in the previous case. Let u’ denote the
vertex (—¢* 4+ 1)e; and v’ the vertex (—¢* 4+ k +1)e;. Then, we index the edges of ﬂ':[,yv, and the ones of
7@52/ in the order in which they are taken by theses paths. We respectively denote them by (e})ie{ 1,0k}
k
and (e?)ie{l ,,,,, k20 We fix M > (20* — k)s)| + Zs; and we define A as follows:
j=1
e forallee ﬂ.i—l/\sl,u’ U 71':,7@%1, T(e) = s,

o forallie {1,...,k}, T(e}) = s and for all i € {1,...,k+2¢}, T(e?) =7}, thus

T(r") =T(x"),

o for all e € A which are not in 7+ or 7+, T'(e) > M.

Since the support of F' is unbounded, P(A*) is positive. Note that M > T(z*), thus the optimal paths
from u to v entirely contained in the pattern can not take other edges than those in 7+ U 7#++. Hence
7t and 71T are the only two optimal paths from u to v entirely contained in the pattern.



Bounded case. In addition to the assumptions of Theorem 1.7, we assume that zero is not an
atom and that the support of F' is bounded. We set ty.x = sup(support(F')). We denote apin =
min(ry, ..., 700815+ 8)) and @max = mMax(ry, ..., 7 90, 81,-.-,5;). Then, there are at least 2/
integers j € {1,...,k + 2¢} such that r} < Gmax. Indeed, assume that this is not the case. Then,

we have
k420

Z i > (k4 1)amax > kamax >

i=1

<.
ey
V2]
[N

and this contradicts (1.6). Thus, even if it means changing the indexes, we can assume that there exists

io € {1,...,20} such that 7} < amax and we denote t,, = Gmax — 75, > 0. We fix & > 0 an even integer
such that: o
o > Zomex (2.1)
tw

k/
We set k' = ak, ¢/ = af and ¢ = max ([5—‘ +1,€’+1). Now, we define a pattern in A =

{07 ... A4 Let 7+ be the path going from u = —¢%¢; to v = (A&, by 2¢* steps in the direction

g1 and 7t be the path going from u to u; = (—¢* + 1)e; by one step in the direction ¢, then to

ug = (—0 + 1)ey + £'e5 by £ steps in the direction e, then to ug = (—¢* + k' + 1)e; + £’y by k' steps

in the direction &1, then to uy = (—¢* + &k’ 4+ 1)e; by ¢ steps in the direction —e5 and then to v by

20N — |’ — 1 steps in the direction ;. Note that 7+ and 7++ share 2¢* — &k’ edges. Then we index the

edges of my ., mi*, and mfF, —in the order in which they are taken by these paths. We respectively
++

denote them by (e )16{1 o (e 2)16{1 oy and (e3). ieq1,.py- Finally, we index the edges in 7%, in

the reverse order in which they are taken by this path. We denote them by ( ) et} The idea for
the event A” is just to alternate the atoms on every boundary of the rectangle whose Vertlces are ui, g,
ug and ug. It allows us a better control of the time of a path taking both vertices of 7} . and vertices
of mF,.. Furthermore, we manage that each edge of 7.\, has the same passage time as the edge of
m i+, with which it shares the coordinates in the direction e (see Figure 1).

So, we define A* as follows :

o forallie {1,....k'}, T(e}) = s}y and T'(e}) = 14, ;) where i[k] is the integer in {1,...,k} such
that ¢ — i[k] is divisible by k,

o forallie {1,...,0'}, T(e?) = Tijoe and T(e}) = Tioe)>

o foralleent, Ul

T(e) = amin,
o for all other edges e € A, T'(e) = amax-
Note that A* has a positive probability and that on this event, T'(7) = T(7 ).

Lemma 2.1. The paths 7 and ©++ belong to the family of optimal paths from u to v which are entirely
contained in the pattern.

Proof of Lemma 2.1. Let us begin by introducing some notations. For ¢ € {1,...,d} and a path ,
T;(m) denotes the sum of the passage times of the edges of 7 which are in the direction €;. So we have
T(n) = Ty(n) + -+ -+ Ta(n). Furthermore, for j € {—¢A,... (A}, we denote by Sj the set of edges which
can be written {z,x + 2} where the second coordinate of x is equal to j.

Now, let us make a remark useful for the proof. For every vertex w € 7}, "uy» there is no geodesic from
u to w taking edges in 7, . or in 7t . Let us prove it. Assume for a contradiction the existence of
such a geodesic. Denote it by 7. Then T3 (7 ﬁ) < Ty(m). Indeed, m must make at least two steps in the
direction 1. The travel time of one of them is at least amin and the travel time of the other is positive.
Furthermore, Ty (7} 1) < Ty(w). Indeed, for each j € {0,...,¢' — 1}, 7 has to take an edge in S3. By the
definition of the pattern, each edge of 7711‘1‘““2 has the same passage time as the edge of 71'2‘3‘24 with which
it shares the coordinates in the direction e, and edges in the direction e which are not in 7+ have a
passage time greater than or equal to ap.x. Hence, since 7T+$ only takes edges in the dlrectlons €1 and
g2, T(mt¥) < T(m). Note that, with the same proof, we have that for every vertex w € there is

us, U47
; + ++
no geodesic from w to v taking edges in 7 , orin m T .
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Figure 1: Paths 7 and 77 with their passage times in the pattern for the proof of Theorem 1.7 in
the bounded case with d =2, k=4, / =2 and a = 4.

Now, to prove the lemma, assume for a contradiction that there exists an optimal path 7 entirely

contained in A such that
T(r) <T(xt)=T(x"T). (2.2)

Assume that 7 does not take edges in 77", . Then

T(m) > Ty(x) > Ty(x") =T(x"),

which contradicts (2.2). Note that the second inequality comes from the fact that edges in the direction
1 whose passage time is strictly smaller than those in 7% must belong to 7 F, . Hence To(7) > To(nt ).

ug,u3
Indeed, since 7 takes edges in 7,7F, . 7 has to take at least two edges in S for all j € {0,...,¢' — 1}.
However, for all j € {0,...,¢ — 1}, the two edges whose passage time is the smallest are those in 7++.

Thus we have T'(w) < T(7tT) = Ty (7T T) +To(xt) and Ta(w) > To(ntT), so Ti(w) < T1(7w+T). Hence,

in +
7 has to take edges in 7 ..

Then, we order the elements of the set of edges of 7} ,, and 7;0.F,  taken by 7 in the order in which

m visits them. We have just proved that there exists at least one couple of consecutive edges in this set
such that one belongs to 7} . and the other to " . We consider the first such couple of edges and

we denote the edge in 7 , by et = {u™,v"} and the one in w1 F by et = {u™F vt} where ut

(resp. u™ ) is visited by 7 before v (resp. v**). There are two cases.

o The first one is that 7 visits e* before e™". The aim is to prove that T(m, ,++) > T(7F.}),

which contradicts the optimality of 7. First, m,+ ,++ can not take any edge in ﬁlj‘l‘fuz. Indeed,
if it were the case, then m, ,++ would be a geodesic from u to a vertex of WJ:W taking an edge
in 7 ,,, and this would contradict the remark made at the beginning of the proof. The same
argument gives us that m,+ ,++ can not take any edge in 7/t . So, T+ ,++ has to take £’ edges
in the direction €5 whose time is greater than or equal to apax, therefore

T (o ut+) > ¥ amax-

at
By the construction of the pattern, ﬂ:1_++ saves a time greater than or equal to Tw in the direction

10



€9 compared with m, ,++, that is

at
T3 (WIZ++> < glamax - Tw

Furthermore, for each edge e in ﬂ';rJruH, Ty,u++ has to take an edge in the direction €; such that

this edge is the edge e — f'es € 7ru1 u, Or such that its passage time is equal to amax. Since my, ,++
also has to take an edge which has the same coordinates in the direction g1 as those of {u,u;}, and
thus whose passage time is greater than or equal to ayin, we get

us — w1 | o=
Tl (ﬂ_u,u++) Z Amin + \‘7J Z 51
=1

k
Hence,
lug — u++H1 k
T(Tru,u++) 2 Tl (WU’U++) + T2 (ﬂ_u,u++> 2 Qmin + glamax + \‘ J Z Sis
i=1

and »

(% Uo — u"r"r +2

T(WI;F++) < Gmin + ¥ Gmax — Etw + {u-‘ Z "
i=1+2¢
k+2¢ K
Since Z ri < Z s;, we have that
i=1+2¢ i=1

k
t
T(xt+ wart) < 3] LT T SN
(gt ) = T (Tuur+) 2 B a 5 <0 by (2.1)

)

The second case is that 7 visits e** before et and the aim is to prove that T'(m, ) < T(myu+),

which contradicts (2.2). First, m,++ .+ can not take any edge in 77", . Indeed, if it were the case,

then 7,4+, would be a geodesic from a vertex of 7} ¥, to v containing an edge in 7, ,, and this
would contradicts the remark made at the beginning of the proof. So, since for all j € {0,...,¢'—1},
Tuu+ has to take at least two edges in S3, there are at least £ edges in the direction e, taken by

Tyu+ With a passage time greater than or equal to amax. So we have

uu+

20
aty,
T2(7Tuu+)>€amax+ Z 1ZT+QZT1’

i=1

20
where the last inequality comes from the fact that 2la.x > t,, + Zr; Furthermore, since for
i=1

each edge in 7" Ty,u+ has to take this edge or an edge whose time is greater than or equal

ug,ut+4e?
to Umax,

Jut —wh | &
Tl(ﬂ-u,u+) Z Qmin + ——— Z ;.

k i=20+1
Thus, since a > U“hﬁul”lJ, we get,
aty |t —wll [ §X,
T(rut) 2 T ) + Toluus) > ain + 232 + {TJ > (2.3)
Furthermore, we have
T(n} ) < Gumin + “M - ulH Z : (2.4)

11



Combining (2.3) and (2.4), and using the equality (1.6) yields

k
tw tw
T(myu+)—T(m) ) > QT — g s> QT — kamax > 0 by (2.1).
i=1

Conclusion in the three cases.

Proof of Theorem 1.7. For z € 7, we denote by 7(z) the first self-avoiding geodesic in the lexicographical
order® among those who have the minimal number of edges. We say that two patterns are disjoint if they
have no vertex in common. We denote by AN (7(z)) the maximum number of disjoint patterns defined
above in the three cases visited by m(x). Simple geometric considerations provide a constant ¢ > 0 such
that for all path =, N*(7) > ¢N¥ (7). Further, note that, in each pattern visited by 7(x), 7(z) takes the
7+ segment since the 7 segment belongs to the set of optimal paths entirely contained in the pattern
and is the only optimal path for the norm ||.||;. We can define a self-avoiding path 7(z) from 0 to x by
replacing each 71 segment of 7(x) with the 77" segment in each disjoint pattern visited by m(x). This
path 7(z) has the same passage time and hence both 7(z) and 7(x) are geodesics. Note that in the case
where zero is not an atom, 7 is obviously self-avoiding (since every geodesic is self avoiding), and in the
case where zero is an atom, 7 is self-avoiding since in the patterns, the passage times of all edges which
are not in the 7% or 7™ segments are strictly positive, and thus 7(z) can not visit vertices in the 7+
segments except those which also belong to the corresponding 7 segment. We have:

7 ()] 2 |n(2)] + 2N ¥ (n(2)).
Finally, we get: _
Lo > [7(2)] 2 |7 ()] + 2N % (n(2)) > Lo o + 2N (n(2)). (2.5)

The hypothesis of Theorem 1.3 are satisfied, thus there exist o > 0, 81 > 0 and 2 > 0 such that for all
x €7,
P (3 a geodesic 7 from 0 to x such that N*(y) < allz|:) < BreAellzlh,

Then, taking D = 2ac, we get by (2.5),
P (Los — Lo, > Dlz[r) = P (N (n(x)) > callz|i) > P (N¥(x(z)) > allz[h) > 1 - gre” 2wl

O

2.2 Modification proof for the strict concavity of the expected passage times
as a function of the weight shifts

Proof of Theorem 1.8. Recall that we assume that the support of F' is bounded and that there are two
different positive points in this support. We set tiax = sup(support(F')). Let 0 < r < s be two points in
the support of F. Fix b € (0,7). Applying Lemma 5.5 in [5], we get positive integers k, ¢ fixed for the
rest of the proof such that

E(s+0) < (k+20)(r—0) <(k+20)(r+9) <k(s—9)+(2(—-1)b (2.6)
k
holds for sufficiently small § > 0. Fix E’O\ = max <[§—‘ + 1,0+ 1> and an integer ¢* such that
A > (2d 4 1)05. (2.7)
We define A = {—¢A, ... 2} uh = —¢2¢; and v* = (Pe;. We take 7T the path going from u® to v*

by 2¢A steps in the direction £1, and 7+F the one going from u® to u; = (—£} + 1)e; by 2 +1 — £}
steps in the direction 7, then going to ug = (—¢} + 1)e1 + leg by £ steps in the direction 2, then to

5The lexicographical order is based on the directions of the consecutive edges of the geodesics.
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usz = (7610\ + k4 1)e1 4 leg by k steps in the direction €9, then to us = (766‘ + k4 1)e; by £ steps in the
direction —e5, and then to v* by ¢4 + 66‘ — k — 1 steps in the direction €.
For a family (t.)cce, of passage times on the edges of A and for a path m, we use the abuse of writing

T(7) to denote Zte. For all § > 0, we consider the set G(§) of families (t.)cce, of passage times on

ecm

the edges of A which satisfy the following two conditions:
o foralleent™ &, €[r—4r+4],
o for all other edges e in A, t. € [s — 0,5+ d].
Then, consider the set H of families (¢.)ccg, such that:
(P1) 7t is the unique optimal path from u® to v among the paths entirely contained in A,

(P2) for all path 71 from a vertex w; of the boundary of {—£4,...,¢5}% to a vertex of the boundary of
{—0A MY for all wy in {64, ..., €5}, for all path 7o, optimal for the norm ||.||1, going from
w to wy, we have T'(mg) < T'(my).

Note that for all § > 0, since r and s belong to the support of F', we have that P((T'(e))cece, € G(d)) > 0.
Then we have G(0) C H. Indeed, consider a family (t.)cce, € G(0). So there are only two different
passage times in A which are r and s. Assume for a contradiction that (P1) does not hold. Then there
exists an optimal path 7 going from u® to v, different from 7+. Recall the notation T} for i € {1,...,d}
introduced in the proof of Lemma 2.1. Since 7+ is the unique path taking only edges in the direction &;
and since there is no passage time equal to zero in A, we have T;(7) < T'(7). Hence

Ty(xt) = T(x") > T(x) > T (x).

Since the only edges in the direction &; whose passage time is smaller than s are in 7,5 F . 7 takes an
edge of w7+, and thus Ty(w) > 2¢r. Furthermore

u2,u3
Ty(m) > Ti(r") — k(s — 7).
Hence we get

T(w) > Ti(r) + To(n) > Th(n )+ 20r — k(s —7) > Ty(r") =T (7 ™),

where the strict inequality comes from (2.6). Thus, it contradicts the fact that 7 is an optimal path and

(P1) holds.
Now, to prove that (P2) holds, let 7 be a path from a vertex w; of the boundary of {—£4, ..., ¢4} to
a vertex of the boundary of {—¢*,... A} and let wy a vertex of {—£4,...,¢5}4. Let my be an optimal

path for the norm ||.|[; going from w; to wz. Then 71 has to take at least £* — ¢4 edges whose passage
time is equal to s although 7o takes at most QCM{)\ edges whose passage time is smaller than or equal to
s. Thus

T(m) > (£ — 08)s > 2dths > T(ma,)

where the strict inequality comes from (2.7). Hence (P2) holds and G(0) C H.

