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REGULARITY OF THE VALUE FUNCTION AND QUANTITATIVE
PROPAGATION OF CHAOS FOR MEAN FIELD CONTROL PROBLEMS

PIERRE CARDALIAGUET() AND PANAGIOTIS E SOUGANIDIS(?)

Version: April 1, 2022

ABSTRACT. We investigate a mean field optimal control problem obtained in the limit of the
optimal control of large particle systems with forcing and terminal data which are not assumed
to be convex. We prove that the value function, which is known to be Lipschitz continuous but
not of class C1, in general, without convexity, is actually smooth in an open and dense subset
of the space of times and probability measures. As a consequence, we prove a new quantitative
propagation of chaos-type result for the optimal solutions of the particle system starting from this
open and dense set.

INTRODUCTION

The paper is about the regularity of the value function and quantitative propagation of chaos for
mean field control (MFC for short) problems obtained as the limit of optimal control problems for
large particle systems with forcing and terminal data which are not assumed to be convex.. The value
function of MFC problems is known to be a Lipschitz continuous but, in general, not C''—function
in the space of time and probability measures. Our first result is that there exists an open and
dense subset of time and probability measures where the value function is actually smooth. The
second result is a new quantitative propagation of chaos-type property for the optimal solutions of
the particle system starting from this open and dense set.

The background. In order to state the results it is necessary to introduce the general set-up.

We consider the problem of controlling optimally N particles in order to minimize a criterion of the
form

1 TX o T
TN (t, %0, 0) = E N/ ZL(X;,ag)dH/ F(m¥ )t + G(m )| . (0.1)
to =1 to
Here T > 0 is a fixed time horizon, to € [0,7] and xo = (23, ...,2)) € (RY)YN are respectively

the initial time and the initial position of the system at time ¢3. The minimization is over the set
AN of admissible controls o = (a®)N_, in L%([0,T] x Q; (R%)") which are adapted to the filtration
generated by the independent d—dimensional Brownian motions (Bi)izl,__.7 ~, and the trajectories
X = (X1, ..., XN) satisfy, for each k € {1,..., N},

¢
X} =af +/ oFds +2(BF - Bfo) for ¢ € [to,T].
to

In (0.1), m% is the empirical measure of the process X; given by

1 N
my, = v > o, (0.2)
k=1

where 6§, is the Dirac mass at x.
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The maps F and G, which are defined on (suitable subsets of) the set of Borel probability measures
on R4, couple all the particles X. Finally, the cost function L = L(z,a) : R x R — R is, typically,
convex and grows quadratically in the second variable.

The value function for this optimization problem reads
YN (tg,x0) := inf JN(tg,x0,
(to, x0) := inf T (Lo, X0, )
(0.3)
= inf E

a€AN

T N
/ 1 ZL (X[, af) + F(m ))dt+9(mXT)] :
t k:l

In a more general framework and under slightly different conditions on the data, Lacker [18] proved
that the empirical measure mﬁN associated to the optimal trajectories of (0.3) converges in a suitable
sense to the (weak) optimal solutlon of the mean field control problem (written here in a strong sense)
consisting in minimizing the quantity

Joo(to,mma) =E

to tO

T T
/ L(X¢, o)dt + / ff(L(Xt))ng(L(XT))], (0.4)

where mg is an initial distribution of the particles at time ¢y, a € A, the set of admissible controls
consisting of square integrable R?—valued processes adapted to a Brownian motion B and to an
initial condition X, which is independent of B and of law mg, and the process (X¢);e, 1) satisfies

t
Xt:YO+/ ads +V2(B; — By,) for t € [ty, T,

to
and L£(X;) denotes the law of X;.

The value function U of the last optimization problem is given (heuristically at this stage) by
u(to, mo) : = inf Joo(to, mo, a)
acA

T (0.5)
= inf ]E[/ (L(X¢, ou) + F(L(Xy))dt + G(L(X7)).

acA to

In addition, [18] points out that there is a propagation of chaos-type property (an easy consequence
of Sznitman characterization of propagation of chaos), if the minimization problem (0.5) has a unique
weak minimizer. Note, however, that such uniqueness is known only when the maps (z, ) = L(z, @),
m — F(m) and m — G(m) are globally convex. The conclusions of [18] were extended to problems
with common noise in Djete, Possamal and Tan [12]. Several other results on the convergence of MFC
problems without diffusion were obtained in Cavagnari, Lisini, Orrieri and Savaré [8] and Gangbo,
Mayorga and Swiech [14]. A quantitative convergence rate for the value function V¥ to U was given,
for problems on a finite state space, in Kolokoltsov [17] and Cecchin [9] and, for problems on the
continuous state space, in Baryaktar and Chakraborty [1] under a certain structural dependence of
the data on the measure variable, in Germain, Pham and Warin [15] under the assumption that the
limit value is smooth, and in Cardaliaguet, Daudin, Jackson and Souganidis [6] under a decoupling
assumption on the Hamiltonian. In addition, a propagation of chaos is proved in [1, 9, 15] assuming,
however, that the limit value function is smooth.

The results. In this paper we study nonconvex MFC problems for which the limit value function is
not expected to be globally smooth and show that for a large class (a dense and open set) of initial
times and measures the value function U is smooth (Theorem 1.1) and the propagation of chaos
holds with a rate (Theorem 1.2).

To write the results in this introduction requires considerable notation. Thus we postpone stating
the precise theorems to section 2.
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We explain, however, the very general idea of proof. We identify the open and dense in time and
space of probabilities set O where U is smooth as the set of initial conditions (tg,mg) from which
starts a unique (in a strong sense) and stable (in a suitable linear sense) minimizer of J*°. This step,
which is reminiscent of ideas from standard optimal control (see, for instance, the book of Cannarsa
and Sinestrari [3]), is similar to what was obtained by Briani and Cardaliaguet [2] for MFC problems
in a different framework, namely, the state space is the torus and the initial measures have smooth
densities. Here, the state space is all of R? and the initial conditions are arbitrary probability
measures. To show that U is smooth in O, we adapt ideas used in the construction of a solution
to the master equation in mean field games given in Cardaliaguet, Delarue, Lasry and Lions [5]
but we argue without the convexity, which translates to monotonicity for general mean field games,
assumption used extensively there. Then, using the regularity of U, we derive the propagation of
chaos property for the optimal solution of the particle system when starting from the set O. The
key argument is the fact that the optimal trajectories of (0.5) that start in O remain there, while U
is smooth and satisfies (almost) the same Hamilton-Jacobi equation as VY in O.

We finally comment about possible extensions to problems with common noise emphasizing once
more that we do not assume any monotonicity/convexity. The convergence (with algebraic rate) of
VN to U for MFC problems with common noise was established in [6]. However, the generalization
of the results of the present paper to such a setting is far from clear. For example, one of the basic
tools we use to prove that the set O is open and dense is a result of Lions-Malgrange-type, which
yields the uniqueness of the mean field game system characterizing the optimal solution (see system
(1.12) below), but with initial conditions both in v and m: see the proof of Lemma 2.6. At this
time, we do not know if there is a counterpart of this argument for problems with a common noise,
where the mean field system becomes a system of forward-backward stochastic partial differential
equations (see [5]).

Organization of the paper. We conclude the introduction with the notation we use throughout
the paper. In section 1, we introduce the standing assumptions, present the main results and recall
some preliminary facts that are needed for the rest of the paper. Section 2 is about establishing the
smoothness of U (Theorem 1.1). Section 3 is devoted to showing the propagation of chaos property
(Theorem 1.2).

Notations. We work on R? and write Bg for the open ball centered at the origin with radius R
and I; for the identity matrix.

We denote by P(R?) the set of Borel probability measures on R?. Given m € P(R?) and p > 1, we
write My (m) for the p""—moment of m, that is, Mp(m) = [, |z|[Pdm. Then P,(R?) is the set of
m € P(R?) such that M,(R?) < co. We endow P,(R?) with the Wasserstein metric d,,, defined by

where II(m,m’) is the set of all 7 € P(R? x RY) with marginals m and m’. For p = 1, we recall the
duality formula
dl(ma m/) = sup (bd(m - m/)a
¢ JRd
where the supremum is taken over all 1-Lipschitz maps ¢ : R* — R.
For x = (z,...,2") € (RHN, m{ € P(R?) is the empirical measure of x, that is, m{ = & Zivzl Opi

Given a map U : P;(RY) — R, we denote by §U/dm its flat derivative and by D,,U its Lions-
derivative when these derivatives exist, and we use the corresponding notations for second order
derivatives. We refer to [5] and the books of Carmona and Delarue [7] for definitions and properties.
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We write CF . and C* for the sets of maps on R? with continuous and continuous and bounded

derivatives up to order k. For r > 0, r ¢ N, we denote by C™2" the standard parabolic Holder spaces
and by C?" the subset of functions of C™?" with a compact support.

