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EXTRACTION OF OPTIMAL SUBSEQUENCES OF SEQUENCE
OF BALLS, AND APPLICATION TO OPTIMALITY ESTIMATES
OF MASS TRANSFERENCE PRINCIPLES

EDOUARD DAVIAUD

ABSTRACT. In this article, we prove that from any sequence of balls whose
associated limsup set has full py-measure, one can extract a well-distributed
subsequence of balls. From this, we deduce the optimality of various lower
bounds for the Hausdorff dimension of limsup sets of balls obtained by mass
transference principles. One also gives a version of Borel-Cantelli lemma suitable
for limsup sets of balls of full measure.

1. INTRODUCTION

Investigating Hausdorff dimensions of sets of points approximable at certain
“speed rate” by a given sequence of points (z,)nen is an important topic in Dio-
phantine approximation (see [6] and [4] among other references), in dynamical
systems [13, 19, 21] and in multifractal analysis [16, 1, 3]. These studies consists
in general, knowing that p(limsup,_, . B, := B(x,,r,)) = 1 for a certain mea-
sure p and a sequence of radius (7,,)nen, in investigating the Hausdorff dimension
of limsup,,_,, ., U, where U,, C B,. Typically U, is a contracted ball inside B,
but recently, general sets U,, have been considered [17, 23, 8].The so-called ubiquity
theorems or mass transference principles mainly focus on finding a lower bound,
using an adequate measure p, for the Hausdorff dimension (or Hausdorff measure)
of those sets. However it is key in many situations to understand whether this
lower bound is optimal or not. This article is dedicated to this problem.

In order to do so, we introduce, given a probability measure i on R%, the concept
of p-asymptotically covering sequence of balls. This notion is a generalization
of a covering property used in the KGB Lemma stated in [6]. For a sequence
(By)nen, verifying this condition will be proved to be almost equivalent to verify
p(limsup,,_, . Bn) =1 (it is equivalent if the measure is doubling for instance, so
that working under this settings is very reasonable).

As said above, given a sequence of balls (B, ),en and another (U, C Byp)nen,
ubiquity theorems or mass transference principles give lower bounds for the Haus-
dorff dimension of limsup,,_, ., U, when, roughly speaking, some information is
known about the geometry of limsup,_, . B,. Of course, there is no reason in
general for a lower-bound for dimy (limsup,,_, . U,) obtained only knowing that
p(limsup,,_, . Bn) = 1, to be sharp (i.e = dimy(limsup,,_, ., U,)). If one hopes
such a lower-bound to be accurate, the measure p has to be particularly adapted,
in some sense, to the pair of sequences ((B,,)nen, (Un)nen). The approach adopted
in this article is to extract some sub-sequences from (B,,),eny which are still p-a.c
(or still verifies p(limsup,,_,, .. B,) = 1) but are adapted to the measure p. Apply-
ing mass transference principles (which are proved only for measures presenting

enough self-similarity) to those sub-sequences, it will be proved that Hausdorff
1
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dimension of the limsup set associated with the corresponding U,,’s is given by the
lower-bounds found in [9] (so that it is also the case for the lower-bounds given in
8, 4, 23]).

This shows that those lower-bounds are sharp in a strong sens: for any self-
similar measure p, any p-a.c sequence (B, )nen, if one only considers the balls
that are relevant for the measure pu, the limsup set obtained by considering the
sub-sequence of the corresponding U,’s ((U,).en being also the sequence of sets
involved in the articles mentioned) has the expected dimension.

More precisely, it will be proven first that, under those very weak condition over
a p-a.c sequence of balls (B),)nen, it is always possible to extract a sub-sequence
(Bg(n))nen, still p-ac, "weakly redundant” (see Definition 2.3) and such that the
balls (Bg(n))nen have prescribed behavior with respect to the measure p, roughly
meaning (see Theorem 2.3) that the balls (Byn))nen satisfies

(1) | By | TP < 1 Bomy) S | By | 222000,

In a second time, it will be proved that, for weakly redundant sequences satisfying
(1), the Hausdorff dimension of lim sup set associated with any sequence of shrunk
balls or very thin rectangles (R, C By)nen (see Theorem 2.10) can be bounded
by above precisely by the lower-bound given in [9], which proves the optimality of
those bounds.

2. NOTATION AND DEFINITION

Let d € N.

For n € N, the set of dyadic cubes of generation n of R? is denoted D, (R¢) and

defined as D, (R?) = {H?Zl[%, kg—:l)}(ki)iezezz :

For x € RY, r > 0, B(x,r) stands for the closed ball of (R%|| ||o) of center
and radius . Given a ball B, |B] is the diameter of B.

Fort > 0,9 € R and B := B(x,r), tB stand for B(x,tr), i.e. the ball with
same center as B and radius multiplied by ¢, and the §-contracted B° is defined
by B® = B(z,°).

(o]

Given a set £ C R?%, E stands for the interior of the E, E its closure and OF is
the boundary of E, i.e, 0F = E \ E.

The o-algebra of Borel sets of R? is denoted by B(R%), £¢ is the Lebesgue
measure on B(R?) and M (R?) stands for the set of Borel probability measure over
R,

For 1 € M(RY), supp(p) := {x: Vr >0, u(B(z,r)) > 0} is the topological
support of .

Given FE € B(R?), dimy(FE) and dimp(F) denote respectively the Hausdorff and
the packing dimension of F.

2.1. Definition and recalls.

Definition 2.1. Let ( : RT — RY be an increasing mapping verifying ¢(0) = 0.
The Hausdorff measure at scale t € (0, +00) associated with ¢ of a set E is defined
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by

(2)
= inf {ZCQBM) : (Bn)nen closed balls, |B,| <t and E C U Bn} :

neN neN
The Hausdorff measure associated with ¢ of a set E s defined by

(3) HE(E) = lim H;(E).

For t € (0,4+00), s > 0 and ¢ : * — z*, one simply uses the usual notation
HS(E) = H(E) and HE(E) = H*(E). In particular, the s-dimensional Hausdorff
outer measure at scale ¢ € (0, 4o00] of the set E is defined by

(4) H;(E) = inf {Z |Bn|® : (Bp)nen closed balls, |B,| <t and E C U Bn} .

neN neN

Definition 2.2. Let p € M(R?). For x € supp(p), the lower and upper local
dimensions of p at x are

dim(y, ) — lim inf 228 2B@:7)

r—0+ logr
S 1 B
and  dim(p,z) = limsup M.
r—07t log r

Then, the lower and upper dimensions of u are defined by
(5)  dimp(p) = infess,(dim(p, x)) and dimp(u) = supess, (dim(p, z)).

It is known that (for more details see [10])

di = f d E d dim = inf dimp(E).
dimy, (1) EEB(Rgl p(E)>0 mp(E) and - dimp(x) BeB(R): p(B)—1 imp(E)
A measure verifying dim (1) = dimp(u) := a will be called an a exact di-

mensional measure. From Definition 2.2, such measures verify, for p-almost every

= R4 limrﬁo-k log u(B(z,r))

1 = Q.
ogr

2.2. Main statements. Before stating the Theorems proved in this article, one
starts by recalling the following definition, introduced in [2].

Deﬁnition 2.3. Let B= (B, =: B(xp,7,))nen be a family of balls in RY. Denote
by Te(B) = {B 27l <y, < 2_"3}. The family B is said to be weakly redun-
dant when for all k, there exists an integer Jy, and Ti1(B), .., Tr.s.(B) a partition
of Tr.(B) such that:

(C ) E(B) = U1<j<Jk Tkj(B)
(Cy) For every 1 < j < Jy and every pair of balls B # B' € T, ;(B), BNB' =0,

(C) limy 4o 282 —
So, a sequence of balls (B,,),cy is weakly redundant when at each scale 2%, the
balls of the family {B,},  that have radii & 27" can be sorted in a relatively
small number of families of pairwise disjoint balls.
The main property we introduce for a sequence of balls B = (B, ),en is meant
to ensure that any set can be covered efficiently by the limsup of the B,’s, with
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respect to a measure p. This property is a general version of the KGB Lemma of
Beresnevitch and Velani, stated in [6], using a Borel probability measure p. Such
properties (like the KGB Lemma) are usually key (cf [16, 6, 2| for instance) to
prove ubiquity or mass transference results.