Furthermore, H is an open set since for a family (¢.)cce, to belong to H, it is required that the time
of a finite family of paths is strictly smaller than the time of every path of another finite family of paths.
Hence, for 6 > 0 small enough, we have

G(5) C H. (2.8)

Fix § > 0 such that (2.6) and (2.8) hold. Now, we denote by m(x) the first geodesic from 0 to z in
the lexicographical order among those of maximal Euclidean length and we denote by NF (r(x)) the
maximum number of disjoint patterns visited by m(z). Recall the existence of a constant ¢ > 0 small
enough such that for all path 7, N¥(7) > ¢N¥(rn). Consider the pattern P = (A,u’,v?, AY) with
AN = {(T(€))eece, € G(0)}. Since P(A*) > 0, we can apply Theorem 1.3. Let a, (31,32 > 0 be the
constants given by Theorem 1.3. Then, we have

EN* (n(x))] > [callz]1 JPVF (n(2)) > callz])
> [callzll JP(N¥ (n(2) 2 allz]1) = Leallz]] (1 = fre21#1) > Ol
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Now, let us follow the end of Stage 3 of the proof of Theorem 5.4 in [5]. By (P1), m(z) takes the 7t
segment in each pattern that it takes. Furthermore, by (P2), n(z) does not take any edge in the 7+
segment which is not in the 7+ segment. So, we can define a self-avoiding path 7(x) from 0 to = by
replacing each 7+ segment with the 7% segment in each pattern visited by m(z). Reduce the weights
on each edge e from T'(e) to T(=?)(e) = T(e) — b. By the definition of the pattern, the T(=")-passage
times of the segments 7 and 77 obey the inequality:

TED (a ) = T(rt ) —blat | < T(a) + (20— 1)b— bzt = TP (2 F) —b.
Then, following the proof of Theorem 5.4 in [5], we get
t0(0,2) < TV (7 (2)) < TV ((x)) — ONF ((2))
= T(n(x)) — blm(x)| — bA¥ ((x ))
=1(0,2) — bLo» — DNF (n(z)). (2.9)

Since b € (0, tmin + €0), E[té;b)] is finite. Thus, taking expectation in (2.9), we get the result. O

3 Unbounded case

3.1 Proof of Proposition 1.10 in the unbounded case

Let B = (A, u?,v™, AM) be a valid pattern. Let us begin with the definitions of a typical box and of a
successful box. To this end, we have to fix some constants.

Boxes and constants. Recall that tmi,, ¢ and § have been fixed in the introduction. The minimum

of the support of F is denoted by tmin, £* denotes the size of the pattern and § comes from (1.18). Since
lim P (A" is realized and for all edges e € A, T'(e) < M) = P(A") > 0,

M—o0

there exists a positive constant M* fixed for the rest of the proof such that
P (A" is realized and for all edges e € A, T'(e) < M*) > 0.
Even if it means replacing A* by A* N {Ve € A, T'(e) < M}, we can assume that
M {Vee A, T(e) < MM},

We fix
A= Mt =0ty (3.1)

which is an upper bound for the travel time of an optimal path (for the passage time) going from u” to
vA and entirely contained in A on the event AM.

For i € {1,2,3}, B; s n is the ball in Z? of radius r; N for the norm ||.|[; centered at the point sN
where the constants r; are defined as follows. We fix r; = d. Denote by K the number of edges in
B (0,07 4 3). Then, fix ro an integer such that

720 — 71 (tmin + ) — Ktmin — > 0. (3.2)
Let 72,3 be a positive real such that
Bao. € B, (0, —) nze,
then we fix r3 an integer such that
B,(0,9r23) NZ% C B3 g 1.

We use the word "box" to talk about B3 s y. We denote by 0B; s n the boundary of B; s n, that is
the set of points z € Z¢ such that ||z — sN||; = 7;N. For u and v two vertices contained in Bs s n, we
denote by t3 s n(u,v) the minimum of the times of all paths entirely contained in Bs s x and going from
u to v.
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Crossed boxes and weakly crossed boxes. We say that a path
o crosses a box B3 ¢ n if it visits a vertex in By g v,
o weakly crosses a box B3 s v if it visits a vertex in By ¢ .

Paths associated in a box. We say that two paths v and +/ from 0 to the same vertex x are associated
in a box B3, n if there exist two distinct vertices s; and sz such that the following conditions hold:

e ~and «/ visit s; and so,

_ !
d 70,51 - 707515

* Ys1,s, and 74, o, are entirely contained in B3 s v,

— !
® 752@ - 752,1'

In particular, these two paths coincide outside B3 s n.

Typical boxes. We define a sequence (v(IN)) vy such that for all N € N*, »(N) > M* and

Jim P > T(e)=v(N) | =0. (3.3)
e€B2 o, N

Note that F((v(N),+00)) > 0 for all N € N* since the support of F' is unbounded.
We can now define typical boxes. A box Bs s n is typical if it verifies the following properties:

(i) T(s; N) is realized, where T (s; V) is the following event:

{ sup t35N(Ns,z) < T273N} N { inf ¢35 n(Ns,z)> 47"273]\7} ,

2€B2 o N 2€0B3 s, N

(ii) every path 7 entirely contained in Bs s y from u, to vz with ||uz —vx|l1 > (r2 —71)N has a passage
time verifying:
t(m) > (tmin +9) luxr — vz |1, (3.4)

(i) Y T(e) <w(N).
e€B2 o, N
Lemma 3.1. We have these three properties about typical boxes.

1. Lets € Z¢ and N € N*. If B3 s N s a typical boz, for all points ug and vo in By s N, every geodesic
from g to vy is entirely contained in B3 s n.

2. Let s € Z% and N € N*. The typical box property only depends on the passage times of the edges
m Bg,&N.

3. We have
lim P(Bso N is a typical box) = 1.
N —oc0
This lemma guarantees that the properties of a typical box are indeed typical ones and that they are
also local ones. Its proof is in Section 3.2. Let us now introduce some further definitions.

Successful boxes. For a fixed x € Z%, a box Bs s x is successful if every geodesic from 0 to = takes a
pattern which is entirely contained in Bs s n, i.e. if for every geodesic v going from 0 to x, there exists
r., € Z¢ satisfying the condition (v;B) and such that Bo(x,¢") is contained in Ba s y. Note that the
notion of successful box depends on some fixed x € Z<.
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Annuli. Now, we define the annuli mentioned in Section 1.5. Fix
r=2(r1+rs+1), (3:5)
and for all integers ¢ > 1, let us define
Ain={yeZ: |yl € (i —1)rN,irN)}.

For any annulus A; y, we call {y € Z : |jy|1 = (i — 1)r N} its inner sphere and {y € Z¢ : ||y|l; = irN}
its outer sphere. Then, we give two definitions about these annuli which are useful in the proof of Lemma
3.3.

o For i > 1, we say that a path from 0 to a vertex of Z¢ crosses (resp. weakly crosses) a box B3 s.n
in the annulus A; y if the two following conditions are satisfied:

— it crosses (resp. weakly crosses) this box before it visits for the first time the outer sphere of
A'L N,

— B3 n is entirely contained in the annulus, i.e. every vertex of B3z s v is in A; .

o We also say that a path takes a pattern in the annulus A; y if it takes a pattern which is entirely
contained in A; n, i.e. if every vertex of this pattern is in A; y. Here, we do not require that the
path takes a pattern before it visits the outer sphere of A; x for the first time.

Note that the choice of r guarantees that every path passing through an annulus has to cross a box in
this annulus.

For all integer p > 2 and all N € N*, we denote by GP(IN) the event on which for all z in the outer
sphere of the p-th annulus, every geodesic from 0 to x crosses a typical box in at least LgJ annuli. The
following lemma, whose proof is given in Section 3.2, gives us an exponential decrease of the probability
of the complement of GP(N).

Lemma 3.2. There exist two positive constants C1 and D1, and an integer Ng > 1 such that for all
p>1and N > Ny,
P (GP(N)) < Dye= 77,

Setup for the proof of Proposition 1.10. For the rest of the proof, we fix C;, D1 and Ny given by
Lemma 3.2. Recall that K is the number of edges in B, (0, ¢* + 3). Then we fix §' > 0 such that

79(6 — &) — 71 (tmin + 6) — K (tmin +6') — 7% > 0. (3.6)
Note that it is possible since we have taken ry large enough (see (3.2)). Then, fix

N > max (N, ¢* +3), n > 2rN and z € T, (3.7)

(where T',, is defined at (1.14)). Fix p = {iNJ and ¢ = V%J Note that a belongs to the (p + 1)-th
r

annulus.

M-sequences. Let us now define some random sets and variables which are useful for stability questions
for the modification argument. Unless otherwise specified, in the remaining of this section, we write
geodesic as a shorthand for geodesic from 0 to x.

First, let us associate a sequence of 0 to p — 1 typical boxes to every geodesic from 0 to z. For a
geodesic v, the deterministic construction is what follows.

Initialize the sequence as an empty sequence. For j from 1 to p — 1, do:

o let a;(7) be the index of the first annulus such that  crosses a typical box in this annulus and such
that a;(y) > a;—1(y) (where ao(y) = 1). If there is no such annulus, then we stop the algorithm.
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o Add the first typical box crossed® by ~ in the annulus Aa;(7),~n to the sequence. Note that, since
this typical box is crossed before v leaves A, (,) n by the outer sphere for the first time, the j-th
box of the sequence is crossed by « after the (j — 1)-th one.

So, we get a sequence of at most p — 1 boxes crossed by the geodesic. These boxes are all in different
annuli. Furthermore, every box of this sequence is crossed by -y before « leaves the annulus containing it
for the first time by the outer sphere. If the event GP(IN) occurs, we know that all these sequences have
at least ¢ elements. For j € {1,...,p — 1}, we define a set of geodesics I'V. A geodesic v from 0 to z
belongs to I'V if:

o the length of its sequences defined above is greater than or equal to j,
o v does not take the pattern in any annuli Ay y with k < a;(7).

We call the sequences defined above the M-sequences.

Selected geodesic and S!'-variables. Then, for j € {1,...,p — 1}, if IV is not empty, we define
the selected geodesic among the geodesics of I'V as the one which minimizes the index of the annulus
containing the j-th box of its sequence. If there are several such geodesics, the selected one is the first
in the lexicographical order. Then, the random variable Sj1 is equal to the vertex s such that the box
B3 s n is the j-th box in the M-sequence of the selected geodesic. When j is fixed, we say that the box
Bs, 1N is the selected box. Finally, if 'V is empty, set Sj1 = 0 and there is no selected geodesic.

S2-variables. After a modification in the box of the selected geodesic, we have to select a new box in
the new environment 7™ defined below. Since we can not guarantee that the selected box in the initial
environment is still typical in the new environment, we have to select it in a different way. That is why we
introduce the S2-variables. Let j € {1,...,p — 1}, we define SJQ» as follows. For every geodesic v € IV71,
we define, if it is possible, sz () as the vertex s corresponding to the box Bs s n where B3 s n is the first
successful box crossed by v in an annulus (in the sense given with the definition of the annuli above). If
it is not possible, SJQ» (7) = 0. We denote by a’;(7) the index of the annulus containing Bj, S2(7),N- Then,

5% is equal to the vertex S7(7) where 7 satisfies the three following conditions:
o aj(¥) > 1,
o for all geodesic 7 € T97" such that a)j(v) # 1, we have a/;(v) > a(7),
e 7 is the first geodesic in the lexicographical order among the geodesics v such that a’;(v) = a}(7).

If it is not possible, S? =0.

Modification argument. Finally, for j € {1,...,p — 1}, we define M (j) as the event on which every
geodesic from 0 to x has at least j typical boxes in its M-sequence and there exists one geodesic which
does not take the pattern in any annuli A, y with k& < a;(y). We also define M(0) as the event on which
there exists a geodesic from 0 to x. Its probability is equal to 1 (see Section 1.1). Now, the aim is to
bound from above P(M(q)) independently of x since we have:

P (there exists a geodesic v from 0 to @ such that N¥(y) = 0) < P(T € GP(N)°)+P(T € M(q)). (3.8)

In the sequel, we introduce an independent copy 7" of the environment T', the two being defined on
the same probability space. It is thus convenient to refer to the considered environment when dealing
with the objects defined above. To this aim, we shall use the notation {T" € M(j)} to denote that the
event M(j) holds with respect to the environment 7. In other words, M(j) is now seen as a subset
of (R4), where £ is the set of all the edges. Similarly, for i € {1,2} we denote by Si(1”) the random
variables defined above but in the environment T".

6If a path crosses two boxes B3 s,,~ and B3 s, N, we say that it crosses B3 s, N before B3, n if it visits a vertex of
B1 s, n before one of By ¢, N
381, 382,
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Fix £ € {1,...,q¢}. On {T € M)}, I"* # ) and Bs s1(1), v 18 a typical box crossed by the selected
geodesic. We get a new environment 7 defined for all edge e by:

s [ Tle) ifed Bysimn
() _{ T'(e) else. ‘

For y and z in Z%, we denote by t*(y, z) the geodesic time between y and z in the environment 7*. Note
that T and T do not have the same distribution.

Lemma 3.3. There existsn = n(N) > 0 such that for all ¢ in{1,...,q}, there exist measurable functions
E* RS — P(E) and E* : RS — P(E) such that:

(i) E1L(T) N E*(T) =0 and E(T) U E*(T) C By g1(1) -
(ii) on the event {T € M({)}, we have P(T" € B*(T)|T) > n where {T" € B*(T)} is a shorthand for
{Ve € EL(T), T'(e) = v(N), Ve € E*(T), T'(€) < twin + &, Ons: T’ € A},

(iii) {T € M(O)}N{T" € B*(T)} C {T* € M(£ — 1)\ M(O)} and ||S}(T*) — S}HT)|x < 2rs.
Remark 3.4. We have EX(T) U E*(T) U (NS}(T) + A) = By si(r),n- Note that since vy = d and
N > (7 + 3, we have that (NSH(T) + A) C By si(r).n-

Lemma 3.3 is a consequence of Lemma 3.5 below whose proof is given in Section 3.3. Recall the
definition of associated paths given page 15.

Lemma 3.5. There existsn = n(N) > 0 such that for all £ in {1,...,q}, there exist measurable functions
E* i RE — P(E) and E* : RS — P(E) such that (i) and (ii) of Lemma 3.3 are satisfied and such that
if the event {T € M(£)} N{T" € B*(T)} occurs, then we have the following properties:

(i) in the environment T*, every geodesic from O to x takes the pattern inside BQ7S£1(T)1N’

(ii) for all geodesic ¥* from O to x in the environment T*, there exists a geodesic 7 from 0 to x in the
environment T such that ¥ and 7* are associated in Bgﬁsl} (T),N

(iii) there exists a geodesic v* in the environment T* from 0 to x such that v* and the selected geodesic
v in the environment T are associated in Bs s1(7),n-

Proof of Lemma 3.5. Let £ € {1,...,q}. Consider E} and E* given by Lemma 3.5. Let s € Z¢ and
assume that the event {T" € M(€)} N {S}(T) = s} N{T" € B*(T)} occurs. To prove that the event
{T* € M(£—1)\ M(£)} occurs and that || SZ(T*) — s||; < 2rs, it is sufficient to prove that we have the
four following points in the environment 7:

1. every geodesic from 0 to = has at least £ — 1 typical boxes in its M-sequence,

2. there exists a geodesic from 0 to = which does not take the pattern in the annuli until the one
containing its (¢ — 1)-th box,

3. every geodesic from 0 to x whose M-sequence contains at least ¢ elements takes the pattern in an
annulus whose index is smaller than or equal to the one containing its ¢-th box,

4. there exists s’ such that S7(T*) = s’ and ||s — s'||; < 2rs.
Let us start with a few remarks. We denote by a, the index of the annulus which contains B, SH(T),N-

(a) The environments 7" and T™ coincides outside the box By S1(T),N- As this box is included in the
annulus A,, v, the environments 7" and T are the same in all the other annuli. In particular, any
box contained in an annulus A; y for ¢ # a, is typical in T if and only if it is typical in 7.

(b) Similarly, every path 7 takes a pattern which is outside the box Bj si(r),n in the environment 7'
if and only if it takes this pattern in the environment T*. In particular, for any i # a¢, 7 takes the
pattern in the annulus A; y in the environment T if and only if it takes the pattern in the annulus
A; n in the environment T*.
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(c¢) Let ¥ and 7* be as in item (i¢) of Lemma 3.5. Then 7 and 7* coincide except maybe for the part
between s; and ss. To sum up:

70,81 = 73,51 and 752@ = 7:2,1 and 781,82 - BB,S}(T),N C AamN and 7:1,82 c BB,SEI(T),N - AabN'

(3.9)
Furthermore, by remark (b), we have that for any i # as, 7 takes the pattern in the annulus A; x
in the environment T if and only if 7* takes the pattern in the annulus A; y in the environment
T*. The same property holds for the selected geodesic v and for the associated geodesic v* (in the
environment 7*) given by item (ii7) of Lemma 3.5.