Given a topological vector space, we write by E’ for its dual space.

We often need to compare continuous maps defined on different intervals of [0,T]. For this, we
simply extend the maps continuously on [0,7] by a constant. For instance, if tg € (0,7], E is a
topological space and f : [tg,T] — E is continuous, we set f(s) = f(to) for s € [0, to].

Finally, throughout the proofs C' denotes a positive constants, which, unless otherwise said, depends
on the data and may change from line to line.

Acknowlegments. Cardaliaguet was partially supported by the Air Force Office for Scientific Re-
search grant FA9550-18-1-0494 and IMSI, the Institute for Mathematical and Statistical Innovation.
Souganidis was partially supported by the National Science Foundation grant DMS-1900599, the
Office for Naval Research grant N000141712095 and the Air Force Office for Scientific Research
grant FA9550-18-1-0494. Both authors would like to thank the IMSI for its hospitality during the
Fall 2021 program.

1. THE ASSUMPTIONS, THE MAIN RESULTS AND SOME PRELIMINARY FACTS

The standing assumptions. We state our standing assumptions on the maps H : R? x R — R,
F:Pi(RY) — Rand G : P1(RY) — R, which constitute the data of our problem. We recall that
L:R? x RY — R is the Legendre transform of H with respect to the second variable:

L(z,a) = sup —a-p — H(z,p).
pERI

We assume that
H = H(x,p) : R? x RY — R is of class Cl40c and strictly convex with respect to the
second variable, that is, for each R > 0 there exists (1)

cr, Cr > 0 such that, for all (z,p) € R? x Bp,
Df)pH(x,p) > crly and |D2 H(x,p)| + |D§pH(x,p)| < Cg,

there exists a constant C' > 0 such that, for all (x,p) € R? x R?,
—C+C7YpP < H(z,p) < C(1+ [pf*) and |[D.H(w,p)| < C(|p| +1),

F: P1(R?) — R is of class C? with T, D,, 7, D; % and D7, F uniformly bounded, (1.3)
G: P1(RY) — R is of class C* with all derivatives up to order 4 uniformly bounded. (1.4)

For simplicity, in what follows we put together all the assumptions above in
assume that (1.1), (1.2), (1.3) and (1.4) hold. (1.5)

The assumptions on the Hamiltonian H are fairly standard, although a little restrictive, and are
used in [6] to obtain, independent of N, Lipschitz estimates on the value function VV; see Lemma
1.7. An example satisfying (1.5) is a Hamiltonian of the form H(z,p) = |p|*> + V(z) - p for some
smooth and globally Lipschitz continuous vector field V : R — R?. The regularity conditions on F
and G are also important to obtain the estimates of Lemma 1.7 and to prove the regularity of U.
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The results. Given (tg,x) € [0,T) x (RN, V¥ (ty,x) is the value function of the optimal control
of the N —particle problem given by (0.3).

We now define in a rigorous way the value function U of the MFC, which was informally introduced
in (0.5). For each initial point (tg,mg) € [0,T) x P1(RY), we use the set M(tg, mg) of controls given
by

(m,a) € CO([to, T), P1(R?)) x LO([to, T] x R%:RY) -
M(to, mo) := fOT Jga la|?m < oo and . (1.6)
Oym — Am +div(ma) =0 in (tg,T) x R? and m(0) = mg in R?
with the equation in (1.6) understood in the sense of distributions.

Then the value function U(tg, mg) of the MFC problem is given by

T
Uomo) = nt {/t ((/Rd L(z, a(t, 2))m(t, dz)) + F(m(t))dt + S(m(T))} Can

Our first result is about the regularity of U in the set O defined by
o { (to,mo) € [0,T) x Pa(R?) : there exists a unique stable minimizer }

. . (1.8)
in the definition of U(tg, mg)

The notion of stability is defined in terms of the linearized MFG system and is introduced in section 2.
The first main result is stated next.

Theorem 1.1. Assume (1.5). The value function W is globally Lipschitz continuous on [0,T] x
P1(RY) and of class C* in the set O, which is open and dense in [0, T] x Pa(RY). Moreover, U is a
classical solution in O of the master Hamilton-Jacobi equation

-0, U(t,m) — /Rd div(D,,U(t, m,y))m(dy) + 9 H(y, D,,U(t,m,y))m(dy) = F(m). (1.9)

In addition, for any (to,mo) in O, there exists € > 0 and a constant C > 0, which depends on
(to,mo) and is such that, for any t € [0,T], z,y € R and m',m? € Po(R?) with |t — to| < e,
da2(mg, m!) < e and da(mg, m?) < e,

| D U(t,m", ) — DUt m?, )| < C(|lz — y| + da(m', m?)). (1.10)

By a classical solution of (1.9), we mean that the derivatives of U involved in the equation exist and
are continuous.

Our second main result is a quantitative propagation of chaos property about the optimal trajectories
of the underlying N —particle system.

Theorem 1.2. Assume (1.5). There exists a constant v € (0,1) depending only on the dimension
d such that, for every (to,mo) € O with May5(mg) < 400, there is C = C((tg,mo)) > 0 such that,
if Z = (Zk)k:L___7N s a sequence of independent random variables with law mg, B, = (B.k)kzlr__,N
is a sequence of independent Brownian motions independent of Z, and Y_N = (YN’k)k:L,,_,N 1s the
optimal trajectory for VN (to, (Z¥)k=1... N), that is, for each k =1,...,N and t € [to,T),

t
YR =28 — | H,(YF, DV (s, YN))ds + V2(Bf — B), (1.11)

to
then

El sup dl(mgtN,m(t)) <CN77.

t€fto,T)
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Some preliminary facts. We recall here some well known facts about MFC that we use in the
paper.
We begin with some regularity properties of the underlying backward-forward MFG system. Fix
(to,mo) € [0,T] x Po(RY). We recall (see, for example, [21, 22] for the original statement or [10], in
a framework closer to our setting) that there exists at least one minimizer for U(tg, mo) and that,
if (m,a) € M(tp,mo) is a minimizer, then there exists a multiplier u : [tg, T] x R? — R such that
o = —H,(z, Du) and the pair (u,m) solves the MFG-system

—0iu — Au+ H(x, Du) = F(z,m(t)) in (to,T) x R%,

oym — Am — div(H,(z, Duym) = 0 in (to,T) x R%, (1.12)

m(tO) = Mo, U(T,J)) = G(a:,m(T)) in Rda

where 55 5
F(z,m) = %(m,x) and G(zr,m) = %(m,x).
Note that, in view of the assumed strict convexity of H, given (m, ), the relation a = —H,,(x, Du)

defines uniquely Du.

Lemma 1.3. Assume (1.5) and let (u,m) be a the solution of (1.12). Then, for any é € (0,1),
there exists C > 0, which is independent of (to, mg), such that
d t t/
llullg2ts/2.046 Jrsupw <C and sup / lz|2m(t, dx) < C/ |z|2mo(dz). (1.13)
tH£t! |t -1 | t€fto,T] JRE R4

Remark 1.4. Note that, under our standing assumptions, we do not have, in general, uniqueness of
the solution to (1.12). Indeed, the problem defining U(tg, mo) may have several minimizers and/or
solutions of (1.12) may not necessarily be associated with a minimizer of U(tg, mo).

Proof. The estimates of m and the local regularity of u are standard. Indeed, the uniform bound
on Du follows as in the proof of Lemma 3.3 in [6], and then the estimate on m are immediate.
Moreover, the local regularity of u is a consequence of the classical parabolic regularity theory.

The only point is to explain why this regularity holds globally in space. For this, we first note that
the assumptions on F and G yield a C' > 0 such that, for all z,y € R?,
sup |F(z,m(t)) — F(y,m(t))| +|G(z,m(t)) — G(y, m(t)| < Clz —yl.
tE€to, T
It then follows from the maximum principle that w« is, uniformly in (¢, m¢) and in ¢, Lipschitz
continuous in the space variable. The same argument applied to the equation satisfied by us, for
each i =1,...,d, implies that Du is also uniformly Lipschitz continuous in the space variable.

The general conclusion can be established similarly, using the maximum principle for the global
estimates and the parabolic regularity for the local one. |

In view of the uniform estimates in (1.13), we have the following stability for minimizers in (1.7)
when they are unique.