Definition 2.4. Let p € M(R?). The sequence B = (By,)nen of balls of R? is
said to be p-asymptotically covering (in short, u-a.c) when there erists a constant
C > 0 such that for every open set Q C R? and g € N, there is an integer Ng € N
as well as g < ny < ... < ny, such that:

e V1<i< Ng, B, CQ,
e V1<i+#j< Nq, By, N By, =0,

e one has

(6) u( U Bni) > Cp(€).

1<i<Nq

In other words, for any open set 2 and any g > 0, there exists a finite set of
disjoint balls of {B,}, ., covering a large part of {2 from the p-standpoint.

This notion of p-asymptotically covering is related to the way the balls of B
are distributed according to the measure p. In particular, given a measure p, this
property is slightly stronger than being of lim sup of full y-measure, as illustrated
by the following Theorem.

Theorem 2.1. Let p € M(RY) and B = (B, := B(xn,7,))nen be a sequence of
balls of RY with lim,,_, o 7, = 0.

(1) If B is p-a.c, then p(limsup,_,. o B,) = 1.

(2) If there exists v < 1 such that p(limsup,_,,  (vB,)) =1, then B is pi-a.c.

Moreover, it results from the proof of the KGB-Lemma [6] that if the pu is
doubling, u(lim SUP,, 400 Bn) =14 (By)nen is p-a.c.

An interesting consequences of Theorem 2.1 is the following version of Borel-
Cantelli lemma which is extends the case where u is doubling, established [5].
Proposition 2.2. Let (B,)nen be a sequence of closed balls satisfying |B,| — 0
and 1 € M(R?) be a probability measure.

(A): Assume that (Bp)nen @S p-a.c, then, there exists C' > 1 such that for any
open ball B, there ezists a sub-sequence of (Bp)nen, (Ln.B)nen satisfying,
foranyn €N, Lp,, C B and

7) S (L) = +oo

and for infinitely many Q,

Q o (2 2
(8) ;IH(LB,S NLp:) < 4(B) (; M(LB,n)) :

(B): Assume that there exists C > 1 such that for any open ball B, there exists
a sub-sequence of (Bp)nen (Ln.B)neny with, for any n € N, L, C B,
satisfying (19) and (20), then p(limsup,_, . B,) = 1, so that, for any
k> 1, (kBp)nen 18 p-a.c.
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One now states the main result about extraction of sub-sequences of balls of this
article.

Theorem 2.3. Let p € M(R?) Let (Bp)nen be a sequence of balls of RY.

(1) If (By)nen i pi-a.c, then there exists a p-a.c sub-sequence (By(n))nen which
15 weakly redundant.

(2) If there exists v < 1 such that p(limsup,,_,, . vB,) = 1, then there exists
a pi-a.c sub-sequence (Bym))nen verifying

log 1(By(n log /(B
(9)  dimgy(p) <lim ing 108 #(Bow) log 11(By(w))

< < dimp(p).
n—+oo log |B¢(n)| n—too 10g |B¢(n)|

Remark 2.4. Theorem 2.3 implies in particular that if the sequence of balls
(By)nen verifies p(limsup,,_,, vB,) = 1, for some v < 1, it is possible to ex-
tract a p-a.c sub-sequence verifying items (1) and (2).

Section 3.3 and Section 4 are respectively dedicated to the proof of Theorem 2.1
and Theorem 2.3.

Section 5 provides some explicit applications of Theorem 2.3.

In the last section, Section 6, one proves Theorem 2.6 and some final remark
are given about Corollary 2.7.

2.3. Application to the study of the optimality of lower-bounds in ob-
tained via mass transference principles.

2.3.1. An upper-bound for ubiquity Theorem in the self-similar case. In this sec-
tion, one shows how the previous extraction theorem can be used to investigate
optimal bounds in inhomogeneous mass transference principles. Let us recall first
the definition of the following geometric quantity, introduced in [9].

Definition 2.5. Let u € M(R?), and s > 0. The s-dimensional p-essential
Hausdorff content at scale t € (0,+00] of a set A C B(R?) is defined as

(10) HES(A) = inf {H3(E) : E C A, u(E) = p(A)}.
Let us also recall the definition of a self-similar measure.

Definition 2.6. A self-similar IFS is a family S = {f;},~, of m > 2 contracting
similarities of R,
Let (pi)i=1,..m € (0,1)™ be a positive probability vector, i.e. p1 + -+ pp, = 1.
The self-similar measure p associated with {f;}" and (p;)*, is the unique
probability measure such that

(11) p=> pipof .
1=1

The topological support of i is the attractor of S, that is the unique non-empty
compact set K C X such that K = ;- fi(K).

The existence and uniqueness of K and u are standard results [15]. Recall that
due to a result by Feng and Hu [12]| any self-similar measure is exact dimensional.

Our goal is to investigate whether the lower-bound given by the following theo-
rem, proved in [9)], is sharp.
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Theorem 2.5. Let i € M(R?) be a self-similar measure and B = (Bp)nen be a
p-a.c. sequence of closed balls of R? centered in supp(p). Let U = (Up)nen be a
sequence of open sets such that U, C B,, for alln € N, and 0 < s < dim(u). If,
for every n € N large enough, H%*(U,) > u(B,,), then

dimg (limsup U,) > s.

n—-+o0o

One now states the main result of this section.

Theorem 2.6. Let n € M(RY) be a self-similar measure, K its support and
(Bn)nos 100 be a weakly redundant sequence of balls of RY verifying |B,| — 0. Let
(Un)nen be a sequence of open sets satisfying U, C B,. For any 0 < s < dim(pu)
such that, for all large enough n € N, H%5(U,,) < p(By),

(12) dimg (limsup U, N K) < s.
n—-+00
Note that if, for any n € N, the ball B, intersects K, limsup,,_, ., U, N K =
limsup,,_, o U,.
Theorem 2.5 and Theorem 2.6 yields the following useful corollary.

Corollary 2.7. Let p € M(R?) be a self-similar measure. Let (By,)nen be a
weakly redundant p-a.c sequence of balls satisfying |B,| — 0 and B, N K # 0 for
any n € N.
Let (Up)nen be a sequence of open sets satisfying that, for any n € N, U, C B,.
Assume that there exists sg such that

e for any s < sg, for n large enough, H%5(U,) > u(B,),
e for any s > sg, for n large enough, H%*(U,) < u(B,).

Then by Theorem 2.5 and Theorem 2.6,

dimg (lim sup U,,) = $o.
n——+00

Remark 2.8. It is easily seen from the proof that the condition H!*(U,) < u(By)

in Theorem 2.6 can be weakened into liminf, ., logn(Br) 2

2.3.2. Application in the case of balls and rectangles. We can now show in which
sense, in view of Theorem 2.3, Theorem 2.5 is sharp by applying Corollary 2.7 to
the specific cases where the sets U,, are balls or rectangles.