(d) Let again ¥ and 7* be as in item (i7) of Lemma 3.5. Let us compare the M-sequence of 7 (which
is built in the environment T') with the M-sequence of 7* (which is built in the environment T*).
By (a) and (3.9), we get that any box which belongs to the M-sequence of 7, with the possible
exception of a box contained in A,, n, also belongs to the M-sequence of 7*. The same property
holds for the selected geodesic v and for the associated geodesic v* (in the environment T*) given
by item (iii) of Lemma 3.5. In particular the first £ — 1 elements of the M-sequence of v (which
is built in the environment T') are the same as the first £ — 1 elements of the M-sequence of *
(which is built in the environment 7).

Let us now proceed to the proof of item 1. We assume ¢ > 2 otherwise there is nothing to prove.
Let 7 be a geodesic from 0 to x in the environment 7. Let 7 be the associated geodesic in the
environment 7' given by item (i7) of Lemma 3.5. Since the event {T" € M({)} occurs, the M-sequence
(in the environment T') of 7 contains at least £ typical boxes. By remark (d) above, the M-sequence (in
the environment T™*) of 7* contains at least £ — 1 typical boxes.

Let us consider item 2. We can again assume ¢ > 2. Let v* be the geodesic given by item (iii) of
Lemma 3.5. Recall that « is the selected geodesic and that v € T'. In particular, we have the following
properties: its M-sequence contains at least ¢ boxes; the ¢-th box of its M-sequence belongs to Ag, n;
~ does not take the pattern in any annulus whose index is smaller than or equal to ay. Therefore, by
remark (d) above, the first £— 1 boxes of the M-sequence of v and v* are the same. By remark (c) above,
we conclude that v* does not take the pattern (in the environment 7*) in any annulus whose index is
smaller than the one containing its (¢ — 1)-th box.

Let us prove item 3. Let 7* be such a geodesic. Assume that the ¢-th box of the M-sequence of 7*
is in an annulus whose index is strictly smaller than ay. Let 7 be a geodesic in the environment 7" given
by item (i¢) of Lemma 3.5. Assume, aiming at a contradiction, that 7* does not take the pattern in an
annulus until the one containing its ¢-th box. By remark (d), the ¢ first boxes of the M-sequences of F*
and 7 are the same. By remarks (b) and (c), 7 does not take the pattern until the annulus containing its
(-th box. This contradicts the definition of S}, so it is impossible. Thus the ¢-th box of the M-sequence
of %" is in an annulus whose index is greater than or equal to ay. By item (i) of Lemma 3.5, 7* takes
the pattern in the annulus whose index is ay. Therefore it takes the pattern in an annulus whose index
is smaller than or equal to the one containing its ¢-th box and the third point is satisfied.

Finally, let us prove item 4. Note that since Bs s y is a successful box, S7(T*) # 0. There are two
steps. First, we prove that N.S?(T*) is the center of a box contained in the annulus 4,, y and then we
prove that B3, y N B g2(7+),§ # ), which gives the result. Assume that NSZ(T*) is not the center of a
box contained in A,, n. Let again v* be the geodesic given by item (ii7) of Lemma 3.5 and recall that
7 is the selected geodesic in the environment T'. Since Bs s n is successful, we have aj(y) < ay and thus
the definition of S7(T*) implies that NSZ(T*) is the center of a box contained in an annulus Ay y such
that k < ag. So v* takes the pattern in this annulus in the environment T*. By remark (c), v takes the
pattern in this annulus in the environment 7% and then in the environment 7' by remark (b). This is
impossible since v does not take the pattern in any annuli Ay y with k£ < a,.

To conclude, assume, aiming at a contradiction, that B3 s v N B3 g2(7+),n = (. Tt implies that ~*
takes a pattern outside B3 n in the environment 7™ and the portion of v* taking this pattern is a
portion of 78‘75,1 or 7;‘,2,1. By remark (b), the portion of v* taking this pattern also takes this pattern

in the environment 7. By remark (c), it implies that v takes the pattern in the environment 7 in the
annulus A,, n, which is a contradiction. O

Now, thanks to Lemma 3.3, we can adapt Lemma 3.8 from [1].
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Lemma 3.6. There exists A € (0,1), which does not depend on n and on x € T, such that
P(T € M(q)) < A"

Proof. Let ¢ be in {1,...,q}. For every s € Z%, let us consider the environment 7 defined for all edge e

by:
* _ T(@) if e ¢ BQ,S,N
Tole) = { T'(e) else.

Thus T and T have the same distribution and on the event {T" € M(€)} N {S}(T) = s}, T* = T7. So,
using this environment and writing with indicator functions the result of Lemma 3.3, we get:

Liremylsymy=splirres-my < Lmreme-—n\meplyy | qszrey=sp
where s’ = s if ||s — §'||1 < 2r3. We compute the expectation on both sides. The right side yields

s/'~es s'~s

P(T*eM(f—l \ M), | {S3(T7) _s}> —P(TGM(£—1 \ M), | (s _s’}>.
For the left side, we have
E [1remoy sy =y Lires- | = B [LremoyLisin-oE [Lres- @y T]]
Since on the event {T" € M(¢)} N {S}(T) = s}, we have P (1" € B*(T)|T) > n, the left side is bounded
from below by nP(T € M({), S}(T) = s). Then, by summing on all s € Z? and writing K a constant
which bounds from above for all s’ € Z? the number of vertices s € Z% such that s’ ~ s, we get
%P(T € M) <P(T € M(L—1)\ M(0))
Now, since M (¢) C M(¢— 1),

P(T € M(£— 1)\ M(£)) =P(T € M({ — 1)) — P (T € M(()).

Thus,
P(T € M(£)) < AP(T € M({ — 1)),

where A = 1 € (0,1) does not depend on x. Hence, using P(T' € M(0)) = 1, we get by induction

P(T € M(q)) < A7
O

Proof of Proposition 1.10. Recall that N, x (and then n and p) are fixed at (3.7) but that C1, D; and
A does not depend on z, n and p. Then, by Lemma 3.2 and Lemma 3.6, using the inequality (3.8),

P (there exists a geodesic v from 0 to x such that N¥(y) = 0) < P(T € GP(N)°) + P(T € M(q))

1 P
< DG 4 z\L3]

As C; > 0 and X\ € (0,1), and as this inequality holds for any n > 2rN and any = € T, we get the
existence of two constants C' > 0 and D > 0 such that for all n, for all x € T',,,

P (there exists a geodesic v from 0 to z such that N% (v) = 0) < Dexp(—Cn%).
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3.2 Typical boxes crossed by geodesics
Let us first begin with the proof of the lemma stated in the paragraph of typical boxes in Section 3.1.
Proof of Lemma 3.1.

1. Let Bs s n be a typical box. Then the event 7 (s, N) occurs. Let up and vy be two vertices in
Bs s, n. We have
t3,5,N (0, v0) <2 sup t3,n(Ns,z) < 2rp3N.
z€B2 s N
Let 7y be a path from ug to vy which is not entirely contained in B3 s y. Let zp denote the first
vertex on the boundary of B3 s n visited by mg. Then

T(mo) > t3,5,8 (U0, 20) > 3,55 (20, Ns) — t3.s,n(ug, Ns)

> inf 35 N(Ns,z)— sup tzsn(Ns,2z) > 3rasN > 2ry 3N > t3 s n(uo, o).
2€0B3,5,N 2€B2,s, N

Hence, every geodesic from ug to vg has to be entirely contained in Bs 4 .

2. The properties (4i) and (4i¢) only depend on the time of edges in By s n. The event T (s; N) only
depends on edges in Bs ; y by the definition of ¢3 s n.

3. First,
lim P(T(0;N)) =1.
N —oc0
Indeed, by (1.16),
P (B, (0, ”TSN) C B(0,r23N) for all large N) = 1,

and
P (3(0,47‘273]\7) C B,(0,8r3 3N) for all large N) =1.

r
Thus, since Bag1 C By (0, %) N Z% and B, (0,9753) N Z% C Bz .1, almost surely there exists

Ny € N* such that for all N > Ny,
B2,07N C B(O, T2,3N), B(O, 4T2,3N) C Bg,OJ\[ and for all Yy e 63370,]\[, Yy ¢ B(O, 47‘2,3N).
So, for all N > Ny,

sup  t30,n(0,2) <ry3N  and inf  t30,n5(0,2) > 4ro3N.
2€0B2,0,N z€0B3,0,N

Note that, for the first inequality, we use the fact that for all z € B g n, t3,0n5(0,2) = (0, 2)
thanks to the first point of Lemma 3.1 proved above.

The probability that (ii7) is satisfied by Bs o n goes to 1 by (3.3). Then, let us prove that the
probability that (i¢) is satisfied by Bs o n goes to 1. Let |Bs o n| denote the number of vertices in
Bs o, n and ITy denote the set of self-avoiding paths entirely contained in B ¢ x. Then, using (3.2),
we have that ro > r1, and by (1.18),

P(Bs,0.n does not satisfy (ii))
< Z P ((3.4) is not satisfied by a path of Il whose endpoints are u, and v, )

Ur,UVr€EB3,0,N
lur —vall1>(r2—r1)N

< Z P ((3.4) is not satisfied by a path whose endpoints are u, and v, )

U, Vr€EB3,0,N
lur —vall1=(ra—r1)N

§|B3107N|267D0(T27T1)N 0

)
N —o00

since |Bs o,n| is bounded by a polynomial in N.
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O

Proof of Lemma 3.2. To begin this proof, one need an upper bound on the Euclidean length of geodesics.
Using Theorem 4.6 in [2], we have two positive constants K7 and Cy such that for all y € Z,

P (m(y) > Ki|ly|l) < eIl

where m(y) = max {|o|. : o is a geodesic from 0 to y} and where for a path o, |o|. means the number
of different edges taken by o. For all p € N*| we define the event N?(NN) on which every geodesic from 0
to the outer sphere of the p-th annulus takes less than KyprN distinct edges. Note that r = 2(ry +73+1)
is fixed at (3.5) and rN corresponds to the widths of the annuli. Then,

PNP(N)) < Y P(m(y) > Killylh) < (2prN + 1)le=CotorM) ¥

y:llyllh=prN

Hence, we obtain two positive constants C's; and D3 only depending on r, d and F such that for all
p € N*, for all N € N*,

P(N?(N)) < Dye=Cor

Now, we assume that the event N?(IN) N GP(N)¢ occurs. So, every geodesic from 0 to the outer sphere
of the p-th annulus takes a number of distinct edges which is between pr N and KyprN. Let us consider
a re-normalized model. We introduce the meta-cubes

1 1
B?N:{weZd: (3—5)N§w<(s+§)N}, for all s € Z%,

(where v < w means v; < w; for 1 <i <d and v < w means v; < w; for 1 <4 < d.) These meta-cubes
form a partition of Z?. Furthermore, the meta-cubes and the boxes defined above have the same centers
(which are the vertices Ns for s € Z4), and for all s € Z, By C Bis,n. So, we can define typical
meta-cubes. A meta-cube B is typical if Bz s n is a typical box.
For a geodesic v from 0 to the outer sphere of the p-th annulus, we associate the set of meta-cubes
visited by -, that is
2A(y) = {Bsy | v visits at least one vertex of By }.

This set can be identify with the subset of the re-normalized graph NZ%:
Af(7) = {sN | By € A7)}

Note that, if we consider the set 2% (v) of edges of NZ linking vertices which are both in 21%(v), then
the pair of sets (AZ(y),AL(y)) forms a lattice animal, denoted by 2% (7). Recall that a lattice animal
2 in NZ% is a finite connected sub-graph of NZ? that contains 0. We denote by A% the set of lattice
animals in NZ¢ associated with a geodesic going from 0 to the outer sphere of the p-th annulus.

Let us bound the size of these lattice animals. By the size of a lattice animal A%, denoted by |AF[,,
we mean its number of vertices in the re-normalized model. Recall that, since the event NP(N) occurs,
every geodesic from 0 to the outer sphere of the p-th annulus takes a number of distinct edges which is
between prN and K1prN. Then, in the meta-cube set () associated to such a geodesic 7, since r; = d
and thanks to the choice of r, there are p — 1 meta-cubes associated to boxes crossed by v in distinct
annuli. In particular (considering also the meta-cube centered at the origin), the size of every lattice
animal A® € A® is bounded from below by p. For an upper bound, we use the inequality

R
Yle = N (MS# - 1) : (3.10)

for all geodesic v from 0 to the outer sphere of the p-th annulus, where ||, still denotes the number of
edges taken by v and where |Af(v)|, is the number of vertices of 2A%(y). Let us prove this inequality.
Let v be a geodesic from 0 to the outer sphere of the p-th annulus and denote by v = (vp, ..., vs) the
sequence of vertices visited by . For all v € Z?, denote by s(v) the unique s € Z¢ such that v belongs
to BZy. We define by induction a strictly increasing sequence i, .. ., %, by setting £ = 0 and ig = 0 and
then applying the following algorithm:
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(a) If there exists i € {i,, +1,...,m} such that s(v;) is at distance at least 2 for the norm ||.||s from
s(v;,. ), we denote by 4,41 the smallest of these i, then we increment x and go back to (a).

(b) Otherwise we stop the algorithm.

Then, we necessarily have 3%(x + 1) > |%Z()|,. Furthermore, for all k € {0,...,% — 1}, we have
|Viysr — iy [l = N. Hence,

AR (Y)|y
2w (M),

and (3.10) is proved.

Now, using (3.10), writing Ky = [3%(K;7+1)] (which does not depend on p and N), for every lattice
animal A% € A% |Af|, is bounded from above by Kop. Furthermore, for j € {p, ..., Kop}, using (4.24)
in [4], we have that

{2 e A" |27, = j}| < [{lattice animals in 74 of size j}| < 7Y, (3.11)

Let us consider the random variables (X}¥)scza such that XY = 1 if the meta-cube By is typical and
X év = 0 otherwise. By Lemma 3.1, there exists a positive constant K3 such that X év is independent
from the sigma-algebra generated by {X}, k € Z¢ : ||k — ¢||; > K3}. Furthermore, also by Lemma 3.1,

lim P(X¥ =1)=1.

N—o00

Thus, by Corollary 1.4 in [6], there exists 71 = 71 (N) > 0 such that

7’]1(N) —— 0,

N —oc0

and there exist i.i.d. random variables (Y,V);cza such that (X¥), > (V,V), and Y§¥ has a Bernoulli
distribution of parameter (1 — 71 (N)). Finally, we have

P(NP(N)NGP(N)®) <P [ 3AT € AT such that p < |AT|, < Kop and Z XN <|uB, +1 —g

LeAR
Indeed, on GP(N)°, there exists a geodesic 7 from 0 to the outer sphere of the p-th annulus which crosses
a typical box in strictly less than {BJ annuli, and thus there are strictly more than [g—‘ —1 annuli 4; §

with ¢ > 1 such that v does not cross a typical box in them. Furthermore, there are p — 1 meta-cubes in
() such that each of them is associated to a box crossed by v in one of the p — 1 distinct annuli A; x

with 1 < ¢ < p. Thus, there are strictly more than [g—‘ — 1 of these specified meta-cubes which are not

typical. Hence the number of typical meta-cubes in 24(v) is strictly smaller than |2A%|, — [%1 + 1. Then,
using the random variables (Y, )seza,

P(AVP(N) N GP(N)) < P | 327 € A% such that p < [25], < Kopand > ¥V < |7, - [g] +1

LeAR
< Z [{lattice animals in 72 of size JHP (binomial(j, m) > P—j—‘ — 1)
p<j<Ksp 2
< Y e (binomial(j,m) > Pﬂ - 1) (by (3.11))
p<j<Ksp

< Koprikep (binomial(Kgp, m) > P—;] - 1) .

Then, for p > 4 and N large enough to have n;(N) <

——, using a Chernov bound for the binomial
4K,

distribution (see Section 2.2 in [3]), we get

1
P (binomial(Kﬂ?anl) =z Pﬂ B 1) =P (binomial(Kgp, m) = g) = oxp (Kthm <4K2>) ,
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where for x € (1, 1),

hay () = (1 — 2)In (11_51) taln (%) .

Thus, since we can take n; as small as we want by taking N large enough,

< Kaopexp(—2p) for N large enough
< exp(—Cyp).

Finally, we have a constant Ny such that for all p > 4, for all N > N,

B(GP(N)") < BVP(N) N GP(N)°) + BN (N)°) < e~ C4P 4 DyeCsr?.