Lemma 1.5. Assume (1.5), fir (tg,mg) € [0,T) x Po(R?), suppose that U(ty, mo) has a unique
minimizer (m,«), and let u be the associated multiplier. If (t§,my) converges to (to,mg) and
if (m™, Q™) is a minimizer for W(tY, my) with associated multiplier u™, then u"™, Du™ and D*u™
converge respectively to u, Du and D*u in C%/?°. In addition, if ty = to for all n, the convergence
of (u™) holds in C'2+9)/2:2+3

Proof. 1t easily follows from the regularity of u (see (1.13)) that, without loss of generality, we can
assume that ¢t = to. Moreover, again in view of (1.13) and the continuity of U (see Lemma 1.7
below), the minimizer (m™, ™) converge along subsequences in C°([to, T] x P1(R%)) x CL2([to, T x
R?) to minimizers for U(ty,mo). Since the latter is assumed to have a unique minimizer (m, «), the
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convergence holds along the whole sequence. Arguing as in Lemma 1.3, we can also check that the
convergence of the u™’s holds in C?t9)/22+8 because 2™ = u™ — u solves a linearized equation of
the form

02" — A"+ V" D" = F(x,m"(t)) — F(z,m(t)) 2"(T,z)=G(z,m"(T)) — G(z,m(T)),

with V™ (¢, x) fo s)Du™ + sDu,x)ds, and where, in view of the regularity of F and §
and the convergence of m"™ tom, F(-,m"(:)) — F(-,m(-)) and G(-,m™(T)) — G(-,m(T")) converge as
n — oo to 0. ]

The following second-order optimality condition is used several times in the proofs of the main
results.

Lemma 1.6. Assume (1.5), fiz (to,mo) € [0, T)xP2(RY) and let (m, o) be a minimizer for U(to, mo).

Fiz 8 € CO([to, T] x R4 RY) or B € L2([tg, T] x REGRY) with 8= 0 in a neighborhood of ty and let
p € CO([to, T], (C?*TO(R?))) be the solution in the sense of distributions to

atp - Ap+ dlv(pa) + le(mﬁ) =0 in (t()7T) X Rd, (1 14)
p(to) =0 in R .
Then
T
/t (/Rd Lo o(z,a(t,x))B(t, x) - B(t, z)m(t, dx) + <%(-,m(t), ), p(t) ® p(t)))dt .
FEZm(T), ), p(T, ) @ () 2 0.

This statement is an adaptation of an analogous result in [2]. The existence of the solution to (1.14)
and the proof of (1.15) are given in the Appendix.

It is well-known that the map VVV defined in (0.3) solves the uniformly parabolic Hamilton-Jacobi-
Bellman (HJB for short) equation

N
—9, VN ZAQJN t,x) + ]t;H(xj,NDﬂvN(t,x)) =FmY) in (0,T) x (RHN
VN(T,x) = 9(mN) in (RHY

X

and, therefore VY is smooth for any N. This is in contrast with the limit U, which might not
be Ct. The following result, proved in [6], states however that both maps are uniformly Lipschitz
continuous.

Lemma 1.7 (Regularity of VY and of U). Assume (1.5). There exists constant C' depending on the
data such that

[V¥]loo + N sup [|Dyi V¥l < C,

7j=1,...,.N

and, for all (t,m), (t',m’) € [0,T] x P1(R%),
[U(t,m) — U ,m")| < C(t —t'| +di(m,m")).

The following convergence rate is the main result of [6].

Proposition 1.8 (Quantified convergence of VN to U). Assume (1.5). There exists v € (0,1)

depending on dimension only and C > 0 depending on the smoothness of the data such that, for any
(t,x) € [0,T] x (R)N

[V (¢, %) — U(t,mY)| < C— (1+ My(my)).
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2. THE REGULARITY OF U

We prove here Theorem 1.1. A crucial step is the analysis of a linearized system, which is reminiscent
of a linearized system studied in [5] and [2] for MFG problems. The main and important difference
from [5] is that here we do not assume that F and § are convex, while [2] deals with problems on the
torus. We go around the lack of monotonicity by using the notions of stability and strong stability
of a solution, which are introduced next using the linearized system. Finally, stability is also used
to define and analyze the open, dense set O on which the map U will eventually be smooth.

The linearized system. We fix to € [0,7), a constant Cp, and, for mg € P2(R%) and V : [tg, T] x
R? — R? with ||[V]|c1.s < Cp, let m be the solution to

(2.1)

Oym — Am —div(Vm) =0 in (ty,T) x R?
m(to) =mo in RZL

We analyze the inhomogeneous linearized system

Oz — Az +V(t,x) - Dz = 5—F(x, m(t))(p(t)) + R (t,x) in (to,T) x RY,

om
dip — Ap — div(Vp) — odiv(mI'Dz) = odiv(R?) in (to,T) x R?, (2.2)
p(to) =o€ and 2(T,z) = %(m,m(T))(p(T)) +R?® in RY,
where
o €0,1] and 6 € (0,1),
P e C(0,7] x RER™) with || < Co, 23)

R' e C°0 R € L>([to, T], W) (R4, RY)), R® e C*** and ¢ e (Wh>).

The pair (z,p) € C%'([to, T] x R%) x C°([0,T], (C?*?)’) is a solution to (2.2) if z and p satisfy
respectively the first and second equation in the sense of distributions.

Note that, because of the regularity of p and the assumptions on F and G, the maps (t,2) —
OE (2, m(t))(p(t)) and z — 2 (z,m(T))(p(T)) are continuous and bounded.

om m
We will often use system (2.2) in which V(¢,2) = H,(x, Du(t,z)) and I'(t,xz) = Hpp(x, Du(t, x)),
where (u,m) is a classical solution to (1.12). In this case, V, I" and m satisfy the conditions above.

Next we introduce the notion of strong stability for the homogeneous version of (2.2), that is the
system

—0z — Az +V(t,x) - Dz = £ (z,m(t))(p(t)) in (to,T) x RY,
op — Ap —div(Vp) — odiv(mI'Dz) =0 in (to,T) x R?, (2.4)
p(to) =0 and 2(T,z) = 2 (z,m(T))(p(T)) in R
We say that
the system (2.4) is strongly stable if, for any o € [0, 1], its unique solution is (z, p) = (0,0). (2.5)
The main result of the subsection is a uniqueness and regularity result for the solution to (2.2).

Lemma 2.1. Assume (1.5) and (2.5). There exist a neighborhood V of (V,T') in the topology of
locally uniform convergence, and n,C > 0 such that, for any (Vl,t67m6,rl,Rl’/,R2’/,R37/,§/7JI)
with

(VI,T) €V, |ty —to| +da(mi,mo) <m, ||V |lcrs + |1 < 2Cy, o €10,1],

/ ’ ’ (26)
Rl’ c 06/2,6, R2’ e Lm([to,T],(Wl’oo)/(Rd,]Rd)), RS’ c 02+5’ 5/ c (Wl,oo)/’
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any solution (', p") to (2.2) associated with these data on [ty, T] and m’ the solution to (2.1) with
drift V' and initial condition mg at time t|, satisfies

o' (t',) = p'(t, )l (cors)
10 (t, Mc2rsy + fl;g T ( ) < COM’, (2.7)

HZ/||C<2+5>/2,2+5 + sup
€ té, ]

where
M= [ fwny + IR llgorss + 1B

c2+s + sup ||R2’ (t)H(Wl,oo)/. (2.8)
te(t(),T]

An immediate consequence is the following corollary.

Corollary 2.2. Assume (1.5) and (2.5). Then, for any (V',my, ") satisfying (2.6), the correspond-
ing homogeneous linearized system is strongly stable.

The proof of Lemma 2.1 follows some of the ideas of [5], where a similar system is studied. The main
differences are that, here, we use the stability condition instead of the monotonicity assumption of
[5] and work in an unbounded space.

In what follows, we need a preliminary result which we state and prove next. The difference between
the estimate below and the one of Lemma 2.1 is the right hand side of the former which depends on
the solution itself.

Lemma 2.3. Assume (1.5) and let (z,p) be a solution to (2.2). There is a constant C, depending
only on the regularity of F, G and on |V|c1s + |T||leo, such that

lp(t',-) = p(t, )| 25
|t' _ t|6/2 <C

||Z||C<2+5>/2,2+5+ sup sup

M+ sup ||P(f)(c2+6)f>
telto, T t/#t

te(to,T)
where
M = ||€]|wreey + R lcorzs + sup [|R2(6)[|(weey + || R?[|c2vs.
tE[to,T]
Proof. Throughout the proof, C' denotes a constant that depends only on the data and may change
from line to line.

Set R = sup;cqy, 1 lo()ll(c2+5) < oo. It follows that the maps (t,z) — g—z(x,m(t))(p(t)) and

x — 98 (2, m(T))(p(T)) are bounded by CR, the latter in C2+9.

om
Then, standard parabolic regularity gives that z is bounded in C(1+9)/2140 1,y CR.
The main step of the proof is to show that

wup sup ) = POlicsey
te(to, Tt #t |t/ - t|5/2

< C(M+R).

Arguing by duality, we fix tg < t; < ty < T and, with ¢ € C**?, we consider the solution 1’ for
i1=1,2to

{ —9pt — AP+ V(t,x) - DY' =0 on (to,t;) x R?, 29)

P(t;) =9 in RY,

which, in view of the assumption on V' and parabolic regularity, satisfies, for ¢ = 1,2, the bound
19 lcear/2248 < Ol g2ss.