Corollary 2.9. Let u € M(R?) be a self-similar measure of support K and
B = (B,)nen be a sequence of balls centered in K satisfying |B,| — 0 and

u(lim SUPp s 4 oo Bn) = 1. Then |9],

dimy (limsup B?) > dlm(,u).

n—+4o0o (5

Assume furthermore that B is weakly redundant and lim sup,,_, , llzggﬁﬁ%) = dim(p),
then for every § > 1,

di
dimy (limsup B?) = 1m(u)‘

n—-4o00 6
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Corollary 2.10. Let u be a self-similar measure verifying that its support, K,
is the closure of its interior. Let 1 < 1 < ... < 714, T = (71,...,7q) and (B, =
B(2n, 7)) nen be a sequence of balls of R? satisfying r, — 0, p(limsup,,_,, - By) =
1. Define Ry, = Ry (xn,10), where Ry (1) = 2y + Hle[—%'r” 1r7i]. Then |9

niro'n
dim(p) + > 1cici i — 7
1 i li > mi == :
(13) dims( e ) 2 1< { T
Assume furthermore that (By)nen is weakly redundant and lim, kl’fg“'gl”l) =
dim(p), then
dim(p) + T — T
(14) dimpg(limsup R,,) = min { ORPNEE j} :
n——+o0 1<i<d T;
Remark 2.11. e Corollaries 2.9 and 2.10 are direct consequences of second
item of Remark 5.1 and Remark 5.3 in 9], together with Corollary 2.7
(applied to, respectively, sy = dlmT(“) and so = s(u, 7)).

e Note that, by Theorem 2.3 combined with Corollary 2.9 and Corollary 2.10,
for any sequence of balls (By)nen satisfying ,LL(lim SUD; s 400 %Bn> =1(na
self-similar measure satisfying the of hypothesis of Corollaries 2.9 or 2.10
for ), it is always possible to extract a p-a.c sub-sequence of balls so that
the Hausdorff dimension of the limsup set associated with corresponding
Uyn’s is the bound stated in |9] and recalled in those corollaries. This in
particular proves that those bounds are sharp.

log y4(Bn)
log | B |

dim(u). As a consequence, the lower-bound provided by Theorem 2.5 (which
is established in [17]) in the case of balls or rectangles is precisely the di-
mension of limsup,,_,, . U, as soon as the sequence (B,) is weakly redun-
dant. More explicitly, given a weakly redundant sequence of balls (By,)nen of
0,1]% satisfying |B,| — 0 and L%(limsup,,_,, . B,) = 1, for any sequence
rectangles associated with a vector T as in Theorem 2.10, one has

{d+ doi<i<iTi— Tj}

e [n the case of the Lebesque measure, it is always verified that lim,, .,

dimy (limsup R,,) = min
n—-+0o 1<i<d

T

Section 3 is dedicated to the proof of Theorem 2.1. In the next section, Section
4, Theorem 2.3 is established. Then some explicit examples of application of
Theorem 2.3 are given in Section 5.

In the penultimate section, Section 6, Theorem 2.6 is proved.

The last section, Section 7, draws some conclusions and gives some perspectives
about the results established in this article.

3. PrROOF OF THEOREM 2.1

3.1. A useful modified version of Besicovitch covering Lemma. One fo-
cuses on a modified version of Besicovitch’s covering Lemma.

Proposition 3.1. For any 0 < v < 1, there ezists Qq, € N*, a constant depending
only on the dimension d and v, such that for every E C [0,1]¢, for every set
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F = {B(m, T(z)) i T € E,rg > O}, there exists Fi, ..., Fq,, finite or countable sub-
families of F such that:

o V1 <i< Qo VL#L €F, one has LLNLL = 0.

e F is covered by the families F;, i.e.

(15) Ec | Ut

1<i<Qq,0 LEF;

The case v = 1 corresponds to the standard Besicovich’s covering lemma (see
[20], Chapter 2, pp. 28-34 for instance).

A first step toward Proposition 3.1 is the next lemma, that allows to split a given
family of "weakly" overlapping balls into a finite number of families of disjoint balls.

Lemma 3.2. Let 0 < v < 1 and B = (By)nen be a countable family of balls such
that lim,,_, 1 |B,| =0, and for every n #n' € N, vB, NvB/, = 0.

There ezists Ya, + 1 (Van being the constant appearing in Lemma 3.3 below)
sub-families of B, (Fi)i<i<yy,+1, such that:

o B=Uicicyy, 1 Fis
o V1<i<~nu,+1,VLNL €F, onehas LNL = 0.

Proof. The proof is based on the following lemma, whose proof can be found in
[20], Lemma 2.7, pp.30 - there, the result is obtained for v = 1/2 but the proof
remains valid for any v < 1.

Lemma 3.3. For any 0 < v < 1 there exists a constant v,q > 0 depending
only on v and the dimension d only, satisfying the following: if a family of balls
B = (Bn)nen and a ball B are such that

o Vn>1,|B,|>|Bl
oV n, #£ny>1,vB, NvB,, =0,
then B intersects at most vy, q balls of B.

The families Fy, ..., F, 11 are built recursively.

For k € N, call g® = {L e F:27"! <|L| <27%}. Notice that, because
lim,, 1o | Bn| = 0, each G is empty or finite.

Observe first that for every k € N and every ball B € G®)| and every pair of balls
By # By € Uy 6%\ {B}, one has vBNvBy = B and for i = 1,2, |B;| > L. By
Lemma 3.3, this implies that B intersects at most 7q, balls of J,.., G*7 \ {B}.

To get Lemma 3.2, we are going to sort the balls of J,, ., G*) recursively on k
into families Fi, ..., F,, 11 of pairwise disjoint balls. At each step, a new ball B
will be added to one of those families of balls F; and the resulting family, F; |J { B}
will be denoted again by F;.

Let kg be the smallest integer such that G*0) is non-empty. Consider an arbitrary
Ly € G*) By Lemma 3.3, Ly intersects ng < 74, other balls of G*0) that are
denoted by L, ..., L,,. The sets F; are then set as follows:

o V1<i<mng F={Li},
.vnO—i_léiS’Yd,w-F‘i:@;
® Syl = {LO}'
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Further, consider L ¢ Uo<i<n, 1Li} (Whenever such an L exists). The same

argument (Lemma 3.3) ensures that L intersects at most 74, balls of G*0).
In particular there must exists 1 < ¢ < «4, + 1 such that for every L € F;,

LNL=0. Choosing arbitrarily one of those indices i, one adds Lto F; := ZUE
(we keep the same name for this new family).

The same argument remains valid for any other ball L” ¢ UISJ.SMerl ULGE {L}.
Hence, proceeding recursively on all balls of G0 allows to sort the balls of G0
into 74, + 1 families (F)1<i<y,,+1 of pairwise disjoint balls.

Next, let k; be the smallest integer such that k1 > ko and G*V) is non empty,
take an arbitrary L[(]l) e g% Tt is trivial to check that the family G*0) UG®*1) and

the ball L(()l) satisfy the conditions of Lemma 3.3. Subsequently, L[()l) intersects at
most 4, balls of Gko) | JG*1) | and there must exist an integer 1 < iy < Yao + 1

such that L(()l) N ULEEO L = (. As before, we add this ball L(()l) to the family F;,.
Consider L € F®) such that L ¢ Ui<icy, 11 Fi (whenever such a ball exists).

The exact same argument shows the existence of an integer 1 < i< Yap + 1 such

that L intersects at most Y. balls of GF) [ JGED. One adds L to the family F5,
which remains composed only of pairwise disjoint balls.

One applies this argument to every ball of F*1)_ hence finally sorting the balls
of Fko) y F*1) into Va0 + 1 families of pairwise disjoint balls, as requested.

It is now easily seen that one can proceed recursively on k > kg, ending up with
the families i, ..., F,, 11 fulfilling the desired properties. 0

We are now ready to prove Proposition 3.1.

Proof. Fix E C [0,1]% and F = {B(z,r@s)) : © € E,r() > 0}.

One applies Besicovich’s theorem (i.e. Proposition 3.1 with v = 1) to F =
{B(z,7(s)) : ® € E r(; >0}. This provides us with a finite set of families of
balls Gi,...,G,, 11 composed of pairwise disjoint balls satisfying (15), i.e. E C

UlSiSdeJH ULGQi L.