So, there exist two positive constants C; and D such that for all p > 1, for all N > Ny,

=

P(GP(N)¢) < Dye= 1P,

3.3 Modification argument

The aim of this subsection is to prove Lemma 3.5. Let £ € {1,...,q}. On {T ¢ M({)}, we set E% (T) =0
and E* (T) = 0. Let s be in Z?. We now define E* and E* on the event {7 € M(£)}N{S}(T) = s}. So
assume that this event occurs. On the event {T" € M(£)}, T'* is not empty and thus there is a selected
geodesic. We denote this selected geodesic by v. We define the entry point (resp. the exit point) of a
self-avoiding path in a set of vertices as the first (resp. the last) vertex of this path belonging to this set.
Let u denote the entry point of v in By s v and v the exit point.

We call entry point and exit point of the pattern (centered at 0) the endpoints denoted by u* and v*
in the introduction. Note that, if a self-avoiding path takes the pattern, its entry and exit points in the
set Boo (0, /%) are not necessarily the entry and exit points of the pattern (as it can visit the set before
and after taking the pattern).

Here, we want to put the pattern centered at sIN. The vertex s being fixed, we keep the notation u
and v® to designate the entry and the exit points of the pattern centered at sNV.

A

Construction of 7.
We have the following inclusions:

o Boo(sN, ) C Boo(sN, A +3) C By g n since 11 = d and N > ¢A + 3 (see (3.7)),
. Bl,s,N C BQ,S,N since ro > 11 by (32)

For the modification, we need a path m, constructed in a deterministic way and satisfying several
properties, whose existence is guaranteed by the following lemma.

Lemma 3.7. We can construct a path 7 in a deterministic way such that :

(i) 7 goes from u to u™ without visiting a vertex of Boo(sN, ™), then goes from u® to v in a shortest
way for the norm ||.||1 (and thus being contained in Boo(sN, ™)) and then goes from v to v without
visiting a vertex of Boo(sN, M),

(ii) 7 is entirely contained in Ba s n and does not have vertices on the boundary of Ba s N except u and
U7

(iii) m is self-avoiding,
(iv) the length of m, ,a UTya ,, is bounded from above by 2roN + K, where K is the number of edges in
B (0,07 4 3).
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By s N

Figure 2: Example of the construction of 7 in dimension 2.

The proof of this lemma is given in Appendix A but the idea is to construct two paths, one from wu
to sN and the other from sN to v which minimize the distance for the norm ||.||; and such that the only
vertex belonging to both paths is sN. Then, we denote by ug the first vertex of Boo(sN, ¢* + 3) visited
by the path from u to sN and vy the last vertex of By, (sN, ¢* 4 3) visited by the path from sN to v. We
construct two paths entirely contained in By (sN, ¢* +3) from ug to u” and from v® to vg which do not
take vertices of By (sN, ") except u® and v and which have no vertices in common and we consider
the concatenation of the path from u to ug, the one from wuy to u®, a path from u® to v™ in a shortest
way, the path from v* to vy and the one from vy to v (see Figure 2).

Let 7 be the path given by Lemma 3.7.

Definition of E%, E* and B*. Define E*(T) as the set of edges e such that e € 7\ Boo(sN, ()
and E7% (T) as the set of edges which are in By s x but which are not in Beo(sN, ¢*) U . Recall that
{T" € B*(T)} is a shorthand for

{¥e € E(T), T'(e) > v(N), Ye € E* (T),T'(¢) <1+, Oysi )T’ € AM}.

Fix n = plB2=~IP(T € AM), where p = min(F ([tmin, tmin + 0']), F([V(N), tmax])). Thus, n only depends
on F, the pattern and N and we have

P(T" € B*(T)|T) > plP2VP(T € AY) =1,
Consequences of the modification. We denote by +* the path v, U7 U, .. Note that v* is a
self-avoiding path.
Lemma 3.8. We have T*(v*) < T'(v).

Proof. We have that v, , visits at least one vertex in By s n. Denote by w the first of these vertices.
Then, vy,w and v, are two geodesics, both between two vertices in Ba ¢ v. Using item 1 in Lemma 3.1,
Yu,w a0 Yy, are entirely contained in Bs s n. Thus, since B s v is a typical box, using (3.4) and the
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fact that ||Ju — w||y > (ro —71)N and ||jv — w|1 > (re — r1)N, we have
T(Vuw) > 2N (r2 — r1)(tmin + 9).
Then, by the construction of 7 and of B*(T),
T*(m) < (2raN + K)(tmin +6) + A,
where 72 is fixed at (3.1). Thus,
T(v) = T*(7") 2 2N(r2(6 = &) = 71 (tmin +6)) = K (tin + ') — 7"
By (3.6) and since 2N > 1, we get T'(y) — T*(v*) > 0. O

Lemma 3.9. Let 7* be a geodesic from 0 to x in the environment T*. Then 7* weakly crosses the box
B3 s v and the first vertex of By s n visited by 7* is w and the last is v. Furthermore, ¥* takes the pattern
in Boo(sN, M), 7

— ~* —
wuh = Tuud and Vorp = Twh p-

v

Proof. Let 7* be a geodesic from 0 to z in the environment 7*. By Lemma 3.8, T*(7*) < T'(7*). Thus
7* takes an edge of By s n and by item (iii) of the definition of a typical box and since there is no edge
whose time has been modified outside By s v, 7° can not take any edge of time greater than v(N) in
By s,v. Indeed, assume that 7* takes an edge e such that T*(e) > v(N). Then, denoting by £(F*) the
edges of 7 and using (3.3),

(") = Yo T+ Yo TUHzv(N)+ > T

FEEF*)NBa,s, N FEEF*)NBS | v Fe€EINBS , §
> Y TH+ >, TH= D>, TH+ D>, TH=TF),
f€B2 s N fEEF*)NB2,s,N fEE(*)NB2,s,N fFe€()NBS , y

which is impossible. Hence, 7" has to take edges of 7 or of the pattern and can not take other edges of
BQ,S,N .

Since 7 does not visit any vertex on the boundary of Bs v except u and v, ¥* has to visit v and
v and to follow 7 between u and v and between v* and v. If 72,\71},\ leaves the pattern, it takes an
edge whose time is greater than v(NN), which is impossible. So, WZA,UA is a path entirely contained in
Boo(sN, ") and is optimal for the passage time since * is a geodesic.

To conclude, let us show that u is visited by 7" before v. Assume that it is not the case. Then, there
exists 7] a geodesic from 0 to v and 75 a geodesic from u to x in the environment 7* which does not
take any edge in By s n. Thus, there are also geodesics in the environment 7". Then,

THY) +T(75) <t*(0,2) < t(0,z) by Lemma 3.8.
By concatenating 7o, and 75, we obtain a path from 0 to z. Thus,
T(v0.u) +T(73) = t(0, ).
So T'(77) < T(vo,u), which implies
T(71) + T(yw.e) <T(ou) + T(.e) <0, 2),
which is impossible since 77 U 74, is a path from 0 to z. O

Using Lemma 3.9, we can prove Lemma 3.5. Indeed, by this previous lemma, every geodesic from 0
to x takes the pattern inside Bs ; v and the first item holds. For the third item, one can check that the
concatenation of gy, T, 44, one of the optimal paths for the passage time between u® and v? entirely
contained in Bu(sN, (1), Tya , and 7, gives a geodesic v* which is associated to v in Bz s n (with
s1 = uw and so = v). Finally, let us prove the second item. If 7* is a geodesic from 0 to z in the
environment 7™, then 7, ,, is contained in By s n. Furthermore,

T(vo.u) = T (v0.u) 2 T*(Vo,u) = T(Vo,u) = T(Y0.);
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so T'(¥5.,) = T'(v0,u) and 7g ,, is a geodesic in the environment 7'. Similarly, 7} . is a geodesic in the
environment 7. Hence, we get a not necessarily self-avoiding optimal path for the passage time by
considering 7' = 75 , U Yuw U7, .- We get a geodesic v' which satisfies the properties of this item by

cutting the loops of 7’ using a standard process’.

4 Bounded case

In this section, we consider that the support of F is bounded. In this case, Theorem 1.3 also follows from
Proposition 1.10. Our proof of Proposition 1.10 still follows the strategy given in the preceding section,
but the modification argument is more involved. Let B = (A,UA,UA, AA) be a valid pattern. We set
tmax = sup(support(F')). Remark that, because of (1.18), we have tmnin + 0 < tmax.

4.1 Oriented pattern

The proof in the bounded case uses a modification argument in which we have to connect the pattern to
a straight path in a given direction. It is convenient to show the feasibility of this construction before
starting the modification. The following lemma, whose proof is in Appendix B, shows that it is indeed
feasible by proving that a pattern can be associated to d patterns (with a larger size), each having
endpoints aligned in a distinct direction, and each having the original pattern as a sub-pattern. By
direction, we mean one of the d directions of the canonical basis which is denoted by {e1,...,e4}.

Lemma 4.1. There exists g > {* such that the following holds. Set Ag = {—Lo,...,4o}¢. For all
j€{1,...,d}, there exists a pattern 7 = (Ao, —Eosj,ﬁoej,fl;\") such that:

o P (A?") is positive,

e on .A;\O, any path from —loe; to Loe; optimal for the passage time among the paths entirely inside
Ao contains a subpath from u® to v* entirely inside A,
A A
L4 AJO C A .

We fix £y, Ao and the patterns B;, for j =1,...,d, for the remaining of the proof.

Remark 4.2. One can check that the proof of this lemma can be adapted to prove that if the two
endpoints of the original pattern belong to two different faces of A, then the conclusion of Lemma 4.1 is
also satisfied and thus we can generalize the notion of valid pattern of Definition 1.1.

By definition, for all j € {1,...,d}, N¥(x) > N¥i(r), and therefore

Nm (W) > E 11{there exists j € {1,...,d}, = satisfies the condition (7;3;)}-
TE€ZY

From now on, we forget the original pattern and only consider the oriented patterns B; for all directions
j € {1,...,d}. We talk about oriented pattern when its orientation is specified and we simply say
"pattern" when talking about one of the oriented patterns ;. Consistently with these conventions and
to lighten notations, we write £ instead of £, A instead of Ay and Aﬁ»\ instead of Aé\”.

Now, several parameters related to the distribution F' have to be introduced. First, we fix a positive
real v such that :

* tmin +5 <v< tmaXa
¢ F(l+o0)) > 0,

o the event A* N {Ve € A, T(e) < v} has a positive probability.

"Note that Y0,us Yu,o and 7y, . are three self-avoiding paths and that 7¢ , and 7}, , do not have vertices in common. So
we can consider s1 the last vertex belonging to both path Wg’u and 7u,v in the order in which they are visited by 7u,» and
s2 the first vertex belonging to both paths 7s,,» and 77 , in the order in which they are visited by vu,». Thus, since yu,u
is entirely contained in Bj s v, s1 and sz are two vertices contained in B3 s n and we can take v/ = 78’51 UYs1,80 UT5g 0
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Notice that, if F has an atom, one could have v = ty.. Even if it means replacing Aé-\ by Aé-\ N{Ve €
A, T(e) < v}, we can assume that
A} C{Ve € A, T(e) < v}.

Further, we set 7% = 2¢*v, which can be interpreted as an upper bound for the passage time of an optimal
path from EAEJ- to fﬁAsj on the event A?. Finally, we denote by T the constant K™ (tmax — tmin) Where
K* is the number of edges in an oriented pattern. We will use it as an upper bound for the time that a
path can save using edges of a pattern after a modification.

4.2 Proof of Proposition 1.10 in the bounded case

We keep the overall plan of the unbounded case. Unlike in the unbounded case, we cannot use edges
of prohibitive time and thus the modification argument is more elaborate here. This section follows the
structure of Section 3.1 but the one step modification is replaced by a two-steps modification. To this
aim, we slightly change the structure of our boxes and our definition of typical boxes. Let us begin by
fixing some constants.

Constants. Note that we keep the notations introduced in Section 1.6 and that 7 and T are fixed in
Section 4.1. In the next two paragraphs, we introduce the constants used in the proof. Before looking at

1
their definitions below, one can keep in mind that we fix e € 1 and 1 € — K V < 1y € r3 < 14, where

€
"<" means that the ratio is large enough and only depends on the dimension d and on the distribution
F.

o We fix ¢/ = min (g,%)

« We fix L; given by Lemma 4.12 only depending on d and ¢*, and Ly = L; + (10 + d)¢>.

e Using Theorem 1.5 with M = t,,;, + 9, we get two constants a > 0 and C, fixed for the rest of the
proof, such that for all n € N* and u,v € Z? such that ||u —v||; = n,

P | 3 a geodesic 7 from u to v such that Z Lir(e)y>tmmtsy < an | < e Om, (4.1)
ecy

e Fix e > 0 such that 5
. 1
e < min <ﬁ, m) .
¢ Fix V such that

4(1 + tmax) Oy 8C, T
— PR 6dLeC,, —E—
ecy ’ Y B

V > max ( 4C,, (2t max + TA)) . (4.2)

We give here other lower bounds for V that we need for the sequel and which are consequences of
(4.2).

4C, 1
— Using the fact that ¢, < C,, we get V. > —£ > —.
ec, €
41+ tmax)Cl
ecu
1 2tmax 4 1 tmax 2tmax
|~ 10 > ¢ and then ¥ > ~F 2max & o A0 Flmax) g g o 3 max.
1—e¢ 1—-10e 1-3¢
24C,

)

1
— From the inequality V > , using the fact that ¢ < T we have 1 —e > 1—3¢e >

— Since € < .

0 1
210, andV>g,WegetV>
A
nw

30 §—4o"

30
— Finally, since § — ¢’ > 7 e have from V >
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Boxes. With theses constants, we can now define boxes. For i € {1,2,3,4}, as in the unbounded case,
B s~ is the ball of radius r; for the norm ||.||; centered at the point sN with:

. led,

e 7o an integer such that

2(V+2 3V | 2max(l+ (1 +d)0A
r2>maX(r1+7( +),T1+L1+—+ w1+ (1 +d) ))a (4.3)
Cu Cu v
e 73 an integer such that
77"2 (4tmax + Oé(S)
rg > ——— 7
ad
Note that r3 > ro + 1.
e 74 an integer such that
tmin 4 tm X
ry > Toltmin 0 tmax) (4.4)

tmin + 5
Note that r4 > r3 + 1.

We use the word "box" to talk about By s n. We denote by 0B; s v the boundary of B; s n, that is the
set of points z € Z? such that ||z — sN||; = r;N.

Crossed boxes and weakly crossed boxes. We say that a path

o crosses a box By n if it visits a vertex in B 4w,

o weakly crosses a box By, n if it visits a vertex in Bs ¢ n.

Paths associated in a box. We say that two paths v and +/ from 0 to the same vertex x are associated
in a box By, n if there exist two distinct vertices s; and sz such that the following conditions hold:

e v and v/ visit 51 and so,
— /
d 70,51 - 707515
/ . . .
* Ysi,s, and g, o, are entirely contained in By s v,
— A~/
® ’782@ - 752,1‘

In particular, these two paths coincide outside By s n.

Typical boxes. By n is called a typical box if it verifies the following properties:

(i) every geodesic 7y, from u to v entirely contained in Bs s y with ||u—v||1 > N has at least a||u—v||1
edges whose time is greater than or equal to tyin + 9,

(ii) every path = from u to v entirely contained in By sy with ||u — v||s > N has a passage time
verifying:

t(m) = (tmin + 0) [lu — v]|1, (4.5)
(iii) for all w and v in Bs s N, we have
(1—e)u(u—v) — N <t(u,v) < (14+e)u(u—v)+ N.
As in the unbounded case, we need properties which are guaranteed with the definition of typical
boxes. We state them in the following lemma whose proof is given in Section 4.3.

Lemma 4.3. We have these three properties about typical bozes.

1. If By s N 15 a typical boz, for all points ug and v in B3 s N, every geodesic from ug to vy is entirely
contained in By s N.

2. The typical box property only depends on the time of the edges in By s n.
3. We have
lim P (Byo,n is a typical box) = 1.

N—o00
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Successful boxes. For a fixed z € Z%, a box By s N is successful if every geodesic from 0 to x takes a
pattern which is entirely contained in By s n, i.e. if for every geodesic v going from 0 to z, there exist
j€{l,...,d} and z., € Z¢ satisfying the condition (v;97) such that By (., ¢") is contained in Ba s v

Annuli. Following the proof in the unbounded case, we define the annuli A; y with r = 2(r; +74 +1)
and GP(N) as in Section 3.1 but with the definitions of crossed and typical boxes defined here in Section
4.2. The bound on P(GP(N)¢) of Lemma 3.2 also holds here. The proof is exactly the same in this case
thanks to Lemma 4.3. For the rest of the proof, we fix C;, Dy and Ny given by Lemma 3.2.