It is immediate that, for i = 1,2,

(p(t).5) = (€0 (0) ~a [ [ 7D Ditmdadt — o [ (7E(0). DY ).

to
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Thus

(plt2) = p(t2).9) = (03 (t0) ' ta)) = [ [ 7D (DU = Doy
’ (2.10)

- a/: /R I'Dz - Dy*m — a/tf (R%(t), (Dy* — Db (t))dt — 0/t2 (R%(t), Dy (t))dt.

t1
Note that 2 — ! solves (2.9) on (to,t;) with a terminal condition at ¢; given by (¢? —?)(¢1,-) =
Y2 (t1,-)—1p2(ta, -), which, in view of the regularity of 2, is bounded in W2 by C(ta—t1)%/?|[{|| c2s.

It then follows follows from the maximum principle that (¢? — !)(¢,-) is bounded in W2 by
C(ty — t1)%/?||1h||c2+s for any t, and, hence,

(€97 (to, ) — ¥ (to, )| < NI€llwr.ooy 07 (t0, ) — %" (to, ) lwr.eo

< Otz = 1) Pl llczvs €l wrey < Clta = 12)° [l 2 M,

< O|Dzllos(ts = 1) ([Pl o245 < Otz — 1) 2|20 R

t1
/ / I'Dz - (Dy?* — Dy ymdxdt
to R4

and

ty
[ 0.0 = D] < sup LR ovsmy s D0~ D0

to

< Oty — 1) [Pl cass M.
Note that the regularity of 12 yields

ta
a/ / Dz - D¥Pmdadt| < C(ts — 1) D2]|a | DY o < Clts — t1)/2][F]|coss B
t1 Rd

and

to —
/ <32(t)7D¢2(t)>dt’ < (ta — t1)81tlp 1R (t)| w0 SlszDwQ(t)”le“’ < Otz — ta) Y]l covs M.

t1

Since 1 is arbitrary, it follows from (2.10) that
lo(t2) = p(t1) | (@2+sy < Clta = 12)°/*(M + R).
This regularity of p implies that the maps (t,z) — 2£ (2, m(t))(p(t)) and z — 2% (2, m(T))(p(T))

om

are bounded in C%/?9 and C?*9 respectively by C(M + R). Thus z is also bounded in C(2+9)/2:2+9
by C(M + R). O

Proof of Lemma 2.1. The first (and main) part of the proof consists in showing the existence of V,
n > 0 and C' > 0 such that, for any (V’,t{),mg,F’,Rl’,,RQ’,,RS’,,ECU’) as in (2.6), any solution
(', p') to (2.2) associated with these data on [t, T| satisfies, with M’ is defined by (2.8),

sup_||p'(®)ll(czrsy < CM'.

te[tO’T]

We prove this claim by contradiction, assuming the existence of sequences (V™)pen, (13, m§)nen,
(m™)nen, (T™)nen, (RP™)nen, (€™)nen, and (0™),en such that (V™ T™) converges locally uniformly
to (V. I),

|t — to| + da2(mg,mo) < 1/n, [[V"|crs + Il < 2Co, o™ €[0,1],
and

€™ [ wroey + 1R [ g2es + | RY | gor2s + sup IR (#)l|weey <1,
te|to,
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and, for each n, a solution (2", p") to (2.2) associated with the data above, such that

)\n = Ssup ||pn(t)||(cz+5)/ Z n.
tefty,T]

It follows that (2", p") = 5L (2", p") solves the system

—9,F" — AZ* + VPt x) - DF" = %(Lm"(t))(ﬁ"( )+ R (7)),

>\n
op™ — Ap™ — div(V"™p") — o"div(mI™DZ™) = %U”diV(Rn), (2.11)
T) = —omen and BT, x) = 2z, m™(T))(7(T)) + — Ry,
0/ \n om A

Since, by definition, sup, [|p"(t)[|(c2+s) = 1, Lemma 2.3 implies that the (2)’s and p"(t,-)’s are
bounded in C'(2+9/2:2+8 and C%/2([0, T, (C*+%)’) respectively.

Hence, we may assume that, up to a subsequence, the sequences (6" )nen, (2" )nen, (P")nen and
(V™)nen converge respectively to some o € [0,1], 2 € CL2, 5 € CO([to, T), (C2+9)"), where (C219Y
is endowed with the weak- topology, and V € C°([to, T], C*%).

loc
The goal is to show that (Z, p) is a nonzero solution to the homogenous equation (2.4), which will
contradict the strong stability of the system.

There are two difficulties that need to be addressed both caused by the above claimed weak conver-
gence of the p™’s to p.

The first is to prove that, as n — oo,
oF oF 0G

n -n iy n -n E Iy
O, )7 (1)) = S ( m{1) (1) and S (™ (D))" (T)) = S (a,m(T)) (D),
and the second is to show that, since sup, ||p"(¢)||(c2+s), = 1, we must have (2, p) is nonzero.

To overcome these two issues it is necessary to upgrade the convergence of the p™’s to p in
C([to, T, (C**%)") from weak to strong.

We first note that p” = p™! + p™2 with p™' and p™? solving respectively

1 1
QP! = AP = div(VTp™M) = (ondiv(Rg) and p™(ty) = 10"

and
oip™? — Ap™? — div(V"p™?) — o"div(I™DZ"m™) = 0 and p™%(to) = 0. (2.12)

We show next that sup, ||5™ (t)[|(cz+s) — 0. Indeed, for fixed € (tf,T] and ¢ € C*9, let ¢ be
the solution to the dual problem
=0 — Ay + VM (t,z) - DY =0 in (17,%) x R4,
@) =9 in R
It follows from the standard parabolic regularity that ¥" is bounded in C'(3+9)/2:2+3 by C||4)| 2+
with C' is independent of n and ¢, and since, in view of the duality, we have

(2.13)

G 0.9) = 37 (o€ 06 —o" [ (7 Dyar),

we obtain
1 C
s [7 )l ey < 1

(1€ Nwroey + sup \IRQ’"(t)H(Ww)')~
telty,T] teltn, T

Hence, supregeg 1) 77 () icssyy = 0 a5 2 (167 |y + subreg | B2 ()l eyr) = 0.
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It follows from (2.12) that, for any 7" € [t2,T] and " € C**0_if ¢ is the solution to (2.13) on
[t7,7"] with terminal condition ¢™(f") =", then

t'll
@G =0 [ [ oz pgrar. (214)
tg

In order to prove the uniform convergence of the 5™2’s in (C29), we assume that the || [|c2+s’s
are bounded and, without loss of generality, that the £"’s and wn’s converge respectively to t € [tg, T
and 1) € %19 the last convergence being in C219 for any 61 € (0,9). We need to prove that the

loc

(7™2(F"),9"))’s converge to (p2(f), 1), where p2 is the solution to
op? — Ap? — div(Vp?) — odiv(lDZm) =0 and p2(ty) = 0.
Note that -
7
(2(E), D) = —a/ / Dz - Dy,
to JR4
where 1) is the solution to
—Oyp — Ay 4+ V(t,z)- Dy =0 in (to,f) x RY and (f) = in RY,

and recall that the I'"’s and DZz"’s are bounded and converge locally uniformly to I' and to Dz
respectively.

Similarly, due to the parabolic regularity, the ¢™’s are bounded in C(?+9)/2.2+0 and the Dy™’s
converge locally uniformly to D.

Moreover, since m™ is the solution to
om"™ — Am™ +div(V"m™) =0 in (t§,T] and m"(t},-) =m§ in R,

with V™ uniformly bounded, we know that the m™’s converge uniformly to m in P;(R9), and we
have the second-order moment estimate

sup/ |z[Pm"(t, dr) < Csup/ |z|?*mf (dx) < C.
t,n JRd n Rd

In addition, using that I'DZz - D is globally Lipschitz, for any R > 1 we find

FRE), ")~ (PO, B)] < Cllo™ = ol + [ =1l + 1t~ tol)

N
+o / / (T'DZ - Dyym — T"Dz™ - Dy"m™")
toVty JRY

<C(lo™ —o|+[t" -t + [tg — to] + sup di(m™(¢t), m(¢)) + R7?)
¢

A"
to / / (UDZ- Dy — T"DZ" - Dy™ym™
to Vil Br

Letting n — oo and then R — oo proves the convergence of the (5™2(1"), 9" )’s to (p2(1),¢). It
follows that the sequence (p™),en converges to p = p? strongly in CO([to, T], (C?+9)").

To summarize the above, we know that the sequences (6™)nen, (Z™)nens (P™)nen and (V™)pen
converge respectively to o € [0,1], Z in Cllo’f, pin CO([0,T), (C*+%)) and V in C([to, T], C2+°).

loc

Passing to the limit in (2.11) we infer that (Z, p) is a solution to the homogenous equation (2.4).