For every 1 <i < @Q,,,+1, one sets QZ.(”) = {%L L e gi}, i.e. the sets of balls
with same centers as G; but with radii multiplied by v=! > 1. Notice that by
construction, V1 < i < Q,, 41, VL # L' € QZ-(U), one has vL NvL' = (). Hence,

Lemma 3.2 yields 4, + 1 sub-families (Qi?)lgjgw’ﬁl of G such that:
ongjgyd,v—l—l,VL;éL’Eg@ one has LN L' = 0,

2, ?
(v) _ (v)
* G =Uigjcr, 119
Finally, we set for every 1 <i < (g1 and 1 < j <4, +1
Fij= {UL L e gf”;)} and F; = U Fij-
1<j<v4,0+1
These sets verify that:

eV1<i<Qu,V1<j<y,+1,VL#L €F;, LN L =0 (because
the balls of G, ; are pairwise disjoint),
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e LC UlSiSQd,1 Gi = UISiSQd,1 Uléjﬁvd,ﬁ-l ‘E:j'

This proves the statement and the fact that Qu, = Qa1.-(Va0 + 1)- O

3.2. Consequences of the p-asymptotic covering property. One first shows
that the constant C' in Definition 2.4 can be replaced by 1 if infinite subsequences
of balls are authorized. In fact Definition 2.4 ensures that any open set can be
covered (with respect to the p-measure) by disjoint balls B, of arbitrary large
indices.

Lemma 3.4. Let € M(R?) and B = (B, := B(Zn,7n))nen be a p-a.c sequence
of balls of R? with lim,,_, o 7 = 0.

Then for every open set Q) and every integer g € N, there exists a subsequence
(B((g))) C {Bn},>, such that:

(1)¥neN, By cQ,

Q Q
(2) V1< ny#ny, B\ NBE) =0,

(3) 1t (U1 Bl ) = n(9).
()

In addition, there exists an integer Nq such that for the balls (B(n) Jn=1...Ng, the
conditions (1) and (2) are realized, and (3) is replaced by u (UNQ B((Q)) > 35(€).

n=1"(n)
The last part of Lemma 3.4 simply follows from item (3) and the o-additivity
of u.

Proof. The idea consists in covering ) by pairwise disjoint balls amongst those
balls of B, such that their union has measure at least C'u(§2), then in covering the
complementary of the union of those balls in  (that is still open) with at least a
proportion C' of its measure, and so on.

More precisely, this is achieved as follows:

e Step 1: By application of Definition 2.4 to ¢ := €2 and g € N, there
exists C' > 0 and some integers g < ny; < ... < ny, so that the family of balls

Fo = {Bni .= BY

; }ISiSNo is pairwise disjoint and u(\J,<;<y, Bn,) = Cp(Q).

e Step 2: Setting O = Q\ U,z L, applying Definition 2.4 to ©; with the
integer g provides us with a family F; of pairwise disjoint balls BF), ...,B](\}l) €
{By},>, such that ¥ 1 <i < Ny B{" € Q; and

n( |J BY) = Cp).

1<i< N,
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One sets F; = Fo|J Fi1. One sees that

(9)-+(u2) (49
o{) el ()

Z(l—C),u( +Cu(Q)
LeFy
> (C+C(1—0C))u(9).
Observe that the balls of Fy and F; are disjoint by construction.

e Following steps : Proceeding recursively, and applying the exact same ar-
gument as above, one constructs an increasing sequence of families (F;);cn and a
decreasing sequence of open sets €2; such that:

eVieN, Le{B,},>gand VL € F;, L C ; C Q,
eVieN,VLAL € F, LNL =0,
eVi#jeNVLeF andVL € F;, LNL =9,

e VieN, u(Uper L) > () X1 e; C(1 = C)F 1L

Finally, setting F = J,cy Fi, one sees that F is constituted by pairwise disjoint
balls chosen amongst {B,},,, satisfying

(16) 1(§2) = p (U L) > u()) C(1—C)F " = p(Q),
LEF E>1
so that F fulfills the conditions of Lemma 3.4. O

An easy consequence is the following.

Corollary 3.5. Let u € M(R?Y) and (B,)nen be a p-a.c sequence of balls. Then
for any Borel set E, for any g € N, there exists a sub-sequence of balls (B((f))) C
{Bn},>y such that:

(J)Vlfnl%ng, ()HB()

1) (n2) — ™7
(2) 1n(U,en By N E) = n(E),

(8) 1(Unen B ) < )+,

Proof. By outer regularity, there exists an open set 2 such that £ C 2 and m(2) <
w(E) + €. Applying Lemma 3.4 to €, the sequence (B,,),en fulfills the condition of
Corollary 3.5. O
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3.3. Proof of Theorem 2.1. (1) Assume first that B = (B, )nen is p-a.c, and
let us prove that p(limsup,,_,, . B,) = 1.
For every g € N, applying Lemma 3.4, there exists a sub-family of balls, F, C

{B. }n>g such that HJ(ULe}' L) = #(Rd} = 1. In partlcular ,M(Un>g ) = 1 for
every g > 1, and p(limsup,,_, o By) = (51 U,sy Bn) =

(2) Suppose next that there exists v < 1 such that p(limsup,_, vB,) = 1,
and let us show that B is p-a.c.

Let Q be an open set in RY. Our goal is to find a constant C' such that the
conditions of Definition 2.4 are realized.

Let £ = QNlimsup,,_,  , vB,. For every y € I, consider an integer n, > g large
enough so that y € vB,, and B(y, 2r,,) C €. This is possible since lim,,_, ;o 7, = 0.
Since y € vB,,,, one has

(17) B(y,(1 —=v)ry,) C Bn, C B(y, (1 +v)rs,) C B(y,2ry,),

and the family F = {B(y, (1 —v)r,,) : y € E} covers E by balls centered on E.
Applying Proposition 3.1 with constant v' = 12—” < 1 allows to extract from F
finite or countable sub-families i, ..., ]:Qd,v/ such that:

o V1 <i<Quuv, L#L €F, one has %Lﬂq%[/:@.
e E is covered by the families F;, i.e. (15) holds true.

Now, u(Q) = u(E) < u (U ! Urer, ) There must exist 1 < iy < Qg such
that

ol U L)z 5nm) =5 o)

LeF, Qd v’ Qd,v’

There exist Ly, Lo, ... Ly balls of F;, such that

( U Lk) ]

1<k<N

Notice the following facts:

o V1 < i < Qqu, every L € F; is naturally associated with some y € E and
some ball B, , with L C B,, C €,

o V1 <i < Qqu, if L € F;is associated with y € F' and B,, and L' € F; is
associated with ¢/ € E and B, ,, then ﬁL N iL’ = () implies by (17) that
B,,NB,, = 0.

The first fact implies that there exist N integers ny, ..., ny such that B,, C {2 and

( U Bnk> > o)

1<k<N

The second fact implies that these balls B,,, £ =1, ..., N are pairwise disjoint.
This exactly proves that B is p-a.c.



EXTRACTION OF SEQUENCES OF BALLS, AND APPLICATIONS 13

3.4. A version of Borel-Cantelli Lemma. In this manuscript, one mainly fo-
cuses on establishing Hausdorff dimension of limsup sets knowing that a certain
limsup set of balls has full measure. In many situation, proving that those limsup
sets have full measure is straightforward. When it is not, it is convenient to have
a tool at our disposal to be able to determine whether or not it is the case. In the
case where the measure involved is doubling is treated by Beresnevich-Velani.

Theorem 3.6 (|5]). Let u € M(R?) be a doubling measure and (B,,)nen a sequence
of balls centered in supp(u) such that |B,| — 0. Then p(limsup,.y B,) = 1 &
AC > 1 such that for any open ball B centered on supp(u), there exists a sub-
sequence (Lp n)nen of (Bn)nen satisfying:

° LB,n C B,

hd Z:L_i?) M(LB,n) = 400,
o for infinitely many @ € N,

Q c Q 2
(18) ;lﬂ(LB,s NLpy) < 4(B) (; M(LB,n)) :

Thanks to Theorem 2.1, one can complete this Theorem and remove the doubling
assumption.

Proposition 3.7. Let (B,)nen be a sequence of closed balls satisfying |Bn| — 0
and p € M(R?) be a probability measure.

