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Guaranteed Interval State Estimation for Linear Parameter Varying
Systems with Unknown Inputs

L. Meyer!

Abstract— This paper investigates the construction of interval
state observer for Linear Parameter Varying (LPV) systems
affected by Unknown Input (UI) and bounded perturbations
in both state and measurement equations. The parameter
may depend on measurement or other exogenous measurable
variables and is bounded in a compact set. The use of Sobolev
spaces frame as well as High Order Sliding Mode (HOSM)
differentiator enables us to properly access to the successive
output derivatives, and thus to obtain an easily attainable rank
condition for the decoupling of the UI from the state estimation
error. In particular, the proposed rank condition relaxes the
classical and widely used one. An interval state observer is
provided and its boundedness is proved. Finally, an example
illustrates the theoretical contribution.

Index Terms— Interval Observer, Unknown Input, High Or-
der Sliding Mode, Linear Parameter Varying Systems

1. INTRODUCTION

The problem of state estimation has been of great interest
in the field of automatic and control systems for the last
decades, and a lot of challenges is still present. Among the
famous observers, we can cite the Luenberg, Kalman or H,
observers [1][2]. When the studied system is perturbed by
some noise or any unknown perturbation, these observers
cannot guarantee an exact estimation (even if it can be very
good). For some critical application, such an inexact point-
wise estimation is not acceptable, and a guarantee of the true
state inside given bounds (an interval) is needed.

Several approaches of interval estimation have been de-
veloped in that direction, and among them, the algebraic
approach [3], as well as the monotone (or cooperative)
system approach [4][5] are of main importance. In that
former domain, in which the present paper takes place, a
lot of results have already been established. In discrete-time
case, we can cite among others the work done in [6] for
Linear Time Invariant (LTI) systems or in [7] for Linear
Time Varying (LTV) systems. In continuous-time case, in
which the present paper belongs, several observers have been
developed for linear and some classes of nonlinear systems
[81[5].

Beyond LTI and LTV systems, another class of systems is
of great importance: the Linear Parameter Varying (LPV)
systems whose matrices depend on bounded parameters
(which may depend on internal or external variables). This
kind of systems is of great importance are they are closer
to non linear systems than the other classical kind of linear
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systems (LTI, LTV), whereas most of linear mathematical
techniques can be applied on them. In the field of cooperative
interval theory, only few works have been done on LPV
systems: [4][9][10][11][12]. Both first ones are concerned
with the state observation of an continuous-time LPV system
without considering any UI. The third one is concerned
with the control of such a system. [11] and [13] have dealt
with fault diagnosis in LPV systems, and does not consider
any perturbation nor unknown input in the measurement
equation.

Finally, [12] consider the construction of an interval ob-
server for discrete-time LPV systems with unknown inputs,
and with known parameter.

The present paper deals with continuous-time LPV sys-
tems in the presence of an Unknown Inputs. Let consider
the continuous LPV system described by:

X)) =Apx(t)+Dpd(t) + Fow(t)
y@#) =Cox(O)+Edy+v() (D)
Y(t) =Cox(t)+Eyd(t)

where x € R™ is the state of the system, d € R denotes
the Unknown Input (UI) vector, y € R™ is the output, and
¥ € R" is the free-noise output. w € R and v € R™ are
respectively the state and measurement perturbations. A,
Cp, Fp, D, and E, are parameter varying matrices with
appropriate dimensions, p € Q being the parameter. Q2 c R
is assumed to be a convex and compact set. In the present
paper, the parameter p is assumed to be known.