Since sup;epn 11 [10" ()ll(c2+s)y = 1 for any n, it follows that sup,ep, 7y [|o(t)||(c2+s) = 1. Thus
(z,p) is a nonzero solution to the homogenous equation (2.4) which contradicts the strong stability
assumption (2.5).
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The second part of the proof consists in upscaling the regularity obtained in the first part. For this,
we let

(V' th,my, I, RY' R R3¢ ¢') be such that (2.6) holds and (2',p') be a solution to (2.2) asso-
ciated with these data, where m’ is the solution to (2.1) with drift V’ and initial condition my( at
time .

We have already established that, for the M’ in (2.8),

sup |/ (8)]| sy < CM.
te(t], T

It then follows from Lemma 2.3 that

() = (¢, -
LA |)t, pt|(5/2)||02” <COM' + sup ||p'(#)ll(c2esy) < CM.
_ reli

eltl,

12’ | c2+8)/2,245 + sup
£t

O

The stability property. We discuss here the notion of stabllity of a solution (u, m) of the MFG-
system arising in MFC.

Let (tg,mg) € [0,T] x P2(R?) and (m, a) be a minimizer for U(tg, mo) with associated multiplier w,
that is, the pair (u, m) solves (1.12) and a(t,x) = —Hp(z, Du(t, x)).

Definition 2.4. The solution (u,m) is strongly stable (resp. stable), if for all o € [0,1] (resp.
o = 1) the only solution (z, ) € C1+3)/2140 5 CO([ty, T]; (C?*H9(RY))) to the linearized system

01z~ Azt Hy(, Du)- Dz = (e m(1)(u(1)) i (t0,T) x B,
O — Ap — div(Hy(z, Du)p) — odiv(Hyp(z, Du)Dzm) =0 in (to,T) x RY, (2.15)
u(to) =0 and 2(T,z) = %(m,m(T))(u(T)) in R%,

is the pair (z,u) = (0,0).

Since, given a minimizer (m,a), the relation o = —H,(z, Du) defines Du uniquely, the stability
condition depends on (m, «) only. We say that the minimizer (m, «) is strongly stable (resp. stable)
if (u,m) is strongly stable (resp. stable).

The above makes also clear the definition of the regularity set O in (1.8). We remark that at this
point we do not know whether O is a nonempty set. This will follow from Lemma 2.7 below.

We also note that (2.15) is the linearized system studied in the previous subsection for the particular
choice of vector field V' (¢t,z) = Hp(x, Du(t,z)) and matrix I'(¢,z) = Hpp(x, Du(t,x)). To empha-
size that we are working with this particular system and also be consistent with other references,
heretofore we use the notation (z, i) instead of (z, p).

The following lemma asserts that the minimizers starting from an initial condition in O are actually
strongly stable.

Lemma 2.5. Assume (1.5), fix (to,mo) € O and let (m, o) be the unique stable minimizer associated
to U(tg,mg). Then (m,«) is strongly stable.

Proof. Since, if 0 = 1, the claim is just the assumed stability of (m, «), in what follows we assume
that

o €0,1).
It follows from Lemma 2.1 that z € C(?19)/2:2+9 while using the duality, we have, for any t € [to, T,

(et )n®) == [ ([ (oHyplo. Du)D - demmda) + (5 m(e) ) 1(0)) .

to om
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and, in particular, for t =T, we get

/T (/ o H,y(x, Du)Dz - Dzmdz + <§—Z(.,m(t))(u(t)), u(t)))dt

to R4
0G

om

(2.16)

+ (5= (m(T)((T)), w(T)) = 0.

Using that (m, ) is a minimizer as well as the second-order condition (1.15) with (p, 8) = (u, o Hpp(z, Du)Dz)
and recalling that L, o (z, a(t, 2))Hpp(x, Du(t, z)) = Id, we get

T
/ / (02pr(x, Du)Dz - Dzm
to R4

0F 0G
7(x7m(t)’y)/~"(t’ x),u(t,y)dy) dxdt + / —(x,m(T),y),u(T,x),u(T, y)dydw >0,
R4 dm R2d om

and, in view of (2.16),
T
(0 — 02)/ / H,,(z,Du)Dz- Dz m < 0.
to R4

Since H,, > 0 and o — 0% > 0, the last inequality yields Dz m = 0, from which we easily conclude,
going back to the equations satisfied by p and by z, that (z, u) = (0,0). O

We turn next to O. The next lemma establishes an important property together with the fact O is
not empty. A similar statement is proved in [2] when the state space is the torus. The adaptation
to the whole space is given here for the sake of completeness.

Lemma 2.6. Assume (1.5). Fiz (tg,mo) € [0,T) x P2(RY) and let (m,a) be a minimizer for
U(tg, mo). Then (t,m(t)) belongs to O for any t € (to,T).

Proof. Fix (tg,mg) € [0,T) x P2(R%), and let (m, ) be a minimizer for U(ty, mo) and u its associated
multiplier.

For t1 € (to,T'), set my = m(t;) and let (m, &) be an optimal solution for U(¢1,m;) with associated
multiplier @. Since, in view of the dynamic programming principle,

~ o~ (m7a) on [t07t1) X Rda
(m,a) on[t;,T] x R4,

is optimal for U(ty,mg), we know from Lemma 1.3 that & € C(1+9)/214+3 Tt follows that a(ty,-) =

a(t1,-) and thus that Du(ty,-) = Du(ty,-). Thus, the pair ((2%)r=1.. 4, ) = ((O), (u—10))g=1,....a, M—

m) solves the system
— 028 — AR 4 gF(t,2) =0 in (t;,T) x RY,
o — Ap+div(h) =0 in (t,T) x RY, (2.17)
p(t) =0 2F(t1,) =0 in RY,

where

g"(t,x) = Hy, (v, Du) — Hy, (z, D) + Hy(z, Du) - D(9p,u) — Hy(x, DU) - D(0y, )

- ka (x,m(t)) + Ffﬂk (m,ml(t)),
h = H,(Du)m — H,(Du)m.
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In order to estimate g* and h, we note that, since t; > to, m,m € CY2([t;,T] x R?) and m(t,-) and
m(t,-) are bounded in L2. It follows that

d

D 1ot (@) < O(z(t,2)]* + [Da(t, 2)* + [ u(@)lIZ2),
k=1

[A(t,2)]* < C(l2(t,2)* + |u(t, )?), (2.18)
[div(h(t,2))|* < C(l2(t, 2)]” + [Dz(t, 2)* + |u(t, 2)* + |Dp(t, 2)[).

Then a Lions-Malgrange-type argument shows that z; = p = 0, and, hence, the solution starting
from (t1,m1) is unique. We refer to Lions and Malgrange [20] for the original argument and Cannarsa
and Tessitore [4] and [2] for its adaptation to forward-backward equations.

Next we check that this solution is stable. Let (z,u) be a solution to (2.15) in [t1,T] x R? with
o = 1, which by the standard parabolic regularity is actually classical. An elementary calculation
yields

T

[ ([, o Dutt 2Dz - D2 i+ (G2 e, 0,0 ) at
i /R (2.19)
(S () (1), (1) = 0.

Using Lemma 1.6, we know that, for any 8 € L>([tg,T] x R%; R?) vanishing near t = t, if p is the
solution in the sense of distributions to (1.14) in [tg, T] x R%, then

= r 5F
J(ﬁ) = /t0 (/Rd La,a(xv a(t,x))ﬁ(t,x) . B(tvx)m(tvdx) + <%('>m(t>7 ~),p(t) ® p(t)>)dt
F O (@), ),p(T, ) © (T ) 2 0.

The solution 7 to (1.14) associated to the map 3 defined by 8 = 0 on [tg,t1) and 3 = —H,,(z, Du) Dz
on [t1,T] is given by p(t) = 0 on [tg, 1) x R and p(t) = u(t) on [t,T] x R

It then follows from (2.19) that .J(5) = 0, and, hence, B is a minimizer for .J, a fact that, by standard
arguments (see, for example, [2])), implies that 8 is a continuous map. Thus Dz(t1,-) = 0.

We differentiate with respect to space variable the first equation in (2.15) and obtain that

((Ony, 2)k=1,....a; 1t) solves a system of the form (2.17) with zero initial condition and data g and h
satisfying (2.18). This implies, as before, that ((0s, 2)k=1,...a, 1) = (0,0). Coming back to (2.15),
we obtain z = y = 0. Therefore the solution is stable. g

The next theorem establishes the key properties of O.
Theorem 2.7. Assume (1.5). The set O is open and dense in [0,T) x Pa(R?).
Proof. Lemma 2.6 implies that the set O is a nonempty, dense subset of [0, T") x Py(R%).

Next we show that O is open arguing by contradiction. For this, we fix (tg,mg) € O and assume
that there are initial positions (¢",m%) ¢ O which converge to (tg, mg) (in P2(R?) for (m?),en). Let
(m, a) be the unique and stable minimizer for (tg,mp) and u be the associated multiplier, that is,
o = —H,(z, Du) and the pair (u,m) solves (1.12).