(A): Assume that (Bp)nen @S p-a.c, then, there exists C' > 1 such that for any
open ball B, there exists a sub-sequence of (By,)nen, (Ln B)nen satisfying,
foranyn €N, Lg,, C B and

(19) ZN(LB,H) = +0o0

and for infinitely many @,

Q c Q 2
(20) S;M(LB,s NLp) < D) (; M(LB,n)) -

(B): Assume that there exists C > 1 such that for any open ball B, there exists
a sub-sequence of (By)nen (Ln B)nen with, for any n € N, L,p C B,
satisfying (19) and (20), then p(limsup,_, . B,) = 1, so that, for any
k> 1, (kBp)nen 18 j-a.c.

Proof. Item A is proved in [5] (this part of the proof does not use the doubling
property of the measure in [5]). Moreover, it is also proved in [5] that, if there
exists C' > 0 such that for any open ball B, there exists a sub-sequence of (B,,),en
(Ln.B)nen with, for any n € N, L,, 5 C B, satisfying (19) and (20), then

1
p(limsup B, N B) > —u(B).
n—-4o00 C

The following lemma combined with Theorem 2.1 finishes the proof of Proposition
3.7.

Lemma 3.8. Let E C RY. Assume that there exists 0 < ¢ < 1 such that for any
open ball B, w(EN B) > cu(B), then u(E) = 1.



14 EDOUARD DAVIAUD

Proof. Assume that u(E) < 1 and set A = R?\ E. By hypothesis, u(A) > 0.
Let us recall the following density-lemma (which holds in metric sapces in which
Besicovitch’s theorem holds).

Lemma 3.9. [7] Let m € M(R%), 0 < ¢ < 1 and A be a Borel set with m(A) > 0.
For every r > 0, set

(21) Alry={z € A : V7 <r, m(B(z,7)NA) > cm(B(z,7))}
Then
(22) m (U A(r)) = m(A).

By Lemma 3.9, there exists an open ball B such that u(B) > 0 and
u(BNA) > (1= )u(B).
This yields
wWENBNA) =wENB)+pu(ANB)—pu((ENB)U(ANB))
> (41— 5 = 1u(B) = 5u(B) >0,
which implies u(E£ N A) > 0, which is a contradiction. O
Taking c = % and applying Lemma 3.8 finishes the proof of Proposition 3.7. [

Remark 3.10. A version of Proposition 3.7 might also be useful in more general
metric spaces. The only geometric property we used to prove Proposition 3.7 is
actually Proposition 8.1 (which also implies Lemma 3.9), so that Proposition 3.7
actually holds in any direction-limited spaces as defined in |11].

4. PROOF OF THEOREM 2.3

The following section is dedicated to the study of the properties one can ask an
p-a.c sequence (B,)qen to verify, up to an p-a.c extraction.

The concept of conditioned ubiquity was introduced by Barral and Seuret in [1].
It consists in asking the balls of the sequence (B,) to verify some specific proper-
ties with respect to the measure p. When investigating the Hausdorff dimension
of some sets (U, )nen, where U,, C B,, in practical cases (when the measure carries
some self-similarity), it turns out that when a lower-bound is found for (U, ),en
using the fact that the sequence (B, )nen is of limsup of full y-measure, it is of-
ten quite easy to prove that limsup,_, . U, has precisely the expected measure
provided that the sequence (B,) verifies some specific properties with respect to
L.

Note that in full generality, understanding the optimality of a bound as men-
tioned above, means understanding very finely the behavior of the measure y on
the sets U, (the sequence (B,,) being p-a.c). It will be proved in this article that,
under mild conditions on the sequence (B, ),en, it is always possible to give a
natural upper-bound for dimy (limsup,,_,, . U,). This upper-bound turns out to
be optimal when the measure carries enough self-similarity (in particular it works
for quasi-Bernoulli measures or fully supported self-similar measures).

In this section, the balls (B, ).cn are supposed to be pairwise distinct
and such that |B,] — 0.

n—-+0o
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4.1. Extraction of weakly redundant u-a.c subsequences. The main result
of this section is stated here.

Proposition 4.1. Let u € M(R?) and (B,)nen be a p-a.c sequence of balls
limy 400 |Bn| = 0. There exists a subsequence (Bym))nen 0f (Bp)nen which is
weakly redundant and p-a.c.

Proof. Let gr € N be large enough so that Vn > g, |B,| < 27%. By Proposition
3.4, applied with the sequence (B, )nen, © = R? for any k& € N, there exists a
sub-sequence (B, )) of {Bn}Sng satisfying

(1) V1l<m 7£ Na, B(nhk) N B(ng,k) = wv
2) #(Unew By ) = 1

Define By = (Byn))nen as the sub-sequence of balls corresponding to | J, . {B(mk)}
Since the following inclusion holds

(23) m U By C limsup By,

keN neN n—+00

neN ’

by item (2) one has
p(limsup Byy) = 1.

n—-+o0o

Note that, for all k € N, all B € {B(”vk)}neN’ |B| < 27*. Following the notation
of Definition 2.3, for any & € N, 7;(By) can contain only balls of the sequence
of the k first families {B(mk)}n o which are composed of pairwise disjoint balls.
This proves that T;(B,) can be sorted in at most k+ 1 families of pairwise disjoint
balls. In particular, B, is weakly redundant.

It remains to show that (By))nen is p-a.c.

Let Q2 be an open set and g € N. One will extract from B, a finite number of
balls satisfying the condition of Definition 2.4.

There exists ko so large that, pu({z € Q(z,27)})

{ B} e C {Bw(n)}nzg and p(limsup,, , | Bym) N Q)

3u(82)
Q)

for any k£ > ko,

BN

>
> 3

- Setting

E = {x € limsup By, N2 : B(z,27™*) ¢ Q} ,

n—-+00
it holds that
w(B) > Su(®).

Recalling (23), for every z € /E\, consider B,, the ball of {B(n7k0)}n€N con-
taining x. Note that, because for B € {B(nvko)}neN’ |B| < 27%_ one has B, C
B(x, 27"t C Q. Set F| = {Bx cx € E\} . The set F; is composed of pairwise
disjoint balls (by item (1) above) of { By} , included in © and such that

>

(24) p(U L) 2 B > Ju0).

Using the o-additivity of y concludes the proof. O
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4.2. Extraction of sub-sequences of balls with conditioned measure. Let
€ M(RY) and (B,)nen be an p-a.c sequence of balls.

This part aims to understand what condition can be assumed about the measure
of the ball of the sequence (B, ),en in general under the p-a.c condition.

More precisely, item (2) of Theorem 2.3 is proved.

Proposition 4.2. Let p € M(R?). For any sequence of balls (By,)nen satisfying
p(limsup,,_,, o vB,) = 1 for some 0 < v < 1, there exists an p-a.c sub-sequence

(By(n))nen verifying

log (B (n log (1(By(n
dimy (p) < hmmfM < lim sup log £1(Bom)

< dim ).
n—+oo log | By nostoo 108 |Bym)| P(1)

Remark 4.3. For the left part of (4.2), the proof actually only uses the fact that
p(limsup,,_, . Bn) = 1.

Let us introduce some useful sets to prove Lemma 4.5 and Lemma 4.6, which
are key in order to prove (4.2).

