
HAL Id: hal-03628899
https://hal.science/hal-03628899

Submitted on 3 Apr 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Wave power farm made of many rigid floating structures
in Boussinesq regime

Geoffrey Beck, David Lannes, Lisl Weynans

To cite this version:
Geoffrey Beck, David Lannes, Lisl Weynans. Wave power farm made of many rigid floating structures
in Boussinesq regime. WAVES 2022 - 15th International Conference on Mathematical and Numerical
Aspects of Wave Propagation, Jul 2022, Palaiseau, France. �hal-03628899�

https://hal.science/hal-03628899
https://hal.archives-ouvertes.fr


WAVES 2022, Palaiseau, France 1

Wave power farm made of many rigid floating structures in Boussinesq regime

Geoffrey Beck1,∗, David Lannes2, Lisl Weynans2
1Département de Mathématiques et applications, ENS, Paris, France

2Institut de Mathématiques de Bordeaux, Bordeaux, France
∗Email: geoffrey.beck@ens.fr

Abstract

This work deals with the interaction of waves
governed by a Boussinesq system with some float-
ing structures. The full system can be reduced
to coupled boundary problems for the Boussi-
nesq equations with boundary conditions given
in terms of the vertical displacement of the ob-
jects, the average horizontal discharge beneath
it and the traces of the water-column. The latter
quantities are determined by nonlinear ODEs
with forcing terms coming from the exterior wave-
field.
Keywords: Fluid-structure interaction, Disper-
sive perturbation of hyperbolic problems, Wave
Energy Converters in shallow water regime.

1 Modelling floating bodies
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The mathematical study of floating struc-
tures is a keystone to understand wave power
facilities. Consider N partially immersed rigid
rectangles in a 2D fluid allowed to move ver-
tically (see figure above). We denote by 2ℓi
and xi the horizontal length and the abscissa
of the center of the i-body. The domain of wave
propagation R is divided into "congested" areas
I = ∪N

i=1(xi−ℓi, xi+ℓi) where the floating bod-
ies are located and free areas E = R/I. We will
denote by di+ 1

2
= xi+1 − ℓi+1 − xi − ℓi the dis-

tance between the i-th body and i+ 1-th body.

The dynamics of each body is given by the
Newton equation

mz̈i + gzi =

∫ xi+ℓi

xi−ℓi

P (1)

where the unknowns zi denote the vertical dis-
placement of the center of mass of the i-th body

and ·̈ is the second derivative with respect to
time. The source term P is the pressure exerted
by the fluid under each body. At equilibrium
the water column is piecewise constant

heq =

{
h0 in E
h0 − Lw,i in (xi − ℓi, xi + ℓi)

where Lw,i is the length of the immersed part of
the vertical wall at equilibrium. The dynamics
of the waves in R is described by the Boussinesq-
Abbott system which is the following dispersive
PDE
∂th+ ∂xq = 0

(1−
h2eq
3

∂2
x)∂tq + ∂x

(
gh2

2
+

q2

h

)
= −h∂xP

(2)
where q refers to the fluid horizontal discharge
and h to the water-column. The latter is

• unknown in the free areas,

• should fit the wetted surface hw,i := heq+
zi − zeq under any body (xi − ℓi, xi + ℓi).
In particular, this implies that

qw,i := q|(xi−ℓi,xi+ℓi) = −(x− xi)żi + qi

where the average is defined by

qi =
1

2
(qw,i(xi + ℓi) + qw,i(xi − ℓi)).

2 Pressure term

The pressure P is

• equal to the constant atmospheric one,

• unknown under any body and can be seen
as Lagrangian multipliers ∂xP |(xi−ℓi,xi+ℓi)

associated to the constraints h = hw,i.

The system is not complete. Indeed one needs
transmission conditions at each contact point
xi ± ℓi between the free and "congested" areas.
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The first transmission condition is associated to
fluid volume conservation which implies that

q|E(xi ± ℓi) = q|I(xi ± ℓi) = ∓ℓiżi + qi.