Modification argument. Fix K’ = T* +2(C,L1 + tmax(f* +1)). Then, fix

120, K’

N > max <N0, T

> ,n>2rN and z € T, (4.6)

(where T, is defined at (1.14)). Fix p = {%J and g = V%J For j € {1,...,q}, we define T/, S}, S?
and M(j) as in Section 3.1 but with the notions of typical and successful boxes defined here in Section
4.2. As in the unbounded case, the aim is to bound from above P(T' € M(q)) independently of z. For
the sequel, we use a two-steps modification. So we introduce two independent copies T and T" of the
environment T, the three being defined on the same probability space.

Fix £ € {1,....,q}. On {T € M({)}, B4,S/}(T),N is a typical box crossed by the selected geodesic.
From this configuration, as a first step, we shall associate a set of edges E* (T') which is contained in
33755 ()N \ Bz,sl}(T),N- It corresponds to the edges for which we want to reduce the time. Then, we get
a new environment 7™ defined for all edge e by:

@ ={ 76 o (@

From this environment, as a second step, we get three new subsets EY*(T,7"), E**(T,T") and
E3(T,T") of edges of Bj si(r),n Which are respectively the edges for which we want to reduce the
time, to increase the time and the edges of the location where we want to put the pattern. We get a
third environment T** defined for all edge e by:

vy [ T(e) ifee EY(T,T)UE™(T,T")UES (T, T
T (e) { T*(e) else. (4.8)

Note that T** and T do not have the same distribution. For y and z in Z¢, we denote by t*(y, z) (resp.
t**(y, z)) the geodesic time between y and z in the environment 7 (resp. T**). Similarly, we define for
ceZ¥andt € Ry:

B*(c,t) ={ucZ : t*(c,u) <t} and B*(c,t) = {u € Z¢ : t**(c,u) < t}. (4.9)

We formalize this modification in the next lemma and we will describe precisely the construction of EY,
EY*, E** and EY" in the next subsection.

Lemma 4.4. There exists n = n(N) such that for all ¢ in {1,...,q}, there exist measurable functions
Er : (RY)E = PE), B ¢ (RE)? = PE), B + (RE)? = PE), EF : (RE)? — P(E) and
O : (R§)*— {1,...,d} such that:

(i) EX(T), EX(T,T"), EX*(T,T") and Ep (T, T") are pairwise disjoint and are contained in Bs s1(1);

(ii) on the event {T € ML)}, P(T' € B*(T)|T) > n and on the event {T € M)} N{T" € B*(T)},
P(T" € B*(T,T")|T,T') > n, where {T’ € B*(T)} is a shorthand for

{Ve € E{(T), T'(e) < tmin +0'},
and {T" € B*(T,T")} is a shorthand for

{Ve S Ei* (717 1—‘1)7 T”(e) S trﬂin + (SI, Ve € Ei* (717 1—‘1)7 T”(e) Z v, GNS}(T)T” S Ag(T,T’)} 5
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(iii) {T € M(0)} N {T" € BT)} N {T" € B*(T,T")} C {T** € (M(€—1)\ M(£))} and ||S2(T**) —
S¢(D)lh < 24

The proof of Lemma 4.4 is left to the reader. It is the same as the proof of Lemma 3.3, replacing the
use of Lemma 3.5 by the following one.

Lemma 4.5. There exists n = n(N) such that for all £ in {1,...,q}, there exist measurable functions
Er : (Rp)E = PE), B« (RE)? = PE), B : (R)? = PE), Ey : (RE)? — P(E) and
O : (RE)? — {1,...,d} such that items (i) and (ii) of Lemma 4.4 are satisfied and such that if the
event {T € MO)yN{T" € B*(T)} n{T" € B**(T,T")} occurs, then we have the following properties:

(i) in the environment T**, every geodesic from 0 to x takes the pattern inside BQ7S£1(T)1N’

(ii) for all geodesic ¥** from 0 to x in the environment T**, there exists a geodesic ¥ from 0 to x in
the environment T such that ¥ and ¥** are associated in B415}(T)7N,

ok

(iii) there exists a geodesic v** in the environment T** from 0 to x such that v** and the selected
geodesic v in the environment T' are associated in B475;(T)7N.

The proof of Lemma 4.5 is the aim of Section 4.4. We now conclude the proof of Proposition 1.10 in
the bounded case. The following lemma is the counterpart of Lemma 3.6 in this case.

Lemma 4.6. There exists A € (0,1) which does not depend on n and on x € Ty, such that
P(T € M(q)) < A%

Proof. Let £ be in {1,...,q}. For every s € Z% and £** subset of edges of Bs s v, let us consider the
environment 77%.. defined for all edge e by:

T”(e) ifee &N BQ,SJ\/’
;2** = T’(e) ifee &*N (BgﬁsyN \ BQ,S,N)
T(e) else.

We define E**(T,T") = EX(T)U B (T, T") U EX*(T,T") U E5* (T, T"). Thus, for every s and £, T %..
and T have the same distribution and on the event {T' € M)} N {S}(T) = s} N{E**(T,T") = £**},

T** = T;%... Using this environment and writing with indicator functions the result (iii) of Lemma 4.4,

we have:
Lremoylisimy=sy lires-aplipr=eylipres-@ry S e cmeenmod Y, {s2rm. =1
We take the expectation on both sides. The right side yields

IP’( The € M(E—1)\ M(0), | J{SHTIE-) s'}>P(TGM(en\M(@,U{S,?(T)s'}>.

s'~s s'as

For the left side, we have
E [MTeM(@)}]1{5;@:5}]1{T/ers*(T)}]1{E**(T,T'>:S**}1{T”eB**<T,T/>}}
:E |:E |:E |:]1{TGM(@)}]I{S;(T):S}H{T’GB*(T)}]I{E**(T,T’):g**}]I{T”EB**(T,T’)} ‘ 717 T/:| ‘ T:|:|
=E [Liremoy L s oryo o) B [ Lires 0y L e B (T € B, 7| T,1)| T]]

Since on the event {T" € M(0)}N{S}(T) = s} {T" € B*(T)}n{E**(T,T") = £}, P(T" € B*(T,T")| T, T")
is bounded from below by 7, the left s1de is bounded from below by
7).

nE [H{TeMw)}]l{s;(T):s}E [Lizrencry Upe =)
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Then, by summing on all £** subsets of edges of B3 s n and writing K a constant which does not depend
on s and which bounds from above the number of different subsets of edges of Bs 5 n, we get

B[V reao s )=y P(T' € B*(T)|T)] <P <T e M(¢— 1)\ M(0), | J{S2(T) = s'}> .

Now, on the event {T' € M)} N {S}HT) = s}, P(T" € B*(T)|T) is bounded from below by 7, so the
left side is bounded from below by

—P ('€ M(0),S}(T) = 5).

Then, by summing on all s € Z¢ and writing K’ a constant which bounds from above for all s € Z? the
number of vertices s’ € Z? such that s’ ~ s, we get

772

KK’
Now, since M (¢) C M(¢— 1),

P(T € M(£)) < B(T € M(£ — 1)\ M(£)).

P(T € M(£— 1)\ M(£)) =P(T € M({ — 1)) — P (T € M(()).

Thus,
P(T € M(£)) < XP(T € M(£ - 1)),

1
where A = PO € (0,1) does not depend on z. Hence, using P(T € M(0)) = 1, we get by induction
KK’

P(T € M(q)) < \.

From Lemma 4.6, the proof of Proposition 1.10 is the same as in the unbounded case.

4.3 Properties of a typical box

In this section, we state and prove the following lemma, which gives us properties of typical boxes useful
for the modification argument, and the proof of Lemma 4.3.

Lemma 4.7. If By s N is a typical box, we have the following properties.

1
(i) For all uw and v in Bs s n with ||u —v||; > K" N where K" = — >0,
ecy

(1 =28)u(u—v) <t(u,v) < (14 2e)p(u—v).
(i) For all z € B3 s N, for allT > 0, for all N € N*,

N(r+1
B3,s,N M B(Z,NF) C Bg,&N ﬂBM (Z, &) s

1—¢

and if

=l

v
™ | =
I

[N}

N(F+1) N7
Bs s B " Bs s B ,— .
3N M1 “(Z 1-¢ )C 3,08 1 “(21—25)

(iii) For all z € Bs s n, for all 7 >0, for all N € N*,
B375,N M BH(Z’ NF) C Bg,&N NB (Z, N((l + E)F + 1)) s

and if T >

7

™ | =

Bs s nNB(z, N(1+¢e)F+1)) C B3 snNDB(z (1+2)NT).
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Proof. (i) Let uw and v be in Bs s y with |[[u — v||; > K”N. Then, since By s n is a typical box, we
have
(1—e)pu(u—v) — N <t(u,v) < (14+e)u(u—v)+ N.

The requirement on v and v implies

— <ellu—vlh,
c

so ep(u —v) > N.

(i) and (iii) In both cases, it is easy to check that the first inclusion follows from property (iii) of a

typical box and an easy computation using (i) shows the second inclusion.
O

Proof of Lemma 4.5.

1. Let B4 s n be a typical box and ug and vy two points of Bs s . Then, taking paths minimizing
the distance for the norm ||.||; between ug and sN and between vy and sN, we have t(ug, vg) <
2r3Ntmax. Then, if a geodesic 7y, 4, takes an edge which is not in By s n, since r4 > r3 + 1, using
the item (i¢) of the definition of a typical box leads to

T(’Yuo,vo) > 2(7’4 - r3)N(tmin =+ 6)7

3(tmin + 0 + tmax)

tmin + 0
of a typical box to prove this property.

-
which is impossible since r4 > . Note that we only use item (ii) of the definition

2. It is clear that the first property only depends on the time of edges in B3 s n and the second only
depends on the time of edges in B4 s n. For the third property, by the preceding item, we know
that for all points w; and wy in B3 s v, the knowledge of the time of all edges in By s n allows us
to determine ¢(wy, w2), so to know if the two inequalities are satisfied.

3. For each item of the definition of a typical box, we show that the probability that B4, n satisfies
this item goes to 1. To show that the probability that item (i7) of the definition of a typical box is
satisfied goes to 1, we use the same proof as for (i¢) in the proof of Lemma 3.1, replacing ro — 71
by 1 and B3 s n by Bas n. Further, using (4.1) and a similar computation as for item (4¢) in the
proof of Lemma 3.1, we get:

P(By,0,n satisfies (i)) — 1.
N—o00
To prove that

P(By,0,n satisfies (iii)) — 1,
N—oo

1

2d((1+¢)Cp + tmax)
property for N large enough to have |pN| # 0:

recall that ¢ is fixed in Section 4.2 and fix p = . Let us consider the following

Vu',v' € |pN|Z N Bs o, [t ,v)) — p(u’ — o) < ep(u’ — o). (4.10)
By (1.17), by stationarity, and since |LpNJ 74N 33701N| is uniformly bounded in N, we get

— 00

Finally, the proof is completed by showing that (4.10) implies that By o n satisfies (i3i). Assume
(4.10) and let uw and v be two vertices in Bz o n. The aim is to show

[t(u,v) — p(u —v)| <ep(u —v) + N. (4.11)
Let u',v' € |[pN|Z% N Bson such that ||u—u'||; < dpN and ||u —u'||; < dpN. Thus,

(1, 0) — (= v)] < [t(u,0) =t 0')] + (') — ! — )| + e — o) = plu = v)].
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By (4.10), [t(u/,v") — p(u' — v")| < ep(u’ — v"). Furthermore,
(= v) = p(u" =) < p(u—u') + plo =) < (lu = 'll + [0 = 0'[[1)C < 2dpNC,.
Similarly

[t(u,v) = t(u', )] < tu,u) + 1, 0") < (Ju = v/l + [lv = 0'[[1)tmax < 2dpNtmax,

Thus, we get
£, 0) — g — 0)] < epat = v) + 2dpN (bmax + (1 +£)C))-

We get (4.11) thanks to the choice of p.

4.4 Modification argument

In this section, we prove Lemma 4.5.

4.4.1 Mains ideas of the proof

First ideas. Before proving in detail Lemma 4.5, we give the main ideas of the proof of the modification
argument. Fix z € T, £ € {1,...,q} and assume that the event {T' € M(¢)} occurs. Let us consider
v the selected geodesic, and two vertices uy, v; belonging to v, chosen in the ¢-th box of v, far enough
from each other. Since these vertices are in a typical box, the geodesic time between u; and v; is roughly
equal to p(u; —wv1). We build a path 7 between u; and v; which have exactly ||u; — v1]|1 edges (in other
words the path is oriented). The idea of the modification is the following:

e we put the pattern in the middle of 7,
e the passage times of the edges of m which are not in the pattern are reduced close to iy,
e the passage times of the edges around 7 are increased closed to tyax.

We denote by T** the modified environment®. Let v** be a geodesic from 0 to z in this environment.
Since the modification guarantees that T**(v) < T'(v), v** has to take several edges whose time has been
reduced, and thus v** takes edges of w. To prove that v** takes the pattern, we begin by showing that
~v** takes an edge of m before and after the pattern, which is the aim of Lemma 4.21. So, assume aiming
at a contradiction that the first vertex of m taken by v** is an edge of 7 after the pattern and denote
it by w. Assuming that the effect of the edges of the pattern whose time has been reduced is negligible
compared with the size of the path m, we have T**(§%,) > t(0,w). Furthermore, on the one hand,

yw

t(oa ’LU) < t(oaul) + t(ulaw) s

——

~p(w—u1)
since the geodesic time is well approximated by the norm p since w and w; are in a typical box. On
the other hand, also using that the geodesic time is well approximated by the norm u for vertices in a

typical box,
t(Ov U}) > t(oa vl) - t(vla ’U.)) .

—— ——
~t(0,u1)+p(ur —v1) ~u(vy—w)

~t(0,u1)+p(w—u1)

Thus £(0, w) ~ (0, u1) + p(w —wu1) and we get that T**(v5%,) is roughly greater than ¢(0, u1) + p(w —uy).
But ¢**(0,w) < t(0,u1) + T**(my, ) and since the edges of 7 are closed to tmin, we have T** (1, ) <
p(w—wuy). Hence T**(75%,) > t**(0,w), which is a contradiction since v** is a geodesic in the environment
T**. Having that v** visits vertices of m before and after the pattern, using the fact that 7 is an oriented
path, it is not a main difficulty to show that v** takes the pattern.

8The next paragraph will explain the notation **.
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Two modifications to get associated geodesics. However, it is not sufficient to prove that ~**
takes the pattern. With the definition of M(¥) given in Section 4.2, we must have a control on the other
boxes crossed and the patterns taken by «**. To this aim, we make the modification described above as
a second modification in an environment already modified. A first modification is used to guarantee that
there exists a geodesic in the environment 7" from 0 to x such that this geodesic and v** are associated
in the ¢-th box of . It consists in reducing the time of some edges of v ., before u; and of v,, , after
v1. Thus, in the environment T corresponding to this first modification, every geodesic from 0 to z
has to take every edge whose time has been reduced, that is some edges of 9., and of v, 5. Further,
we can guarantee that, after the second modification, in the environment T7*, every geodesic also visits
edges of yg,,, and of v,, , by making the time saved by v during the first modification greater than the
geodesic time between u; and vy (see Lemma 4.18).

Use of balls for the passage time. In the modification described at the beginning of this section,
the edges whose time has been reduced can only belong to 7 or to the pattern but now, it is not the case
due to the first modification made before. Thus, even if we prove that a geodesic in the environment
obtained after the second modification takes edges of m before and after the pattern, a difficulty appears
when we want to prove that it implies that this geodesic takes the pattern. Indeed, we have to justify why
it does not exist a shortcut, which does not take the pattern, between a vertex of m before the pattern
and one of 7 after the pattern using edges whose time has been reduced by the first modification. Our
idea is to use the balls for the passage time to localize the second modification. We define for ¢ € Z¢
and r € Ry:

B*(e,r) ={uecZ : t*(c,u) <r},
B**(c,r) ={u € Z : t**(c,u) <},

where t* (resp. t**) is the geodesic time in the environment T* (resp. T**) obtained after the first
modification (resp. after the second modification). In the second modification, we do not reduce the
time of the edges connected to B*(0,T*(vo,4,)) and of those connected to B*(x,T™*(7y, »)). We prove
that there are enough edges of m outside these balls and that the place where we put the pattern is
also outside these balls. As a consequence B**(0, T (Y0,u,)) = B*(0, T*(Yo,u,)) and B*(z, T* (yu, ) =
B*(x,T*(vv,,2))- Thus, when a geodesic in the environment 7** visits a vertex of m whose time has
been reduced, it has left B**(0,T*(y0,4,)) and it can not take vertices of this ball anymore. The same
argument holds for B**(z, T* (v, »)) and it allows us to guarantee that it does not exist shortcuts as
those described at the beginning of the paragraph.