Definition 4.1. Let 0 < o < 7 be real numbers, up € M(R?), and ,p > 0 two
positive real numbers. Then define

25
( E)LOW]’”’E = {x cR?: dim(p,x) € [a, ] and Vr < p, u(B(z,r)) < r@("’x)_s},
(26)

F}f"ﬁhp’s = {x € RY: dim(u, ) € [, B] and ¥r < p, pu(B(z,r)) > rﬁ(“’x)ﬁ} .
and
(27) (”] LJE(M]iE and F[OW LJF[(M*E

n>1 n>1
The following statements are easily deduced from Definition 2.2.
Proposition 4.4. For every p € M(R?), p >0, every 0 < a <+ and € > 0,
u(E ) p({z : dim(p, ) € [a,7]})
p(Fee) = p({x - dim(p, z) € [a,7]})
and
(28) El[f”]””a c{zeR": Vr<p, w(B(z,r) <r**}
Fp[ta’”]’p’E c{zeR": Vr<p, w(Blz,r) >r*}.
Furthermore, for ay = dimy (1) and v, = supess, (dim(u, x)), one has
(29) p(Elme) = 1,
Similarly, for ay = infess, (dim(p, x)) and v, = dimp(u), one has
(30) p(Fleee) = 1.
Proof. For any x € R4, for any € > 0, there exists r, > 0 such that, Vr < r,,
pdimea)te < y(B(x,r)) < rdmeo)=¢ This implies
F}f"“’]’p’a Cc{ze RY: Vr < p, u(B(x,r)) > ey



EXTRACTION OF SEQUENCES OF BALLS, AND APPLICATIONS 17

ELO"“’]””E c{zeR?: Vr <p, pw(B(z,r)) <r* <},
and
E/[f‘”]’€ = {z : dim(p, x) € [o, 7]} and FL[L‘W]’5 = {z :dim(p, ) € [, 7]}
Since
p([infess,, (dim(p, x)), supess,, (dim(z, x))]) = 1
and
pi([infess,, (dim(y, x)), supess,, (dim(u, z))]) = 1,
recalling Definition 2.2, it holds that, following the notation of Proposition 4.4,

m (ELOc1mLe> =y (Flgaz,wz},a) —1
U

Before showing Proposition 4.2, let us start by the two following Lemmas 4.5
and 4.6. The first one will be used to prove the left part of the inequality (9) while
the second one will be useful to prove the right part.

Lemma 4.5. Let € M(R?) and B = (B, := B(Zn,7n))nen be a p-a.c sequence
of balls of R® with lim,,_ o7, = 0.

For any € > 0, there exists a p-a.c subsequence (Bym))nen of B such that for
every n € N, fi(Byny) < (ro(m )8mat—2,

Proof. Set av = dimy (1) and vy = suppess,(dim(u, x)).

Let © be an open set and € > 0. By (29), M(ELQ’V]’%) =1and u(2N ELCW]’%) =
1(€2).

For[ev]eryex e On E/[fw
anlires

x e by,
Recall (27) and that the sets E.*"€ are non-increasing in p. In particular there

exists po > 0 such that the set Eq := {x c0n ELOA’FY]”)Q@ Dy < ,09} verifies

(31) () > 1),

Let g € N. Applying Lemma 3.4 to (2, the sequence (B,,) and the measure m,
there exists Ng as well as ¢ <ny < ... < ny,, verifying:

(1) for every 1 <i # j < Ng, B,, N B, =0,
(2) for every 1 <i < Ng, 2r,,, < po and 2973 < 1,2,
Q
(3) N(U1gz‘§NQ B,,) > %
We may assume that u(B,,) > 0 for every i, otherwise B,,, does not play any role.

i

Item (3) together with (31) implies that

o[ U man) =12

1<i<Nq

}7%

, there exists r, > 0 such that B(z,r,) C Q and

Furthermore, for every 1 < i < Ngq verifying B,, N Eq # 0, it holds that
0 < u(Bp,) < (rn,)* . Indeed, let © € B,,, N Eq. By item (2), B,, C B(x,2r,,),

and by (25) , item (2), and (28), it holds that
1(Bn,) < u(B(z,2ry,)) < (Qrm)a_% < ()
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Writing B’ = {B,, : u(B,) < r& ¢}, the argument above shows that only balls
of B’ have been used to cover 2 . This is satisfied for every open set €, so that B’
is a sub-sequence of B satisfying the condition of Definition 2.4, which concludes
the proof of Lemma 4.5. U

Lemma 4.6. Let p € M(R?), v <1 and B = (B, := B(Zpn,n))nen @ sequence of
balls of RY verifying p(limsup,,_, . vB,) = 1.

For all € > 0, there exists a sub-sequence (Byn))nen of B as well as 0 < v’ <1
such that p(limsup,_, V' Bym)) = 1 and for all n € N, one has pu(Bym)) >
(T¢(n))dimH(M)+£~

Remark 4.7. The sequence (Byn))nen found in Lemma 4.6 is in particular ji-a.c
by Theorem 2.1.

Proof. Let a = infess, (dim(u, x)) and v = dimp(). Let ¢ > 0 and v < o' < 1.
3¢
By (30) and Theorem 2.1, p(limsup,_,. . vB, N F,Ea’ﬂ’ 2) = 1. For all = €

3e
limsup,,_, ,  vB, N F,Ea’ﬁ/]’ *, there exists r, > 0 small enough so that

(32) ri < (v — v)7+37£ and V0 < r < 1y, p(B(z,r)) > rtT.

Since x € limsup,_, . vB,, for all n € N, there exists n, > n such that
x € vB,, and (V' —v)r,, < r,. Note that B(x, (v' —v)r,,) C v'B,,. This implies
the following inequalities:

#(Bu,) = n(v'By,) = p(B(x, (V' = v)ry,) > (v = v)ry, )77 > 07,
Set B, 2. = {B, : u(By,) > )7}, One just showed that

lim sup vB, N F*"%3 < limsup v'B.
n—4-o00 BeB,y 2e

This proves that p(limsupgeg , v'B) = 1.

Since € > 0 was arbitrary, the results also holds with 5, which proves Lemma

4.6. O

We are now ready to prove Proposition 4.2.

Proof. Set o = dim (1) and B = dimg(p).

Let us fix (,)nen € (R*HN verifying lim,, s, o &, = 0.

The strategy of the proof consists in constructing recursively coverings of the
cube R? by using Lemma 4.5 and Lemma 4.6 and a diagonal argument (on the
choice of €) at each step.

More precisely, at step 1, one will build a family of balls (F; ;);en verifying:

e foralli,j >1,VL € Fy,;, VL' € Fyj such that L # L', one has LN L' =0,

e for all i > 1, Fi; is a finite sub-family of {B,}, .,
o for all i > 1, for all L € Fy,, |L|?* < u(L) < |L|*~=,
e H (UiEN ULG]'—Li L) =1

Note that for each ¢ € N, only a finite number of balls L € Fy 1= Uy 1,5

verifies (for that ¢; naturally associated with those balls) |L|#*5 < pu(L) < |L|*~=.
At step 2, a family of balls (F,;);en will be constructed such that:

eforalli,j>1,LeFy,;, L'eFy L#L =1,
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o forall i > 1, F; is a finite sub-family of {Bn}nzw

o for all 7 > 1, for all L € F;,, |L|#+een < p(L) < |L|e—s,
e one has

(33) plU U L)=1

iEN LeFs ;

Write Fy = Ui>1 Fo.i. Note that the family of balls F, verifies, by construction,
that any L € F, the natural ¢; associated with L is never equal to ;, so that only
some balls constructed in step 1 are associated with &, .

The other steps are achieved following the same scheme.

The construction is detailed below:

Step 1:
Let 9171 = Rd.
Sub-step 1.1:

By Lemma 4.5 and Lemma 4.6 applied to ¢ = &1, there exists a p-a.c sub-
sequence (By, | (n))nen, satisfying, for every n € N,

’Bwl,l(n)’ﬁ+€1 < M(B¢1,1(n)> < |B¢1,1(n)|a7€1'

By Lemma 3.4 applied to €2y 1, the sequence (By, ,(n))neny and g = 1, there exists
an integer Ny ; as well as some balls Ly 11, ..., L1a,n,, € {Bn}n21 verifying:

e forall 1 <1< j < Nl,l; L17177: N LLL]‘ = @7
o forall 1 <i < Nyy, |Lyi)P" < p(Lyqay) < |Ligae,

hd M(U1gz‘§N1,1 LLl,i) > %

Set .7:1,1 = {LLLi}lgigNm )
Sub-step 1.2:

Let QLQ = Ql,l \ UL€f1,1 L
By Lemma 4.5 and Lemma 4.6 with ¢ = €5, there exists a p-a.c sub-sequence
(Bdu,z(n))nEN SatiSfying
By o) |*7%2 < 1By pmy) < [ By o

One applies Lemma 3.4 to the open set €2, 5, the sub-sequence of balls (B, ,())nen
and g = 1. There exists Ny, € N such that Ly, ..., L2 N, , verifies:

e forall 1 <i<j< Nig, LipiNLiag;= 0,
o forall 1 <i < Ny, |L1,2,i|ﬂ+62 < M(Ll,zi) < ’Ll,Zi’a_eQ’

hd M(U1gz’§Nl,2 Lygi) > %N(le)-

The family F 5 is defined as Fy o = {L1727i}1<z’<N1 -
Proceeding iteratively as Sub-step 1.1 and Sub-step 1.2, for any ¢ € N, at Sub-
step 1.7 a family of balls (F;);en is constructed so that it verifies:

e for all Z,] > 1, L e fl,i; L e Flhj’ if L 7é L/, then LN L = Q)’
e for all i > 1, F; is a finite subset of {B,},,,
e for all i > 1, for all L € Fy;, |L|?* < u(L) < |L|*~=,
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o [ <Ui€N ULe]—‘M L) =1

Recall that, to justify the last item, this recursive scheme allows to cover R?, up
to a set of p-measure 0 (the argument is similar to the one developed at the end
of the proof of Lemma 3.4 to obtain (16)).