Since (t",my) ¢ O, there are two cases (up to subsequences): either, for all n, there exist several
minimizers for U(t", mg) or, for all n, there exists a unique minimizer which is not stable. This
latter case is ruled out by Lemma 2.1 and the strong stability of (m, c).

It remains to consider the first case and we argue as follows. Let (m™!, a™!) and (m™2,a™?) be
two distinct minimizers starting from (¢", mj) with associated multipliers u™! and u™? respectively.
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Since the problem with initial condition (¢g,m¢) has a unique minimizer, it follows from Lemma 1.5
that, for i = 1,2, the (m™?, a™")’s converge to (m, ) in C°([0, T]; P1(R%)) x C%/2 while the u™"’s,
Du™"s and D?u™%s converge to u, Du and D?u respectively in C'%/2:9.

Set

" = ||Du"’1 — Du”’2||ca/2,a + sup dl(m"’l(t),m”’Z(t))
te(to, T

n,2)

and note that, since (m™!, a™!) and (m™?, « are distinct, ™ > 0 and, in view of the previous

discussion, 8, — 0, and, finally,

6™ < C||Du™' — Du™?|| s /2.5. (2.20)
This last estimate follows from the fact that again the uniform parabolicity implies that the D?u™%’s
are uniformly bounded. Applying Gronwall’s inequality to the stochastic differential equations as-
sociated with the Kolmogorov equations satisfied by m™! and m™?2, we find the distance
supy,,, 77 di(m™*(t),m™?(t)) is controlled by C| Du™' —Du™?| o and thus by C||Du™"—Du™?||gs/2.5.

Next we introduce the differences 2" = (u™! — u™2)/6", u™ = (m™! — m™2) /6™ and observe that

OF
—0y2" — A" + Hy(x, Du™') - D2" = 6—(3:, m™ () (u™(t)) + R™*,
m
O™ — Ap™ — div(Hp(x, Du™) ™) — div(Hpp(x, Du™)Dz"m™) = div(R*™),

p(to) =0, 2"(T,2) = +—(z,m HT) (W™ (T)) + R
with
R™ =(o™)~1 {H(x, Du™?) — H(zx, Du™') — H,(z, Du™") - (Du™? — Du™")
n,2 n,1 oF n,1 n,2 n,1
= (B m2(0) = F(a,m™ (1)) = S (e, m (1) (m™2(0) — w1 (1) )]
R™2 = — (19")*1 [Hp(x, Du”’z)m”’2 — Hp(z, Du”’l)m"’1 — Hy(z, Du"’l)(m”’2 - m"’l)
— Hyy(w, Du™) (Du? = Durym™1)]
and
. 1)
RS = —(6") G, m" (7)) = Gl m (1)) = 9 (o, m™ () (m™(T) — ™ (T))].
It follows from the regularity of F', G and H and the definition of 8™ that
| R cor26 + ||R™3||c2rs +  sup ] [R™2(t) || (w.y < CO™. (2.21)
€lto,

However, Lemma 2.1 yields that the sequence (2™),¢cn tends to 0 in C(1+9)/2.144 which contradicts
(2.20). O

The smoothness of U in 0. We prove here Theorem 1.1.

Before we present the arguments, we state below as lemma a preliminary fact that is needed to
establish the regularity of U. It is about a stability property in the appropriate norms for the
multipliers associated with minimizers starting in O. In turn, this will allow us to compute the
derivative of U with respect to m. Its proof is presented at the end of this subsection.

Lemma 2.8. Assume (1.5) and fix (to,mo) € O. There exists §,C > 0 such that, for any ty, mg, m3
satisfying (ty, my) € O, |ty — to| < &, da(mo, mp) < 6, if (m*,a?) is the unique minimizer starting
from (ty, my) with associated multiplier u® for i =1 and i = 2, then

lu' — u?|| cero/2ees + sup dao(m'(t),m?(t)) < Cda(md, md).
te(t],T)
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We continue with the proof of Theorem 1.1 which consists of three parts. In the first, we establish
the regularity of U in O. In the second, we show that the infinite dimensional Hamilton-Jacobi
equation (1.9) is satisfied in O. Finally, the third part is about (1.10).

Proof of Theorem 1.1. Part 1: The regularity of U. Lemma 1.7 yields the Lipschitz continuity of U.

We establish that U is differentiable at any (tg,mo) € O. We fix such a (tg,mo). Let (m, ) be the
unique stable minimizer for U(tg, mg) and u its associated multiplier. We check that D,,,U(tg, mg, *)
exists and is given by Du(tg, ).

Let 6 > 0 and &' € (0,6) be such that the 6—neighborhood of the [0,7] x P3(R%)-compact set
{(t,m(t)) : t € [to, T]} is contained in O, and, for any mg € B(mo, "), supye(y, 7y da (m(t), m'(t)) < 4,

where (m!, al) is the minimizer for U(ty, my).

Fix m{ € B(myg,d"). Let (m!,a!) be the minimizer for U(tg, my), u' its associated multiplier, (z, 1)
the solution of the linearized system (2.15) with initial condition 1(0) = m$ — my, set

(w,p) = (u' —u—2z,m' —m —p)
and note that (w, p) satisfies the linearized system (2.2) with £ =0,
F
R* = ~(H(x, Du)~H(z, Du)—Hy(z, Du)-(Du’ ~ D))+, ) F ) = 20z, (1)) (m (1) = (1),
R? =H,(z, Du')m' — H,(z, Du)ym — H,(z, Du)(m* —m) — H,,(z, Du) - (Du' — Du)m,
and
R® = Gla,m*) — Gla,m) — 3 (e, m(1)) (m (1) — m(1)).
Then, using Lemma 2.8, we get

IR | gs/25 + 1 R?[lozes + up IR () [[wrey < CdF (mg,mo)
te(to, T

and, in view of Lemma 2.1,

||u1 —Uu— 1U||c(2+5)/2,2+5 + S[llp | ||m1(t) — m(t) — /J,(t)||(cz+5)/ < Cd%(mé, m()).
te(to, T

Recall that o' = —H,(z, Du'). Thus
o' = a— Hy,(z, Du).Dw + o(d (mf, my)).
where o(-) is small in uniform norm.

It follows that

U(to, m?) = /tT (/R L(z.a'ym" + F(m"))dt + §(m* (T))
= Uto, mo) + /t ! /R d (DQL(x, Q) - (—Hyp(x, Du) Dwm + Lz, o)pu(t, z) + F(z, m(t))u(t, x))d:cdt

+ [ GlomT)uT)d + ofch mh mo)).
Rd
On the other hand, recalling the equations satisfied by v and p and using duality we find

G, m(T)) (T, ) der — / u(to, z)(md — mo)(dz)

Rd

R4
- /tT /]R ((H(x, Du) — F(z,m(t)) — Hy(z, Du) - Du)p — Hyp(x, Du)Du - Dwm),
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Thus,

Wlto,m) = Wt mo) + | ulto.a)(amb = mo)(d)

/ / H(z,Du) — Hy(z, Du) - Du+ L(z,a))p
Rd
— (Hpp(z, Du)Du - Dw + Do L(z, @) - (Hpp(2, Du)Dw))m) dadt + o(d; (mg, mg))
In view of the relationship (convex duality) between H and L and the fact that « = —H,(x, Du),
we have D, L(z,«) = —Du and, therefore,
H(x,Du) — Hp(x,Du) - Du+ L(z,a) =0
and
H,,(z, Du)Du- Dw + D, L(z,a) - (Hpp(x, Du)Dw) = 0.
Thus,
u(to, mé) = u(to, m()) + /d U(to, x)(m(l) — mo)(d$) + O(dl(m(l), mo))
R

It follows that U(tg, -) has a linear derivative at mg given by u(to, ) and, hence,

D, U(to, mo,x) = Du(to,x).
Recalling the stability of the map mg — (u,m) proved in Lemma 1.5, we actually have that

(to,mo) — D U(tg, mg,-) is continuous in O with the respect to the do—distance for the
measure variable into C2.

Part 2: The Hamilton-Jacobi equation. Next we show that U is a classical solution to (1.9).

Using the notation of Part 1 and the dynamic programming principle with h > 0 small, we find

to+h
U(to, mo) = /t (/R Lz, a(t, 2))m(t, 2)dz + F(m(0)) )dt +Ulto + b, mito + )

and, in view of the C'' —regularity of U,
to+h
U(to + h7 m(to + h)) - U(to +h m() / / TTD2 to + h, m(t), y)

+ DunWto + hsm(1),y) - Hy(t, Du(t,)) )m(t, dy)dydt.