The main goal of this paper is to propose a way of
making a guaranteed estimation of the state of system (1)
using cooperative interval approach. Only few works have
been done in that sense. In LTI case, without any unknown
input on the measurement equation (matrix E is null), the
problem has been solved in [14] under the specific condition
rank(CD) = rank(D). This condition enables the width of the
state estimation interval not to be affected by the presence
of the UL

In a continuous-time LPV system, in the case both UI and
bounded perturbations are present in both state and measure-
ment equation, and in the case the condition rank(CD) =
rank(D) is not satisfied, no observer has been developed to
the best of the authors knowledge. The novelty of the present
work is to treat those cases in a unified way. More precisely,
the present work focuses on the state interval estimations of
the continuous LPV system (1). One of the main difficulty



of dealing with UI in continuous-state systems, is that the
decoupling of the UI needs to compute the derivative of
successive output derivatives, and derivation of a noisy
equation is not easy and raises several issues. In this paper,
this derivation is made thanks to the use of High Order
Sliding Mode differentiator.

The paper is organized as follow. Some preliminaries are
introduced in section II. The main results are given and
proved in section III. Finally, an example illustrating the
theoretical contribution is given in section IV.

II. PRELIMINARIES
A. Notations

For any matrix A € M, ,(R), tr(A) denotes its trace, A7 its
transpose, and A" its pseudo-inverse. If A = AT € M, ,(R) is
a symmetric matrix, then A >0 (resp. A <0, A >0, and A <0)
means that A is a positive definite (resp. negative definite,
nonnegative, nonpositive) matrix.

The operators <, >, < and > are understood component
wise for vectors and matrices, and the notation x € [x;X]
means that x < x <X (where x is any vector or matrix). If
Ae M, ,(R), let set A* = max{0,A}, A~ =A—A" (such that
A=A"+A" with A* >0 and A~ <0). |A|=A"—A" is the
element-wise absolute value of A. Note that for any matrices
A and B with compatible dimensions, |AB| < |A].|B| and |A +
B| <|A|+|B|.

Finally, for n>1 and r > 1, let set U, , = [I,, On,rx,,].

B. Definitions and useful properties

Let recall some definitions and useful properties.
Lemma 1 (Relation_ Order [4]): Let be a vector x € [x;X]
and a matrix A € [A;A]. Then:

AT +A X HATT HA T <Ax<A T H+ATT +A xTHA X

(2)

Definition 1: Let A = (a; ;) € M, ,(R) be a square matrix.
A is said to be Metzler if a; ; >0 for i # j.

Lemma 2 (Cooperative property [15]): Given a non-
autonomous system described by x(¢) = Ax(¢) + B(t, x), where
x€R]}, A is Metzler and B: R, xR} — R} is a map such
that B(t,x) >0 for all £ >0 and x > 0. Then, x(r) >0, Yt >0,
provided that x(0) > 0.

Lemma 3 (Asymptotic convergence): Given a system de-
scribed by x(f) = A(t)x(¢) + B(¢) where A(¢) is Metzlez for all
t>0, A() <AVt>0,0<B(f)<B, Yt >0, and A is Hurwitz.
Then:

0 < x(1) < x,(2),

Vi >0, 3)

where x,,(7) is solution of x,,(7) = me(t)+§, and x,,(0) =
x(0) > 0. Besides:

lim x(z) < —ZilE,

—00

“4)

providing that x(0) > 0.
Proof: Let consider the unknown vector x, = X, — x. It
comes that X, = Ax, +A.(t)x+ B.(t), where A, (t) = A—A(t) >

0 and B.(t) = B- B() > 0. Using lemma 2 on equation
Xx(t) = A(t)x(t) + B(t), it comes that x,,(t) > 0 for all ¢ > 0,
and thus A.(9)x + B.(f) > 0, which leads to x.(t) > 0,Yr > 0,
again thanks to lemma 2 (recall that A is Metzler). Thus,
equation (3) holds. Besides, because A is Hurwitz, it comes:
Limy oo X (f) = A'B (note that A" exists as A is Hurwitz,
and thus O is not an eigenvalue of Z). Then, thanks to
equation (3), the second result of the lemma is proved. H

C. About the parameter varying matrices

Throughout all this paper, the following assumption on the
parameter p holds.