Set Fi = UJ,;~; F1,;- With each ball L € F is naturally associated a positive real
number £(L), such that e(L) = ¢; if L € F .

Let us notice that the construction of the family F, does not rely on the existence
of the family Fj, so that the families Fj can actually be built independently,
following the same scheme, as described below.

Step k:

As in step 1, one constructs a family of balls (Fy;)i>1 verifying:
eforalli,j>1,LeFy,;, L'eFpj, LAL, LNL =10,
e for all i > 1, Fj; is a finite subset of {Bn}n2k7
e for all i > 1, for all L € Fy;, |L|P+e+r < p(L) < |L|osik,

e one has

(34) U UL

iEN LEFy ;

Set .Fk = UZ>1 Fkl and F = Uk>1 ./T"k;
Denote by (Bgn))nen the sub-sequence of balls that constitutes the family F.
By construction, for all ¢+ € N, only a finite number of balls L. € F verifies
e(L) = &; (and |L|P*® < p(L) < |L|*~%). In particular, for all € > 0, there exists
N large enough so that, for every n > N, g, < e. Similarly, there exists N € N
so large that for every n’ > N,

| By \ﬁ+€ < (Bgnry) < [Bon|*F
It follows that

B By
a—e< hmme < hmsupM <pB+e¢
n—+oo  log |B¢ n)| n—s+too 10g |B¢(n)|
Letting ¢ — 0 shows that
. log (Bo(m) _ . log p(By(n)) _ ——
dim (p) < lim inf — 2224 <limsup —————= < dimpg(p
H< ) n—-+o0o log\qu n)| n——4oo log |B¢(n)’ H( )

It only remains to prove that (Bgn))nen is p-a.c.

Let  be an open set and g € N. We find a finite family of balls {L},.; C
{B¢>(n)}n>g satisfying the conditions of Definition 2.4.
Note that, by (33),
setting F = ﬂ U L, then p(E)=1.
k>1 LeFy
Let x € QN E and r, > 0 small enough so that B(z,r,) C €. Consider k, >
®(g) > g large enough so that, for all n > k,, |B,| < 2r,. Recall that .Fk C

{Bn},>p, - Finally, let us fix k large enough so that M(J/E\) > “29 , where £ =

{reFE : k, <k} Forze E, let L, € T, be the ball that contains z (the balls
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of F}, being pairwise disjoint, L, is well defined) and {L;},», = {Lm cx € E\} One
has

e foralll1 <i<j, L;NL;=0,

e foralli eN, L, € {B¢(n)}n>g and L; C ),

d N(Ui21 L) > w(E) > @

By o-additivity, there exists N € N such that u(U, o<y Li) > @, which proves

that (Bgn))nen satisfies Definition 2.4 with C' = % and is indeed p-a.c. O

One finishes this section with the following proposition, which supports the idea
that, roughly speaking, for an « exact-dimensional measure p and a p-a.c sequence
of balls (B,), considering balls (B),)n,en which does not verify u(B,) ~ |B,|* is
not relevant from the p-standpoint.

Proposition 4.8. Let 1 € M(R?) be an a exact-dimensional measure and (B,)nen
a sequence of balls satisfying |B,| — 0. Let ¢ > 0. Let is also define BS =
{B, : (By) < |B,|**¢} and BE = {B,, : u(B,,) > |B,|*¢}. Then

(1) for any v <1, p(limsupgep: vB) =0,
(2) p(limsuppep: B) = 0.

Proof. (1) Suppose that there exists 0 < v < 1 such that p(limsupgeg: vB) > 0.

Then, since p is assumed to be exact-dimensional, there exists € lim sup e VB

log p(B(z,r))
logr

Consider 7, > 0 small enough so that, for any 0 < r < 7, u(B(z,r)) > rdim@+3
and (i—”)dim(“H% > ra. Let also n be large enough so that « € B, and |B,| < r,.

Then B(z, (1;1’)|Bn\) C By, so that

such that lim,_,q = q.

35 (B 2 (Bl

This contradicts the definition of BS.

c 11— . 8
Bal)) > B3 (=5 7) 5 2 B

(2) Assume that pi(lim supgep. B) > 0. Then, again, there exists « € limsupgep. B

log pu(B(,r))
logr

0<r <7y, p(B(z,r)) < r* 3. Consider n € N large enough so that = € B, and
|Bn| < 7,. One has B,, C B(z,|B,|), hence

1(Bn) < u(B(w,|Bal)) < |Ba|* 2.
This contradicts the definition of BZ. ]

so that lim,_,q = «a. Consider r, > 0 small enough so such that, for any

Remark 4.9. For doubling measures, it is straightforward that item (1) can be
replaced by simply p(lim SUPpese B) = 0. It can be proved that this is also the case

for 1-average d-1 unrectifiable measures (as a consequence of |18, Theorem 2.11]).
Some self-similar measures with open set condition satisfies this property (see [18|
again for more details).

5. SOME EXPLICIT EXAMPLES

In this section, applications of Theorem 2.3 are given.
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5.1. Rational approximation. Let us recall the following result from Hurwitz
see [14], p 219, for more details.

Theorem 5.1. Let x € [0,1]\ Q. There exists an infinite number of pairs (p,q) €
N x N* withpAqg=1 and

P 1
36 ‘x—— < .
(36) ql /52

An immediate corollary of Theorem 2.1, Theorem 2.3 and Theorem 5.1 is the
following:

Corollary 5.2. Let u € M([0,1]) be any diffuse measure. Then the sequence

of balls <B(’—’,i2)>
17977/ 0<p<q,qeN*,pAg=1
particular, if p is a-exact-dimensional, for 0 < o < d, then there exists a se-

quence (en)neny € (RN with lim,i0e, = 0 and an infinite number of pairs

N
(Pn, qn) € (N x {0, ...,qn}> such that p, \ g, = 1 and

1\ oaten n 1 1 \a—en
() =eGra)) =)
Qn Qn qn qn
Moreover, writing

B B0y () <u(m(2 ) < (2)7)

neN
one has

is weakly redundant (see [4]) and p-a.c. In

IA

dimg (lim sup B) = a.
BeB,

5.2. Application to Random balls. Let us recall Shepp’s Theorem of Shepp
[22].

Theorem 5.3. Let (1,)nen € (RN and (X )nen be a sequence of i.i.d uniformly
distributed random variables on [0,1]. Then

1
limsup B(X,,1,) =[0,1] & Z ~ exp(ly + ... +1,) = +oc.

n—400 n>0

From Theorem 2.1, Theorem 2.3 and Theorem 5.3, the following corollary is
deduced.

Corollary 5.4. For any «a exact-dimensional measure p € M([0,1]), 0 < a < d,
for almost any i.i.d sequence of random variables uniformly distributed on [0, 1],
(Xn)nen, there exists a sequence of positive real numbers (ex)ren with e, — 0 and
a subsequence (ng)reny — +00 satisfying

ate a—e
() st )) = ()
ng g ng
Writing again

B, = {B(Xnk,n%) ; (%)am < u(B(Xnk,n%)) < (%)a_ak}keN,

one has

dimg (limsup B) = a.
BeB,,
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5.3. Examples in dynamical systems. Let us introduce some notation.