It follows that 0;U(tg, mo) exists and is given by

U (tg, mo) = — /Rd L(z, a(tg, z))mo(dx) — F(mg)

- /d (TYDsz(to, mo,y) + D U(to, mo, y) 'Hp(to,DU(to,y)))mo(dy)~
R

Since Du(tog, z) = Dy, U(to, mo, z) and a(to, ) = —Hy(z, Du(to,z)), (1.9) is then satisfied.
Part 8: The regularity of D,,Ul. We prove that (1.10) holds.

Let §,C > 0 be given by Lemma 2.8. For any t € (tg — d,tp + &) and m2,m3 e Py (R?) with
da(mg,m) < 4, dg(mg,mo) < 8, (t,m{) € O and (t,m3) € O, and for any z',2? € R%, let
ul (respectively u?) be the multiplier associated with the unique minimizer (m!, « ) for U(t, mo)

(respectively with the unique minimizer (m?2, o) for U(t,m3)).
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Since, as already established, D,,U(t,m},z') = Dul(t,z') and D,,U(t,mi,2?) = Du?(t,z?), we
find, using Lemma 1.3 and Lemma 2.8, that
|DmU(t, mg, ) — DmU(t,m%,x2)| < |Du1(t,x2) — Duz(t,z2)| + || D*u! || oo |2t — 22|
< O(da(mg, mj) + |t — 2?|).

We conclude with the remaining proof.

Proof of Lemma 2.8. Let (m, «) be the unique stable minimizer starting from (¢o,mg) with multi-
plier u. It follows from Lemma 2.5 that the associated linear system (2.15) is strongly stable.

We set V = —H,(xz,Du) and I' = —H,,(x, Du), consider the neighborhood V (in the local uni-
form convergence) of (V,T') given in Lemma 2.1, and choose § > 0 so that, for any mJ such that
dz(mg, m}) < J, we have that

(virhev,

with V1 = —Hp(x, Du') and I'y = H,,(z, Du'), u' being the multiplier associated with the optimal
solution (m!, al) for U(tg,m$). The above is possible since, if § is small, then, in view of Lemma
1.5, u! is close to u in C'%/2:9.

Furthermore, choosing, if necessary, é even smaller, we have that, for some 1 > 0 to be chosen below,
and, for any t(, m§, (m*,a*) and u* as above such that [t{, — to] < ¢ and da(mg, m) < d for i =1
and ¢ = 2,

Hul — u2||c(2+5)/2,2+5 + sup dg(ml(t),mQ(t)) <n. (2.22)
€[ty T

Classical estimates on the Kolmogorov equation (see, for instance, [5]) yield that, for t,, mj, (m?, a*)
and u* as above, we have

sup da(m' (1), m*(t)) < C(da(mg, mg) + | Du' — Du?||o), (2.23)
te(t(,T]

for a constant C' depending on T, H and || D?u’||, which is uniformly bounded by Lemma 2.3.

Then the pair
(z, 1) = (u' —u?,m' —m?)
satisfies the linearized system (2.2) with

V(t,x) = —H,(z,Du?), T =—H,,(z,Du?), &=mj—m3,

R' = —(H(z, Du') — H(z, Du?) — H,(z, Du?) - (Du' — Du?)) + F(z,m'(t)) — F(xz,m?(t))
oF

= 5 (@mA (@) (m () — m* (),

R? = Hy(z, Du')Ym' — H,(z, Du*)m? — H,(x, Du®)(m" — m?) — Hy,(z, Du?) - (Du' — Du?)m?
= (Hp($7Dul) - Hp(anUQ))(ml —m?)
+ (Hy(z, Du') — H,(z, Du*) — Hpp(x, Du?) - (Du* — Du?))m?,

and

Note that
R* =(Hy(x, Du') — Hy(x, Du?))(m' —m?)
+ (Hy(z, Du') — Hy(x, Du*) — Hy,(z, Du?) - (Du' — Du?))m?.
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Thus

M = [|¢llwreey + IR [csrzs + | Rl c2es + sup  [[R()[|wr.oe ).
te(t.T]

< dy(mg, m) + C{||Du’ = Du?[[gs /2.5 + sup d3(m' (1), m*(t))}-

It follows from Lemma 2.1 that

[ut = w?[lcerazars < C{di(mg,mg) + | Du' — Du?|[Es /2 +supdi(m’ (), m*(t))}.
t

Hence, choosing n > 0 small enough in (2.22), we find

[u' = w?[|cer zers < C{di(mg, mg) + supdz(m' (t),m* (1))},
t

and inserting the last inequality in (2.23) we obtain

Sup da(m' (), m*(t)) < C{dz(mg,mj) + sup d3(m' (), m*(t))},

which yields, for n > 0 small enough,
Sl;p do(m! (1), m?*(t)) < Cda(mp, m?).

Going back to the previous inequality on ||u? — u?||o+5)/2.2+6 completes the proof.

3. THE PROPAGATION OF CHAOS

We present the proof of Theorem 1.2, which consists of several steps each of which is stated below

as separate lemma.

In preparation, we fix (tg,mo) € O with My15(mg) < +oo and let (m, @) be the unique minimizer

for u(to, mo).

It follows from Theorem 1.1 and the compactness of the curve {(t,m(t)) : t € [to,T]} that there
exists §,C > 0 such that, for any ¢; € [to,T], t € (t; — §,t1 + 6) and m}, m2 € Py(R?) with

da(m(t1), md) < 68, da(m(t1),m3) < 4, (t1,m) € O and (t1,m3) € O, and 2!, 2?2 € R4,
| D U(ty, md, ') — Dy U(ty, m2, 22)| < O(|zt — 22| 4 da(mf, md)).
For o € (0,6), set
Vo = {(t,m)) € [to,T] x Po(RY) : do(m/,m(t)) < o}
and
VA = (%) € [0.T) x (RY)Y : (t,md) €V, }.
We consider the solution (Xév)te[to_’T] = (XtN’l, e X,fv’N)te[tmT] to
dXM =277 — | Hy(XN9, Dy U(s,min, XN9))ds +V2(BI — BY),
to s

on the time interval [ty, 7YV], where the stopping time 7% is defined by

7 = inf {t € [to, T), (t,XN) ¢ V(;%} or 7V =T, if there is no such a t.

Note that, in view of (3.1), X* is uniquely defined.
Set

N =inf{t € [to, "], (t,YN) ¢ Vi¥} or 7 = 1% is there is no such a t.

(3.1)

(3.2)
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Lemma 3.1. Assume (1.5). There is a constant C > 0 depending on (to,mo) such that
E| sup dl(m)]\(fN,m(t)) < CN~U/(@+8) (3.4)
tefto, V]
and

P [N < T] < ON-V/H8),

Proof. The proof is standard and relies on propagation of chaos estimates; see, for instance, the
proof of Theorem 5.6 in [11].

Let XM+ be the i.i.d. solutions to
dX,"" = —H,(X"7, DUt m(t), X)) dt +v2dB] X[ = 7,
which exist on [tg,T], in view of the global Lipschitz property of D,,U(t, m(¢),-).

Then (3.4) is an easy consequence of the inequality

Elbup i (m . m(t)) | < ON-2/@FE),

te[0,T

which follows from Theorem 3.1 in Horowitz and Karandikar [16], for some C' depending only on
(to, mo) through the regularity of D,,U in Vj.

Then
PV <T] <P [ [supN]dl(mgN, m(t)) > 5/2] < COTINTYAH8),
tefto,
]
Next, for (t,x) € ViV, we set
UN (¢, x) = U(t, mY).
It is immediate that UY is C1'1 on V¥ and (see, for example, [5])
1 » ; C
N _ N N 2 N
D ;U™ (t,x) = NDmU(t,mx ,27) and |DZ, UM (t,x) — NDme(t,mx ,27)| < Nz
Finally, UV satisfies
N | N
—0UN (t,x) — ;ijulv(tx) + ON(t,x) N g 27, ND UM (t,x)) = F(mb) in V¥,
UN(T,x) = G(my) on (RN
(3.5)
where
|ION(t,x)| < CN~! a.e.. (3.6)

Lemma 3.2. Let YN = (YN4),_1 N and 7V be defined by (1.11) and (3.3) respectively. Then,

.....

~N
E[/ NS H, (VN NDyUN) — Hy (VN7 NDy, VY)|dt] < C(N ™+ RY),

to

where RN = |[UN — VN and UN, VN and their derivatives are evaluated at (t,Y1').
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Proof. For t € [tg, 7] and, in view of (3.6), we have

dUN (£, YN) = (0UN + ) ALUN = H (YN ND YY) - Dy UN)dt + V2 T Dy UN - dBY
J J J

1 . ‘
= (5 D HEYM NDUN (YY) = Y Hy(Y, NDyVY) - DU + ON — F(miy))dt
J J

+v2Y DyuN - dBj
J

> (5 DL, —Hy (V7 ND YY) + O H, (VY NDGUY) — Hy (1, N DY) )
J

— ON™' = F(myy))dt +v2)  DuuN -dBj,
J

the inequality following from the uniform convexity of H in bounded sets.