The second one is associated to the conservation
of energy of the full system. This is satisfied if
we assume that

P = g[h|E − hw,i] +
1

2

(
q2|E

h2|E
−

q2w,i

h2w,i

)
+

h20
3

ḧ|E

h|E
−

h2eq
3

z̈i
hw,i

at each contact point (xi ± ℓi).

Taking the space derivative of the second
equation in (2), one gets an elliptic equation for
the pressure P on (xi−ℓi, xi+ℓi) with Dirichlet
boundary conditions and source depending on

zi = (qi, zi, żi)

and its time derivative. If we use this elliptic
problem in (1) and the second equation of (2)
to eliminate P , we get nonlinear ODEs

m(zi, hi)żi + γ(zi, hi) = f(hi, ḧi), (3)

with forcing term f(hi, ḧi) coming from the wave-
field in free areas

hi = (h|E(xi − ℓi), h|E(xi + ℓi)).

The coefficients m(zi, hi), γ(zi, hi) and the forc-
ing term f(hi, ḧi) are similar to the ones given
in [1]. The equations of wave-structure system
are now complete.

3 An augmented formulation

Taking advantage of the dispersion terms, we
can introduce a hidden equation for the traces of
the water-column on each wall of floating solid.
Firstly, we introduce the unknowns

ui+ 1
2
(x) = (h|E , q|E)(xi + ℓi + di+ 1

2
x)

that are cast on the unit cell (0, 1) for i = 1...N−
1 and {

u−(x) = (h, q)(x1 − ℓ1 − x)

u+(x) = (h, q)(x− xN − ℓN )

that are cast on (0,∞). Secondly, we introduce
κi+ 1

2
:= h0√

3
di+ 1

2
, the regularizing operators

Ri+ 1
2 : Hn(0, 1) → Hn+2(0, 1)

which are the inverse operators of (1− κi+ 1
2
∂2
x)

with homogeneous Neumann boundary condi-
tions and R0 the inverse operator of (1− h2

0
3 ∂2

x)
on (0,∞) with homogeneous Neumann bound-
ary condition at {0}. Therefore, equations (2)
can be rewritten on the conservative form on
(0, 1)

∂tui+ 1
2
+ di+ 1

2
∂xFi+ 1

2
=

(
0

S−
i+ 1

2

)
e
− x

κ
i+1

2

+

(
0

S+
i+ 1

2

)
e
− 1−x

κ
i+1

2

(4)
and on (0,∞)

∂tu± ± ∂x

(
q±

R0f±

)
=

(
0
1

)
q̇±(0)e

−x
√
3

h0 (5)

with boundary conditions

qi+ 1
2
(0) = −ℓiżi+qi, qi+ 1

2
(1) = ℓi+1żi+1+qi+1,

q−(0) = ℓ1ż1 + q1, q+(0) = −ℓN żN + qN .

In the previous equations, the flux terms are

Fi+ 1
2
=

(
qi+ 1

2

Ri+ 1
2 fi+ 1

2

)
fi+ 1

2
=

g

2
(h2

i+ 1
2

−h20)+
q2
i+ 1

2

hi+ 1
2

and the source terms are

S−
i+ 1

2

:=
(−ℓiz̈i + q̇i)− (ℓi+1z̈i+1 + q̇i+1)e

− 1
κ
i+1

2

1− e
− 2

κ
i+1

2

S+
i+ 1

2

:=
(ℓi+1z̈i+1 + q̇i+1)− (−ℓiz̈i + q̇i)e

− 1
κ
i+1

2

1− e
− 2

κ
i+1

2

.

Taking the spatial derivative of the second equa-
tion in (4), one gets a hidden equation on the
water-column

κ2
i+ 1

2

ḧi+ 1
2
+ fi+ 1

2
= Ri+ 1

2 fi+ 1
2
+

κi+ 1
2
(S−

i+ 1
2

e
− x

κ
i+1

2 −S+
i+ 1

2

e
− 1−x

κ
i+1

2 )
(6)

that can be taken at each contact point xi ± ℓi
in order to be coupled with (3) to make an ODE
in which the exterior wave-fields Ri+ 1

2 fi+ 1
2

acts
as a forcing term. The full equations (3,6,4,5)
are used to show local well-posedness theory and
perform simulations with the finite volume method.
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