Let m > 2 and S = {fi,..., fm} be a system of m similarities of R? — R? of
ratio of contraction 0 < ¢; < 1,...,0 < ¢, < 1.

Let us also write A = {1,...,n}, A* = J,5 A* and for i = (i1, ..., 7)) € AF,

o fi=fio..0fi,
o Xi = fi([0,1]%),
® ;=0 X .. X Gy
Let us fix also (p1,....,pm) € RY a probability vector, i.e a vector verifying
21§z‘§mpi =1
Remark 5.5. Let u defined by (11) and x € Kg. Then, for any k € N, the balls
{B(fi(),2|Ks|ci)} g covers Kg. In particular, by Theorem 2.1 <B(fi(x),3\Ks|ci))
is [i-a.c.
As a consequence of Theorem 2.3 and Lemma 5.5, one gets:

Corollary 5.6. Let 1 € M(R?) be a measure defined by (11) and z € Ksg.
There ezists a pi-a.c weakly redundant sub-sequence of balls (By,)nen extracted from

<B(fl(m), 3%))1@\* such that, for alln € N and for some sequence (g )ken € (R%)N
verifying €, — 0,

B < (B,) < B, 0,
and By, = { By}, cy satisfies

dimg (lim sup B,,) = dim(u).

n——+oo

6. PROOFSs OF THEOREM 2.6

The proof strongly relies on the following result proved in [9].

Theorem 6.1. Let S be a self-similar IFS of R?. Let K be the attractor of S.
Let u be a self-similar measure associated with S. For any 0 < s < dim(u), there
exists a constant ¢ = c(d, j1, s) > 0 depending on the dimension d, u and s only,
such that for any ball B = B(x,r) centered on K and r < 1, any open set ), one
has

o(d. p, )| B* < Hi'(B) < M (B) < |BJ* and
(37) o(d, 1, sYHE(Q N K) < HES(Q) < HE(QN K).
For any s > dim(p), HP(Q) = 0.

Recall that the sequence B = (B, )nen is assumed to be weakly redundant. In

such a case, for any ¢ > 0, following the notation involved in Definition 2.3, it
holds that

STIBalu(Ba) =Y Y IBFfuB) <Y Y 27k Y u(B).

n>0 k>0 BET;,(B) k>0 1< <Ji BeT,, ;(B)

iEN*
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Since for every (k,j) the family T}, ; is composed of pairwise disjoint balls, this
yields

(38) S OIBafu(By) <Y Y 27 =) " g27 < 400
n>0 k>0 1<j<Jg k>0

Now, for n € N, consider a sequence of balls (A} )xen, with |A}| < |B,| and such
that U, N K C U5 Ak Recall Theorem 6.1 and its notations. One has.

(39) H: Z|A“<27—l8() 2

Since for each n € N, U, N K C [J;5 A4F, it holds that limsup,,_, . U, N K C
limsupy, ,, ,, o, Aj. For any € > 0, one gets

>S4 < S IB (B

n>0 k>0 n>0

———HL(Uy,) < p(B).

In particular, by (38),

(40) SN AR < +oo.

n>0 k>0

One concludes that

H (limsup U, N K) < H***(limsup A}) < +o0.

n—-+o00 k,n—400

This implies that dimy(limsup,,_,, . U, N K) < s+ ¢ and € being arbitrary,
dimy (limsup U, N K) < s.

n——+00
Remark 6.2.

o An important fact to underline here is that the convergences established in (38)
and (39) do not rely on the fact that the measure is self-similar, but hold for any
measure (. One could state a comparable upper-bound Theorem for any measure
w by replacing K by a Gs set of full measure in (12).

These computations also have the following straightforward consequence for a
measure ;i € M(RY) without the self-similarity assumption: Assume that, for n
large enough, H"*(U,) < pu(By,). If the sequence (U, )nen verifies that for any ball
B; C U, one also has B; C U, A} (where the balls (Ay,)ren are chosen as in
the proof of Theorem 2.6), then_dimH(lim SUPp 400 Un) < 5. In particular if this
holds for any s > s(u, B,U), then dimy (limsup,,_, . Uy,) = s(p, B,U).

o When the self-similar measure verifies supp(u) = [0, 1]%, the existence of sy as in
Corollary 2.7 is ensured as soon as the shapes of the sets U,, are “uniform” in n.
For instance, consider the case where y = L% and (U, = Ry,)nen, where R, is an
open rectangle associated with some vector T = (11, ...,74) defined as in Theorem
2.10. Recall that by Theorem 6.1, the Lebesque essential Hausdorff content and the
classical Hausdorff content are equivalent. It is easily verified that, for any n € N,
H (Ry) = |Bn|97®), for the mapping g, : RT — RT, defined as (see [17])

g-(5) = max, {STk -2 T Tl} :

1<i<k
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Note that gr(s) does not depend on n. Corollary can therefore be applied with
S0 = Milgg, ()>d {5}
o Unfortunately, when such an sy does not exist, the Hausdorff dimension oflimsup,,_, . Uy
has to depend on the structure of the sequence (U,) itself.
Consider 0 < 81 < sy < d and two vectors 71 and To such that s; = Milg.g (s)>d {s}
and sy = mingy, (5)>q{s} . Consider a weakly redundant sequence of balls (B,)nen
of [0,1]% and a sequence of open sets (Uy,)nen, Un C B, satisfying:

e |B,| —0,

o L4limsup,_, . B,) =1,

e foranyn €N, B, C [0,3) x [1°,00,1] or B, C (5,1] x [1%,00,1],

e for any n € N such that B, C [0,3) x H?ZQ[O, 1], U, = (R,) with R, an

2
open rectangle associated with 11 as in Theorem 2.10,
e for anyn € N such that B, C (%, 1] x HfZQ[O, 1], U, = R,, with R,, an open

rectangle associated with To.

Then smallest real number such that the condition of Theorem 2.6 holds is Sa,
the largest real number such that the condition of Theorem 2.5 holds is s1 and
dimy (limsup,,_,, o Upn) = so.

On the other hand, following the scheme of example 3.5 in 17|, it is also possible
to construct two weakly redundant sequences of balls (B, 1)nen and (Bpa)nen such
that:

e 0 < L%limsup,,_, o Bn2) <1,

e limsup, ., R,2 = 0, where R,o C By is an open rectangle associated
with T,

e limsup,_,, . B,1 C [0, 1%\ lim SUP,,_ 4o B2 and

L%(limsup B, 1) = 1 — LY(limsup B,, ).
n—-+o0o n—-+o0o
For any n € N, denote by R,1 C B, 1 an open rectangle associated with
T1.
Those properties implies that that any sequence (By)n—10o corresponding to the
Jamily { B}, cnicq12y i weakly redundant and satisfies L%(limsup,,_, . B,) = 1.
Again, the smallest real number such that the condition of Theorem 2.10 holds
S 89, the largest real number such that the condition of Theorem 2.5 holds is s;
but this time, dimy(limsup,,_,, o U,) = s1.

7. CONCLUSION AND PERSPECTIVES

The properties stated in Theorem 2.3 (the prescribed measure and the weak
redundancy) are of course non exhaustive and maybe more can be imposed to well
chosen subsequences of p-.a.c sequences of balls. Tt turns out that in the quasi-
Bernoulli case it is enough to get condition under which the lower-bound found
in [8] is also an upper-bound , but it is likely that in some other cases, one needs
to ask the sequence to verify more properties to ensure the sharpness of a certain
lower-bound. In particular, it can be proved that, under very weak hypothesis on
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a p-a.c sequence (B, )nen, given a Gy set of full measure G, it is possible to assume
(up to an extraction) that the set G’ = limsup,,_,, ., B, is a G set of full measure
with G’ C G (so that one can assume that limsup,_, . B, is always included in
any Gy of full measure if needed).
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