Assumption 1: All LPV matrices depend continuously on
the parameter p € Q.

Remark 1: Q being a compact, Assumption 1 implies that
for each matrix M,, the subset {M,,p € Q} is also a compact
(this is due to Heine theorem which states that the image of
a compact set by a continuous function is a compact set),
and thus is bounded. In particular, the sum, the difference or
any product of such matrices stay bounded. The inverse of
such an LPV matrix stays bounded if for all possible values
of the parameter, the inverse exists.

D. Sobolev Spaces and HOSM differentiator

The main difficulty in continuous observation of systems
affected by Ul is the derivation of the outputs. Indeed, the
derivative is needed in order to decouple the state estimation
error from the UI (so that the estimation is guaranteed
regardless of the UI variations). If the output is noise-free,
there is no difficulty to do that, and any differentiator can be
used. However, as it is the case in this paper, the presence
of noise in the output is a big difficulty while making the
derivation of it. This justify the following assumption.

Assumption 2: The noises w (resp. v) are assumed to be
s—1 (resp. s) times differentiable, and all their respective
derivatives are bounded: |w| <w, W] < W, ..., |vﬁ| <wl=D,
V<V, )| <V, ..., PO <), where W, W, ..., w=D, ¥, ¥ and
v() are positive constants.

In a more formal way, and as in [16], the previous
assumption can be stated under the frame of Sobolev spaces.
A Sobolev space is a normed vector space, whose elements
are functions such that their norm and the norm of their
derivatives up to a given order are part of £, for a given p.
More formally, the following definition holds.

Definition 2: Let be s and p two integers (possibly o).
The Sobolev space ‘W, is defined by:

WP ={z:[0,00] 5 R" | % € L([0,00]),¥i=0,...,s}.

®)
The associated norm is the following:
12112, =[5 oI ZE2 )17 = (B [ NZER PP
(6)

Now, assumption 2 can be stated as:



Assumption 3: There exist an integer s such that w e
(VVZ;I"X’, ve W, and pe W™,

Remark 2: In order to complete remark 1 it is worth
noting that all matrices depending continuously of p or one
of its successive derivatives till the order s are bounded. And
it is also the case of the sum, the difference, the product or
the inverse (provided that it exists) of such matrices.

Besides the previous assumption, the output and the Un-
known Input (UI) vector are also assumed to be s times
differentiable (without bounded assumption here).

Assumption 4: The output y and the UI vector d in (1)
are both s times differentiable.

In a practical point of view, even if the noises are bounded,
the derivation remains a problem, as classical method of
derivation (as Euler differentiator) can introduce additive
perturbations. Thus, and in order to tackle this problem, the
calculation of the successive derivatives of y in the presence
of the noise v is done thanks to the following High Order
Sliding Mode differentiator detailled [17]:

Vo = —/10|q0 —y(t)|ﬁ518”(410 _)’(t))"'ql
i=1,.,5-1

4o = vo,
qi =i, .
vi = =Ailgi — vie1 |77 sign(g; = vie1) + gis1
qs = —Assign(qs —vy_1)
(7N
where A, kK =0,...,s are positive constants to be tuned (a
procedure is proposed in [17]).

The values g, k = 1..s, solutions of (7), are approximations
of the successive derivatives of the free-output ¢. Due to the
presence of the noise, the differentiation suffer from some
estimation error (error between g and ¥®). An upper bound
of this error is given by the following theorem.

Theorem 4: [17] Let y=4¢+v:R; —» R be a s times
continuously differentiable signal, with |v| <V, then there
exist 0 < T < co, and some constants u > 0, k =0,...,s
(dependent on A, k=0,...,s only) such that for all > T:

g0 -y PO <@ T, k=05 ®)
The previous theorem claims that the errors on the calcula-
tion of the successive derivatives of s with (7) are bounded.
Using the bounds given by that theorem, it comes any
k=0,..,s,and t > T:

q(t) =y 0 + (1), 9)

—_ s—k-
where |B(f)| <8 ::,uVTYI for any r>T.