4.4.2 First modification

Let us go back to the proof. For the rest of Section 4.4, we fix £ € {1,...,q} and s € Z%, and we
assume that the event {7 € M(£)} N {S;(T) = s} occurs. In particular, By, n is a typical box in the
environment 7.

As explained in the paragraph above, the first modification is used to get that any geodesic from 0
to  in the new environment goes from 0 to a specific vertex in By s, n, then follows 7 to another specific
vertex in By ¢ v and then goes to z. It is useful to get the properties about associated geodesics after the
second modification. We denote by ~ the selected geodesic in the environment 7". Recall the definition
of entry and exit points given at the beginning of Section 3.3. Let u denote the entry point of v in Bs ¢ v
and v the exit point, and let uo denote the entry point of v in By s x and vy its exit point. Then, we set

E7(T) = {edges of B3, n that belong to vy u, O Yu,,w and satisfy T'(e) > tuyin + 0} . (4.12)

We denote the first edge of v that belongs to E% (1) by e; and the last one by ez. Moreover, s; denote
the first vertex of e; visited by v and s the last vertex of e visited by . Assume that the event

{T e M(O)}N{S}(T) = s} N{T" € B*(T)} occurs,
where B*(T") is defined in (4¢) of Lemma 4.4. Recall the definition of 7* in (4.7). Note that:

« only the time of the edges of E% (T') have been modified,
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~

Figure 3: Elements involved in the first modification. The edges whose time can be modified by the
first modification are represented in red.

o these edges belong to v and to B3 s v \ B2,s.N,
o for all edges in £ (T), we have T™*(e) < tmin + 0" < tmin +6 < T'(e),
o for all other edges e, we have T*(e) = T'(e).

Lemma 4.8. We have the following properties.

(i) There are at least a(rz —r2)N edges of Yu,u, and a(rs —r2)N edges of Yu,,» that belong to E% (T').
Thus,

min (T(701u0> - T*(’YO,uo)a T(’YuO,z) - T*(’yvo,z)) 2 04(7’3 - TQ)N((S - 51)
(it) In the environment T, every geodesic from 0 to x visits every edge of E% (T).
(i) In the environment T, v is a geodesic from 0 to x.

Proof. (i) This item follows from the first property of a typical box applied to the portion of 7, y,
entirely contained in Bs sy going from 0B3 s v to ug and to the portion of v, ., entirely contained
in B3 s v going from vy to 0B3 s v (note that these two portions does not have edges in common).

(ii) To prove the second point, let v* be a geodesic from 0 to z in the environment 7*. Assume that
there exists an edge of E% (T') which is not an edge of v*. Then

T =T"(y") <T(v) =T°()-
Since v is a geodesic from 0 to z in the environment 7', we have T'(y) < T'(v*), which implies
0<TE)=TM) <T*(v) =T*(7)-

Thus T*(y) < T*(v*), which contradicts the fact that v* is a geodesic from 0 to z in the environment
T*.

(iii) Let us now assume that 7 is not a geodesic in the environment 7. Hence, if we denote by v* a
geodesic from 0 to x, we have T*(v*) < T*(~y). By item (i4),

(W) =T(v") =T() = T"(7)

Thus, T'(v*) < T'(7), which contradicts the fact that v is a geodesic in the environment 7'

36



4.4.3 Construction of 7

Here, we shall identify an oriented path 7 between two vertices of v in Ba ¢ . This oriented path is later
used to place the pattern. Let ¢y denote the entry point of v in B; s v and recall the definition of V in

\Y%
(4.2). Since by (4.3), 12 > r1 + —, B, (co, NV) N Z< is entirely contained in Bz s n. We introduce
Cu

uy the entry point of v in By, (co, NV) N Z% and v; the exit point. (4.13)

Lemma 4.9. We have pu(u1 —v1) > NV and Yy, v, 5 contained in Ba s N.

Remark 4.10. The idea of the proof is that p(us — v1) is roughly equal to t(uy,v1). Furthermore,
since v is a geodesic visiting uy, co and vy in this order, we have t(uy,v1) = t(uy,co) + t(co,v1). So
w(uy —v1) = plug —eo) + p(vy —¢) &= 2NV. We have a sufficient control over the approxzimations to
guarantee a lower bound by NV.

Proof. Using item (i) of Lemma 4.7 with 2 = ¢y and 7 = V(1 — ¢) — 1 leads to
B(co, N(V(1 —¢) — 1)) N Bs s,n C Bu(co, NV) N By s x = Byu(co, NV) N Z. (4.14)

Since u, is the entry point of a path in B, (co, NV), there exists a vertex u; € Bs sy such that [T, —
’LL1||1 =1 and uy ¢ B#(Co,NV). By (414), t(Co,ﬂl) Z N(V(l - E) — 1), SO
t(Co, Ul) Z t(Co,ﬂl) — t(ﬂl, ’U,l)
———

<||wr —u1|[1tmax
The same argument holds for ¢(cg, v1). Hence
t(ul, ’Ul) = t(ul, Co) + t(Co,’Ul) > 2N(V(1 - E) - 1) - 2tmax-

3+ 2tmax

Thus, since V >
us, since 1735

, by the third item of the definition of a typical box,

N@2V(1—¢)—3)—2t

max ZNV
1+e

plug — 1) >

For the second part of the proof, using the third item of Lemma 4.7 with z = ¢y and 7 = V leads to
B, (co, NV)NZ* C B(co, (1 +)V + 1)N).

2(V +2)

Then, by (4.3) we have ro > r; +
Cu

. So, for all z € B,,(cp,2N(V + 2)), we have

2(V +2)

2= sNlly <}z = colly + lleo = sNIlx < ( .
"

+T1)N<7“2N.

So, we have B,,(co,2N(V +2)) NZ% C By s n and since £ < %, we have

(14+e)V+2

B N
“<CO’ 1—c¢

> C Byu(co, 2N(V +2)).

Thus, by the second item of Lemma 4.7 with z = ¢y and ¥ = V, we get

(1+e)V+2

B(Co,((l-i-&')v-i‘N))CBu (CQ,N 1_-

) NZ* C B,(co, 2N(V +2)) N Z°.
To sum up,
B (co, NV)NZ* C B(co, (1 +e)NV + N) C Bas N

Now, assume that v,, ., Vvisits a vertex which is not in By s y. Let denote by z such a vertex and assume
for example that z is visited by 7y, ¢,- Then, we have, thanks to these inclusions, t(co, z) > t(co, u1),
which is impossible since 7, ¢, is a geodesic. O
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Lemma 4.11. Recall the definition of B* given at (4.9) and that T*(Yo.u,) = t*(0,u1) and T* (v, ) =
t*(v1, ).

(i) We have the following inclusions:

B*(0,T*(Yo.uy)) C B(0,t(0,u1)) and B*(z, T* (Yo, ,2)) C B(z,t(v1,x)).

(ii) We have
B0, T*(Yo,u1)) N B (2, T" (Yor,2)) = 0-

Proof. (i) Let s’ be a vertex in B*(0,7*(Y0,4,)). The aim is to show
t(0,s") < t(0,uy).

Let 7* be a geodesic from 0 to s’ in the environment T*. We denote by s* the last vertex visited
by 7* among those visited by v (note that 0 is such a vertex). First, since Vsx s does not take an
edge of v, T*(¥s- o) = T (Vs o). Then, by Lemma 4.9, 7y, , is entirely contained in By s n, s0
T*(Yuy v1) = T(Yuy,0,). Thus, also by Lemma 4.9, T*(yy, »,) > 0. So 7* does not take an edge
of vy, 2. Otherwise, since v is a geodesic in the environment 7%, t*(0,s") > T*(V0,0,) > T (Y0,us )-
Hence, the time saved by 7* after the modification comes only from the edges of vy .,. So,

T(Vg,s*) - T (76,5*) < T(707u1) -1 (’YO,ul)' (415)

Hence,

£0,5") < T(V5,6-) + T(Ve- o)

(Y0,u1) = T (Y0,u) + T (75,5+) + T (Fs- o) by (4.15),
=t%(0,5')

=t"(0,8") + T(Your) — T* (Yo,u1)

<T*(Your) + T(Yo,u1) — T* (70,0, ) since s" € B*(0,T*(Y0,u,)),

= t(0,u1),

<T
<T

which proves the inclusion and the same proof gives us the second inclusion.
(ii) Let s’ be a point of B*(0,T*(vo,u,)) N B* (2, T* (v, ,x)). Then
t(0,x) < t(0,s") +t(s',z)

< t(0,u1) 4+ t(v1,z) by (i)
< t(0,x)

since v is a geodesic visiting 0, u;, v; and z in this order and since t(uy,v1) > 0, which is a
contradiction.
O

Now, we can make the construction of 7, which is the path on which we would like to put the pattern
that the geodesics have to take. We begin by two definitions:

e We say that a path between two vertices y; and ys is oriented if its number of edges is equal to
lyr — y2ll1-

e A step of length ¢ is a path of ¢ consecutive edges in the same direction.

We state the following lemma whose proof is left to the reader and where [u;,v] is the segment in R?
and ||.||; is the norm on R<.

Lemma 4.12. We can construct a path m with a deterministic rule such that:
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(i) ™ is an oriented path connecting ui; and vy,

(ii) 7 is the concatenation of steps of length 104" except in Boo(vi, 1062), where 7 takes steps of length
1

)

(iii) there exists a constant L1 € Ry only depending on ¢ and d such that for all z € Z which is in T,
the distance for the norm ||.||1 between z and [uy,v1] is bounded by Ly, and for all y € [uy,v1], the
distance for the norm ||.||1 between y and 7 (seen as a set of vertices in Z) is bounded by L.

Let 7 be the path given by Lemma 4.12. We introduce

ug the first vertex of 7 starting from vy in B*(0, 7™ (Yo,u,)), (4.16)
vy the first vertex of 7 starting from uy in B* (2, T" (Vy,.2))- (4.17)

Remark that t*(0,uz2) < t*(0,u1) and t*(ve, ) < t*(vy, ).
Lemma 4.13. The path 7 is contained in By s .

Proof. Let z be a vertex of w. Using Lemma 4.12, there exists y € [u1,v;] such that ||z — y||1 < Ly. The
vertices u; and vy belong to By (co, NV) which is convex, thus y € B,,(co, NV). So, we have

[z =sN1 < |lz =yl + ly — collL + [lco — sN|x
—_——— —— —
<L; < #y=co) <riN
<

NV .
< Li+—+riN since y € B,(co, NV),

Cu
< ryN by (4.3),

which proves that z € By ;. O

4.4.4 Second modification

Now, let us define £, EX*, E** and O. Let ¢; € R? denote the midpoint of [u1,v1] and let us consider
the set of all vertices of m,, v, at distance at most Ly for the norm ||.||; from ¢;. This set is not empty,
hence we can choose one such vertex with a deterministic rule. Recall that Ly = Ly + (10 4 d)¢*. Since
V > 6dL2C, (see (4.2)), we have that the distance for the norm ||.|[ between the chosen vertex and
vy is greater than 10¢2. So there exist one or two steps of the path 7 of length 10¢* that contain the
chosen vertex. We chose one step (between these one or two steps) with a deterministic rule to put the
pattern. We denote the midpoint of this chosen step by cp. Then,

O(T,T") is equal to the direction of this step, (4.18)

and Ep*(T,T") = {edges connecting vertices belonging to Bus(cp, EA)} . (4.19)

Note that by the direction of a step, we mean the integer j such that for every distinct vertices z; and
zo of this step, z1 — 22 = %||21 — 22]|1£;. Note also that for all vertex z in Boo(cp, 1),

|z —ecillr < La.

We define us and v3 as the endpoints of the oriented pattern such that 7 visits ug, us, vs and v in
this order. Recall that for a pattern, the entry and exit points correspond to the endpoints given by the
definition of this pattern. Note that, thanks to the construction, us and v3 are two vertices of the chosen
step of length 10¢*. We denote by 4™ the path composed by the first geodesic in the lexicographic order
from 0 to us in the environment 7, then m,, ., and then the first geodesic in the lexicographic order
from vy to x in the environment T*. Then, we have to define E{*(T,T") and E**(T,T"):

E (T, T") = {edges of My, uy U Ty, 0, except the one connected to ug and the one connected to va},
(4.20)
E**(T,T") = {edges e in Bg s n such that T'(e) < v and which are not
in EF (T, T"), Tusus U Tus,vs B0, T (Yo,us)) o8 B* (2, T (y0,,0)) }. (4.21)
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B, (co. NV)

B*(Osr[*(ﬂﬂ),ul)) BZ,s,N

Figure 4: The construction of 7, of the vertices ui, ug, us, v1, ve, v3 and of the pattern-location in
dimension 2.

For all the sequel, we assume that the event
{T e MO)}N{S}T)=s}N{T" € B(T)} n{T" € B*(T,T")} occurs.

Recall the definition of the environment 7** given at (4.8) and of B**(T,T") given in Lemma 4.4. In
particular,

o forallee EL(T), T (e) =T*(e) < T(e),
o forallee EY*(T,1"), T**(e) < tmin + ',
o forall e e E**(T,T"), T**(e) > v > T(e) = T*(e),

« since by Lemma 4.13, 7 is contained in By s n, we have that E{*(T,T"), E**(T,T") and E5*(T,T")
are pairwise disjoint and are contained in By n. Thus, since E% (T') is contained in B3 s n \ B2,s,n
item (i) of Lemma 4.4 is satisfied.

In what follows, when we talk about edges whose time has been reduced, it means the edges e such that
T**(e) < T(e). Before proving item (ii) of Lemma 4.4, we state the following lemma which completes
the vision of the sets E{*(T,T"), E**(T,T") and E5*(T,T"). Recall the definition of B** given at (4.9).

Lemma 4.14. We have B**(0,T*(vou,)) = B*(0, T*(Yo,u,)), B (x, T* (Yo, .,2)) = B* (2, T* (Vo)) and
there is no edge of E5 (T, T") in any of these balls.

Proof. We begin by proving that there is no edge of E5(T,T') in B*(0,T7*(Y0,4,))- To this aim, we
prove that there is no vertex of Bu,(cp,f*) in this ball. Let z be a vertex of By (cp,¢*). The idea is
the following. Since 7y is a geodesic in the environment T, since the time of the edges of 7, », is not
modified by the first modification and since By s n is a typical box in the environment T, for every w
vertex of Yy, vy,

t*(0,w) = t*(0,u1) + t*(ur, w) = t*(0,u1) + t(u1, w) = t*(0,u1) + p(u; — w).
We can not guarantee that z is a vertex of v,, ., but using a similar argument:

t7(0,2) 2 (0, v1) = #7(v1, 2) = £7(0,u1) + " (u1, v1) — 7 (v1, 2),
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since +y is a geodesic in the environment 7. But
t*(u1,v1) = t(ug,v1) ® 2NV and t*(v1, 2) < t*(v1,¢1) + t*(c1,2) =® NV,

since t*(c1, #) is negligible compared to NV, which gives that ¢*(0, z) is roughly greater than ¢*(0,u1) +
NV.
Now, we make the proof rigorous. Since z € Boo(cp, "), we have z € B,(c1,C,L). Since by (4.2),

NV
V >2C,Lsy, 2z € B, (cl, T) Furthermore, since ¢; is the midpoint of [u1,v1] and p(u; —v1) < 2NV,

1
we have u(vy —c1) < NV. Thus, since V > = (by (4.2)), using the third item of Lemma 4.7 with z = v;
€

and 7 = %, we have

N NV(1+2

z EB# <Ulvu> ﬁZd Cc B <’U1,M) .
2 2
. . 4(1 + timax)
Hence, using the lower bound for ¢(uy,v1) of the proof of Lemma 4.9 and since by (4.2), V > BEESETI
we have SNT(1 49
t(O,vl) — t(O,ul) = t(ul,vl) > QN(V(l — E) — 1) — 2tmax > %,
and thus N
10,2) > 10, 0) — t(0n, ) > 1(0,00) — VU EED )

The first item of Lemma 4.11 allows us to conclude.