We take expectations and integrate between o and 7V above to get
E[UN N, YN)] - E [UN (t, Z2")]
~N
T 1 . . . .
B[ (5 S(~LON (Y ND YY) + (YN NDAL) — Hy (v, N D))
to ;
~CN ! — ?(mgt,v))dt].

Rearranging, using the definition of RY, the dynamic programming principle and the optimality of
YN for VV(ty, ZN) we find

~N
T 1 ) )

E [UN (to, Z™M)] + E[/t on > H, (Y NDyUN) — Hy (Y, NDyy V) Pat]
0 J

7N 1 ‘ _ N
< ]E[/ (% D LN —Hy (Y NDyVY)) + ON ! 4 F(myx))dt + VY (7N, Y] + RY
to ]
<E[V¥(to,Z")] + CN~' + RY,

and, using once more the definition of R, we get
=N

1 . .
E[/t on > H, (Y NDyUN) — Hy (Y ND,, YY) 2dt] < CN~' + 2RN.
0 J

O

Lemma 3.3 (Convergence of optimal trajectories). For X = (X™%) and YV = (YN!) defined by
(3.2) and (1.11) respectively, we have

E| sup N IXNI—yNI|| <C(NTt+ RN)Y?

selto, 7] ;

and

P[FN < T] < C(N7VUES) 4 (RN)1/2),
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Proof. Lemma 3.2, the regularity of UY in (3.1) and an application of Gronwall’s inequality give the
first inequality since, for any ¢ € [to, T,

E| sup N (XN -y

SE[to, tATN] J

tATN ) _
<E[ / N H (Y NDUN (YY) = Hp (VY NDyy VY (YY) de]
to .
tAT . .
+ E[/t NS H, (VN ND UN (8, YY) = Hy (X[, ND UN (£, X)) |dt]
. :

<C(NT'4+RY)V24CNT'YE

AT
N,j N,j
[ XNy Yalas
J

to

Then,

PFN <T]<P[N <T]+P| sup N XN Y| >5/2

s€[to, 7] J

< ONTYEE) L 05T (N 4 RV,

|
We can proceed now with the proof of the propagation of chaos property.
Proof of Theorem 1.2. It is immediate that
E| sup dl(mgmm(s)) <E| sup dl(mgN, mXN) +E| sup dl(m%v, m(s))
s€[to,7N] s€[to,7NV] s€[to,7V]
(3.7)

<E| sup N XN YNl 4+E

s€[to,7N]

sup di(myw,m(s))] -
i s€[to,7N]

Lemma 3.3 gives that the first term in the right-hand side of (3.7) is not larger than C(N~'4+RN)/2,
where RV can be estimated by Proposition 1.8, while Lemma 3.1 implies that the second term in
the right-hand side of (3.7) is not larger than CN—1/(d+8),

Thus, for some v depending on d only and C depending on the initial condition (¢o,mg),

<CN™.

E[ sup _di (mlx,m(s))
s€[to,7N]
Finally, we have

E

sup dl(mgN ) m(s))]
SE[to, ]

1/2
+E | sup dl(mg,v,m(s))l ]P’[?N <T]1/2

SE[ sup  di(myn,m(s))
s€to,T)

s€[to,7N]

§C’N*7 + C(N *1/(d+8)+(RN)1/2>1/2’

the last inequality coming from Lemma 3.3 and the facts that, since, in view of Lemma 1.3, m(s)
has a uniformly bounded second-order moment and, by Lemma 1.7, the drift of the process Y¥ is
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also uniformly bounded,

E <C

sup df (mﬁN ,m(s))
Se[to,T] °

Using once more Proposition 1.8, we get that, for a new constant 4" € (0,1) depending on d only
and a new constant C’ depending on the initial condition (¢g,my),

E| sup di(mix,m(s)| <C'N".

s€[to,T]

APPENDIX A. THE PROOF OF LEMMA 1.6

Proof. A fact similar to Lemma 1.6 was given in [2] for the torus and for smooth initial data. Here,
we extend the argument for the whole space and general initial conditions and slightly simplify it.

We begin with the existence of a solution to (1.14), the uniqueness being obvious in view of the
regularity of a.

Fix 8 € C2((to, T) x R4 RY) and note that the product mf3 is smooth, because the only singularity
of m is at time ty. Thus, there exists a unique classical solution to (1.14).

In order to prove its regularity, fix ty < t; < to, & € C*T9(R?), let w be the solution to
—Ow — Aw — aft,z) - Dw=0 in (t,T) x R? w(ty) =& in RY,

and note that, for a constant C' depending only on the data of the problem, since the regularity of
«a depends only on the data of the problem,

[wlloo + [[Dwlloc < Cll¢llwr and [lwllcs/zs + [[Dwlgs/zs < Cl€]lc2+s. (A.1)
Then,

ta
/ p(ta, x)€(z)dx :/ w(tl,x)p(tl,x)dw—/ B(t, z) - Dw(t,x)m(t, dx)dz,
Rd Rd t; JRd
and, choosing t; =ty and ty arbitrary in [tg, T], we get

sup |[|p(O)ll(wrey < 1B )Ly, (o, 71xr4)- (A.2)
t€to,T]

In addition, since, thanks to (A.1),
[w(ty, ) = w(ta, )lwree < Clta = 11)°/?|[€]| 24
using (A.2) we find

/ (pltan ) — plty, 2))€ ()
Rd

to
= / (w(t1,z) — w(ta, x))p(ty, z)dx — / B(t,z) - Dw(t,x)m(t, dx)dx
]Rd tl Rd
< Jw(ts, ) — wlta, Vwree ot ey + Cltz — 1) 2|18l 22, ((0.7) xre) | D]l oo

< Clta — t1)* 2Bt )lrr, (o,1)xrey NI€lloass + Clta — 1) 2118l 2. ((o,1)xre) €]l -

The last estimates proves the existence of a solution p for 3 € CO([to, T] x R% R?) or for B € L™
vanishing near t = ¢y by approximation.

Next, let

T
J(m’,o/):/ (/ L(w, o (b, 2))m! (£, dz) + F(m/ (1))t + G(m’ (T)).

to Rd
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The quantity J(m', ') is defined, for instance, for m’ € C%([ty, T],P1(RY)) and o/ € CO([ty, T] x
R%RY). Let B € C’°°( to, T] x R%) and p be the classical solution to (1.14), and, for h > 0 small, let
my, € CO([to, T], P1(R d)) be the solution to

omyp, — Amy, + div(mp(a+ hB3)) =0 in (to,T) x RY and my,(tg) = mo in RZ
Then my, = m + hp + h2&;,, where &, solves in the sense of distribution
Ok, — A&, + div(Ep(a+ hB)) +div(Bp) =0 in (to,T) x R and &,(tg) =0 in R%

The regularity of «, 8 and p imply that ||{n]|ee < C, with C' depending on 3, and, as h — 0, the

(&n)s converges weakly in L —weak-+ to the solution & of the same equation with A = 0.

Then

J(mn, a0+ h) = / ( /]R Lo+ hB)mi(t, o) + ff(mh(t))) dt + S(mu(T))

to

= J(m,a) + h{/tT( ) D, L(z,a) - B(t, x)m(t, dz) + /Rd L(z,a)p(t,x)dx

3T ) o0t + 25 () ol

2 T
+’;{/t ( | Daal(w,e)5(t2) - Bt z)m(t.dr) +2 | Dal(e,) Bt 2)plt,a)d
2
+ [ 2L a6t a)de + 25 (m()(€n(0) + "5 () (o(t) (1)) )

+ 22 () (E(T) + 2 (m(T) (), (T} + 0012,

The first-order necessary optimality condition implies that the factor of h above vanishes and,
therefore, the limit as h vanishes of the term in A2 is nonnegative.

Thus

T
/f ( - DaaL(l‘,Oé>6(t,.'L') : 6(t7l‘)m(t,dl‘) +2 R DaL(I?a) : B(t,.’lﬁ)p(t,l‘)dl‘
202
+ [ 2L a)ea)dn + 23 (o) Ew) + %5

09 625

+25 - (m(T))(E(T) + 55 (m(T))(p(T), p(T)) = 0.

Using the equation satisfied by the multiplier u and the equation satisfied by & we find

| [ #esttade+ SmO) e+ 5L mT)ED)

(m(8)(p(0), p(1)) )t

om

= [ D0~ 0 Dujetde + 5 (o) )it + 52 i) €

= —/ Du(t,z) - p(t,x)p(t, x)dxdt = — /T D,L(z,«a) - B(t, z)p(t, x)dxdt.
to JRA to JRe

Inserting the last equality in the previous inequality yields the second-order optimality condition
when [ is smooth. The general case is obtained by approximation using the estimates in the first
part of the proof. O
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