E. Some useful relationships

Before establishing the main results, let state some useful
relationships. The first one is the compact form of the
expression of the output, as well as its successive derivative
in a unique vector: it can be established (the calculation is
straightforward using the previous notations) that for all » > 1
and s<r, y(“') is under the form:

YO = A x+ DY d + F g + 7, (10

d(s)]T, Wy = [w W

T .
Bs] , and the matrices ﬂﬁyp,

W(s—n]T’

N S
Dy and ¥,

where d, = [d d
b=[Bo B

are given recursively by:
s+1 _ gy s ; 0 _
A = AL, + A LA, Wlth.ﬂr’p =C,,
D =|A, Dy Dy |+ [D5y Onyny |, with DL, = E,, and

Firl = | A, Fp F|+[FS O] with =0y,
Therefore, it comes that:
yr = sﬂr,px+Dr,er +7:r,pwr+‘~}ra (11)
0 0
ﬂrp Dr,p Ony,(r—l)nd

| |
where Y, = 1 ,and A, = ,7{3,/, s Drp= Z)ip Onyr—2)ng
qr ;

0
T'r,p Ony,rnw
7:;; Ony,(r—l)nw
and 7:&/3 = 7—-}‘,/) Onya(r_z)nw .

r A
Arp Dip

7:r
rp
Besides, and according to equation (9), the following
inequalities holds for any time ¢ > 7 (with T given by
theorem 4):

W <W,, (12)
where W, = [W W and V, =
— 9T
Bo B - B

III. MAIN RESULT
A. Assumptions

In order to establish the main results of the paper, the
needed assumptions are introduced here. The first assumption
states a rank condition in order to decouple the unknown
input from the observer estimation error (in that way the
unknown input won’t have any impact on the estimation
performance).

Assumption 5: There exists an integer r such that:

- Drp

rank(D,.p) = rank([D U }), VpeQ (13)
pYng,r

This assumption relaxes the rank assumption rank(C,D,) =

rank(D,) of [14]. This former is equivalent to the case in

which E, =0 and r=1.

According to assumption 5, for any p € Q, there exists a
gain K, satisfying the following equation:

KD, p=DyUy, r, 14)
and the solution is given by:
K, =G, +X,H,, (15)

where G, = DpUy, » Dy H = Ity — Drp Dy and X, is
any arbitrary (gain) matrix (which means that for any matrix

Xy, K, given by (15) is solution of equation (14)).



The second assumption ensures the stability of the ob-
server, as well as the desired order relation between the lower
bound x, the state x and the upper bound x: x < x <X.

Assumption 6: There exist a constant transformation ma-
trix 7 € GL, (R), and for any p € Q, there exist a gain matrix
Xp € My (r+1)ny;(R), such that:

1) the matrix N, is Hurwitz,

2) the matrix 7”Np7”_1 is Metzler,
where Ny, = A, — K, A, p = Ap = GpyArp — X, Hy Ay .

The Hurwitz property is needed in order to make a stable
observer, whereas the Metzler property is needed in order to
satisfy the increasing order of the state bounds: x < x <X.

Note that the transformation with the invertible matrix 7~
conserves the eigenvalues of N,, and thus TNpT_1 has the
same eigenvalues (with multiplicity) as N, and is therefore
also Hurwitz. Thus, the design principle consists in con-
structing X, such that N, is Hurwitz, and then 7~ such that
‘7'Np‘7“_1 is Metzler for any p € Q.

The following lemma can be applied in some case in order
to prove the existence of a matrix 7 satisfying assumption
6.