Then, let us prove the first equality. The proof of the second one is the same. The inclusion
B*(0, T*(Y0,u,)) € B**(0,T*(y0,u,)) is easy to check. Let us take z € B*(0, T (0,4, )) and 7* a geodesic
from 0 to z in the environment 7. Then 7* is entirely contained in B*(0,T*(v0,.,)) and there are no
edges of E**(T,T") or E3*(T,T") in B*(0,T*(Y0,u,)), SO

For the other inclusion, assume that there exists a vertex z € B**(0, 7" (Y0,u,)) \ B*(0, T* (70,4, )) and
let ¥** be a geodesic from 0 to z in the environment 7**. Let w be the first vertex of ¥** which is not
in B*(0,7*(70,u,))- By construction, there is no edge of 757, in E3*(T,7") or E*(T,T') and thus:

t*(0,2) > t**(0,w) > t*(0,w) > T (Yo,u1 )
which is a contradiction. O

Now, to get item (ii) of Lemma 4.4, fix n = gnin }IP’ (T € .A;\) PPNl where
je{l,....d

P = min(F ([tmin, tmin + 0']), F([U(N), tmax])) > 0.
Thus, n only depends on F', the pattern and N and we have that
P (T € BY(T)|T) > p/Ps=~l >
and

P(T" € B*(T,T")|T,T") > min d}]P’ (T € AY) plBronl = .
g€l

We end this section with two lemmas, one giving a lower bound on the time saved by the geodesics
from 0 to x thanks to the second modification and the other on the distance between u; and any vertex
of Tog.0-

Lemma 4.15. For all N € N*, we have

N
T () = T*(77) = 2V (5= ) > T,
2C,,
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Proof. This result is an easy consequence of Lemma 4.9. Since V > (), (by (4.2)) and all edges of
Yup,0, are contained in Bj g n, which implies that there is no edge of 7y, », Whose time has been reduced
between the environment T and T,

T*(v) 2 T*(Y0,u) + [lur = w11 (bmin +6) + T (Yo ),
where we used (i) of the definition of a typical box. Further
T**(y7) < T (W u,) + luz = vall1 (bmin +8") + T (37, 2) + 2tmax + 77,

where the term 2t,,.x is an upper bound for the time for both, the edge connecting uy to E3*(T,7T") and
the one connecting vy to E{*(T,T"), and the term 72 is an upper bound for the time collected by 7™
in ER(T,T"). Since we have T**(7G,,) = T"(16,u,) < T"(V0u1), T (005.0) = T (V00) < T"(Y0r.2),
luz — vo|l1 < ||us — w11 since 7 is an oriented path, and V > 4C),(2tmax + ) (by (4.2)), and using
Lemma 4.9, we obtain for all N € N*,

* )k [T Nv
T*(y) = T7(") 2 Jur = oa]1(6 = 8') = 7% = 2timax > 55~ (8 = 0').
2C,
. . 2C, TA
Finally, since by (4.2), V > 55 e have the result. O

Lemma 4.16. For all N € N*, for all w vertex of my,,v,, we have

up — v
o = wly > 12201l
Proof. Let us note that since 7 is an oriented path, for all w vertex of my, u, U Ty, 0, after B (T,T7),

we have ||u; — w|1 > [Jur — vs]|1. So

1
ur —wllr > Jlur — e1llr — [Jer — wslls > §||U1 — w11 — La.

N
Then, since by (4.2), V > 6L2C,,, we have % > Ly and using Lemma 4.9 leads to the result. O
o

4.4.5 Proof of the second and third items of Lemma 4.5
Recall that we assume that
{T e MOYN{S}T) =s}N{T" € B(T)} N {T" € B*(T,T")} occurs.

The aim of this section is to prove the following properties (which are the second and third items of
Lemma 4.5):

(ii) for all geodesic 7** from 0 to z in the environment T**, there exists a geodesic 7 from 0 to x in
the environment 7' such that 7 and 7** are associated in By SHT),N>

(iii) there exists a geodesic v** in the environment T** from 0 to x such that v** and the selected
geodesic v in the environment 7" are associated in B475;(T)7N.

To prove this, we use the following sequence of lemmas.
Lemma 4.17. Every geodesic from 0 to x in the environment T™* takes at least one edge of Ty, 1 UTyg 1, -

Proof. Let v** be a geodesic from 0 to x in the environment 7**. Since 7 is a geodesic in the environment
T*, we have the following inequalities

T ST < T ) ST 0.

So, using Lemma 4.15,
T*(’Y**) _ T**(’Y**) > TA.
It means that +** has to take at least one edge whose time has been reduced during the second

modification which is not in E5*(T,T”). Hence, since the only edges which are not in E%*(T,T”) whose
time has been reduced are edges of Ty, 4y U Ty s, the result follows. g
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Lemma 4.18. FEvery geodesic from 0 to x in the environment T** takes at least one edge of v whose
time has been reduced before taking its first edge of Ba s n, and takes at least one edge of v whose time
has been reduced after taking its last edge of Ba s n-

Proof. The idea is to use that the time saved by the geodesics from 0 to = after the first modification is
much greater than the geodesic time between any two vertices of By s n in any environment. Let v** be
a geodesic from 0 to z in the environment 7**. Let u** be the first vertex in Bg ¢ x that v** visits. Its
existence is guaranteed by Lemma 4.17. The aim of the proof is to show

T (Vo e+ ) < T(7g e )

Indeed, the definition of u** and the fact that the only edges whose time has been reduced which are
in B3 s n but not in By, v are edges of v gives us the result. Recall that ug is the entry point of 7 in
Bj s n. First, since y** is a geodesic in the environment 7™,

T (W) < T (Y0,u0) + 2r2Ntmax.
Then, using the first item of Lemma 4.8, we obtain
T (V) < T(Y0,u0) + 272 Ntmax — a(rs — r2) N(3 — ).
Finally, using the fact that ~ is a geodesic in the environment 7' leads to
T (Vo) < T (Vg er) + 472 Ntimax — a(rz —r2) N (9 — ).

Tro(4tmax + ad)

To conclude, it is sufficient to observe that the condition rg > implies that a(rs —

o
r9)N(§ — 0") — 4rg Ntmax > 0, so we have the desired strict inequality. The same proof gives us the
second part of the lemma. O

Lemma 4.19. Let v** be a geodesic from 0 to x in the environment T**. Then the first edge of v**
whose time has been reduced is ey and the last is ea. Moreover, the first vertex of e; taking by v** is s1
and the last of ea is so.

Proof. Let v** be a geodesic from 0 to x in the environment 7**. Let z** denote the last vertex visited
by v** before it takes for the first time an edge of v whose time has been reduced. We know by the
construction and by Lemma 4.18 that 2** is a vertex visited by 7y, u, O Yu,,v, and thus it is a vertex visited
by Yu,u; OF Vou,,0. Let us prove that it is a vertex visited by 7y,,,. Assume, aiming at a contradiction
that 2** is a vertex visited by vy, -

On the one hand, by Lemma 4.18, 757%.. does not take edges in Bg s n and since by Lemma 4.13, 7
is contained in B ¢ n, 'yg:;** does not take any edge of Ty, uy U Ty 0, -

On the other hand, all edges of 7y, 5 are in B*(x, T* (v, »))- So, if z2** is visited by vy, ., we have
z** € B*(z, T* (Yo, ,2))- But B** (2, T* (Y, ,5)) = B*(x, T*(Va,,»)) by Lemma 4.14. Since v** is a geodesic
in the environment 7**, it implies that ;¥. , is entirely contained in B*(x, T*(7y, «)). Thus ;% , does
not take any edge of my, v, U Ty, v, since there is no edge of my, uy U Moy v, i B* (2, T* (Yo, .1))-

Combining these two conclusions, we get that v** does not visit any edge of 7y, uy U Ty vy, Which
contradicts Lemma 4.17. So z** is a vertex visited by v, .,. Knowing this, we can complete the proof.
By the definition of z** and by Lemma 4.18, we have

T(g2e+) = T (79,244 )-

*

Since v** is a geodesic,

T (02++) < T7(0,2+)-
is not s1. Then, by the definition of s1, 2
T (Y0,2++) < T'(v0,2++)-
Combining these three inequalities yields
T(Y02++) < T(0,2++),

which is impossible because v .+~ is a geodesic in the environment T'. So, the result is proved and the
same proof leads to the second part of this lemma. [l

* *k

Now, let us assume z* is visited by 7,4, after s; and thus,
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We can now prove the two properties stated at the beginning of this subsection. For item (i7), let 7**
be a geodesic from 0 to z in the environment 7**. By Lemma 4.18 and Lemma 4.19, like v, ¥** visits
s1 and before that ¥** does not visit any edge whose time has been changed when replacing T" by T™*.
Hence,

T(v0.5) =T (v0.5) 2 T (Vo3s,) = T(V03s,) = T(Y0,5)- (4.22)
This proves that T'(vo,5,) = T'(75%,) and 7g%, is a geodesic in the environment 7'. Similarly, 75> . is a
geodesic in the environment 7" and the path 5 = 757 Us, s, U¥s, . is a geodesic in the environment 7T
that satisfies (74) in Lemma 4.5 if we prove that it is a self-avoiding path and it is contained in By s n.
Assume, aiming at a contradiction that 7y%, visits a vertex of 75, s, which is not s; and denote it by
s3. Then 7%, U~s, . is an optimal path for the passage time in the environment 7' since 757, is a
geodesic in this environment. It implies that 7% . U~s, s, has at least one edge which is e; and that

53,51
T(Far s, UYsy,s5) = 0, which is impossible since T'(e;) > 0. The same proof gives that 75, , does not
visit a vertex of s, 5, and thus 7 is self-avoiding. To get item (i), it remains to prove that 737 is

contained in By s n. This comes from the fact that, in any environment, the geodesic time between two
vertices of B s n is bounded by 2r3tmax, and, since the edges in By s v \ Bs s,y have the same times in
the environments T or T**, by property (i) of a typical box, the geodesic time to reach a vertex outside
By s,n and to come back in Bs s n is bounded from below by 2(ry — r3)(tmin + ). The condition on ry
insures that (r4 — r3)(fmin + 9) > r3tmax-

For item (i7i), observe that from (4.22), we also get T™*(35%,) = T**(v0,5,) and T** (75 ) =
T**(vs,,2)- Thus, the path o s, U515, U7Vss,2 15 an optimal path for the passage time in the environment
T**. If it is not self-avoiding, we get a geodesic that satisfies the requirement of (ii7) in Lemma 4.5 by
cutting its loops with the same process as in the proof of Lemma 3.5 in the unbounded case. If we
denote by s7 and s the two vertices such that o Ui:z‘ s, U7sy.a is a geodesic in the environment 7™
obtained by cutting the loops, we have to justify that v,  is entirely contained in By s n. We know
that vs, s, is entirely contained in By s n. Let us show that v, , is also entirely contained in By s v,
the proof for s, s is the same. Since o5, U75) s, UYss,e is an optimal path for the passage time in the
environment 7**, we have T**W:isi) + T"*(7s;,s,) = 0 and thus in particular 7" (v s, ) = 0. Since s;
belongs to B3 s n, if Vst s, Visits a vertex outside By s v, there exist two vertices z and 2 of Vs s, such
that z € B3 s n, 2’ € 0By s n and 7, » except for z is contained in By s n \ Bs,s,n. SO T**(’Ys'l,sl) =0
implies that T**(7y, /) = 0 but T (7, ) = T**(7.,»») = 0 since the time of the edges of Bs s n \ B3 s.N
has not been changed. It makes a contradiction with (4.5) since r4 —rg > 1 by (4.4).

4.4.6 Every geodesic takes the pattern.
Recall that we assume that
{T e MOYN{S}(T) =s}n{T" € BY(T)} n{T" € B*(T,T")} occurs.

The aim of this last subsection is to show that every geodesic in the environment T** takes the pattern
in E3*(T,T"). The proof is decomposed in two steps. The first step is to show that every geodesic takes
an edge of m,, 4, and an edge of m,, »,. The second step is to show that every geodesic verifying this
property takes the pattern in E5*(T,T”). We begin with a technical lemma.

Lemma 4.20. For all w vertex of Ty, vy U Tyg 0,5
lu(ur — w) + p(vr — w) — p(ur — v1)| < 20, L.

Proof. Let w be a vertex of Ty, us UTys 0,- Then, by the construction of 7, there exists a w € [uy,v1] C R?
such that ||w — ||y < L;. We have

p(ur — v1) = p(ur — W) + pvr — ).
Then

[(ur — w) = p(ur = v1) + p(or = w)| < fp(ur —w) — plur — )| + [p(vr — w) — p(vr — )|
< 20y |lw —wlly
<20,Ly.
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Lemma 4.21. Let v** be a geodesic from 0 to x in the environment T**. Then ~v** visits a verter of
Ty us 0N ONE Of Tyy o, More precisely, the first vertex of v** that belongs to Ty, uy U Ty 0, belongs to
Tus,us 0nd the last to belongs to my, 4, -

Proof. Let v** be a geodesic from 0 to « in the environment 7**. By Lemma 4.17, there exists at least
one vertex of my, y, Uy, v, Visited by v**. Let w be the first vertex of v** that belongs to my, 4 U T, v,
and assume that w belongs to m,, .,. Note that Va‘fw does not visit any other vertex of Ty, vy U Tys v,-
The aim of the proof is to show that

T (Vo,0) < T (V0,w)5

*

which is impossible since v** is a geodesic in the environment 7**. We start with

(0,w)

t*
t*(0,v1) — t*(v1, w)
t*(0,u1) + t* (ug,v1) — t*(v1, w),

T*(Yow) 2

Y

since, by Lemma 4.8, v is a geodesic in the environment 7. By construction, there is no edge of vy, .,
whose time has been changed at the first modification, thus ¢*(u1,v1) = t(u1,v1). Furthermore, since
there is no edge whose time has been increased at the first modification, t*(vy,w) < t(v1, w), so

T*(’ygj;u) > t*(0,u1) + t(u1, v1) — t(vg, w).

We now want to bound from below 7%*(75%,). The only edges whose time has been reduced at the second
modification are among those of 7y, ug U Tug,0, and of E5*(T,T"). So, since 7%, does not take any edge
Of Ty ug U Ty 0y, 1t can only save time taking edges of E3*(T,T"). So,

T**(’yg,*w) > t*(oa ul) + t(ulavl) - t(’U1, ’LU) — TA.

Then, using the definition of a typical box, Lemma 4.20 and the inequality ¢*(0,u1) > t*(0,us) (which
comes from the definition of us) leads to

T**(Va‘fw) > t*(0,u2) + p(uy —w) — e(p(ur —v1) + p(vy —w)) —2N —2C, Ly — T,

On the other hand, note that, m being an oriented path, ||uq —w||1 > ||uz —w||1, so, using the knowledge
of T** on edges of 7,

T (46 .0) = T (W) + T (V15 00)
< (0, u2) + 2tmax + 2tmaxt™ + (tmin + 6" |Jur — w]1.

To conclude, let us show that we have the inequality

t* (05 U?) + 2trnax + 2tmax€A + (tmin + 5’)”’&1 - ’LU||1
< t7(0,us) + p(ur — w) — e(p(uy —v1) + p(vy —v)) — 2N — 2C, Ly — T, (4.23)

First, combining Lemma 4.9 and Lemma 4.16 leads to

NV
Jur = wlh > 5 (4.24)

Then, by (1.19), we have
p(ur —w) > (tmin +0) |ur — wl|s.
Recall that K’ = TA + 2(CuLi + tmax + tmaxt™), it is sufficient to have
Jur = v1fls + [lor — wllx 2N K’

lur — wlx Cu—wls e —wlly

§ <5—eC,
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lur —vill1 + flor —wlly

Then, by Lemma 4.16, < 6. So, since € < ——, we have
Jur —wlly 24C,),
-, lus = vafls + flos —wls _ 0
l[ur = w1 4
v 12C, K’ 5
By (4.24) and since 1 < STl (by (4.2)) and N > # (by (4.6)), the condition §" < 1 gives us
o
(4.23). Hence T** (7§ ,,) < T** (757)- O

Finally, let us prove the following lemma which completes the proof of Lemma 4.5.
Lemma 4.22. Any geodesic from 0 to x takes the pattern at the pattern-location Ex(T,T").