Lemma 5 (Coordinates Transformation property [9]):

Let N, be a matrix satisfying the interval constraint:
No—N <N, <No+N, for all p € Q, with constant matrices
No = NOT and N > 0. If there exist a constant y € R; and a
diagonal matrix A such that g > n||N||u.., and the Metzler
matrix ul,, —A has the same eigenvalues as Ny (where
1, , is the matrix whose all elements are equal to 1). Then,
there exists an orthogonal matrix 7~ such that 7N,7" s
Metzler for any p € Q.
If lemma 5 cannot be applied, other methods exist in order
to construct a matrix 7~ satisfying 6. For example a sylvester
approach can be used [5], or a time varying similarity
transformation [18].

By making the non singular transformation z = 7 x sug-
gested by assumption 6, system (1) is described in the new
coordinates by:

(16)

¢ =TAT 2+ T Dpd+T Fow
y =Cp7'_lz+Epd+v ’

B. Main results

Let consider the following observer structure:

2 =TNT 2+ TK Y, + (L) - L)W, + (M) = M)V,
: =TNT 2+ TKY, — (L - L)W, — (M} = M)V,
a7
where L, =T (K,Frp—FpU,-1,,) and M, =T K,,.

Theorem 6: Let assume that the parameter p € Q is known
at any time. Let assumptions 1, 3, 4, 5 and 6 hold. Then,
let consider the time instant 7 > 0 given by theorem 4 from
which equation (8) holds, and let assume that z(7T) < z(T') <
Z(T). Then the following relation holds for any ¢ > T

2() < 2(0) < 7). (18)

Besides, there exists y, > 0 such that:

tlim e, (t) <y, (19)

where e (1) = Z(f)z(?) is the total interval error.
Note that equation (19) gives an asymptotic bound of the
width of the interval observer.

Proof: 1In the following proof, the variables are consid-
ered at a time t > T. In particular, relations (12) hold. Let
calculate the dynamics of the upper and lower interval errors.
It comes:

e, =7-:
= TN, T "2+ T K, + (L = L)W, + (M = M)V,
~T AT 2= T Dyd—T Fpw
=TN,T .+ T (Np+ KpArp— AT 2+ T (KpDrp — DpUp, )dy
+Lo Wy + Mp¥r + (L — L;,)W, +(M] - M;)\_/,
(20)
and similarly:
e =23
=T N,T e, +T(Ap—KpArp —~N)T ' 24+ T (DpUpn, — Ky Drp)dr
—LoWr = Mp¥y + (L = LYW, + (M = M)V o
Then, from the definition of N, in assumption 6 and from
the definition of K, in assumption 5, the following equalities
hold:
{0 = Np+ KpFrp = Ay )
0 =K,D,p-DyUpp,

Besides, recalling that L, = L; +L, and M, = M; +M,, it
comes:

e. =TNT 'e.+Li(W,+Ww,)—L;(W,—v,)
+ MV, +5,) = M (V=)
=TNT e, +L}(W, =)= Ly(W,+,)
+ M (V=)= My (V, +7,)

(23)

Q-

Let set: J, = TN,T ', Sy = Li(W, +Ww,) — L;(W, —,) +
M;;(V, + 17L) -M;(V, - f/i) and Qp = L;(Wr - W)= L, (W, +
W)+ M;; W,—9,)— Mp‘(V, +7¥,). The interval errors become:

{zz =12+, o8
gz = Jpgz +S—p
Recalling that [Ww,| < W, and |¥,| < V,, it comes that §p >
0 and § o > 0. Besides, from assumption 6, J, is Metlzler.
Therefore, according to lemma 2 with initial time # =7, and
using the initial order relation z(T') < z(T') < z(T), it comes
that for all #>T, e,(r) >0 and e (#) > 0, which proves the
first statement of the theorem.