Proof. Let v** be a geodesic from 0 to = in the environment 7**. By Lemma 4.21, v** visits a vertex
of Ty, 4, and one of m,, ,,. As a consequence, there exist a vertex ug of my, 4, and a vertex vy of Ty, 4,
such that v** goes from u4 to vs without taking edges of my, us U Tys,0,. Let us remember that for all
edge e of E3(T,T'), we have T**(e) < v. We prove successive properties.
o The edges of v, ,, which are not in Ep' (T, T") have a passage time greater than or equal to v.
Since there is no edge of v;* , in B**(0, 7™ (70,u,)), B** (@, T*(Voy,2)) OF Tuuy us UTug 0, it is sufficient

to prove that ;7 is entirely contained in Bs s y. By convexity, we have that all points of [ug,v1]

NV
are contained in B/, (co, NV), so by Lemma 4.12, ||us — col|1 < — + L1, and thus,
Cu

\Y%
||’U,478NH1 S N (C_ +7’1> +L1
w

So, if v;7 ,, is not entirely contained in Bz s n, the number of edges whose time is greater than or

has to travel to leave B s n is bounded from below by (rg — Cz — rl) N —

sk k
Ug,v4

2d¢ — Ly, and we get

equal to v that ~

v
T (Vo 04) = ((rz - == rl) N — 2d¢d — Ll) v,

Cu

But INV
T (Vi) < —(tmin + ') + 2tmax(1 +£4),

Cu

- )

tmax tmin 5
and since N > 1, >1, min 0 g nd by (4.3),
14 14

3V 2tmax
To >r1+L1+C—+Ta(1+(1+d)€A),
1)

we have T (vy, ,,,) < T"" (7, ,,), which is impossible since ;%

T**.

is a geodesic in the environment

o We have that |Jus — usljs < 46* and ||vg — vsl|1 < 407,

Assume that it is not the case. Let us show that T**(v;* ) — T (Tu,v,) > 0, which is a
contradiction since 7,7, is a geodesic in the environment 7*. To this aim, let us compare the
time that can save each path compared with the other in any direction. Recall the notation
introduced in the proof of Lemma 2.1: for i € {1,...,d} and a path 7, T;**(7) denotes the sum of
the passage times of the edges of 7 which are in the direction &;. In the direction O(T,T"), since
lug — uz|ly > 462 or |jvg — w31 > 4¢%, and by the construction, we have that

Ty Vit vs) = Toir ) (Tuswg) = 4% — 40 (tmin + 6') + 20 i — 20%,
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where the term 20, — 2020 comes from the time potentially saved by Vs 0, Py taking edges

of EF*(T,T'). Then, in any other direction, }* Lo can save a time lower than or equal to 2¢7¢’
compared with m,, ,, thanks to the edges in E} (T T’). Hence,

T (it ) = T (Tugws) = 20 + 20 i — 40 (tmin + 67) — 2(d — 1)
> 208 — 200 i — (400 + 2(d — 1)) > 0

since tmin + (1 4+ d)d" < tyin +0 < v.
e We have that us = usz and v4y = v3.

Assume that it is not the case. First, assume that v;% , ~does not take any edge of K5 (T,7").
According to the first property, T7**(v;7 ,,) = |lu4a — v41v. Then, since 7 is an oriented path,

T** (Vs wa) < (ua = valls = 26%) (tunin + ') + 2650
Since u4 # uz or vy # vz, we have that ||us — v4|; > 2¢* and we obtain

T (Vagos) < T (Vatoa)s

which is a contradlctlon since 7,,; ,, is a geodesic in the environment T**. So 757 . takes an edge
of EF*(T,T'). Let ul* be the first entry pomt of vi¥ ,, in 5 (T, T') and consider the path m**
following my, us, then going from uz to ud* in one of the shortest way for the norm ||.||; and then
following 7;** . Then the number of edges of s is lower than or equal to the number of edges
of 72:#8*’ for all ec 7ru47u8*, T**(e) < v, there ex1sts e e ”u4,u;;* such that T**(e’) < tyin + 0’ and
for all e € 737 o, T (e) 2 v. So we have T**(7™*) < T™*(7;7 ,,), which is impossible since 7** is
a geodesic in the environment 7**. The same proof gives vy = vs.

o ** takes the pattern at the pattern-location E3 (T, T').

Assume that 7u4 v, 1s not entirely contained in E5*(T,T’). Let vg* be the first exit point from
Ep(T,T') of 7% ,, and ui* the first entry point after v5*. Let us consider the shortcut 7** going
from vg* to ui* in one of the shortest way for the norm |[.[[1. Then let vg*, denote the first vertex
visited by v** after v§*, then

[ur” =gyl = flur™ = wg" [ln + 1.

Indeed, we have that [lui* —vg* [l1 — [[ui™ —v5* |1 is equal to 1 or —1, and if it is equal to —1, it
implies that vg*, is in E5 (T, T’)7 which is impossible. So, %** it has strictly more edges than
. Furthermore, all edges of 'y ure have a time greater than or equal to v although all edges of
* have a time lower than or equal to v. So, T**(m**) < T**(%** u**), which is a contradiction

since 7;“5*,@* is a geodesic in the environment 7.
Thus ~;7 ,, is a path entirely contained in E%*(T,T"), going from us to vs and with an optimal

time. So, we have the result.

O

A Construction of the path 7 for the modification in the unbounded
case

Recall that, here, u* and v are the vertices defined at the beginning of Section 3.3. The aim is to prove
that we can construct a path 7 in a deterministic way such that:

A A

without visiting a vertex of Buo(sN,¢"), then going from u® to v* in a
A

(i) ™ goes from u to u
shortest way for the norm |[.]|; (and thus being contained in Bu.(sN,#")) and then goes from v
to v without visiting a vertex of Buo(sN, %),
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Figure 5: Example of the construction of the portion of = which is contained in
Boo(sN, 62 +3) \ By (sN, %) in dimension 2. On the left, this is an example of the case where
lug — v™|1 > 3 or ||vg — u™||1 > 3 and on the left the other case.

(i) 7 is entirely contained in By sy and does not have vertices on the boundary of By s n except u
and v,

(iii) = is self-avoiding,

(iv) the length of m, ,a Um,a , is bounded from above by 2rs N + K, where K is the number of edges
in Boo (0,02 + 3).

As it is said in Section 3.3, we want to construct a path from u to s/N and a path from sN to v which
have no vertex in common except sV and such that their lengths are bounded from above by roN. To
get them, we use the following lemma whose proof is left to the reader.

Lemme A.1. Let m € N* and x, y two vertices of Z% such that ||z||1 = ||yl = m and x # y. Then
we can build in a deterministic way two paths m, and m, linking respectively x and y to 0 and such that
their length is equal to m, they have only 0 as a common vertex and they have respectively only x and y
as vertices whose norm ||.||1 is greater than or equal to m.

Using this lemma and replacing 0 by sV using a translation, we get two paths linking u to sN and v
to sN with the stated properties. Recall that Boo(sN, £ 4 3) C Ba s v and let ug (resp. vp) denote the
first vertex in Boo(sN, ¢* +3) visited by the path going from u to sN (resp. the one going from v to sN).
Then we get two paths 7, 4, and m,, ., respectively from u to u¢ and from vy to v both constructed in a
deterministic way such that m, ., and m,, ., do not have any vertex in common, are entirely contained in
Bs s v, have only u or v as points on the boundary of Bs s n, and their lengths are bounded from above
by roN — (¢ + 3).

Then we build two paths 7, ,a and m,a , respectively from ug to u™ and from v to vy contained in
Boo(sN, tA4-3)\ Boo (sN, 1) except for u™ and v™, such that they do not have any vertex in common. By
the definition of K, this implies that the sum of their lengths is bounded from above by K (recall that K is
the number of edges in By, (0, ¢*+3)). To get these paths, assume first that ||uo—v*||1 > 3 or ||[vo—u?||; >
3. Assume that we have [Jvg — u®||; > 3, the other case being the same. We begin by considering a
path 7 going in a shortest way from vg to a vertex of the boundary of By, (sN, ¢ + 2), denoted by v}.
This path has at most d edges. Then, let u*? be a vertex on the boundary of By, (sN, ¢ 4 3) such
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that [u® — uO||; = 3. We get m,, ,a by going from ug to u™° in a shortest way on the boundary of

Boo(sN, A + 3) avoiding all vertices of %, and then by going from u*° to u® by three steps. This is
possible since |[vg — u®||1 > 3. To get m,, ,», we begin by following #. Let v* be a vertex on the
boundary of By (sN, £* +2) such that [[o® — v*0||; = 2. Then, m,, ,a goes from v}, to v? in a shortest
way on the boundary of By (sN, ¢* 42) avoiding the unique vertex of ,,, . belonging to B (sN, £ +2).
Finally, m,, ,a goes from ™0 to v™ by two steps (see the left side of Figure 5 for an example of this
construction in dimension 2).

Now, if |[up — v*|l1 = 3 and |Jvg — u*||; = 3, the construction has to be slightly different. From o,
Tug.ur 8O€S to a vertex uf belonging to the boundary of B (sN, ¢ + 3) and such that [luf — voll1 = 1
in a shortest way on the boundary of Buo(sN, #* + 3). After, it makes one step to go to the boundary of
Boo(sN, A +2) and goes to u™ in a shortest way by taking only one vertex in By, (sN, ¢ + 1). Then,
Ty 0 8Os on the boundary of B (sN, £ +3) to a vertex v{] belonging to the boundary of B (sN, 2 +3)
and such that [|vg — uol[1 = 1 by avoiding every vertex which belongs to 7, ,a, and then makes two
steps to go to the boundary of Bo,(sN,¢* + 1) and goes to v™ in a shortest way (see the right side of
Figure 5 for an example of this construction in dimension 2). In this case, we also have that the sum of
their lengths is bounded from above by K.

Finally, 7 is the path obtained by concatenating my vy, 7y, 4a, a path going from u® to v™ in a
shortest way for the norm ||.[|1, m,a ,, and 7y, , in this order. We have that 7 is a self-avoiding path
contained in By sy and has only u and v on the boundary of By s n.

B Overlapping pattern

Proof of Lemma 4.1. Recall that v is fixed at the beginning of Section 4 and that §' = min <g, %)
Then, we fix a positive real 1y such that:

o tmin +0 <o <V < tax,

o the event AN N {Ve € A, t. < 14} has a positive probability,

e F([vo,v]) > 0.

Notice that, if F' has an atom, one could have vy = v, or even vy = v = tyax. Then, fix

2081+ d) (Yo — tumin)
>
vy — tmin - 5/

: (B.1)

(EA + 1)(1/0 — tmin) + 2(261 + EA)(tmin + 5/) + QEAI/O

d ly >
an 0 vy — 2(:min — 20’

(B.2)

Let j € {1,...,d}. Let us construct the overlapping pattern in Ag = {—/p, ..., £o}¢ with endpoints loe;
and —fpe;. We denote uz and vs the endpoints of the original pattern, which are respectively ¢Ae; and
—EAEL

The first step is the construction of a path 7 between fpe; and —fpe;. From fpe;, the path goes to
(¢ — 1)&; by one step in the j-th direction, then goes to uy = (¢4 +¢1)ey + (fo — 1)e; by (¢ +¢;) steps
in the first direction, then to ug = (¢4 4 ¢1)e; by (fo — 1) steps in the j-th direction and finally to uz by
{1 steps in the first direction. Then, it goes from usz to vz by 2¢* steps in the direction e; and we get
Tys,—tre, Dy the same construction as ya., ,,. Set v1 = — (M +1)er — (b — 1)gj and vy = — (02 + £1)eq
(see Figure 6 for an example of the construction of 7).

The event (whose probability is positive) of the overlapping pattern, denoted by .A;\O is the following:

o forall e € e uy and e € Ty, —gye;, T(€) < timin + 0,
o the event AN N {Ve € A, T'(e) < v} is realized,

o forallein Ag\ (FU {02 . 02}, 1y < T(e) <.
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Figure 6: Example of the construction of 7 in an overlapping pattern in dimension 2.

On this event, let 7 be one of the fastest path from foe; to —fpe; among the path entirely contained in

Ao and let us show that ¥ visits u® and v* and that J,a ,a is entirely contained in A = {—¢*, ... (A}9.
We proceed by proving successive properties.

o There exist one vertex ag of Ty, u, and one vertex by of Ty, ., visited by 7. Further, Veoes a0 =

ﬂ-losj,ao and ,mefégsj = ﬂ-bOy*EUEj .

Let us assume that 7 does not visit any vertex of 7, .,, the other case being the same. The path
7 has to take at least £y — 1 — ¢* edges connecting vertices such that at least one of them has its
j-th coordinate strictly between ¢* and £y — 1. The only edges in this set whose passage time is
smaller than v are those of 7, ,. Hence

TH) > (bo — 1 — M + (Lo + €4 4+ Vtmin.
But, thanks to our construction, we have
T(7) < (200 + 2(201 4 £2)) (tmin + 0') + 20005,

So, (B.2) leads to T'(7) < T'(7), which is impossible.

The fact that 7, . o, = Teoe; a0 follows from the fact that 7y, q, is an oriented path and from
the fact that tmim + 0" < vo.

If av (resp. b1) is a vertex of Fuyus (T€SP. Tug,v,) visited by 7, then Fyo o) = Tge;ar (TESP.
Vbl,flosj = ﬁbl,floej)'

Indeed, let a; be such a vertex and let ag be the vertex of the preceding property. We only have
to prove that 7, ., = fa,,q, and it also follows from the fact that 74, 4, is an oriented path.

Among the vertices visited by 7, we denote by a (resp. b) the last vertex of 7gye; v, (resp. the first

vertex of y; —re;). Then, 7, , does not visit any vertex of e, us U Tus,—toe; (except a and b). Indeed,
by the two properties above, we have that Veoeja = Tooe;,a and Vb, —toe; = T, —toe; - Boven if tpm = 0
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and ¥ is not self-avoiding, since vy > 0 and since the edges going to a vertex of 7y, o U 7y, —gye, Whose
time is smaller than ¢y, + ¢' are already visited by 7 \ 7, ;, it is not possible that ¥, , visits a vertex
of Tooes,a U To,—toe; (except a and b). Then, Va,p €0 DOt visit a vertex of Ta,us U Tos,p thanks to the
definition of a and b.

o The vertex a (resp. b) belongs to Ty, uy (T€SP. Ty, )-

Assume that a or b does not satisfy this property. Then |la — ug||y > ¢1 or ||[b — vs||1 > ¢1. Since
outside the pattern, 7, is oriented and since |luz — v3||; < 204,

T(Fap) < (la = bll1 — 26™) (tmin + 6") + 205y,
Then, since the edges whose time is smaller than v taken by %, , are those in A,
TF,,) = (la—blly — 2d6)vo + 2d0 i

Using (B.1), we get T'(5,;) > T(%a), which is impossible.
e We have that a = uz and b = vs.

We have
T(ﬁ-aab) S (Ha - le - 2EA)(tmi]ﬂ + 5/) + 2€Al/0,

and thus 7, , takes at least one edge of A otherwise T'(%, ;) > ([la — b[|1 + 20M vy > T(#ap) since
¢ > 0. Now, assume that a # us, the other case being the same. Let ug be the first entry point
of 7, in A and let consider the path 7 following 7 4, then going from ug to ug in a shortest way
and then following %, ;- Then, the number of edges of 74,4, is lower than or equal to the number
of edges of 7, ,,,, for all € € T4 u,, T'(e) < o, there exists €’ € 7, 4, such that T'(e’) < tpin + 0’ and
for all e €7, ,,, T(e) > vo. So, we have T'(7) < T'(¥, ;) which is impossible since 7 is an optimal
path among paths entirely contained in Ayg.

* Ya takes the original pattern.

Assume that 7, ;, is not entirely contained in A. Let vy be the first exit point from A of 7, , and
ug the first entry point after vg. Let us consider the shortcut 7 going from vy to ug in a shortest
way. Then, using the same argument as in the proof of Lemma 4.22, we have that 7, , has
strictly more edges than 7. Furthermore, all edges of 7, , have a time greater than or equal to
vo although all edges of 7 have a time lower than or equal to vo. So, T(7) < T'(,, 4,), Which is
impossible since 7 is an optimal path among paths entirely contained in Ag. Since %, , is a path
entirely contained in A, going from w3 to vs and with an optimal time, so we have the result.

O
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