In order to prove the second statement, let us define the
total non-negative error: e; = e; +e_. It comes:

e (t) = Jpe () + S, 25)

with S, =S, +S,=2IL} - L,\W,+2|M} —M|V,. J being
Metzler and Hurwitz according to assumption 6, and S,
being positive, lemma 3 can be applied and leads to :

lime, <v,, (26)

f—o00



where y, = —J71S, with J = sup{J,,p € Q} and S =
sup{S,,p € Q}, which proves the second statement of the
theorem and concludes the proof. [ ]
From the observer defined in equations (17) and theorem
6, the solution x of system (1) is given by the following

corollary from [19].
Corollary 7 ([19]): Let consider the following equations:
{x(t) = $*2() +S72(1)

_Z ) (27)
x(t)=S*z()+S7z(1)

with S =7 !, Then, under the conditions of theorem 6, and
providing that x(7") < x(T') < x(T'), there exist a time instant
T such that:

1)
x(1) < x(t) < x(1), Ve>T, (28)
2) the total non-negative error e, = e, +¢, satisfies:
limi—ooey <yx i=Sly;, (29)

where e; =z—z and ¢, = z—z are the upper and lower bound
errors.

IV. ILLUSTRATIVE EXAMPLE

Consider the following LTI system:
0O 1 O 4 1 0

x =10 0 I [x+|0 1|d+|1 |w

-2 -3 =2 00 -1] , (30)
y :[1 0 O}x+v

0 0 1

where x € R3, ye R2, d € R?, v e R? and w € R2. The noises
are simulated according to w = 0.5cos(4f+0.4) and v =
~0.8sin(1.2+0.7)[1 —1]T. Thus, the noises and all their
derivatives are bounded and assumption 3 holds. The un-
known input is simulated to be: d(f) = [12cos(t) -4 sin(t)]T.

We can see that, in this example rank(CD) # rank(D), and
thus, the observer given in [14] cannot be applied. However,

for r =2, rank(D,) = rank( 5) 2) ) =3, and thus assumption 5
r

is satisfied. Then, the pair (A - GA,, HA,) being observable,
X can be chosen such that N is Hurwitz. Finally, the matrix
7 is constructed using a Sylvester transformation.

Simulation is launched during 10 seconds with a constant
time step equal to 107*. The estimations of the successive
output derivatives are obtained using the HOSM differen-
tiator presented in equations (7) with s =2, Ay = 2.0L1/3,
A =152 2, =1.1L, according to [20] and [17], where L
is an estimation of the upper bound of the norm of the (s+1)-
th derivative of  : ¢*! < L. The results are presented on
figures 1 (the estimation for x3 gives similar results and is
given due to a lack of space).

In that particular example, the boundedness of the output
derivatives estimation errors was not achieved in the first time

of the simulation, but a bit later (after about 1 second) due to
the form of the signal. In fact, it is consistent with theorem 4
which states that the boundedness is true after a certain time
T (here, T = 1s). A way of dealing with that is to take for the
interval observers the lowest and highest possible values of
X (as it is usually taken for the initialization of the observers
when no other prior knowledge are available) up to the time
T. Besides T is estimated by looking for the instant from
which the difference between the measured output and the
output calculated by the HOSM is lowest than the associated
bound given by theorem 4 (more on this in [20] or [17]).

— Actual state
— Interval bounds

4 6
Time (s)

—Actual state
—Interval bounds|

501

0 2 1 6 8 10
Time (s)

Fig. 1: Example LTI: State Interval Estimation

V. CONCLUSIONS

In this paper, state observers for LPV systems with Un-
known Inputs are proposed. The use of Sobolev spaces as
well as HOSM differentiator enables to guarantee bounded-
ness of output derivatives (with knowledge of the derivative),
when the output is affected by perturbations belonging to
Sobolev spaces. Based on that, state observers are proposed
for Linear Parameter Varying systems with UI, when the
parameter (as well as its derivatives) is known. A Theorem
is given for the guaranteed estimation, as well as for the
(asymptotic) boundededness of the estimation error. Finally,
an example illustrates the theoretical contribution of the
paper.

As a future work, the study of the case in which the
parameter is not known may be treated.
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